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CHAPTER I

Surface Topology

A Riemann surface is, in the first place, a surface, and its properties
depend to a very great extent on the topological character of the surface.
For this reason the topological theory of surfaces belongs in this book.

There is a great temptation to bypass the finer details of topology in
favor of a more rapid and sometimes more elegant treatment in which the
topological properties are derived from analytical considerations. The
main demerit of this approach is that it does not yield complete results.
For instance, it cannot be proved by analytical means that every surface
which satisfies the axiom of countability can be made into a Riemann
surface. In other instances the analytical method becomes so involved
that it no longer possesses the merit of elegance.

The classical way, which we shall follow, begins with an indepcndent
derivation of the topological properties of surfaces. For complete results
this derivation must be based on the method of triangulation. On the
other hand, it is much easier to obtain superficial knowledge without use
of triangulations, for instance, by the method of singular homology. It so
happens that this superficial knowledge is adequate for most applications
to the theory of Riemann surfaces, and our presentation is influenced by
this fact.

Since we strive for completeness, a considerable part of the first chapter
has been allotted to the combinatorial approach. We have tried, however,
to isolate this part from the considerations that do not make use of a
triangulation. This is done by formulating the combinatorial theory as a
theory of triangulated surfaces, or polyhedrons. At the very end of the
chapter it is then shown, by essential use of the Jordan curve theorem,
that every surface which satisfies the second axiom of countability permits
a triangulation.

Tn §1 we give a brief survey of the topological concepts that will be used
throughout the book. This elementary section has been included for the
sake of completeness and because beginning analysts are not always well
prepared on this point. The section can of course be omitted by readers
who are already familiar with the concept and properties of topological
spaces. ]
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The definition of manifolds and surfaces is given in §2. The fundamental
group is introduced, and the notion of bordered surface (surface with
boundary) is defined.

In §3 we discuss covering surfaces. This topic is of course of special
importance for the theory of Riemann surfaces.

§4 deals with the purely combinatorial aspects of homology theory,
while §5 centers around the nctions of singular homology and simplicial
approximation. In the next section, §6, the topological nature of the ideal
boundary of an open surface is analyzed in considerable detail. §7 is again
combinatorial and leads to the classification of finite polyhedrons. The
chapter closes with the construction of a triangulation.

§1. TOPOLOGICAL SPACES

A set of objects is often called a space, and the objects are called points.
If there are no relations between the points, pure set theory exhausts all
possibilities. As soon as one wants to go beyond set theory to limits and
continuity it becomes necessary to introduce a topology, and the space
becomes a topological space.

1. Definition

1A. A set S of points p becomes a fopological space if a family I of
subsets O, to be called open sets, is distinguished. The following conditions
shall be fulfilled :

(A1) The union of any collection of open sets s open.
(A2) The intersection of any finite collection of open sets 18 open.

The requirements are interpreted to hold also for the empty collection.
According to usual conventions the union of an empty collection of sets
is the empty set 0, and the intersection of an empty collection is the whole
space S. Hence (Al) and (A2) imply that 0 and S are open.

In most cases a third requirement is added :

(A3) (iren any two points p1# ps there exist open sets Oy, Oz such that
pP1€ 01, D2 € 02 and 01 n 02=0.

A topological space which satisfies (A3) is called a Hausdorff spuce.

1B. For the actual construction of topological spaces the definition that
we have given is not very practical, for it requires us to name all open sets.
It is therefore convenient to introduce the notion of a basis for the open
sets (briefly: a basis). Such a basis is a system & of subsets of S which
satisfies condition
(B) The intersection of any finite collection of sets in B is a union of
sets in &B.
Again, this shall hold also for the empty collection; the whole space S
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is thus a union of sets in #. The basis # generates a topology. 7 whose
open sets are the unions of sets in #. It is a Hausdorfl topology 1t and
only if any two distinct points belong to disjoint sets in &,

1C. A neighborhood of a set ACS is a set V c S8 which contains an
open set O with 4 c Oc V. Mostly, we consider only neighborhoods of
points, and we use the notation V(p) to indicate that ¥V is a neighberhood
of p.

An open set is & neighborhood of any subset, and a set is open if it con-
tains a neighborhood of every point in the set.

1D. A space with more than one point can be topologized in different
manners. A topology 91 is said to be weaker than the topology J 2 if
T 1 ¢ T 3. The weakeet topology is the one in which S and O are the only
open sets. The strongest topology is the discrete topology in which every
subset is open.

1E. The simplest nontrivial topological space is the n-dimensional
Euclidean space R®. Its points z=(zy, - - -, Zy) are given by n real coor-
dinates, and its topology is defined by a basis consisting of all solid

spheres {x:lx—y[’e% (z¢—yi)2 < p?}. Condition (B) is a consequence of

the triangle inequality, and R® is a Hausdorff space.

For the points of the plane R2 we shall frequently use the complex
notation z=x+1y. The sphere S2, also referred to as the extended plane,
is obtained by adding a point oo to R2, and the sets {z: |2| > p} U {0}
to the basis.

2. Subsets

2A. The complement of an open set is said to be closed. It follows from
(Al) and (A2) that the intersection of an arbitrary collection and the
mnion of a finite colleotion of closed sets are closed. The empty set and the
whole space are simultaneously open and closed.

The closure of a set P C 8 is defined as the least closed set which contains
P, and it is denoted by P or Cl P. It exists, for it can be obtained
as the intersection of all closed sets which contain P. A point p belongs
to P if and only if every V(p) intersects P.

2B. Frequent use is made of the trivial relation

AuB=AuB.
This is to be contrasted with the formula

AnBcAnB
which is weaker inasmuch as it gives only an inclusion.
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2C. The interior of P is the largest open set contained in P, and the
extcrior 15 the complement of the closure, or the interior of the comple-
ment.

The boundary of P is formed by all points which belong neither to the
interior nor to the exterior. In other words, p belongs to the boundary of P
if and only if every V(p) intersects P as well as the complement of P.

The interior and boundary of a set P are denoted by Int P and Bd P

respectively.

2D. Fiom a given topological space others can be constructed by means
of ¢ertain standard procedures. One of these is the process of relativization.

On any set 8" c 8 a topology can be introduced in which the open sets
are intersections 8’ n O of 8’ with the open sets of 8. In fact, (Al)-(A2)
are obviously satisfied; (A3) holds if it holds on 8. We call this topology
on 8’ the relative topology induced by the topology on S.

The open and closed sets on 8’ are often referred to as relatively open or
closed sets. We shall always understand that the topology on a subset is
its relative topology.

2E. The sum of two topological spaces Sy, Sz is their union S;uUS; on
which the open sets are those whose intersections with S, and S; are both
open. This definition has an obvious generalization to the case of an arbi-
trary collection of topological spaces. B

The topological product Syx Sz is defined as follows: its points are
ordered pairs (1, p2), 1 €81, P2 €8s, and a basis for the open sets is
formed by all sets of the form 0 x Oz where O) is open in S; and O; is
open in Sa.

2F. Another method for constructing new topological spaces is the
process of identification. We assume that a topological space N is repre-
sented as the union of disjoint subsets P, and we consider a space whose
points are the sets P. It amounts to the same thing if we identify all
points p which belong to the same P.

A topology in the space of points P can be introduced by the agreement
that a set is open if and only if the union of the corresponding sets P is an
open set in S. Again, (A1)-(A2) are trivially fulfilled. It must be observed,
however, that the new space is not necessarily a Hausdorff space even if
S is one.

The space obtained by identification can be referred to as the quotient-
space of 8 with respect to the equivalence relation whose equivalence
classes are the sets P. The construction of a quotient-space is sometimes
preceded by forming the sum of several spaces. This means that points
can be identified which were not initially in the same space.
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3. Connectedness

8A. Certain characteristic properties which may or may not be present
in a topological space are very important not only in the general theory,
but in particular for the study of surfaces. Foremost is the property which
characterizes a connected topological space.

Definition. A space 18 connected if it cannot be represented as the union
of two disjoint open sets neither of which is void.

This is the most useful form of the definition for a whole category of
proofs. If we wish to prove that a certain property holds for all pointsm
connected space, we try to show that the set of points which have the
property and the set of points which have not are both open. If this is so,
one of the sets must be empty, and we conclude that the property holds
for all points or for no points. Examples of this type of proof will be
abundant.

3B. The definition applies also to subsets in their relative topology, and
we can hence speak of connected and disconnected subsets. An open con-
nected set is called a region, and the closure of a region is referred to as a
closed region. A closed connected set with more than one point is a con-
tinuum. The empty set and all sets with only one point are trivially con-
nected.

Theorem. The union of any collection of connected sets with a common
point 18 itself connected.

Proof. Denote the given sets by P, where a runs through an arbitrary
set of indices, and suppoge that P=\U P,=0; U Oz where 0, and O; are
disjoint relatively open subsets of P. If O, is not empty it meets at least
one P, This P, has a decomposition P,=(P,n 01)u (P,nO0s) into
disjoint subsets. They are relatively open with respect to P,, for Oy,
i1=1,2, has the form O;=Pn Qy with absolutely open €y, and thus
P.n0ij=P,nPnQy=P,Nn. From the connectedness of P, we
conchide that P,n0,=P,, and so P,c O,. Hence O, contains the
common point of all P,. This reasoning applies equally well to Oz, and we
find that O, and O; cannot both be nonempty and at the same time
disjoint. Hence P =U P, is connected.

3C. Theorem. If P is a connected set and Pc Qc P, then Q is also
connected.

Proof. Suppose that Q=0; L Oz where 0,, Oz are relatively open and
disjoint. Then P has the corresponding decomposition P = (P n 0;)u
(PN Og), and by the connectedness of P we must have, for instance,
P ¢ 0y. But 0, is also relatively closed in Q. Therefore, the relative closure
of P with respect to @, which is PnQ=@, is still contained in 0,. From
@ c 0, it follows that O3 is empty, and hence Q is connected.
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3D. As a consequence of 3B every point in a topological space belongs
to a maximal connected subset, namely the union of all connected sets
which contain the given point. This maximal connected set is called the
component of the space determined by the point. By 3C every component
is closed. Any two components are either disjoint or identical. Hence there
exists a unigue decomposition of any topological space into components.

A space 1s connected it and only if it consists of a single component.
The opposite extreme is a totally disconnected space in which every com-
ponent reduces to a point.

3E. Definition. 4 space 18 locally connected if it has a basis consisting of
connected sets.

This property neither implies nor is implied by connectedness in the
large. Every open subset of a locally connected space is itself locally con-
nected, for it has a basis consisting of part of the basis for the whole space.

Theorem. The components of a locally connected space are simultaneously
open and closed.

Proof. We have already pointed out that the components are closed,
independently of the local connectedness. Suppose that p belongs to the
component C, and let V(p) be a connected neighborhood. Then Cu V(p)
is connected, by 3B, and by the definition of components we obtain
Cu V(p)cC or V(p)cC. This shows that C is open.

The theorem applies in particular to the components of an open subset
of a locally connected space. It shows that every open set in a locally
connected space is a union of disjoint regions.

3F. Erample. The line R! is a connected space. This is vne of the
fundamental properties of the real number system. Tt follows that every
R# is connected, for R” can be represented as the union of all lines through
the origin. R® is also locally connected.

4. Compactness

4A. We proceed to the definition of compact spaces. It has been found
most convenient to base the definition on the consideration of open
coverings. An open covering is a family of open sets whose union is the
whole space, and a covering is finite if the family contains only a finite
number of sets.

Definition. A4 space is compact if and only if every open covering contains
a finite subcovering.

In other words, every family of open sets which cover the space must
contain a finite number of sets O, - - -, Oy whose union is the whole
space. For instance, a compact space can thus be covered by a finite
number of sets from an arbitrary basis.
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A ocompact subset is of course one which is compact in the relative
topology. In the case of a subset it is convenient to replace the relatively
open sets of a covering by corresponding open sets of the whole space. An
open covering of a subset is then a family of open sets whose union
contains the given subset, and if the subset is compact we can again select
a finite subcovering.

4B. Sometimes it is more convenient to express compactness in terms of
closed sets. We shall say that a family of closed sets has the finite inter-
section property if any finite number of sets in the family have a nonvoid
intersection. Evidently, this is equivalent to saying that the family of
complements contains no finite covering. The following theorem is thus
merely a rephrasing of the definition.

Theorem. A space 18 compact if and only if every family of closed sets
with the finste intersection property has a nonvoid intersection,

4C. In a Hausdor[f space every compact subset is closed. Let C be a com-
pact subset of a Hausdorff space, and let p be a point in the complement
of C. Every point ¢ € C belongs to an open set Oy which does not meet a
certain neighborhood ¥(p), depending on q. All sets Oy with this property
form an open covering of C, and we can select a finite subcovering. The
intersection of the corresponding neighborhoods Vi(p), ---, Vn(p) is &
neighborhood of » which does not meet C. Hence the complement of C is
open, and C is closed.

The proof implies more than has been stated. Indeed, the union of the
xets (g in the finite subcovering is an open set which contains C and does
not meet a certain neighborhood of p. In other words, a compact set and
a point outside the compact set have disjoint open neighborhoods.

This result can be generalized as follows: -

Theorem. In a Hausdorff space any two disjoint compact sets have disjoint
open nesghborhoods.

The proof is an obvious repetition of the previous argument and will
be left to the reader.

4D. In the opposite direction we can prove that every closed subset of a,
compact space 18 compact. In fact, to any open covering of the subset we
need only add the complement of the given set to obtain an open covering
of the whole space. A finite subcovering of the whole space will contain a
finite subcovering of the subset, extracted from the original covering. It
follows that the subset is compact. In a compact Hausdorff space compact
and closed subsets are thus identical.

It is convenient to use the term relatively compact for a subset whose
closure is compact. It follows from what we have said that a subset of a
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Hausdorff space is relatively compact as soon as it is contained in a
compact set.

4E. Tt is frequently important to conclude that the intersection of a

family of connected sets is connected (cf. Ch.IV, 7F). In this respect we
rove:

i Theorem. Let ® be a nonempty family of compact connected sets sn a

Hausdorff space. Suppose that, whenever Cy, Cg € ®, there exists a C3€ @

such that C3c C1nCs. Then the intersection of all sets in ® is nonvoid,

compact, and connected.

The hypothesis implies, by induction, the finite intersection property.
Therefore the intersection is nonvoid by Theorem 4B. The compactness
follows from the remarks in 4D.

Suppose that the intersection E were disconnected. Then we could write
E=E,uE; where E,, E3 are compact, disjoint, and nonvoid. By
Theorem 4C it is possible to enclose E,, E; in disjoint open sets Oy, Os.
Let B be the boundary of O;. Then each C € ® intersects B, by the con-
nectedness. The sets B C are compact, and it follows from the hypothe-
sis that they have the finite intersection property. Hence E intersects B.
But this is impossible, since the points of E; lie in the interior and the
points of E; in the exterior of O;. Hence E is connected.

4F. A space is locally compact if every point has a compact neighbor-

hood. For a locally compact Hausdorff space we can show that every point
has arbitrarily small compact neighborhoods. Indeed, let ¥ be an arbitrary
and U a compact neighborhood of p. Consider Vo= U n V. The boundary
of Vy is contained in U, and hence compact. By Theorem 4C the point p
and Bd ¥ have disjoint neighborhoods. Hence we can find a neighborhood
V1 of p whose closure does not meet Bd V. This implies ¥;n Voc Vo=
Un V. We conclude that 7;n ¥ is a compact neighborhood contained
in V. :
A locally compact Hausdorff space S can always be made compact in
the following manner: We add a point, denoted by the symbol o, and to
the family of open sets we add all sets consisting of oo together with the
complement of a compact subset of S. The postulates for a topological
space are easily seen to be satisfied.

The resulting space S is compact, for in an open covering of Se there
is one set which contains 0. Its complement is compact and can be
covered by a finite number of the sets, whence S, has itself a finite sub-
covering. The local compactness of 8 implies that S is & Hausdorff space.

S is called the Alexandroff compactification of S. In the theory of sur-
faces the point oo will frequently be referred to as the ideal boundary of
the surface.
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4G. In the theory of surfaces (37C) we shall need a theorem on totally
disconnected spaces (or subsets) whose proof depends decisively on com-
pactness. We recall that a space is said to be totally disconnected if each
component reduces to a point (3D).

Theorem. Let a and b be distinct points in a compact totally disconnected
space S. Then S permits a decomposition S=A U B into closed subsets with
acd,beBand AnB = 0.

We say that a decomposition with the stated properties separates
a and b. More generally, it is also said to separate any subset of 4 from
any subset of B. Note that 4 and B are simultaneously open and
closed.

It is convenient to start by proving a lemma:

Lemma. If a can be separated from each point of a closed set C c S, then
it can be separated from the whole set C.

Let S=A(c)u B(c) be a decompositiorr which separates a and ceC.
All sets B(c) form an open covering of Oﬂ Select a finite subcovering by
B(ey), - -, B(cn), and set A=A(c1))n---nAd(cx), B=B()u---uU
B(cy). Then S=4 U B separates a and C.

Let M be the set of points that can not be separated from a. The
theorem will be proved if we show that M reduces to a. It is evident that
M is elosed. Indeed, S — M is the union of all sets B that occur in decom-
pusitions S=A4 U B with a € 4. Since each B is open, the same is true of
the union, and hence M is closed.

We prove that M is connected. If not, let M =M, u M, be a nontrivial
decomposition into closed subsets with a € M;. By Theorem 4B it is
possible to enclose M), My in disjoint open sets Uj, Us. Then Bd U; meets
neither M) nor M3. Hence each point on Bd U; can be separated from a,
and by the lemma there exists a decomposition S=4, U B) with a € 4;,
Bd U, € B;. The set A=U) n A, is open, for it is the intersection of two
open sets. But U;n 4;=0) n 4;, because the boundary of U, does not -
meet 4;. Hence 4 is also closed, and S=4 u (S—A4) is a decomposition.
Moreover, a e A and M2c S— A, since M3 does not meet ;. Thus « is
separated from Mg, which is impossible. Hence M is connected. Since » is
totally disconnected it follows that M must reduce to a point, and the
proof is complete.

. Remark. The theorem is known to be false without the assumption of
compactness. The proof that we have given is taken from W. Hurewicz—
H. Wallman [1].

5. Countability

SA. Important simplifications occur if the space S has a basis which
consists of a countable number of sets. Such spaces will be called countable.
It is obvious that any subset of a countable space is countable
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We prove first:

Theorem. Every open corering of a countable space contains a countable
subcovering.

Tet # be a countable basis and € an open covering. All sets Qe #
which are contained in some O € € can be arranged in a sequence {Qu},
and to cach Q,, we can find an Oy, € € 8o that Q; C Op. Every O € is a
union of sets Qy,. Therefore, every point is in an Q,,, and consequently in
the corresponding Oy. It follows that the O, constitute a countable sub-
covering.

Corollary. A locally connected countable space has countably many com-
ponents.

The covering by the components is open (Theorem 3E), and it has no
proper subcoverings.

5B. A compact countable space can be characterized as follows:

Theorem. A countable space is compact if and only if every sinfinite
sequence {Pn} has a limit point.

By definition, ¢ is a limit point of {p,} if every V(q) contains p, for
infinitely many ».

From an open covering we select a countable subcovering by sets Op.
If S is not covered by a finite number of these Oy, then we can find, for
each m, a point p,, outside of the union Oy U - - - U Op. The scequence {py}
has no limit point. In fact, every g € S has a neighborhood 0),,. and 0, con-
tains p,, at most for i < n. We have proved that the condition i «<ufficient.

Suppose now that § is compact, and let {p,} be a given sequence. If g is
not a limit point there exists an open neighborhood ¥V (g) which contains at
most a finite number of points p,. If there are no limit points the sets
V(g) would constitute an open covering, and we could select a finite sub-
covering. It would follow that there is only a finite number of distinet x.
The contradiction shows that {p,} has a limit point.

SC. In the presence of a countable basis the notion of limit point has
the following interpretation:

Theorem. In a countable space q is a limit point of {ps} if and only if it is
the limit of a subsequence {py }. '

We say that {p,} has the limit ¢ if to every V(g) there exists an ng such
that ps € V(q) for n2no. In a Hausdorff space a sequence can have at
most one limit.

If ¢ is the limit of a subsequence it is obviously a limit point. To prove
the opposite, let O run through the sets in a countable basis which con-
tain the limit point ¢, and set Q;=Q1n ... N Q.. For every ¥ we can
find, recursively, an n;,>n,_, such that p,, € Q;. The sequence {p,} has

the limit ¢. In fact, every V(g) contains an Q,, and p,, € Qp, for k 2 ko.
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SD. Countability has a local and a global aspect. A space is said to be
locally countable if every point has a countable néighborhood.

It is evident that a compact locally countable space is//éoimtab]e. More
generally, the same is true of a locally countable space which can be
represented as a oountable union of compact sets.

SE. The space R® is countable, for the solid spheres with rutional
center-coordinates and rational radii form a countable basis.

A subset of R# is compact if and only if it is closed and bounded. This is
known as the lemma of Heine-Borel, or, in terms of limit points, as the
Bolzano-Weierstrass theorem.

6. Mappings

6A. The reason for introducing topologies is that they enable us to
define and study continuous mappings.

We make no distinction between mappings and functions. A function f
from a space S to another gpace S’ assigns a value f(p) € 8’ to every p € S.
With another notation we speak of the mapping p—f(p), and this notation
is always used when there is an explicit expression for f(p).

Acocording to our definition every function is single-valued. Later on we
will also speak of multiple-valued functions to conform with classical
usage, and for clarity it will then be necessary to use the pleonastic term
“single-valued function”. At present, however, we stick firmly to the
convention that there is only one value f(p) corresponding to each p.

The space S is the domain of f. We can of course consider functions whose
domain is a subset P c 8. In particular, if f has domain S it has a restric-
tion to every subset P. In most cases the restriction can again be denoted
by f without fear of confusion.

The image f(P) of P c 8 is the set of all values f(p) for p € P. The whole
image f(S) is also called the range of f or the image of f. The snverse image
JY(P’) of P'c8 is the set of all peS with f(p) e P’. Observe that
J(f1(P) =P’ while f-1(f(P))> P.

6B. A function f from 8 to 8’ is said to map S into S’, and if f(S) =" we
say that f maps S onto §’. A mapping is one to one if f(p1) =f(ps) implies
p1=ps. In that case the inverse function f-1 is defined on the range of f.

A composite function f o g is defined on the domain of g provided that
the range of g is contained in the domain of f. Its value at p is f(y(p) ).

6C. The introduction of neighborhoods on 8 and 8’ makes it easy to
generalize the classical definition of a continous function. We say that f is
oontinuous at p, « S if to every neighborhood ¥V’ of py=f(p,) there exists
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a V(po) whose image is contained in ¥’. A continuous mapping is one which
is continuous at each point in the domain.

There are various equivalent ways in which continuous mappings can
be characterized, some very applicable and with a striking formulation.
For instance, a mapping is continuous if and only if the inverse image of
every open set is open, or if and only if the inverse image of every closed
set is closed. The proofs of these statements are very simple and will not
be reproduced.

6D. If a one to one mapping and its inverse are both continuous the
mapping is said to be topological or a homeomorphism. Two spaces S and S’
are said to be homeomorphic or topologically equivalent if there exists a
topological mapping of 8 onto §’. This is clearly an equivalence relation.

A topological mapping f of S onto S’ maps open sets onto open sets
and closed sets onto closed sets, for f is the inverse of a continuous
function.

Suppose now that f is a one to one mapping of a subset £ cS onto
E’ c 8. Then f is said to be a homeomorphism of E onto E” if f and f-1are
continuous in the relative topologies of E and E’ respectively. In this situa-
tion, if & is closed (or open) in the topology of S it is not neeessarily true
that £’ is closed (or open) in the topology of S°.

6E. Theorem. T'he tmage of a connected set under a continuous mapping
is connected.

We may assume that f maps a connected space S onto S’, for after
relativization the general situation reduces to this case. If §'=0;u 03,
where O] and O; are open and disjoint, then S has a decomposition
8=f-1(07) u f-1(0;) with the same properties. One of the sets f-1(0}),
f-1(03) must be void, and since the mapping is onto 8’ either O] or 0} is
empty. Hence 8’ is connected.

6F. Theorem. The smage of a compact set under a continuous mapping 18
compact.

The initial remark in the proof of 6E applies again, and we use the same
notations. If 8’ is covered by open sets O;, then S is covered by the open
sets f-1(0;). The finite subcovering of S determines a finite subcovering
of §’, and we conclude that 8’ is compact.

6G. In particular, homeomorphic spaces are simultaneously connected
and simultaneously compact. We express this by saying that connected-
ness and compactness are fopological properties. The same is of course
true of local connectedness and local compactness.

We conclude also that every continuous one to one mapping of a compact
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Hausdorff space onto another is a homeomorphism. Indeed, we need only
show that the inverse mapping is continuous, and this is true if the direct
mapping carries closed sets into closed sets. The latter is a conscquence of
8F, for in a compact Hausdorff space closed and compact sets are identical
(4D).

7. Arcs

7A. An arc is defined by a continuous mapping of the closed interval
[0, 1] into a topological space S. We write the parametric equation of the
arc in the form p=f(t), 0S¢5 1. The points f(0) and f(1) are the end points
of the aro: f(0) is the snitial point and f(1) is the terminal point.

A continuous mapping of the open interval (0, 1) is an open arc. By the
interior of an arc we shall mean the open arc obtained by restricting f to
0, 1).

An arc is a Jordan arc if f is 8 homeomorphism ; if S is a Hausdorff space
it is sufficient to assume that f is one to one. An open J ordan arc is defined
in the same manner.

A closed curve is an arc whose initial and terminal points coincide. It is a
Jordan curve if the mapping becomes a homeomorphism when the end
points of [0, l]/ll‘l’(a identified (2F).

7B. An arc or open arc can also be considered as a point set, namely as
the range of f. As a point set every arc is connected and compact; an open
arc is connected. In most cases it is clear from the context whether we
mean the mapping or the point set; consequently we can use the same
symbol y to cover both concépts. When the mapping needs to be specified
we write y:t->f(t).

It may happen that two mappings define the same arc in the obvious
geometric sense. We shall later formalize the underlying concept of re-
parametrization, but for the moment it is preferable to agree that different
mappings define different arcs. The specialization of the parametric
interval to [0, 1] is likewise introduced as a matter of convenience.

7C. A space is said to be arcwise connected if any two points are the end
points of an arc. It can be proved that any arc with distinct end points
oontains a Jordan arc with the same end points. In order to avoid the proof
we prefer to require, from the start, that any two distinet points can be
joined by a Jordan arc.

A space is locally arcwise connected if it has a basis consisting of arcwise
connected sets.

Theorem. A locally arcwise connected space 18 arcwise connected if and
only if it is connecled.

If py is joined to p; by a Jordan arc y; and P i8 joined to pa# po by a
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Jordan arc yz, then po can be joined to p2. Indeed, it suffices to follow
y1 from po to the first intersection with y; and continue along ys2 to pa.
Here, and in similar circumstances, the formal part of the reasoning is so
simple that it will be suppressed.

Choose a fixed point po and denote by E; the set consisting of pg and
all points which can be joined to po by Jordan ares, by Ej the set of points
which cannot be so joined. For p, € E), let V(p;) be an arcwise connected
neighborhood. It follows from our initial remark that V(p;) c E;. Henoce
E, is open, and a similar reasoning shows that K is likewise open. If the
space is connected, Ee must be void, and the space is arcwise connected.

Conversely, if the space § is arcwise connected it is the union of a point
and all Jordan ares from that point. Since each arc is connected the con-
nectedness of S follows by Theorem 3B.

7D. R is locally arcwise connected, and therefore every redion in K%
is arewise connected. By a <light modification of the argumient i 7¢ one
sees that any two distinct points in a region can be joined by a polygonal
Jordan arc in the region.

§2. SURFACES

We are now ready to leave the extreme generality which has charac-
terized our discussion of topological spaces. By specialization we arrive
through manifolds to the notion of surface which is in the center of our
interest.

A powerful and completely elementary tool for the study of surfaces is
the concept of homotopy. Its definition is so simple that it can just as
easily be introduced for arbitrary arcwise connected spaces. Through its
connection with the index of a closed curve it achieves particular signifi-
cance for the theory of surfaces.

8. Definitions

8A. We formulate the following precise definition of an n-dimensional
manifold :

Definition. An n-dimensional manifold is a Hausdorff space on which
there exists an open covering by sets homeomorphic with open sets in R®.

A manifold is evidently locally arcwise connected, and therefore, by
7C, each component is arcwise connected. It is & matter of convenience
whether one does or does not require a manifold to be connected.

8B. A manifold may or may not be countable. Countability is an
important property, but many proofs can be carried out without this
assumption. We shall find that Riemann surfaces are countable, but this is
a theorem and not a hypothesis.
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8C. The case of 1-dimensional manifolds is almost trivial. Elementary
considerations which we leave to the reader show that a compact con-
neoted 1-dimensional manifold is homeomorphic with a circle. A non-
compact component is topologically an open interval, provided that it is
countable. The uncountable case is less perspicuous, but we shall have no
occasion to consider uncountable/1-dimensional manifolds.

8D. Our concern is with the case n=2. It is convenient to require
connectedness, and we agree to make this slight distinction between a
2-dimensional manifold and ‘a surface.

Definition. 4 surface 18 a connected 2-dimensional manifold.

Compact surfaces are conventionally referred to as closed surfaces, while
noncompact surfaces are said to be open. This terminology is time-honored,
and we will use it in spite of its ambiguity.

The plane, the sphere, and any plane region are elementary examples
ot surfaces. The torus is another well-known example. The sphere and the
torus are closed surfaces.

For an example of an uncountable surface the reader is referred to the
treatise of R. Nevanlinna [23, p. 51].

8E. An open set A on a surface F is called.a Jordan region if its closure
oan be mapped topologically onto a closed disk, in such a way that A
corresponds to the open disk. The boundary of a Jordan region is thus a
Jordan curve. Since every point in a plane region is the center of a closed
disk contained in that region, we see that every surface has an open
covering by Jordan regions. The same construction yields an even
stronger result, for each Jordan region used for the covering has the addi-
tional property that the homeomorphism which maps a disk onto the
Jordan region can be extended to a homeomorphism of a larger concentric
disk.

A Jordan region which satisfies this stronger condition will be referred
to as a parametric disk, and its closure is a closed parametric disk. It is
true that every Jordan region is a parametric disk, but this fact will not
be needed.

9. The fundamental group

9A. One of the main tools for the study of the topological properties of
a space, and in particular of a surface, is the investigation of arcs and their
deformations.

We recall that an arc y on a topological space S is determined by its
equation i—f(t), 0S5t <1, where f is continuous and has its values on §
(7A). The product of two arcs y:t—f1(t) and ya:t—fa(¢) can be formed if
the terminal point of y; coincides with the initial point of ys. It is defined
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as the arc y; y2 whose equation t—f(t) is given by f(t)=f1(2¢) for 0S¢ < }
and f(t) =f2(2t —1) for $ S¢S 1. The snverse arc of y:t—f(t) is y~1:t—f(1 —¢).

9B. An arc y;:t—>f(t) is deformed into an arc yz:t—f2(t) with the same
initial and terminal points p;, p2 if a continuous mapping f of the closed
square 0st<1, Og u <1 into § is constructed which satisfies the following
conditions: (1) f(¢, 0)=£1(t), ft, 1)=fa(¢) for all ¢, (2) f(0, u)=p1, f(1, u)=
pe for all «. If a deformation exists y; and yz are said to be homotop.

It is easily proved that this relation is reflexive, symmetric, and transi-
tive. We can therefore divide the set of all ares with common end points
into homotopy classes. In this section the sign & will indicate homotopy.

9C. Let t—7(t), 0St=<1, be a continuous, real-valued, nondecreasing
function with 7(0)=0, r(1)=1. The arc ¢t—f(7(t)) is said to result from
t—f(t) by a reparametrization.

A reparametrized arc is homotop to the original arc. In fact, a deforma-
tion is defined by (¢, u)—>f((1 —u)t+ ur(¢)). It follows that the homotopy
class of an arc is determined by the succession of its points, rather than
by a specific equation.

Let us prove, for instance, that the homotopy class of a Jordan arc is
determined by the arc as a point set as soon as we designate one of the end
points as the initial point. Suppose that f and g determine the same
Jordan arc y in this sense. Then r=f-10g is a topological mapping of
[0, 1] onto itself, and the assumption implies 7(0)=0, (1)=1. The com-
plement with respect to [0, 1] of a point 970, 1 has two components and
t belongs to the same component as 0 if and only if ¢ <o, The images of
these components under the mapping  must coincide with the com-
plementary components of r(fg). It follows that ¢<?p implies 7(¢) < 7(¢).
Hence 7 is increasing, and g=f o 7 is a reparametrization of f.

The practical consequence of the preceding remark is that as far as
homotopy is concerned the equation of a Jordan arc need not be specified
as long as we indicate the initial point. A similar reasoning shows that the
homotopy class of a Jordan curve is detérmined as soon as we indicate
the initial point and a positive sense along the curve. The positive sense
can be prescribed by marking the initial and terminal points of a subarc
which does not pass through the initial point of the Jordan curve.

9D. Let us now restrict the attention to the family of closed curves
from a common origin O on 8. In this family the product and the inverse
are always defined. These operations can be carried over to the homotopy
classes, for evidently ax a’, B2 8’ imply afxa’f’ and a~1x a’~1. In view
of these facts no confusion will arise if the same letter will sometimes
denote an individual closed curve and sometimes its homotopy class.
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The multiplication of homotopy classes is associative, for although
(«8)y and «(By) are not identical closed curves they are easily seen to be
reparametrizations of one another. There is a unit element, denoted as 1,
namely the homotopy class of the closed curve which reduces to the point
O. We have al =la=a and aa—1=1. The latter assertion is proved by
constructing the deformation

() 0sts(1-u)/2
¢t u—+>{fl-u) for (1-u)/2sts(1+u)2
f2-2t) (1+u)/2=t<].

Because of these facts the hgmotopy classes form a group & o(8S), the
Sundumental group of S refe to the origin O.

9E. From now on we assume that 3 is arcwise connected. Then we can
show that different origins determine isomorphic fundamental groups.
Let O’ be a second origin, and draw an arc ¢ from 0’ to 0. To every closed
curve « from O there corresponds a closed curve o’ =o0ao~! from O’. It
is easily seen that the homotopy class of «’ depends only on the homotopy
class of «. Hence we obtain a mapping a—>oao~! of the homotopy classes.
This mapping is product preserving, for sao~! . 0fo~1x o(af)o~1. Finally, *
the mapping is one to one, for o'~ oao~! implies «x 0-1a'0, and onto, for
o~la’c is mapped on «’. We conclude that ¢ determines an isomorphic
mapping of Fo(S) onto Fo(S). )

The abstract group #(8) which is isomorphic to all groups Fo(S) is
called tke fundamental group of S,

9F. Consider a continuous mapping. ¢ of S into another space S’. To
every arc y:i—f(t) on S there corresponds an arc y’ on S’ determined by
the mapping ¢ o f. Homotop arcs are carried into homotop arcs. Therefore,
the correspondence can be regarded as a mapping of % o(8S) into F¢-(S’)
where O’ =¢(0). This mapping preserves products, and i8 thus a homo-
morphism. If ¢ is topological and onto S’ the corresponding mapping is
clearly an isomorphism onto #¢(S’). We have thus:

Theorem. The fundamental group of an arcwise connecled space i8 a
topological invariant.

9G. It can happen that the fundamental group reduces to its unit
element. When this is 80, any two arcs with the same end points are homo-
top, and the space is said to be simply connected.

Definition. A4 space is simply connected if its fundamental group has only
one element.

For short, a simply connected space is said to have a trivial fundamental

group.
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10. The index of a curve

10A. The topologically invariant character of the fundamental group
makes it desirable to compute it explicitly in as many cases as possible.
For surfaces this program will be carried out in 43, 44. For the moment
we are content with two special, but very important results.

Theorem. 7'ke space R" is simply connected.

If #=(x1, -+, x,) we write ko= (key, -+ -, kry) tor any real k. We
choose the arigin as initial point and consider a closed curve t—f(t),
fl0)=f(1)=0, in R». The deformation (¢, u)—(1 —u)f(t) transforms it into
the curve 1:6—0. In other words, every closed curve is homotop to 1, and
the fundamental group has only one element.

The result holds in particular for the plane, and therefore for an open
disk and a half-plane. The proof is obviously valid for any star-shaped
subset of the plane. For this reason the fundamental group of a closed disk
is also trivial.

10B. The plane minus a point is called the punctured plane. It is homeo-
morphic with an annulus.

Theorem. The fundamental group of the punctured plane is the infinite
cyclic group.

Using the complex notation we suppose that 2=0 is omitted, and we
take z=1 as origin for the closed curves. The unit circle in the para-
metrization {—>e2+# is denoted by «.

First of all it is clear that any closed curve from 1 can be deformed by
central projection into & curve that lies on |z|=1. Next, by virtue of
uniform continuity any such curve y can be written as y1ys- - -ys where
each y; either does not pass through 1 or does not pass through —1. It is
easily seen that y; can be deformed into one of the circular arcs between
its end points. We suppose that the deformation has been carried out and
use the same notation y; for the circular arcs. For 2S5k < n, let o denote
one of the circular arcs on |z|=1 from 1 to the initial point of y;. On
setting o1=o0x+1=1 we have y=x(01y10271)(02y20571): - - (Onynons1™Y)-
Each factor o,y,0; ), is composed of three arcs, and we find by exami-
nation of all possible cases that it is homotop to 1, « or «~1. Therefore,
y is homotop to a power a™.

~ 10C. It remains to prove that o™ is not homotop to 1 for m#0. The
proof will provide us with an opportunity to introduce the index or
winding number of a closed curve y in the plane with respect to a point
2o not on y.

Let the equation of y be z=f(¢t), 0<t < 1. If f(t)# 2o for all ¢ there exists
a p>0 such that |f(t)—zo|>p throughout the interval. By uniform
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continuity the interval [0, 1] can be divided into a finite number of
subintervals [, #¢+1] such that |f(¢)—f (&)| < p for telt;, ts+1]). The complex
number g

_ Jtee1) =20

"= St~z

has a positive real part, for |w¢—1| < 1. Therefore there exists a unique
value Oy of arg wy which satisfies —g<@¢<g- It is clear that 3O is an
integral multiple of 2w, and we set

1
”(Y’zo) = %Zet’
This is the index of y with respect to zo.

10D. It must be shown that n(;,\% does not depend on the subdivision.
We need only show that nothing is changed if we replace [¢,1;,1] by
[ts, 7] and [r, #41] where ;<7 <#;1. We denote the new arguments by
@}, O and have
O; = 0;+0;+k 2n
where k is an integer. Since all three arguments are <’2—r in absolute value
we obtain |k| < §, and hence k=0. The assertion follows.

10E. As a function of 2o the index n(y, zo) 18 continuous on the complement
of y, and hence constant in each component of the complement.

For the proof we use the same notations as above and choose z; so close
t0 2, that |2)— 2| < p and |f(¢) —zg| > p for all ¢. We can then use the same
subdivision to define n(y, zy) and n(y, zy). Writing

= f(gc)—z&‘
%= ft =2
we have |ty—1| <1, and it is possible to set «s=arg v; with —g<¢:<g-
The new argument 8; is connected with ©; by
0: = 9‘+a,~+1—a‘-+k‘21t,

and the resulting estimate |k| <1 implies k=0. It follows that 20;=30,
as required.

We note that n(y, zo) 18 zero when zo lies in the unbounded component
of the complement. To see this, choose p>2 max|f(f)] and assume that
|20] >3p. Then |f(t)—z0|>p> |f(t)=f(0)] for all t€[0,1]. This means
that n(y, 20) can be computed without subdividing the interval. With
4o=0, $1 =1 we get wo=1, G9==0 and hence n(y, zg) =0.
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10F. We show next that n(y, 2o) does not change if y is deformed without
passing through zo. Let f(¢, u) define a deformation. and suppose that
S, u)#zo for 0<t<1, 0Su<l. We can find a p>0 and subintervals
[t tii1), [0z, w41 such that |f(¢, w)—zo| > p and |f(¢, u)—f(k, us)|<p for
telt;, t;+,], v €[u;, uj4,]. Let O, O; be the arguments that correspond to
u=1;, w=1u;41 respectively, and observe that we can choose

- b, ugr1)—2z0
B = o e )70

so that —32-'<ﬁ;<§~
We have the relation
6;—6; = By, — Bi+k-2m,

and we see as before that k=0. Hence 30;=36; and we conclude that
the index does not change as we pass from %; to %4,). Therefore the curves
that correspond to u=0 and u=1 have the same index.

10G. We can now return to the proof of Theorem 10B. It is clear that
n(a™, 0)=m and n(1, 0)=0. Hence a™= 1 only if m=0, and the theorem
is proved. .

The proof remains valid if the punctured plane is replaced by a circular
annulus, open or closed.

11. The degree of a mapping

11A. Let ¢ be a complex-valued continuous function whose domain is
an open set D in the complex z-plane. We say that ¢ is regular at 2o € D
if 29 has a neighborhood V in which ¢(z)# @(zo) for 23#29. When this condi-
tion is fulfilled we are going to define a degree of the mapping ¢ at zo.

11B. We denote by Q a punctured disk 0 < |2— 29| <r which is contained
in V. According to the hypothesis ¢ maps Q into the punctured plane Q'
obtained by omitting wo=¢(20).

We know from 9F that ¢ determines a homomorphic mapping of the
fundamental group #F(Q) into F(Q’). Because both groups are infinite
cyclic it is very easy to determine the nature of the homomorphism.

In fact, the groups are generated by circles « and B respectively which
we represent by equations z—zo=(a—zo)e?"** and w—wo=(b—wo)e2r¥.
Here a and b=gp(a) are corresponding points with a € Q. We denote the
homomorphism by ®. Supposee that ®(a)=8¢%. This completely determines
the homomorphism, for then ®(a™)=pgm4. If d=0 the whole group F(Q)
is mapped into the unit element of F(’). If d#0 we obtain an isomorphic
mapping of #(Q) onto the subgroup generated by p¢, for P(a™)=pmé=1
implies m =0.
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The number d=d(p) is the degree of the mapping at zo. It is evidently
independent of the choice of a € Q2, and hence independent of the choice of
Q.

11C. If a second mapping ¢ is regular at wo==g(2¢), then y o ¢ is regular
at zg. We claim that d(y o ) =d(p)d(p) where the degrees are computed
at zo and wyp respectively..

This is practically evident. We need only note that Q' can be replaced by
an arbitrarily small punctured disk about wp without changing the pre-
vious result. For sufficiently small |a —zo| the image g(«) lies in the pung-
tured disk and belongs to the homotopy class f¢(s). On the other hand,
¢ maps B onto an element of the homotopy class y2®) with respect to s
punctured plane, y being a positively oriented circle. It follows that
P(p(a)) X P(féw)xyS$weW), and the multiplicative property of the .
degrees is proved. ' '

11D. Suppoee now that D is a region, a.nd that ¢ is a homeomorphic
mapping of D onto a set ¢(D). If ¢(D) is operi'we can define the degree of
the inverse mapping. Since the identity mapping has degree 1, we obtain
d(p) d(p~1)=1, and hence d(p)=+ 1.

Actually, ¢(.D) is always open (‘“‘invariance of the region”’), but we shall
avoid the use of this fairly advanced topological theorem. We prove,
without using the fact that (D) is open, that d(¢) is constant in D,

For a fixed zg € D, let Q, Q' and «, B be chosen as in 11B. By assump-
tion, @(c)xp4@ in Q’, and hence n(pla), ¢(20))=d(p). Let 2; be so
close to zo that n(a,z))=n(xz0)=1 and n(gp(a), ¢(21))=n(p(a), P(z0))=
d(g). To define the degree at z; we use a punctured disk ; centered at z;,
the punctured plane Q] which omits ¢(z,), and generators «,, 8. Because
@ is & homeomorphism there is no restriction on Q;, other than that it be
contained in D. For this reason, if z, is sufficiently close to zo we can
choose Q, so that it contains a. Then aX «, in Q, and @(e)X ¢(x,) in Q;.
It follows that n(gp(a1), @(z1))=n(p(e), ¢(21))=d(g), and hence that
Pla;) =Y in Q;. Consequently, the at 2z, is equal to d(p), the
degree at z9. We conclude that d(g) is co t in a neighborhood of each
point, and hence in each component of D. If D is connected it is constant
throughout D.

By the preceding remark, if we use the invariance of the region it follows
that d(p) is constantly 1 or —1: However, to reach this conclusion we need
merely know that (D) has an interior point ¢(zo). Indeed, let A ¢ (D) be
an open disk containing ¢(20). Then ¢ has the degree +1 in ¢~1(A), and
consequently in all of D.

Theorem. The degree ofatopolomoalmppmgofaremonwcomamly
+lor -1
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We have proved this theorem under the condition that the image of
the region has an interior point. A topological mapping of degree +1 is
called sense-preserving, and one of degree —1 is sense-reversing.

12. Orientability

12A. We shall use the term planar region for any region V on a surface
F which can be mapped topologically onto an open set in the plane. The
homeomorphisms » which effect such mappings can be divided into two
classes by assigning k, and &, to the same class if and only if A, o by is
sense-preserving. For a given % we denote by % the mapping obtained by
setting %(p) equal to the complex conjugate of k(p). Then k and % are in
different classes, for ko A-1 is sense-reversing. For any other mapping
h, either Ao AT or ko h{! is sense-preserving. This shows that there-are
exactly two classes.

The choice of one of the two classes as the positively oriented one
constitutes an orientation of V. It is clear that an orientation of ¥ induces
an orientation of every subregion ¥’ c V, namely by restricting a posi-
tively oriented mapping of V to V’.

The orientations of two overlapping planar regions V; and V¥ are said
to be compatible if they induce the same orientation in all their common
subregions.

12B. A surface F is orientable if it is possible to define compatible
orientations of its planar regions.

Definition. A4 surface F 1s said to be orientable if it is possible to assign a
positive orientation to each planar region in such a way that the orientations
of any two overlapping planar regions are compatible.

Orientability is obviously a topologically invariant property. We can
thus divide the classes of homeomorphic surfaces into classes of orientable
and nonorientable surfaces. A well-known example of a nonorientable
surface is the Mébius band.

An orientable surface has always two different orientations, for if a
system of compatible orientations is given we get a new compatible
system by reversing all the orientations. It follows in an obvious way by
the connectedness that there cannot be more than two orientations.

12C. In order to orient a surface it is sufficient to orient all planar
regions which belong to some open covering by planar regions. Suppose
that the sets V of the open covering have been oriented in a compatible
manner. Let ¥’ be an arbitrary planar region. A point p € V' has a con-
nected open neighborhood U c V’ which is contained in a V. The orienta-
tion of 1 mduces an orientation of IV and we can choose an orientation of
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V' -whigh induces the same orientation of U. Because of the compatibility
this orientation will not depend on the choice of U or V. Moreover, the
points p which determine the same orientation as a fited point po € ¥’
form an open set, and so do the points which determine the opposite
orientation. Sinoce V¥’ is connected, its orientation will be uniquely deter-
mined. Finally, the orientations are compatible, for the two orientations
of & component of ¥’ n V* can be determined by a point pe V' n V".

13. Bordered surfaces

13A. We have already mentioned that an open surface has an ideal
 boundary, defined as the point oo in the Alexandroff compactification
(4F). We denote the ideal boundary of a surface F by g or 8(F).

The complement of any relatively compact set on F is often called a
neighborhood of B, even though, strictly speaking, a neighborhood should
include the point oo itself,

For many purposes it is preferable not to use the Alexandroff compacti-
fication but distinguish different points on . This can be done, in many
different ways, by imbedding F as an open set in a compact Hausdorff
spaoce M. It is clear that the boundary of F in M may be considered as a
realization of B.

13B. The ideal boundary of a disk, and therefore of the plane, can be
realized as a circle. Such standard realizations, when possible, are of
oourse very useful.

We generalize the example of the disk by introducing the notion of a
bordered surface.

Definition. A connected Hausdorff space F is called a bordered surface
if it i3 not a surface, and if there exists an open covering of F by sets which
can be mapped homeomorphically onto relatively open subsets of a closed
half-plicne,

13C. We may choose the homeomorphisms / so that the range of e wch

h lies in the closed upper half-plane y20 of the complex z-plane. If
h(po) is an interior point of the upper half-plane for one homeomorphism,

then we contend that the same is true for all homeomorphisms defined at
Po. Suppose that po is in the domain of A and A;. We consider the homeo-
morphic mapping ¢=A;oh-1, restricted to a small open disk about
20="h(po). The image of this disk is relatively open in the closed half-plane,
and contains, therefore, an interior point with respect to the topology of
the plane. It follows that we can apply Theorem 11D without appealing to
the invariance of the region. A sufficiently small circle a about 29 must be
mapped by ¢ onto a closed curve whose index with respect to hi(po) is + 1.
But if ky(po) lies on the z-axis it belongs to the unbounded component of
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the complement of ¢(c), and by 10E the index is zero. Hence A;(po) must
be an interior point of the half-plane.

We conclude that it is possible to distinguish two complementary
subsets of F, the set B or B(F) of points which are always mapped into
the z-axis, and the set F' of points which are never mapped into the z-axis.
F is open, and B is closed, B is not empty, for then F would be a surface.
Any neighborhood of a point on F contains points from F. Hence F is the
closure and B is the boundary of F.

We call B the border and F the interior of F (in spite of the ambiguity).
The components of B are called contours.

13D. Every point po € B has a neighborhood which can be mapped
homeomorphically onto a ‘semiclosed half-disk |z]<1, y20 with po
corresponding to the origin.and points on B to the diameter y=0. From
this representation we see that po has a relative neighborhood on B which
is homeomorphic with an open interval. In other words, B is & 1-dimen-
sional manifold. Every compact contour is a Jordan curve.

We prove next that the interior F is a surface. We need only show that
F is connected. Suppose that F has a decomposition into nonvoid open
sets Fy and Fp. Then F=F; U F3, and since F is connected F; and Fg
must have a common point po € B. But po has a neighborhood ¥V whose
intersection with ¥ is homeomorphic with an open half-disk, and con-
sequently connected. The decomposition Vn F=(Vn Fi)u(V nFg)
contradicts the connectedness of V n F, and we conclude that F must be
connected.

If F is compact, B(F) may be considered as a realization of 8(F). If F
is not compact, B(F) realizes only part of 8(F), and the remaining part is
represented by the Alexandroff point S(F) of F.

Remark. The connection between border and ideal boundary is so
intimate that it would be unwise to insist on separate notations under all
circumstances. We agree that B will always stand for a concrete border,
while the notations g and 8(F') will be used more freely with various related
meanings.

13E. A bordered surface F is said to be orientable if and only if its
interior F is orientable. We show that an orientation of F induces a
positive direction on the border B.

Consider a neighborhood V of po € B which is homeomorphic with a
semiclosed half-disk, for instance |z|<1,y20. We say that a homeo-
morphism & of ¥V onto the semiclosed half-disk is positively oriented if its
restriction to ¥y F helongs to the elass of homeomorphisms by which F
i oriented. Tt is always possible to find a positively oriented homeo-
morphism, for p—h(p) and p——hk(p) are oppositely oriented and have
the sume range.
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We can and will assume that A is defined on a region which contains 7.
Suppose that A; is a second positively oriented homeomorphism of ¥V with
the same properties. Then ¢=»5 o A{"! is & homeomorphic mapping of the
closed half-disk onto itself. It can be extended to a slightly lurger half-
disk, and it can also be extended by symmetry to a homeomorphic
mapping of the corresponding full disk.

Since ¢ is sense-preserving in the upper half-plane it is also sense-
preserving in the whole disk. For this reason the mapping of |z]=1 on
itself preserves the direction. Inasmuch as the upper half-circles corre-
spond to each other this is possible only so that ¢(1)=1 and ¢(—1)= —1.
We can now designate the inverse image of —1 as the intitial point and
the inverse image of 1 as the terminal point of the arc on B which corre-
sponds to the diameter; we have just shown that this designation is
independent of the choice of A. In other words, a sufficiently small subarc
of B has a well-defined positive direction with respect to the orientation
of F.

It is easy to extend the determination of the positive direction to arbi-
trary subarcs of B. We can start from an arbitrary direction of the are.
It induces a direction of every subarc, and for subarcs that already have a
positive direction with respect to the orientation of F, the induced direc-
tion is either equal or opposite to that direction. For overlapping subarcs
the same alternative must occur. It follows that the union of all subarcs
with the same direction and the union of all subarcs with opposite direc-
tion are both open. Hence one of these sets is void, and the given arc has a
well-defined positive direction which agrees with that of all sufficiently
small subarcs.

We conclude, in particular, that each compact contour, regarded as a
Jordan curve, has a positive sense with respect to the orientation of F.

13F. The notion of bordered surface is closely connected with the idea
of a region with a smooth boundary. In order to introduce a convenient
terminology we begin by defining a 1-dimensional submanifold. The
purpose of this auxiliary notion is to bypass certain delicate topological
considerations which would lead too far afield.

Definition. A subset T' of a surface F is called a 1-dimensional submani-
Jold if every p € I has an open neighborhood V which can be mapped homeo-
morphically onto |z| <1 in such a way that the intersection V0 I' corresponds
to the real diameter.

Consider now a subregion Q of F. We will say that Q and {3 are regularly
tmbedded if, in the first place, Q and its exterior have the same boundary,
and if, secondly, this boundary is a l.dimensional submanifold. Let p
be a point on Bd Q, and choose a neighborhood ¥ as in the definition.
Since the half-disks y >0 and y <0 are connected their inverse images are
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contained either in Q or in the exterior of Q. The fact that p lies on the
common boundary of Q and the exterior implies that one of the images
must belong to Q and the other to the exterior. Hence ¥ n{} is mapped
on a semiclosed half-disk, and we conclude that { is a bordered surface
whose border coincides with the boundary of Q.

13G. For a regularly imbedded region Q c F, let E be a component of
F —Q or, more generally, a union of such components. Then QU E ts also
a regularly imbedded region. To see that this set is open we need only
examine a point p on the boundary of E. Such a point is also on the
boundary of Q, and as such it has a neighborhood V whoee intersection
with F—Q is oonnected. It follows that Vn (F—-Q)c E, and hence
VcQUE, proving that QUE is open. It is connected because Qu
(R E), a set between Q and {}, is connected. Finally, the boundary of
QU E consists of the contours of Q which do not belong to E, and one sees
at once that Q U K is regularly imbedded.

Suppose now that {} is compact. Then Q has only a finite number of
contours, and hence only a finite number of complementary components.
Let E be the union of those components-that are compact. Then Qu E
is a relatively compaoct regularly imbedded region with the additional
property that all complementary components are noncompact. Such a
region will be called a regular region. Because this terminology is used
throughout the book we state a formal definition:

Definition. A region Q C F 18 a regular region if (1) Q is relatively compact,
(2) Q and F—Q have a common boundary which is a 1-dimensional sub-
manifold, (3) all components of F —Q are noncompact.

We have shown that every relatively compact and regularly imbedded
region can be completed to a regular region.

13H. It is often desirable to imbed a bordered surface in a surface. In
this respect we prove:

Theorem. Every bordered surface F can be reqularly smbedded in a surface.
If F is compact, it can be regularly imbedded in a closed surface.

We construct a standard imbedding which will find important use,
especially in the thcory of Riemann surfaces.

Let F1 be a topological space which is homeomorphic with F, and
consider a topological mapping ¢ of F onto Fj. In the sum F+ F; we
identify each p € B(F) with its image ¢(p), and topologize as in 2F. The
resulting space is denoted by F. It is trivial to verify that F' is a Hausdorff
space, and also that every point in F U ¢(F) has a neighborhood which is
homeomorphic to an open set in the plane.

Suppose now that po € B. Then py has a neighborhood V relatively
to F which can be mapped on a semiclosed half-disk as in 13D, and
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P=V ug(V) is an open neighborhood on F. We denote the mapping
of ¥ by h. A homeomorphic mapping of ¥ onto an open disk is obtained
by mapping p € V into A(p) and p € ¢(¥) into k(p~1(p)). We have proved
that F is a surface, and that F is regularly imbedded in F.

The procees that we have described is called duplication, and P is
referred to as the double of F. The mapping ¢ can be extended to an
involutory topological self-mapping of # by requiring that ¢(¢(p))=p.
If F is orientable, 8o is F, and ¢ is sense-reversing.

The points p and ¢(p) are said to be symmetric with respect to the
border. We shall frequently denote ¢(p) by p* and ¢(F) by F*.

The double of a disk is a sphere, and the double of an annulus is a torus.

§3. COVERING SURFACES

The reader is familiar with the crude notion of Riemann surfaces which
occurs in classical function theory. For the description of such surfaces a
pictorial language is used which in spite of its didactic value does not
belong in a mathematical treatment.

The notion in question is purely topological, and in this section we are
concerned with its axiomatization under the name of covering surface.

A covering surface is smooth if it has no branch points, and a smooth
covering surface will be called regular if it has no boundary in a sense that
will have to be made more precise. We point out right here that this
terminology does not coincide with common usage.

The regular covering surfaces are connected with the fundamental
group of the underlying surface by virtue of the monodromy theorem
whose consequences we shall have reason to discuss in detail.

14. Smooth covering surfaces

14A. For our basic definition we choose the following :

Definition. A connected Hausdorff space F and a mapping f of F into a
surface F are said to determine a smooth covering surface of F, if every
o I has alneighborhood T which is mapped topologically by f onto a
neighborhood V of Po=f(Po)-

The definition implies that f is continuous, and the mapping may be
described as locally topological. It is always possible to replace ¥ and V
by open neighborhoods, and even by Jordan regions. To see this, choose
open neighborhoods Vo(po)c V and Po(fs)c V. Then U=f-1(1'y)n Py
is open, and U c Vo, U=f(U)c Vo. Because f is topological on I*, f(0)
is relatively open in V, and since f(U) is contained in the open subset
Vo it is absolutely open. We see that the sets U and U are open and corre-
spond to each other topologically. The final step is to replace U by a
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Jordan region A c U, containing po, and U by the topological image A=
f1A)nT.

Our reasoning shows that F is always a surface. The covering surface is
usually denoted by (F, f), but in appropriate circumstances we abbreviate
the notation to F.

14B. An important property is that open sets are mapped on open sets.
With the previous notations, assume that fp belongs to the open set J.
Since £ is topological on §we know that f( n 0) is open. The aasertion -
follows from po € f(T n 0) c f(0).

In particular, f(F) is a region on F, and it is clear that (F, f) may be
considered as a smooth covering surface of f(F). Conversely, if we start
from a region G c F, then any component @ of f-1(Q) yields a smooth
covering surface (@, f) of G. For the proof we need only recall that @ is

open.

14C. For the study of covering surfaces it is essential to introduce the
notion of continuation along an arc. The classical connection would be
clearer if we spoke of the continuation of the multiple-valued inverse
function f-1, but since we do not wish to consider multiple-valued functions
it is preferable to avoid this language.

Consider first an arc 7 on F with the equation t—>@(t), 05¢<1. The
arc y=f(7) on F has, by definition, the equation ¢—f(¢(t)). It is called
the projection of 7. Now we reverse the point of view and regard y as
primarily given through its equation t—>¢(f). Any arc y with the proj-
ection y and the initial point §y is called a continuation along y from F;
naturally, o must lie over pg. In the literature the process of forming
the continuation is also referred to as lifting the arc.

The following uniqueness theorem holds:

Theorem. On « smooth corering surface. any two continuations along the
same arc and from the ame Tnitial point are identical.

Let the two continuations be given by ¢; and 3. We consider the set £
of all ¢ such that ¢;(¢)=¢a(t). This set is closed, for ¢;, $2 are continuous
and F is a Hausdorff space. We prove that E is also relatively open.
Consider £ € E and determine neighborhoods ¥ of @1(to)=@2(to) and V
of @(to) which are in one to one correspondence by f. Because of the
continuity there exists a neighborhood of #o in which ¢;(f) and @o(t) are
contained in V. Since they have the same projection they must coincide,
$1(t) = P2(t), and we have proved that E is relatively open. By assumption
E contains 0; it follows that £ must comprise the whole interval [0, 1].

14D, The existence of a continuation cannot be asserted. Therefore,
we define a class of regular covering surfaces as follows:
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Definition. 4 smooth covering surface is said to be regular if there exists
a oontmuatwnalong any arc y of F and from any point over the instial point
of v

14E. In order to analyze this definition we examine the case in which a
continuation fails to exist. Let y and # be given. The set of all ¢ €[0, 1]
for which there exists a continuation from po along the subarc corre-
sponding to [0, fo] i8 easily seen to be relatively open. In fact, if @(t) is
defined in [0, %], fo<1, we can determine neighborhoods of ¢(tg) and
@(to) which are in one €0 one correspondence, and using this correspondence
it is possible to continue @(t) beyond ¢. If we assume that there is no
continuation along all of y it follows that the set under consideration is a
half-open interval [0, 7) with 0<r 1.

The function ¢ is defined on [0, 7). We claim that @(¢) tends to the ideal
boundary of F as {—>r. Suppose that this were not the case. Then there
exists a compact set C c F! and a sequence of values ty—>r such that
@(ts) €C. We can extract a subsequence {ty} with the property that
@(ts,) converges to a point & € C. It follows by continuity that a=f(@)=

@(r). We choose corresponding neighborhoods F, I" of 4, « and denote
by f-! the inverse function of f restricted to P. There exists +' < such
that ¢(t) € V for 'St 57, and ¢ can be extended from [0, 7'] to [0, 7] by
setting =11 o p in [+, 7]. This contradicts the definition of =, and the
assertion follows.

We say that ¢(7) is an asymptotic value of f. The path described by
¢(t) for 0<t< is the corresponding path of determination. A regular
covering surface is thus a smooth covering surface on which there is no
path of determination. In particular, since a compact surface has no ideal
boundary, a compact smooth covering surface is always regular.

14F. The preceding considerations permit us to characterize the
property of regularity in a different and sometimes more convenient way.
In a slightly more general context the equivalent condition that we
formulate below-will be referred to as completeness (21A).

Theorem. A smooth covering surface is regular if and only if every po € F
has a neighborhood V with the property that each component of f~1(V) is
compact.

For the present we prove only the sufficiency. Suppose that 7 ix a path
of determination which leads to the asymptotic value po. If V is any
neighborhood of po, the path $ must, from a certain point on, lie in a
component of f-1(V). By assumption, 7 is not contained in any compact
set. Hence the component that contains the end part of § cannot be
compact. We conclude that the completeness condition cannot be satis-
fied, and hence that a complete covering surface is necessarily regular.

The necessity will be proved in 15D.
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14G. For the purpose of proving that a covering surface is regular the
following corollary to the sufficiency part of the preceding theorem is
particularly useful:

Corollary. Given a smooth covering surface (F', f) of F, let G be a region
on F, and suppose that G is a relatively compact component of f~XG). Then
(G, f) is a regular covering surface of G.

The proof is immediate. For pg € G, let ¥V be a compact neighborhood
of po which is contained in @. To avoid confusion we denote the restriction
of fto @ by g. Then g-}(V)=f-1(V)n@=f-1(V)n Cl1 G, for since G is a
component of f-1(G) its boundary points cannot belong to f-1(@), and
much less to f-1(V). But f-}(¥) is closed and Cl @ is compact. Hence their
intersection g—1(V) is compact on ', and a fortiori on @. It follows that V
has the property required in Theorem 14F, and we conclude that (@, f) is
regular.

15. The monodromy theorem

15A. Consider a regular covering surface (F, f) of F. Let a, b be two
points on F, and @ a point over a. We connect @ to b by an arc y. Then the
continuation 7 along y from & has a terminal point § over b. It is important
to determine to what extent § depends on the choice of y.

A partial answer to this question is furnished by the monodromy
theorem which occupies a central position in the theory of covering
surfaces.

Theorem. Suppose that (P, f) is a regular covering surface of F. If y,
and yz are homotop ares from a to b on F, then the continuations 7, and s
Jrom a common initial poml doverq termingle qt the same point 5. Moreover,
71 and 7. qre homotop on F.

15B. Let (t, u)—>o(¢, u), defined on 05¢t<1, 0Su <1, be a deformation
of y; into y2. The theorem will be proved if we can construct a continuous
function (¢, u)—>@(t, ) with fo p=¢ and $(0, 0)=4a. In fact, ¢(0, u) and
(1, ) must then reduce to constants d, b, and ¢—>@(t, 0), t—¢(t, 1) will
be the equations of 1, 7a.

For any fixed u we define ¢(¢, u) as the continuation along the curve
t—gp(t, ) from the initial value &. We must show that ¢(¢, ») is continuous
in both variables.

For a given ug, let E be the set of all r €[0, 1] with the property that
the restriction of ¢ to the rectangle 0St<r, 0<u=<1 is continuous in
both variables on the line segment 0 <t <, u=uo. We are going to show
that 1 belongs to E.Since ug is arbitrary this will prove that ¢ is continuous
in the closed unit square.

The definition of K is such that E is either a semi-open interval [0, #o) or
a closed interval [0, £o]. In either case we choose open neighborhoods ¥, V
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of ¢(to, %o), plte, o) respectively which correspond to each other topo-
logically, and we denote by f-! the restricted inverse of f which is defined
in V and has values in ¥. There exists a >0 with these properties:
(1) @(t, )€ V for |t—to] <8, |u—uo| <8, (2) ¢(t, uo) & ¥ for |t—to|<85.
It is tacitly understood that we consider only points (¢, u) in the unit
square. :

Choose t; =¢g if E is a closed interval and to— 8 <#; <?¢ if E is semiopen.
¥ is open, and ¢(f1, %) is continuous in u at u=uy. Hence we can find a
positive S8 such that ¢(f, u) e P for |u—up| <. For these values
(b1, w)=f"2(p(t1, %)). In the part of the rectangle 05t Sto+ 3, |[u—uo] <y
which lies in the unit square, define a function @;(¢, ) which is equal to
@(t, w) for t S ¢, and équal to f~1(ep(t, %)) for ¢ >¢;. Then ¢, is continuous in ¢
for fixed u, and f o ¢1=¢. By the uniqueness of continuation ¢; must
coincide with ¢, and we find that ¢ is continuous in both variables on the
part of the segment 0S¢ <o+, u=up which lies within the closed unit
square. This contradicts the definition of £ unless E is closed and {=1.
Hence 1 belongs to E, and the theorem is proved.

15C. As an immediate corollary of the_monodromy theorem we
obtain:

Theorem. If (F,f) is a regular covering surface of a simply connected
surface F, then f is a homeomorphic mapping of F onto F.

We choose a point d € F and consider its projection a. An arc y can
be drawn from a to any b € F. The continuation y from & along y ends
at ; point & over b. Hence every point on F is the projection of a point
on F.

Suppose that d;, 3 € F' have the same projection a. We connect &, and
dg by an arc 7. Its projection is a closed curve y, and 7 is the continuation
along y from &). The gimple connectivity implies that y is homotop to 1,
and by the monodromy theorem d;=d3. We have proved that f is one to
one. It is continuous in both directions because of its local properties.

15D. It is now easy to complete the proof of Theorem I4F. Suppose
that (¥, f) is a regular covering surface of F. Let A be a Jordan region
which contains pg € F, and let ¥ c A be a compact neighborhood of pg.
Consider a component ¥ of f-1(V). The theorem will be proved if we show
that ¥ is compact.

7 is contained in a component A of f-1(A), and (4, f) is a regular
covering surface of A. Since A is simply connected it follows by the
monodromy theorem that f, restricted to A, is a homeomorphism. For
greater clarity, let the restriction be denoted by g and its single-valued
inverse by g-1. We know that ¥ cg~1(V), and g~1(V), the continuous image
of a compact set, is compact. But P is closed, for it is a component of the
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closed set f-1(V). We conclude that ¥, a closed subset of a compact set,
is necessarily compact.

16. Applications of the monodromy theorem

16A. The monodromy theorem is often applied to questions which are
only indirectly connected with the theory of covering surfaces. In the
following we consider a fairly general situation which covers most of the
usual applications.

We suppose that a simply connected surface F is covered by regions V.
In each V a nonempty family ®y of complex-valued functions is given.
The problem that interests us is to define a function on the whole surface
F whose restriction to each ¥ belongs to ®y; in other words, we want to
picce together a global function from a supply of local functions. We will
show that this is possible if the families @ satisfy the following conditions:

(A1) If p € Op, ¢’ € Oy-, and V n V’'#0, then the interior of the set
of all points p with ¢(p)=¢’(p) is relatively closed in V' n V".

(A2) To every pe ¥V n V' and every ¢ € Oy there exists a ¢’ € Op-
such that ¢=¢' in a neighborhood of p.

Condition (Al) implies that in each component of ¥ n V’ the set where
@(p)=¢'(p) is either the whole component, or else a set without interior
points. It would have been simpler to assume that either p=¢’ or ¢ #¢'
throughout cach component of ' V7, but this condition would not be
sufliciently general for the application in 16F.

16B. We construct a space F' whose points are determined by a point
p € F together with a ¢ € @y such that p € V; this point is denoted by
(P, ). Two points are identified if and only if they are determined by the
same p and by functions ¢ which coincide in a neighborhood of p. A set
of points (p, ¢) with a fixed ¢ is declared to be an open set if the points p
form an open set on F. We choose these particular open sets as a basis for
the topology on F'.

To see that F is a Hausdorff space, let (po, o) and (p1, ¢1) be distinct
points. If po# p) disjoint neighborhoods are formed by (p, o) and (p’, ¢1)
where p,p’ run through disjoint neighborhoods of po, p1. If po=p1
and o, g1 are defined in ¥y, V) respectively, we consider the component
of Von Vi which contains po. The condition (po, go)# (Po, p1) means
that @ and ¢; cannot coincide in any neighborhood of pg, and hence not
on the whole component. Therefore, by (Al), po=¢; at most on a set
with empty interior, and it follows that (p, @o)# (P, 1) for all p in the
component under consideration. We have shown that the condition for a
Hausdorff space is fulfilled.

It is quite obvious that the mapping f:(p, ¢)—p defines each component
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of F' as a smooth covering surface of ¥. We wish to prove, in addition,
that this covering surface is regular.

16C. Consider an arc y:i—>w(f) and divide [0, 1]-into subintervals
[ts, ti+1] 80 that w(t) belongs to a V¢ for ¢ St St41. Choose an initial point
Po=(po, po) over po=w(0); we may assume that go € Oyp,.

According to (A2) there exists a ¢ € Py, which is equal to ¢ in a
neighborhood of w(t1); similarly, there exists a ¢z € ®p, which coincides
with ¢; in a neighborhood of w(tz), and so on. This process leads to a
continuation along y, defined by ()= (w(t), ¢i) for t; ¢z (;,1. Conse-
quently, each component of F is a regular covering surface.

16D. Since F was supposed to be simply connected, we conclude by
the monodromy theorem that the component of F' which contains the
initial point ¢ is in topological correspondence with F. To every p € F
there corresponds a unique point (p, )=f-1(p), and hence a unique
value ¢(p); we denote this value by ¢(p). Consider a point p; and assume
that f-1(p1)=(p1, ¢1), ¢1 € Py,. The points (p, 1) with pe ¥, form a
neighborhood of (p), ¢1). Because f-1 is continuous we have f-1(p)=
(p, 1), and hence @(p)=e1(p), a8 soon as p is‘\k{lfﬁciently close to p;.
Thus $=¢; on an open subset of V). Suppose, on the other hand, that
@(p2) #p1(p2) at & point pg € V). Then @(p)=gp2(p), say, in a neighbor-
hood of pg, and (P2, p2)# (Pe, ¢1). Since F is a Hausdorff space it follows
that (p, p2)# (P, ¢1) when p is near ps, and we conclude that $s# ¢; on an
open set. In view of the connectedness of ¥, we find through this reasoning
that =g throughout V;. In other words: st 13 possible to define « single-
valued function @ on F which in every V s identical with a ¢ € ({y-. This
function is uniquely determined if required to coincide with a particular
@ in a neighborhood of a given point.

16E. The significance of this result becomes clearer if we give a familiar
application. Let it be the argument principle:

Theorem. Suppose that the complex-valued funaion ¥ 18 continuous and
#0 on a simply connected surface F. Then it is letoptclcofutasmgle-
valued continuous branch of arg ¢.

Let g be an arbitrary point on F. We can find a connected neighborhood

V(g) such that |$(p) ()| < [(q)] for p & V(g). Let arg y(g) be the value
of the argument which lies in the interval [0, 2n), and define arg y(p) in
V(q) as the branch which satisfies |arg ¢/(p)— a.rg-/:(q)|<-— this branch

is continuous. We choose the functions arg y(p)+n - 2= with integral n
as the functions ¢ in ®p. The conditions (Al) and (A2) are almost
trivially fulfilled. Hence we can determine a single-valued function,
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called arg ¢, which in every V(g) coincides with one of the branches arg  +
n - 2m. In particular, this function is continuous.

16F. Another application of the construction principle in 16A, B leads
to the classical notion of multiple-valued analytic functions. Let F be the
complex plane. For every region V c F we consider the family ®y of all
functions f which are defined and analytic in V according to the classical
definition.

With this definition of @y we see that (Al) is fulfilled while (A2) is not.
The construction of the space F depended only on (Al). When the con-
struction is carried out we see that each component of F is a smooth
covering surface of the plane, but it need not be regular. The components
of F are the analytic functions in the sense of Weiersirass, exoept that the
algebraic function elements are omitted.

17. The class of regular covering surfaces

17A. By use of the monodromy theorem we are going to show that the
regular covering surfaces of a given surface F have a simple relation to the
fundamental group of F.

Given F and a regular covering surface (¥, f) we choose an origin O
on F and a point J over O. Consider two arcs y1, y2 on F which begin at O
and end at a common point a. The covering surface determines continua-
tions 1, 72 along yy, y2 from O which terminate at certain points @, @z
over a. The monodromy theorem gives a sufficient condition under which
dy=dz, but this condition is not necessary. We are thus faced with the
problem of characterizing the pairs of arcs y;, y2 which determine the
same point @ over a.

17B. We can restrict our attention to closed curves y from O, for y; and
s will determine the same & if and only if the continuation along y,y; !
leads back to 0. If the continuation along y is a closed curve from J, then
the same is true, by the monodromy theorem, for any curve which is
homotop to y. It is also true for y~1, and if it holds for y; and y; it is true
for y; y2. It follows that the homotopy classes of the curves y with a
closed continuation 7 from O form a subgroup 9 of the fundamental
group .# o(F).

17C. The above construction depends on the choice of . In order to
clarify the situation we shall say that the triple (F.f, J) covers the
couple (F, 0) if (F, f) is a regular covering surface of F and, in addition,
f(0)=0. With this terminology it is clear that 2 is uniquely determined
by (F, f, 0).

Suppose now that 2 and 9, are determined by (F, f, 0) and (£, f, Oy)
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respectively. We join O to 0, by an arc &; its projection is a closed curve o.
A given closed curve y; on F determines a closed curve from 0, if and only
if oy10-1 determines a closed curve from 0. It follows that 2, consists of
all homotopy classes o~lyo with y € 2. In other words, 2, is a conjugate
subgroup of 2.

Conversely, if 21 =0"1%0, then 2, corresponds to the triple (£, f, 0y),
where 0, is the terminal point-of the continuation along ¢ from 0.

17D. We agree to identify (Fy, f1, 01) and (Fg, fa, O) if there exists a
topological mapping ¢ of F', onto F'3 which is such that f3 o @=f1 and
¢(01)=02. The identification is legitimate, for it is obviously defined by
means of an equivalence relation. We remark that the mapping ¢ is
uniquely determined. In fact, from fs o pa=f3 o 4 and the definition of a
smooth covering surface it follows that the set with @(p)=y(p) and the
set with o(p)#y(p) are both open. Hence ¢(J1)=4(J;) implies ¢ =1.

With this identification the following theorem holds:

Theorem. The construction that we have introduced defines a one to one
correspondence between identified triples (F, f, O) and the subgroups P of
Fo(F). Two triples can be represented by means of the same (F, f) if and
only if the corresponding subgroups are conjugate.

The fact that identified triples determine the same subgroup is ohvious
from the construction. Suppose now, conversely, that (F,f, J) and
(F1, f1, 0,) determine the same 9. Take a 7 € F and join 0 to § by & with
the projection 0. We determine the continuation of F; along o from the
initial point 0;. Its terminal point (5) does not depend on the choice of
&. In fact, if @ and &' both lead from O to P, then o'l € D, and the
continuation on F along o and o’ must lead to the same point. It is easily
seen that @ is & homeomorphism, and that f;  p=F. Hence (F, f, ) and °
(F, f1, 01) are to be identified. :

The last assertion was proved in 17C. It remains to show that there
exists a triple (F, f, 0) corresponding to every subgroup. This part of the
proof requires an explicit construction.

17E. Let 2 be a subgroup of #o(F). In order to construct a correspond-
ing surface F' we proceed as follows: With every arc y from O to a point p
we associate a point $. For two arcs yj, y3 the corresponding points
P, P2 will be identified if and only if y), y2 lead to the same point p and if,
in addition, y; y; ! belongs to 2. The identification is evidently legitimate.
The classes of identified points will again be denoted by ; they constitute
the points of F. ¢

In order to introduce a topology on F, consider a Jordan region V c F,
and let y lead from O to a point p € V. We construct the set ¥ which
oonsists of all points § corresponding to arcs yo where o is contained in V.



36 I. SURFACE TOPOLOGY [17F

Since V is simply connected, the correspondence between points § €y ¥
and g € V is one to one. We choose all sets ¥ ¥ as a basis for the open sets
on F.

We must prove that the postulate for & basis is satisfied. Suppose that
y171 and y2V2 overlap; then V1, V3 overlap, and V1N V2 is a union of
Jordan regions V. Consider JeyViny:P2 with ge Vc Vin Vs
Then ¢ can be determined by a y;10; and by a ygos with 61 c V1, 08¢ Va.
The sets y1017 and yaqa¥ are seen to be identical and contained in
1710 yaP2. Consequently, the intersection is a union of sets y¥, and
the postulate (B) in 1B is established.

If §1, P2 correspond to different p;, ps we can find disjoint open neighbor-
hoods yy Py 4 P3 by choosing V1, V2 disjoint. If p1=ps we suppose that
P Dy arc determined by y,, y, where y,y; ! is not in 2. For any V which
contains p, =p, the sets y, 7, y, ¥ are disjoint, for y,0(y50) ! =y,(c01)ys*
is homotop to y,y; 1. We have shown that F is a Hausdorff space. It is
evidently connected.

17F. We set f(§)=p with the same notation as above. The set yV is
mapped topologically onto V. This proves that (F, f) is a smooth covering
surface of F. To show that it is regular we need only consider arcs y from O.
If the equation of y is ¢—»>w(t) we can define (t) as the point determined
by the subarc corresponding to [0, t]. This is a continuation from the
initial point J determined by the unit curve 1.

It is now clear that (P, f, 0) corresponds to the subgroup 2. In fact,
the continuation along y from O is closed if and only if y € 9.

17G. As a complement to Theorem 17D we prove:

Theorem. The fundamenial group of F is isomorphic with 9.

The projection of a closed curve from 0 is in 2. Homotop curves have
homotop projections, and products are preserved. This shows that the
projection maps # o(F) homomorphically into 2. The mapping is onto,
for there is a curve 7 over any y € 2. Finally, it is an isomorphism, for
y=1 implies $x 1 by the monodromy theorem.

18. The partial ordering

18A. If (Fz,f, 02) covers (Fl, 01) and (Fl,fl, 01) covers (F, O), then
it is clear that (Fg, fi o f, Og) covers (F, O). In this situation we say that
(Fg, f1 o f, O2) is stronger than (F1, fi, O1) over (F, O). In other words, of
two triples (£, f1, 01) and (Fy, f2, O2) which cover (F, O) the latter is
stronger if and only if there exists an f such that (2, f, J,) covers (#y, 0y)
and fa=f1 o f. This relationship is evidently transitive.

Let 9, and D, be the subgroups of # o(F) that correspond to (F4, f1, O1)
and (F, f2, O3). We prove:
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Theorem. The triple (Fs, fs, Os) is stronger than (£, f1, O1) of and only
if Dac . .

Suppose first that (Fy, fs, 03) is stronger than (Fy, f1, 01), and let f
be the mapping whose existence is thus postulated. To y € @3 there
corresponds a closed curve 73 on Fy from J;. It is projected by f on a
closed curve 7, whose projection by f) is identical with y. Hence y € 2,,
and we have proved that 9, c 2,.

Suppose now that D c D). Given P2 e F3 we join J; to Pz by &2,
determine the projection o=f3(#3) and construct the continuation &, on
F) along o from 0. It follows from the hypothesis that the terminal point
J(Bs2) of 31 depends only on Pa. The mapping f has the required properties.

It follows from this theorem together with Theorem 17D that the
partial ordering introduced by the relation of being stronger is compatible
with the identification of triples, as introduced in 17D, in the sense that
two triples are both stronger than the other if and only if they are identi-
fiable.

18B. Our theorem shows that the ordering of regular covering surfaces
according to relative strength is isomorphic with the ordering of the
corresponding subgroups by inclusion. For any two subgroups there is a
largest subgroup contained in both, namely their intersection, and &
smallest subgroup containing both. Because of the isomorphism the same is
true for regular oovering surfaces. In other words, to any two regular
oovering surfaces there exists a strongest one which is weaker than both
and a weakest one which is stronger than both. A partially ordered system
with this property is called a lattice.

18C. The lattice of regular covering surfaces has the additional property
of containing a weakest and a strongest element. The weakest covering
surface of (F,0) is evidently (F, e, O) where e denotes the identity
mapping. Its corresponding subgroup 2 coincides with Fo(F). The
strongest covering surface corresponds to the subgroup which consists
only of the unit element. It is called the universal covering surface of F
and will be denoted by Fe.

According to Theorem 17G the fundamental group of Fo, reduces to the
unit element.

Theorem. The universal covering surface is simply connected.

19. Cover transformations

19A. A cover transformation of % regular covering surface (F,f) is a
topological mapping of F onto itself with the property that corresponding
points have the same projection. It is clear that the cover transformations
form a group.
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The group of cover transformations is closely related to the subgroup
9. The elements o € Fo(F) with 020-1=2 form a group A" in which
2 is a normal subgroup. It is called the normalizer of 2. We prove:

Theorem. The group of cover transformations of F is isomorphic with the
quotient group N [P where A~ 18 the normalizer of D in F(F).

We consider a fixed choice of origins 0, 0. Let ¢ be an element of & o(F),
and consider the terminal point J, of the continuation & from J. The
subgroup B, gssocieskd with (7, f,0)) is o-Qo. If o is in the normalizer,
21=22, qud by Theorem 17D the triples (F, f, 0;) and (F, f, 0) can be
identified. This means that there exists a unique cover transformation
T, which takes 0 into 0. It is clear that T,,=7T,T,. Hence we have
constructed a homomorphic mapping of A4~ into the group of ocover
transformations.

T, is the identity mapping if and only if 0, =0, and that is so if 0 € 2.
Hence 2 is the kernel of the homomorphism, and the quotient group
A'|2 is mapped isomorphically.

In order to show that the mapping is onto, let 7' be a cover transforma-
tion and set 0, = T'(0). We join 0 to 0, by an arc & with the projection o.
The subgroup 2, associated with (F, f, 0;) is ¢-190. By Theorem 17D
2,=9, and hence o € #". Moreover, 7'=T,, and the theorem is proved.

19B. The result is particularly simple if 2 is a normal subgroup, for
then A" =% (F). A regular covering surface which corresponds to a normal
subgroup is called a normal covering surface. (In the prevailing terminology
such a covering surface is oalled regular.) Intuitively speaking, a covering
surface ix normal if points with the same projection cannot be distinguished
from each other by properties of the covering. For instance, if there is one
closed curve & over o, then all curves over o are closed.

In particular, the universal covering surface F is nemmal, and its
group of cover transformations {§ isomorphic with the fundemental
group #(F).

19C. We note that no cover transformation other than the identity has
a fixed point. In fact, the fixed point could be chosen for origin, and we
have already remarked that a cover transformation which takes J into
itself is the identity.

In the case of a normal covering surface there is always a cover trans-
formation which carries a given point $ into a prescribed point $; with
the same projection. For if we take J=3, O;=75; and join 0 to 0,
by an arc with the projection o, then o is always in the normalizer, and

T,(O) =0,.

19D. The commutator subgroup of a group & is defined as the smallest
subgroup which contains all elements that can be written in the form



20B) §3. COVERING SURFACES 39

aba~1b-1 with @, b€ #. It is usually denoted by ). It is a normal
subgroup, for if d € F (1), then cdc—1 = (cdc~1d-1)d is also in F 1),

The quotient group & /% (1) is Abelian. In fact, ab and ba are in the same
ocoset of F (1) sinoe ab(ba)-1=aba-1b-1 is in F M), ’

Let 2 be any normal subgroup of & for which #/9 is Abelian. Then
every element of the form aba-15-1 is in 9, so that F (1) c P. We conclude
that # () js the smallest subgroup whose quotient group is Abelian.

19E. We apply the preceding to the fundamental group #F =% (F) of a
surface. The commutator subgroup & (1)(F) determines a normal covering
surface 'yom Which we call the Aomology covering surface. It has an Abelian
group of cover transformations, and it is the strongest normal covering
surface with this property.

The quotient group Hom F=$(F)/F W)(F) is called the homology
group of F. It is isomorphic with the group of cover transformations of
From. We shall find, in 33D and 34A, a different characterization of the
homology group which makes it an indispensable tool for the later
theory.

20. Ramified covering surfaces

20A. The properties of the mapping z—>z™, where m is a positive integer,
are well known from elementary function theory. It maps |z] <1 onto
itself 8o that every z3 0 has m inverse images z1/® while z=0 corresponds
only to itself.

It is customary to say that this correspondence defines a covering sur-

face of |z| <1 with a branch point at the origin. The integer m is the
multiplicity and m—1 is the order of the branch point.

20B. We wish to generalize this concept of a covering surface with
branch peints. As before, F will denote a connected Hausdorff space, and
F will be a surface. It will also be necessary to assume explicitly that F
is locally compact, for this is not implied by the other conditions. Our
aim is to study the situation that arises when a mapping f of F into F
has the same local properties as the mapping z2—2™. However, instead of
making these properties our starting point we prefer to formulate simpler
conditions from which they follow.

Definition. The continuous mapping f defines F as a covering surface of
F if every o € F has a neighborhood V with the property that (¥ —po, f) s a
smooth covering surface of F—f(po).

The oondition is trivially fulfilled if (F, f) is a smooth covering surface
of F. This fact justifies the terminology that we are using.

Remark. It has been shown by 8. Stoilow [14] that an apparently much
weaker oondition leads to the same result. Stoilow assumes merely that f
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maps open sets on open sets, and that the inverse image of any point is
totally disconnected. Because of the intricacies of the proof we are not
following this line of reasoning.

20C. We will now analyze some direct consequences of the definition.
First, we determine a compact neighborhood U of iy which is contained
in P (see 4F). The boundary of U is mapped by f on a closed set B which
does not contain mg=f(f). We can therefore find a Jordan region A on F
which contains pg but does not meet B. The component A of f-1(A)
which contains fiy cannot intersect the boundary of U. Therefore it is
contained in U, and is consequently relatively compact. We note that the
results of 14A imply that F is locally connected.

We introduce the notations Ag=A — py, Ag=A —9 and contend that
(Ao, f) is a regular covering surface of Ag. The smoothness is obvious. To
prove regularity we cannot make direct use of Corollary 14@G, for although
A, is relatively compact on ¥ it is not relatively compact on ¥ —g.
However, the same method of proof can be applied. Accordingly, we
consider a point ¢ € Ag and choose a compact neighborhood W of ¢ which
is contained in Ag. The restriction of f to A is denoted by g. Then g-1(W)=
U W)n A=f-Y(W)n ClA, for the boundary of A cannot meet f-1(W).
We conclude that g~1}(W) is compact on F, and therefore also as a subset
of A¢. Consequently (Ao, f) is regular over Ao.

We state the result as a lemma:

Lemma. Any pair of corresponding points po, Po are contained {n rvela-
tively compact regions A, A such that (A —po, f) is a regular covering sutface
of A—po; & can be chosen a3 a Jordan region.

20D. According to Theorem 10B the fundamental group of Ag is an
infinite cyclic group whose generator we denote by «. By Theorem 17G
the fundamental group & (A,) is isomorphic to a subgroup 2 of F(Ay).

The subgroups of F(Ag) are those generated by a power o™, m20.
For m=0 the subgroup reduces to the unit element, and if 2 were this
subgroup &, would be the universal covering surface of Ag. It would have
infinitely many oover transformations, and there would exist infinitely
many points with the same projection. This clearly contradicts the fact
that Ao has a compact closure in V.

We find that @ consists of all «™# for some m 2 1, n running through all
integers, and that #(Ao) is infinite cyclic. Moreover, the cover transfor-
mations of A¢ form a finite cyclic group of order m.

The number m is called the multiplicity of fg, and if m >1 we say that
Po is a branch point of order m — 1. Clearly, the branch points are isolated.

20E. Suppose that Py has the multiplicity m. We consider the mapping
z—>z™ which defines the disk E:|z| <1 as a covering surface of itself with
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the multiplicity m at the origin. Let w be a homeomorphism of A onto £
which takes po into 0 and therefore makes Ag correspond to Ey:0< 2| <1.
Then (Ao, w < f) is a regular covering surface of Eo which determines the
same subgroup 2 as the mapping z—»z™. According to Theorem 17D
there exists a homeomorphic mapping ¢ of A¢ onto Ep which is such that
corresponding points have the same projection. This condition reads

1) w(f(B)) =p(B)™.

In other words, if we set w(p)={, g(P)=2 the correspondence is given by
{=2zm.

Since w o f is continuous at Po and w(f(Po)) =0 it follows from (1) that
@(P) tends to 0 as p—Py. Therefore, p can be extended to a homeomor-
phism of A onto E.

The existence of homeomorphisms w and ¢ which satisfy (1) is the
precise expression for our contention that f has the same local propetties
as the mapping z—z™. Since the latter mapping is elementary we have
ocomplete insight in the local properties of f.

Incidentally, we have proved that F is a surface, for A is an open
neighborhood of fo which is homeomorphic to a disk.

20F. We are now able to prove:

Theorem. Every covering surface of an orientable surface s orientable.

For each A we choose the homeomorphism w so that its orientation
agrees with that of the surface F, and with X we associate the homeo-
morphism ¢ defined above. The mapping z—z™ will be denoted by = so
that the identity (1) can be written in the form w o f=1 o ¢. The degree
of w is 1, except at 2=0.

F has an open covering by sets A. We must show that ¢;, gz define
compatible orientations of A, A;. It is sufficient to consider a point
g € A1 n A; which is not a branch point. Let U ¢ A; n A be a neighbor-
hood of § which is 80 small that =, has an inverse when restricted to
#y(91(0)). From w, o fe=m, o @y, wy o fa=1ry o gy We obtain wilom og =
wglomgogp, and hence g, o pgl=aito (w0 ws?)om on gy(0). The
mappings n;}, w, o w; ! and m, all have degree 1 in @({). Therefore
@, © 95 ! has degree 1, and the orientations are compatible.

21. Complete covering surfaces

21A. Continuations along an arc can be defined for arbitrary covering
surfaces in exactly the same manner as for smooth covering surfaces.
However, the uniqueness theorem holds only for continuations which do
not pass through any branch points.

If there is not always a continuation we proved in 14E that there exists
a path of determination which leads to an asymptotic value. The proof
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remains valid, with minor changes, in the case of a covering surface with
ramifications. The opposite conclusion becomes false: even if the continua-
tion is always poseible, there may exist asymptotic values.

The lack of uniqueness makes it undesirable to base the study of arbi-
trary covering surfaces on continuations. However, we can replace regu-
larity by the concept of completeness, which in the case of smooth covering
surfaces was proved to be equivalent with regularity. We repeat the
definition, which is identical with the necessary and sufficient condition in
Theorem 14F.

Definition. A covering surface 13 said to be complete if every po € F has a
nesghborhood V with the property that each component of f~1(V) is compact.

With this terminology a regular covering surface is one which is smooth
and complete.

21B. Complete covering surfaces have the following important pro-
perty: :

Theorem. A complete covering surface (F, f) of F covers each point of F
the Same number of times, provided that the branch points are counted a§
many times as thesr mulfiplicity sndicates.

We prove first that every point is covered at least once. If not, the
projection f (F) would have a boundary point py. We chooge, first, a
neighborhood V of po with the property that each component of f~1(¥)
is compact, and then an open connected neighborhood U c V. Let C be
a component of f~1(U), a nonvoid open set. Then C is open, and C is com-
pact. The mapping f is continuous and takes open sets into open sets.
Therefore, f(C) is open and f(C) is closed. But C does not meet the other
components of f-1(U). Henoe f(C)=f(C)n U, so that f(C) is relatively
closed in U. Since U is connected we would have f(C)= U, in contradiction
with the assumption that py is a boundary point of f(F).

Consider now a point ¢ € F which is covered at least » times, that is to
say we suppose that there are certain points gx over ¢ whose multiplicities
have a sum2%. To §; and ¢ we determine regions Ay, A according to
Lemma 20C. Clearly, the &; can be chosen disjoint from each other.
Then every p#g¢ which is contained in the intersection of all Ay will be
covered by at least n points. Hence the set of points that are covered at
least n times is open.

The complementary set is formed by all points which are covered at
most n—1 times. Let ¢ be a point of this kind, covered by certain §i. We
construct corresponding A and Ax. Let ¥ be an open connected neighbor-
hood of ¢ which is contained in all the A;. Every component of f~1(V) is a
complete covering surface of V. Therefore, each component projects on the
whole of ¥, and must contain a point gy. It follows that the component is
contained in A;. Hence the inverse images of any point p € ¥ must lie in
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the Ay, and there are at most n—1.such poi)@s over p. We have proved
that the complementary set is open.

Sinoe F is connected, one of the sets must be void. It follows that all
points are covered the same number of times. This number is ¢calied the
number of sheets of the covering surface; naturally, it can be infinite, and
in that case our reasoning could be used to show that the cardinal numbers
are the same.

21C. We proceed to consider certain subregions of covering surfaces.
Let (F, f) be any covering surface of F, and Q a subregion of F. Then f
defines each component of f-1(Q2) as a covering surface of Q.

Suppose, in particular, that one of these components, {3, is relatively
compact. We assert that ({3, f) is a complete covering surface of Q. In
fact, every p € Q has a closed neighborhood V c Q. The components of
f~1(V) are either contained in {} or disjoint from (3. The components in {3
are closed and contained in the compact closure of {). Therefore they are
compact, and we have shown that ({3, f) is complete.

Moreover, {) has only a finite number of sheets, for it can be covered
by a finite number of neighborhoods jn which only a finite number of
pointS have the same projection. Finally, the boundary of { projects onto
the boundery of Q. In fact, since the closure of {} is compact it projects
on a closed set. The projection contains Q and is contained in Q3; hence it
coincides with {3. Since {3 projects into Q and Bd {} into Bd Q, it follows
that f(Bd ))=Bd Q.

We call £} a complete region over Q. We know by Lemma 20C that any
two corresponding points have neighborhoods A and A with the property
that A is & complete region over A.

21D. Any complete region has a countable basis. Indeed, a8 a rela-
tively compact subset of a surface {3 can be covered by a finite nuwberof
Jordan regions, and each Jordan region has a countable basiy. For thig
reason complete regions are useful in proving:

Theorem. Every covering surface of a countable surface is itself countable.

Consider a countable basis of F, consisting of open sets Op. We may
assume that the Oy are connected, for if this is not so we replace each Oy
by its countably many components (Corollary 5A). Every § € F' is con-
tained in a complete region A over a A. The projection f(p) is contained
in an Ox € A, and hence 7 lies in a complete region over Oy. In other words,
the complete regions over all Oy form an open covering of F'.

We choose the notation so that there exists a complete region J; over
0;. There are at most a countable number of complete regions J3 over Oy
which meet 0, for the different intersections are disjoint and open, and
0, has a countable basis. The same reasoning applies to any pair 0y, 0.



44 I. SURFACE TOPOLOGY [22A

Having fixed J; we consider chains {0;,, - - -, O} where Oy, is a com-
plete region over Oy,, O; =0y, and 0;,n Oy, #0. By what we have just
said the number of such chains is countable. On the other hand, the union
of all O that appear in a chain beginning with J; is open, and so is the
union of all 0y which do not appear in any such chain. These sets are
complementary, and because F is connected the second set must be empty.
Therefore all Oy appear in chains, and their number is countable. Since
each O has a countable basis the same must be true of F.

§4. SIMPLICIAL HOMOLOGY

Complete insight in the topology of surfaces cannot be gained without
the use of combinatorial methods. These methods apply most directly in
the presence of a triangulation. For this reason we focus our attention on
surfaces which permit a triangulation, and for lack of a better name Sudy
Surfaces will be celled pelyhedroms.

In the present section we shall be concarmed with that prt of com-
binatorial topology which centers around simplicial homology groups. The
word simplex refers to the triangles, sides, and vertices which make up
the triangulation.

Certain features of simplicial homology which are particularly relevant
for the study of open surfaces have received very scant attention. For the
purposes of this book it is essential that we include properties of infinite
triangulations which have no counterpart when the number of triangles
is finite.

22. Triangulations

22A. The idea of triangulation appeals so directly to the imagination
that a formalization may seem superfluous. Nevertheless, it is necessary
to agree on a precise language, and this is most easily accomplished in the
framework of a formal treatment. ’

We begin by defining an abstract complex. An abstract complex is a
finite or infinite set K together with a family of finite subsets, called
simplices. The following properties are postulated :

(A1) Every « € K belongs to at least one and at most a finite number
of simplices.
(A2) Every subset of a simplex is a simplex.

The dimension of a simplex is one less than the number of its elements.
An n-dimensional simplex is called, briefly, an n-simplex. A 0-simplex
can be identified with the element of which it consists, and is called a
vertex.,

The dimension of a complex K is the maximum dimension of its sim-



22D] §4. SIMPLICIAL HOMOLOGY 45

plices (if there is no maximum, the complex is of infinite dimension).
Ultimately, we shall use only 2-dimensional complexes.

22B. An abstract complex K can be used to construct a corresponding
geometric complex K4, which is a topological space. A point in K is a real-
valued function A on K with these properties:
(B1) A(a)20 for all « € K.
(B2) The elements a with A(«) >0 form a simplex.
(BS) ch Aa)=1.

If s is & simplex we obtain a subset s, of K, by imposing on A the further
condition that A(a)=0 whenever « is not in s. It follows from (B2) that K,
is the union of all s,.

Suppose, for instance, that s is a 2-simplex, consisting of «j, ag, a3, and
write Axy=2A(ax). A point of 8, can be represented as a triple (A1, Az, Ag)
with 2¢2 0 and A; + Az +A3=1. We obtain a realization of 3, as a triangle
in R% The generalization to arbitrary dimension of s is immediate.

On each 8y we introduce the topology of its geometric realization. We
can then define a topology on K, by declaring that a set is closed if and
only if its intersection with each s, is closed. Because of (Al) the space is
locally compact.

We have constructed a realization of the abstract complex K with the
fundamental property that the subsets which are associated with two
simplioces 8;, 83 intersect exactly in the subset associated with 8, ns3. In
other words, the inclusion relations are preserved. The individual geo-
metric simplices have an immediately recognizable concrete form, and the
device of adding a new coordinate for each vertex has saved us from
unnecessary difficulties which would be connected with an imbedding in a
space of fixed dimension.

22C. A triangulation of a surface F or a bordered surface F is defined

in terms of an abstract 2-dimensional complex K and a law which aseigns
a subset o(s) of F' (or F) to each simplex s of K. In order to conform with
the intuitive idea of a triangulation, we postulate the following conditions:

(C1) o(81 1 83)=0(81) N o(33).

(C2) There exists a homeomorphism of s, onto o(s) which maps
every 3;, 8’ C 8, onto o(s’).

(C3) The union of all o(s) is F (or F).

(C4) Every point on F (F) has a neighborhood which meets only a
finite number of o(s). ’

22D. The nature of a triangulation is made clearer by proving:
Theorem. For a given triangulation of F by a complex K there exists a
homeomorphism of Ky onto F which maps each sy onto o(s).
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For any vertex a we set-p{a,) =o(x). Next, if s is a 1-simplex we define
@ on 8, as one of the homeomorphisms whose existence is asserted in (C2).
Finally, having thus defined ¢ on the boundary of each geometric 2-
simplex 8, we can extend it to a homeomorphism of the whole simplex,
for the homeomorphism given by (C2) can be adjusted on the boundary
by composing it with a suitable homeomorphism of s, onto itself.

The constructed mapping ¢ is continuous, and as a consequence of (C1)
it is one to one. By (C3) the image is all of F. The inverse mapping is
continuous by virtue of (C4). Hence ¢ is indeed a homeomorphism.

As far as topological properties are concerned we conclude that a
triangulated surface F can be replaced by the corresponding geometric
complex K,. The same reasoning applies in the case of a bordered surface
F.

22E. Our next concern is to determine under what conditions a geo-
metric complex K, is a triangulated surface, the triangulation being
defined by the complex K and o(s) =3,.

In order to enumerate the characteristic properties of a triangulation
we will use letters «, @ and 4 to denote 0-, 1- and 2-simplices respectively.
If we wish to specify the vertices which belong to a 1- or 2-simplex we
write, for instance, a=(«jag), 4 =(x1x2a3). For the moment we pay no
attention to the order in which the vertices are named.

Theorem. A 2-dimensional geometric complex K, is a triangulated surface
with o(8) =8, if and only if K satisfies the following conditions:

(E1) Every a is contained in exactly two A.

(E2) The a and A which contain a given o can be denoted cyclically as
ay, - -, am and Ay, -, Am tn such a manner that ay=A¢n Ay (a1=
A1n Ap) and m2 3.

(E3) K is connected, in the sense that it cannol be represented as the
unson of two disjosné complezes.

The sufficiency is practically evident, and the formal proof will be
omitted. The necessity of (E3) is also immediate. We turn to the necessity
of (E1).

22F. In the first place, every a must belong to at least one 4. To see
this, let p be an interior point of a,4 (i.e., not an end point). By (C4) there
exists & neighborhood V(p) which meets only a finite number of 8,5, and
because each s, is closed we can find a smaller neighborhood U(p) which
meets only those s, which actually contain p. Finally, we can find a
neighborhood A ¢ U(p) which is a Jordan region. If a were not contained
in any 4 we would have ;A c a,. Consider a closed curve y in A—p with
index 1 with respect to p. Because y is connected it must be contained in
one of the components of a;— p, and for this reason y can be shrunk to a
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point. It follows that the index would be O, contrary to the assumption.
We have shown that a belongs to at least one 4.

Assume that a belongs to A, ---, Ay; we have to show that n=2, As
above we can determine a Jordan region A such that p e Ac (41)gV -+
U (Ags)g, and we choose again a closed curve y in A —p with index 1 with
respect to p. Supposs first that n=1. On the triangle (4,), we determine
a closed half-disk C; with center p, sufficiently small to be contained in A.
The curve y can be deformed into one that lies in C;—p, and a closed
curve in C1—p can be deformed to a point. We are lead to the same
contradiction as in the previous case.

Consider now the case n>2. We construct ha.lf-dxsks Cic An (Ay)g
with a common diameter. The curve y can again be deformed into one that
lies in Cj U - - - UCy. On using the geometric structure of the triangles it
can be further deformed until it liee on o3 U - - - U o5 Where oy is the half-
circle on the boundary of Cy. We direct the o; so that they have the same
initial and terminal points. By a simple reasoning, analogous to the one in
10B, it is found that any closed curve on 01U - -+ U oy can be deformed
into a product of curves o;0; !. But when n> 2 we can show that o,0;"! has
index 0 with respect to p. In fact, the index does not change when p moves
continuously without crossing o4 or o;. We can join p to the opposite
vertex of a third triangle (4x)y, k#4,j, without touching o¢U oy. The
joining arc must cross the boundary of A, and for a point near the boundary
the index is 0. Therefore the index vanishes also for the original position
of p. We conclude that y has index 0. With this contradiction we have
completed the proof of (El).

22G. We prove now that the simplices which contain a given «; can be
arranged in the asserted manner.

A point is not a surface. Therefore ap belongs to at least one a; = (aga;).
By (E1) this a; is contained in an 4; = (xoa1az), and ag=(xgag) belongs to
an Ag=(xoazag) # A1 80 that ag7£a;. When this process is continued we
must come t0 & first A g = (cgamam+1) such that amiy=a;.

We can find a Jordan region A which contains («g), and does not meet
(a102)g U (agas)g U - - - U (ama1)g. The intersection of (41)yu --- U (4dm),
with A (ap)y is open and relatively closed in A — (ap),. Because a punc-
tured disk is connected it follows that Ac (41)gU ---U(Am)g. This
proves that ay, - - -, ay and 4;, - - -, Ay exhaust all simplices that contain
ao. Condition (E2) is satisfied.

22H. Theorem 22E can be generalized to the case where K, represents
a triangulated bordered surface F. The previous reasoning can be applied
without change as soon as a, contains & single interior point of F (as
opposed to the points on the border), and we find again that a belongs to
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exactly two A. Moreover, all interior points of a, will be interior points of
F,

Suppoee now that a, is contained in the border B(F). We assume that
a belongs to A,, - -+, Ay4. As before we consider an interior point p of a,
and determine a neighborhood A of p which is contained in (4;)gV + - U
(As)g and does not meet any geometric 1-simplices other than a,. This
time A may be chosen homeomorphic with a semiclosed half-disk, and we
know that the points on @, correspond to points on the diameter. It follows
from this representation that A’=A —(agn A) is connected and nonvoid.
On the other hand, A’ is the union of the disjoint open sets [(A)y—ag]n A,
none of which is void. This is possible only for #=1, and we have shown
that a belongs to a single 4.

We have found that each ay belongs to one or two -y, and that the
border B(F) is composed of those ag which belong to only one A4,. Since
the border is not empty there is at least one such a,.

Simplices whose geometric counterparts are contained in B(F) are
called border simplices. One shows further that a border vertex is con-
tained in simplices which can be denoted as ay, - - -, Gmi18nd 4y, -+, Ay
with ag=A4¢n A¢—) for =2, ..., m. Here a; and apn+; are border sim-
plices which are contained only in 4; and A4 respectively.

Conversely, if these conditions are satisfied it is evident that K, repre-
sents a bordered surface.

221. If a complex is connected it is easy to see that it contains only a
countable number of simplices. It follows that a surface or bordered sur-
face which can be triangulated is necessarily countable. We will prove in
46 that this condition is also sufficient.

23. Homology

23A. Consider an abstract complex K. We have already used the explicit
notation (xga)- - -ay) for an n-simplex, where up to now the order of the
elements has been irrelevant. We take now a different point of view and
define an ordered n-simplex a8 8% = (xoay - - - ay) Where the order is essential.
We continue to require that the o are distinct, and that they are the
elements of a simplex in K.

We fix the dimension » and take all ordered n-simplices of K to be the
generators of a free Abelian group Cy(K). This means that each element of
Cn(K) can be represented in-one and only one way as a formal sum

2% 8}
where the z; are integers, and only a finite number of them are different
from zero. Moreover, the law of composition is given by

278+ 2y8 =2 (x+y)el.
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Here ¢+ runs over an arbitrary set of indices, but it is no serious loss of
generality to assume that the number of simplices is countable. As a
practical matter we agree that terms with the ooefficient 0 can be added
or omitted at will. If n exceeds the dimension of K the group Cy(K)
reduces to the zero: element which we denote by 0. By convention,
C_1(K) will also be 0.

23B. It is desirable to introduce certain identifications in the groups
C,(K). If two ordered n-simplices 67 and s3 contain the same elements in
different order, we will identify s7 with 3 if the orders differ by an even
permutation, and with the (— 1)s§= — s} if they differ by an odd permuta-
tion. Theoretically, we are introducing the quotient group of Cy(K) with
respect to the subgroup generated by all sums of the form s}—s} and
87 + 8 respectively. From a practical point of view, however, it is simpler
to think of &} and 6§ or 67 and —s} as different notations with the same
meaning. Accordingly, we shall not complicate matters by introdue-
ing new notations, but continue to denote the groups by Cy(K). The
elements of Cu(K), after the identification, are called n-dimensional
chains.

23C. We will now define the fundamental operation which consists ig
forming the boundary of a chain. It determines a homomorphic mapping+
2 of each Cpu(K) into the preceding Cyy—1(K). For =0 the homomorphism
must trivially transform all 0-chains into 0. For n> 0 the homomorphism
is completely determined if we prescribe ds7 for all generators of C,(K).
We do this by setting

O(woay - - - aiy) =; (=1)¥(co - - 0p—10k+1" - -an).
=0

The boundary of an arbitrary chain is then
A2 287) =2 z,087

where in general the right hand side needs to be rewritten in its simplest
form.

It must be verified that the operator 2 is compatible with our identifica-
tions, i.e. that identified chains have identified boundaries. For n 52 the
verification is immediate, and these are the only dimensions that occur in
this book.

One finds by explicit computation that 29s®=0 for every simplex. It
follows that 99 carries the whole group Cy(K) into the zero element of
Cx-2(K).

23D. A chain is called a cycle if its boundary is zero. The n-dimensional
cycles form a subgroup Zy(K) of Cu(K), and Z4(K) is the kernel of the
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homomorphism 9. The image of Cx(K) under the same homomorphism is
denoted by By-1(K); it consists of all (n—1)-dimensional boundaries.
From the fact that 89=0 we see that every boundary is a cycle. Hence
By(K) is a subgroup of Z,(K).

The greatest interest is attached to the quotient group Z,(K)/Ba(K).
1t is called the homology group of dimension n, and we denote it by Hy(K).
In most cases we do not use special symbols for the elements of 2 homology
group, but we write x~ y to indicate that z is homologois to 4. The rela-
tion is meaningful only if z and y are cycles of the same dimension, and it
asserts the existence of a chain z such that z—y=0z. The dimensions are
usually clear from the context, but they can also be indicated by saper-
scripts. o

24. Abelian groups

24A. Before continuing we append a brief discussion of Abelian groups.
Only very elementary properties will be needed.

A set {us} of elements of an Abelian group @ is called a system of genera-
tors if every element of G can be represented in the form 3 xu; where the
z¢ are integers and only a finite number are 0. The elements in a set {vg}
are said to be linearly independent if a relation 3 zw;=0 implies z;=0 for
all 4. It is proved in elementary linear algebra that the number of elements
in any linearly independent set is at most equal to the number of genera-
tors.

A set is a basts if it is at once a system of generators and linearly inde-
pendent. Thus {u} is a baais if and only if every element of G has a unique
representation in the form'v =3 zu. All bases of G have the same number
of elements. A group is said to be free if it has a basis.

The maximum number of linearly independent elements in any
Abelian group @ is its rank r(G). For a free group the rank equals the
number of basis elements.

We denote the additive group of integers by Z. A free group of rank r is
isomorphic to 2", the direct product of r groups Z. The notation nZ will
refer to the subgroup of Z formed by all multiples of ». A finite cyclic
group can thus be denoted by Z/nZ.

24B. The following theorem is true for arbitrary free groups, but we
prove it only for groups with a countable basis.

Theorem. Every subgroup of a free group 18 free.

Proof. Let F be a subgroup of G, and suppose that G has the basis {u}.
Let G be the subgroup of @ that is generated by uy, - - -, ux, and set
Fy=F nGy. The quotient group Fi/Fj_; is isomorphic to the group
formed by the coefficients of u; in the clements of Fi. It is therefore
either 0 or an infinite cyclic group. In the latter case we choose an element
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vi € Fy whose coset with respect to Fi—1 generates Fi/Fy_;; if the group
is 0 we set v;=0. The elements vy generate F, for every element of F is in
an Fj. The nonzero v are linearly independent, for a relation zjvy+ - - -
+z3vp =0 implies 2;Tx=0 where T is the coset of vx with respect to
Fr_1. If ve#0 it follows that zp=0, and henoe every relation must be
trivial. We have shown that the nonzero v; form a basis of F.

24C. The order of an element % € G is the least positive integer n such
that nu=0..If there is no such integer, the order is infinite. In a free
group all elements %0 have infinite order, but the converse is not true.
For instance, in the additive group of retional numbers all nonzero
elements have infinite order, but the group is not free since any two
rational numbers are linearly dependent. However, the following is true:

Theorem. If an Abelign group has a finite sysiem of generators, and if all
nonzero elements are of nfinste order, then the group is free.

Proof. Let k be the least number of elements by which the group can be
generated. Let wy, ---, up be a system of generators. If they are not
linearly independent we consider all nontrivial relations rju;+---+
zrup=0 which they satisfy. Let A be the smallest absolute value of all
nonzero coefficients 24 which ocour in these relations. Moreover, assume
that the generators have been chosen so as to make A as small as possible.
By renumbering the generators we can assume that there is a relation of
the form Auy +zsug+ - - - +zpup=0. For i=2, .- -, k, set zy=nh+y¢ with
0Syi<h. Write vy =u) +ngus+ - - - +mpsx. Then vy, uz, - - -, 4 is & system
of generators, and there is a relation Av)+yqus+---+yrup=0. This
violates the assumption unlees all the y; are 0. But then hv;=0, and
hence v, =0. It follows that us, - - -, % is a system of generators, contrary
to the definition of k. Henoe %;, - - -, 4 must be a basis.

24D. In any Abelisn group G the elements of finite order form a sub-
group T, the torsion group of G. The quotient group G/T is without tor-
sion, for if nu € T for.some n, then mnu =0 for some m, and hence u € 7.

If G is generated by %, then G/T is generated by i where & is the coset
of u;. If G is finitely generated, so is G/ T, and we conclude by the preceding
theorem that G/T has a basis 93, - - -, #ix. Choose v; € #. Every coset & has
a unique representation #=x,v) + - - - +Z;x, and hence every element of G
has a unique representation u=z1v;+ - - - +zpvp+t with € 7. We have
proved:

Theorem. Any finitely generated Abelian group G s isomorphic to a direct
product 77 x T where r=r(G) and T 1 the torsion group of G.

24E. A useful theorem concerning ranks is the following:

Theorem. If F is a subgroup of the Abelian group C,then NG)=V¥(F)+
r(G|F).
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Let {u;} and {7;} be linearly independent in F and G/F respectively.
The ¥; are cosets of F, and we choose elements v; € T;. Then the system
{uy, v;} is linearly independent in G. In fact, > xqu;+> y,0;=0 implies
S y;7;=0. Hence y;=0 for all j, and the remaining relation > rjus=0 gives
z¢=0 for all +. We conclude that r(G) = r(F)+r(G/F).

For the opposite conclusion we may assume that r(F) and r(G/F).are
finite. We choose maximal linearly independent systems {«;} and {7;}. If
v; € U5 it is easily seen that any z, € (7 satisfies a relation myzx =3 2+
> ysvy with mp#0. Sinoe the free group generated by the u; and v; has
rank r(F)+r(G/F) it follows that any larger number of elements myz;
will be linearly dependent. The same is then true of the corresponding
elements 2;. We conclude that r(Q) Sr(F)+r(G/F), and the theorem is
proved. -

25. Polyhedrons

25A. We shall call a 2-dimensional abstract complex K, or the corre-
sponding geometrio complex K, a polyhedron if it represents a triangulated
surface or bordered surfaoce, i.e., if the conditions of Theorem 22E or the
modified conditions of 22H are satisfied. The name is also attached to K,
considered as a topological space, and in this sense any surface or bordered
surface which permita a triangulation is a polyhedron. For the moment,
however, we prefer to think of a polyhedron as an abstract complex, If the
complex is finite we speak of a finite polyhedron. We shall also speak of
closed, bordered, and open polyhedrons.

Our aim is to determine the homology groups of a polyhedron. We
remark at once that all groups Cx(K), Zu(K), Bx(K) and Hy(K) with
n>2 reduce to 0, so that we need consider only the dimensions 0 Sn 2.

The rank of Hu(K) is called the Betts number of dimension =»; it is
denoted by py or pa(K).

25B. Every 0-dimensional chain is a cycle. Hence Zy=Cy and Ho=
Co/Bo.

In a 0-dimensional boundary Sz,0s}, the algebraic sum of the coeffi-
cients is 0. This shows that no nonzero multiple zoxo of a single vertex
can be homologous to 0. On the other hand, any two vertices are homo-
logous to each other. For in view of the connectedness of K there exists a
finite sequence of ordered 1-simplices (xoa1), (e102), - - -, (@n—1as) Which
ends with a prescribed «y. The sum of these simplices has the boundary
an—ap, and we deduce that a;~ ap.

It follows that Ho(K) 38 an infinite cyclic group. Its rank is thus po=1.

25C. There are no 2-dimensional boundaries other than 0. Hence
By=0 and Hy=Z,.
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In order that a chain‘3#%} be & cycle it is evidently necessary that any
two 2.simplices with a common 1-simplex have coefficients which are
either equal or opposite, depending on the orientations. As a consequence
ot condition (E1) in Theorem 22E or its analogue for bordered polyhedrons,
together with the connectedness of K, it is readily seen that one can pass
from any 2-simplex to another through a finite sequence of adjscent
2.simplices. This proves that all coefficients must have the same abselute
value |%|. If K is infinite it follows that the common value must be zero,
and O is the only 2.cycle. The same is true if X has & border, for the
coefficient of a 2-simplex which contains & border 1-simplex must be zero.
In all these cases Hg reduoces to 0, and py=0.

There remains the case in which X represents a closed surface. If therer
exists a nonzero oycle Szs}, we set z,m ¢;|2;| with ¢;= +1. Since all the

_|=| are equal we conelude that 3 «sf is & oycle. If Sysf is any other cycle
. we can make the coefficient of s}, say, zero by subtracting e,y,(5¢,s?).
_ This must make all”other coefficients zero as well, and we find that
Sy.? is a multiple of S«s}. Hence H, is either O or an infinite cyclic group,
80 that pg=0 or pg=1.

25D. When K, is a closed surface we want to show that ps=1 if and
only if Ky t8 orientable. Far from being obvious, this requires a careful
proof.

If po=1 we can choose the orientations so that s} is a cycle. Let
(aoxr2) be a 2-gsimplex in this orientation. We recall that the correspond-
ing A, is a triangle. It can therefore be mapped by an affine transformation
J onto a triangle in the plane, for instance so that g, a3, as correspond to
0, 1, i. This mapping determines an orientation of 4,. It is conceivable
that the orientation would depend on the particular order of the vertices.
However, the affine transformation which effects a cyclic permutation of
0, 1, 1 can be written explicitly as (z, y)>(1 —z—y, ) and is readily seen
to be sense-preserving. Therefore, we obtain a definite orientation of the
interior of each 2-simplex.

The star 8(«o) of a vertex is the union of all geometric simplices which
contain ag. The interiors of all stars form an open covering of K,, and we
will show that this covering permits a compatible orientation.

It is easy to show that Int S(ag) is homeomorphic with a disk. Henoe
every star is orientable, and the orientation of an 4, c S(a) determines an
orientation of the star. It must be shown that different 4, determunc the
same orientation, and for that purpose it is sufficient to consider two
adjacent triangles A, 4; in 8(y). If the common side is (xyx,) the
orientations must be of the form A =(apajas), A’'=(xgasx;), and we
denote the corresponding affine mappings by f, f'. A topological mapping
Ak of 4,u A, into the plane can be constructed by setting h=f on 4, and
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h=aof on A, where o is given as 2——1z. The orientations defined by
h and f’ agree in A, for o is sense-preserving. It follows that the orienta-
tions of S(xg) deﬁned by f and f’ are the same.

We have now obtained orientations of all stars. Moreover, two open
stars are either disjoint or have a connected intersection which ocontains
the interior of an 4,. We know that the orientations agree on 4. Hence
K, is an orientable surfage.

Conversely, suppose that K, is onentable Then we can choose tho affine
mapping f of A4 so that it agrees with the orientation of K,. This deter-
mines an order (eqx,ap) of the vertices. If an adjacent 4, were ordered by
(xox1a3) we could map A,UA4; by h=f on 4, and h=0'of’ on 4,
where o' is the mapping z-»Z. But ¢’ is sense-reversing, so that f’ would
not agree with & and henoe not with the orientation of K. It follows that
A, is ordered by (agxge,), and the common side («ge,) cancels from the
boundary. Thus Ss? is a eycle, and p,=1. .

The same reasoning applies to the case of a finite bordered complex. It
is found that K| is orientable if and only if the 2-simplices can be oriented
so that the boundary of Ss? consists of only border simplices.

26. The 1:dimensional homology group

26A. We have seen that'the groupe Ho(K) and Hz(K) of a polyhedron
are very simple and can be determined at a glance. We turn now to the
group Hj(K). To begin with we determine its torsion group, denoted by
T1(K).

Theorem. The torsion group T:(K) of a polyhedron reduces to 0, except
when K 18 nonorientable and closed, in which case it 18 a cyclic group of
order 2.

Let y be a l-dimensional cycle, and suppose that my~0, ie., my=
S0, for some integer m30. If s} and s} are adjacent one sees that z,
must differ from 25 or —2; by a multiple of m, and because of the con-
nectedness the same must be true for arbitrary s and j. If K is infinite
each z¢ must be divisible by m, and it follows that y~ 0. If K is bordered
the same conclusion can be drawn, for the coefficient of an s? which
contains & border 1-simplex must be a multiple of m. Finally, if K is
closed and orientable we can assume that Ss? is a cycle. We have then
my=7J(x;—=,)0¢, and the same argument shows that y~0.

If K is closed and nonorientable we choose arbitrary orientations of the
s? and note that the coefficients in 3ds? are 0 or +2. Write 2z=30s.
Then 2z~ 0, but z cannot be homologous to 0, for from z=3z2s¢ would
follow that 3(2xz;—1)2sf=0, contrary to the fact that there are no 2-
dimensional cycles other than 0. Consequently, z is of order 2.

Consider again the homology my=73z2s}. We have z;=z; (mod m) or
x¢= —2; (mod m) for any i, j, and hence we can write my=2x,3 0%+
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m3t 06} with ¢ym:g 1. At least one coefficient of T«d6] is + 2. Therefore
"2z, is divisible by m, and we find'that 2y~ 0. If 2ymSuds? the u, are
either all even or all odd. If they are even we get y~ 0, and if they are odd
we find y~ z. Henoe z is the only element of finite order.

26B. W¢ assume now that K is finite. Then 0;(K) has & finite number
of basis elements s}. It follows by Theorem 24B that the subgroup Z,(X),
is free, and by Theorem 24E that it has finite rank. Hence H;(K)='
Z,(K)/B1(K) is finitely generated, and we conclude by Theorem 24D that
Hy(X) is isomorphic to Z?:x Ty(K), where p; is the Betti number of

. dimension 1. Together with the preceding result we have thus:

Theorem. The first Aomology group H,(K) of a finite polyhedron is a free
group of rank py, except when K is closed and nonorientable. In the latter
case Hy(K) is the direct product of a free group of rank p, and a cyclic group
‘of order 2.

The discussion of the infinite case is deferred to 30.

26C. For the finite case we give an explicit formula for p;. For this
purpose we let ng, 81, ns denote the number of 0-, 1- and 2-simplices in K.
" In the first place, B,(K) is generated by all ds}. They are linearly inde-
pendent, exoept in the case of a closed orientable X, in which case they
satisfy the relation J¢f=0. Henoce B,(K) is a free group of rank », or
ng— 1.

Secondly, C1(K) is mapped by 2 onto Bo(K), and the kernel of the
homomorphism is Zy(K). Hence C1/Z, is isomorphic to Bp, and by
Theorem 24E we obtain r(C1)=1r(Z1)+r(Bo). But C) is free with rank »;,
and because of the connectedness By is free with rank ng— 1. We find that
r{(Z;)=n1—no+1.

From Z;/By;=H; we get p1=r(H))=r(Z,)—r(B1)=—no+n1—ns+1
or —ng+ny1—ns+2. The number p= —no+n1—ns is oalled the Euler
characteristic of K.

Theorem. The 1-dimensional Betti number of a finite polyhedron s esther
p+1 or p+2 where p denotes the Euler characteristic. The Second palue is
assumed in the case of a closed orientable surface.

Note that the characteristic can therefore never be less than —2.

27. Relative homologics
27A. A complex L is called a subcomplez of K if every simplex of L is
also a simplex of K. In particular, L is then contained in X. It is possible,
however, that a more than 0-dimensional simplex of KX is contained in L,
a8 a set of vertices, without being a simplex of L.
The group Cx(L) is & subgroup of Cx(X), and ite elements are said to
lie in L. The quotient group Cy(K)/Cy(L) is more conveniently denoted as
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Cn(K|L). Tts elements are relative chains modulo L, obtained by identi-
fying any two chains on K whose difference lies in L.

If z lies in L, its boundary oz also lies in L. This makes it possible to
define @ on Cu(K/L) by letting the coset of z be mapped on the coset of
oz. The kernel Z,(K/L) of this homomorphism is the group of relative
cycles, and its image By-1(K/L) consists of relative boundaries. The rela-
tive homology group is Hy(K|L)= Z4(K|L)/Bs(K|L).

Thus, a chain on X represerits a relative cycle if its boundary lies in L,
and z is homologous to 0 mod L if there exists an y on K such that the
difference z—dy lies in L.

27B. Our purpose in introducing the relative homology groups is to
study, in greater detail, the homologies on a bordered polyhedron. We
assume that K is a finite bordered polyhedron with ¢ contours, and we
take L to be its border B, regarded as a 1-dimensional subcomplex. We
are going to determine the groups H,(K/B) for n=0, 1, 2.

The cases n=0 and n=2 are quickly disposed of. Every vertex of K can
be joined by a polygonal line to a vertex on the border. Hence every
0-chain 15 homologous to a multiple of a border vertex, and we see at once
that H¢(K/B) reduces to 0.

The elements of the group Ha(K/B)= Z2(K|B) are the 2-chaing whose
boundary lies on the border. The reasoning in 25C and the remark at the
end of 251D show that He(K/B) is 0 if K is nonorientable, and an infinite
cyclic group if K is orientable.

27C. In order to determine the group Hy(K/B) we need to investigate
the absolute homology group H;(K) more closely. The elements of
Zy(B), i.e., the cycles on B, are referred to as border cycles. In Hy(K) we
distinguish an important subgroup, denoted by H;B(K), which consists
of all homology classes that contain a border cycle. The cycles whose
homology classes lie in HyB(K) will be called dividing cycles. A dividing
cycle is thus‘one which is homologous to a border cycle.

The border cycles form a free group with g basis elements b, one for
each contour. If the surface is orientable we can and will choose the b¢s0
that 3b;=352s?; in the nonorientable case there is no preferred direction
of the contours. In the orientable case Jbs~ 0, but except for multiples of
this homology relation there are no other homologies between the b. If
K is nonorientable the bs are homologically independent.

It follows that H;B(K) is a free group of rank ¢—1 or ¢, depending on
the orientability. In the orientable case we can choose the homology
classes of bs, - - -, by a8 basis elements, and this system can be extended
to a basis of Hj(K). In.the nonorientable case, we must separate the
torsion group which consists of 0 and the homology clasg of a certain cycle
29, but the result is similar. ;
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Theorem. Let K be a finite bordered polyhedron. If K is orientable there
exist cycles zy, - - -, 2y 8Uch that every cycle on K satisfies a unique homology
relation of the form

z~Zobo+ - - - +Tgbg+ 1214 - - - +bmzm.
If K is nonorientable, the corresponding representation is
z~Zibi+ - - +2gbg+lozo+0izit - - - Himzm
with tgm0 or 1. The cycle z is dividing if and only if all the tg are 0.

On oomparing the ranks with the known value of p; (26C) we obtain
m=p—g+2 in the orientable case and m=p—g¢+1 in the nonorientable
case.

Observe that we can regard the z; as generators of the quotient group
Hy(K)/H,B(K). This quotient group is called the homology group modulo
dividing cycles. It consists of cosets of absolute cycles and should not be
confused with H,(K]B).

Vi

27D. We proceed to the study of Hi(K/B)=Z,(K/B)|B1(K|B). The
elements of Zy(K[B) are cosets +C1(B) with 9z € Co(B), where Co(B)
and C(B) denote the groups of 0- and 1-dimensional border chains. Let
us choose a fixed vertex s on each b, and chains c; with dc;=80—s).
Given z with 8z € Co(B) we let y¢ be the sum of the coefficients of oz at
the vertices that lie on bq. It is clear that 9z —3ys? is the boundary of a
chain % on B. Because Jys=0 we conclude that x—yzcs— - - - —ygcq—u is
an absolute cycle z, and we find that z+C1(B) can be represented in the
form z-+ygea+ -+« +ygCe+C1(B). This representation is unique, except
for border cycles that can be added to z. Indeed, if z+ysce+ - - - +yqCq €
Cy(B), then yg(s3—49) + - - - +y,(69—43) is the boundary of a border chain.
In such a boundary the coefficients at vertices on b must add up to 0.
from which it follows that y¢=0.

A coset +C1(B) belongs to B)(K/B) if there exists a 2-dimensional
chain v such that x—dv e C1(B). We have thus z+C\(B)=cv+('1(B),
and by the uniqueness of the representation z+4yscg+ - - - +yqcq+C1(B) it
follows that all y; are 0 while z differs from dv by a border cycle. The latter
condition means that z is a dividing cycle.

From these considerations we conclude that Hy(K/B) is isomorphic
with the direct sum of H,(K)/H,B(K) and a free group with ¢—1 genera- -
tors. By virtue of Theorem 27C the result can be expressed as follows:

Theorem. On a finite orientable K every relative cycle z satisfies a unique
relative homology relation of the form )

z~biz1+ - o HlmZm+Yecet - +Ygcq (mod B).
In the nonorientable case a term tozo with tg=0 or 1 must be added.
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We see that Hy(K) and H(K/B) are isomorphic in the orientable case,
but not in the nonorientable case. It is more significant that the quotient
group H,;(K)/H;B(K) can always be identified with the subgroup of
H,(K|B) that consists of the relative homology classes of absolute
cycles.

28. Subdivisions
28A. It is time to introduce the very simple idea of a subdivision or
refinement of a triangulation. The procees of subdivision consists in repeat-
ing a single step, referredtoasdemc%’ymbdwm Its geometric
nature is illustrated in Fig. 1.

Fia. 1

Formally, the process can be described as follows. Let a be a 1-simplex
in a polyhedron K. We write a = (a;xg) and assume first that a belongs to
two 2-simplices 4) = (a1asas), A2 = (ajagay). We introduce a new 0-simplex
« and replace a, 4;, As by four 1-simplices (ax;), (aas), (aas), (aas) and
four 2-simplices (xxjas), (axsas), (aa1ay), (xazas). All other simplices remain
untouched. If a belongs to only one 2-simplex the corresponding simpler
process is defined in a similar manner.

The complex K’ obtained by this construction is said to result from X
by elementary subdivision, applied to a. It is obvious that K’ is again a
polyhedron, and that the geometric complexes K, and K, are homeo-
morphic. In fact, we can even effect the homeomorphism by means of a
piecewise affine mapping which is uniquely determined if we let « corre-
spond to the midpoint of (ajxz).

The process of elementary subdivision can be applxed simultaneously
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to any finite or infinite number of simplices a, provided that no two of
these 1-simplices belong to the same 2-simplex. Any such gimultaneous
application of elementary subdivisions is said to constitute a simple
subdivision. ’

Finally, we can apply a finite number of simple subdivisions in success-
1. The resulting polyhedron K’ is called a subdivision of K. It is again
obvious that K; is homeomorphic to K, by means of a piecewise affine
mapping. In this way, a triangulation of a surface F or F (22C), together

‘with a homeomorphic mapping of K,, becomes a triangulation by means of
K. We call it a refinement of the original triangulation.

28B. A slightly more general notion is that of equivalent polyhedrons.
We say that K3 and Ky are equivalent if it is poesible to pass from one
to the other by way of a sequence K =K1, K2,..., K#»=K, in which
either K*+! is a subdivision of K¥, or K* is a subdivision of K{+1. Equiva-
lent polyhedrons have homeomorphic geometric complexes. Furthermore,

they agree in the following properties:
~ Theorem. Equivalent polyhedrons have ssomorphic homology groups. They
have the same character of orientability, the same number of contours, and,
. if finite, the same characteristic.

Proof is needed only for the case that K’ is a simple subdivision of K.
The group Cy(K) can be mapped isomorphically into C1(K’) by letting
a=(ajaz) be carried into (aja)+ (xaz). One verifies that cycles correspond
to cycles and boundaries to boundaries. Hence Z,(K) and B)(K) can be
thought of as subgroups of Z;(K’) and B;(K’) respectively. Further
explicit verification of the most elementary kind shows that Z;(K)N
B;(K’)= B1(K). For this reason two cycles on K are homologous in K’ if
and only if they are homologous in K. Finally, every cycle on K’ is homo-
logous (with respect to K*) to a cycle on K. In fact, a cycle must have
equally many 1-simplices beginning and ending at «. On the other hand,
a chain of the type (aja)+ (axs) can be replaced by («1as) in the sense of
homology.

These considerations show that there is an isomorphic correspondence
between F1;(K) and Hy(K’).

28C. The verification of the assertions with respect to orientability and
number of contours are trivial. The isomorphism of the 2-dimensional
homology groups is a consequence, by virtue ot 25C.

The invariance of the characteristic follows if we make use of the result
in 26C, but the-direct verification is equally easy. If an elementary sub-
" divigion is applied to an inner l-simplex we find that ng, n;, e are
increased by 1, 3 and 2 respectively. In the case of a border 1-simplex
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the increments are 1, 2,:1. In both cases p= —n9+n;—ns remains
invariant.

28D. We speak of a barycentric subdivision if each 2-simplex is divided as
indicated in Fig. 2. It is obvious how to construct the barycentric sub-
division by repeated simple subdivisions. The new vertices that are
introduced on each 1- and 2-simplex are called barycenters. The process of
passing to the barycentric subdivision of a complex has the advantage that
it can be repeated indefinitely in exactly the same way.

Fia. 2

If K, is a polyhedron we denote by K’ the complex obtained from K by
barycentric subdivision, and by K the corresponding geometric complex.
There exists a unique piecewise affine mapping' of K; onto K, which
carries each vertex into the barycenter (center of gravity) of the corres-
ponding 0-, 1- or 2-simplex on K, We shall identify K, with its image
under this mapping. The identification makes it possible to regard the
simplices of K as subsets of K.

We recall the notion of star that was introduced in 25D. The star S(«)
of a vertex « is the union of all geometric simplices which contain a. The
interior of S(«), denoted by So(«), is referred to as the open star of «. If
a is a vertex of the polyhedron K we form its star §'(«) on K_; this is the
baryee ntric star of « 1t is easily seen that each 8'(«) is homeomorphic with
a closed dis<k, a property that is not necessarily shared by S(«). Moreover,
two or three barycentric stars intersect if and only if their vertices belong
to a common simplex.

28E. The process of barycentric subdivision can be iterated. We denote
the iterated subdivisions by K and the corresponding geometric com-
plexes by K{. The same rule as before permits us to regard the simplices
of K{™ as subsets of K. The following theorem shows that the barycentric
subdivisions can be repeated until the simplices are arbitrarily small:
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Theorsm Given an open covering of a finite polyhedron K, by sets V,
the barycembric subdivisions can be repeated uniil every siar on K™ is con-
tained ina V. ,

Since K, is imbedded in a Euclidean space there is a natural conoept of
length on K. It is easily seen that the diameters of the stars tend to zero
under repeated barycentric subdivisions. On the other hand, & familiar
compactness argument shows the existence of a number >0 such that
_ every set of diameter <38 is oontained in a V. It is thus sufficient to
~ continue until the diameters of all stars lie under this bound.

29, Exlmnstiol;s

29A. In order to study an infinite polyhedron K it is neceesary to
oonsider approximations of K by finite subcomplexes. The approximating
subcomplexes are required to satisfy certain special conditions. We show
in this section that these requirements can be met, if not for K, then at
least for a suitable subdivision of K. It would not be difficult to treat the
most general case, but for reasons of brevity we prefer to assume that
K is open.

Consider in K a finite subcomplex P, which is itself a polyhedron. The
complement of P with respect to K becomes a complex if the border
simplices of P are added. For convenience, when we <peak of the comple-
ment K — P we shall always mean this complex, rather than the set-
theoretical difference. The connected components of K — P are bordered
polyhedrons which may be finite or infinite; their contours are identical
with the contours of P. We shall call P a canonical subcomplex if it is a
polyhedron, if all components of K — P are infinite, and if each component
of K — P has a single contour.

A sequence of subcomplexes Py, P, - - -, Py, -- - i8 an exhaustion of K
if the following conditions are fulfilled: (1) each Py is a polyhedron,
(2) Py is a subcomplex of Py,;, (3) the border simplices of Py,y are
not in P,, (4) every simplex in K belongs to a P,. We speak of a
canonscal exhaustion if all the P, are canonical.

Our aim is to prove:

Theorem. Every open polyhedron has a subdivision which permils a
canonscal exhaustion.

29B. The proof requires several steps. Let 4 be a finite subcomplex
of the given polyhedron K. As before, 4’ and K’ denote the barycentric
subdivisions of 4 and K. We show first that K’ has a subcomplex /”> which
is & polyhedron and contains A4’.

We may assume, without loss of generality, that 4 is connected. We
take P to be the union of the barycentric stars (28D) of the vertices of 4.
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P is a subcomplex of K’, and it evidently contains 4’. The connectedneas
of A implies that P is connected. It remains to show that P is a poly-
hedron.

Let « be a vertex of P. According to the definition of barycentric star «
is either a vertex of K, the barycenter of a 1-simplex of K, or the bary-
center of a 2-simplex of K. In the first case « is in 4, and it is surrounded
by 1- and 2-simplices of K’ which all belong to P. In the second case «
belongs to four 2-simplices of K’. Since the 2-simplices that lie in the same
barycentric star are either all in P or all not in P, the 2-simplices of P
that contain « will form either & sequence of two or a cycle of four adjacent
ones. In the third case « belongs to six 2-simplices of K, and of these six
either one, two, or three pairs of adjacent ones will lie in P. In any event,
the 2-simplices of P that contain « form a connected sequence or & full
cycle. We have proved that P is a polyhedron.

29C. We show next that there exists an iterated barycentric subdivision
K®™ which containg a canonical polyhedron that in turn contains 4™,
For this purpose. consideratin and all pelyhedrons which are subcomplexes
of KW and contain A" The previous reasoning has shown that this set
of polyhedrons is not empty. Among all polyhedrons in the set, let P be
one with the minimum number of contours. We claim that P is canonical.

For simplicity, if P is a subcomplex of K(), we write K for K® and 4
for A®), Then P is a subocomplex of K. It is clear that all components of
K — P are infinite. Indeed, & finite component could be added to P, and
we would obtain a polyhedron with fewer contours.

Suppose now that two contours b, and bz of P belong to the same
complementary component Q. Choose vertices on b3, bz and join them by a
simple polygon o whose sides are 1-simplices in Q. It is permissible to
assume that none of these 1-simplices lies on the border of Q; indeed, we
can follow o to the last vertex on b;, and from there to the first vertex on
another contour, which, if it is not bs, can be used in place of 3. We regard
the union L=0ouUb,u bg a8 a 1-dimensional complex. The total border
of P is denoted by B.

Repeat the construction in 29B with K’ in the place of K, P’U L’ in
the place of A. The resulting polyhedron, a subcomplex of K*, will be
denoted hy Po. We will show that Py has fewer contours than P.

A look at Fig. 3 is more instructive than a detailed proof. The figure
suggests a way to associate with L, and with each of the other contours, a
cyclically ordered sequence of 1-simplices, the outer perimeter in the
figure. We need to show that all these 1-simplices qite digtinct. Assume
that, in the figure, a; =as. The centers «), az of the corresponding bary-
centric stars belong to B’U L’. Because the barycentric stars have a
common side, (ajaz) is a 1-simplex on K’. Then one of the end points, say
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F1a. 3

a3, does not belong to K, by the construction of X’. Hence «; is the bary-
center of a 1.simplex on Bu L, and we see that a), s are neighboring
vertices on L’ (or on the same contour). This would mean that the common
side a;=as of the stars has an end point on B”uU L*, contrary to the
construction of the perimeter.

We conclude that Py has indeed fewer contours than P, and since this
is impossible P must be canonical.

29D. Returning to the original notation we let K be an arbitrary open
polyhedron. It is possible to find a sequence of triples {4, ny, P} with the
following properties:

(a) A is o finite connected subcomplex of K,

(b) ny is & nonnegative integer,

(¢) P¢is & canonical polyhedron on K®),

(d) 4 c P,

(e) P‘.CAf_‘,_"l,

(f) the border of Py, is not in P;.

Indeed, we can begin by choosing A4, as a single vertex. As soon as 4y
has been found we can determine n and P; by the method described in
29C. Next, let 4.1 comprise all 2-simplices of K whose barycentric
subdivision of order n; contains at least one vertex of Pg. It is obvious that
(e) is fulfilled. As for (f), the statement needs further clarification. What
we mean is that in & common subdivision the border simplices of Py,; are
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not in P;. The construction shows that the vertices of P; are completely
surrounded by simplices jn Ay, and hence by simplices in Py We
concjude that all conditsonS§ are satistied.

29E. If the numbers ny were bounded we could pass to a common
barycentric subdivision of all the P;, and the subdivided polyhedrons
would constitute a canonical exhaustion.

In the general case of unbounded #; we may as well assume that n¢ <ng41.
Under this condition we can consider P{*4+1~* as a subcomplex of P, ,.
Construct the complement P, — P{*+1~*) which by definition includes
the subdivided border of Pg; for i=0 the complement is replaced by P;.
The subdivisions of adjacent complements do not agree on the common
borders. An easy adjustment takes care of this difficulty. Consider all
2-simplices of Py; which have at least one side on the border of Py,,. Join
the barycenter to the three vertices of the 2-simplex, and in addition to all
new vertices on the sides that lie on the border. When this construction
ie carried out for all § we obtain a subdivision of the original K, and the
P; become canonical subcomplexes which define a canonical exhaustion.
The proof of Theorem 29A is now complete.

30. Homologies on open polyhedrons

30A. We have not yet determined the homology group Hy(K) of an
infinite po}yhedran, This will now be done, although ypder {he Slight
yestrigtionthat A is orientabje and open. The genenl casg offers practically
no added interest.

The result will be that H;(K) is a free group with a countable basis. If
this were all we wanted to show the proof could be made very short. It is
essential, however, that we introduce a particularly simple homology basis.

It has already been observed that the homology groups do not change
if we pass to a subdivision. On evoking Theorem 29A we can therefore
assume from the start that K possesses a canonical exhaustion {Py}.

30B. With respect to a given canonical exhaustion we agree on a set of
useful notations. Let the contours of P; be denoted by b4, i=1,- - -,g. At
the same time the b¢ will be generators of the cycles that lie on the various
contours; moreover, they shall be positively directed with respect to the
orientation of P; which in turn is induced by a fixed orientation of K.
The orientation makes it possible to regard P, as a 2-dimensional chain,
and the notation is such that Py =73 by.

Consider the complement Ps— P;, always in the sense that the border
is included in the complement. Because the exhaustion is canonical there
will be exactly ¢ components, and we denote by @y the component which
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has the contour b¢ in common with P;. The remaining contours of @
will be denoted by by, 1SjSqi, and we choose the notation so that
CQ(—Z by —~bg. Next, the complement Ps— Pg eonsmts of components

Qy where Q: and Qy; have the common contour by;.

When we continue in this way we obtain a symbol by,...;, for each
contour of Py, with the subscript ¢4 running from 1 to a number §6rber
The components of Py4)— Py have matching names @y ...q. We agree
further that 8Qy,...¢ =3 by,...¢,s—by,...s,. For the sake of conformity, @

j

will be another name for P;, and b will be 0.

30C. Let z be a 1.dimensional cycle on K, and suppose that z lies in
Py. It is clear that z has a decomposition z=2"+ 3 z,...;,_, where 2’ is
in Py-; and z,...,_, belongs to Qy,...¢,_,. In this decomposition, which
ordinarily is not unique, 2’ and z;... _, are chains, but not necessarily
cycles. However, by the condition dz=0 it follows that dz,...q _, lies at
once on the border of Qy,...¢,_, and on the border of its complement
in Pp. Hence 0z,...¢,_, lieson by,...q _,, and since it is a boundary the sum
of its coefficients is 0. It follows that dz,... _, is the boundary of a chain
on b;,...f_‘_,, and we conclude easily that all the z;...q _, can be chosen
as cycles.

According to Theorem 27C it is possible to introduce a homology basis
on @,...¢,_, which consists of the border cycle b;.... _,, the border
cycles by,...¢ with ix>1, and a finite number of cycles which we denote
by 24,...4,_,, s- The latter form a relative homology basis.

We are now able to prove:

Theovem. 4 homology basis for the open orientable polyhedron K is
formed by the combined system of all cycles by,...q, with ix>1 and all cycles
24, cobgr I¢

We must show that each cycle is homologous to a linear combination of

he cycles mentioned in the theorem. This is manifestly so for cycles in
P,, and we assume that the assertion has been proved for cycles in ,_;.
If zis in Py we use the representation z=2'+3 z,...¢,_,. Each z;...¢ _,
is homologous to a combination of byt _ps cycles bg,...q with i5>1,
and oycles z;,...¢,_,, 5. Of these, by,...; | may not be of the desired type,
namely if ¢5-1=1. However, b¢...; _, can always be incorporated in 2’,
and sinoe 2’ has a representation of the desired kind we have proved the
assertion for cycles in P,, and consequently for all cycles.

It remains to verify that the cycles are linearly independent in the sense
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of homology. Suppose that a.certain linear combination, which we denote
by z, is homologous to 0 on X. Then z is also homologous to 0 on some Py,
We set =0y and write 2=2'+3 2,...¢__,,y=¥"+2 41,...1,_, Where 2’, y’
are in Pu.y and z...q,_, Y-, , iD Q... _,; the 2z ... , are
chosen as cycles. We see as on the similar previous occasion that
2i.t,_,— Y1 ..., _, must lie on by,...¢ . This is a homology relation on
@i, between elements of the homology basis. It can he satisfied

only so that z.. ¢

n-1

is a multiple of b ..¢ _,, and since thete are no

-1
2.dimensional cycles it follows in addition that y,...¢,_,=0. Conse-
quently, z lies in Py_; and is homologous to 0 on Py_;. Since we could
have assumed that n is the smallest index for which 2~ 0 on P, we
conclude that z must be 0, and we have proved the linear independence.

30D. A cyclezon K is called a dividing cycle if, for any finite subcomplex
L of K, z is homologous to a cycle outside of L (compare 27C). Another
suggestive terminology is to say that a dividing cycle is homologous to 0
modulo the idea boundary. It is clear that the homology classes of the
dividing cycles form a subgroup of H;(K) which in analogy with the finite
case will be denoted by H;8(K). The quotient group H,(K)/H,B(K) is the
homology group modulo dividing cycles. It can also be called the relative
homology group with respect to the ideal boundary.

Theorem. The cycles by,...s,, in>1, determine a basis for H\p(K), and
the cycles zy,...q,, 5 are elements of a homology basis modulo dividing cycles.
In other words, each cycle z satisfies a unique homology relation

2~ Y Zpog b D b, 240,
‘.él 1 (Y (3 Z 1 e § 1 o §

where the sums are finite, and 3 43 a dividing cycle if and only if all 4,...¢, 4
are 0. ‘

Every b,...q, is homolog&u to the sum of all by,...q ,, for variable
in+1. Each by ...¢ , isin turn homologous to a sum of contours in the next
generation, and so on. It follows that by,...4_ is a dividing cycle. Conversely,
suppose that z is a dividing cycle. We know that z lies in & P, and is
homologous to a cycle 2’ in the complement of P,. We set z=2'+dy+ 3y’
where y is in P, and ¥’ in the complement. It follows that z— dy lies on the
border of P,. Thus z is homologous to a linear combination of contours
bi,...¢,. Those with s5=1 can be replaced by contours of the preceding
generation, and ultimately z will be expressed in terms of the basis
elements, without use of the z,..., 5. This proves our theorem.

It can happen that all cycles are dividing cycles. Then there are no
basis elements of the form 2,...¢, 5, and the polyhedron X is said to be



31A] §$4. SIMPLICIAL HOMOLOGY 67

planar. It can also happen that there are no dividing cycles other than
those which are homologous to 0. In that case all the P, have a single
contour. :

Finally, we mention that every sequence of the form by, byg, -,
bi,...¢,, --- is said to determine a boundary component. To say that
H,\B(K)=0 is equivalent to saying that there is only one boundary
component. This property is evidently independent of the choice of
exhaustion.

: $1. Imtersection theory
31A. We have to define the intersection number z x y of two oycles z,y
in a way which fornalizves the intuitive idea of the number of crossings of
two oriented polygons. The somewhat roundabout method that must be
used has its origih in the difficultiee that occur when the cycles have
common sides.
Let K be an orientable polyhedron, and consider its barycentric sub-

Fic. 4

division K’. We denote by as the oriented 1-simplices of K. In the sub-
division K’ they are replaced by chains a,=a;+a;. Similarly, we let
b;=0b;+b; denote the chain on K’ which leads from the baryocenter of the
2-simplex on the left of a; to the baryocenter of the one on the right, left
and right being determined by a fixed orientation of K. If a; is a border
simplex there is no corresponding b;, but there is a b} or a b;, depending on
the orientation.

A chain z on K’ is called & K-chain if it can be expressed in the form
z=3 zaq, and a chain y* in K’ is said to be a K*-chain if it is of the form
y*=3 yby. Note carefully that all chains under consideration are chains
on K’; we are merely attaching the name of K-chain or K*-chain to chains
on K’ whose coefficients satisfy certain special conditions. As shown in
Fig. 4 we may think of K* as a ‘‘polyhedron’’ whoee faces are barycentric
stars. It is called the dual of K.

We begin by setting a;xby=1 and a; x b;=0 fo¥'i#,. The intersection
number of an arbitrary K-chain and an arbitrary K*-chain can then be
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defined by distributivity. With the previous notations we obtain z x y*=
> zys. The intersection number is thus determined by a bilinear form. It
depends on the orientation of K, but not on the orientations of the
1-simplices ay.

31B. The intersection number is of special interest when 2 and y* are
cycles, for then it depends only on the homology classes. The notation is
intended to imply that z is & K-cycle and y* a K*.cycle. Moreover, all
homologies are with respect to K'.

Lemma. The intersection number z x y* of two cycles does not change when
z and y* are replaced by K- and K*-cycles which are homologous to z and y*
respectively. .

We need only show that 2~ 0 or y*~ 0 implies z x y*=0. As far a8 z is
concerned it is sufficient to eonsider z=2s}. The condition s x y*=0 has
a simple interpretation. It means that y* contains equally many b which
begin and end at the barycenter of s%, and it is fulfilled because y* is a
cycle. The same reasoning applies to y*, except that s? is replaced by a
barycentric star.

31C. The intersection numbers remain unchanged if we pass to a sub-
division of K. To see this, it is sufficient to investigate the effect of an
elementary subdivision. With the notations of Fig. 1, 28A, let a be the
simplex (ajaz). Then b leads from the barycenter of (xay4) to that of (acs),
and it is homologous to a chain which passes in turn through the bary-
centers of (aay), (xaxgay), (aag), (xagas), (xes). This chain has intersection 1
with a=(a1a)+ (xas), and we oconclude that no change takes place.

31D. It follows by the considerations in 28B, or by a simple direct

proof, that any homology class on K’ contains a K-cycle. Let us prove,

moreover, that every K-cycle is homologous to a K*-cycle. To see this,

let z be a given K-cycle. We can write =3 A¢ where A4, is the part of

that falls within S(e); the sum is finite. Because dx=0 we obtain

0A;=— Zj 904y, and it becomes evident that 04, lies on the border of
iE

S(aj). From this we conclude that A; is homologous to a chain Bj on the
border of S(ay). We find the representation z~ > B where the sum on the
right is a K*-cycle.

In view of Lemma, 31 B this result permits us to extend the definition
of the intersection number X X y t0 qny pair of cycles on K'. In particular,
it beconics possible to compare x Xy and y xz. In this respect we prove:

Lemma. The inlersection number is skew-symmelric: X y= —yxz.

We may assume that z and y are K-cycles. In order to prove the skew
symmetry it is sufficient to show that all K-cycles satisfy x x z=0 for then
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0=(z+y) % (z+y)=2X y+y x z. In other words, if x is homologous to the
K*.cycle z* we are merely required to show that zxx* -0. For this
purpose we are free to choose z* arbitrarily within its homology class.
Our method will be to fix a specific z* and then determine % x z* by explicit
computation.

We recall the notations a;=a;+a;, b;=>;+b; introduced in 31A. When
we compute zx z* it will be convenient to represent z as a linear com-
bination of the a; and z* as a linear combination of the b; and b;. The
result will be correct if we introduce the conventional values a;x b=
a,x bi=1; all other intersection numbers are set equal to 0.

We use the same representation z=3 A, 2*=3 Bs with A¢~ B; as
above, but this time the B will be choeen in a specific manner. It will be
sufficient to show that zx Bg=0 for all 1.

In order to avoid double indices we let « represent any oy The 1-
simplices of K that contain a will be denoted by a;, - - -, as, and we assume
that this is the positive oyclic or linear order induced by the orientation of
K. We may assume, without loss of generality, that a is the initial point of
all the a;. The corresponding 4 is of the form A=¢a; +--- +f.a, with
t,+ - +t,=0. On setting wu,=f+---+¢f we get A=u,(a;—ay)
+ug(ag—ag)+ - - - +u,_,(a,_;—a,). But a;—a; , is homologous to b;+
bi,;- Therefore we can choose B=u,(b]+bs)+ug(by+d3)+---
+u,_;(b;, ,1+03). In forming xx B the only nonzero contributions come
from the terms fa in . We obtain

zx B=3tyur+ $ta(ur +u2)+ - - - + Halun_1+un)
= Wi+ g —ud)+ -+ I - )
= jul=0.

The theorem follows.

31E. According to Lemma 31B a cycle  which is homologous to 0 is
such that z x y=0 for all cycles y. The same is true if z is homologous to a
border cycle, for a border cycle has trivially the intersection 0 with every
K*.cycle. Finally, if K is open the same conclusion can be drawn for a
cycle z which is homologous to 0 modulo the ideal boundary, for 2 can be
replaced by a cycle which does not meet a given y*.

We show now that the converse is also true:

Lemma. If a cycle x 18 such that xxy=0 for all cycles y, then x~0 if K
is closed. x~ 0 modulo the border if K 1s finite and bordered, x~ 0 modulo the
wdeal boundary if K 18 open.

We suppose first that K is finite. Set =3 £y, and let B; denote the
barycenter of 8. For each j there exists a K*-chain y} with dy} =8;—8,.
Although y¥ is not unique, the intersection number z x y is completely
determined, for the difference of two y}* that correspond to the same j i~ a
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cycle and has thus the intersection 0 with z. We set n,=z x y and consider
the boundary u=73 7,3} where the & are coherently oriented by the same
orientation that was used to define the relationship between a; and b
(see 31A). Let a; be an interior 1-simplex on K, and suppose that
0b;=PB,—B,. The coefficient of a; in u is then n,—7, But 9}+b,—y} is
a cycle, and on forming the intersection with x we obtain x x (¥*+b,—~y})
=n1+ & — k=0, or {=n—mn. Thus a; has the same coefficient in % as in
z. We conclude that z—u lies on the border, and since u is a boundary
we have proved the lemma for finite K.

If K is infinite we must choose u as a finite partial sum of 3 7,2s}. Since
the partial sum can be made to include any given finite set of 2-simplices
it follows readily by the same reasoning that z is homologous to a cycle
that lies outside of any finite subcomplex, and hence z ~ 0 modulo the ideal
boundary.

31F. If a cycle z is homologous to a multiple mz’, m > 1, then it is clear
that all intersection numbers 2 x y are divisible by m. Again, the converse
is true, and we state it as follows:

Lemma. If a cycle z is not homologous to a genuine multiple of another
cycle modulo the border or the ideal boundary, then there exists a cycle y
with rx yw 1.

All interyection numbers XX y form & medule, and are thus the multiples
of an jnteger m- Jf m=0 we have already seen that z is homologous to 0
modulo the border in the case of a finite polyhedron, and modulo the ideal
boundary in the case of an open polyhedron. If m =1 we can repeat the
proof in 31E, with the difference that all coefficients are reduced to their
remainders modulo m. In the finite case it follows that z is homologous
modulo the border to a cycle whose coefficients are divisible by m. This
contradicts the hypothesis, unless m=1. Hence there exists a cycle y
with zxy=1.

In the infinite case a more detailed reasoning is needed. Suppose that z
is contained in a finite subcomplex K of K. The complement of K¢ has a
finite number of components, and we choose a fixed barycenter §;_ in each
component. We must again choose chains y¥ with y*=p;—8,. If B, is
contained in Ko no other condition is imposed, and it follows that
u;=xzx y} is determined modulo m, where m has the same meaning as
above. The chains y* will also be arbitrary, but for a 8; that is contained

in the component of B, we specify that y} shall be the sum of y and a
chain which lies outside of Ko and has the boundary g;— B . This has the

effect thal y; is constant in each component. The same reasoning as in
31E will then show that z is homologous to a cycle of the form mx’+z
where z’ is a fixed cycle in Ko, and z can be chosen to lie outside of any
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finite subcomplex. In other words, z~ma’ modulo the ideal boundary,
and by hypothesis this implies-m =1. We conclude again that there exists
& cycle y with zx ym=]1,

31G. We use the notion of intersection number to introduce what will
be called a canonical homology basis. A finite or infinite sequence of cycles,
labelled in pairs by Ay, By, is said to be canonical if A¢x 45=B¢x B;=0,
Ayx Bi=1 and A¢x By=0 for 3. The elements of a canonical sequence
are always linearly independent in the sense of absolute or relative
homology, for from a relation 3 (2¢4¢+ y¢B¢)~ 0 we obtain, by forming the
intersection with 4;and By, yy=0and z;=0forallj A canonical Sequence
which is also a basis is called a canonical homology basis.

We treat closed polyhedrons, finite bordered polyhedrons, and open
polyhedrons simultaneously. Acoordingly, homologies will mean either
abeolute homologies or homologies relatively to the border or the ideal
boundary. The case of infinite bordered polyhedrons is left aside, but it
could easily be treated in the same manner.

Theorem. Every orientable closed polyhedron has a canonscal homology
basis, and every orientable finite bordered or open polyhedron has a canonical
homology basis modulo the border or the ideal boundary.

‘We treat first the finite case. Assume, by way of induction, that we have
found a canonical sequence 4;, By, - - -, Ax, By; the initial step k=0 is
mcluded in the general reasoning. Denote by H; the absolute homology
group or the homology group modulo the border, as the case may be, and
let G be the subgroup of Hy which is generated by the homology classes of
Ay, By, ---, Ag, By. The nonzero elements of H;/G are of infinite order.
In fact, suppose that mz~214;+y1B1+ - - +zxdr+yxBe. Then ;=
m(zx By), ys= —m(zx A¢), and since the elements of H, are of infinite
order it follows that z € G. Furthermore, H,/G is finitely generated.
Theorem 24C permits us to conclude that it has a basis {Z,}; the bars
indicate cosets of G.

If Hy=@ we have found a canonical basis. In the contrary case we

k

choose an element z; of the coset Z;, and construct Ay, =2 -—Z (21 % By)A4;
im1
k
+z (21 % A¢)By. It is found that Ag,; has intersection 0 with 4,, By, - - -,
f=1

Ay, Bg. Moreover, Ag,1 cannot be homologous to a genuine multiple of
a cycle. Indeed, 4i;1~my would imply Zzy=my=m(@1z1+ - - - +a,3),
and hence ma;=1, m= +1. By Lemma 31F we can find y, so that

Appaxy1=1. On setting Bri1=y1 —Z(yx x 31)44+2(.'11 x A¢)B; we
T v

obtain a new canonical sequence 4,, By, - - -, Ax41, B4,
The process breaks off in a finite number of steps, and determines a
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canonical basis 4y, By, ---, 4p, Bp. The number p is known as the genus
of the polyhedron. For a closed polyhedron we conclude that the 1-
dimentional Betti number is 2p, and hence necessarily even. For a poly-

hedron with ¢ contours the Betti number is 2p+¢—1, and it is connected
with the Fuler chungeteristie through p - 2p+q¢—2

3y ase of Theoren 3ub thie fimte case immediately leads to a proof for
the mfinite case Indeed, the generators zq,...5, j of the relative homology
group ol ¢; ¢ can be replaced by canonically intersecting generators

A, .5 By .. Since the generators in different @,... cannot
intersect the combined system of all these generators is canonical.

We emphasize that the canonical basis {44, B¢} obtained in this manner
has two special properties: (1) there is a finite subsequence 4,, By, - - -,
Ak(ny, Be@my which is a canonical basis of Py, (2) the cycles Ay, By with
k > k(n) lie outside of Py,

32. Infinite cycles

32A. For the study of open polyhedrons it is indispensable to introduce
infinite chains. It presents nv difficulty to consider formal sums c=73 z&™,
n=0, 1, 2, with integral coefficients that are not subject to the earlier
condition that only a finite number be different from 0. It is clear how to
add such chains, and since there are only a finite number of simplices that
contain i wiven 0- or 1-simplex it is also possible to form the boundary dc.
We shall ~ay that ¢ 1s a relative cycle if and only if dc=0. According to this
terminology the group of relative cycles contains the subgroup of cyeles
(or finite cycles).

There are two kinds of hgmology. We say that two relative cycles
z) and z. q¥e weakly homaologowsaf the difference 2y —z2 15 the boundary of
a finite or mfinite chain, and they are strongly homologous if z; —z3 is the
boundary of a finite chain. Since the latter condition requires z; —z3 to be
finite, strong homology is too restrictive to be useful. The group formed by
the weak homology classes is called the weak homology group.

We consider only orientable open polyhedrons. Simple considerations
which are quite similar to the ones in 25C show that the 2-dimensional
weak homology group is an infinite eyclic group. Because it is possible to
construct an infinite polygon with a single end point the 0-dimensional
weak homology group reduces to 0. Thus only the 1-dimensional case is
of interest.

32B. We shall define the intersection number zxy of two relative
cycles only if at least one is a finite cycle. For definiteness, we agree that
x is always finite. The meaning of the intersection number is clear if z
belongs to K and y to the dual K*. One verifies that it depends only on
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the homology class of x and the weak homology class of y. The definition
can therefore be extended, exactly as in 31B, to the case where z and y
are both on K, or on a subdivision of K. The relation of skew symmetry,
z x y= —yx z, has meaning only if z and y are both finite.

32C. Weak homology is related to the notion of dividing cycle through
the following proposition:

Theerem. A finite cycle 18 weakly homologous to 0 if and only if it s
dividing.

If y is weakly homologous to 0 we have zx y=0 for all finite cycles x.
For finite y we conclude by Lemma 31E that y is a dividing cycle.

To prove the converse we use a canonical exhaustion {P,} and the
notations by,...¢, Q.- -¢, introduced in 30B. We recall that by..., is the

only common contour of Qy,...¢_, and Qy,...¢..

If y is & dividing cycle we know by Theorem 30D that y is homologous
to a finite linear combination of cycles by,...¢.. But by,...¢_ is the boundary

of the infinite chain
= 2@ tdanr Tuny

where the sum is over all permissible subscripts that begin with ¢;- - -,.
Hence by,...¢, is weakly homologous to 0, and the theorem is proved.

32D. The following lemma will be needed :

Lemma. If a relative cycle z has zero intersection with all contours of a
Jinite polyhedron P c K, then z can be writlen as the sum of a cycle on P and
a rlalivecycle on K — P.

We may regard z as a relative cycle on the barycentric subdivision K’,
and as such it is weakly homologous to a relative cycle z* on the dual K*.
We set 2% =2} + 23 where z} lies on P’ (the barycentric subdivision of P)
and z§ on K’'— P'. The fact that z* has zero intersection with the contours
of P implies that the ooefficients of dzF which correspond to vertices on a
contour have the sum 0. It follows that &z is the boundary of a 1-
dimensional chain ¢ on the border of P’. We obtain a representation
2*=(2¥—c)+ (2§ +¢) by a cycle on P’ and a relative cycle on K'— P’.
But z¥ —¢ is homologous to a K-cycle 2, on P, and 2§ + ¢ is weakly homo-
logous to a relative K-cycle zz on K — P. We have z~2;+2; on K’, and
because all three cycles belong to K this weak homology relation is also
true on K. Henoe z2=2; +23+da where g is a 2-dimensional chain on K.
On setting a =a; +ag where a; is the part on P we find that z= (2, + da,) +
(z2 + 0asg). This representation ‘satisfies the requirements.

32E. It is often possible to form infinite sums of chains. Indeed, if a
sequence {c¢} of 1-dimensional finite or infinite chains has the property
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that each 1-simplex has a nonzero coefficient in at most finitely many ¢,
then it is clear how to interpret an equation c=3 ¢;. We say, when this
equation is meaningful, that ¢ is represented as a convergent sum.

Theorem. A relative cycle 3 kas a representation S z; as a convergent sum
of finite cycles if and only ofz has intersection number 0 with all finite
dividing cycles.

The necessity is almost trivial. Indeed, if z=3 2; and b is any finite
cycle we obtain bxz=73 (b X ), where only a finite number of terms b x z;
can be different from 0. If b is dividing all b x z¢ vanish, and we find that
oxz=0.

To prove the sufficiency we use again a canonical exhqustion {Py; and
the notations by,...¢, @,...¢,- If we assume that z has zero intersection
with all dividing cycles it follows by Lemma 32D that there exists a
decomposition z=2y,...¢ +Yy...s, Where zy,...¢, is & cycle on @y,...q, and
Y1,---1, & relative cycle on K =Qup-e ot

We form 3 ..., where the sum is over all subscripts for which
@, 1, is defined ; this includes the empty subscript which, by convention,
corresponds to Q= P;. The difference z—3, xy,...¢_ lies in the complement
of each Q,...q, and is thuefore & sum of multiples of the contours
b,...1,- We obtain a representatlon of z as & sum of cycles z ..., and
multxples of by,...¢, which is obviously convergent.

32F. The preceding theorem shows that a relative cycle z is determined
up to a convergent sum of finite cycles by its intersection numbers with all
dividing cycles, and hence by the intersection numbers bgl 4, X2, tn>1,
for a given canonical exhaustion {Ps}. We show now that these inter-
section numbers can be chosen arbitrarily.

Consider a vertex on Yy,...,, x> 1. It can be joined by a polygon in
Qy,---1, to & vertex on by-..4,1. This vertex can in turn be joined to a
vertex on by,...q 11 by a polygon in Qy,...¢,1, and so on. In the opposite
direction we can pass from the vertex on by,...q through Q... _, to &
vertex on by... .1, then through Q... -4,_;1 to a vertex on by,---1,_ 11,
etc. The sum of the polygons between consecutive vertices is a relative
cycle which we denote by ¢,...;. Its direction can be fixed so that
b(l...g" XCfyeood,= 1. Then b‘l""u"" 1X Cfy- ot ™= l, b‘x““n-ll'” 1X Cfyeet, =
—1, and all other intersection numbers by,...s % ¢,...¢, are 0.

With arbitrary integers ¢,...¢, we form

Zm 2'%--& Coypeend,ye
Ww>1
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The sum ds obviously convergent, and by,...q xz=#,...¢, t>1. The most
general relative cyole with these intersection numbers is of the form z+y
where y is & convergent sum of finite cycles.

32G. If we are interested merely in weak homology a convergent sum
of finite oycles can of dourse be expressed through the canonical generators
Ay, B; introduced in 31G. The theorem that we obtain is an analog of
Theorem 27D.

Theorem. The weak homology classes are represented, in a unique manner,
by infinite linear combinations of the cycles A¢, By and the relative cycles
Cipeoniys in> 1.

Because we are allowing infinite sums the generating elements do not
form a basis in the conventional sense.

§5. SINGULAR HOMOLOGY

The simplicial homology theory has two weaknesses. In the first place,
it applies only to polyhedrons, and thus to surfaces which permit a,
triangulation. Secondly, it is far from evident that two triangulations of
the same surface have isomorphic homology groups. On the other hand, it
has the great advantage that the homology groups can be computed
explicitly.

In this section we introduce the notion of singular homology. It is in
some ways more elementary than simplicial homology, and applies with
equal facility to any surface or bordered surface. For this reason we shall
make & point of using singular homology whenever possible. It is difficult,
however, to gain detailed information about the singular homology group,
except in the presence of a triangulation. For polyhedrons it is shown that
the singular and simplicial homology groups are isomorphic. Since the
singular homology groups are defined in an invariant way with respect to
homeomorphisms it is an automatic consequence that two triangulations
of the same or topologically equivalent surfaces have isomorphic homology

groups.

33. Definitions and relation to the fundamental group

33A. In what follows F will denote a surface or a bordered surface.
The earlier practice of using a special notation F for a bordered surface is
temporarily abandoned.

In 7A an arc on F was defined as a continuous mapping f:t—>f(t) of the
closed unit interval 0 S¢S 1 into F. In the present connection an arc will
be called a singular 1-simplex. Note that different parametrizations of the
same arc are regarded as different singular 1-simplices.
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By analogy, a singular 2-simplex will be defined as a continuous mapping
of a fixed geometric 2-simplex into F. For definiteness, we let the basic
2-simplex A be defined as the set of all (¢, ») with 0 Su<t<1. A singular
2-simplex is thus defined by a mapping f:(¢, u)—>f(f, ) of A into F.
Finally, a stngular 0-simplex is just a point on F. To guard against mis-
understandings, we emphasize that the singular 2-simplex must not be
confused with the image f(A).

We use the generic notation o® for singular n-simplices. A singular
n-chain is a formal sum 3 z,6} with a finite number of nonzero integral
coefficients. In other words, the group Cy(F) of singular n-chains is
defined as the free Abelian group generated by the singular n-simplices
on F. The notations Cyu(F) and Cn(K) are unlikely to cause confusion
gsinoce F refers to a surface and K to a complex.

33B. The next step is to define the boundary of a singular simplex.
The boundary of a singular l-simplex, defined by f, is the 0-chain
f(1)=£(0). The definition is extended to 1-chains by setting o(3 z;0})=
> z; 0o}, and it becomes clear what is meant by a singular 1-cycle. Clearly,
the notion of singular 1-cycle is a direct generalization of the notion of
closed curve.

The boundary of a 2-simplex ¢2, given by the mapping f of A, is defined
as follows. Let e; denote the mapping t—(t, 0), ez the mapping t—(1, 1 —1),
and eg the mapping t—>(1—¢, 1—¢). Let o}, 1=1,2, 3, be the 1-simplices
defined by the mappings f o ¢;. With these notations we set do% =0} — o} + o}.
The operation 9 is extended to arbitrary 2-chains by linearity. Simple
verification shows that 8802=0, and hence that every boundary is a
cycle.

The groups Z,;(F) and By(F) of singular cycles and boundaries are now
well defined, and we can introduce the singular homology group H,(F)=
Z\(F)|By(F). The 0- and 2-dimensional singular homology groups are of
no interest to us and will not be considered.

33C. Contrary to the procedure in 23B, a singular chain —o®, n=0, 1, 2,
is never identified with a singular simplex. In this way we avoid all
difficulties that would arise whenever —o® would be identified with o®.
Actually, no identifications are needed as long as we are interested only
in homologies.

It is important, however, to point out certain standard homologies which

are used all the time. In the first place, let o! be a point-arc, defined by a
constant [ We denote by of the singular 2-simplex that is defined by
means of the same constant. Applying the definition of boundary we find

that ¢o2=0! —ol+ 0! =0!, and hence every point-arc is homologous to 0.
Secondly, let y and y~1 be opposite arcs, defined by ¢—f(t) and t—f(1—¢).
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We consider the 2-simplex given. by (¢, u)—f(t). Its boundary is seen to
be y—f(1)+y~1, where f(1) is & point-arc. Henoe y+y~1~ 0. .

The last relation shows that if o2 is defined by a mapping f of A, then
902 is obtained, within homology, by restricting f to the positively
oriented sides of A, each side being referred to the unit interval by means
of a linear mapping. This interpretation should be thought of as under-
lying the notion of singular homology.

33D. It is evident from the definition that the singular homology group
is a topological invariant. This fact is further emphasized by proving the
following connection between the fundamental group and the singular
homology group.

Theorem. The singular homology group Hy(F) s ssomorphic with the
quotient group F|F Q) of the fundamental group F(F) with respect to sts
commutator subgroup (see 19D).

We represent & as F o with a fixed origin. Each closed curve from O
can be considered as a singular 1-simplex which is a cycle. Homotop
curves determine homologous 1-simplices; this fact needs verification, but
the verification is quite automatic and will be omitted. A similar verification
shows that «f corresponds to a 1-simplex which is homologous to a+8.
Therefore, the correspondence defines a homomorphic mapping of Fo
into Hy(F).

The kernel of the homomorphism contains the commutator subgroup,
for afa~18-1 corresponds to a+B+a~1+8-1 which we know is homo-
logous to 0. To prove, conversely, that the kernel is contained in the
commutator subgroup, let y be a closed curve from O, and suppose that
y~0 when regarded as a singular cycle. We set y=Y z;80% and
write fﬂa?=aﬂ-a‘~2+a,-3 where the o are lsuplices The relation
y=3 Z (41 —aj2+as) must be a formal identity. Hence all terms in
the sum must cancel except for a single remaining term a,, which is
identical with y.

To continue, set day = eyyz— €g51: For each ey, let nyx be an arc which
joins O to ey, and suppose that we choose identical arcs for coinciding
points. The arc B;= 7,7 is & closed curve from the origin. Moreover,
one proves without difficulty that 8;,85'8;s is homotop to 1. We consider
now the product II(B;,B:;5'B:5)%, where the order of the factors is im-
material. On one hand it is homotop to 1. On the other hand, if we let the
factors By commute they must cancel against each other in exactly the
same way a8 the terms in ¥ z¢(ay1 — 3+ aqg). It follows that the commu-
tator subgroup contains Bry=7rsnyn;,3. Here 7,,, and ,,, are identical
closed curves from O, and we conclude that y is itself in the commutator
subgroup. We have thus proved thut the kernel is identical with .# (1),

It remains to prove that the image is all of H,(F). Let =3 x,0} be a
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singular cycle. We replace o} by B;=1,,+0} —7,,, where 7;, and 7, are
arcs from O to the initial and terminal points of o}. These arcs are to be
chosen so that they depend only on the end point. Since z is a cycle, it
follows that =3 zi8;. Each 8; may be regarded as a closed curve from O,
and we see that z is the image of IT8%:.

34. Simplicial approximation

34A. We suppose now that F permits a triangulation. In other words,
we take F to be a geometric polyhedron K,, and prove:

Theorem. The singular homology group H1(K ) is isomorphic with Hi(K).

Each oriented 1-simplex on K can be considered as a singular 1-simplex
arising from a linear mapping of the unit interval on the corresponding
geometric 1-simplex. Cycles correspond to cycles, and a simplex boundary
ds% becomes, within homology, a singular boundary 002, where o2 is
defined by an affine mapping of A. We obtain in this way a homomorphic
mapping ¢ of Hy(K) into Hi(K,).

To obtain a mapping in the opposite direction we are going to use the

e,

[ a
L a1 [NRY

Fic. 5

method of sumplicial approximation. Suppose first that ol is a closed curve.
We can divide o! in subarcs which are so small that each is contained in
the open star So(e) of a vertex a € K (see 28D). The result of the subdivision
is expressed by a homology o'~ol+---+0o}, and we suppose that o}
lies in Sg(y). Since So(og) and So(ag+1) intersect, their centers are either
identical or they are the end points of a 1-simplex (ajx¢+1). We assign to
ol the cycle k(o) formed by all (ayaq+1) with aq# a4y If we agree that
(e1e441)=0 if oy=aqy1 Wwe can write h(c!)=(xox1)+(a102)+ - --
+ (ap—100) With ap=ag. We call k(ol) a simplicial approximation of ol.

The construction is not unique, but we can show that the homology
class of h(o!) is completely determined. The first ambiguity lies in the
choice of «y. It is sufficient to consider the replacement of one « by
another vertex o;. Since Sy(«;_;), So(e;) and Sy(«;) intersect, «;_;, «; and
o must belong to a common 2-simplex, and the same is true of o, ;, «;, o;.
The nondegenerate case is shown in Fig. 5, and we see at once that
(o o) + (@, )~ (2 _y07) + (¢fe; ;). In the case of coinciding vertices
the verification is even simpler.

The second source of ambiguity is in the choice of subdivision. Two
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subdivisions can be superimposed, and for this reason it is sufficient to
consider the case.of & subarc o} being divided in two. The smaller arce are
both contained in S¢(ay), and we can choose identically the same simplicial
approximation as before. It follows that any two cubdmnom yield
homologous simplicial approximations.

" 34B. The oonstruction can be generalized to an arbitrary singular cycle
,zaz z,0!. We subdivide each arc o} and approximate it in the manner
‘that has just been described. The only precaution that we must take is
that a fixed vertex shall be assigned to each end point, the same for all
arcs that begin or end at that point. When this is done the simplidal
approximation will be a cycle k(z), and the homology class of Afax) is
uniquely determined.

‘We must prove that x~y mphes h(z)~ h(y). For the proof we need only
show that h(d02)~ 0. This is obvious if o2 is contained in a star. In the
general case we apply repeated barycentric subdivisions to A, until the
image of each subsimplex is contained in a star. If we examine one
elementary subdivision at a time it becomes evident that there is a
natural way to attach a singular simplex of to each 2-dimensional sub-
simplex of A. Moreover, explicit verification in the case of an elementary
subdivision shows that 3 27 will represent a subdivision of ¢ It follows
that h(da2)~ 0 as asserted.

34C. We have found that A may be interpreted as a homomorphic
mapping of Hy(K,) into Hy(K). Trivial considerations show that a cycle
on K may be regarded as its own simplicial approximation. In other
words, % o 4 is the identity. In order to conclude that ¢ o A is also the identity
we must show that o! is homologous to h(o!) when the latter is regarded
as a singular cycle.

The case of a closed curve o! is sufficiently general to illustrate the
reasoning. We can draw straight line segments from the initial point of
the subarc o} to the vertices a;_, and o, as shown in Fig. 6. It is possible

F16. 6
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to define a singular 2-simplex whose boundary consists of o} and the line
segments from o4 to its end points, taken with proper orientations and
signs. In fact, if o} is defined by ¢t—f;(t), ¢ € [0, 1], we map A by setting
f(t, 0)=ft), f(1, 1)=0o4 and declaring that the mapping shall be linear on
every straight line through the vertex (1,1). On the other hand, the
triangle whose vertices are at o;_;, oy and the initial point of o} can also
be regarded as a singular simplex obtained by an affine mapping of A
On forming the boundaries the auxiliary line segments drop out, and we
find that o'~ k(o!). Thus 4 is indeed the inverse of ¢, and we have proved
that H(K,) and H;(K) are isomorphic.

As a corollary, topologically equivalent polyhedrons have isomorphic
homology groups. We have actually proved a little more, for we have shown
that a given homeomorphism determines, by the method of simplicial
approximation, a definite isomorphic correspondence between the two

homology groups.

35. Relative singular homology

35A. We discuss the topics connected with relative singular homology
only for the case of an open orientable surface F. The definitions are
similar to the ones for open polyhedrons, except that finite subcomplexes
are replaced by compact sets.

Accordingly, a singular cycle is said to be a dividing cycle, or homo-
logous to 0 modulo the ideal boundary, if it is homologous to a singular
cyele that lies outside of any given compact set. The group formed by the
homology classes of dividing singular cycles is denoted by H,8(F). If F is
an open polyhedron with triangulation K it is shown that [[,8(F) i~
isomorphic with H18(K).

Finite polyhedrons are replaced by regular regions (see 13G). We say
that # has an exhaustion if every compact set is contained in a regular
region. If ¥ is countable this property can be used to construct an ex-
hausting sequence of regular regions. However, there is no need to use
such sequences. It follows from the existence of an exhaustion that the
union of any two regular regions is contained in a third. It is this property
that is needed in practically all applications. We express it by saying that
the regular regions form a directed set under inclusion.

A regular region is called canonical if each component of the comple-
ment has a single contour. We speak of a canonical exhaustion in the

corresponding sense.

35B. We assume now that F is a polyhedron. This means that F has a
triangulation by means of a complex K. It will be shown in 46H that it is
possible to choose K so that a given regular region on F is triangulated by
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a subcomplex of K. This subcomplex is then automatically a finite bordered
polyhedron, and since we assume F to be orientable it is also orientable.

This result will be anticipated and used for proving: »

Theorem. An open orientable polyhedron F has the following properties:

(a) The positively oriented boundary of a regular region, considered as a
singular cycle, 18 homologous to 0.

(b) F has a canonical exhaustion.

(¢) If Q i8 a canonical region on F, then a singular cycle on Q is homo-
logous to 0 modulo the ideal boundary if and only if st 18 homologous to a
finite linear combination of the contours of Q, considered as singular cycles.

Essentially, point (a) has been taken for granted. Point (b) follows by
the fact that a canonical polyhedron is a canonical region. As for (c¢), if
we choose K 8o that {} is a canonical polyhedron it is immediate, by the
equivalence of singular and simplicial homology, that each contour of Q
is dividing in the sense of singular homology. Suppose now that a singular
cycle y in Q is homologous to a singular cycle 5’ that lies outside of a large
polyhedron. We replace y and y’ by their simplicial approximations in a
sufficiently fine subdivision. These approximations are simplicially homo-
logous, and it follows that y is homologous to a cycle on the boundary of Q.

§6. COMPACTIFICATION

In the Alexandroff compactification (4F) a single point represents the
whole ideal boundary. On the other hand, for a bordered surface we
obtained a realization of the ideal boundary which associates a continuum
of points with each contour (13C). For many purposes an intermediate
approach is the most adequate. In this section we introduce a realization
of the ideal boundary which in the case of a bordered surface represents
all contours as separate single points. The ideal points will thus generalize
the notion of contour.

36. Boundary components

36A. We say that a surface F is imbedded in a topological space M if
there is given a topological mapping of F into M. We may, and this is
frequently convenient, identify F with its topological image, so that F
appears as a subset of M with the induced topology. The imbedding is
called & compactification if (1) M is compact, (2) F (or its image) is dense
in M, that is, F=M, (3) F is an open subset of M. We snall regard
B=M —F as a realization of the ideal boundary. The points of 8 are called
ideal boundary pomts of F.

Two compactifications M and M’, both containing F, are equivalent
if there exists a topological mapping of M onto M’ which reduces to the
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identity on F. Equivalent compactifications can be considered as identical,
and all uniqueness should be interpreted in this sense.

36B. There are, of course, many different compactifications, and the
choice of a compactification depends on the use that will be made of it.
As already indicated, we wish to construct a compactification that serves
to generalize the notion of contour. With & suitable formulation of the
desired properties it turns out that there is one and only one compactifica-
tion which meets the requirements.

To simplify the formulation we introduce the following auxiliary
definition:

Definition. A4 set B C M 13 said to be nonseparating on M if every region
(i c M remains connected after removal of all points in GAR

We state the basic existence and uniqueness theorem:

Theorem. There exists a unique compactification M with the following
properties:

(B1) M is a locally connected Hausdorff space.
(B2) B ts totally disconnected.
(B3) B is nonseparating on M.

The proof will be based on an explicit construction of the set 8 and a
topology on M =F u B. The points of B are called boundary components.
In case F is an open geometric polyhedron K, it will be shown that the
boundary components of K, can be identified with the boundary com-
ponents of K, the latter being defined as in 30D.

36C. For convenience we agree to denote by @, with or without sub-
scripts, any region on F which is not relatively compact on F, but has a
compact boundary. Thus, whenever we speak of a set @ we shall always
mean a region with these characteristic properties. Note that Q is never
void.

We choose a formal definition which identifies each boundary com-
ponent with a set of subsets of F:

Definition. 4 boundary component is a nonvoid collection q of sets Q
which satisfies these conditions:

(C1) If Qo€ g and Q2 Qo, then Q € q.
(C2) If Q1, Q2 € q there exists a Qs C Q1 N Qs which belongs to q.
(C3) The intersection of all closures Q, Q € q, 15 empty.

It is an easy consequence of (C2) and (C3) that there exists a Qe g
which fails to meet any given compact set. Indeed, for each point of the
given set there exists, by (C3), a Q € ¢ which does not meet a certain
neighborhood of that point. The compact set can be covered by a finite
number of these neighborhoods, and is hence disjoint from a finite inter-
section Q1N --- NQn of sets in g. By (C2) this intersection contains
aQegq.
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36D. Let B be the set of all boundary components of F. For a given
Q we denote by B(Q) the set of all ¢ € 8 such that @ € ¢; in other words,
the statements ¢ € S(Q) and Q € g shall be equivalent. We remark that
Q1 n Qg=0 implies B(Q1) N B(Qe)=0. Indeed ¢ € B(@1) N B(Q2) would mean
that @, @ € ¢, and because of (C2) the sets @, and Q2 could not be disjoint.

To extend the topology of F we agree that all sets QU 8(Q) shall be
open. More precisely, we introduce a basis for the open sets on M which
consists of all open subsets of F and all sets of the form QuB(Q). It
must be verified that the intersection of any two such sets is & union of
sets in the basis. The only case that is not completely trivial occurs
for a point g€ B(Q1) N B(Q2). By (C2) there exists a Q3C Q)N Q2 such
that ¢€pB(@s), and (Cl) implies that B(Qs3)c B(@1) nB(Q2). Thus
9€Q3V B(Q3) c[Q1 L B(h)] N [@2 L B(Q2)] which is precisely what we need
to know.

Let us show that M is a Hausdorff space. For p), p2 € F the existence
of disjoint neighborhoods is clear because F is a Hausdorff space, and for
p e F, g € B disjoint neighborhoods exist because of (C3). Suppose now
that gy, ¢a are distinct boundary components. There exists, for instance,
a @ € ¢1 that does not belong to g2. We can find a @z € g2 that does not
meet the boundary of @;. Since Q) is connected, either @2 C @ or 1N Q;
=0. The first alternative would imply @, € gz, by (C1), which is contrary
to the assumption. Hence @), Q: are disjoint, and the same is true of
@ uB(@) and QsupB(Qs). Also, M is locally connected, for ecach
Qu B(Q), being contained between the connected set @ and its closure,
is itself connected.

F is open on M, by definition, and F=M, for every open set on M
contains points of F. We prove next that B(Q), besides being relatively
open with respect to B, is also closed. Assume that go is not in 8(Q) and
determine a Qo € go which does not meet the boundary of Q. It follows by
the same reasoning as above that @ and @ are disjoint, and hence that
Qo U B(Qo) does not meet B(Q). Consequently, B(Q) is closed. We can now
conclude that 8 is totally disconnected. In fact, if ¢; and gs are distinct
points of B there exists a (Q) which contains ¢; but not gs. A component
of B that contains ¢1 and ¢2 would have to meet the relative boundary
with respect to B of B(Q). But B(Q) has an empty relative boundary.
Hence B is totally disconnected.

To prove (B3), let G be any region on M, and suppose that Gn F=
0, U Og is a decomposition into open sets. For each ¢ € G n 8 there exists
a @ € g which is contained in @. But every Q C G is contained in 0, or Os.
The union of O; and all sets Q U 8(Q) such that Q c 0, is open, and so is
the union of Oz and all Qu 8(Q), @ c Oz. The two unions would constitute
a decomposition of @ into open sets. Hence either 0 or O, is void, and
G n F is connected.
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37. The compactness proof

37A. It remains to show that M is compact. In the most general case
the proof uses the uncountable version of the axiom of choice. For this
reason we give a separate and perhaps more perspicuous proof in the
case that F is an open geometric polyhedron K,. At the same time this
separate treatment serves the purpose of showing that the two notions of
boundary component that we have introduced are essentially identical
(see the remark at the end of 36B).

We recall that K (the underlying complex of K ), or at least a sufficiently
fine barycentric subdivision of K, has a canonical exhaustion {P,}. We
assume that K itself can be so exhausted. We use again the notations
by,...¢, for the contours of Py, and we let Ry ... be the component of
K — Py with the contour by,...¢, (in other words, Ry ..., contains Q,-een,)
For simplicity we agree, in this connection, that By,...; will actually stand
for the geometric polyhedron (Ry,...¢ ). Also, we shall write F for K.

Suppose that M is covered by open sets O,. If M were not compact
there would exist a component R, which does not have a finite subcovering.
Next we could find an Rq, ¢ Ry with the same property, and so on, until
we obtain a sequence Ry D Ry¢,D -+ D Ry...¢ D - - of components that
have no finite subcovering. This sequence defines a boundary component
(in the sense of Definition 36C), namely the collection q of all sets Q which
contain an Ry,... from the sequence. Indeed, conditions (C1)-(C3) are
all easily seen to be satisfied. By assumption, ¢ lies in an O,, and this O,
contains a @ € q. There is an Ry..q,C@Q, and this Ry...;, would have a
subcovering which consists of a single set, contrary to the construction.
The contradiction proves that M is compact.

In the course of the reasoning we have associated a ¢ with every
sequence Ry D Ry¢D -+ D Ry...q D ---. Conversely, if ¢ is given there
exists, first of all, a @, € ¢ which does not meet P,. Because Q; is con-
nected it must be contained in an Ry, and it follows by (Cl1) that Ry eg.
Next there exists a @2 €q which does not meet P;. Because @2 must
meet (); it is necessarily contained in anRy;,, and we find as before that
Ry, € q. In this way we obtain an infinite nested sequence of components
Ry,...¢, € q. For an arbitrary @ € q it happens for a certain n that Ry...;,
does not meet the boundary of Q. This is possible only so that Ry... c Q.
We have shown that the correspondence between boundary components
g and nested sequences {Ry,...; } is one to one. But the nested sequences
are nothing else than the boundary components according to our earlier
definition (30D), and we have thus shown that the two definitions are
equivalent.
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In view of this equivalence Definition 36C may seem like a luxury. It
should not be forgotten, however, that it is the equivalence of the two
definitions which shows at a glance that the definition by sequences is
independent of the triangulation, and that Definition 36C does not even
require the existenoce of a triangulation.

37B. We shall now give the general proof. It may be omntted by readers
who are not interested in extreme generality.

A family of sets is said to be tolally ordered, by inclusion, if for every
two sets in the family one is contained in the other. We shall use Zorn's
lemma, in the following form :

If a family of sets contains the union of the sets in any totally ordered
subfamily, then it contains a mazimal set, i.c., one that +s not properly con-
tained in any other set in the family.

Let ®¢ be a collection of closed sets on M with the finite intersection
property, that is, any finite number of sets in ®y have a common point.
Consider the family of all collections ® of closed sets which contain ®g
and retain the finite intersection property. This family satisfies the hypo-
thesis of Zorn’s lemma, for if we choose a-finite number of closed sets
from the union of the collections ® in a totally ordered subfamily, then,
by the total ordering, these sets are already contained in a single ®, and
hence they have a common point. The lemma is applicable, and we
conclude that there exists & collection ®; which cannot be enlarged without
violating the finite intersection property. If we prove that all sets in ®;
have a common point, then the same is true of ¥, and it follows by
Theorem 4B that M is compact.

If one of the sets Cy € @, is known to be compact there is nothing left
to prove, for then the sets ConC, C € ®;, have the finite intersection
property and would have a common point. We may therefore assume
that no set (' € @y is a compact subset of F We remark further that hy
the maximality of ®; the intersection of any finite number of sets 1 ¢y
must belong to ®;, and that a closed set which intersects all C € ®; must
itself be a member of ;.

Let us define ¢ as the collection of all Q such that QuU 8(Q) contains a
C e®,. If we can prove that ¢ is a boundary component, then it is a
common point of all C. Indeed, if ¢ were not in C’ € @, there would exist
a neighborhood Qu B(Q) which does not meet C’ and hence cannot
contain any C € ;.

Condition (C1) is trivially fulfilled. In order to prove (C2), suppose that
C1, Ce€ ®; and Cyc @y U B(@1), C2C Q2u B(Q2). The boundary of @, N Q2
with respect to F is a compact set. It can therefore be enclosed in a regular
subregion Q of F. The complement F—Q has only a finite number of
components. Those that are compact may be added to Q. We can therefore
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suppose that the components of F—{3, denoted by @;, - - -, Q., are not
relatively compact on F. It is clear that 8=U B(Q;). Indeed, if ¢, € B,
there exists a Qo € go which does not meet the boundary of Q. It follows
that @, is contained in a @}, and hence that Q; € ¢,, or g, € B(Q}).

Suppose that @; does rot belong to g. Then, by the definition of ¢,
M—[Q;u B(Q;)] meets all C € @, and is therefore, by an earlier remark,
contained in @;. If this were true for i=1, .- -, n the intersection of all
the sets M —[Q;u B(Q;)), i.e., the set M — U Q;— U B(Q))=F— LU Q;=1{,
would also be in ®;. But { is a compact set on F, and we have assumed
that there are no such sets in F. Hence there is a Q; € g. Because Q] is
connected and does not meet the boundary of @ N @3 it is either con-
tained in or disjoint from Q)N Qs. The latter is impossible, for then
a set C' c QU B(Q;) could not meet C, nC,. Hence Q;c @, nQ,, and we
have proved (C2).

The same reasoning shows that condition (('3) is satisfied. Indeed, we
can choose Q so that it contains a point given in advance, and we have
constructed a Q; € ¢ whose closure does not meet Q. In other words, the
intersection of all closures @ for Q € ¢ is empty.

We have proved that M is compact. The compactness implies, in
particular, that 8 is not empty.

Remark. Boundary components for open surfaces were introduced by
B. Kerékjart6 [1] and studied in greater detail by S. Stoilow [14]. Our
treatment is more in line with that of H. Freudenthal [1] who showed,
in the countable case, that boundary components can be defined for any
locally compact and locally connected Hausdorff space.

37C. The uniqueness assertion in Theorem 36B is an essential
feature of the theory of boundary components. To prove it, let M,
be another compactification of F which satisfies (B1)-(B3): We have
to construct a topological mapping of Mo onto M which is the identity
on K. ’

In the following we use bars to indicate closure with respect to M.
Similarly, the boundary of a set will always be the boundary on M.
We write fo=Mo—F.

Lemma. Every point o € o 18 contained sn an arbitrarily small region V
whose boundary lies in F.

Let U be any open neighborhood of go. Because By is totally dis-
connected it is possible, by Theorem 4G and Lemma 4G, to separate
qo from Bon (Mo—U). In other words, there exists a decomposition
Bo=AuU B where A and B are closed, disjoint, and such that go€ 4,
Bon (Mo—U)c B. The sete A and Bu (Mo—U) can be enclosed in dis-
joint open sets V) and V3 respectively. We have go € V; c U. The points
of A are interior points of ¥, and the points of B are exterior points.
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Hence ¥y has no boundary points on By. The component of V; that
contains gg is a region ¥ with the desired properties.

For a given go, let ¥ run through all regions with these, properties, and
set Q=V n F. We claim that the sets Q define a boundary component
g of F. First, Q is a region, by ocondition (B3). Second, the relative boundary
of Q with respect to F is compact. Indeed, the relative boundary is
(VAF)~V=(V=V)n F=V—V, the boundary of V, a compact set.
Third, the relative closure § N F=7 F is not compact, for then it
would be closed on My, and ¥, in spite of being connected, would have a
nontrivial decomposition ¥=(¥ n F)u (V¥ npBy) into closed sets. These
facts justify the notation Q.

To verify (C1), assume that Qo=Von F and @>Qp. Set V=Qu
(@upBy). From Qc V < @ we conclude that V is connected and V=3.
It is evident that V contains go. To prove that V is open and has its
boundary in F we must show that every point g1 € ¢ NSy has a peigh
borhood in V. Let V; be an open connected neighborhood of ¢; that does
not meet the relative boundary of Q in F. Because V1N F is connected
and oontains points of @ we have necessarily Vyn Fc Q. Since F is
dense in V; it follows that V;c Q. Hence Vi=(Vin F)u(Vinpf)cC
Qu (@nBo)=V, which is what we wanted to show. Finally, Vn F=
Q@nF=Qsothat Qegq.

Conditions (C2) and (C3) are immediate consequences of the lemma.

37D. Define a mapping f of Mo into M by f(p)=p for pe F, f(q0)=¢
for go € Bo. The mapping is one to one, for distinct points gg, g; have
disjoint neighborhoods V’, V*. It takes open sets into open sets, for if
=V n F, then f(V)=Qu B(Q). It is also continuous, for every neighbor-
hood of ¢=f(qo) contains a Q U B(Q), and we can repeat the reasoning in
37C (the proof of (Cl)) to show that go has a neighborhood V which
corresponds to Q.

Because f(My) is at once open and closed it must coincide with .. We
have proved that f is a topological mapping of M, onto M, and the unique-
ness proof is complete. All parts of Theorem 36B have now been established.

38. Partitions of the ideal boundary

38A. In the applications we shall frequently find cause to consider
partitions of the ideal boundary. Such partitions have a natural relation
to the contours of regular subregions.

For each regular subregion Q of the open surface F we consider the
finite set whose elements are the components of F—(, all noncompact.
Let P denote a partition of this set into mutually disjoint subsets. We can
also regard P as a partition of the set of contours of 2, but with this
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interpretation it must be postulated that all contours of a complementary
component belong to the same part.

The identity partition I consists of a single part, and the canonical
partition, denoted by @, is obtained by letting each component of F—Q be
a part by itself.

38B. Suppose now that there is given a whole system {P} of partitions
P=P(Q), one for each regular region Q. We shall say that the system is
consistent if, whenever Q c Q’. the following is true: any two components
of F<(2" which helong to the same part in P(Q’) are contained in com-
ponents of /' ~Q which belong to the same part in P(Q).

Another way of describing the same relationship is as follows: the
partition ’(Q) induces, in a natural way, a partition of the set of com-
ponents of ¥ —Q'; it is required that P(Q’) is a refinement of the induced
partition.

The systems {I} and {@} of identity partitions and canonical partitions
are evidently consistent.

38C. We show that a oconsistent system {P} induces a partition P, or
P(F), of the ideal boundary B, considered as a set of boundary components.
We define it in the following way:

Given a boundary component ¢ and a regular region there is a unique
component R= R(q, Q) of F—Q such that, in the terminology of 36D,
¢ € B(R). We agree that q1, g2 will belong to the same part in the partition
P(F) if and only if, for every Q, R(q1, Q) and R(gz, Q) belong to the same
part in P(Q).

It must be verified that the relation is transitive. This is trivial,
however. for if R(q1, Q), R(gz, Q) belong to the same part and R(gs, Q),
R(qs3. 2) belong to the same part, then R(q1, Q) and R(gs3, Q) belong to
the same part in P(Q).

Note that {@} induces the canonical partition @ in which every part is
a single boundary component.

38D. The induced partition of 8 is not arbitrary. On the contrary, it is
found to satisfy a rather strong condition of regularity.

In order to describe this condition we identify points of 8 that belong
to the same part; we denote by g the part that contains g. The resulting
space, suitably denoted by B/P, has an induced topology (see 2F). We
recall that a set E c B/P is open if and only if the union of all sets e F
is open on B.

We contend that B/P is a totally disconnected Hausdorff space. A
partition which satisfies this condition will be called a regular partition.

To prove that P is regular, consider §; #g2 and choose q; € §1, ¢2 € §a.
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There exists an Q such that R'1=R(q1, Q) and Rz= R(gs, Q) belong to
different parts in P(Q). Let R;, Ra be the parts that contain R;, R
respectively. We form the sets U;=U B(R), Re R, and Uag=U B(R),
Re R, Then U, and Uz are open and closed subsets which are disjoint
and contain ¢; and g2. Moreover, the definition of P implies that they are
unions of sets §. Therefore U;/P and Us/P are disjoint open and closed
neighborhoods of §,, §2. It follows that B/ P is a Hausdorff space, and that
the component of §; does not contain gz. In other words, each component
reduces to a point, and the space is totally disconnected.

38E. We prove conversely that every regular partition of g8 is induced
by a consistent system of partitions. To summarize:

Theorem. Every consistent system {P} of partitions induces a reyular
partition of B, and every regular partition of B 1s induced by such a system.

Given a regular partition P of 8 we let M(P) denote the space obtained
from M = F u B by identifying points of 8 which belong to the same part.
For each regular region Q we consider the components of M(P)—Q and
define P(Q) by letting two components of F'— belong to the same part
if and only if they are contained in the same component of M(P)—(). The
partitions P(Q) are consistent, for if {Jc Q’, then each component of
M(P)—Q’ is contained in a component of M(P)—Q.

It remains to show that the system {P(Q)} induces P. Suppose first
that g1 and g2 are in the same part with respect to P, that is to say,
q1=7a. We set Ry=R(q1, Q), Re=R(q2, Q). Then q, € B(R)), g2 € B(Ry2),
and we see that §; belongs to the closure of R; as well as the closure of
R, with respect to the topology of M(P). Hence R; and R; are in the same
component of M(P)—Q, and we have shown that ¢, g2 belong to the
same part in the partition induced by { P(Q)}.

Suppose now that §i#gs. Because B/P is totally disconnected we can
find open and closed disjoint neighborhoods of G, g2 (see 4G). These
neighborhoods are of the form Uji/P, Us/P where Uy, U are disjoint
open and closed unions of sets §. Because U, U; are open they are unions
of sets B(7)). Because they are compact they are finite unions of such sets:
Ur=B(@1)U - - - UB(@m), U2=B(@m+1) U - - - U B(Qm+p)-

Choose Q so large that it contains the boundaries of @i, - - -, Qm+p.
Then, for each component B of F—Q and each @y, either Rc @y or
RN @y=0. It follows that B(R)c U;, B(R)c Ug, or B(R)c B—U;—U,.
Let Ry, B be the sets of components R with S(R)c Uy, B(R)c U,
respectively. We have U;=U B(R), Re Ry, and Uz=U B(R), Re R,.
Our contention that ¢1, ¢z belong to different parts in the partition
induced by {P(Q2)} will be proved if we show R, € R, and R; € R, cannot -
be contained in the same co}nponent of M(P)-Q.

For this purpose set S;=U (RUB(R)), Re Ry. This 15 an open and
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closed set on M —Q, and 8;nB="U; is a union of sets §. Therefore the
corresponding set on M(P)—(Q, obtained by identification, is also open and
closed, and hence a union of components. It contains R; and does not
meet R2. Hence R; and Rg cannot be contained in the same component,
and our proof is complete.

§7. THE CLASSIFICATION OF POLYHEDRONS

The classification theory depends on deeper combinatorial considerations
than those which occur in homology theory. This is evidenced by the fact
that homology theory can be formulated just as easily in any number of
dimensions, while not even the 3-dimensional analogue of the classification
theory is known.

Th+ mtroduction of models makes the theory of surfaces much more
conerete, and it is the orly known way to determine the fundamental
group in an explicit manner.

39. Cell complexes

39A. Our immediate aim is to obtain a complete classification of all
topologically different finite polyhedrons. The method, briefly described,
will be as follows: We imbed the complexes of finite polyhedrons in a
larger class of objects, called cell complexes. In this larger class we define
an equivalence relation, similar to the one introduced in 28. This new
equivalence relation, when restricted to polyhedrons, will actually be
identical with our earlier notion of equivalence, but it will not be necessary
to prove this identity as long as we can show that the new equivalence
will possess the fundamental property that equivalent geometric poly-
hedrons are homeomorphic. The next step is to exhibit a complete array
of model polyhedrons, one from each equivalence class. It turns out that
the models are topologically different. As a consequence two finite poly-
hedrons are homeomorphic if and only if they are equivalent (in the new
sense), and we are led to a complete solution of the topological classifi-
cation problem.

39B. Our definition of a cell complex is purely abstract. As indicated
above, certain cell complexes will later be identified with polyhedrons,
and will thus receive a geometric interpretation. This interpretation
forms the motivation for the terminology and is of course tacitly present
from the start.

A cell complex K consists of two finite sets of elements a and A4, referred
to as the sides and faces of K. Each elementa and 4 hasan inverse a1, 4-1,
which is again a side or face, and these inversions are supposed to be
involutory mappings in the sense that (a-1)-1=a, (4-1)-1=4. It is
assumed that a#a-1 and A# A4-1.
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To each face A there is assigned a cyclically ordered set ajaz- - -a, of
sides, the ‘“boundary’ of A4, in such a way that the inverse cycle
a7l - -a7'ar! is assigned to A~1. The notation is misleading for typo-
graphical reasons: a, is meant to be the successor of as, and there is no
distinguished first element. If n>1 the cycle ay- - -a; is different from
ay- - -Gy.

In addition to these basic assumptions we assume that K satisfies the
following special oonditions:

(B1) Each side a oocurs either once or twice as an element of a
boundary.

(B2) K is connected. .

Condition (Bl) is to be interpreted in the sense that a can appear twice
in the same boundary, but then it does not appear in any other boundary.
The connectedness means that K is not the union of two disjoint non-
empty systems which satisfy all other requirements.

Ry way of clarifying the definition we agree that K is not allowed to
be empty. However, K may consist of a single pair 4, A-1 with empty
boundaries.

39C. The notion of vertex can be described in terms of sides and faces.
A sucoessor of a is & side which appears immediately after a in a boundary.
If a appears in two plaoces it has two successors, and we call them a pair
of sucoessors even if they should happen to be identical.

A oyclically ordered set a=(a,, az, - - -, ay) is called an snner vertex if
a; has a;}, and a;}}; a8 its pairs of successors. If the same condition holds
for 1 <4 <n, while a, and a, have only the successors a; ! and a7 respect-
ively, then «, regarded as a linearly ordered set, is called a border vertex.
In the definition of vertices we make no distinction between (ay, - - -, az)
and (a‘ﬁ’ M) al)'

With theee conventions every side belongs to exactly one vertex. In
fact, starting from an arbitrary a we find its neighbors in a vertex by
taking the inverses of its successors. This can be continued in both
directions until the cycle closes, or until we hit sides with only one suc-
cessor, Using a geometric language it is convenient to say that each side
leads to & vertex, its terminal point.

There is a natural way in which any finite polyhedron can be regarded
as a oell complex. Conversely, a cell complex can be regarded as a poly-
hedron if the following conditions are fulfilled:

(C1) If a, b are distinct and lead to the same vertex, then a-1, b-1
lead to distinct vertices.
(C2) The boundary of each face has the form abec.
(C3) Different faces have different boundaries.
It is a consequence of (Cl) that & and a~! cannot lead to the same
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vertex. Furthermore, the sides a, b, ¢ in (C2) lead to different vertices
and are hence distinct. In fact, since abc is a boundary a and b-! determine
the same vertex, and by the preceding remark b cannot belong to that
vertex.

39D. By the use of cell complexes an elementary subdivision of a
polyhedron (28A) can be decomposed in even simpler steps. For this
purpose, we define two elementary operations on cell complexes:

P1. The first operation consists in replacing a pair of sides a, a-! by
be and ¢~1b-1 in all boundaries.

P2. In the second operation we replace a face 4 with the boundary

1°* *Gplpi1- « -Gn by two faces A’, A" with the boundaries a,- - -apd and
d-lap,1- - -aq. The corresponding decomposition is applied to 4-1.

With the help of these operations we define the notions of refinement
and equivalent cell complexes exactly as in 28.

39E. Since every polyhedron can be regarded as a cell complex, we
have, at least formally, introduced two different equivalence relations
between polyhedrons. On comparing the operation of elementary sub-
division with the operations P1 and P2 it is evident that two polyhedrons
which are equivalent as polyhedrons, i.e., by the definition in 28, are also
equivalent as cell complexes. To prove the opposite conclusion by a
combinatorial argument is discouragingly complicated. Fortunately, as
remarked in 39A, it is sufficient to establish the weaker result that poly-
hedrons which are equivalent as cell complexes are a fortiori topologically
equivalent.

For this purpose we associate a topological space K with every cell
complex K. Provided that no face 4 has an empty boundary, the con-
struction is as follows: For each pair 4, A-1 we choose one face, say 4,
and represent it as a closed circular disk. If the boundary of 4 is ajaz- - -a,
we divide the corresponding circumference into » arcs. These arcs,
described in positive direction with respect to the disk, are named
a,, ag, - -, @, and the opposite arcs a;?, a5}, - - -, a7 1. Whenever, in the
complete system, two arcs have the same name, they will be mapped
onto each other in such a way that arc lengths are proportional to each
other, and so that initial and terminal points correspond. The space K
is obtained by identifying points that are mapped on each other. The end
points of the arcs @ must of course be identified in a transitive manner.

With this definition of K it is easy to verify that equivalent cell com-
plexes K, K lead to homeomorphic spaces K;, K;. Moreover, if K is a
polyhedron, i.e., if (C1)-(C3) are satisfied, then K is homeomorphic to K.

To make the definition complete we must still consider the case where
K has a face A with empty boundary. It follows by (B2) that 4 and 4-1
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are the only faces. Application of P2 permits us to replace 4 by 4’, 4”
with the boundaries d and d-! respectively. The corresponding topo-
logical space will be the double of a disk. Hence, if we want K to be
. topologically invariant under P2 we must choose X as a sphere.

Our assertion was:

If two polyhedrons K,, Ky are equivalent as cell complexes, then (K1), is
topologically equsvalent to (Ks)g.

The proof is immediate, for (K;)y is homeomorphic to K, (K3), is .
homeomorphie to K3, and K, K; are topologically equivalent by reason
of the equivalence.

39F.‘”‘We wish to show that every cell complex has a refinement which
is a palyhedron. This will permit us to conclude, without further proof,
that every K is a surface.

F16.7

The construction requires several steps. We may assume that no 4 has
an empty boundary, for we have seen in 39E that every cell complex has
a refinement with this property. The first step consists in applying P1 to
all sides. If a is replaced by be, a new vertex (b, ¢~1) is introduced. Tt
follows that b and b-! lead to different vertices, and the sae is true of
cand ¢l .

For the second step, suppose that 4 has the boundary ajas- - -a,. It
is known that n2 2, for otherwise a; and a;' would lead to the same
vertex. Application of P2 replaces the boundary by a;d and d-la;- - -a,.
We use P1 to replace d by d,d;!. The boundaries can then be written
as d;'a,d, and d] 'a;- - -asdy, and by repeated application of P2 the latter
boundary can be decomposed into d; lasds, d; lagdy, - - -, d; 1 a,d,. When
this transformation is applied to all faces, the resulting cell complex
satisfies (C2) and (C3) but not necessarily (C1). It is important to notice
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that the result accomplished by the second step remains in force. In fact,
for a given A all the d; form a single vertex (d;, dg, - - -, dy).

As a third step we consider a boundary ajasas and use Pl to replace
it by bjcibecebscs. By three applications of P2 this boundary can be
decomposed into ¢,bydy, cobedy, csbdy and di 'ds 1d; 1. 1t is an easy matter
to verify that the cell complex obtained by this final step is a polyhedron.

The process which we have described is unique up to isomorphisms.
Its application in the case of a square is illustrated in Fig. 7. Note that
the construction produces & triangulation even if the sides of the square
were originally identified in the manner of a torus.

With every cell complex K we have associated a polyhedron K, which
will be called the simplicial subdsvision of K. The construction shows that
K is equivalent to K,, and X homeomorphic with (X,),.

40. Canonical forms

40A. We have already derived, in 28B, three necessary conditions for
the equivalence of polyhedrons. It was shown that two equivalent poly-
hedrons must agree in orientability, number of contours, and Euler
characteristic. These conditions can be reformulated in terms of ocell
complexes.

We begin with the most basic distinction which is that between the
orientable and nonorientable case. The faces of a cell complex K are
divided into pairs 4, A-1. A choice of notation whereby one out of each
pair of inverse faces is denoted by 4, the other by A-1, constitutes an
orientation of K. The orientation is cokerent if each side a appears at most
once in the boundaries of the faces 4. In other words, if a appears twice
in the whole system of boundaries, then it appears in the boundaries of a
face A, and of a face A5 L

A cell complex A g galled orientable if it has a coherent orientation.
One verifies at once that any refinement of an orientable K is orientable.
Conversely, if the refinement is orientable, so is X. We conclude that the
cell complexes in an equivalence class are either all orientable or all
nonorientable. For polyhedrons, the new definition of orientability
coincides with the old.

40B. The contours of a cell complex are formed by the sides that appear
in only one boundary. An individual contour is a cyclically ordered set
{ai, - -, an) of such sides, with the property that a; and a;}} lead to
the same vertex. When we count the number of contours we do not
distinguish between <a,, - -+, ay> and <az%, ---, a7 ).

It is clear that neither P1 nor P2 changes the number of contours. There-
fore, equivalent cell complexes have the same number of contours.
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40C. The Euler characteristic of a cell complex is found by counting
the vertioes, the pairs of sides a, a-1, and the pairs of faces 4, 4-1. In
terms of these numbers ng, n;, ng the characteristic is p= —ng+n;—ns.

The operation Pl increases the number of sides by oné and introduces
one new vertex while n remains unchanged. Similarly, P2 increases
n1 and ng by one and leaves no unchanged. Hence equivalent cell
complexes have equal Euler characteristics.

There is an important exception. If K oconsists of a pair 4, A-! with
empty boundaries, the application of P2 produces boundaries d, d-! and
hence a vertex (d,d-1). In order to remove the discrepancy we must
agree that the original system K possesses an empty vertex.

40D. The classification of cell complexes will be achieved by showing
that each cell complex is equivalent to one and only one canonical cell
complex. The canonical cell complexes are completely described through
the following explicit requirements:

Each canonical ccll complex contains a single pair of faces 4, A-!, and
the boundary of A4 is of the form (I) or (II) listed helow

() abyaf bt abas b e her - -cher (p20,920).
AI) aya,---aaebert- - chert (p21,¢20).

40E. The canonical cell complexes are all inequivalent. In the first
place, the systems of type (I) are orientable, and the systems of type (IT)
are nonorientable. This is obvious since there are only two orientations
to choose from.

There are g border vertices, defined by the linear sequences (k;, ¢;, k;"!).
Sinoe h; and ;! lead to the same vertex, it follows that <k;) is a contour
all by itself, and there are ¢ contours. We conclude that two canonical
complexes cannot be equivalent unless they have the same g.

In order to compute the characteristics we note that the system (I) has
one inner vertex, namely (a7 1,b,a,,b7%, - - -,a;1,b,, 0,05 7Y, -0 Y).
The total number of vertices is thus ¢+ 1, the number of sides is 2p + 2¢,
and there is only one face. This gives p= —(¢+1)+2(p+¢)—1=2p+¢-2.

Inthesystem (II) the inner vertex is (a7 %, a,, - - -, a; 1, a,, 67, - - e ),
and we find that p= —(g+1)+(p+2¢)—1=p+g-2.

Since equivalent canonical cell complexes have the same p and ¢, they
must also have the same p. We have shown that equivalent canonical
complexes must be identical up to isomorphism.

It is to be observed that the computation of p agrees with our special
convention in the case p=¢=0. In fact, we postulate the existence of an
empty vertex and obtain p= -2, in accordance with the formula

p=2p+q—2.
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41. Reduction to canonical forms

41A. The inverse operations of P1 and P2 will be denoted as (P1)-!
and (P2)-1. They are applicable under circumstances that are easy to
recognize. Clearly, (P1)-1 can be applied to a pair of sides b, ¢ provided
that (b, c!) is a vertex, and the operation eliminates this vertex.
Similarly, (P2)-1 can be used to eliminate a side d provided that there are
two faces 4; and 42 which are neither identical nor inverse to each other,
and whose boundaries contain d and d-1 respectively.

We will now introduce a series of systematic reductions by which a
given cell complex can be brought to one of the canonical forms.

41B. Cancellation. Suppose that one of the boundaries has the form
aa (1), where the symbel (1) stands for an unspecified sequence of sides,
a sequence that could even be empty. By use of P2 the boundary can be
replaced by ad and d-1a-1(1). (P1)~1 allows us to write ad=c, and ¢ can
be eliminated by (P2)-1. The net result is that aa—1 can be omitted.

41C. Vertex reduction. We suppose that all cancellations have been
carried out. If the remaining system has no sides it must be of type (I)
with p=¢=0, and we have reached our goal. In the opposite case there
remains a side, and therefore at least one vertex.

Consider an inner vertex a=(by, ---, by), and assume, for instance,
that b ! does not lead to a. Then m 2 2, for otherwise one of the boundaries
would contain ;b7 1. We locate the succession b;b;! and use P2 to intro-
duce a boundary of the form b,b; 1c. Since b, is different from b,, b7'%, ¢, ¢!
it is possible to eliminate bs by (P2)-1. The effect is to shorten «. In fact, ¢
leads to the same vertex as b, and ¢! leads to the same vertex as by 1.
Hence, if b; ! does not belong to «, nothing is added to « and b, is dropped;
if b;! does belong to a, ¢! is added and by, b5 ! are both dropped.

This can be repeated until « consists of b; alone, and then b; can be
cancelled, causing a to disappear. The eliminating process can be applied
to any mner vertex, provided that it is not formed by pairs of sides which
are inverse to each other. On the other hand, if the b; in a=(hy, - - -, y,)
are inverse in pairs, then every b; has elements b; and b; for successors,
and it follows easily by the connectedness of K that o ixthe only vertex.
The reduction can thus be continued until there @re no inner vertices, or
until a single inner vertex remains.

In the presence of a border we prefer to leave one inner vertex, even
though it could be eliminated. If there is no inner vertex from the begin-
ning, one can be introduced by application of P2 and P1. Let the remaining
inner vertex be «g. There must exist a border vertex 8= (k, ¢, - - -, cm, k)
such that a ¢! leads to «, for otherwise the system would not be con-
nected. The same method as above permits us to eliminate ¢;+; and ¢4y,
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until the remaining vertex has the form (4.¢, k) If k#% 7 it v cven
possible to eliminate ¢;, and the remaining vertex (k, k) can be removed
by (P1)-1. We can thus continue until we come to a vertex of the form
(h, ¢, A1) with ¢! leading to «o.

Any remaining vertex can be reduced in the same way without inter-
fering with the reductions that have already been carried out. This is
easily seen if we observe that a vertex (, c, h~1) entails the presence of a
sucoession chc-! in the boundaries. Such a succession, which we call a
loop, remains unaffected by any operation which does not involve 4 or c.
Because ¢, A and A-1 lead to the vertex that has already been reduced,
while ¢! leads to «p, we see that A and ¢ are not involved in any further
reductions. We conclude that the whole process leads to a cell complex
with one inner vertex and border vertices of the form (h,, c;, 71).

41D. Cross-caps. The resulting system may consist of several pairs of
faces A, A-1. It can always be reduced to a single pair by applying
(P2)-! as many times as possible. This does not introduce any new vertices,
and the loops are not affected.

Suppose that the boundary of the remaining 4 contains two identical
sides; we indicate this by writing the boundary in the form a(l)a(2). It
can be replaced by a(l)b, b-1a(2), and if a is eliminated we obtain the
boundary bb(2)~1(1). The succession bb is called a cross-cap. When the
process is repeated the cross-caps and loops that are already present will
not be destroyed. We can therefore continue until all pairs of identical
sides appear as cross-caps.

We note the formal rule a(1)a(2) ~aa(2)-1(1) (read: equivalent to), or
aa(1)(2)~ a(2)a(1)1.

41E. Handles. A second formal rule is obtained if we consider a
boundary of the form a(1)(2)a-1(3). We break it into a(1)b, b-1(2)a~1(3)
and eliminate a. The result is a boundary b-1(2)(1)b(3), and we can write
a(1)(2)a"1(3)~a(2)(1)a"1(3).

We apply this rule repeatedly to a boundary «(1)b(2)e-1(3)b-1(4) and
find that it is equivalent to ab(2)(1)a~1(3)b-1(4)~ aba~-1(3)(2)(1)b~1(4) ~
aba-b-(4)(3)(2)(1). The succession aba-1b-1 is called a handle. Repetition
does wot destroy the handles, cross-caps, and loops which are already
present.

As a further simplification we show that a handle and a cross-cap can
be replaced by three cross-caps. This follows by the first rule, for we obtain
aa(1)becb~1c1(2) ~ ab-1c~1(2)ac~15-1(1)-1 ~ b-1b-1a-1(1)c1(2)ac~! ~ c-lc-1
(1)-1abb(2)a~ aa(l)cchb(2).”

41F. When these reductions have been carried out, we claim that the
remaining boundary is completely decomposed in loops and cross-caps:
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or handles. Clearly, we must show that there does not remain any pair
¢, ¢=1 which is not part of a loop or handle. If such a pair exists we can
write the boundary of 4 in the form ¢(1)c~1(2), where no side in (1) is
equal or inverse to a side in (2).

We note that the result of the vertex reduction is still in force, for the
subsequent reductions did not make use of Pl or its inverse. Since ¢ and
¢~1 are not part of a loop, they must both lead to the inner vertex og. On
the other hand, it is clear from our assumption that both successors of ¢
are in (1), and that both successors of ¢ are in (1) and that each successor
of a side in (1) is either itself in (1), or else identical with ¢~1. It follows
that ¢! is not in the vertex determined by ¢, and we have reached a
contradiction.

41G. In order to arrive at the canonical forms we must still show that
the loops can be placed in succession. This is easily accomplished, for by

out ~ceend formal rule we obtain che=Y(1)dkd—1(2)~ che-1dkd=1(2)(1).
Thus any two loops can be brought next to each other without breakimy
up previous successions.

Our proot 15 now complete, and we have shown that every cell comple x
s equunvalent to one and only one canone al complex

42. Topological classification

42A. We know now that any polyhedron K is equivalent, as a cell
complex, to a canonical cell complex. If two polyhedrons K and K’ are
equivalent to the same canonical cell complex, then K s and K, are
homeomorphic (39E). We have indicated in (39A) that this sufficient
condition for topological equivalence is also necessary.

To prove the necessity it is sufficient to show that the simplicial sub-
divisions (see 39F) of the different canonical cell complexes determine
topologically different geometric polyhedrons. But this is an immediate
consequence of the fact that the canonical forms differ either in orienta-
bility, in number of contours, or in Euler characteristic. Indeed, homeo-
morphic surfaces must have the same character of orientability, and the
same number of contours. In addition, they must have isomorphic
homology groups, and we have shown that the homology group determines
the Euler characteristic.

We have thus obtained a complete proof of the fundamental theorem in
classification theory:

Theorem. Two triangulated compact surfaces or bordered surfaces are
topologically equivalent if and only if they agree in character of orientability,
number of contours, and Euler characteristic.

42B. An important consequence of this is that we can construct simple
model surfaces corresponding to the canonical forms. Consider, for instance,
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a circular disk in which we make p circular holes. The double of thix region
is a closed orientable surface, and in various simple ways we can construct
an explicit triangulation whose characteristic turns out to be 2p — 2. Hence
it represents a surface of type (I) with g=0 and the given p. It is visualized
a8 a sphere with p handles. Removal of ¢ disks transforms it into a surface
of the same type with arbitrary q.

Starting from a disk with p circular holes another closed surface can
be constructed by identification of diametrically opposite points on each
contour (but no doubling). The resulting surface is nonorientable, and it
has a triangulation with the characteristic p — 2. Therefore, it is & model of
type (II) with ¢=0 and given p. A general surface of type (II) can again
be obtained by removing ¢ disks. The term cross-cap refers to a concrete
way of realizing the identification of opposite points.

43. Determination of the fundamental group

43A. Even more important than the classification is the fact that we
can now compute, explicitly, the fundamental group of a finite polyhedron.
For this purpose we are going to rely once more on the technique of
simplicial approximation which was introduced in 34A to determine the
singular homology group of K.

We begin by defining, in combinatorial terms, the fundamental
group of a cell complex. A polygon on a cell complex K is a succession
a1a3- - -ay of sides with the property that a; and a; ), determine the
same vertex. The initial point is the vertex determined by a1, and ter-
mina) point is the vertex determined by as. The polygon is closed if they
coincide. '

The product of @; - - -@g 8nd @g41: - -Gu4p is defined only if the terminal
point of the first polygon coincides with the initial point of the second;
it is taken to be the polygon a;- - -ag4p.

We define two elementary deformations of polygons. The deformation
D1 consists in omitting a succession of the form aa-1, and D2 consists in
omitting the boundary of a face. Two polygons are said to be homotop if
one can be reduced to the other by means of a finite number of deformations
D1, D2 and their inverse operations. The closed polygons from a fixed
vertex ap fall into homotopy classes, and multiplication of polygons in-
duces a multiplication of these classes. With this law of composition the
homotopy classes form a group #(K), the fundamental group of K. The
unit element is the homotopy class of the empty polygon.

It is readily shown that #(K) does not depend, as an abstract group,
on the choice of the vertex ap. Furthermore, it does not change under the
operations P1 and P2. Hence equivalent cell complexes have isomorphic
fundamental groups.
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43B. We can determine the fundamental group of an arbitrary cell
complex by considering the corresponding canonical system In the case
q=0 there is only one vertex, and all polygons are closed. For a system of
type (I) the fundamental group is generated by a,, by, - - -, ap, by, and
the generators are connected by the relation a,b,a; b7 !- - -aba 10 1=1.
The special case p=0 is included, for then the only polygon is the empty
polygon, and the fundamental group reduces to its unit element. Similarly,
the fundamental group of a canonical cell complex of type (II) is generated
by ay, - - -, ap, subject to the relation aja;- - -apap=1.

If g=1 we take ag to be the inner vertex. It is easy to see that the
closed polygons are products of a;, b; and e;=¢;h,c;}. These generators
satisfy relations a,ba;’brl---aba b e, -6, =1 or a,0,---a,ae
- - -eg=1. With the aid of these relations ¢, can be expressed in terms of
the other generators. Thus the fundamental group is a free group with
2p+g—1 generators in the orientable case and p+¢—1 generators in the
nonorientable case.

43C. If K is a polyhedron we show that #(K) is isomorphic to #(K,),
the fundamental group of the surface or bordered surface K. First of all,
the vertex «p may be identified with a point O on K,, and we represent
F(Ky) as Fo(K,) with respect to O as origin. Each closed polygon from
«p can be considered as a closed curve from O. We find that homotop
polygons determine homotop curves. Therefore, the correspondence
defines a homomorphic mapping of #(K) into (K,).

Suppose now that y is a closed curve from O. Exactly as in 34A we
determine a simplicial approximation of y, but this time the approximation
is interpreted as a polygon rather than as a cycle. First, y is divided into
subarcs, y=vy1y2- - - va, such that each y; is contained in a star S(e;). The
centers og and a4 are either identical, or the initial and terminal points
of a side a4; in the case of identical centers we set a;=1. We make sure
to choose «; and «, equal to the given vertex «o, and construct the polygon
aaz- - -ay-1 a8 simplicial approximation of y. It is not unique, but a very
simple argument shows that its homotopy class is uniquely determined.

We must show that homotop curves have homotop simplicial approxi-
mations. This requires a slightly more detailed argument than in 34B
where only homology was involved. Suppose that v’ and y" can be de-
formed into each other by means of the mapping (¢, u)—f(¢, u). We can
divide the unit square into rectangles [t t;11] % [us, us41] such that the
image of each rectangle under the mapping f is contained in a star. As a
consequence, it is possible to choose identical simplicial approximations
of the curves t—f(¢, u;) and t—f(t, us+1). It follows that any two simplicial
approximations of ¥’ and y" are homotop, as asserted.

By simplicial approximation we can thus define a homomorphice
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mapping of F(K,) into F(K). We must show that it is inverse to the
homomorphism in the opposite direction which we obtained by inter-
preting each polygon as a closed curve. If the polygon P gives rise to the
curve =, it is quite clear that P is in turn a simplicial approximation of .
Conversely, it must be shown that a closed curve y=y1y32- - -y is homotop
to its simplicial approximation P=aas- - -a,—1 when the latter is con-
sidered as a curve. This becomes clear when we note that the intersection
of the stars S(x¢) and S(a¢+1) is simply connected. As a first step we join
« to the initial point of y¢ by a line segment o¢ in S(ag). Then y is homotop
to (y,05Y) (037305 1)« - - (0,7,). Here oy,07}; can be deformed into a; w1thm

S(es) 1 8(ey+1), and it follows that y is homotop to P.

We have now proved that the fundamental groups of A and K, are
isomorphic, and we are thus in a position to compute the fundamental
group of any compact polyhedron.

43D. On examination of the different fundamental groups, enumerated
under 43B, we find that the fundamental group is trivial in two cases,
namely for canonical complexes of type (I) with p=0, ¢g=0and p=0, g=1.
This means that the only simply connected finite polyhedrons are the
sphere and the closed disk.

It is also of interest to determine all finite polyhedrons whose funda-
mental group is Abelian. In addition to the cases already considered this
happens for a torus, type (I), p=1, ¢=0, for an annulus, (I), p=0, ¢=2,
the projective plane, (II), p=1, ¢=0, and the Mobius band, (II), p=1,
g=1.

43E. Having determined the fundamental group of a finite polyhedron
we can automatically write down the homology group by application of
Theorems 33D and 34A. All that is needed is to make the fundamental
group Abelian and write it additively. The same generators will now satisfy
the relation e, + - - - +€4=0 in the orientable case and 2a;+ - - - +2a,+¢;
+ - - +e¢=0 in the nonorientable case. If ¢>0 these relations serve to
eliminate e4, and the homology group is thus a free Abelian group with
2p+qg—1 generators in case (I) and p+¢—1 generators in case (II). If
g=0 the homology group is still a free Abelian group in case (I), now with
2p genuerators, but in case (IT) the relation 2(a, + - - -+a,) =0 shows that
there exists an element of order 2. Since there is no other relation the
homology group is the direct product of a group of order 2 and a free
Abelian group with p—1 generators. All this merely reconfirms our earlier
results which were obtained without use of the classification theory. In
particular, for orientable polyhedrons the number p coincides with the
genus, as defined in 31G.

With the help of the canonical cell complexes we can even construct a
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homology basis in an explicit way. We know that a finite polyhedron K,
is homeomorphic to the geometric complex that corresponds to the sim-
plical subdivision of some canonical cell complex. If we use this triangula-
tion there is an obvious way of associating definite cycles with ay, by and
e (or, preferably, with the contours A;). These cycles form a concrete
homology basis. What is more, in the orientable case we can introduce the
dual subdivision, and find by easy considerations that either
ay, by, ---,ap, by or by, a3, - - -, by, ap constitute a canonical basis (31G).

44. Topological properties of open polyhedrons

44A. No complete classification of open polyhedrons is known, but we
can obtain partial results which throw light on the situation. We make
use of canonical exhaustions as introduoced in 29. Our first aim is to prove:

Theorem. The fundamental group of an open polyhedron is a free group.

Given an open polyhedron K we were able to construct, for a suitable
subdivision, an exhaustion Py with the property that the complementary
components of Py in Pp4) have each a single contour in common with
P,. The contours of P, were named b...¢ and the complementary
components in Pn41 had matching names @,...¢,. The proof in 43C is
valid for infinite as well as for finite polyhedrons. Thus we need only
determine the group #(K) formed by the homotopy classes of closed
polygons from a fixed vertex.

For the determination of $(K) we can replace X by an equivalent
infinite cell complex, and we choose this cell complex in a definite way.
We replace P; by a cell complex which has an inner vertex «g and a single
vertex o4 on each contour by. Similarly, we let Q; have the vertex «; on
bs and a single vertex oy on each by, and so on.

The vertex «p is chosen as initial point of the polygons. Our method
will be to determine % (Py41) when % (P,) is given, and this passage can
be accomplished by adding one @,...¢ at a time. Therefore, the passage
from P’} to P’y ¢ Qy i§ completely typical.

For the purposc of comparing F(P1) and F(P1u@Q;) we can tem-
porarily choose «; as origin. The group & (P)) is free, and its generators
will be denoted by g, - - -, gr. The group (@) is likewise free, and we
can choose its generators A, - - -, ks 80 that A;=>b;. Since «; is the only
vertex on by it is clear that any closed polygon on P; U@, which begins
at a; can be decomposed into a product of closed polygons which lie
alternately in P; and in ¢;. Each polygon on P, is homotop to a product
of generators gy, and each polygon on @; can be expressed as a product of
the &;. Since k) belongs also to P; it follows that & (P; U @) is generated
byglv s G hz» . "hl'

We contend that these generators are independent. Any relation that
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they sadiafy could be written in the form pigipegs- - - 221 where each
P is agproduct ef factoes gy, «--, g7 and eachg is a product. of factors
ha, - - - o by. A deformation D1 or D2 (43A) brought to bear on p1g1- - - Dage
can be thought of as acting on an individual factor, and the same is true
of the inverse operations, except that factors A; may be introduced in the
¢i- The only way in which a ¢; can disappear is therefore that it be reducible
to a power of A;. But this is impossible since A, - - -, A, are independent.
The relation must hence be of the form p;~x 1, and since the g; are inde-
pendent this must be the identity relation. We have proved that
f(PIUQI)hthommupgm"d bygb s g he, - -, hy.

If we return to the origin ao the generators are replaced by polygons of
the form ¢,g,e7?, ¢,hei L. It is clear that the construction can be repeated
indefinitely, and we find that each % (Py) is a free group.

A closed polygon on K is homotop to 1 if and only if it is homotop to 1
on some Py. Therefore the generators remain independent on K, and in
their totality they generate & (K), which is consequently a free group.

44B. We denote by py,...;, the characteristic, by py...,, the genus,
and by ¢q,...¢, the number of outer contours of ¢y,...¢_; the outer contours
are those different from by,...; . For a consistent notation we agree again

that Q with an empty index is another name for P;, while p, p and ¢ are
the characteristic, genus and number of contours of Q. Finally, we denote
the corresponding numbers for Py by gu, D, Gn.

It is clear, first of all, that

Tntl = 2 Q4. -4,

where the subscripts are subject to the condition twSgs,...¢,_,. Next,
the characteristics are additive, so that

Pu+1 = z Pl by

mISn
We oconsider only the orientable case and have thus p=2p+¢—2 and
Plyotn =2P4 . ta+1..4a —1 for m>0. When these values are substi-
tuted in the formula for jy4) the term —1 occurs once for each Q; .,
0<mSn. The total number of these terms is

z q4.. .4

m<n
Therefore we obtain

i1 +Tnr1—2=2D Pootut D Gyt~ 2,
MISN
and hence

Pat1= 2 Pl by

mIn
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We see that P, is nondecrsasing. The limit 7 as n—co is called the genus
of K, while §=1im gy is the number of boundary components. The number
of generators of the fundamental group % (K) is obtained by following the
construction in 44A. The number of generators in Q,..., i8 1+4pq,...¢,,
but one is dropped each time a component is adjoined. The total number
is therefore 1+ lim gy =2%+§—1. This is also the number of generators
of the homology group H,(K), a result that could also have been derived
from Theorem 30C. Finally, by Theorem 30D the group H,8(K) has §—1
generators, and the quotient group Hy(K)/H8(K) has 27 generators.

44C. The results mentioned in the last paragraph are of special interest
if 7 or § is finite; otherwise, they show merely that the groups in question
have a countable infinity of generators. We focus our attention on the
case where 7 is finite, and prove:

Theorem. .1n orienlable open polyhedron K, of finite genus B 18 homeomor-
phic to an open subset of a closcd polyhedron of genus p.

If B is tinjte there exists an m such that P,=p for n2m. This means
that every Q4. with n Zm is of genus zero. We begin by representing
(Im)g as a closed polyhedron of genus 7 from which a finite number of
closed disks have been removed, one for each contour (42B). From each
disk we remove the requisite number of smaller disks, in such a way that
(@1,---4,)g can be mapped topologically on the remainder. The mappings
can be fitted together so that the two maps of the common contour
bq,...q, agree with each other. This process can be repeated indefinitely
and leads to a mapping of the desired nature.

Corollary. A planar polyhedron 18 homeomorphic to a plane region.

This is the case 7=0 of the theorem. We obtain a mapping into the
extended plane, and if the polyhedron is not a sphere we can assume that
the point at infinity does not belong to the image. 3

44D. If 7 and g are both finite the situation is even simpler. For all
sufficiently large n there are exactly § complements @y ., , each of
genus O and with two contours. From each disk only one smaller disk
needs to be removed, and in the limit we find that we have removed §
closed disks or points. We conclude that the open polyhedron can he
mapped on the interior of an orientable polyhedron of genus p with ¢
contours, or, if we prefer, on a closed polyhedron of genus p which has
been punctured at § points.

In particular, a simply connected open polyhedron is homeomorphic to
an open disk, for the fundamental group is trivial only if =0, g=1.
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§8. EXISTENCE OF TRIANGULATIONS

In this section we prove that every countable surface permits a tri-
angulation. The combinatorial theory which has been developed for
polyhedrons has thus a very wide range of applicability.

The existence proof is in two parts. First, we prove that a surface can
be triangulated if there exists an open covering with certain desirable
properties. In the second part such a covering is constructed. This dis-
position of the reasoning is motivated by the fact that the existence of a
covering with the desired properties is often known from the start, as for
instance in the theory of Riemann surfaces.

The proofs in this section make essential use of the Jordan curve
theorem, which is taken for granted. It may seem slightly inconsistent
that we have not included a proof of the Jordan curve theorem in a
presentation that is otherwise self-contained. The reason is of course that
a proof would cast no light on the questions with which we are primarily
concerned.

45. Coverings of finite character

45A. We know that every surface F has an open covering by Jordan
regions. In what follows the closed Jordan regions will be denoted by ./,
their boundaries by y. The covering is said to be of finite character if the
following is true:

(A1) Each J meets at most a finite number of others.
(A2) The intersection of any two boundaries y consists of at most a
finite number of points or arcs.

It is an immediate consequence of (A1) together with the connectedness
of F that a covering of finite character consists of a countable number of
regions J. They can consequently be ordered in a sequence {J,}. The
boundary of Jy i8 denoted by yy.

If y, is not contained in Jy it intersects the interior of Jy, along a
finite number of cross-cuts. Precisely, a cross-cut of Jy, is the interior of
an are in Jy, whose end points, and only the end points, lie on the boundary.
Naturally, the set of cross-cuts that lie on y, can be empty.

43B. FFor the proof that follows we are going to need the Jordan curve
theorem . in the sharp form due to Schoenflies:

1f y 18 a Jordan curve in the plane there exists a topological mapping of
the plane onto stself which transforms y snto a circle.

It follows that y divides the extended plane in two Jordan regions with
common boundary. The Jordan-Schoenflies theorem has the following
corollary: '

A cross-cut of a Jordan region divides it into two Jordan regions, and the
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boundary of each subregion consists of the cross-cut and one of the boundary
arcs between its endpoints.

For the proof we denote the region by A, the cross-cut by o, and the
two boundary arcs by y1, ya. Let A;, Ag be the Jordan regions in the plane
which are bounded by y:Jo and y2uU o respectively. Since A; has
boundary points in A, while A has no boundary points in A;, it follows by a
connectedness argument that A; c A, and the same applies to As. Since
A; and A; have different boundaries, and none has a boundary point in
the other, it is seen in the same way that A; and Aj are disjoint. In order
to see that these are the only complementary regions of ¢ we identify all
boundary points of A. Then A becomes a sphere, and o together with the
boundary becomes a Jordan curve. It follows that o divides A into two
regions only, and they must be identical with A; and A,.

45C. We are now ready to prove:

Theorem. A surface 18 a polyhedron if it possesses an open covering by
Jordan regions which s of finite character.

From the covering {J,} we discard all those J, which are contained in a
Jm, m#n. The remaining J will still form a covering, for otherwise a
point would be contained in an infinite nested sequence J5, C./p,C/m, C
- - -, in clear violation of property (Al). The new covering will again be
denoted as {J,}.

It is possible that ys C Jys for some m#n. Since J, is not contained in
Jm, the Jordan region which yy, encloses in J;, must be complementary
to Ja. When this is so, the surface F is a sphere, and a trivial triangulation
can be found. This case will now be left aside.

A fixed Jy i8 intersected by each y, along a finite number of cross-cuts.
We begin by considering the cross-cuts on 1, if any. The first cross-cut
divides Jp, into two Jordan regions. One of these subregions is divided
in the same way by the second cross-cut, and so on. We find that y;
divides Js into a finite number of Jordan regions. Each of these either
does not meet y2, or is in turn divided by y; into a finite number of Jordan
regions. When continued, the process ends in a finite number of steps, for
Jm meets only finitely many yy.

We denote by Jms the closed subregions of J,, obtained by this con-
struction. Any two regions Jpy and Jyu; are either identical or have disjoint
interiors, for neither has a boundary point which lies in the interior of the
other.

At the same time we consider the arcs ym¢ into which yy is divided by
the points on a yy or the end points of arcs that are common to y, and
n. Again, ym¢ and yy; are either identical or have at most end points in
common. It is evident from the construction that the boundary of each
Jmi i8 & union of arcs yx;.
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45D. In order to construct a triangulation we introduce a complex K
whose vertices are the end points of the aros yu¢ and, in addition, an
interior point of each yw and each Jus. The interior point of Ju; can be
joined to the vertices on the boundary of that closed région by Jexdan
arcs which have only the initial point in common. They divide Jy; into
triangular closed regions. We have thus a natural way of defining the
1- and 2-simplices of K, and at the same time a set o(s) is associated with
each simplex. The conditions (C1)-(C4) enumerated in 22C are all fulfilled
in a trivial manner.

We have proved that a triangulation exists. By a previous result
(Theorem 22D) F is homeomorphic with K and is thus a polyhedron.

46. The existence proof

46A. Every polyhedron has a countable basis for the open sets. There-
fore, a surface F' cannot be a polyhedron unless it is countable. We are
going to show that this necessary condition is also sufficient.

Theorem. 4 surface 18 a polyhedron if and only if it has a countable basis
for the open sets.

According to Theorem 45C we need only prove that a countable surface
has o covering of finite character.

46B. As a preliminary step we prove the following lemma:

Lemma. On a countable surface F it 18 possible to find two finite or infinite
sequences {Vy} and {Wy} of Jordan regions with these properties:

(Bl) Vuc Wy,
(B2) UVy=F,
(B3) No point belongs to infinitely many Wy.

There exists a basis in the form of a sequence {Us} of Jordan regions
(see 8E). Each Uy is a countable union of Jordan regions Uy with Uy c Us.
Similarly, Uy is a union of Jordan regions U with U gy C Uy. We
rearrange the Uy in a sequence {Vy}, and if Vy=U we set Wp=Uy.
Then every open set O is a union of sets V,, with V,c W, cW, cO.

A finite or infinite sequence of integers ny is determined by the following
condition: n is 1 and ng, k> 1, is the least integer for which

Vv uPs_cViu UV,

Such an n; will always exist, for VU --- U Py, | is compact and the V,
form an open covering. It is greater than nz—;, except if ViU --- U Vy,
= F. In fact, ng S nz—; would mean that

Viv---uVs_cViv--- UV cPiu-- U Vs,

Henoe Viu---uVy,_, would be open and closed, and consequently
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equal to F. This can and will happen only if F is compact, and then
Vi.--+, Va, ,and Wy, ---, Wy, are finite sequences with the desired
properties.
In the noncompact case we set Gy=ViU---UV,,. The defining
property implies Gi—; C Gx. Each Gy is oompact and the union of all Gy
is F. Write Hy= Gre1—Gr C G'k.;,z-(y,‘ 1. The set G’p,g—(zk 1 18 open and
can therefore be represented as a union of sets V,C Wn C Grig~Gr-1.
Since Hy is compact it is covered by a finite number of these sets. We
denote the sets in this finite covering by Vi, and the corresponding W,
yIf t§k 3 the set Wy cannot meet a set Wi, for Wy Guac Gy
while Wi 0 Gi-1=0. Henoe every Wq meets only a finite number of
Wii. The double sequences {Vy;} and {Wy;}, suitably rearranged, satisfy
the requirements of the lemma.

46C. We shall need the following fact about Jordan arcs:
(C) Let y be a Jordan arc whose interior poinis lie in a plane region Q.
Then either y does not divide G, or it divides G into two subregions. In the
latter case every mtenor point of y 18 an accessible boundary point of each
subregion.
This proposition is closely related to the Jordan curve theorem, and will
not be proved.

46D. A set I of Jordan arcs on a surface F is said to be discrete if every
point on F has a neighborhood which meets only a finite number of arcs in
I'. We remark that the intersection of the arcs in I' with a region G ¢ F will
also form a discrete set on G (observe that a single y € I' may have several
subarcs in G). The easy proof is left to the reader.

Lemma. Let I' be a discrete set of Jordan arcs y on F, and suppose that the
points py, pz are not on any y. Then p), p2 can be joined by a Jordan arc o
with only a finite number of posnts on U y, y € I

Our first observation is that the lemma has local character. Indeed, we
can find points p; = go, q1, « -+, ¢n = P2 such that g;—; and g lie in a para-
metric disk 4;. If gp—; and ¢z can be joined with 4y in the sense of the
lemma, then it is also possible to join p; and ps.

Accordingly, we replace F by a plane region G. Let o be any arc in G
that joins p; to ps. Because of the discreteness only finitely many yy, - - -,
ya € I meet 0g. We denote the remaining arcs by ¢’ and replace @ by the
component of G— U y’ that contains g¢. It becomes clear thatitissufficient
to prove the lemma for finite sets I.

Induction with respect to the number of arcs proves impractical. In-
stead we shall assume that I' = I’; U - - - UT'y, where the arcs in I'¢ are
mutually disjoint. Let P* be the assertion of the lemma for all I" of this
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form (with finite or infinite I'), and Jet P3 be the same assertion under the
added assumption that I'; contains st most m arce.

The reasoning will go as follows: P? is trivial, and P} is the same as P#-1,
We shall show that P#-1 and P%_y imply P%. Thus P! implies P? for
o)l m and P follows by the same reduction to the finite case as above.
We conclude that P is true for all #, and the lemma will be proved.

Assume P»-1 and Pj3_;. If 1 € T'1 does not separate p; and pa, apply
P}_; to the component of G—y; that contains p;, ps. Conclude that P
holds.

Suppose next that y; divides @ into Gy, G3 with p; € G4, ps € G;. For any
y €T, set A = y1 Ny and denote the relative boundary of A with respect to
v1 by 8. The sets 8 are nowhere dense on y;, and since any compact subset
of y; meets only finitely many 8, so is their union. Hence we can choose
¢ € y1 not on any 8. By (C) it is possible to join p; to ¢ by a Jordan arca; -
with o1 —{qg} C G1. By the choioe of g there exists a subarc o; near ¢ that
meets no y. By Ph_; its endpoint in G4 can be joined to p; by a Jordan are
o’ in the sense of the theorem, and a Jordan are from p; to g can be extrac-
ted from o’ U o;. The construction can be repeated for (3, and we obtain
an arc from p, to ps. This proves P35, and hence the lemma.

Remark: If G is a Jordan region the lemma will obviously remain true
for points p1, ps on the boundary of G.

Fic. 8

46E. Consider the sequences {¥,} and {W,} introduced by Lemma 46B.
We will show that there exist closed Jordan regions J,, such that
Va CJu C Wy, whose boundaries y, have only a finite number of common
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points. They will then form a covering of finite character.

We take J, = V; and assume that Jy, - - -, J»_1 have been constructed.
We shall find J, so that y, intersects y; U - - - Uyy-1 at a finite number
of points. For the construction we represent W, homeomorphically as
a closed disk whose center corresponds to a point of V,. It is a conse-
quence of the Jordan curve theorem that a Jordan curve has an empty
interior. For this reason it is possible to find two points p;, p2 in W, on
distinct radii, which do not lie on y; U - - - Uyg-1. In addition they can
be chosen so close to the circumference that the radial segments be-
tween p;, ps and the boundary circle do not intersect V,. These seg-
ments, extended from the circle toward the center to the first intersection
with 7, will be denoted by s;, s2 (see Fig. 8).

We apply the cross-cut theorem twice, first to the cross-cut formed
by s), s2 and one of the boundary arcs of ¥V, between p;, p2, then to the
second boundary arc. It follows that s, and s; divide W,— ¥V, into two
Jordan regions Q,;, Q whose boundaries are as indicated by the figure.
We apply Lemma 46C, or rather its extension in 46D, to join p; and ps
by cross-cuts o1, 02 of Qj, Q2 which meet y;U --- Uy,s_1 in a finite
number of points. The cross-cuts combine to a Jordan curve y, which
bounds a closed Jordan region J, C W,.

It remains to prove that V, cJ,. Since J, has no boundary pomnts in
Va, either Vy, cJy or else Vj, lies in the complement of J,. In the latter
case we see that the whole boundary of Q; would belong to the outside
region determined by y,, with the exception of p), ps that lie on its
boundary. Thus Q; would have no boundary points in the interior of J,
and this would imply Q; nJ, =0, contrary to the fact that o, belongs at
once to {2 and to Jy. It follows that ¥V, cJ,, and the proof of Theorem
46A is complete.

46F. Obvious modifications of the proof make it applicable to bordered
surfaces. If F is a bordered surface we construct its double . For F we
construct a covering of finite character with the additional property that
cach y, intersects the horder B in a finite number of points. This can be
done by including the contours in the system I" to which Lemma 46D is
applied

Finglly, the proaf of Theorem 45C needs a slight modification which
consists in subdividing each Jp not only by cross-cuts on the curve yy,
but also by all cross-cuts on B.

46G. The full strength of Lemma 46D permits us to show that any two
triangulations of a surface or bordered surface are equivalent.

Let two triangulations of F with the complexes K, K3 be given. The
Jordan ares which correspond to their 1-simplices form a discrete set.
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Therefori we can ot & new triangulation whose 1-simplices inter-
sect those of K, K. A & finite number of points. Observe that Lemma
46D muubeundwiu once to construct & oovering of finite character,
and a seoond time in the proof of Theorem 45C when we subdivide the
regions Juy. If K is the new complex it is a simple matter to show that
K, K, on one side and K, K3 on the other have common refinements.
It follows that K; and K3 are equivalent.

Note the connection with the two definitions of equivalence that were
compared with each other in 39. The result that we have just proved,
together with the italicized statement in 39E, shows that two finite
polyhedrons are simultaneously equivalent as polyhedrons and as cell
complexes. Because a combinatorial proof would be quite involved we
did not, in 39-42, make use of the identity of these two notions of equiva-
lence.

46H. Let Q be a regular region on F. Its contours form a discrete set of
Jordan arcs. We can therefore find a triangulation whose 1-simplices
intersect the boundary of Q only in a finite number of points. On passing
to a suitable subdivision we obtain a simultaneous triangulation of F
and Q; more precisely, Q is triangulated by a subcomplex of the complex
K which triangulates F. The existence of a complex K with this property
was needed in 35B.



CHAPTER 11

Riemann Surfaces

In current terminology Riemann surfaces are the domains of most
general type which can be used to replace the complex plane in the theory
of analytic functions of one complex variable. This is in strict accordance
with the spirit of Riemann’s own work, for Riemann was the first to
recognize that plane regions are not sufficiently general to give a complete
picture of the ideas that dominate function theory, even when restricted
to a single variable.

The present chapﬁr ig of a preparatory nature, being devoted mainly
to definitions and basic properties. In §1 we pay special attention to the

bonof Riemann surfaces This is followed in §2 by a discussion of
some elementary aspects of function theory on Riemann surfaces, in-
cluding some properties of subharmonic functions. The latter are used in
§3 to construct the solution of Dirichlet’s problem by Perron’s method.

§1. DEFINITIONS AND CONSTRUCTIONS

We choose a definition of Riemann surface which emphasizes that we
are dealing with manifolds that possess a certain structure. This approach
makes it possible to use more general structures for comparison.

We are also stressing the methods of effective construction. These
methods play an important role in the more advanced theory, for instance
for the classification of Riemann surfaces (Ch. IV).

1. Conformal structure

1A. The notion of Riemann surface can be defined in many different
ways. It is possible to base the theory on conformal mappings, or one may
wish t0 single out the class of analytic functions, or, alternatively, the.
clagg of harmonic functions. All such definitions are essentially equivalent’
and the cholee is a matter of taste.

The approach through conformal mappings is perhaps the most natural
because it goes justice to the geometric aspects of the theory.

1B. In what follows T will denote a connected Hausdorff space. We
impose very strong conditions which will imply that W is a surface. The
112
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conditions take the form of relations between certain local homeo-

morphisms. They will be divided into three sets of postulates: the first

set defines & family ® of local homeomorphisms, the second defines a

structure class ¥, and the third describes the connection between ® and V.
As far as @ is concerned the postulates are as follows:

(B1) Each % € ® is a topological mapping of an open set ¥ c W onto
an open set in the complex plane.

(B2) If A e ® has domain V then the restriction of £ to any open
set V' c V is also in .

(B3) Let A be a topologwal mapping of an open set ¥V c W onto an
open set in the complex plane, and suppose that V is covered by open
subsets V’. If the restriction of A to each V"’ is in @, then the same shall be
true of A with domain V.

(B4) The domains of all A € ® form a covering of W.

Condition (B3) is the most restrictive. It means that the mappings in
® are defined by local properties alone.

1C. Let Wy be the complex plane. A family ¥ of local homeomorphisms
with domain and range on W, is called a structure class if the following is
true:

(C1) The identity mapping belongs to V.

(C2) If g € ¥, then the inverse mapping g-! is also in V.

(C3) If g1, g2 € ¥, then the composite mapping g o gz is in ‘", pro-
vided that it is defined.

We recall that the composite mapping is defined if the range of g, is
contained in the domain of g;.

A trivial example is the class C° of all homeomorphisms with open
domain and range. More restrictive is the class C¥ of homeomorphisms g
such that g and g—1 have continuous partial derivatives up to the order k.
The most important example for our purposes is the class of directly
conformal mappings. Other examples are the class C® of homeomorphisms
with continuous partial derivatives of all orders, and the class C« of
homeomorphisms that are analytic in the real sense.

1D. We return to the case of an arbitrary W and introduce a connection
between @ and a structure class ¥'. We shall say that ® defines a structure
of class V" if it satisfies these conditions:
(D1) If A,, hy € ® have the same domain V, then A, c h;le W'
(D2, If he® and g € ¥, then g o h € ® provided that it is defined.
Obgerve that (D1) is meaningful for any two mappings whose domains
oVerlap. for by (B2) we can consider the restrictions to the common part.
SimYarly, (D2) has a meaning as soon as the domain of g overlaps the range
of A.
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To abbreviate, we speak frequently of the structure @ rather than the
stracture defined by the family ®.

1E. The structure clagg which is formed by all directly conformal
mappings will be denoted by A. A structure of class 4 will also be called
a conformal structure. We are now ready to formulate the definition of a
Riemann surface. .

Definition. A Riemann surface is a connected Hausdorff space W together
with a conformal structure defined by a family ® of local homeomorphisms
onW.

The correct notation for a Riemann surface is (W, @), but it is frequently
abbreviated to W. It is olear from (B1) and (B4) that W, as a topological
space, is a surface. Moreover, since all mappings of the form A, o ;! are
sense-preserving, it is an orientable surface.

The class A of directly conformal mappings can be replaced by the
structure class 4 of directly or indirectly conformal mappings. A space
with a structure of class 4 may be referred to as a Riemann surface without
orientation. The theory of such surfaces differs only in obvious ways from
the theory of ordinary Riemann surfaces and we shall refer to them only
occasionally.

1F. A structure @ of a given class ¥ is completely determined by a
sufficiently inclusive subset of ®. We call a set B a basis for a structure of
class ¥ if it satisfies the following requirements:

(F1) Each ke B is a topological mapping of an open set Ve W onte
an open sat in the complex plane.

(F2) The composite mappings h, o h3 ! with A,, hy€ B are of class V'
in their domain of definition.

(F3) The domains of all A € B form a covering of W.

If B satisfies these oonditions we obtain a structure @ of class ¥ by
including all topological mappings A’ with open domain and range which
are such that &’ o A-1 € ¥ for all A € B. (B2) and (B3) are trivially fulfilled,
and it follows from (F2) that Bc ®. Next, & o A’-1 € ¥ by virtue of (C2),
and if ', h* € ® we find by (C3) that A’ o A"-1=(h’' o k1) o (A" o h-1)-1 ¥
locally, and therefore in its whole domain. Finally, (D2) is likewise an
immediate consequence of (C3), for (goA’)oh-t=go (k' ch1l)e¥. We
conclude that @ is a structure of class ¥. Conversely, it is the only such
structure which contains B.

Suppose that ¥'; c ¥ are two structure classes, one contained in the
other. Then any structure of class ¥'; is a basis for a structure of class ¥'s.
In this sense any structure determines a structure class C9, which is just
the topological structure, and a conformal structure determines a structure
of arbitrary class CF. :
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1G. For the complex plane, or any subregion of the complex plane, the
identity mapping by itself can be considered as a basis for a structure of
any class, and in particular for & conformal structure. Unless the contrary
is mentioned we shall always have this confarmal structure of the plane
in mind.

In the oase of the sphere we use a basis consisting of two mappings, the

Jdentity mapping defined on the finite plane, and the mapping z—»lj
defined for 250 and extended to the point at infinity by c0—0. It is clear
that these mappings determine a conformal structure, and the sphere with
this structure is called the Riemann sphere.

We remark that any subregion of a Riemann surface becomes a Riemann
surface by retaining only those mappings in ® whose domain is contained
in the subregion. Whenever we consider a subregion it will be endowed
with this induced structure.

2. Analytic mappings

2A. We wish to define analytic mappings from one Riemann surface to
another. We begin by considering the case of an analytic function which is
a mapping from a Riemann surface to the complex plane. We need only
consider open connected domains, and it is thus no restriction to assume
that the domain is the whole surface.

Definition. 4 complex-valued function f is said to be analytic on the Rie-
mann surface (W, @) if and only if f o k=1 is analytic on h(V), in the classical
sense, for every h g O with domain V.

It is suflicient to assume that f o -1 is analytic for the mappings A that
belong to a basis B. In fact, for arbitrary A’ € ® with domain ¥V’ we have
foh'-1=(f o A1) o (hoA’1), the latter function being defined and analytic
on b’(V n V). Since the domains ¥ form an open covering it follows that
f o k-1 is analytic on all of &'(V’).

2B. In the case of two Riemann surfaces the corresponding definition
is as follows:

Definition. A continuous mapping f of one Riemann surface (W, ®;)
indo another Riemann surface (W2, ®2) is called analytic if every function
he o f o hi! with hy € @y, hy € Oy is analytic in its domain of defipition.

If by, hg are defined in V;, V3 respectively, the composite function
hy o fo ATt is defined on A,(V, nf~1(V,)). The continuity of f guarantees
that this domain is open. It is again easy to see that it is sufficient to
consider mappings h,, e that belong to bases of ®;, @2 respectively. This
remark makes it clear that the two definitions agree when Wy is the
ocomplex plane, for then we may take ks to be the identity mapping.

2C. If f is one to one we speak of a conformal mapping. In this case the
range of each mapping A, o f o A7! is open, and the inverse k, o f~1 0 h;'!
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is analytic. Thus f(Vinf-1(Vz))= f(V1)n Vg is open, and since the ¥V, -
form a covering, f(V1) is open. Hence f is & homeomorphism, and f-1 is
analytic.

Two Riemann surfaces which can be mapped conformally onto each
other are said to be conformally equivalent. One of the central problems in
the theory of Riemann surfaces is to determine explicit conditions for
conformal equivalence.

2D. Although our main concern is with Riemann surfaces it is in-
dispensable that we consider more general structures. In particular, it is
necessary to define differentiable functions and differentiable mappings.

In 1C a structure class was defined as a family of local homeomorphisms.
We must now consider extended structure classes which contain other
functions as well. An extended structure class ¥ is still required to contain
a subclass formed by a family of local homeomorphisms that satisfy
(C1)-(C3). In addition, ¥ may contain functions g that have no inverse,
or whose inverse is not in ¥. These functions shall have open domains,
and the basic conditions (B2), (B3) remain in force. Moreover, we require
that they satisfy (C3), i.e. ¥ shall be closed under composition.

It is clear that each class C* has a natural extension of this sort,
namely to the class of all complex functions whose real and imaginary
parts have continuous partial derivatives up to order k. Similarly, the
extension of the class A of directly conformal mappings consists of all
analytic functions. We retain the names C*¥ and A4 for the extended
classes.

2E. A structure ® of cluss W will still be defined in terms of the homeo-
morphisms of class ¥, that is to say by homeomorphisms g with ¢ and
g1 €Y. It is only when we define mappings of class ¥ from one surface
to another that the extended class is needed.

Definition. Suppose that the structures of (W1, ®1) and (W2, ©2) are of
class ¥y, Vs respectively with W1c¥V', Y2c V. 4 continuous mapping of
W1 into Wy 18 said to be of class ¥ with respect to these structures if and only
tfhgofohi eV forallhye®,, hye d,.

Because of the condition ¥, uWac ¥ it is sufficient to verify that
hyofohy! €W when h,, hy are taken from bases of ®,, ®, respectively.
Also, the condition remains valid for the structures of class ¥ which are
determined by ®;, ®; as bases. In other words, we would not have lost
any generality by requiring that ¥;=%¥;=¥. However, we wish to
emphasize that it makes sense to speak of functions of class C¥ on a Rie-
mann surface, but it makes no sense to speak of analytic functions on a
surface of class Ck.

In the case of a one to one mapping we can no longer guarantee that



3B] §1. DEFINITIONS AND CONSTRUCTIONS 117

f-1 is of the same class. Therefore, we speak of a homeomorphism of class
¥ only when it is known that f and f-! are both of class V.

3. Bordered Riemann surfaces

3A. The notion of bordered surface was introduced in Ch. I, 13B. It has
a rather obvious analogue for Riemann surfaces which will play an impor-
tant role. Since nothing essentially new is added we shall point very briefly
tathe modifications in the previous definitions that become necessary.

The connected Hausdorff space will now be denoted by W. In the
definition of a family of local homeomorphisms we require that the range
of each h € ® is a relatively open subset of the closed upper half-plane.
A struoture class ¥ is now a family of local homeomorphisms defined on
the closed half-plane. In the case of the classes C* this means that oertain
derivatives are one-sided. A function g € 4 is one which has an analytic
extension to an open subset of the plane.

With these changes a structure @ of class ¥ on W can be defined exactly
as before. Clearly, if W carries a structure of this type it is a bordered -
surface, provided that the border B is not empty. If the structure is
conformal, W is called a bordered Riemann surface. The interior W isthen
a Riemann surface with the induced conformal structure.

It is worth pointing out that the intrinsic characterization of border
points (see Ch. I, 13C) is a much simpler matter in the presence of a
conformal structure. In fact, let g be an analytic homeomorphism whose
domain ¥ is contained in the open half-plane and whose range lies in the
closed half-plane. Since g is not a constant, the hypothesis Im g(z) =0
implies Im g(z) >0 in ¥ by virtue of the maximum principle for harmonic
functions. In other words, g(V) cannot meet the real axis, and we find
quite trivially that the border points are uniquely characterized by having
all their parametric images on the real axis.

Since W is orientable, the border B has a positive direction (Ch. I, 13E).

3B. We recall also the notions of 1-dimensional submanifold and regular
imbedding that were introduced in Ch. I, 13. These terms were used with a
purely topological meaning, but when applied to surfaces (W, ®) of a
given structure class ¥ they should be appropriately reinterpreted. The
details are very simple, and only brief indications are needed.

A subset I' of W is said to be a 1-dimensional submanifold of (W, ®) if
every p € I' has an open neighborhood V which is mapped by a homeo-
morphism k€ ® onto |z| <1, in such a way that VN T corresponds to
the real diameter. In the case of a conformal structure I' is also called an
analytic submanifold, and its components are analytic curves.

Tha definition of a regularly imbedded subregion can be phrased exactly
as before. We recall that Q is regularly imbedded if Q. @nd itsexterior
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have a common boundary which is a 1-dimensional submanifold. A
regularly imbedded subregion of a Riemann surface is thus bounded by
analytic curves.

As before, we use the name regular region for any reguhﬂy imbedded
region with compact closure whose complement has no compact com-
ponents.

3C. 1f (W1, ®;) and (W3, ®;) are two bordered Riemann surfaces with
homeomorphic borders Bj, B there is frequently reason to weld them
together to a single Riemann surface by identifying the borders. Identi-
fied points must correspond to each other under a homeomorphism ¢ which
maps B; onto Bs. In order that the welding be possible two conditions
must be fulfilled: (1) the homeomorphism must be analytic, (2) it must be
direction reversing.

To make these conditions explicit, let p; € By and pa=¢(p1) € Bg be
corresponding border points. We choose mappings k; € ®;, bz € ®2 whose
domains V,, V, contain p;, p, respectively. The function w=~hy o o AT?,
restricted to the part of (V1 n B;) where it is defined, is a real function
of a real variable.

Our first condition requires w to be analytic in the real sense at z;=
hi(p1). This means that w has a complex analytic extension to a disk A;
about z;. Observe that the condition is obviously independent of the
choice of A; and hs. The same condition shall hold for w-1, and hence
w'(21)#0.

The second condition is expressed by the inequality w’(21)<0. It is
again independent of the choice of A1, ks, for if they are replaced by ki, k2
we have k, o @ o k7 1 =(ky 0 B5!) o w o (B, o k;'?), and the analytic functions
kg o h31, k) o k! have positive derivatives as seen by the fact that they
take reals into reals and preserve the sign of the imaginary part. If A; is
sufficiently small it follows from our condition that w maps A; onto a
symmetric region Az in such a way that the lower half of A; corresponds
to the upper half of As.

3D. We can now proceed to define the welding. First of all, we form the
topological sum of W), W and identify corresponding border points
1 and p2=¢(p1). It is easy to see that this leads to a connected Hausdorff
space W. Next, we define a basis for a conformal structure on W. This
basis will contain all' mappings k) € @1, h; € 2 with domains V,c W,,
V2 c Ws. In addition, we must have mappings whose domains contain the
identified boundary points. We consider an identified pair p;, p2 and
determine w, A;, Az as above; upper and lower halves will be denoted by
A}, A7, and wesuppose that A} c h(V,), =1, 2. Take V to be the union
of A7 (A[") and ky Y(AF). In the first of these sets we choose k=4, in the
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second we define A by A(p)=w-1(he(p)). These definitions agree on the
border, for there w=1 o ky=h; o ¢~1. Moreover, } is a topological mapping
of V onto Aj.

The condition for a conformal basis is trivially satisfied if one of the
overlapping domains is contained in Wy or Wj. If & and k are defined in
overlapping' neighborhoods of two border points we see that Ao k-1 is
analytic off the real axis, and sinoe it is continuons and real on the real
axis it follows by the reflection principle that it is also analytic on the
real axis. Therefore we have defined a basis which leads to a conformal
structure on W. Observe that W, and W3 are analytically imbedded in
W and have the induced structure.

The welding can also take place along open subsets of the borders.
If the complete borders are not used the resulting surface is a bordered
Riemann surface.

SE. The welding process can be used to form the double of a hordered
Riemann surface. We note first that every Riemann surface (W, @),
bordered or not, has a conjugate surface (W, ®*), obtained by replacing
each & € ® by h*:p——k(p). The new structure is conformal, for A} o h3~!
has the explicit expression z——,o(—Z), where @, =h, o h;'!, and this
is manifestly a directly conformal mapping.

In the case of & bordered Riemann surface (W, ®) we weld it to (W, ©*)
by means of the identity mapping of the border. In the neighborhood of a
border point w may be taken to be of the form A* o A-1, whence w(z)= —Z
= —z for real z. The correspondence is thus analytic and direction rever-
sing, so that the welding is indeed possible.

4. Riemann surfaces as covering surfaces

4A. A nonconstant analytic mapping f of a Riemann surface (W), ®1)
into another Riemann surface (W3, ®2) defines W, as a covering surface
(W1,f) of Wa. To see this, let ¢; and ga=f(q1) be corresponding points,
and choose mappings A; € @1, k2 € @2 defined in neighborhoods of ¢i, ¢2.
The function p=Ah, o f o b1 is analytic. If the derivative ¢’(h,(g,)) is #0,
then ¢ is a homeomorphism in a neighborhood of A;(q1), and hence f is a
local homeomorphism. In the general case ¢’ has at most an isolated
zero at kj(q1). Therefore we can find a neighborhood V; of q; with the
property that V,—gq; is a smooth covering surface of Wz under the
mapping f. Morcover, we can choose V) so small that f(g)#f(¢q:) for
g € V1—qi; this permits us to regard V'; —¢; as @ smooth coVering surface
of W3—g2. By comparison with Definition 20B, Ch. I, we conclude that
(W1, f) is indeed a covering surface of Wa.

4B. The reverse situation is more interesting. We prove in this respect:
Theorem. Suppose that (W1, f) 18 a covering surface of W3, and that Wy
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has a conformal structure ®s. Then there exists a unique conformal structure
@, on Wy which makes f an analytic mapping of (W1, ®1) snto (W3, @s).

The structure @, is said to be induced by the structure ®3. If an induced
structure exists its mappings 5, must be such that g =hy o f o k{1 is analytic
for all hg € ®2. Let us therefore denote by ®; the family of all homeo-
morphisms ; with this property. The existence and uniqueness of the
induced structure will both be proved if we show that @, satisfies con-
ditions (B1)-(B4) in 1B, and (D1)-(D2) in 1D, the latter with respect to
the structure class 4 of directly conformal mappings.

Conditions (B1)—(B3) are trivially fulfilled. To prove (B4), let q; be an
arbitrary point on W;. Set ga=f(¢1), and choose a mapping A2 € ®2 whose
domain contains ¢g; we may assume that Ag(gz2) =0. As we showed in Ch. I,
20E, there exists a homeomorphism &;, defined in a neighborhood of ¢;,
which satisfies an equation ke(f(p1))=A1(p1)"; n is the multiplicity of the
branch point at ¢;. The equation may be written in the form hy o fo b 1= ¢
where @(z,)=2%. If k2 is another mapping in @, we obtain kyo fo by 1=
(kg o h5') o @, and since ko hy € A the composed function is analytic
whenever it is defined. In other words, we have shown that A; € ®;, and
hence that the domains of mappings in ®; form a covering of W,.

As for (D1), suppose that kj, k) € ®; have the same domain V,, and
write hyofoh =g, hyofokil=¢; we assume that the domain of
hy € @, contains f(V,). If f is topological in V, we obtain A, o k{1=
(p=tohyof)o(f~lohslo)=¢ oy, and this is an analytic function.
If f is not known to be topological the same conclusion holds for a neighbor-
hood of any point in k;(V;) which does not correspond to a branch point.
Consequently k,; o k! is analytic in k,(V,), except forisolated singularities.
But because k, o ki'! is known to be continuous these singularities are
removable. We have verified that condition (D1) is fulfilled.

Finally, if ¢ is complex analytic and k) € ®; it is almost trivial that
goh e®,, for hyofo(goh) t=(hyofoh ) og!, and the function on
the right is obtained by composing two analytic functions. Thus (D2) is
also satisfied, and we have proved that ®; is a conformal structure. The
fact that £ becomes en apalytie mapping from (Wy, ®;) to (Wz, ®g) is an
immediate conseqUence of the definition of &)

4C. In the preceding theorem we have supposed that @, is given, and the
problem was to find ®;. One can also ask whether there exists a ®, which
induces a given ®). In this respect there is an almost obvious, but very
important, necessary condition. Suppose that (Wi, f), regarded as a
covering surface of Wz, has a cover transformation @, that is to say a
mapping of W onto itself which satisfies f o p=4. Consider a point q; € W,
which is not a branch point. There exists a neighborhood V of ¢; which is
mapped topologically by f. Then ¢(V) is a neighborhood of ¢(¢;) which is
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also mapped topologically. If fi, fs denote the restrictions of f to V and
@(V) respectively, we can write g=1;! o f) in V. Granted the existence of
@, it would follow that ¢ is at least locally obtained by composition of
two analytic mappings, and would therefore be analytic#In other words,
it is necessary that ®; be compatible with @ in the sense that ¢ is analytic
with respect to the structure ®,.

The next theorem describes a situation in which this neceesary con-
dition is also sufficient:

Theorem. Let & be a group of one to one conformal mappings ¢ of a
Riemann surface (W1, ®1) onto itself. We suppose that the following condition
is satiafied:

(C) Given any two compact sets A, Bc W, there are at most a finite
number of mappings ¢ € ¥ such that p(A) meets B.

Then it is possible to find a Riemann surface (W, ©2) and an analytic
mapping [ of (W1, ®1) onto (Wg, ®2) which 18 such that the group of cover
transformations of (W1, f) 18 exaclly 9.

The construction is unigque up to conformal mappings of (W2, ®s).

In standard terminology, oondition (C) means that ¥ is properly
discontinuous.

4D. Before proving the theorem we discuss a familiar application.
Let w;, wz be complex numbers whose ratio wifws is nomreal. In the
complex plane the transformations z—z + njw; + news with integral n;, ns
form a group of conformal self-mappings. It is elementary to show that
condition (C) is fulfilled. If the self-mappings are to become cover trans-
formations, the underlying surface must have one point for each class
of points that correspond to each other under the mappings. We have
thus to identify points which are equivalent in this sense. The resulting
surface is a torus, and the theorem asserts that this torus has a unique
conformal structure which induces the conformal structure of the plane.

4E. The example suggests the method of construction. Let W be the
topological space obtained by identifying all points on Wy which corre-
spond to each other under a mapping ¢ € 4. We denote by f the mapping
which carries each p; € W) into its equivalence class, and we recall that
a set on Wy is open if and only if its inverse image is open (Ch. I, 2F). It
follows that f is continuous and carries open sets into open sets. The
precise proof of the latter property is as follows: Let O be an open set on
W1. Then all images ¢(0) are open, and hence f-1[f(0)]=u ¢ (O) ix open;
this means, by definition, that f(O) is open.

We have to prove that W3 is a Hausdorff space. Consider two points
a, b € W, with f(a) #f(b). By (C) there are only a finite number of images
¢(a) in a compact neighborhood of b, and for this reason we can find a
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compact neighborhood B of b which does not contain any ¢(a). Similarly,
only a finite number of ¢(B) meet a given compact neighborhood of a,
and therefore there exists a compact neighborhood 4 of a which does not
meet any ¢(B). The images of 4 are then disjoint from the images of B,
for if ,(A) meets pg(B), then p; }(py(B)) would meet A. This proves that
f(A) and f(B) are disjoint. On the other hand, f(4) and f(B) are neighbor-
hoods of f(a) and f(b) respectively. Indeed, we can find an open set O
such that a € O c A. This implies f(a) € f(O) c f(4), and since f(O) is open
f(A) is a neighborhood. We conclude that W3 is a Hausdorff space.

4F. We prove next that W is a surface, and simultaneously that
(W1, f) is a covering surface of W3. A conformal mapping which is not
the identity has isolated fixed points, and it follows from (C) that there
are only a finite number of ¢ € ¢ with a given fixed point. Let @1, - - -, pn
be the mappings with the fixed point ¢, ; they form a subgroup of 4. For a
given compact neighborhood 4 of ¢, there are only a finite number of
¢(4) which meet 4. If any of these ¢ is such that p(a)#a we can replace 4
by a smaller neighborhoed A’ for which ¢(4’)n A’=0. In a finite number
of steps we can thus construct an open neighborhood U; which intersects
@(U1) only is ¢ is one of the mappings ¢1, - - -, ps; We may also assume
that U, does not contain any fixed points other than ¢;. The set V1=
@1(U1) N - - - N pa(U1) is mapped onto itself by ¢, - - -, pu, and V10 ¢(V3)
=0 for all other ¢ € 4. Every p17#¢1 in ¥V, has thus exactly n equivalent
points in V.

We can choose U; arbitrarily small. For this reason we can assume
the existence of a mapping A; € ®1 which is defined on V;, and we may

”
normalize the mapping so that A;(q1)=0. The product n hi(pe(p1)) has
im1
the same value at equivalent points in ¥,. Therefore it represents a
function on Va=f(V,), that is to say there exists a function Az on V3

”
such that Ae(f(p1))=]] Au(pu(p1)) for all pyeVy. The function
im]

L3
g=hyof ok =] ] (B, o ; o b?) is analytic in A,(V,) and has a zero of
i=1

order n at the origin, for each factor is analytic with a simple zero.

Because g has a zero of order n we can find adisk A; c ;3(V}), centered
at the origin, which is so small that g takes no value more than n times
in A;. Without changing the notation we restrict U so that it is contained
in k7 }(A)). Then V,c U, is also contained in A7 !(A,), and the functions
ks and g remain unchanged except for being restricted to smaller domains.
The restriction has the effect that ks will now be one to one. In fact,
for any p2#f(¢q1) in V3 there are n distinct points 3, - - -, p1s € V1 with
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f(p1s)=ps. By the identity gc Aie=hgof it follows that the equation
g(z)=ha(ps) has the roots Ay(pn), - - -, A1(P1a), all distinct and in A;.
Since there can be no other roots it follows that the p;;, and hence pg, are
completely determined by the value hs(p2). The special value 0 is taken
only for pa=f(q1). We conclude that A; is one to one.

To prove that hs is a homeomorphism we investigate the direct and
inverse images of open sets. Let O; be an open subset of Va=f(V)).
Because the range of f includes Vs we have f(f-1(0z))=0s. The identity
g © by=hy o f yields he(Og) = hs[f(f2(0s))]=glh1(f~1(02))}). But f-1, h; and
g transform open sets into open sets. Hence hg(0Og), and in particular
he(Vs3), are open. Similarly, let O; be an open subset of hy(Vj). Then
ks 1(03)=hg g(g=(0%))) =fTh{ 2 (g~(0}))] is open. We have shown that
h: mape V3 topologically on an open set in the plane. Hence W3 is a
surface.

4G. To oontinue the proof, we replace ¥ by the connected component
which contains ¢,. Let it be ¥j, and denote its image by V;y=f(V}).
Since (A,, g) is & covering surface of the plane, we see that (V],g - k)
=(V{,hgof) is a covering surface of its projection hy(V3), and hence
(V1. f) is a covering surface of V. This local result implies that (W, f) is
a covering surface of W3. The branch points occur at points with »>1,
that is to say at the fixed points of transformations ¢ € ¢ other than
the identity.

The mappings ks form a basis for a conformal structure ®; on W, and
f is analytic from (W, @) to (W3, ®3). It is clear that every pe ¥
satisfies f o p=1 and is thus a oover transformation. Conversely, suppose
that ¢ is & cover transformation, i.e. 8 homeomorphism which satisfies
feoy=f. At any given point ¢; this condition implies that ¥(q1)=e(q1)
for some @ € 4. If ¢;, and hence ¢(q1), is not a branch point, f is a local
homeomorphism near ¢(¢1), and from f o y=f o ¢ we are able to conclude
that ¢(p1)=¢(p1) in a neighborhood of ¢;. When the branch points are
removed W) remains connected, and we find in the familiar way that
=@ everywhere. In other words, every cover transformation belongs
to 9.

For the uniqueness proof we assume that f’ maps (W;, ®;) in a similar
manner onto a Riemann surface (W}, ®3). Since equivalent points have
coinciding images there exists a one to one mapping g of W, onto Wj
which satisfies g o f=f'. If O’ c W} is open, g~1(0')=f[f'-1(0’)] is open.
lienece ¢ is continuous, and the same reasoning applies to g—1, showing
that g is a homeomorphism. It is clear that g is analytic at any point
which is not the projection of a branch point. Because of its topological
character it is then analytic everywhere, and it is consequently a con-
formal mapping. This concludes the proof.
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4H. As a further application of Theorem 4C we consider the case of a
Fuchsian group. The group ¥ is now a group of linear transformations
which map the unit disk |z| <1 on itself; we assume expreesly that the
group is properly discontinuous. The surface W} is the unit disk, and the
theorem asserts that we obtain a Riemann surface Wz when equivalent
points are identified. If ¥ contains no elliptic transformations there are
no fixed points inside the unit circle, and hence W; will be a regular
covering surface of W3. Moreover, since W, is simply connected it will
be the universal covering surface of W3, and we see that & can be identified
with the fundamental group of Ws.

It will later be shown that with few exceptions the universal covering
surface of a Riemann surface can always be represented as the unit disk,
in which case the fundamental group appears as a Fuchsian group without
fixed points. From this point of view the theory of Riemann surfaces
and the theory of Fuchsian groups are thus almost equivalent. Some
formal advantages can be gained from this equivalence, but it is usually
preferable to study the Riemann surface by more direct methods.

5. Metric structures

SA. In classical differential geometry one considers surfaces in three
dimensional spgee with o given equation F(z;, x2, x3)=0. It is slightly
more gencral to assume that the equation ix given in parametric form:
zy=xzi(u, v), i=1, 2, 3. In this case the surface is usually thought of as a
peint set which is covered by parametric regions. The latter are in homeo-
morphic correspondence with open sets in the plane, and the parametric
equations are the explicit expressions for these homeomorphisms.

The geometry of the surface is determined by the fundamental form

3
ox¢ ox¢ , \2
2 = b &= y
ds ‘_Zl(au du+3v dv)
which is invariant under a change of the parameters. In particular, the
angle between two curves is calculated by means of the fundamental
form. This makes it possible to speak of conformal mappings, and we

must show that this geometric notion of conformality can be used to
introduce a conformal structure in the sense of our earlier definitions.

5B. We can take a more general point of view and assume that there is
given an abstract surface W which is endowed with a Riemannian metric,
determined by a fundamental form
ds2 = E dz?+2F dxdy+ G dy2.

This form is supposed to be positive definite, and invariant under trans-
formations of the parameters, now denoted by z, y.
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The invariance condition needs perhaps a few words of explanation.
It is assumed, first of all, that W carries a structure ® of class C1. To every
mapping A € ® with domain ¥V correspond three real,valued functions
E, F, G in A(V), satisfying the conditions £ >0, EG— F2>0. If /. k, have
overlapping domains we denote the mapping A, o -1 as (z, y)-~(+1, ¥1),
and the functions associated with A; by E,, F,, G;. These functions, or
more precisely the composite functions Ej o A; o -1 ete., shall be related
to E, F, G by identities which are most conveniently expressed in the
form

E, da} 4+ 2F, dz,dy, + G, dy} = E da®+2F dzdy+ G dy*

with the accepted meaning of this equation.
Since we are interested only in angles we can go one step further and
replace the above relation by one of the form

E, d22+2F, dx,dy, + G, dy} = p(E da*+2F dzdy+G dy?)

where p i8 an arbitrary positive factor. This means that only the ratio
E: F:Q is determined, while the scale remains arbitrary. Since questions
of conformality are independent of the scale we say in these circumstances
that (W, ®) carries a conformal metric.

5C. An tsothermul parameter system is a mapping h € ® whose asso-
cated coefficients K, F, @ satisfy E=@Q, F=0. If h; and ks are both
isothermal, then it is well known from elementary differential geometry
that &, o Az'! is directly or indirectly conformal. Conversely, if g is con-
formal, then g o h is isothermal together with . We assume henceforth
that ® is an oriented structure. Then all mappings %, o h;! are directly
conformal, and in order to conclude that the subset ®¢ c ® formed by all
isothermal parameter systems defines a conformal structure on W, we
need merely show that every point is in the domain of an isothermal
parameter system. When this is 8o, the conformal structure @ is said te
be induced by the given conformal metric.

5D. The remaining existence proof cannot be carried out without
additional regularity assumptions. We shall consider only the classical
case of an analytic conformal metric, that is to say we suppose that ®
belongs to the structure class C~ (see 1C), and that the given ratios
E: F:@ are analytio in the real sense.

Theorem. Every analytic conformal metric on an orientable surface induces
a conformal structure.

Suppose that ¢ lies in the domain of 2 € ®. The problem is to find an
isothermal mapping A9 whose domain includes g. If we denote kg o A-1
as (z, y)>zo the condition reads

|dzo|® = p(E dz?+2F dxdy+ G dy?),
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= o, m{%% = oF, }%"l’=po.

We set 22 Aa”" and eliminate p. Then |A|2=E/G, Re A= F/G, and

whence
azo 2

ox

consequentl y

except perhaps for the sign of the square root. But the Jacobian of the
"18zol2
mapping turns out to be N-‘-l%l Im A. 8ince it must be poeitive, we

conclude that we have made the correct choice of sign.

We have now to integrate the partial differential equation
% _ 0
oz ay

where X is a known analytic function. The classical method is to consider
the associated ordinary differential equation

% = —A(z,¥).

We assume for simplicity that A(g)=(0, 0). Then A can be extended by
power series development to a complex neighborhood of the origin, and
the associated equation has a unique complex solution y=Y(z, ) with
initial value 7 for z=0, provided that |z| and || are sufficiently small.
It is known that ¥ will be analytic in both variables. Since ¥(0, 7)==,
the partial derivative dY /9y is 1 for z=0. Hence we can solve for 7,
obtaining 7 =H(z, y) with analytic H. The identity

Y Hz,y) =y

holds in a complex neighborhood of (0, 0). On differentiating with respect
to z and y we obtain
-A+Y,Hy =0
Y Hy =1,

and hence H,=AH,. This remains true when z, y are restricted to real
values, and our problem is solved by taking zo=H(z, y). The mapping is
a local homeomorphism, for Hy=1 at the origin, and the Jacobian is
— |Hy|2 Im A,

We have proved the existence of an isothermal mapping whose domain
contains an arbitrary point g. The other conditions for a conformal
structure are trivially satisfied.

Remark. The classical problem was solved already by Gauss. The best
result, due to L. Lichtenstein [1] and A. Korn [3], is that the problem
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has a solution whenever A satisfies a Holder condition of the form
Mz, ¥) = A(z1, y1)| S M(|z—21]|*+ |y—y1]|*), >0. For relatively simple
proofs the reader is referred to 8. Chern [1] and L. Ahlfors [23].

SE. Very often the given metric has singularities, and it may never-
4heless be possible to find a corresponding conformal structure. For
instance the following important theorem is almost trivial:

Theorem. Every orientable polyhedron can be endowed with a conformal
structure.

We let the polyhedron be represented as a geometric complex K,. On
each {riangle we introduce the conformal structure which is determined
" by a mense-preserving congruence mapping A into the plane. For adjacent
triangles these mappings can be chosen so that they agree on the common
side. Consider now a vertex «, and suppose that the sum of the angles at
o is 27w It is clear that we can find congruence mappings A of the triangles
in the star S(«) in such a way that hl/« defines a topological mapping of
the whole open star. The mapping z—z1/» is directly conformal for z#0.
By virtue of the fact that no two open stars contain a common vertex
it follows that the mappings form a basis for a conformal structure.

§2. ELEMENTARY THEORY OF FUNCTIONS ON RIEMANN
SURFACES

On Riemann surfaces it is possible to consider the categories of analytic
functions, harmonic functions, and subharmonic functions. In a way,
analytic functions are in the center of interest, and we obtain harmonic
functions by forming the real and imaginary parts of analytic functions.
However, a harmonioc function does not necessarily have a single-valued
conjugate. In view of our deliberate restriction to single-valued functions
the theory of harmonic functions is thus more general. Subharmonic
functions are used as an important tool for the study of harmonioc func-
tions.

Most theorems in classical function theory have obvious analogues on
Riemann surfaces, but there are a few significant differences which have
to be pointed out. This concerns above all the integration formulas which
are used in potential-theoretic reasonings. The general discussion of
integrals is postponed, but for immediate purposes a preliminary treat-
ment of the Dirichlet integral is included in this section.

An important side result is that every Riemann surface is countable.

6. Harmonic functions

6A. It is time that we simplify our notations. For a given Riemann
surface (W, ®) we consider a mapping h € ® with domain V. A point
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peV is uniquely determined by the corresponding parameter value
z="h(p). Different z determine different p € V, and this gives us the right
to speak of z as a local variable. It is also permissible to think of the complex
value z as a name for the corresponding point p, and with a slight “abus
de langage” we can even speak of the point z € W. If used with caution
this practice simplifies the formal part of many reasonings and serves to
emphasize the similarity between function theory on Riemann surfaces
and in plane regions.

There would be little gain if it were always necessary to specify the
mapping k. However, all intrinsic properties of the Riemann surface must
be independent of the choice of k. In other words, if expressed in terms of
a local variable z they must be invariant under directly conformal map-
pings. We shall be careful to use the notation z for a point on W only
when this invariance condition is fulfilled.

We have already defined an analytic function f on W as one which
makes f o h~1 analytic as a function of the local variable 2. This definition
is manifestly invariant under conformal mappings. True to our convention
we shall therefore use the notation z—f(z). With the slightly ambiguous
simplification that is customary in function theory we shall even allow
ourselves to speak of the analytic function f(z).

6B. We introduce the class of harmonic functions on Riemann surfaces:

Definition. A real-valued function v on a Riemann surface (W, ®) i3 said
to be harmonic if for every h € ® the composite function u o h~1 ig harmonic
on the range h(V).

Because of the conformal invariance a harmonic function can be
denoted by u(z). The real and imaginary parts of an analytic function are
harmonic, and the imaginary part is called a conjugate harmonic function
of the real part. It is convenient to denote a conjugate harmonic function
of u, if one exists, by u*. The conjugate is determined up to an additive
constant. An arbitrary harmonic » has a conjugate in a neighborhood of
each point, but in general these local conjugates cannot be pieced together
to a conjugate on W. However, if W is simply connected it follows by the
monodromy theorem that a8 conjugate exists.

6C. Analytic and harmonjc functions on Riemann surfaces have the
same local properties as in the plane. Therefore, all theorems in classical
function theory which have a purely local character remain valid. A
typical example is the maximum principle for analytic and harmonic
functions. Such theorems will not be listed, but will be used freely when
the need arises.

Theorems which concern the convergence of sequences are not completely
local. Frequently the proof depends on a countability argument, for
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instanoe: in the theory of normal families. In such cases the theorems
remaintyalid for Riemann surfaces with a countable basis. It will be shown
(in 12) that this is no restriction, but for the present these theorems cannot
be used indiscriminately.

6D. A function is analytic or harmonic on a bordered Riemann surface
W only if it has an analytic or harmonic extension to an open set on the
double W (Ch. I, 13H and Ch. II, 3E). To prove that this is the case it is
frequently necessary to appeal to the reflection principle.

Suppose that % is harmonic in the interior W, continuous on W, and
zero on the whole border B. Then u can be continued to the double by
requiring that it takes opposite values at symmetric points: u(p*)=
—u(p). Indeed, the extension is harmonic on W*, and by the classical
form of the reflection principle the extended function is also harmonic at
each point of B. In particular, the hypotheses are thus sufficient to con-
clude that » is harmonic on W.

In the same circumstances, if 4 has a conjugate harmonic function %*
on W, then we can extend the definition of u* to W* by setting u*(p*)=
u*(p). If we represent a neighborhood of a border point by a plane disk
the classical reflection principle shows that «* has a continuous extension
to B and gives rise to a function which is harmonic on the whole double
W. Hence f=u+iu* is analytic on W, and its extension satisfies the
symmetry relation f( p*)= —f(p).

6E. There is no invariant meaning attached to the derivative f'(z) of
an analytic function. In fact, suppose that z; is another local variable
which is related to z by z; =¢g(z). In terms of z; the function f is expressed
by £y(2), where f(z)=f,(p(z)). We obtain f'(z) =f;(p(2))'(2) =fi(z1) dz,/dz.
It is convenient to express this relationship by writing, formally, f'(z) dz=
fi(2,) dz,, and we say that f has an invariantly defined differential df=
[(2) dz.

Differentials will be studied extensively in Ch. V. At present we make
merely some preliminary remarks. We note that an arbitrary function ¢

of class C! has a differential dg=% dx+%dy where the coefficients are

now covariant. This means that two representations adz+bdy and
ay dzy + by dy; of the same differential are connected by the relations

oz o
a= a1—+b1 P :b =a) ay-l-bl 3y
The conjugate differential of dg is defined as dg*= —g—idx+% dy.

It has invariant meaning, because of the Cauchy-Riemann differential
equations, but in general it is not the differential of a function. However,
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if  is harmonic and has a conjugate harmonic function u*, then du*m=
d(u*), and the notation is free from ambiguity. Even if »* is defined only
locally we can use both interpretations of the symbol du*.

Whenever u is harmonic we refer to du and du® as harmonic dtﬁ'mnhah
The linear combination du +1 du*= (g-: - 5;) dz is an analytic differential,
although it need not be the differential of an analytic function.

6F. A covariant differential a dz+bdy has more than formal meaning
when used as integrand in a line integral. An arc ¢—>z(t) in the plane is
said to be piecewise differentiable if the parameter interval can be divided
into a finite number of subintervals with the property that z(¢) is of class
C! in each. This notion is invariant, and we can thus speak of piecewise
differentiable arcs on a Riemann surface. Let y be such an arc, and
assume first that it is contained in the domain of a local variable z. Then

fadx+bdy

k4
can be evaluated as a line integral in the z-plane, and its value is indepen-
dent of the choice of local variable. An arbitrary piecewise differentiable
arc can be divided into subarcs with this property, and we can define the
integral as the sum of the integrals over the subarcs. It is clear that the
result is independent of the subdivision.

In the future, whenever we consider a line integral it will be tacitly
understood that the path of integration is piecewise differentiable. The
value of the integral does not depend on the parametrization, and in the
case of a closed path it does not depend on the choice of initial point.

7. The Dirichlet integral
7A. Suppose that u is real and of class C! on a plane region W. The

I eI

is known as the Dirichlet integral of u over the region W. Its value is
finite or + o0, and it is O if and only if u is a constant.

An essential property of the Dirichlet integral is its invariance with
respect to conformal mappings. More precisely, if ¢ is & conformal mapping
of Wonto Wi, and if u=wu; o ¢, then Dy (u)=Dw,(u1).

If u, v € C! and Dw(u), Dw(v) are both finite, then we can also consider
the mixed Dirichlet integral

ou dv ou v
e~ [ 35
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It is Jikewise invariant, as seen by the identity 4 Dw(u, v)= Dy (%+v)—
Dw(u~v). The important inequality Dwy(u, v)2S Dw(u)Dw(v) is con-
stantly used. It follows from the fact that Dy (u <+ tv) = Dy(u)+ 2t Dy (u, v)
+t2Dw(v) is a positive quadratic form.

7B. We must extend this definition to the case where W is & Riemann
surface. If the integral is restricted to a domain which is contained in a
parametric region, then a unique value can be assigned by virtue of the
conformal invariance. It would be natural to treat the general case by
dividing the surface into small subregions. Clearly, this requires something
in the nature of a triangulation with sufficiently smooth sides. If W is
known to have a countable basis, this plan can be carried out, but the
details require careful attention. Fortunately, there is a much better way.

We remark first that the conformal invariance applies more generally
to integrals of the form

[T ()

where g is any continuous function on W. Therefore, even if W is a

Riemann surface, this integral can be defined as soon as g is identically

zero outside of a parametric region V. Suppose now that it is possible to

write g= z g« where each g¢ is identically zero outside of a parametric
+

region V4. Then it is natural to set

,U {(6::) (ay)x]vdwdy Z ﬂ[( ) ( )Z]m dedy,

at least if the convergence is assured. In particular, we can define the
Dirichlet integral by means of nonnegative functions e¢; with 2 e=1.

F\motiom with this property are said to constitute a partition of umty
The definition will be independent of the partition of unity that is used,
for if {¢} and {e}} are two partitions, we have clearly

Zﬂ'( ]«My=gg[ ]e«eidwdy=§g[ ] ¢} dxdy.

7C. We prove the existence of a partition of unity for the case where
W is a closed surface or the interior of a compact bordered surface. It is
important for later applications that we can choose the ¢; to be for instance
of class C2.

For a Riemann surface (W, ®) the notion of parametric disk is redefined
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as follows: V ig @ parametric disk if there exists a mapping h € ® with
domain V', such that V& V' and A(V) is the disk |z| <1. For a bordered
Riemann surface & pqnmetric half disk is defined in the corresponding
manner. It is clear that a compact Riemann surface or bordered surface
has a finite covering by parametric disks or half-disks V¢ with correspond-
ing mappings hy.

On the disk |z] <1 we define g by g(z)=(1— |z|2)3. If the definition is
extended to the whole complex plane by setting g(z)=0 for |z]| 21, it is
easily verified that g is of-class C3. The function g, which is equal to'
g o kg on V¢ and vanishes identically outside of V is of class C2on W. A
partition of unity is obtained by setting

«(p) = m(p)(; g1(p)L,

and this partition can be used to define the Dirichlet integrals Dy (u) and
Dw(u, v) for functions u, v that are harmonic on W.

The definition of Dw(u) and Dw(u, v) for arbitrary open W will be
given in 13.

8. Green’s formula

8A. Let Wy be the upper half-plane y >0, and let By denote the z-axis,
traced in the positive direction. The formulas

ﬂgxf-‘dxdy=o
Q%my=-iua

are trivial for functions u of class C1 which vanish identically in a neigh-

borhood of infinity. Replace u by v % in the first formula and by v g;— in

the second, where u is now of class C? and v € C! vanishes outside of a
compact set. On adding the formulas we obtain

JJ (%—Z—;+%%) dxdy+JJvAu dxdy = —fvz—l;dx
o o B,

where Au is the Laplacian. For harmonic « we have thus

Dy (u,v) = fv du*.
B,
If W, is replaced by the whole plane we find in the same way that the
mixed Dirichlet integral is zero. If v is known to vanish for |z|21 the
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integral can be restricted to the unit disk or half-disk, and in the latter
case By can be replaced by the real diameter.

8B. Suppose now that v and v are given on a compact bordered Rie-
mann surface ¥ with border B; u is again supposed to be harmonic while
v is an arbitrary function of class C1. We use a partition of unity fe. and
obtain

D(u, exp) = f ew du*,

where the integral on the right can be thought of as a line mtegral ex-
tended over the positively oriented border.

The mixed Dirichlet integral is bilinear. Therefore, the sum of all
Dp(u, ev) is Dy(u, v), and we find

Dp(u, v) = fv du¥*.
B

This relation will be referred to as Green’s formula. Naturally, it is also
valid for a closed Riemann surface W, and in that case the mixed Dirichlet

integral is zero.
Observe that only « need be harmonic. It is also useful to note the fact
that the formula remains valid if u is defined only locally.

8C. If u and v are both harmonic and globally defined we obtain, by the
symmetry of the Dirichlet integral,

Ivdu‘-u dv* = 0.
B

The special case v=1 yields

Idu" =0.
B

These particular consequences of Green’s formula are used yery fre-
quently.
When integrating over a given arc it is often convenient to replace a

conjugate differential du* by the expression é—a: ds, where the derivative is
in the direction of the right normal. With this notation the first formula

reads
I(v -?—a::—uzv-) ds = 0.
B
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9. Harnack’s principle

9A. The classical principle of Harnack states that a monotone sequence
of harmowic fanctions converges to a harmonic limit function unless it
diverges everywhere. The proof uses only local considerationg and can
thus be applied to harmonic functions on a Riemann surface.

We shall need a more general result which we formulate ag follows:

Theorem. Suppose thet a family ¥ of Aarmonic functions on @ Riemann
surface W gqtisfies the following condition:

(A) To any u1, ug € U there exists a w € % with u 2 max (uy, uz) on W.
Then the function

Uz) = sug u(z)

18 either harmonic or constantly equal to + co.
It is obvious that the classical Harnack principle is a special case.

9B. For the proof, consider an arbitrary point zo € W. There exists a
sequence of functions u, € % with

.,liﬂ’. uUn(20) = U(zo)-

Set#%; = u; and choose, by induction, %, €  such that %, = max (uy, Tx—1).
Then it is also true that

”_’hg %n(20) = Ulzo),

and the functions %, form a nondecreasing sequence. By the original form
of Harnack’s principle,

Uo(z) '='1_i'l:1° n(2)

is either harmonic or identically + co. It satisfies Ug(zo) = U(zo).
We repeat the construction for another point z,. This time, starting
from a sequence of functions u} € # with

Jim wi(x) = Utz

we determine %, € % according to the condition %, 2 max (u, %,, %, _,).
The corresponding limit function Ug=lim %, will then satisfy U2 U,
as well as Ug(z,) = Uy(z,) and Ug(zg)= Ul(zg).

If U, and Uy are finite we conclude that Uy~ Ug has a maximum equal
to 0 at zy, and by the maximum principle this implies U,=Uj. In par-
ticular, U(zg)=Uy(zp), and since z; is arbitrary we have proved that U is
identical with the harmonic function U,.

If Uy=+ oo we have Uy(zg)= + o0, and consequently U(zg)= Ug(zg)=
+ 0. In this case U is identically equal to + co.
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10. Subbahiionic functions
10A. We recall that a real-valued function v is said to be subharmonic
in a plane region W if it satisfies the following requirements:
(A1) v is upper semicontinuous (=u.s.c.) in W, i.e., v(z) 2 lim v(z’).
r—z

(A2) Por qny function u which is harmonic in a region W' c W,
The difference v—u. is either constant or fails to have a maximum in W',

\\n u.s.c. function is conventionally allowed to take the value — oo, but
not the value 4+ co. It has a finite maximum on any compact set on which
it is not identically — co. We note that a function is u.s.c. if and only if it
can be represented as the limit of a nonincreasing sequence of continuous
functions.

We say that v is superharmonic if —v is subharmonic. A harmonic
function is simultaneously subharmonic and superharmonic. The converse
of this statement is true, but requires proof.

10B. The definition of subharmonicity is of local charactey™ In other
words, if a function is subharmonic in a neighborhood of every peint on
W, then it is subharmonic on W.

The subharmonic character is invariant under conformal mapping.
If ¢ maps W conformally onto W) this statement means that v = v; o ¢
is subharmonic together with v;.

The definition given under 10A can be applied without change to
functions on an arbitrary Riemann surface W. The two properties that we
have just mentioned show that a function is subharmonic on W if and only
if it is subharmonic when expressed in terms of a local variable.

10C. If v; and vy are both subharmonic, then v=max (v;, v2) is also
subharmonic. Condition (Al) is practically obvious. To prove (A2), let u
be harmonic in W', and suppose that v—u has & maximum at zo € W’
We assume that v(2) = v)(z9). Then

v1(2) —u(z) S v(2)—u(z) S v(z0)—u(20) = v1(20) —u(20)

for z € W’, showing that v; —u has a maximum. Hence v; —u is constant,
and the above inequalities show that v—u is likewise constant.

Naturally, the result can be extended to the maximum of any finite
number of subharmonic functions. As for an infinite family, the same
would hold, except that we can no longer prove that the supremum is
u.s.c.

10D. In order to derive further properties of subharmonic tunctiong
we use the Poisson integral. Let v be defined and continuous on the
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circumference of a disk A with radius p and center zy. The Poisson
integral of v with respect to this disk is defined as

o
1 Pt_ z—29 2

(1) Pyf2) = o —,J-—‘—__ o({) 40
21!! {—z|?

where { =29+ pet®. It represents a harmonic function in A with the property
) lim Py(z) = v({).
t a4

The definition can be extended to u.s.c. v, for instance by interpreting
(1) as a Lebesgue integral. The same purpose is achieved, more directly,
by setting Py(z)= inf Pg(z) where w ranges over all continuous majorants
of v. For u.s.c. v, (2) is replaced by

3) § Po(2) S v(0).

Hence the function which is defined as P, in A and as v on the boundary
is u.s.c. in the closed disk. Observe that P, is either harmonic or identi-
cally — oo in A, as seen by applying Theorem 9A to the functions P,,.

10E. In order to emphasize the elementary nature of the Poisson
integral we prove the formula
4) Py 4y, = Py + P,
without use of the Lebesgue integral. The relation is evident for continuous
v1, vz. In the case of u.s.c. functions, suppose that w;, ws are continuous
majorants of vy, v2. Then Py 4o, S Py +w,= Pw,+ Py, and we obtain
Py 4o, S Py + Py,. For the opposite inequality, let w be a continuous
majorant of vy +vs. We find that

yfrx; (Py,+ Py,) S n1(D)+v2(0) S w(l) = lim P,

and the maximum principle permits us to conclude that Py, + Py, < Py,
Hence Py, + Py, S Py +v,, and (4) is proved.

10F. We remark that v S0 implies P, 50, and that the strict inequality
Py <0 holds everywhere in A unless v is identically zero on the boundary.
In fact, if there is a single value v({) <0, then (3) shows that P, cannot be
identically zero, and by the maximum principle Py, cannot vanish any-
where.

10G. Retyrning tothe theory of subharmonic functions we prove:
Theorem. An u.s.c. function v is subharmonic in a plane region W if and
only if
(5) v(z) S Pol2)
in all disks A with Ac W.



101] §2. ELEMENTARY THEORY OF FUNCTIONS 137,

Suppose first that ¢ is subharmonijoe, and consider a continuous majorant
w on the boundary of A. Then, by the semicontinuity,

fim v(z) S o(0) S () = lim Py(2)
L f oad

for each { on the boundary of A. Since v— P, cannot have & maximum
without being constant, it follows by the usual compactness argument that
v< Py in A, and henoce that v S P,.

Conversely, if (5) is satisfied, let 4 be harmonic in W’ c W. Suppose that
v—u has a maximum at zg € W’. Since (5) implies v—u S Py_y it means
no loss of generality to take um0, and we may even assume that the
maximum of v at zg is zero. For a sufficiently small disk, centered at z9, we
have then v({) S0 and 0=1v(29) S Py(20) S 0. But we remarked in 10F that
Py(z0)=0 implies v({)=0 on the whole circumference. It follows that
v=0 in a neighborhood of zo, and by the connectedness of W’ we conclude
that v (or v—u) is constant in W’. This is what we set out to prove.

10H. For continuous functions condition (5) leads to the familiar mean
value property

b2
1
o) S 5- f v(zo+ pet®) dO,
0

and if the Riemann integral is replaced by the Lebesgue integral the
inequality holds for arbitrary subharmonic v. If v € C2 it is an easy con-
sequence that v ig subharmonic if and only if Av20.

A function which is at once subhlirmonic and superharmenic is con-
tinuous and satisfies

2%
v(20) = 5"1- J' v(20+ pet®) dO.
[

Therefore, such a function is harmonie.

If Theorem 10G is combined with (4) it is seen that the sum of two
subharmonic functions is subharmonic.

These results are of a local character. Therefore they hold not only in a
plane region, but on an arbitrary Riemann surface.

10L. Let v be subharmonic on a Riemann surface W, and consider a
parametric disk A. We denote by P, the Poisson integral of v in A which
is formed by means of a specific conformal mapping of A onto a circular
disk.

Theorem. T'he function vy which 18 equal to Py in A and equal to v on the
complement of A 13 subharmonic on W.

We have already shown (10D) that vy is u.s.c. To prove (A2), let « be

harmonic in W’ c W. Suppose that vo—u has & maximum at zpe 1. If
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2o € A, then vo—u is constant in a component of W’ n A. Either this com-
ponent is identical with W’, or else A has a boundary point in W’, and
since vo—u is u.s.c. the maximum is attained at that boundary point. If
2o belongs to the exterior of A the same reasoning applies, and we find
that we need only consider the case of a zo which lies on the boundary of
A. We have then

v(z) —u(2) S vo(2)—u(z) S v(20)—u(20)

for all ze W’. Thus v—u has a maximum in W’ and must be constant.
The double inequality shows that vp—u is likewise constant, and we have
proved (A2).

§3. THE DIRICHLET PROBLEM AND APPLICATIONS

We need the solution of Dirichlet’s problem for comparatively simple
regions as a basic tool. In the case of a circular disk the solution is given
explicitly by Poisson’s integral, and we are required to pass from a single
disk to a finite union of disks. This can be accomplished by the alternating
method, but not without tedious attention to detail. We prefer to solve
the problem in a more general setting by a method which requires very
little detailed analysis.

H. The Dirichlet problem

11A. In the following G denotes a relatively compact subregion of a
Riemann surface W. Its boundary, which is supposed to be nonvoid, is
denoted by I'. The Dirichlet problem deals with the construction of
harmonic functions in @ with given values on TI'.

Quite precisely, there is given a continuous real-valued function f on I'.
We are required to construct a continuous function 4 on @=Gu I" which
coincides with f on I' and is harmonic in G.

It follows immediately from the maximum principle that such a
function, if it exists, is necessarily uniquely determined.

11B. Very simple examples show that the Dirichlet problem does not
always have a solution. For instance, let @ be the punctured disk 0< |z| <1,
and choose f(0)=0, f({)=1 for |{|=1. A solution u to this Dirichlet prob-
lem would be bounded, and hence the singularity at the origin would be
removable. But then the fact that «(0)=0 while « tends to 1 when z tends
to the circumference would violate the maximum principle. It follows that
no solution exists.

11C. We are going to attack the Dirichlet problem by a method which
wasintroduced by O. Perron[1]. It is a remarkably simpleand direct method.
When analyzed, it is found to depend on essentially the samg arguments
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as mosb-classical methods, with the difference that these arguments
appear in their purest form.

One of the advantages of Perron’s method is that it assqciates a function
u which is either harmonio or completely degenerate with any function f,
continuous or not, and regardless of whether the Dirichlet problem has a
solution. The function u is obtained by a universal construction, and the
Dirichlet problem is replaced by a study of the boundary behaviour of u.

11D. We dewote by 7°(f) the class of all sabharmonic functions v in G
which satisfy the condition

fim v(2)- S f(0)
{

for all { € I'. Except for being real, the function f is not subject to any
restrictions; in particular, it may take the values +co and — co.
Theorem. The function u, defined by

u(z) = . f\;}:”v(z).

18 either harmonic, identically + oo, or identically — oo in Q.

The class 7°(f) is never empty, but it may contain only the function
v = — 0. In that case u is identically — co.

Consider a parametric disk A with closure in G. For any v € 7°(f) we
form the corresponding function ve which is equal to Py in A and equal to
v outside of A (cf. 10I). We conclude by Theorem 10I that v € 7°(f), and
by Theorem 10G that v Svo. It follows that u(z)=sup vo(z) in A.

The functions vg are either harmonic or identically — oo in A. If they
are not all infinite, we consider the class of all those which are harmonic
in A. This class satisfies condition (A) of Theorem 9A. Indeed, suppose
that vg, vg are formed from v’, v" € 7°(f). Then v = max (v, v") belongs to
7’(f), and the corresponding vp is a common majorant of vy and v;. We
conclude that u=sup vy is either harmonic or identically + oo in A.

We have shown that u is either harmonic, identically + oo, or identically
— o0 in each parametric disk. Because of the connectedness one of these
alternatives must hold throughout @, and the theorem is proved.

11E. It remains to consider the boundary behavior of u. We shall be
content to study the case where f is bounded, |f|< M.
A function B in @ will be called a barrier at {o € I if it satisfies these
conditions:
(E1) B is subharmonio in G,
(E2) Lim B(z) = 0,
s—{,

(E3) Tim B(z)<O for all {#{o, { T
> 3
\ boundary point {o will be called regular if and only if there exists a
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barrier at {o. Consider a neighborhood V of ¢ and a barrier 8. The barrier
is strictly negative, and because of (E3) it has a negative upper bound
—m outside of V. The function Sy = max (8/m, —1) is a new barrier with
the additional property that By = —1 outside of V. We call 8y a normalized
barrier with respectto V.

It is clear that the normalized barriexBy can be used as a barrier for any
region 6’ with G’n V¥ = G:0 ¥, provided that it is defined as —1 at all
points of (' outside of V. It follows that the existence of a barrier is a local
property which depends only on the geometric nature of G in the im-
mediate vicinity of {o.

11F. We are now ready to prove the following central theorem :
Theorem. At a regular point {o the function u, introduced in 11D, satisfies

®) lim f({) S lim u(z)  lim u(z) 5 lim f(),
&6 % = Laas)
provided that f 18 bounded.
Set 4= Ef({), and determine a closed neighborhood ¥ of {o in which
f({)<A+e, €>0. For any v e¥°(f) the function
9 = v—A+(M—A)By
is subharmonic and has the property
lim p(z)<e
—{
for all { e I', whether in or outside of V. In fact, for { € }' we ha\¢
Tim w(z) £ f(£) < A + ¢and Tim By(z) 0. For { not in V we have fim Wz) £ '/

and, because V is closed. lim Bi-(z)= —1. We conclude that plz) <€ in G,
and since this is true for all v € 7°(f) we obtain

uz) S A—(M—-A)Br(2)+e.
Letting 2 tend to {o we find
Iim u(z)SA+e.
—{

This proves the last part of (6).
We consider now the function

¢ =(B+M)By+B—e
where B=lim f(€) and f({)> B—¢€in V, a closed neighborhood of {o. It is
subhannon‘i—::‘.and satisfies

fim §(z) $ B~ e<f(0)
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for { € V, while
hm P(z) = —M—e<f(l)

for any { outside of V. It follows that ¢ ¢ ¥°(f), and henoe u(z) 2¢(z). On
letting z tend to {o we obtain

lim u(z) 2 B—e¢
P

and the first part of (6) is proved.

11G. As a corollary of Theorem 11F we find that the Dirichlet problem
with continuous boundary values f has a unique solution for any region ¢
with only regular points. Conversely, if the Dirichlet problem has a solu-
tion for arbitrary continuous f, then every boundary point is regular.
Indeed, it is possible to find a continuous f which is zero at {o and strictly
negative at all other boundary points. The solution of Dirichlet’s problem
for this function is evidently a barrier at {o.

11H. Explicit necessary and sufficient conditions for the regularity of a
boundary point are known, but they cannot be expressed in a form that
would make them immediately useful. For many applications the following
elementary result is sufficiently general.

Theovem. The point {o 18 a regular boundary point of G whenever the
component of the boundary T which contains {o does not reduce to a point.

We have already remarked that regularity is a local property. For this
veagon it is sufficient to consider the case of a plane region G which we
fegqu a3 q subset of the Riemann sphere. By assumption, {o belongs to a
component E of the complement of G which contains a point {;# {o. An
auxiliary linear transformation permits us to choose {o= 0, {1=

Since the complement of K is simply connected we can define a single-
valued branch of s=0+tr=log z in G. It maps G onto a region G’ whose
intersection with any line o=o0¢ consists of segments with a total length
<2x. For a fixed o9 we denote the end points of such a segment by s}, 8}
with Im 8{>Im s]. For ¢ 2 0o we define

s—8
m(a)sarg;:-_-? 0SS wg S
The function

1
ofs) = —= ‘2 ex(e)
is harmonic and satisfies the double inequality

--2-arctan
”

S af8) 3 0.



142 II. RIEMANN SURFACES I

It is equal to —1 on the segments (s}, s7). Hence « becomes subharmonic
in G’ if defined as —1 for o <ap.

Although «(log z) is subharmonic, negative, and has the limit 0 for
2—> 00, it is not yet known to be a barrier, for it could happen that « tends
to 0 at a finite boundary point. Let {os} be a sequence of real numbers,
tending to + co. If o9 is replaced by oy in the definition of «, the resulting
function ig demoted by «,. We consider the function 8 defined by

eid
Bz) = > 2-"a(logz).
n=0
The Series converges umiformly in G. Therefore, 8 is subkarmonic qnd
temds to O for z—>o00. In a neighborhood of a finite boundary point the
functions «, will be identically —1 from a certain n on. It follows that the
upper limit of B is strictly negative, and we have shown that B is a barrier.

111. We have restricted our treatment of the Dirichlet problem to the
case of a relatively compact region G on a Riemann surface W. However,
the method can be used under more general circumstances. In fact,
suppose that we imbed G in & compact Hausdorff space, for instance by
Alexandroff compactification of W (Ch. I, 4C). Then G has a compact
boundary I' with respect to the enlarged space, and T is endowed with a
Hausdorff topology. A close examination of our proofs reveals that these
are the only properties of I" that have been used.

As a typical application we prove the following:

Theorem. Let G be the complement of a closed parameiric disk with respect
to an arbitrary Riemann surface W. Then there exists a nonconstant harmonic
Junction on G.

If W is noncompact we replace it by its Alexandroff compactification.
Then I' will consist of «, the boundary of the disk, and a single point B,
the ideal boundary of W. We choose for f any continuous nonconstant
function of « and let f(8) be an arbitrary finite number. Perron’s method
yields a harmonic function % on G which tends to f({) as z—>{ € a. Because
of this property u is not constant.

12. Existence of a countable basis

12A. It has already been mentioned (see 6C) that every Riemann surface
is countable. We are now in a position to give a very short proof of this
fact. The proof is based on Theorem 111 together with the following
lemma:

Lemma. The extstence of a nonconstant harmonic function u on a Riemann
surface W implies that W has a countable basis.

The shortest proof runs as follows: u has a single-valued conjugate
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harmonie function u* on the universal covering surface W of W. The
analytio fanction f=u +iu* defines W a8 a covering surface of the plane.
We proved in Ch. I, 21D, that every oovermg surface of a countable
surface is iteelf countable. Therefore W is countable, and the same is
true of its projection W.

12B. There is arn alternative proof which is mare elementary in that it
does not make use of covering surfaces and their properties. If u is a
nonconstant harmonic function we can introduce a metric on W with the
distance function

d(z1, 22) = inf J' |du+sdu*|,
k4

where the infinum is with respect to all piecewise differentiable arcs
from z; to z3. It must be verified that any two distinct points have a
poeitive distance, but this is evident by local considerations.

The set U(zo, p) of all points z with d(z, 2z0) < p is open. We denote by
p(zo) the least upper bound of all p for which U(zo, p) is relatively compact.
It is >0, and if p(zg) = oo for a single zg there is nothing to prove, for then
W is the union of the sets U(zo, #) and can thus be covered by a sequence
of compact sets. We may therefore assume that p(z) is finse. It is con-
tinuous as a function of 2, for it satisfies the obvious inequqlity
|p(21) — p(z3)| S d(z1, 22).

We choose a fixed point zg € W and denote by Gy the set of all points 2
which can be reached from z9 by means of a chain 2y, z3,- - -, 24 =2 with
d(z4-1, 2) S §p(z1-1). It is clear that Gy is closed and contained in the

@
interior of Gy.1. Because of the latter property, U Gy i8 an open set.
n=l

The complement of U Gy is likewise open. To see this, let { be a point
in the complement, and consider the set U({, $p({)), which is a neighbor-
hood of {. Suppose that this neighborhood contains a point z4 € Gs. Then
d(l, zs) <¥p({) and p(zs) 2 p({) —d(L, 28) > §p({). These inequalities imply
d({, za) < }p(2s), and hence [ would belong to Gu,1, contrary to the
assumption. We have thus proved the existence of a neighborhood of {
which is contained in the complement of U Gy. In other words, the com-
plement is open.

[ ]
It follows that W= | ] Gy, and the lemma will be proved as soon as we
1

show that each Gy is compact. It is trivial that G} is compact. Let us
therefore suppose that Gy_; is known to be compact. It has an open
covering by sets U(z, 1p(2)), z € Gx_1. We select a finite subcovering by
the sets U(z, }p(21)).
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Consider a point { € Gy. There exists & {y—1 € Gx—1 With d({, {s-1)S
3p(in-1), and a z; with d({s-1, z) < }p(z). These inequalities imply

P(Ln-1) S B(ln-1, z)+p(21) < %p(zs)

and
A, z1) S d(l, {n-1)+8(Ln-1, ) < 3p({n-1)+1p(20) < Fp(2).

Therefore, Gy is completely covered by the sets U(zs, p(2s)). Each of
these sets is contained in a compact set, and it follows that (7, is compaoct.
The lemma is proved.

12C. The proof of the main theorem is now quite trivial. We remark
that the theorem is due to T. Radé [3] who proved it by an entirely
different method.

Theorem. Every Riemann surface has a countable basis.

We remove a parametric disk. By Theorem 111 there exists a non-
constant harmonic function on the complement. Hence the complement
has a countable basis, and the same is then true of the original surface.

12D. This is a convenient connection to discuss exhaustions of Riemann
surfaces. Since we know now that a Riemann surface is countable we can
conclude by Theorem 46A, Ch. I that it is a polyhedron. It is worth
pointing out that the proof can be made a little simpler than in the
general case. Indeed, since all parametric disks have analytic boundaries,
a covering by parametric disks is automatically of finite character (Ch. I,
45A). Therefore, the proofs in Ch. I, 46 can be dispensed with. Even so,
the Jordan curve theorem is not completely eliminated, for it was used
also in Ch. I, 45.

As a result of the triangulability there exists a canonical exhaustion
in the combinatorial sense (Ch. I, 29), and hence a countable exhaustion
by regions P, which are regular in the topological sense (Ch. I, 13G).

This approach is unsatisfactory on two accounts: first, it depends on
the cumbersome apparatus of triangulation, and second, it yields only an
exhaustion by topologically regular regions, rather than by regions which
are regular with respect to the conformal structure (3B). The proof that
follows below is more elementary and leads to a stronger result.

Theorem. On every open Riemann surface W there exists a sequence of

regular subregions Wy, such that Wy ¢ W41 and W=U Wh.
1

The first part of the proof is identical with an argument used in Ch. I,
46B, but we repeat it for the convenience of the reader. Let there be given
a countable covering By patametric disks V,. Take n;=1 and define g,
recurs;vely, as the smallest integer with the property that

Viv---UVa_cViu - U Vg,
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Such an integer exists because the set on the left hand side is compact,
and ng > ng_1 because W is open. We set Gy=V1U - -- U Vy,. Then Gy is

©
compact, Gk Cc Gg+1, and U Gr=W.
1

Denote the boundary of V¢ by B. Because the B are analytic, and may
be supposed distinct, By, - - -, Bs, intersect only at a finite number of
points. Let 8y; be the subarcs of 8; between consecutive points of inter-
section; we introduce an additional pair of points on any B that remains
undivided. With respect to & Vi, m# ¢, m S nz, the interior of any arc By is
contained either in Vy or in its exterior. It follows easily that the total
boundary Ty of Gy consists of finitely many arcs By, and perhaps a finite
number of isolated points. We modify Gp by including the isolated
boundary points; for the sake of simplicity we refrain from changing the
notation.

The set Gi,1—Gx is bounded by I'x U I'r41, and no component of the
boundary reduces to a point. We can therefore solve the Dirichlet problem
with the boundary values 0 on I'y and 1 on I'y1, separately for each
component of Giy1—Gy. The solution %, will be completed by setting
;=0 on G;. For any constant nx, 0 < 7¢ <1, the set Wy on which u;< i

is open, and Gx c Wi C G41. It follows that Wi c Wi,; and LJ Wi=W.

We contend that each component of Wy is regularly imbedded, pro-
vided that the numbers 7 are suitably chosen. Let Q2 be a component of
@41 — Gy which has part of its boundary on Iy and part on Iy, so that

ug is not constant jn Q. The equation %—uf—i —aal;=0 has invariant meaning

and is Mlfilled only at isolated points. We can therefore choose y ~o that
the level curves u; =7 do not pass through any of these points. Let zo be
a point on the level curve uy=m:, choose a conjugate function uf in a
neighborhood of z,, and set f(z)= —i(u,—n;)+u}. Then f(z) is analytic
with f’(z9) #0. There is hence a neighborhood V of 2z in which f(z) is one
to one and such that Im f(z) =0 if and only if z € V n I'y. By the definition
in 3B this means that W} is regularly imbedded.

The W are not necessarily connected. It is clear, however, that we get
an exhaustion by regularly imbedded regions if we replace Wi by the
component that contains V,, and an exhaustion by regular regions if we
include the compact components of W — W.

Corollary. Every compact set A c W is contained in a regular region.

In fact, the W, form an open covering of 4, and the corollary is an
immediate consequence of the compactness of 4. We wish to point out,
however, that the corollary can be easily proved without using the
countability. To do so, we enclose 4 in a relatively compact region G,
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formed by a finite number of parametric disks, and next we enclose Gy
in a similar region Gs. The same construction as above yields a regular
region W, such that G; c W1 c Gs. '

13. Convergence in Dirichlet norm

13A. We recall that the Dirichlet integral Dw(u) of a function u € C! was
defined in 7 only under the condition that W is closed or bordered and
compact. It is now clear how to remove this restriction, for using the
exhaustion in Theorem 12D we can evidently set

Dw(x) = lim D, (u).

It is necessary to verify that the limit is independent of the sequence
{Wa}. The verification offers no difficulty, but the very need for a verifica-
tion shows that this approach is somewhat artificial. A better method
will be given below.

13B. Consider an open Riemann surface W, and let Q be a generic
notation for a regular subregion of W (see 3B). Very often there is given

A% .

a numerically valued set function F(XQ), defined for all such regions Q. -

We wish to define the limit of F(Q) as Q tends to W. This can be done
without recourse to Theorerh 12D if we make use of the notion of directed
limit.
By definition. we say that
lim F(Q) =a
QW

if and only if there exists, to every ¢ >0, a compact set 4 with the property
that |F(Q)—a|<e for all Q which contain 4. The limit, if it exists, is
uniquely determined. For suppose that a and a’ are two limits. Given ¢,
we determine corresponding sets 4, A’. By the Corollary in 12D there
exists an Q which contains 4uA4’. It satisfies |F(Q)—a|<e and
|F(Q)—a’]| < e. The resulting inequality |a—a’| <2¢ proves that a=a’'.
For the existence of a limit it is necessary and sufficient that Cauchy's
condition is fulfilled: to any €> 0 there exists a compact set 4 such that
|F(Q)— F(Q’)| < e whenever AcQn Q'.

Obvious modifications are needed to define infinite limits and the
notions of limes inferior and limes superior.

If F is increasing, that is to say if F(Q) S F(Q’) for Q c Q’, the existence
of a finite or infinite limit is assured. In fact, the limit is then equal to
sup F(Q), as seen by completely trivial considerations. In particular, we
are now able to define the Dirichlet integral by

Dy (u) = &E!.nw Dq(u).
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13C. Let G be an arbitrary subregion of W, and suppose that a har-
monic function uq, defined in @, is assigned to every sufficiently large Q.
The notion of uniform convergence has an obvious integpretation, and
if uq(z) oconverges uniformly to 4(z) on every compact subset of @, then
u(z) is harmonic in G.

We shall have to deduce the existence of a limit function when it is
known that the Dirichlet integrals Dg(ug—ugq‘) tend to zero as Q and
Q' approach W. The theorem can be formulated as follows:

Theorem. Suppose that Dg(uq—uq')—>0 as Q and Q' tend to W. Then
there exists a harmonic function u in G with these properties:

(C1) Dg(ug=u)—0
(C2) Dg(uq)—>Dg(u)
(C3) uqa(z)—ualzo)>u(z). .

In (C3), 2 18 an arbitrary point sn G, fized sn advance, and the convergence
18 uniform on every compact subset of G.

18D. For the proof, let A be a pmmetric disk in G, represented by

|2} <1. If v is harmonic in A, thenf(z)--a;—t % is analytic. Since the real
and imaginary parts of f(z)® are harmonic we have

» 2x
1
f@)? = —5 | | fz+ref®)2 rdr d0
1]
with p=1— |z|. It follows that
Wele s w2 a=fel)* [[ 1912 dedy = ot 0= |2l)-2 Dao)
a

For |z| 5 , say, we have thus
If2)| s (4=~ Da(v))},
and if |z1], |22] S § we find

'S
) Iotz)-otea)] 5 [ 1f11de] S (1 Dalo.
%

For a given A we denote by A’ the concentric digk that corresponds to
|2} < }. A given compact set 4 C @ can be covered by a finite number of
A;. A point in each A can be joined to zg by an arc in G, and this arc can
again be covered by a finite number of disks A’. In this way we get a
oconnected covering by disks A{, - - -, A}y, and on applying (7) to v=uq—ug-
we obtain

|ua(2) —ua’(2) — ua(z0) +ua'(20)| S N(4n! Dg(ua—ua)}t
for all ze A. We oconclude that uq(z) —uq(zo) converges uniformly to a
limit function %(z) which is evidently harmonic.



CHAPTER I11

Harmonic Functions on Riemann
Surfaces

The solution of Dirichlet’s problem does not yet yield the classical
existence theorems for harmonic functions with given singularities.
Although Perron’s method could be extended to somewhat more general
situations, it remains essentially a technique for local problems. Especially
in the case of open Riemann surfaces it becomes mandatory to introduce
new ways of constructing harmonic functions.

The problem of construciing harmonic functions with given singularities
on a closed Riemann surface was first solved by H. A. Schwarz who used
an iteration process which he called the alternating method. The initial
method applies only to compact surfaces. We develop in this chapter a
method of greater scope and flexibility. It depends on the use of a whole
class of linear operators which we call normal operators. They are equally
well adapted to isolated singularities a8 to prescribed modes of behavior
neor the ideal boundary. In this way we gain a simple and unified approach
to a wide variety of existence theorems.

The theory centers around the notion of a principal funetion.

In §1 the method is developed in full generality; the section culmingtes
with Theorem 3A, the main existence thegrem. The next step is to adapt
the method to more specific problems. In this task, which occupies §§2
and 3, attention is drawn to a number of important extremal problems.
The most general of these results is Theorem 9E. In §4 we specialize
further to the case of planar surfaces, and §5 deals with the so-called
capacity functions.

§1. NORMAL OPERATORS

In this section we formulate and prove the main existence theorem in
very general terms. The result is illustrated by applications to the classical
case of harmonic functions with prescribed singularities on compact

surfaces and relatively compact subregions of open surfaces.
148
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1. Linear classes of harmonic functions

1A. The harmonic functions on a Riemann surface form a linear space
or vector space. In other words, if 4; and us are harmonic, 8o is every
linear combination ¢;u; 4 caus with constant real coefficients. .

This simple fact is of utmost importance for the whole study of Riemann
surfaces. It indicates that linear methods must find fruitful applications
in the theory, and that the concepts of linear subspace and linear operator
will play a central role.

1B. The space of all harmonic functions on a Riemann surface W will
be denoted by H(W). A linear subspace Ho(W) is any subset with the
property that uy € Ho(W), us € Ho(W) imply cyu; +caus € Ho(W).

Numerous examples of linear subspaces can be given. For instance the
bounded harmonic functions on W form a linear subspace which we shall
designate by HB(W). The constant functions form a very trivial subspace
which we denote by C, and the space that contains only the constant 0 is
itself denoted by 0.

Let W’ be an open subset of W. There is an obvious way in which
H(W) can be identified with a linear subspace of H(W’).

1C. If a function u is defined and harmonic outside of a compact set on
an open Riemann surface W we will say that it belongs to H(B) where 8
stands for the ideal boundary of W (see Ch. I, 13A). It is understood that
the compact set may depend on the function u. Nevertheless, H(B) is a
linear space with respect to the obvious definition of vector sum and
scalar multiple. The relation of a function v to different subspaces of H(8)
will serve to describe the behavior of v in a neighborhood of the ideal
boundary.

ID. Let H be a linear space of harmonic functions, and let Hy be a
hinear subspace of H. Algebraically, H is an Abelian group with operators,
and Hg is a subgroup of H. A coset S of Hy is formed by all elements of
the form s+u where s is a fixed element of H and » runs through all
elements of Hj.

8 is an affine subspace. By this we mean that c;v;+cavs € S whenever
v1,v3€Sand ¢; + cg=1. The equation c¢1(8+u1)+ ca(8 +uz) =8+ (cru1 + couz)
shows that S has this property.

Conversely, any affine subspace S is & coset of a subgroup. We choose
an arbitrary s€8. Then the differences v—s, v € 8 form alinear subspace H,
for c(v—8)=cv+(l1—c)s—sand (v1—8)+ (v2—8)=4(2v1—8) + } (22— §) —&
It is clear that S is the coset of Hy which contains s.

1E. Consider the space H(f8) defined in 1C. Let S be an affine subspace
of H(B), and denote the corresponding linear subspace by Hy. We shall
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find it an important problem to determine the intersection Sn H(W),
which is evidently affine. We are particularly interested in finding oon-
ditions under which the intersection is nonvoid and reduces to a coset of
the linear subspace C of all constants. When this is so there exists‘a
function in S which has a harmonic extension p to all of W, and this
function is unique except for additive constants.

In more explicit formulation, we are given a function s € H(B) and a
linear subspace Hoc H(B). We wish to construct a function p which is
harmonic on all of W and such that p—s8 e Hy. Conditions will be formu-
lated which guarantee the existence and essential uniqueness of such a
function.

It is a natural interpretation to say that p has a prescribed Behavior
near §he ideal boundary in the sense determined by the subgpace /7o.
Briefly, p has the behavior s modulo Hy.

2. Linear operators

2A. To illustrate the general problem raised in 1E we consider first a
classical application, the determination of harmonic functions with given
singularities on a closed Riemann surface Wy. It follows from the maxi-
mum principle that H(Wp) coincides with C, the space of constants. This
explains why singularities must be introduced in order to yield a signifi-
cant problem.

Let E be a finite point set on Wy, and set W= Wo— E. The problem of
finding a function on Wy with given singularities at the points of ¥ is
more accurately formulated as a problem which réquires the construction
of a function on W with a prescribed behavior near the ideal boundary.
Accordingly, we introduce the class H(B) of functions which are defined
and harmonic on W outside of a compact subset. A function in H(B) is
thus harmonic in a punctured neighborhood of each point 2, € E. A linear
subspace Hp is formed by those functions which can be continued to the
full neighborhoods, in other words the functions with removable singu-
larities. :

In terms of a local variable the most general harmonic function with
an isolated singularity at z; can be written in the form

0 L2
Re Zaff’ (z—2)"+Re Z b (z—2) " +cV log |2~z
n=0 =]

where the two infinite series are supposed to converge, the first for
sufficiently small |z—z;| and the second for all zs£z; the coefficients
a®, b are complex and ¢ is real. A singularity function s e H(B) is
given by the singular parts

@
Re D b (z—z)"+¢ log |z—z],

n=]
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and the corresponding coset S consists of all functions with these singular

parts. The intersection H(W)Nn S is the class of all functions which are

harmonic on W exoept for isolated singularities with the given singular

parts at the points z;. We will prove that such functions exist if and only if

D cth=0. It is trivial that any two functions in H(W)n g differ by a
1

constant.

2B. We return to the general problem with the purpose of imposing
suitable restrictions on the subspace Hy. In order to achieve uniqueness
we must make sure that H(W)n H, contains only the oonstants. In the
above example this was a consequence of the maximum principle. It is
natural X0 introduce a restriction which in the general case permits use of
the Some reasoning.

Let W'c W be oomplementary to a compact set, and denote the
boundary of W’ by «. We require that any « € Hp which is defined on the
closure of W’ takes its maximum on «. In other words, since —« is also in
Hy, we postulate the double inequality

minu¥ S u(z) S maxu

for all ze W’. When this is so we say, briefly, that the functions in Hy
satisfy the maximum principle.

Under this condition it is readily seen that any function in H(W)n Ho
has a maximum on W. It must consequently reduce to a constant.

2C. The next condition requires Hy to be sufficiently inclusive. Specifi-
cally, we want the boundary value problem to be solvable. We consider
again a set W’ with a compact complement and the boundary «. If f is
any ocontinuous function on « we require that there exist a « € Hy, defined
in W’, with a continuous extension to W’ which equals f on «. It follows
from the maximum principle that « is uniquely determined.

We remark that the solvability of the boundary value problem and the
maximum principle need to be postulated only for a single fixed region
W’. In all applications, however, these properties will stay in force for
arbitrary regions W’ with compact complement, and we can profit from
this fact to choose, without loss of generality, a W’ that is regularly
imbedded. An assumption to this effect will.be embodied in the hypotheses
of Theorem 3A.

2D. By the corollary to Theorem 12D, Ch. II it is possible to enclose
the complement of W’ in a regular region G with positively oriented boun-
dary B(G). For a harmonic function u in W’ the integral

du*

Q)
is called the flux over B(G).
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Suppose that G is replaced by another region G; with the same prop-
erties and the boundary B(G,). There exists a third region Gy which
contains G UG). We apply Green’s formula (Ch. II, 8C) to Ga—G and
G2— G4, regarded as bordered surfaces, and obtain

du* = | du* = fdu".
(W) B(Uy) B((h)
The flux is thus independent of G and may be thought of as a quantity
attached to the function % and the ideal boundary B. Accordingly, we
agree to write the flux as & symbolic integral over 8.
We introduce the crucial assumption that the flux vanishes,

1) ! du* =0,

for all functions u € Hy. The reason for this strong restriction is primarily
its effectiveness for the existence proof. But one can also present the
heuristic argument that a nonvanishing flux indicates the presence of a
source or sink. Therefore, if we want the functions u € Hy to be regular
at the boundary in some reasonable sense, it is natural to require that the
flux vanishes.

Condition (1) implies that all functions s in a coset 8 of Hy have the
same flux

@ ! ds*.

On the other hand, a function in H(W) has of course the flux zero. Hence
H(W)n 8 is void unless the common value of the integrals (2) is zero.
We see that if (1) is fulfilled, a necessary condition for the existence of a
harmonic function on W with the singularity s modulo Hy is that the
flux of s vanishes. Subject to the earlier assumptions concerning Hy we
intend to show that this condition is also sufficient.

2E. The hypotheses which we have introduced can be assembled and

reformulated in a more condensed notation. According to 2C there exists
a function u € Hy with given boundary values on «, and by 2B it is uniquely
determined. We may therefore write u= Lf, where L is a functional
whose domain of definition consists of all continuous real-valued functions
on a. The basic assumption is that Lf is continuous on W’ and harmonic
in W’. In addition, L has the following properties:

(E1) Lf = fon a,

(E2) L(cifi+cafa) = c1Lfi+c2Lfs,

(E3) L1 =1,

(E4) If 20ilf2 0@

(E5) fg(dLf)* =o0.
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An gperator which satisfies (E1)~(E5) will be called a normal operaior.
The fitwt condition states that Lf solves the boundary value problem.
The second property shows that L is a linear operator. Conditions (E3)
and (E4) are equivalent with the validity of the makimum principle.
Indeed, they are obvious consequences of the maximum principle, and
if they are fulfilled we see at once that m<f< M implies m = Lf< M.
Finally, (E5) is a restatement of the hypothesis introduced in 21.

If v is any function defined on a set containing a we use the notation
Lv to indicate the result of operating with L on the restriction of v to a.
With this interpretation the operator L is idempotent: L2f= Lf.

2F. We have considered the linear operator L as determined by the
subspace Hy. Conversely, we can start from & given operator L. The
corresponding subspace Hp is then formed by all functions u, harmonic
in W and continuous in W’, which satisfy the condition w=Lu. If L
satisfies (E1)-(E5) it is evident that Hy has the desired properties, and L
is the linear operator associated with Ho.

In terms of the operator L the problem of finding a harmonic function
with a given behavior 8 modulo Hy amounts to constructing a harmonic
function p on W which satisfies the nonhomogeneous linear equation

p—s8 = L(p—3s).

2G. Several examples of normal operators will be considered. We show
here that the classical problem introduced in 2A leads to a normal
operator.

As before, E is a finite set on the closed surface Wy, and W is the open
Riemann surface Wo— E. We choose W’ as a union of disjoint punctured
parametric disks about the points of E. The subspace Hy is the class of
harmonic functions in W’ with removable singularities at E. For these
functions the maximum principle holds, and we knowthat the bom\dd‘y
value problem has a solution. Finally, condition (E5) is satisfied because
each component of B (more precisely, 8(G)) is contained in a simply
oonnected subregion of Wy so that the conjugate periods of any function
in Ho must vanish. Hence the corresponding operator L is indeed a
normal operator.

For a singularity function s with the logarithmic terms c¢® log |z—z]|

we find
fds* = —2n > c®
H 1

by Green’s formula and the usual method of excluding the singularities
by small circles. The vanishing of the flux is thus equivalent to the
vanishing of J¢c®.
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If we anticipate the existence theorem we can consequently conclude
that the problem of finding & harmonic function with a finite number'of -
prescribed singularities has & solution if and only if the sum of the
coefficients of the logarithmic terms vanishes.

3. The main existence theorem

3A. In this section we bring forth the proof of the existence theorem
that has already been foreshadowed :

Theorem. Let W be an open Riemann surface, and L a normal operator
in the sense of 2E, defined with respect to a regularly imbedded open set
W’ c W with compact complement.

Given s, harmonic in W’ and continuous on W', a necessary and sufficient
condition that there exist a harmonic function p on W which satisfies

3) p—s8 = L(p—3)
in W’ is that ’
4) ds* =0

]

where B represents the sdeal boundary.

The function p is unigquely determined up to an additive constant, and p i3
constant if and only if 8= Ls.

The necessity and uniqueness have already been proved, and the final
remark is a trivial consequence of the unicity. Indeed, if s=Ls then
p=0is a solution of (3), and if p=0 is a solution, then (3) implies 8= Ls.

The existence of p under condition (4) remains to be proved.

3B. We begin with the proof of a simple lemma:
Lemma. Let A be a compact set on a Riemann surface W. There exists a
positive constant k<1, depending only on A and W, such that

maxy|u| S ksupw|u|

Jor all functions u which are harmonic on W and not of constant sign on A.

If supw|u| =0 or oo there is nothing to prove. In all other cases u can
be normalized by the condition supw|u|=1. If the lemma were not true
we could find a sequence of normalized harmonic functions u, for which
max 4 |ux| tends to 1. Since W is known to have a countable basis it would
be possible to select a subsequence which converges to a harmonic limit
function u, and this function would attain either its maximum 1 or its
minimum —1 on 4. Hence it would be constantly 1 or —1. But this is
not possible, for by assumption min|uy| S0 Smax,|u,|, and this prop-
erty must be shared by the limit function. The contradiction proves the
lemma.
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In this form the proof uses the countability of W. However, 4 can be
enclosed in & relatively compact region W, c W. The lemma can then be
proved for W, and follows trivially for W since supw, |u| S supw|u|.

3C. We recall the notations used in 2D. @ is a regular region which
contains the complement of W’. It has the boundary B8(@), and Gn W’
is bounded by « and B(G). We have oriented B(@) positively with respect
to G, and henoe with respect to Gn W'. Since W’ is regularly imbedded
we can also ‘orient «, and we elect to let a denote the negatively oriented
boundary of W’. The complete positively oriented boundary of Gn W’ is
thus 8(G)—a.

Lf represents a harmonic function in W’ with the boundary values f on
o Similarly, if ¢ is continuous on B(G@) we denote by K¢ the unique har-
monic function in ¢ with the boundary values ¢ on 8(().

To solve equation (3) it is sufficient to find functions f on « and ¢ on
B(G) which satisfy :
o p=s = L(f-s) on f(@),

J= K¢ on «a.

In fact, if these conditions are fulfilled we can set p=Kgp in G,
p=mLf+s—Ls in W’'. The two definitions ocoincide in Gn W’, for
Kp=fm Lf+8— Ls on a, and Lf+s8— Ls=p=Kgp on B(G). Furthermore,
from p—s=L{f—a) on W’ it follows that L(p—8) = L3(f—8)= L(f—s)=
p—8. In other words, p is a solution to our problem.

It is clear that the system (5) is equivalent to the single equation

(6) ¢—LKp =s8—Ls on B(G).

We set s— Ls=3p and note that (6) has a formal solution represented by
the Neumann series

M @ = 2 (LK),

n=0

where (LK)® is the nth iterate of LK. We must show that the series
converges and that ¢ satisfies (6).

3D. In order to make use of Lemma 3B we show that the functions
Keg and K(LK)»so are not of constant sign on a.

Let w be the harmonic function in Gn W’ which has the boundary
values 0 on « and 1 on B(@). It follows from the reflexion principle that w
is still harmonic on « and B(@). If v is any function which is likewise
harmonic on the closure of @n W’ we obtain by Green’s formula

fvdw‘—wdv‘ = fvdw"—w dv*.
o) -
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In case v has vanishing flux this reduces to

(8) J'vdw* - J'vdw*.
W) a
We apply (8) to v=Ksg—s¢. It has vanishing flux, for so=8— Ls and
the flux of s vanishes by assumption. Since v is identically zero on 8(G)
it remains harmonic on 8(@). The same applies to 8o on «, and we see that
v is harmonic on the closure of Gn W'. By (8) we obtain

J.(K!o"&;) de* = f (K3g—3¢) dw* = 0,
@ 10
and thus

stmlw‘ = J‘aow -0,

Let us now choose v=K(LK)%sg— (LK)"sg with n > 0. Again, v vanishes
on B(G), and (LK)#so=K(LK)* 18y on «. This is sufficient to conclude
that v is harmonic on the closure of Gn W’. Since the flux vanishes we
obtain by (8)

f K(LK)*80 do® = f (LK)%so dw* = J' K(LK)"14 das®.

Together with the previous result we have thus
J' K(LK)%so dw* = 0

for all n20.
This suffices to conclude that K(LK)%sy changes sign on «, unless it is
constanlly zero. In fact, any local conjugate w* is increasing in the

positive direction of «. Hence v20 on « would imply fv dw* 20, and

v =0 would give the opposite inequality, Moreover, 8ince w* cannot he
constant on any open arc, the inequalities would be strict unless v is
identically zero. The desired conclusion follows on taking v=K(LK)%so.

3E. We are now ready for the convergence proof. Lemma 3B is applic-
able to G, the set «, and the function K(LK)»-1s. It yields
max |K(LK)*1s9| < k max |(LK)»1s|.

a B(Y)
On the other hand the maximum principle, which we have postulated for
the operator L, leads to the inequality

max |(LK)#so| S max |K(LK)*s|.

A©) «
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Theee estimates imply
max |(LK)®sp| S k® max |so],
Aa) AG)

and we find that Neumann’s series

@
@ =2 (LK)*s
n=0
converges uniformly on B(G).
By use of the maximum principle together with uniform convergence
we obtain

LKy = 2 (LK)®sg = @—80,
nm=l
and this is the relation that was needed to complete the proof of Theorem
3A.
Remark. The notion of normal operator was introduced by L. Sario in
[4, 11, 20). These papers contain proofs of Theorems 3A and 9E.

4. Examples of normal operators

4A. The generality of our approach would be pointless if we did not
exhibit other examples of normal operators than the relatively trivial
one which was used to construct harmonic functions with given singu-
Jarities on closed Riemann surfaces.

We begin with a general remark which shows how different principles
of construction can be combined with each other. As before, W is an
arbitrary Riemann surface, and W’ c W is a regularly imbedded set with
compact complement 4 and boundary «. In general, W’ is not connected.
We can therefore consider representations W’'=U W] as finite unions of
disjoint open sets. Each W; consists of a finite number of components of
W. apd its boundary o is formed by certain components of a.

For any function f on a we let f; denote its restriction to . Suppose
that a normal operator L® is defined for each W;. Then we can define a
linear operator L on W’ by setting Lf=LWf, in W;. It is trivial that L
satisfies conditions (E1)~(E5) in 2E. We say that L is the direct sum of
the operators L.,

This construction has the advantage that we can solve problems of a
mixed type by choosing the L according to different principles. On the
other hand, we must be well aware that a normal operator L cannot
always be decomposed into normal components L®. In fact, the nor-
mality of L"), defined as the restriction of L to W;, requires that the '
flux of Lf vanishes when restricted to W;, while the normality of L requires
merely that the sum of the fluxes is zero.
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4B. As a first example we construct the Green’s function of a relatively
compact subregion of & Riemann surface. The subregion is denoted by W,
and we assume that W is oontained in a larger Riemann surface Wj.
By hypothesis, W shall be relatively compact and regular for the Dirichlet
problem. The Green’s function of W is defined as the harmonic function
on W with singularity —log [z—{| at a point { € W which vanishes
continuously on the boundary 8 of W (in this connection 8 means merely
the point set theoretical boundary of W). Its uniqueness is evident.

Naturally, our problem oconcerns the punctured surface W—{. We
surround { with two conoentric parametrio disks contained in W, and we
let W3 denote the punctured smaller disk while W3 will be the comple-
ment of the closed larger disk. We take W’ to be the union Wju Wy,
and we define L by means of its components L) and L(2. Here LM is
the operator associated with the class of harmonic functions with a
removable singularity at {. For the construction of L( some preliminary
considerations are necded.

4C. The region Wy is regular for the Dirichlet problem. We can there-
fore construct a harmonic function Uf which has given boundary values
S on a3 (the circumference of the larger disk) and vanishes on 8 (the
boundary of W). It is clear that Uf depends linearly on f.

If f is positive, the flux of Uf is negative. This would be obvious if W
were regularly imbedded so that the flux could be determined by inte-
gration along B. In the general case we must make use of the harmonic
function w which is 0 on as and 1 on B. If B; denotes the level curve w=¢
for 0<t<1, positively oriented with respect to w <¢, the flux of w is

m = fdw‘.
By

We have m >0, for the-looal-conjugete wt increases along.f;.
By Green’s formula the value of
f Uf dw® — w(dUf)*
By
is independent of ¢. Thus

5‘[ dew--tJ @upy*

is a constant which we can determine by letting ¢ tend to 1. We obtain in
this way

® [vrdur = ¢-1ym;
8
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where m; denotes the flux of Uf. If f20, so is Uf, and (9) shows that
my; 50 a8 asserted. Moreover, my=0 if and only if f is identically zero.

s

4D. We define the operator L(?) by the equation
(10) LOf = Uf—%’ w.

L ig linear, L(® ]l m(l ~w)+w=1, f20 implies L@f20, and the flux
- of L(f is zero. Henoe LM is a normal operator.

We apply Theorem 3A with s= —log |2~ {| in W and #= —27 o in ;.

This function has the total flax zero. Henoce there exists a harmonic
function p which is such that p+log |z—{| is regular at { and

p—8=L® (p-s)

in W,. Since 8 and L (p—s) have constant boundary values on B it
follows that p is constant on B. If this constant is subtracted from p we
obtain the Green’s function g(z, {).

4E. It is clear that the above construction can be generalized to the
case of arbitrary prescribed singularities at a finite number of points.
We are thus able to oonstruct a harmonic function in W which vanishes
on B and possesses a finite number of isolated singularities with given
singular parts.

In all problems with isolated singularities the operator L() is auto-
matically given, and in the applications of Theorem 3A we need pay
attention only to L®. Accordingly, we can drop the superscript and
revert to the notation L. The singularity function s is given near the
singular points, and near the boundary we can choose s arbitrarily,
provided we take care that the total flux vanishes. Without formulating
any explicit theorem we can summarize our results by stating that the
singularity problem has been effectively solved for any normal operator L
on any surface. It remains to study the different types of normal operators.

§2. PRINCIPAL OPERATORS

The conditions (E1)-(E5) which a normal operator has to satisfy are
not very restrictive, and there is thus a rich variety of problems to which
the preceding method would apply. It must be recognized. however, that
all these problems are not fundamental, and for this reason we want to
distinguish a subolass of normal operators, called principal operators,
which enter naturally in some problems of conformal mapping and are
therefore worthy of a more detailed study.
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It turns out that the principal operators have interesting extremal
properties which in turn can be used to shed light on the Riemann surfaces
on which the operators are defined.

5. Operators on compact regions

5A. We shall define two principal operators, Ly and L,, of which the
first is unique, while there remains a certain amount of freedom in the
definition of the second.

As far as Ly is concerned it is essential that we limit ourselves, in this
preliminary discussion, to a surface W which'is given as the interior of a
compact bordered Riemann surface W. We choose a regularly imbedded
boundary neighborhood W’ c W with compact complement and boundary
«. For a given continuous f on « we construct Lof as the harmonic function
in W’ which has the boundary values f on « and whose normal derivative
vanishes on the border B=8(W). The existence and uniqueness are
practically trivial, for it suffices to pass to the double and solve the
Dirichlet problem with boundary values f on « as well as on its reflec-
tion o*.

1t is clear that Lo is a normal operator. It serves to construct a har-
monic function with given isolated singularities whose normal derivative
on the border vanishes. It is necessary to assume that the coefficients of
the logarithmic terms have zero sum.

In this form the use of Ly is not essential, for we could obtain the same
result just by considering the singularities on the double . The usefulness
lies on one side in the possibility of combining Lo with other operators,
and on the other side in the fact that the definition of Ly can later be
extended to open surfaces.

5B. The second principal operator, Ly, is nothing but the operator L(2
which was used in 4D to construct the Green’s function. We have seen
that it can be defined as soon as W is regular for the Dirichlet problem,
but since we are going to push the generality much further it is sufficient
at this stage to consider the compact bordered case. According to our
definition L,f is constant on B, and the constant is adjusted so that the
flux vanishes.

This definition can be generalized. We consider an arbitrary partition
P of the contours of W. In other words, we assume that 8=U §;
where the By are disjoint unions of contours. In terms of cycles, the same
relationship is expressed by B=3 ;. It is then possible to define a normal
operator (P)L; with the property that (P)L;f is constant and has a
vanishing flux separately along each g;.

The existence of the function (P)L; fis proved by means of Theorem 3A,
applied to W’. First, we construct disjoint neighborhoods W of « and
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W' of B; with boundaries &y U « and o; U B; respectively. We define L to
be the operator whose components in Wg and W; are the principal opera-
tors Ly for those regions acting on functions on ap and «. In W§ we choose
the singularity function & to be any harmonic function with the boundary
values f on . Let w, be the harmonic function in Wg which is 0 on « and
1 on ap. By subtracting a suitable multiple of wp we can adjust the
definition of 8 so that its flux along « vanishes. To complete, we set
8=0 in all W;. Then the total flux of s is zero, and we can solve the~
equation p—s= L(p—s). It is clear that p has the boundary values f on «
except for an added constant. We subtract this constant and denote the
resulting function by (P)Lyf.

(P)Ly f has a constant value ¢; on each By, and the flux along B¢ vanishes.
To prove that (P)L, is a normal operator we must show that f2 0 implies
¢¢2 0. This can be done by induction on the number of parts f;.

For a fixed By we construct, by the same method as above, an auxiliary
harmonio function w¢ which is 0 on «, 1 on By, constant on each By 8;,
and such that its flux along each B;#B; vanishes. Application of Green’s
formula yields

c‘J‘dw‘,' - J‘fdm“'.
B¢ «

The induction hypothesis permits us to conclude that w¢>0. Therefore,
w¥ increases along «. We conclude that f20 implies ¢;20, and that
cy=11if f=1. Hence (P)L, is a normal operator.

We call (P)L, the second principal operator for the partition P. If P
is the identity partition (Ch. I, 38A) it reduces to L;. As soon as the
partition is agreed upon and no confusion can arise we shall feel free to

simplify the notation and write L, for (P)L;.

6. Extremal harmonic functions on compact regions

6A. In order to pass from compact bordered surfaces to open Riemann
surfaces [t is necessary to study the compact case in greater detail. In
particular, we need a better knowledge of the Dirichlet integral, especially
in its relation to the extremal properties of tertuin hafinonic fandtiong
These properties are interesting in themselves, and they retain their
validity in the noncompact case. The purpose of this section is therefore
twofold: to pave the way for the study of open surfaces, and to detect
extremal properties which can later be formulated with full generality.

In this discussion W will be a compact bordered surface with mdre than
one contour. The contours are divided into two disjoint nonempty sets
« and B, called the inner and outer border. It is convenient to orient the
inner contours negatively and the outer contours positively with respect
to W, in such a manner that the complete positively directed border of
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W is represented by the cycle f—a. For the orientation of the reader we
remark that W takes the place of the subregion W’ considered ig 5,
B corresponds to the border, and « represents the relative boundary of W'.

6B. In this section the Dirichlet integral Dw(u) will be denoted by
D(u). Suppose that u is harmonic on W. Then its Dirichlet integral is
expressed by

(11) D(u) -!udu‘—- .fudu'.

We separate the two integrals, and write
Au) = f udu*, B(u) = ju du*.
. B

The corresponding bilinear functionals are denoted by

A(u, v) = f udv*, B(u,v) = fu dv*.
. B

Green’s formula, applied to two harmonic functions » and v, can then
be expressed as

(12) A(u, v)— A(v, ) = B(u, v)— B(v, u):

All the results that we are going to derive in this subsection are conse-
quences of the identity (12), together with the inequality D(u) =0 and the
quadratic character of 4(u) and B(x).

6C. In the following u will be a fixed harmonic function on W which
satisfies the condition B(u)=0. We are going to compare u with the
karmonic functions v in W which satisfy either the condition B(v, u)=0
or B(u, v)=0.
Accordingly, for a given « we denote by Ho(u) the class of all harmonic
v with B(v, u)=0, and by H;(u) the class with B(u, v)=0. The condition
B(u)=0 implies that u € Ho(u) n Hy(u).
For v € Ho(u) we obtain
B(v—u) = B(v)— B(u, v),
and (12) reduces to
B(u, v) = A(u, v)— A(v, u).
Hence
B(v—u) = B(v)—A(u, v)+ A(v, u),
and when the identity

A(v—u) = A(v)—A(v, u)—A(u, v)+ A(u)
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is subtgmeted we obtain by (11)
(13) Dip—=u) = D(v)+24(v, u)—A4(n).

For v € Hy(x) a parallel reasoning leads to the relation”
(14) D(v—u) = D(v)+2A4(u, v)—A(u).

6D. The relations (13) and (14) are the key to the considerations that
follow. Their content becomes much more intuitive if they are interpreted
as extremal properties of the funotion u.

To arrive at this interpretation we need only observe that D(v—w) is
always nonnegative, and that it is equal to zero if and only if v—u is
constant. It follows that

D(v)+24(v, u) & A(w)

D(v)+24(,v) 2 A(w)
respectively, with equality for v=u. We can therefore express (13) and
(14) as follows: .

Theorem. A harmonic function u with B(u)=0 minimszes the functional
D(v)+2A(v, u) sn the class Ho(u), and the functional D(v)+2A(u, v) in the
class Hy(u).

The deviation from the minimum is in each case given by D(v—u). The
value of the minimum is A(u).

6E. We shall say that two harmonic functions uy and w; with
B(ug) = B(u;1) =0 are associated if B(u,, uo)=0. An important generalization
of Theorem 6D is obtained by considering linear combinations upz = huo -+
ku) where h and k are real constants. We observe that ux; € Ho(ug) N Hi(uy)
for all A, k.

Let v be any function in He(%o) N H1(u;). The same computation as in
6C leads to

B(o—uns) = B(v)~hB(uo, v)~kB(s, u1) + Blur) =
B(v)—h(A(uo, v)— A(v, ug))— k(A(v, u1)— A(u1, v))+ B(up).
We subtract
A(v—up) = A(v)—h(A(uo, v)+ A(v, %)) — k(A(u1, ©)+ A(v, u1))+ A(unx)
and obtain the relation
(15), D(v—ups) = D(v)+2hA(v, uo)+2kA(u1, v)+ D(waz).

With the same interpretation as above we can state
Theorem. If uo and u) are associated functions, the linear combination
upe = Rug + kuy minimizes the functional

HMpr(v) = D(v)+2hA(v, uo)+2kA(uy, v)
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in the class Ho(ug) N Hy(uy), and the deviation from the minimum 18
D(v—unk)-

The first part of Theorem 6D is a special case, corresponding to
(k. k)=(1, 0) or (0, 1). However, 8D is stronger, for in that theorem the
minimum refers to a larger class.

6F. If considered in its full generality, Theorem 6E does not solve a
genuine minimum problem, for the functional and the class of competing
functions both depend on %o and u;. However, all applications that we
are going to make refer to the special case where all functions are required
to have the same boundary values on «. With this restriction the theorem
expresses a minimum property that will be helpful in extending Lg and
L, tp open Swrfices.

Suppose therefore that up and u; are equal on «, and denote their
common restriction to « by f. If we choose %, k so that A+ k=1 it is also
true that upx=f on «. Let us now restrict the competition to functions
v € Ho(ug) n Hy(u;) with the boundary values f on «. Then A(v, ug)=A4(uo)
does not depend on v, and A(uy, v)=A(v). The following corollary of
Theorem 6E results:

Theorem. If ug and u; are associated functions with the same values f on
a, and if h+ k=1, then upr="hug+ ku) minimizes the functional

B(v)+ (k—h)A(v)
tn the class of all v € Ho(ug) N Hy(u1) which are equal to f on «.

6G. It is clear that a common factor in A and k is of no importance.
Therefore, the restriction A+%k=1 amounts merely to a normalization,
except in the case h= — k. The excluded case leads to the following special
result:

Theorem. The function ug—u; minimizes the expression D(v)—2A(u;, v)
among all v € Ho(ug) 0 Hy(u,) which vanish on «.

7. Application to the principal operators

7A. We recall the definition of the principal operatorg Lo and Ly
introduced in 6. W is again o compact bordered surfage. and W/C I is
regularly imbedded with the relative boundary «. For a given f on «,
Lyf solves the boundary value problem in W’ with a vanishing normal
derivative on (W), and L, f equals f on « and is constant on S(W), the
constant being chosen so that the flux vanishes.

We apply the results in 6 to the region W’ with 8=8(W) and uo= Lyf,
uy =Ly f. It is immediately verified that B(ug)= B(u;)= B(u), %0)=0. In
other words, up and u; are associated harmonic functions (6E), and
Theorems 6E-6G are applicable. The notion of associated functions was
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introduced to underline the range of validity of these theorems. Oace we
have verified that Lof and L, f satisfy all hypotheses the general concept
of associated functions will no longer be needed.

The class Hy(ug) comprises all harmonic functions on W' and Hj(u;)
consists of all harmonic functions with a vanishing flux. Consequently,
in Theorems 6D-8G the minimizing property will be with respect to
functions v with vanishing flux.

The application is automatic, except for a slight inconsistency in the
assumption. We have introduced Lof and L;f for arbitrary continuous f,
and then ug, u; are not known to be harmonic on a as required in 6. The
difficulty is resolved by restricting the use of the operator to functions f
which have a harmonic extension to a neighborhood of «, i.e. to functions
which are analytic in the real sense. This does not impede the usefulness
of the theory, for in the proof of the basic existence theorem (Theorem 3A)
the operators were used only in this manner.

7B. More generally, we can consider the operator (P)L; which corre-
sponds to a partition P: 8=V B;. We recall that (P)L,f is constant and
has zero flux along each B¢. With ug= Lof, u1=(P)L,f we find that the
conditions B(u;)= B(u;, uo) =0 are still satisfied. Thus u¢ and %, continue
to be associated, but the class Ho(uo) N Hji(u;) becomes, by definition,
restricted to the functions v whose flux vanishes separately along each f;.

7C. In order to lead up to the case of open surfaces we must discuss
extremal properties in variable subregions. We shall now let W denote a
fixed open surface.

We choose also, once and for all, a regularly imbedded subregion
W’ c W with compact complement and relative boundary «, negatively
oriented with respect to W'. Finally, we let Q be a generic notation for a
regular subregion which contains the complement of W’; it will be
recalled that a regular subregion is one which is regularly imbedded,
relatively compact, and whose complement W—Q has no compact
compongnts (Ch. 11, 3B). The positively oriented boundary of Q is denoted
by pQ

The operator Lg, as applied to Qn W’ and acting on functions f on «,
will be denoted by Log. Similarly, if P is a partition B(Q)= U By(Q) of the
border of Q, we consider the corresponding principal operator (P)L;q.
The functions wuog=Loaf, wia=(P)Linf are associated, the class
Hoq=Ho(uon) consists of all harmonic functions in the closure of
Qn W', and Hq=H;(u)q) is the subclass of functions with zero flux
along each By(Q). Observe that Hoq and Hiq are independent of f.

7D. If Qc Q' it is evident that Hoq' c Hon; more precisely, Hoq’ can "
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be identitied with a subclass of Hoq. It is essential that we make assump-
tions which permit the same conclusion with respect to Hjq. For this
reason the partitions P associated with different regions Q must be related
to each other in a suitable manner.

We recall the results derived in Ch. I, 38. The ideal boundary B8 of W
can be realized as a set of boundary components with a uniquely defined
topology. A regular partition P of 8 is a partition 8=V B, into ‘closed
mutually exclusive subsets. It was found that P induces, for each regular
region €2, a finite partition B(Q)=U By(Q) into sets of contours. The
induced partitions have the following special properties:

(1) All contours of a component of the complement W —Q belong to
the same part B(Q2).

(2) If Q c Q’, then all contours that are part of a given 84(2’) belong to
components of Q'—Q whose contours on 8(Q) are all contained in the
same pq,lt ﬁi(£2).

Conversely, when a family of partitions of all B(Q) satisfics these con-
ditions, then the partitions are induced by a unique regular partition /
of the ideal bogundary. The extreme cases are the canonical partition Q in
which ﬂ\e Bi(Q) are ideptical with the boundarics of complementary
components, and the identity partition I which leaves every B(Q) un-
divided.

7E. For an open surface W the symbol P will denote a regular partition
of the ideal boundary, and it is understood that we use the partition
B(Q)=U By(R2) induced by P for each regular region Q. With this con-
vention it is easy to show that Q c Q' implies H1a' € Hiq. In fact, let us
consider a harmonic function that belongs to Hiq'. Its flux along the
parts B;(Q’) is zero.

Consider the union of all components of Q'—Q whose boundary on
B(Q) is contained in B¢(Q2). By condition (2) this set has a boundary on
B(Q') which is a union of sets 8;(Q2'). Hence the flux vanishes over the
part of the boundary on B(Q’), and we conclude that the flux over B4(Q)
must also vanish. The given function is thus in Hjq.

We summarize the results in the following statement:

If all partitions are snduced by a regular partition of the ideal boundary,
then Q) C Q' implies Hoq' ¢ Hoq and Hyq' c Hiq.

8. Extension to noncompact regions

8A. We shall now consider a fixed partition P of 8, the ideal boundary
of an open Riemann surface W. Accordingly, the notations Li1q and u1q
will refer to this partition. Otherwise, we use exactly the same termin-
ology as in 7. The reader is advised to review the notations introduced
at the beginning of 7C.
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If Q¢ Q' we know that ueq' € Hoq and w1’ € H1g. Henoce formulas (13)
and (14) are applicable, and we obtain

Do(uon’ —uon) = Ba(uoeq’)+ 4 (%0qa)—A(ueq’)
(16)
Dq(s10:-—wu10) = Ba(skia’) + 4 (u10')— 4(%10).

Here Bq(wa’) S Ba:(#a')=0, =0, 1, and we conclude that

A(woa’) S A(woa), A(uia’) 2 A(un).
Otherwise stated, 4 (uoq) decreases and A (u1q) increases with increasing Q.
But it is also true that uyq € Hoq. If we apply (13) it follows that
Da(w10—uoq) = A(uon)—4(v10).
Henoe A(u10) S A(ueq), and we conclude that the limits
Ao = lim A(uoq)
0w
Ay = lim A(uq)
QW
Qxi.swnd are finite.

8B. From the existence of the limits 4o, 4, together with the equations
(16) it follows that Dqg(wq’—wgq), $=0, 1, tends to zero as Q—W and
Qc Q. For a fixed Q it is easy to infer, by use of the triangle inequality,
that

lim  Do(wq'—%i7) = 0
&, Q' --W
without any restrictions as to the relative positions of Q' and Q°.

We are now ready to apply Theorem 13C of Ch. II. Consider a compo-
nent of Qn W', and reflect it across its boundary on a. For Q'S5 Q the
function #n—uin’ ocan be oontinued by symmetry to the double of
Qn W', which we denote by £}, and it is true that

©_lim  Dg(ma —wa7) = 0.
', QW
We apply the theorem to ) with a fixed point zo on a. Since u —wuq
vanishes at z9 we may oonclude that

- lim  (wa(z) —wa(2))
QW
exists, uniformly on every compact subset of Q. Since the reasoning can
be applied to any Q and any component it follows that
u(z) = lim wo(2)
Q—-W :

exists and is harmonic throughout the closure of W’. Moreover, us—wgq
vanishes on a and can be extended by symmetry.
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8C. We can write u;= L¢f, =0, 1, where L is a normal opestor. The
linearity of L is evident. Furthermore, f2Z0 impligs Liy,f20 and hence
Lif20. To f=1 corresponds Lyf=1. Finally, the flux of Lf can be
evaluated along «, and since the derivatives of Lyqf converge uniformly
to those of L¢f the flux is zero.
Letting Q' tend to W in (16) we obtain
Da(uo—uoa) = Ba(uo)+ 4 (uoa)— A(uo)
Dq(u1~w10) = Ba(u1)—A(v1a)+4(v1).
Since the Dirichlet integrals are nonnegative and Bq(ws) <0 we have the
two consequences
B(w) = lim Bq(u) =0
oW
and
(17) lim Dq(u—wugq) = 0.
Q--W

The operators Ly and Ly (or (P)L,) are called principal operators on
the open surface W.

8D. It is now an easy matter to generalize the theorems in 6. We
assume that v lies in all classes H1g. Writing uprq = huen + kuiq we obtain
by (15), 6E,

Da(v—upra) = Da(v)+2hA(v, uoa) +2kA(x10, v) + Da(uara)-
By use of the triangle inequality we deduce from (17) that
Daq(uax—unn) — 0,
and this implies, again by the triangle inequality,
Da(uaeq) = D(uaz), Da(v—una) —> D(v—uar).
In the limit we have thus
(18) D(v—upx) = D(v)+2hA(v, uo)+2kA(v1, v)+ D(upr),

which is exactly the same relation as before.
Since Bq(v)=Dqn(v)+4(v) increases with Q it is proper to use the
definition B(v) =mBg(v)=D(v)+A(v) for arbitrary harmonic v. Of

course, B(v) is finite if and only if D(v) is finite.

8E. The class of functions v for which (18) is valid must still be
characterized in terms independent of the variable region. In case L;
is associated with the identity partition we need merely require that v
has a vanishing flux along each 8(Q), and this is so if and only if the flux
along a vanishes. The same property is expressed by saying that v has
zero flux along the ideal boundary of W.
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For o general operator (P)L; the flux of v must vanish along all ().
In the extreme case of the canonical partition this condition has a very
simple interpretation: the flux must be zero along all dividing cycles
(Ch. 1, 30D). This terminology can be carried over to an arbitrary parti-
tion P. Acoordingly, we say that a cycle is dividing with respect to a
partition P if, for sufficiently large 2, it is homologous to a linear com-
bination of parts ;(Q).

There is no point in repeating the statements of Theorems 6D-6G. The
present setting for the theorems is at once more general, because of the
extension to open surfaces, and more restricted, because of the special
choioe of ug and u;.

§3. PRINCIPAL FUNCTIONS

We continue our investigation of extremal properties on open surfaces
with particular attention to extremal functions with given singularities.
Although there are, on open surfaces, many harmonic functions with the
same singularities, they are nevertheless subject to severe restrictions,
and we wish to express these restrictions in the form of inequalities. The
extremal functions are the ones for which the corresponding equality
holds, and we shall show that they are uniquely determined.

9. Functions with singularities
9A. Having defined the operators Ly and L, for open surfaces we can
apply Theorem 3A to establish the existence of harmonic functions, with
prescribed singularities, which are of the form Lof or L;f near the ideal
boundary:
Theorem. Let W be an open Riemann surface. At a finite number of
points {5 € W there are given singularities of the form

(19) Re > 8% (z—{;)~"+c¥ log |z—{;|

=l
where the ¢ are real and subject to the condition D ¢ =0.

J

Suppose that the principal operators Ly and L, are defined relatively to o
W'’ whose compact complement contains all {; in its interior. Then there exist
Junctions po and py, harmonic on W except for the singularities (19), such
that

Lopo = po, Lipr = p1

tn W’'. These functions are .unique and independent of W', save for an
additive constant.

The functions py and p; will be called the principal functions on W
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with respect to the given singularities. The fact that they do not depend
on W’ can be verified directly, but it is also an immediate oonsequence
of the extremal properties which we are going to derive.

9B. We are going to apply the results of 6 with py and p, in the roles
of 49, ¥1. The linear combination pa; = hpo+ kp; has the same singularities
as po and p; provided that A+ k=1, and for the moment we consider only
this case. We shall use p as a generic notation for a function which has
the given singularities and which also belongs to the intersection of all
classes Hyq. The latter condition means that the conjugate periods of p
vanish along all dividing cyoles relatively to the partition P (see SE).

The Dirichlet integral of p—pa over the whole surface W can be
written as

D(p—pm) = Dw'(p—pm)+A(p—pu).
As a measure for the deviation from p,; this is more natural than the
restricted Dirichlet integral Dyw+(p—paz), and for this reason we prefer to
write (15), 6E, in the form
(20) Mux(p)— Max(pax) + A(p—pam) = D(p—par)
with
Mu(p) = B(p)— A(p)+2hA(p, po)+2kA(p1, p).
We transform Mi(p) by substituting
Po = Par+k(po—p1), P1 = pa—M(po—p1).

After brief computation we obtain

Mu(p) = B(p)—A(p)+2hA(p, paz)+2kA(par, p)
+2hk[A(p, Po—P1)— A(po—p1, P)].

The bracketed term is independent of p, for by Green’s formula

A(p—Pnk, Po—P1) = A(po—Pp1, p—Parx).
Therefore,

Mne(p) — Mar(pax) = B(p)— B(par)— A(p)— A(par)

and after simplification (20) becomes
(21)  B(p)— B(par) + (h—E)A(p, Paa) — A(par, p)] = D(p—pm).

Formula (21) can be interpreted as follows:
Theorem. The function pyx minimizes the expression
B(p)+ (h~E)A(p, Pax)— A(par, P)]
and the deviation from the minimum B(py:) is measured by D(p—par).
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‘90 <At first sight Theorem 9B does not look like a useful minimum
ploperty, for'the solution pay appears in the functional that is being
minimized. This is only apparent, however, as we shal] just see. By
Green’s formula the quantity

22) A(p, pas) — A(a, P)

does not change if we move « to the vicinity of the points {;. We may
thus assume that the singularity function &, given by (19), is defined on
the whole complement of W’. The expression A(p, 8)—A(s, p) has then a
meaning, and its value differs from (22) by a quantity A(p, s—pax)—
A(s—pax, p) which by a new application of Green’s formula is seen to be

independent of p.
We conclude that p; minimizes the functional
(23) B(p)+ (A—-k)A(p, 8)—A(s, p)]

and may thus be regarded as the solution of a genuine minimum problem.
The deviation from the minimum is D(p—pi). The minimizins function
is hence unique except for an additive constant. In particular, po and p;
are unique save for unimportant constants.

9D. The quantity A(p, 8)—A(s, p) is a residue, and can be evaluated
in terms of the coefficients of s and p. If the a; are circles about {5 we find
first that

A, )= 400.9) = Alp=s, )~ As,p~0) = 3 f (p—2) de* —ad(p—s)*.
.’

Here (p—s)* is single-valued in a neighborhood of each {s so that we can
write

f (p—s) ds*—sd(p—2a)* = j (p—2) ds* + (p—8)* da.
o y

For a more compact notation we set dP=dp +1dp* and dS=ds+ i ds*.
Then P -8 is single-valued and regular at the points {;, and we obtain

Ap.0)= A0, ) = 3 Im [(P-8)dS = 20 Ro {3 Rea (P—5) ds}-
J o j

., To compute the residues we suppose that P—S has the power series
developments

P-8= i a@(z—- )™,

m=0
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The residue of (P—S)dS at {; is then

@©
ca§) — z nbPald
nel
where the series is known to converge. The convergence follows from
estimates |a’| S M r;", |b9"| S My} where it is possible to choose
ro<ri.

9E. In order to determine the value of the minimum it remains to
compute B(par) in terms of the coefficients. Let us first note that
A(para)—>A(pax) by uniform convergence, and that Dq(para)—D(par) by
application of (17), 8C, and the triangle inequality (or by Theorem 13C,
Ch. TI). It follows'ﬁhat 8 a)->B(pax). For this reason we can just as
well assume thotweavp degling with a compact bordered surface. In that
case we hgve trivially

B(pax) = hkB(po, p1) = hk[B(po, p1) — B(p1, po)],
and by Green’s formula the integrals on the right can be transferred
from B to circles «; about the {;. The expression takes the form
hk{A(po, P1—po) — A(p1—Po, Po)],

and as in 9D its value is found to be

2mhk Re {,Z Res (Po —Pl)dPo}.

Let us now introduce the notation

3
24) C(p) = 2n Re {Z [c%g)— S nb,@agf)]}
: 7 a=1
and set Cyp, C; for C(po), C(p1) respectively. The functional (23) can be
written as B(p)+ (h—k)C(p) while its value for par becomes, according to’
the above computation,

hk(Co—C1)+ (h—k)(hCo+kCy) = h2Co—k%C\.

We collect the results in the following main statement:

Theorem. The funclion pax =hpo+kp1, h+ k=1, minimizes the expression
B(p)+ (h—k)C(p) in the class of all functiops p with the singulgrities (19)
whose conjugate periods vanish over all dividing cycles associated with the
partition. P.

Ezxplicitly, the formula
(25) B(p)+(h—k) C(p) = h*Co—k*C1+ D(p—pax)

which is valid for such functions shows that the minimum 8 h2Co—k2C},
and that the devialion from the minimum is measured by D(p— par).



10C] §3. PRINCIPAL FUNCTIONS 173

For the orientation of the reader we recall that the principal functions
po and p; are completely determined by the singularity and the partition
P. The most important cases are the ones that correspond. to the identity
partition I and the canonical partition Q.

10. Special cases

10A. In the preceding section we proved an existence theorem of rather
general character. Its significance is best appreciated if we examine some
special cases. In the first place, there is rarely any need to use the theorem
with more than a finite number of nonvanishing coefficients in the develop-
ments of the singularity function s. What is more, the principal functions
po and p; depend linearly on the singularities. For this reason there are
really only two cases that need to be considered: the case where only
one b is different from zero, and the case where two coefficients ¢ aro
different from zero and opposite.

It is clear that the nonzero coefficients b or ¢ can be normalized at
will. It must be kept in mind, however, that the first normalization
depends essentially on the choice of the local variable z at {;. The linearity
is with respect to real rather than complex numbers. With a given choice
of the local variable the most general singularity with 30 is thus
obtained as a linear combination of singularities with the coefficients
1 and ¢ respectively. An equivalent way of specifying the second singu-
larity is to replace z by sz while keeping the coefficient equal to 1.

10B. In the case of a simple pole we obtain the following statement:
Theorem. Among all admissible functions p with a development

p(z) = m{;l—;*'“”“l (z—=0)+-- }

at a given point {, the funciion pyx minimizes B(p)—2n(h—k) Re a;.

We use the phrase ‘ admissible functions” to indicate the class of har-
monic functions whose conjugate periods vanish over the dividing cycles
with respcct to the partition P.

10C. For a singularity consisting of two logarithmic poles we find:

Theorem. Among all admissible functions with the singularities log |z— 1|
and —log |z—{z|, the expression B(p)+ (h—k)2n Re (all’—al) attains its
minimum for p=pyg.

In order to prevent misunderstandings due to the notation, we empha-
size that pax does'not have the same meaning in Theorems 10B and 10C.
Ambiguities of this kind seem less objectionable than crowded symbols
which contain references to all conditions subject to choice.
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10D. With regard to the parameters A, k our theorem has its simplest
interpretation when A=k== §. The symbolio integral in the following state-
ment is of course to be interpreted as a limit of the corresponding integral
over B(Q).

Theorem. For any singularity function s, the minimum of

B(p) = fp dp*
B

i8 allained for p=}(po+p1), and the minsmum value is }(Co—C).
Since B(po)= B(p1)=0, the minimum is always <0. Hence CoSC).

10E. The cases (h, k)=(1, 0) and (0, 1) are interesting because of the
vanishing of B(po) and B(p;). If we restrict p to functions with B(p)<0
we find that the functional C(p) is minimized by po and maximized by p,.

For the special functions 8 which were singled out in 10B and 10C we
obtain the following result:

Theorem. In the class of admissible functions with B(p)<0 and the
singularities Re zl_—_g or log |z—{1| and —log |z—{z| respectively, the
mazimam @nd minimum of Reay or Re(u§’—aQl) are attained for the
principal functions pg and py which correspond to these singularities.

10F. In Theorem 9E and all its corollaries we have assumed that A, &
are normalized by A+k=1. Without this normalization the theorems
remain true provided that the competing functions p are required to have
the singularity (h+k)s. If A+k=0 the function psz has no.singularity,
but the results continue to hold. We shall write g=po—p;, and the
extremal property of ¢ is with respect to all regular harmonic functions «
whose conjugate periods Tanish along certain cycles. If u+iu* has the
Taylor coefficients a’ at {;, the expression minimized by ¢ is D(u)+2C(u)
where C(u) is still determined by formula (24). The value of the minimum
is Co—C1=C(g). It should be noted that Re a§’=w({;) and that the other
coefficients a¥’ can be expressed through partial derivatives.

The most important cases are covered in the following statement:

Theorem. For regular admissible functions the expression D(u)+
dn(u({1) —u({2)) attains sts minimum when u=qg=po—p,. Here po, p1 are
the principal functions which correspond to the singularities log |z— (|
and —log |z—{z|. Similarly,

ou

D(u)—4nw (——)
0x ) gmg
18 minimized by the function q=po— p1 which corresponds to the singularity
1
Re‘z—__—c-
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In both cases the minimum is -D((), and the deviation from the minimum
is D(x—q).

" The simplest way to obtain the value of the minimum is perhaps to

apply the theorem to u=0. Since the functional is then zero and must

differ from the minimum by D(g) it follows that the minimum is — .D(g).

The first part of the theorem can hence be expressed through the identity

(26) D(u) + 4m(u({1) —u({s)) = D(“-Q):'D(Q)-
For wm=g we obtain, in particular,

(27) D(g) = 2m(g({s)—g({1))-

Similarly, in the second case,
D(u)—h(—-) = D(u—g)-D(g),

and for u=gq,

; %) .

(28) Dig) = 2e(31) _ B

It may well happen that ¢ reduces to a constant. If this is so, (26)
shows that u({1)=u({g) for all admissible functions with D(u)< co.
Conversely, if it is known that %({1)=u({s) for all such functions, then
q({1) =q(Ls) and it follows by (%’l) that ¢ is constant.

10G. A oonvenient way of expressing the first half of the preceding
theorem is in the following homogenous form:

Theorem. Any admissible harmonic function u satisfies the snequality

4r?(u({1)—u({2))® S D(w)D(q)

with equalily only for u=ag+b, a and b constants.

If D(%)=0 or oo there is nothing to prove. If we apply (26) to ku with
constant k we obtain |

k2D(u) +4mk(u(l1) —u(lz)) 2 —D(g)-
" The desired result follows for

b _o,. Wl —u(ls)
D

§4. THE CLASS_OF PLANAR SURFACES

" Previous results are now specialized to the case of a planar surface.
We obtain, above all, the fundamental result that any open planar
Riemann surface is conformally equivalent to & plane region. Through
use of the principal functions we gain a very simple access to the canonical
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slit mappings, and we can also study the mappings that correspond to
linear combinations of the principal functions.

11. Slit mappings

11A. We are now going to study the case of a planar open surface W.
By definition, every cycle on W is dividing. For this reason it is natural to
employ the canonical partition @ when applying the results of the pre-
ceding section. Accordingly, in 11 and 12 we consider only harmonic
functions p whose conjugate periods are all zero. This means that the
analytic functions P=p+ip* are single-valued, and the theory that we
are developing becomes a theory of analytic functions on planar surfaces.

The functions p are supposed to have a given singularity s, and if p*
is to be single-valued we must require that s has likewise a single-valued
conjugate function s*. In other words, we consider only singularities
without logarithmic terms. We denote by Py, P; the analytic functions
which correspond to the principal functions po, p1. They are determined
up to additive complex constants.

For single-valued P=p+p* it is possible to write

Ba(p) = fpdp‘ =1 fpd@‘—p‘dp =§'de15
Q) Q) B(E)
and hence, symbolically,

29) B(p) = J' Pdp.
p
This representation is very useful for formal computations.

11B. We fix our attention on the simplest kind of singularity, a simple
pole with given residue. We suppose that the pole lies at {, and we choose
a local variable z in a neighborhood of {. Let the singularity be given by
10
8= Re 5_—-2; the corresponding analytic functions have then the singularity
10
5_—( To indicate the dependence on ® we shall use notations P®, P§, P9,
and we reserve the simpler notations P, Py, P; for the special case ©=0.
Observe that these distinctions are introduced relatively to a fixed local
variable.
The constants in Py and P; can be chosen so that

P8 = P, cos ©+iP, sin ©
(30)
P® = iP,sin @+ P, cos O.

This is seen by noting, first of all, that the equated functions have the
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same singularities. Secondly, if we restrict attention to the case of a
compact bordered W, the function in the right member of the first

uat on has a real part whose normal derivative vanishes on the border.
In the second equation the real part is constant on each contour. Since
these properties are characteristic for Py and PP respectively, the
equations hold provided that the oconstants are properly adjusted. By
routine reasoning (see 11D) they remain valid for arbitrary W.

As a particular consequence of (30) we find that P§=:P9-"/2, Hence,
if we intend to let © vary, it does not matter whether we study P§ or P9.

11C. We will now investigate the mapping of W into the extended'
plane which is defined by the function P$. The following theorem will be
proved:

Theorem. The mapping by P9 is one to one, and the image G of W is a
horizontal slit region. This means that every component of the complement
of G 1is esther a point or a horizontal line segment. Moreover, the area of the
complement is zero.

The proof is particularly simple if W is the interior of a compact
bordered Riemann surface W. In fact, for this case we will show that the
theorem follows immediately from the argument principle.

We recall first that the argument principle can be expressed in a form
which does not exclude zeroe and poles on the border. Suppose that f is
meromorphic on W, and that it is neither identically zero nor identically
infinite. Then the classical relation

31) 2—:-' de’_' (0)—n(<0)
[}

holds, subject to the following interpretation: (1) if there are zeros or
poles on the boundary, the integral is to be computed as a principal
value; (2) interior zeros and poles are to be counted with their ordinary
multiplicity, while zeros and poles on the border are counted with one
half of their multiplicity.

The imaginary part of P§ is constant on each contour B, and the real
part varics between a finite minimum and maximum. The image of By is
thus a harizontal line segment ox. It is clear that @Rry interior point of o
corresponds to at least two points on Sj.

Let w be any complex number. We apply (31) with f=P®—w. It is

immediately recognized that f f;—f =0 whether w lies on or outside of op.
[

Hence the variation of the argument is zero, and we find that »(0)=
n(00)=1. There are three ways in which this number of zeros can be
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realized, namely, by one simple zero in the interior, by two simple seros
on the border, or by one double zero on the border.

We conclude, first, that the mapping of W by P},’ is one to one and that
the complement of the image @ is the union of the segments o3. Next, if
w is an interior point of ox it must correspond to two simple zeros on Sy,
and if w is an end point the corresponding point on S must be a double
zero. There can be no other zeros, and we find that the op are mutually
disjoint. We have thus proved the theorem in our special case, and in
addition we have gained complete insight in the correspondence between
the boundaries.

11D. We pass to the general case of an arbitrary planar W. It has not
yet been proved that pea—+po and p1g—>p1 where poq, P1q are the principal
functions for a regular region Q that tends to W. The most instructive
proof is by application of Theorem 9E.

Let the corresponding analytic functions Poq, Pia have the develop-
ments

Paa = p+oalz=D+ -

Pio = otbale—0)+ -,

and choose Q' c Q". Then Bqa‘(poa*) S Ba*(poa)=0. We apply Theorem

9E to Q' with (&, k)=(1,0) and p=peq-. By formula (24) we have

C(poa-)= — 27 Re ag- and Co=C(poa’)= — 27 Re aq’. Hence, by (25),
Da(poa—poa’) = Ba (poa) —2m Re (ag°—aq’) S 27 Re (2’ —aq’).

This shows that Re an decreases when Q increases. The same reasoning,
with (k, k)= (0, 1), shows that Re bq is increasing. On the other hand,
formula (28), 10F, yields

27 Re (aa—bq) = Da(poa—p10) Z 0.
Therefore Re ag has a finite limit for Q—W, and as a result we find that

Dar(poa”—poa’) = 0
when QW and Q' c Q".
If Q is fixed it is easy to infer, by use of the triangle inequality, that

Dq(poa-—poa’) =0

when Q', Q* both tend to W, without additional conditions. We are thus

in a situation to which Theorem 13C, Ch. II, can be applied. It follows

readily that Pow= lim Py, exists and has the same singularity as the
a9
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approximgﬁng functions. The same reasoning shows that Pyy=lim Piq
exists.

It remains to prove that Py=Pqy, t=0, 1, at least up to a constant.
We recall that p; was defined by the condition Lyp¢=p;. The conclusion
will be reached if we show that pgw=1lim piq satisfies the same condition.
By definition Lpgy=lim Lqpyw where the operator Lyq is applied to the
values of pyw on a fixed boundary «. But |piw—2pi| <€ on « for suffi-
ciently large Q. It follows that |Leapiw— Liapua|<e, and hence that
Lipow =lim Liopow =1im Ligpia=lim pia=pew, as asserted.

Because the relations (30) have been proved for compact regions we
can infer the existence of P8y =lim P@. The same reasoning as above
shows that P® =P8, i=0, 1, and as a consequence (30) holds for arbitrary
surfaces.

Since the functions P&, are univalent it follows by easy generalization
of the corresponding theorem in the plane that the limit function P§,
which cannot reduce to a constant, is likewise univalent.

11E. We must still prove that the image @ is a horizontal slit region.
For this part of the proof we are going to make use of Riemann’s mapping
theorem for plane simply oconnected regions.
We observe that any univalent mapping P=p+ip* into the complex
plane satisfies the condition B(p)S0. In fact,
Ba(p) = 5 J' pap
Q)

represents the negative of the finite area enclosed by the image of 8(Q).
We can thus deduce from Theorem 10E that P§ maximizes Re ae‘® in
the class of all univalent mappings of the form

1o = _di.,.a(z_g).,. cee
z2—{ ’

Suppose that G lies in the complex w-plane, and let E be any comple-
mentary component which does not reduce to & point. Then the comple-
ment E’ of K can be mapped conformally on a disk, and therefore on the
complement of a horizontal line segment. The mapping function ¢ can
be normalized so that it has a development

Plw) = w+-:1,+ e
at oo,
Since E’ is the interior of a compact bordered surface, it is clear that
@ is the principal function Py for E’ which corresponds to the singularity
w at o0. Because of the extremal property 6f Py we infer that Re 20,
with equality only if @(w)=w, for w is a competing univalent mapping.
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On the other hand, the function ¢(P(2)) is univalent and normalized on
W. If we write

Pg = Zotaal—t)+ -,

the development of ¢(P?) is of the form

PPG) = 2+ (@o+be ) a— D)+ .

Hence, by the extremal property of P§,
Re aee!® 2 Re (age!® +b),

so that Re b $0. We conclude that Re b=0, and it follows, as we have
already pointed out, that (w)=1w. But then E is a horizontal line segment,
and since the same reasoning can be applied to any complementary
component which is not a point, the proof of Theorem 11C is complete,
except for the last statement.

11F. We have already remarked that B(p)<0 whenever P=p+¢p* is
univalent. More precisely, Bq(p)= —Eq(p), where Eq(p) is the area of
the point set that is not covered by the image of Q. As Q—»W, Eq(p)
tends to E(p), the area of the complement of the whole image of W. It
follows that B(p)= — E(p), and in particular E(pg)= — B(p¢)=0. In other
words, the total area of the slits is zero.

For greater clarity we restate the extremal property enjoyed by P§.
In order to simplify the normalization we write P(g)=€e®P5® for the
functionthgtmaps W ena sl region with slits parallel to the direction @.
We compare P o) with functions

P = lotala—D+ .
The following results are obtained :

Theorem. The function Pe)minimszesthe functional B(p)— 2w Re (e-24q)
in the class of all single-valued P, and it maximizes the expression E(p)+
27 Re (¢~29a) in the class of all univalent P.

A weaker version of the second property is that P, maximizes
Re (e—2t@q) in the class of univalent P. For special values of © we find that
Py maximizes 2 Re a + E(p) and P, minimizes 27 Re a — E(p), or, in the
weaker version, that Py maximizes and P; minimizes Re a.

11G. We cannot leave this topic without pointing out that Theorem
11C contains, as a very special corollary, the uniformization theorem. A
slit region, not the whole extended plane, is simply connected if and only
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if its boundary is a single slit. If the slit has more than one point its
complement can be mapped on the interior of a disk, and: if the slit
reduces to a point the region is equivalent to the whole plane. Therefore,
any open simply connected Riemann surface is conformally equivalent
to a disk or to the plane.

The universal covering surface of any surface is simply connected, and
it is closed only in the case of a sphere. When this observation is com-
bined with the preceding statement we obtain:

Theorem (Uniformization theorem). The universal covering surface of any
Riemann surface 18 conformally equivalent to a disk, to the plane, or to the
sphere.

The uniformization theorem was first proved, conclusively, by P.
Koebe [8, 7] and H. Poincaré [5]. The existence of a slit mapping with
the propertics stafed in Theorem 11C is alvo due tQ Koabe [21).

12, The functions Py,

12A. The extremal properties of the functions Ppr=hPo+kP; are
known to us through Theorem 10B. However, they gain in interest if Py
is univalent, for then the extremum is with respect to the class of uni-
valent mappings, and the minimum expression involves the geometric
quantity represented by the area of the complement of the image region.
In this respect we prove:

Theorem. Every function Pa with h, k20 determines a one to one
mapping of W onto a region @ sn the extended plane. If W is of finite con-
nectivity, each complementary component of G is either a point or a convex
set bounded by an analytic Jordan curve.

As before, we can normalize by the condition A+ k=1, but in the present
situation it is essential that A and k are both nonnegative.

12B. We begin by studying the simplest case which is that of the
function §(Po+ P1); the passage to arbitrary h, k will be easy. We prove
first the part of the theorem that refers to a surface W of finit@ con-
nectivity. Since we have a horizontal slit mapping at our disposal it is
then possible to regard W as the interior of a compact bordered surface.
Indeed, a slit which does not reduce to a point has a neighborhood which
can be mapped by an elementary function in such a way that the slit
corresponds to a circle. Slits that reduce to points can be added to the
surface and will correspond to points under all mappings.

Consider a contour B; of W. We know that Im Py and Re P; are
constant on By, and it follows that Re [(Po+ P))et®] differs from Py cos © +
P, sin @ = P§ (see (30), 11B) by a complex constant on each g;. On the
other hand, since PJ is a horizontal slit mapping, we may conclude that
Re[(Po+ P))et®] attains every value between its minimum and maximum
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exactly twice on 8. This is true for every ©. By definition, a closed curve
is (strictly) convex if it meets every straight line at most twice (i.e. for,
at most, two values of the parameter). The equation of any line in the
w-plane can be written as Re (w ¢!®)=b, and we have just shown that
the equation Re [(Pg+ P;)ef®]=> has at most two solutions on 8;. Hence
the image of B8; under the mapping w= Po+ P is a convex curve. We
denote it by y;.

12C. Let us form the derivatives Py and Pj with respect to a local
variable. Fach defivptfve has two simple zeros on 8y. Furthermore, these
zeros are distinet. For suppose that Py= P;=0 at a point of ;. Because
Pg/P] is purely imaginary, it is possible to find © such that Pg/Pi=
—1 tan © at that point. It would follow that the first two derivatives of
P8=P,cos ©+iP, sin © vanish simultaneously, contrary to the fact
that 1§ takes its values at most with multiplicity two.

As a first consequence we infer that yj is analytic. In fact, Po and P
can be continued across B, and a singular point on y; would be character-
ized by %’ +§£—1 =0, where s denotes local arc length. But since d Py and
dP; are real and imaginary, respectively, it would follow that Py=P;=0,
and we have just seen that this is impossible.

Secondly, we consider the analytic function F =%= P{/P;. It has no

zeros or poles at interior points of W, and it is equal to 1 at {. There are
two simple poles on each B;, and Re F =0 on the contours, except for the
poles. We can show, moreover, that every purely imaginary value i is
taken at least twice on each contour. For if we set y=cot O, then F=1y
at the points where the real part of P§= P, cos @+iP, sin © is a maxi-
mum or minimum.

We apply the argument principle to F —iv. If the curve parameter is

denoted by ¢t we know that (F—in)-1 %}E is real on f, the border of V.

Hence F—i»n has ag many zeros as poles, provided that the ones on the
boundary are counted with half their multiplicities. We have already
accounted for as many zeros on the boundary as there are poles. Con-
sequently, there are no zeros in the interior of W. This means that F 34y
in W for arbitrary real 7; in other words, Re F# 0in W. Since Re F({)=1
it follows that Re F >0 throughout W. This implies that Im F decreases
in the positive direction of 8. It represents the slope of the image curves
ys, and we infer that the curves y; are traced in the direction of decreas-
ing slope. Let w);, wg be the utmost left and utmost right point on y;
respectively. As we trace y; in the positive direction from w; to ws the
slope must go from + o to — co.
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12D. The inside and outside of a convex curve y can be defined without
appealing to the Jordan curve theorem. Indeed, we say that a point w
lies outside of y if there exists a half-line, beginning at w, which does not
meet y. A point that is neither on y nor outside of y is said to be inside of y.
Draw a line L through two inside points w’, w”. These points divide L
into a finite segment s and two disjoint half-lines L’, L*. By the definition
of inside point L’ and L" meet y in points w;, ws respectively. Because y
is a convex curve w,, ws are the only points in which L intersects y. We
conclude that the segment s does not meet y.

An outside point w has the winding number n(y, w) =0, because it can
be joined to co without crossing y (Ch. I, 10E). Consider now an inside
point w, and draw a line L through w. Both halves of L, divided at w,
must meet y, each at one point. The arcs of ¥ between these points cannot
lie in the same half-plane determined by L, for then a half-line from w in
the other half-plane would miss y, and w would be an outside point. In
this situation one finds, by explicit computation, that n(y, w) is either
1 or —1. But we have just found that any two inside points can be joined
without crossing y. Therefore n(y, w) has the same value, 1 or —1, for all
inside points. It follows further that the whole line segment between two
inside points consists of inside points; in other words, the inside is a convex
set. An easy modification of the reasoning shows that the inside together
with y is also a convex set. The inside and the outside are both connected,
and since they are characterized by the values of the winding number they
must be unions of complementary components of y. It follows that y
divides the plane into two regions, the inside and the outside. We leave
it to the reader to show that y is the common boundary of both regions.

In the case of the curves y; we can determine the winding number
with respect to inside points unambiguously. Consider again the points
wy, ws at the extreme left and extreme right. Let L be the directed line
that passes first through w; and then through w;. As we trace y; in the
positive direction from w; to ws the slope starts with the value + co. It
follows that the arc lies to the left of L. For a point wp between w; and
w2 the argument of w—wp must decrease by =, and we see that the
winding number is —1.

12E. The univalent nature of the mapping P¢+ P; follows by another
application of the argument principle. Let w be an arbitrary complex
value, and suppose that w lies inside of m and on m’ curves ;. The change
of the argument of Po+ P;—w along the boundary is then —m—m’/2
times 2n. If w is taken n times in W and »’ times on the boundary, it
follows that n+n'/2—1=—m—m’[2. It is necessary to have n'2m’, and
m’'=0 implies n’=0. This leaves only three possibilitics: (1) n=1,
n=mam' =0, (2) n=0'=m'=0,m=1, (3) a=m=0,n"'=m'=1.
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This enumeration shows clearly that the curves y; are disjoint and
mutually exterior to each other. The mapping is one to one, and the
complement of the image @ consists of the closed convex regions enclosed
by the curves y;.

Exactly the same reasoning can be applied to any linear combination
hPy+kP; with nonnegative A, k, for the images of the contours g; are
then obtained by applying an affine transformation to the curves ;.

Finally, we can pass to arbitrary W by means of the relation Pa=
lim (A Poq+ kP1q). It follows at once that Py is univalent.

12F. Let us recall the extremal property of Pp;. We have denoted by £
the arga,of the complement of G, and by a the coefficient in the develop-
ment P®1/(z—{)+a(z—{)+ ---. By Theorem 10B (and 9E) we obtain:
Theorem. For h+k=1, k, k20, the function Py maximizes the quantity
E+2n(h—k)Rea in the class of all normalized univalent meappings. In
particulgr, the complemeniary area E is a maximum for the fumction

}(Po+ P1), in which case Em 3 (a(Po)—a(P1)].

In this statement a(Pg) and a(P,) are the coefficients of 2—{ in the
developments of Py and P respectively. We shall see in & moment that
the difference a(Po)—a(P;), known as the span, is always real and non-
negative. In the theorem we have already used this information when
writing down the expression for the maximal complementary area.

12G. The functions Pj; with A, k of opposite sign are relatively un-
interesting, except for the case A= —k which leads to multiples of the
singularity free function @=Pyo— P;. We know by Theorem 10F that @
minimizes the quantity D(U)—4w Rea(U) in the class of all analytic
functions on W ; here U =u+1u*, and we write D(U) for D(u).

In order to see that a(Q) is necessarily real and 20 we compare @ with
Qef®. 1t is evident that D(Qef®) = D(Q) and a(Qe!®) =ef®a(Q). Consequently,
the minimum property of Q yields Re a(Q) 2 Re[a(Q)ef®] for all @, and this
is possible only if a(Q) is real and nonnegative.

The value of the minimum can be read off from Theorem 9E and is
found to be —2m7a(Q). In other words, we have D(Q)—4ma(Q)= —2ma(Q),
or D(Q)=2ma(Q). On comparison with Theorem 12F we see that
D(Py— P,) is exactly equal to E(Po+ P;), the complementary area
associated with Po+ P;.

We collect all this information in a theorem:

Theorem. The function Q= Po— P, minimizes the expression D(U)—
4n Re a(U) in the class of all analytic functions U on W. Moreover, a(Q) is
nonnegative and 2ma(Q)=D(Q)=E, where E denotes the complementary
area associated with the mapping Po+ P;.
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The minimizing property i8 expressed through the snequality
D(U)—4wRea(U) 2 —D(Q)
which in turn implies
4=2|a(U)|® s D(U)D(Q).

The latter inequality follows on applying the first to cU with ¢=
2#a(U)|D(U).

Remark: The functions Po+ P; and Po— P; were introduced and their
extremal properties studied by H. Grunsky [1]. It was M. Schiffer [2] who
discovered that P+ P, is univalent and that the boundary curves are
convex.

13. Exponential mappings

13A. We continue the study of planar surfaces and direct our attention
Toothecose of two logarithmic singularities with opposite residues. Because
of the similarity with the preceding case our exposition will be very brief.

We consider two distinct points {3, {3 on W, and we are interested in
harmonic functions p with the singularities log |z—{1| and —log |z—{s}.
In addition, we require that p belongs to the class of harmonic functions .
associated with the canonical partition Q. This means that p shall have
the flux zero along any cycle which separates {; and {2 from the ideal
boundary of W. More precisely, the flux shall be zero along any cycle y
which is homologous on W—{;—{2 to a cycle that lies outside of an
arbitrarily given compact subset of W. Since W is planar it capt fien be
concluded that the flux along an arbitrary cycle is a multiple of 2¢. 1t
follows that we can define a single-valued function F=eP+?* which is
analytic except for a simple pole at {2 and whose only zero is at {;.

We suppose that Fo and F; correspond in this way to the principal
functions pg and p;. They are determined up to a multiplicative constant.
We choose to normalize all F so that F'({;)=1 with respect to a fixed
local variable at {;. Then the development at {2 is of the form

¢
z—{2

where the residue c=c(F) is of course independent of the local variable
at {s.

F =

4.

13B. If W has finite connectivity it is very easy to show that F,
mape W on a region bounded by a finite number of radial slits, and that
F; maps it on a region whose complement consists of concentric circular
arcs. In both cases the mapping is one to one.

In order to make the corresponding conclusion for arbitrary W we must
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first determine the extremal properties of Fo and F). The integral B(p)
can be written as

floz |F| darg F,
] A

and if F is univalent it represents the negative of the logarithmic area of
the complement of the image region F(W). If that logarithmic area is
denoted by E)og(F) we find:

Theorem. I'n the class of all normalized univalent F, the radsal slit mapping
Fo mazimizes 2w log [c(F)|+ Erog(F), and the circular slit mapping F)
minsmizes 2z log |¢(F)| — Erog(F).

The proof follows by application of Theorem 10C. It is first observed
that p=log | F| has vanishing flux along all contours of & region Q that
contain {; and {z. Indeed, the univalent function F maps each contour
onto a closed curve with winding number zero about the origin, and this
means that the flux vanishes. We have already shown that B(p)=
—Ejog(F), and the normalization implies that a{l’=0, a{®=log |c(F)|.
For (h, k)= (1, 0) we conclude that Fo minimizes — Eyog(F)—2m log [c(F)|,
and for (b, k)=(0, 1) that F; minimizes — E\og(F)+ 27 log |c(F)|. This is
what we wanted to show.

Exactly as in 11E the extremal properties can be used to show that
Fo and F; are slit mappings even if W has infinite conneoctivity. Details
are left to the reader.

§5. CAPACITIES

So far, in all applications of the main existence theorem (Theorem 3A),
with one exception, we have insisted that the sum of the residues of the
singularity function be zero. The exception occurred in 4 where we dis-
cussed the construction of a Green'’s function. In that case it was neoessary
to modify the singularity function by adding a suitable multiple of a
certain function w, defined in a neighborhood of the boundary.

This aspect of the theory will now be pursued further. We are led to a
generalization of the classical notion of logarithmic capacity and to
canonical mappings onto disks with radial or concentric slits.

14. Capacity functions
14A. We begin with the case of a compact bordered surface W which
need not be planar. We wish to construct a function with a single logarith-
mic singularity log |z—|. Such a function has the flux 2= along the border
B, and we show that the whole flux can be concentrated to a given part of 8.
Accordingly, we suppose that 8 is partitioned into y and 8—y where y is
a union of contours. For greater generality we assume that f—y is further
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subdivided into By, ---,Bs. In this situation the following existence
theorem holds:

Theorem. T'here exists a function p,, unique save for an additive constant,
which is Rarmonic except for the singularity log |z—{|, mdaﬂonytmd
on each By, and whose flux 18 zero along each B;.

For the proof we construct a neighborhood W} of y whose closure on
W does not contain { and does not meet the B;. It is of course possible to
choose W, so that it is regularly imbedded, and we denote its relative
boundary by yo. There exists a harmonic function w in W, which is 0 on
yo and 1 on y. Its flux m along y is positive.

We introduoce a singularity function s which is equal to log |c—¢| in a
neighborhood of {, identically zero near the contours f;, and equal to
2nw/m in W;. The total flux of s is zero. We consider the operator Iy
associated with the partition P of B into y and By, ---, Bs (see 5B).
According to Theorem 3A there exists a harmonic function p, which
satisfies p,—s8=Ly(p,—s). This function fulfills the oconditions in the
theorem. It is uniquely determined except for an additive constant.

For definiteness we normalize so that p,—log |z—{| vanishes at {. The
normalization depends on the choice of the local variable at {. The
normalized function p, will be called the capacity function of the sub-
boundary y. It has & constant value k(y) on y, and we define e-¥) to be
the capacity of y. Observe that the capacity depends on {, the local
variable at {, and the partition P.

14B. We are interested in generalizing the preceding result to arbitrary
W. For this reason we must first determine the extremal property of the
capacity function in the compact case. We retain the notations A(p) and
B(p) of 6B and maintain:

Theorem. The capacity function p, minimizes the functional B(p) in the
class of all harmonic p with zero flux along each By, and such that p—log |z—{|
vanishes at {. The value of the minimum is 2xwk(y), and the deviation from
the minimum 18 measured by D(p—p,).

For the proof we ohserve that B(p,, p)= B(p,)=2nk(y). By Green’s
formula we have further

B(p,, p)—- B(p, p,) = A(py, P)—A(p, D)),

where the integrals 4 are extended over a small circle about {. On letting
the radius of this circle tend to zero it becomes obvious, in view of the
normalization, that 4(p,, p)=A4(p, p,). Hence B(p,, p)=B(p, p,), and we
obtain

D(p—py) = B(p—p,) = B(p)- B(p,p,)— B(py, p)+ B(p,) = B(p)— B(p,).
This identity implies the statement of the theorem.
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14C. We turn now to the case of an open W. Let P be a regular parti-
tion of the ideal boundary 8 (Ch. I, 38), and let ¥ be one of the parts,
and hence a closed subset of B. We call y a subboundary. P induces a
partition of the contours 8(Q2) of any regular region Q ¢ W. We denote the
part corresponding to y by y(Q) and the remaining parts by B(<).

Using these partitions we can determine the capacity function p,q) for
each sufficiently large Q; the notation will be simplified to p,q. If Qc Q'
it is easily seen that p,q’ is a competing function for the extremal property
in Q. Hence

(32) Ba/(p,a’) > Ba(pya’) = Ba(pa)+ Da(pyar —pya),

and we see that Bn(p,q)=2wkq(y) increases with Q. Thus kq(y) has a
limit k(y) for Q—W, and we define c(y)=e-¥® to be the capacity of y,
relatively to the partition P.

If the capacity is positive we conclude from (32) that Dq(p,qa’ —p,0)—0,
and it follows in the usual way that p,q has a limit function p,. The limit
function is normalized, and will be regarded as the capacity funetion
associated with the subboundary y and the partition P. On use of the
triangle inequality it follows from

Dq(p—pya) = Ba(p)— Ba(py)

D(p—p,) = B(p)— B(p,).

This formula generalizes Theorem 14B to open surfaces.

In the case of zero capacity it is still possible to demonstrate, for
instance by use of normal families, the existence of a function p, with the
given singularity and the prescribed conjugate periods. However, the
unicity is lost, and for this reason we prefer to dismiss this case from
further consideration.

that

15. The capacity of the boundary

15A. We investigate the special circumstances that occur when y is
the whole ideal boundary B, in which case P must be the identity partition.
We recognize at once that kq(B)— psa is the Green’s function ga(z, {) of
Q. Clearly, gq increases with Q and has a nondegenerate limit function g
if and only if B has positive capacity. When this is the case, g is called the
Green’s function of W, and it is related to the capacity function by
pg= —g+k(B). The following characterization of the Green’s function is
important -

Theorem. The Greens funclion g. i I exists, £s the smallest positive
harmontc fynction with the sin’qlqﬁt_y —log |2—{|. It satisfies infg=0,
and if a kqrmonic function with the same singularity tends to 0 as z approaches
the idpal boundary, then it is identical with g.
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The firat assertion means that g(z) S go(z) at all points z for any positive
harmonic function go with the same singularity as g. It is practically
trivial, for the maximum principle implies ga(z) < go(z) for z€ §1. and the
result follows on letting Q tend to W. If inf g=17 we can take gomw gy~ 17,
and it follows that »=0. Finally, suppose that go—>0 for 2—8. For any
given €>0 we can then find an Q so that |go| < € outside of Q. The maxi-
mum principle implies |go—go|<e in Q. Hence [g—go| < € at all points,
and sinoe ¢ is arbitrary we obtain g=go.

The last result shows that the definition of g agrees with the earlier
definition that was given in a special case (4B-4D). However, the reader
must be well aware that g does not always have the limit O as z tends to 8.
It can merely be asserted that the inferior limit is 0.

18B. Another way of expreesing the minimum property of g is to say
that pg has the smallest supremum among all harmonic functions p which
satisfy the condition p—log |z—{|—>0 for z—>{. We are going to prove a
theorem which generalizes this property as well as the extremal property
expressed by Theorem 14B.

Let ®(t) be a convex increasing function of the real variable ¢; the
oonvexity means that ®’(¢) is increasing (for the sake of simplicity we
assume that @’ exists and is continuous). Given a harmonic function p
we write

Ia(p) = f¢(p)dp*-
B)
Then Iq(p) increases with Q. In fact, if Q c Q' we find by Green’s formula
(Ch. II, 8B)
In‘(p)—Ia(p) = Dal-alp, P(p)).
and the Dirichlet integral can be expressed as

ool +(z)] =

Since ®’(p) =0 the integral is nonnegative, and we conclude that the
functional increases. In particular, it is possible to define

I(p) = f O(p)dp*
B

as the limit of Iqg(p).

Theorem. The capacity function pg minimizes I(p) among all harmonic
p which satisfy p—log |z—{|—>0 for z—{.

We assume first that W is compact and bordered. We write p=ps+4
and obtain

10)-1pp) = [(O(py+ 1)~ Sy dps + [O(py+H b,
B B
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In the first integral dpf 20, and by the oconvexity ®(ps+A)—(p,)2
h®’(pg). But ps is constantly equal to k=k(8) on B, so that the integral
is at least equal to

o@®) [hap.
s
Since A has the flux zero we can write
fh@; - jhap;-p,dh*.
[ [

The integral on the right can be transferred to a small circle about {,
and because of the normaligation it is seen to equal zero. We have thus
proved that

f [®(pp+h)— O(p,)Ldpf 2 O.
B

Next, we use Green’s formula to obtain
J' O(py+h) dh* = J’ O(k+h) dh* = J; J' 0’(k+h)[(-27’:)2+(—z—:),] ddy.

The double integral is nonnegative, and we conclude that I(p) = I(pg) as
asserted.

In the general case we obtain I(p)2Ia(ps)2 In,(Psa) for Q> Qo.
Letting Q tend to W we get I(p)2 I (ps), and since Qo is arbitrary it
follows that I(p) 2 I(pg). This completes the proof.

15C. As an illustration we may consider the case ®(p)=e2?. The

function F=e?+?* has a single-valued modulus | F|, and it is normalized
by the conditions F({)=0, |F'({)| =1. The integral becomes

I(p)==2 J’le'Iz dzxdy,
W

and we find that every normalized F with single-valued modulus satisfies
the condition

[[ 1712 dzdy 2 weiprs,

w

where ¢(B) is the capacity. The minimum is attained for the function F,
that corresponds to ps.
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16. Disk mappings

16A. For a planar surface W we are mainly interested in the case where
y is a single boundary component, and P is the canonical partition. For
any regular region £ ¢ W the part y(Q) will bound a single component of
W —Q. The corresponding capacity function p, will have the conjugate
period 2w along ¥(Q) and oconjugate periods O along the boundaries
Bi(Q2) of all other components of W—Q. The function F,=errH9} is
consequently single-valued, and it is the mapping by this function that
interests us.

In the compaot case it is readily seen, by use of the argument principle,
that F, is univalent and maps W onto a disk of radius ¢(y)~! with circular
slits centered at the origin. We propose to show that this remains true for
arbitrary W, provided that ¢(y)>0. The proof makes use of an extremal
property that we shall first derive.

16B. We begin with the case of a surface W which is the interior of a
compact bordered surface W with n contours. Let F be a univalent
analytic function on ¥, normalized by the conditions F({)=0, F'({)=1.
F maps W onto a plane region G with one outer and n—1 inner contours;
the outer contour does and the inner contours do not enclose the origin.
Choose y to be the contour of W which corresponds to the outer contour
of @. The other contours are denoted by By, - - -, Ba-1.

If p=1log | F| we can easily see that

fpdp‘<0
By

for all B¢. In fact, if we change to the variable w=u +$v=F(z), the integral
equals

_ ﬂ‘ dudv
extended over the area that is enclosed by the image of f¢. On the other
hand,

f?y d?: = 0,
B
sinoe p, is constant on y with the flux zero. Thus

B(p)=!pdm‘+ :Z—:dep‘ < !pdp“

B(p,) = f P, dp} = 2nk(y),
Y
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and we obtain

fp dp* > 2xk(y).
k4
It is geometrically evident, and quite easy to prove, that
fpdp* S 27 max p.
k4
Y

We can thus conclude that max p > k(y), or max | F|>c(y)-1.

Note carefully that y depends on F. Therefore, if we want an inequality
which is valid for all univalent normalized functions F, we must express
the result in the form max | F| >[m?x ¢(y4)]-! where y¢ runs through all

contours of W. The strict inequality is due to our assumption that F
remains univalent on the border.

16C. We consider now anarbitrary planar W and let F be a normalized
mapping ontg & plane region G- It is possible to define a boundary com-
ponent of @, and hence of W, which represents the outer boundary of G.
Indeed, for every Qc W the image F(Q) has an outer boundary which
corresponds to a contour y(Q), and if Qc Q’, then (Q’) lies in the com-
plementary component that is bounded by y(L2). This shows that the
contours () determine a boundary component y.

Theorem. Any normalized univalent function F on a planar surface W
satisfies sup |F|Zc(y)~ where y 18 the boundary component determined by
F. If c(y) >0, equalsty holds only for F=F,,

There exists a boundary component with maximal capacity, and an
arbitrary normalized F s thus known to satisfy sup | F| 2 [max c(y)]-1.

Y

The first statement follows from sup | F| >mr1;x|F| >ca(y)! on letting

Q tend to W. As for the uniqueness, we note that the sharp form of
Theorem 14B yields

2m supp > 2nka(y) + Da(p—pwa)-

If sup p=~k(y)# oo it follows that Dgq(p—p,n)—>0, and hence that
p=lim p,o=p,.

For the second part, set c=sup c(y) and assume that ¢ > 0. We choose a
sequence of boundary components y, with c(yn)—>c. The fumctions F,
exist for sufficiently large » and satisfy |F, | <c(yn)~!. Since they are
bounded it is possible to extract a subsequence which converges to a
limit function F. The latter satisfies | F'| < ¢-1, and because of the normaliz-
ation ¥ is not constant, hence univalent. If y is the boundary component
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determined by F we know that ¢(y)~1 <sup |F| Sc-1. Hence ¢(y)=c, and
y has maximal capacity.

16D. Suppose that the boundary component y of W has positive
capacity The function F, is a limit of functions F,q. It is consequently
univalent and normalized. Since | F,q| <Cn(7)" and Caly)->cly) .’tfollows
further that | F,| < c(y)~1. We are going to prove:

Theorem. The function F, maps W onto a subregion G of the disk
|w| <e(y)~) with the property that each component of its complement with
respect to the disk consists of a point or of a circular arc with center 0.

We remark that this theorem contains the Riemann mapping theorem.
Suppose, in fact, that W is a simply connected proper subregion of the
complex plane. A familiar construction shows that there are bounded
univalent functions on W. Therefore its only boundary component y has
positive capacity. In view of the simple connectivity the theorem implies
that F, maps W onto a disk.

The proof of the theorem consists of two parts. In the first part we
show that there is no complementary component which reaches the
boundary of the disk, and for this proof we use the argument that has
become classical in the proof of Riemann’s mapping theorem. Suppose
that the unbounded complementary component of @ contains a point
with |wo| < ¢(y)~1. Then, setting R =¢(y)-1, it is possible to define functions

R(F,(z) —wo)]}
e = [Ror
and
€)= €0
1-£(0)é(2)

both <1 in absolute value. By direct computation or by use of Schwarz’
lemma one sees that |'({)| > 1/R. Hence the normalized function 7(z)/’({)
would have a bound <c¢(y)~!, contrary to Theorem 16C. The contradiction
proves the first part.

For the second part, let £ be a component of D—G where D denotes
the disk |w|<ec(y)-l. The Riemann mapping theorem is now at our
disposal. Therefore, if £ is not a point, the doubly connected region D—E
can be regarded as the interior of a compact bordered surface, and we
can form its capacity mapping ¢ with respect to the origin, the local
Woriable w, and the contour |w|=c(y)-1. The identity mapping of D—E
i> univalent and normalized. Therefore, by comparison with the capacity
mapping ¢, ¢(y)~!Zsup |¢|. On the other hand, consideration of the
univalent mapping ¢ o F, yields sup |p| = c(y)~1. This is possible only if
@ is the identity mapping, and we conclude that E is a circular arc.
The proof is complete.

7(z) =
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16E. Finally, we pvove an analogue of Theorem 15B for univalent
mappings of a plapar sqrface, As before, ®(t) denotes a convex increasing
function, and we consider a fixed boundary component y of positive
capacity.

Theorem. Among all normalized univalent funciions F =eP+9* which
send y into the outer contour, the function F, minimizes the functionals

Ip) = f O(p)dp* and J(p) = J' o(p) dp*.
B Y

As usual, we consider first the compact case; in particular, F is supposed
to remain analytic on the border. The functional I(p) differs from J(p)
by integrals over the contours B¢3y. With the notation w=1u+tv=F(z)
the integral over B; can be written as

, dudy
- [[ o008 o s
extended over the region enclosed by F(8). Hence I(p)SJ(p), while
I{p,)=J(p,). For this reason it is sufficient to prove the theorem for I(p).
The proof is somewhat easier if we assume that ®(t)—~0 for {—>—o00; a -
later modification of the proof will serve to eliminate thig additional
hypothesis. Because of this assumption it is true that

f O(p) dp* 5 0

Y

when the small curve yg tends to {, and therefore it is possible to write

1) = [[ooF] dudy = [[ 0'tog 1w Tt
w HW)

where the integral is known to converge. For our purposes it is preferable
to extend the integral over the whole plane, and we can do so if we
introduce the charaoteristic function X of the set F(W). With this nota-
tion we find

10 - | j A(w)®"(log |wo]) f,%.f

extended over the whole plane.

In the corresponding formulas for I(p,) the characteristio function X,
is 1 for |w|<e*®, except for a finite number of concentrio slits, and
0 for |w|2e¥®. With the simpler notation k=k(y) we have thus

];fﬁ (X(10)— % (10))(®"(log |w])— O’ (k) Z O
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in the whole plane, except on the slits. When this inequality is integrated
over the plane one obtains

Io)-1) 2 o [ a(w)—x,(w»f;"‘r}
The integral on the right can be rewritten as a line integral
[pdp*~2, 398 = Bo)- B3,
B

and we have already proved that B(p) 2 B(s,). It follows that I(p) 2 I(p,)
as asserted.

The restrictive condition on ® can be removed in the following way.
We choose a number R>sup |F| and denote by Ao the characteristio
funotion of the disk |z] < R. It is then easy to see that

I(p)—2n0(log B) = [[(—Xe}*(tog |1o]) 324°
Tewl®

and from there on we can proceed exactly as before.
The passage to arbitrary W is quite trivial. We need only observe that

Iotp) = [ 0(p) dp*
AQ)
Tncreases with Q, and that J(p) must be defined as the limit of Ig(p).
From Iq(p) Ia(pya) it follows that I(p) 2 In,(p,q) for Q > Qo. On letting
Q tend to W we obtain I(p) 2 Io,(py), and hence I(p)2 I(p,).
The most obvious application results for ®(t)=e2. Then

I(p)-ﬂwﬁ'm-szlf'lwdy
w

is twioce the area of F(W), and our theorem asserts that the image area is
a minimum for the capacity function.

Cevollary. Of all normalized univalent mapping functions F which send y
into the outer contour F, maps the surface W on the set of least area.




CHAPTER IV

Classification Theory

Two conformally equivalent Riemann surfaces are said to be of the
same conformal type. By the uniformization theorem there are only two
types of simply connected open Riemann surfaces, namely the types
represented by a disk and by the whole plane. The type problem, which is
historically the forerunner of classification theory, consists in trying to
distinguish between these two types on the basis of more or less explicit
properties of the surface.

In classification theory the dichotomy between disk and plane is ex-
tended to arbitrary open Riemann surfaces. There are, however, many
intrinsic differences between the disk and the plane, and each leads to a
different classification of open surfaces. Generally speaking, the surfaces
that fall in the same class as the plane exhibit a certain degeneracy which
usually manifests itself in the complete lack of functions with some restric-
tive property, for instance boundedness. The degenerate surfaces are, as a
rule, more accessible to detailed study.

The aim of classification theory is twofold: to find sufficient or necessary
conditions for degeneracy of a given kind, and to compare different kinds
of degeneracy with each other.

In §1 we assemble some fundamental theorems relative to the most
important classes of degeneracy. This is followed, in §2, by a discussion of
positive harmonic functions, a topic that is closely related to classification.
In §3 we introduce an important tool, the method of extremal length.
§§4-5 are devoted to various tests, to be applied in §6. We discuss in §7
the special properties of plane regions, and in §8 we introduce a series
of counterexamples which definitively settle the questions of inclusion
relations between the classes of degeneracy.

Remark. The question of the existence of a Green’s function is known as
the classical type problem and was in the center of interest in the 1930’s
(see, e.g., L. Ahlfors [1], P. J. Myrberg [3], R. Nevanlinna [6]). The thesis
of L. Sario [1], contents of which were quoted by R. Nevanlinna [9] in
1946, introduces and analyzes the class O,p (see 1B), which contains the
parabolic surfaces as a subclass. The idea of a more detailed classification

196
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(L. Sario [2], L. Ahlfors [15)) spread rapidly, and the present knowledge is
due to eontributions from many authors.

§1. FUNDAMENTALS OF THE CLASSIFICATION THEORY

1n the preceding chapter we have dealt extensively with harmonic and
analytic functions with a finite Dirichlet integral. It is therefore appro-
priate to begin with a study of the particular kinds of degeneracy that
occur when the surface fails to carry such functions. Naturally, constant
functions are always excluded.

A similar, but in many aspeots fundamentally different degeneracy
occurs when the surface fails to carry nonconstant bounded analytic
funotions. Let us point out that an analytic function with finite Dirichlet
integral represents the surface as a covering surface of the plane which has
finite total area. On the other hand, a bounded analytic function repre-
sents it as a covering surface whose projection is bounded. Thus, in one
case we obtain a distinguishing geometric property of the surface itself, in
the other case a property of its projection.

1. Basic properties of Ogp and Op

1A. Let W denote an arbitrary Riemann surface. If u is a real function
of class O on W we denote its Dirichlet integral (Ch. II, 7) by

e = (2] + (3]

It will be recalled that the precise definition made use of a partition of
unity. :

The definition applies in particular when u is a harmonic function. We
designate by HD the class of harmonic functions which have a finite
Dirichlet integral over the Riemann surface on which they are defined.
For convenience we shall often refer to functions in H.D as H D-functions.

The Dirichlet integral of an analytic function F=u+su* is defined as
Dw(F)= Dw(u). It can be expressed by

Dw(F) = [[ 1712 dudy
w

where the double infegral should again bgcomguted by magns of @ pmﬁ‘
tion of unity. Geometrically, it represents the total greaof the covepng
surface (W, F) of the complex plane.

An analytic function with finite Dirichlet integral is referred to as a
function of class 4D.
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Any complex constant is automatically of class 4D, just as a real con-
stant is of class HD. It may be commented that a constant differs very
radically from a nonconstant analytic function, especially in that its
range is not an open set. Hence it would be quite logical, and for what
follows even convenient, to exclude the constants from A D and HD. The
disadvantage is that the classes A D and H.D would no longer be linear, and
this seems reason enough not to follow the suggested procedure.

1B. In accordance with our introductory remarks we introduce the
following terminology :

Definition. 4 Riemann surface W 18 said to be of class Oyp or O4p if
there are no nonconstant HD- or A D-functions respectively on W.

It is trivial that Ogp Cc O4p, for if F is of class AD, then Re F is of
class HD. A further obvious remark is that every closed surface is of class
Oxp, and hence also of class O4p. Actually, all degenerate classes that we
are going to consider will contain the closed surfaces, and this fact will not
be mentioned again. It has the same effect to assume that henceforth all
surfaces will be open.

1C. In order to gain further insight we shall now make essential use of
the results derived in Ch. III, §3. We recall that these results depended
on a regular partition P of the ideal boundary, and that we introduced
a class of “admissible functions” determined by that partition. If P
is the identity partition, then all harmonic functions are admissible. In
the opposite extreme case, when P is the canonical partition, the admis-
sible harmonic functions are those whose conjugates have zero periods
along all dividing cycles.

With this in mind we refer to Theorem 10F, Ch. III. We shall first apply
the theorem in the case of the identity partition, and are thus allowed to
let u denote any harmonic function on the surface. The following result is
an immediate consequence:

Theorem. If W is of class Oyp, then the principal functions po and p;,
determined for any singularity, differ by a constant. Conversely, in order to
conclude that W € Og p, it is sufficient to know that po—p) 18 constant either
for all pairs of logarithmic singularities log|z—{1| and —log|z— 2|, or else
Jor all singularities of the form Re 2.1:;

The necessity is clear, for po—p; is known to have a finite Dirichlet
integral. Suppose now that ¢=po—p; is constant, for instance in the first
case. The relation

D(u) +4m(u(f1) —u({2)) = D(u—q)—D(q)

which expresses the minimum property reduces to u({1)—u%({2)=0, and
the conclusion follows.
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Under the second hypothesis we obtain, in the same way, (é-u) = 0.
=

ox
If the local variable z is replaced by ¢z it follows that %:—is likewise 0 at {,

and sinoe { is arbitrary we can conclude that « is a constant.

1D. The method is not applicable to O 4p, for if P is the canonical parti-
tion, then the conjugate of po—p1 may have periods along the nondividing
cycles, and thus we do not know that po—p, is the real part of a single-
valued analytic function.

It is reasonable, however, to introduce an intermediate class H,;D,
consisting of all harmonic functions with finite Dirichlet integral whose
conjugates have vanishing periods along all dividing cycles. Obviously, the
corresponding O-class is such that Ogp C On,pC O4p.

For the intermediate class we obtain:

Theorem. A surface is of class Oy, p if and only if the funclions po—p)
that correspond to the canonical partition are constant.

The proof remains the same. We remark that this theorem can of course
be used as a sufficient condition for the class O 4p.

2. Planar surfaces of class O,

2A. If W is a planay surface it is clear that #; D consists of the real parts
of functions in A D. This means that Theorem 1D can be used o chawpe
terize the class O 4p. We shall show, however, that a much stronger result
is true.

We know that W can be mapped on a plane region, and we may assume
that co is an interior point of that region. Hence W can be realized as the
complement of a closed bounded set E. This realization is of course not
unique, and we are led to consider the following equivalence relation:

Two compact sets B and E3, each with a connected complement, are said to
be equivalent sf and only if thesr complements are conformally equivalent.

From this point of view we can concentrate our attention on the sets E,
or rather on the equivalence classes of such sets.

2B. The first theorem we prove is the following:

Theorem. The complement of E 18 of class O4p if and only if every set
which t8 equivalent to E has areal measure 0.

It is convenient to say that a set K with this property has absolute
measure 0. Clearly, a set can very well have measure 0 without being of
absolute measure 0. This is illustrated by a line segment which has
measure 0 but is equivalent to a closed disk.

For the proof we make use of Theorems 12F and 12G, Ch. III. Sup-
pose first that E has absolute measure 0. Then the function Py+ Py,
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corresponding to an arbitrary simple pole, yields a univalent map on a
region whose complement has zero area. By the theorems that we have
just quoted this implies Pg = P;. Hence we need only apply Theorem 1D
to conclude that W is of class O p.

Conversely, if W € O4p we know that Py = P, for any choice of the
pole. Hence Py+ P; defines a mapping on the complement of a set of
measure 0. But by Theorem 12F this is the largest area of the complement
for univalent mappings with the same pole. This means that the comple-
mentary area is always zero, and hence that E has absolute measure 0.

2C. The distinguishing feature of Theorem 2B as opposed to 1D is that
the condition refers in substance, although not in form, to only one choice
of the pole. In fact, if E remains of measure 0 when transformed by any
mapping that leaves the point at oo fixed, then the same is true for arbi-
trary mappings. This is so because an arbitrary mapping can be changed
into one with fixed pole by means of a linear transformation which of
course preserves sets of measure 0.

When this remark is utilized in the proof of Theorem 2B it becomes
clear that for planar surfaces the following holds:

Theorem. If Py~ P1 is comstant for one choice of the pole, then it is
congtant for all choices, apd this condition is necessary and sufficient for W
to be of glass O 4p.

Another way of expressing the same condition is to say that the span
vanishes (see Ch. III, 12F), and we have proved that the span vanishes for
all or no locations of the pole.

2D. It will be recalled that Theorems 12F and 12G, Ch. III, were
derived as special cases of much more general propositions, and that in all
extremal problems of this nature the solution was found to be unique,
although the uniqueness was not always expressly stated.

Consequently, if we know that Po= P, it follows not only that the com-
plementary area which corresponds to any univalent mapping is zero, but
also that the only univalent mapping, up to an additive constant, is
3(Po+ P1)= Po= P,. When the pole is at oo this is evidently the identity
mapping; for an arbitrary pole it reduces to a linear mapping.

Theorem. A plane region W 18 of class O4p if and only if the only uni-
valent functions on. W are the linear functions.

We can express this property by saying that W is rigidly imbedded in
the sphere, in the sense that any one to one mapping of W into the sphere
is induced by a one to one mapping of the sphere onto itself.

3. Connections between O,y and O 5

3A. In analagy with the notations that have already been introduced
we denote by A B the class of bounded analytic functions, and by O4p



4B] §1. FUNDAMENTALS 201

the olass of Riemann surfaces on which every A B-function reduces to a
constant.

Suppose that a surface W can be realized as a covering syrface of another
surface Wo. Then, quite trivially, W € Op implies Wy € O 5. Indeed, if
the projection mapping is f, and if Wy carried a bounded analytic
function F, then F o f would be a nonconstant 4 B-function on W.

It is more interesting that closer investigation of the §amee gituation
leads to a relation between the classes O45 and O 4p.

3B. Because of the preceding observation it is particularly important
to study the A B-character of plane regions. In this respect we prove:

Theorem. Every plane region W € O 45 has a complement with zero area.

It can be assumed that W contains the point co. By Theorem 11C,
Ch. III, there exists a function f(z)=z+3 axz—* which maps W on a slit
region whose complement has zero area. If W has a complement with
positive area the function f(z) — z cannot reduce to a constant. The theorem
follows, for f(z)—z is evidently bounded.

3C. If W is a planar surface of class O4p the preceding theorem shows
that any univalent conformal mapping of W into the plane leaves a
complement of measure zero. According to Theorem 2B this implics that
W is of class O4p. The conclusion is not limited to planar surfaces, as a
very simple reasoning will show.

Theorem. O45C O4p.

Suppose that W is not of class O4p. A nonconstant A D-function repre-
sents W as a covering surface of the plane with finite area. It follows that
the projection Wy has finite area, and hence that the complement of W,
has infinite area. Theorem 3B shows that Wy is not of class O, and by
the remark in 3A its covering surface W cannot be of class O 5. We have
proved the asserted inclusion.

4. Removable singularities
4A. The complementary set E of a plane region W of class O4p can
also be characterized in terms of the classical problem of removable
singularities. Let G be an open set which contains E, and suppose that the
function F(z) is defined and analytic on G—E. We say that E is a re-
movable singularity for F if it is possible to find an extension of F-which is
analytic on all of G.

. The following result is very easy to prove:
Theorem. A closed set E is a removable singularity for all functions of
claws A D in a neighborkood of E if and only if the complement of E (with
respect to the sphere) 18 of class O p.



202 IV. CLASSIFICATION THEORY [4C

Denote the complement of E by W, and suppose first that F is a
removable singularity for all 4 D-functions. If F e AD on W it can be
extended to the whole sphere and must consequently reduce to a con-
stant. The necessity is thus trivial and has nothing to do with the special
properties of the class 4 D.

The sufliciency follows by application of the results in Ch. III, §1. &
is an open set containing E, and we suppose that F is of class AD on
& —E and continuous on the boundary of G. We may suppose that G is
regular for the Dirichlet problem. The operator L determines the harmonic
function Lf in G with boundary values f. It satisfies the conditions for a
normal operator (see Ch. III, 2G).

We set s=Re F. The basic condition

1) st* =0

B

of Theorem 3A, Ch. 111, is fulfilled. Hence there exists a harmonic function
p on W which satisfies p—s= L(p—8). Since p— s can thus be continued to
all of G it follows by use of the triangle inequality that Dw(p) is finite. By
assumption, this implies that p is constant. Hence 8 can be continued to all
of (1, and @ same reasoning can be applied to show that the imaginary
part 8* can also be so continued. This proves the theorem.

4C. Essentially the same reasoning can be applied to many other classes
of functions. For instance. for the class A B of bounded exnalytic funetiong
we obtain:

Theorem. £ is u removable singularity for all A B-functions if and only if
the complement of E is of class O4p.

The proof differs in only one point. If p—s and s are bounded we must
conclude that p is bounded. This is even more obvious than in the case of
Dirichlet norms.

The corresponding theorem for H D-functions is much less immediate,
for then it must be proved that (1) holds. This question will therefore be
postponed until we have discussed the properties of the class Ogp in
greater detail (see 7D).

5. Classes of harmonic functions

SA. If we fix our attention on arbitrary harmonic functions, without
imposing any conditions on the conjugate functions, the most important
function classes are the following:

H P =the class of positive harmonic functions;

HB=the class of bounded harmonic functions;

HD=the class of harmonic functions with finite Dirichlet integral.
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SB. The corresponding classes of Riemann surfaces satisfy the following
inclusion relations:

Theorem. Oygp Cc OypC Oyp.

The first inclusion, Ogp C Oyp, i8 quite trivial, for a bounded harmonic
function becomes positive when a sufficiently large constant is added.

In order to prove the second relation we assume that W is not of class
Onp. According to Theorem 1C it is then possible to choose a singularity
for which the principal functions pg and p; have a nonconstant difference.
But po and p; satisfy the maximum principle on the complement of a
compact set. In fact, we know that po= Lopo, p1=Li1p1, and since Ly, L,
are normal operators the maximum principle holds. Consequently, if we
exclude a small disk about the pole, po and p; are bounded outside of the
disk, and the difference po—p; is of course bounded on the disk. Hence
Po—p1 is a bounded nonconstant harmonic function on W. Thus W is not
of class Oy, and we have proved that Oyp C Oyp.

5C. The proof shows a little more than was stated in Theorem 5B. In
fact, if there exists a nonconstant function of class HD on W we have
shown that there is one, namely po— p;, which is simultaneously of class
HD and HB. If we set HBn HD=H BD we have thus:

Theorem. Oyp=0ggp.

6. Parabolic and hyberbolic surfaces

9A. The general uniformization theorem (see Ch. III, 11G) led very
carly to the classification of all simply connected Riemann surfaces into
elliptic, parabolic, and hyperbolic surfaces. The elliptic surfaces are the
closed simply connected surfaces, which by the uniformization theorem can
be mapped on the Riemann sphere. The parabolic surfaces are conformally
equivalent with the complex plane (without the point at o) and the
hyperbolic surfaces can be mapped on a finite disk.

1t is quite clear that the plane belongs to all the degeneracy classes that
we have considered so far, in particular to the smallest class Oyp, while
the finite disk does not. Anyone of these properties could thux be used to
extend the definition of parabolicity to arbitrary open surfaees. Tradi-
tionally, however, the name of parabolic surfaces has been reserved for
surfaces that have no Green’s function. We shall now analyze this property
and study its relation to other kinds of degeneracy.

6B. The nonexistence of a Green’s function is undoubtedly the most
important characteristic of a parabolic surface, but as a definition it has
the disadvantage that it refers to a fixed choice of the pole. In order to
justify the definition it is necessary to prove that the existence of a
Green’s function does not depend on the location of the pole. We can
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avoid this by adopting the following definition, first suggested by M.
Brelot (unpublished) and M. Ohtsuka [1].

Definition. 4 Riemann surface W is said to be parabolic if there are no
nomeonstant peyelive subharmonic functions on W.

All open surfaces which are not parabolic will be called hyperbolic. In
spite of the choice of definition, the class of parabolic surfaces will be
denoted by 0.

6C. We are going to show that the property in the definition is equiva-
lent to each of three conditions that appear frequently in applications.
We formulate these conditions in a very concise form which will be
amplified in the course of the proof (L. Ahlfors [18]).

Theorem. A Riemann surface is parabolic if and only if any one of the
Sollowing conditions s fulfilled:

(1) the mazimum principle 18 valid;

(2) the harmonic measure of the ideal boundary vanishes;

(3) there is no Green’s function.

6D. Suppose that the function v is defined and subharmonic in a
region Gc W with a nonvoid boundary. Assume moreover that v is

bounded above, v< M, and that Ev(z)§m<M for every boundary
z2—{

point { of G. We say that the maximum principle is valid if these condi-
tions imply v <m.
Suppose first that W is parabolic. We construct the function

max (v—M,m—M)in G

Y0 = Ym— M outside of G.

It follows from the assumption that vy is subharmonic and negative.
Indeed, there can be a doubt only at a boundary point { of @, and for such

a point the upper semicontinuity follows from vg({)=m— M 2lim vo(z),
—{

while the subharmonic character is obvious because m — M is the minimum
of vg. Therefore vy reduces to a constant, and since G has a nonvoid
complement the value of the constant is m— M. Hence v— M <m—M or
v<m in G, which is the desired conclusion.

The converse is even simpler. Let v be subharmonic and negative on all
of W. Take G to be the complement of a single point {. If the maximum

principle is valid we conclude that v(z) STim v(z) Sv(l) for any z# L. It
=

follows that v is constant. Hence W is parabolic.

6E. The harmonic measure of the ideal boundary is defined with respect
to a regular subregion Qg. Let Q be another regular region which contains
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(3. We denote by ug the harmonic function in {}—Qq which is 0 on
B(Qo) and 1 on B(Q). It follows from the classical maximum principle that
uq deocreases when (Q increases. Hence the harmonic limit ‘function

(2) uw(z) = r&?vlv uq(z)

exists in 1 —€Qq. It is either identically O or positive and <1. In the first
ogse we Say that the harmonic measure of the ideal boundary vanishes.
It must be shown, of course, that this property is independent of the
choice of Q.

If the harmonic measure does not vanish it is clear that the limit
function uw(z), defined by (2), violates the maximum principle. Therefore,
if W is parabolic the harmonic measure vanishes.

Suppose now that v is a negative subharmonic function on W, and
denote its maximum on {Jo by 5. Then v< (1 —uq) on the boundary of
Q—{y, and consequently also in the interior. If uq—0 it follows that
v< 7 on the whole surface. Hence v attains its maximum, and since v is
subharmonic this is possible only if it reduces to a constant We gonclude
that the vanishing of the harmonic measure implies parabolicity.

6F. For a pole { and a region Q that contains { the Green’s function
galz, {) is defined as the harmonic function with singularity —log |z—{|
and boundary values O (see 15A). It is evident that gq increases with Q.
Therefore,

g(z’ ;) = lim gﬂ(z: l)
QW

is either identically equal to + oo or finite and positive for all z#{. If ¢
exists, then —g is negative, subharmonic, and nonconstant. Hence there
is no Green'’s function on a parabolic surface.

In order to prove the converse we consider a pair of circles [z—{|=7r;
and |z2—{|=ry>r) in the plane of a local variable at {. We assume that
W is hyperbolic, so that the harmonic measure » which is 0 on |z—{|=r;
does not vanish identically. Let the minimum of » on |z—{|=r; be
denoted by ug. We write |z—!|=7 and construct the following function:

r
log— for rsn
71

r u
v = max (lo v

T
log —2) for ri<r<re
1 Uo 71

" re . B
— log = t: £ iz—00</s
v gr1 outside of jz—{{=/
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ince log L= log 2=0 for r= T <™ log”® for rmr it §
Since log e log r1 0 for r=r; and log nguo log P for r=ry, it is

seen that v is subharmonic. It follows by the maximum principle that
1 ro
—log =2
ga+v = og "

for sufficiently large Q. Hence gq is bounded, and the Green’s function
exists. This completes the proof of Theorem 6C.

6G. As a final remark, Theorem 5B can be complemented by the follow-
ing result:

Theorem. O¢g C Ogyp.

In fact, if W carries a nonconstant positive function », then —v is
nonconstant, negative, and subharmonic, from which it follows that W is
not parabolic.

7. Vanishing of the flux

7A. There is a further characterization of parabolic surfaces which is
closely connected with property (2) in Theorem 6C, i.e. the vanishing of
the harmonic measure. We point out in passing that this is a property
which depends only on the structure of the surface in the immediate
vicinity of the ideal boundary. In other words, if compact sets can be
removed from two surfaces so that the remaining parts are conformally
equivalent, then the surfaces are either both parabolic or both hyperbolic.
It is understood that the equivalence mapping must make the original
ideal boundaries correspond to each other, in the obvious sense.

Parabolic surfaces have also been called surfaces with a nullboundary,
and the previous remark shows that it is indeed only a property of the
ideal boundary that is involved. '

7B. Let us consider a compact bordered Riemann surface W whose
contours are divided into two classes « and 8, the inner contours and the
outer contours. We denote by ug the harmonic function which is 0 on «
and 1 on B. Its flux along B, or along any cycle homologous to 8, is

J.dug = D(uy).
B

We are interested m hmling a relgtion. in the form of an inequality,
between the Dux anJ the Dirichlet integral of an arbitrary harmonic
function on .

Lemma. The flux d and ike Dirichlet integral D(u) of any harmonic
SJunction u on W satisfy the condition

3) d? £ D(u) D(uo).
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The inequality that we wish to establish is homogeneous in u. Therefore
we can assume, without loes of generality, that d= D(ug), in which cisc
(3) reduces to D(ug) S D(u). Because u and 4o have the same ﬂux it follows
that

Diso, u=o) = | aldu*—du3) =
f-a
Hence
D(u) = D(ug)+ D(u—wuo),

and we find indeed that D(ug) S D(u).

7C. We are now ready to prove:

Theorem. A surface W s parabolic if and only if every function which s
of class HD sn a neighborhood of the ideal boundary B has vanishing flux
along B.

We suppose that u is defined outside of Q. As in 8E we choose Q> Qg
and denote by uq the harmonic function which is 0 on B(Qo) and 1 on
B(Q). The flux & of u is independent of Q, and by (3) we obtain

d? 5 Da-q,(4) Da-a,(uq).

If ug—>0 we know that Dq_q (uq), which is equal to the flux of uq along
B(0), tends to 0. Since Dg-q () is bounded by hypothesis it follows that
d=0.

Conversgly, if the harmonic measure uw is positive, then Dw_q (uw)
is finite and cqual to the fhx of up; in fact, D a(ua}>Dw o tuw)and
the flux of ug tends to that of uW In other words, uw is an 1 D-funcuon
with nonzero flux.

7D. We can now return to the question raised in 4C. For a plane region
with the complement E we find:

Theorem. £ ts a removable singularity for all H D-functions if and only if
the complement of E 1s of class Og.

The Green's function with pole at oo, if it exists, is of class HD in a
neighborhood of E as seen by use of approximating functions gq. If it could
be continued to £ it would possess & minimum, and would thus reduce to a
constant, which is impossible. This proves that the condition is necessary.

To prove the sufficiency we proceed as in 4B. Let s be of class HD in a
neighborhood of E. Since we are now assuming that W € O¢ we conclude
by Theorem 7C that the flux condition (1), 4B, is fulfilled. We can thus
find p on W so that p—s8=L(p—s). But then p is of class HD on W, and
since O¢ C Ogp we conclude that p is a constant. Hence 8= Ls can be con-
tinued to E.
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7E. The form of Theorem 7D lets us suspect that the classes Og and
Opp may be identical when we consider only planar surfaces. We shall
prove that this is indeed the case.

Theorem. For planar surfaces the classes Og, Oyp, Oup and Onp are
sdentical.

Because of Theorems 5B and 6G we need only prove that Ogp C Og.
Let E be a plane point set whose complement W is of class Oyp, and
suppose, by antithesis, that W has a Green’s function g with pole at co.

Let Q be a regular subregion of W which contains co. Its boundary is
made up of analytic contours B, - - -, Bs. We denote by Gy the region
enclosed by B, and by E; the part of E that lies in Gy.

It is not possible that g has zero flux along all B;. Suppose that g has

nonzero fluxes
¢ = fdg“: 6 = fdg“
By

B¢
over two contours B B;. We form a singularity function s which is defined
by

¢1q in Gg—E(

§= —Cig in Gj—Ej
0 in U (G — Bg).
ki j

Then s has yanishing tJux along 1+ - - - +By. Let L be the operator which
solves the Dirichlet problem for Gyu ---UGy. The main existence
theorem (Ch. ITI, 3A) guarantees the existence of a harmonic function p on
W such that p—s=L(p—38) in each Gy— Ej. Since s has a finite Dirichlet

n
integral over U(Gg—Eg) it follows that p is an HD-function, and hence
k=1
that p reduces to a constant. We conclude that s can be extended to a
regular function on Gy, and its flux ¢jcq over By would be 0, contrary to the
hypothesis.

We have shown that there is a single By, call it 8;, with a nonzero flux.
We can prove, further, that g has a regular extension to each Gy#G;. In
fact, to see this it is sufficient to consider the singularity function s=g in
G¢—E,. Since the flux of s vanishes the same reasoning can be applied,
and the assertion follows.

We are thus able to extend g to the whole complement of @;. The
extension, which we continue to denote by g, remains positive, as seen by
applying the minimum principle to each Gy#G:.

7F. We shall now denote the Gp that corresponds to a given Q by ().
If Q c Q' it is quite evident that G1(Q’) c G1(Q2), since this is the only way
in which the flux condition could be satisfied.
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Let B be the intersection of all @;(Q). We wish to show that g can be
extended to the complement of B. In order to do so we shall momentarily
denote the extension to the complement of G1(Q) by gar (note that gq is
not the Green’s function of Q, but an extension of g, the Green’s function
of W). It must be shown that go, =gq, in their common domain. This is
seen by choosing Q> QU Qg, for it is trivial that go =ga outside of
G1(1) and ga,=gn outside of G1(Qs).

B is elosed and nonempty. We contend that it is@lse connected Sup-
pose indeed that B=B’u B" where B, B” arc closed, dixj()ﬂ!l , &nd non-
void. Let ¥’ be a neighborhood of B’ whose closure does not meet B”. By
compactness, there exists a G1(Q) that does not meet the boundary of V’.
But this is impossible, for G1(Q) is connected and contains interior and
exterior points of V’. Hence B is connected.

Either B is a point or a continuum. If it is a point it is an isolated
singularity of g, and since g>0 the singularity is either removable or a
positive logarithmic pole. Neither is possible, for there cannot exist a
harmonic function on the sphere with only positive poles.

If B is a continuum its complement can be mapped on a disk. The real
part of the mapping function has a finite Dirichlet integral over W. This
contradicts the hypothesis W € Oyp.

We have shown that the existence of a Green’s function leads to an
inevitable contradiction. Hence Ogp C Og, for planar surfaces.

It would be easy to modify the proof so that it applies to all surfaces of
finite genus.

§2. PARABOLIC AND HYPERBOLIC SUBREGIONS

There is a natural classification of noncompact subregions which in
many respects parallels the distinction between parabolic and hyperbolic
surfaces. This classification is closely connected with the theory of positive
harmonic functions, and we take the opportunity to develop that theory
beyond what is actually needed for classification purposes.

An application of the results leads to new characterizations of the
classes Oyp and Oyp.

Remark. Many results in this section are due to M. Parreau [6]. Others
had been known earlier, but were knit more closely together in this
important paper.

8. Positive harmonic functions

8A. We are now going to make more systematic use of the theory of
subharmonic functions as developed in Ch. 1I, 9-11. We recall that the
solution of Dirichlet’s problem was obtained by considering the least
upfexbound of a suitably defined family of subharmonic functions. This
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is a very flexible method which we shall utilize for the construction of
many harmonic functions with special properties.

We ask the reader to re-examine the proof of Theorem 11D, Ch. IL. If
77 is a class of subharmenic functions on a Riemann surface W we wish to
assert that

u{z) = sup v(2)
ve ¥

is either harmonic or identically + co. It is found that the proof depends
exclusively on two properties of ¥°:

(1) if v1, v2 € 7°, then max (vy, v2) €¥°;

(2) if v € 7", then the function vy, obtained on replacing v by its Poisson
integral in a parametric disk, is likewise in ¥°.

Consequently, for any class ¥° which satisfies these conditions, it is true
that »=sup v is harmonic or completely degenerate.

8B. Let u be any positive harmonic function on W (in this connection
the word “positive’’ will be interpreted in the wide sense, u = 0). We shall
denote by 7°(u) the class of all subharmonic functions which are bounded
above and <u on W. It is clear that this class satisfies (1) and (2). Hence

Bu —-“8 B”I()u) v
is harmonic and satisfies 0 < Bu S u.

There @re two extreme cases: if Bu=u we say that u is quasi-bounded;
if Bu=0 we say that u is singular. Note that 0 is the only function which
is at once quasi-bounded and singular.

For instance, the function —log|z| is singular in 0 < Jz] <}. The same
function 15 quasi-hounded in the half-disk jz} <1, Re z>0 (approximate
by harmonic functions which are equal to —log|z| on the boundary except
on a small segment near 0).

8C. We prove first that the operator B is linear: B(u;+ u2)= Bu;+ Bus.
To begin with, if v; € ¥°(u1), va € ¥°(uz) it is clear that vy +vs € ¥°(u; +ug);
hence Buj+ Bug< B(uj+ug). On the other hand, if v € ¥°(u; +u3), then
v—u; € 7°(uz) whence v—u; < Bup. This implies v— Bug<Su;, so that
v— Bugy < Bu,, and finally B(u; +u32) < Bu;+ Bug. The linearity is proved.

Next we show:

Lemma. B i3 idempotent: BB= B.

From Bu < u it follows at once that B2u < Bu. But if v is subharmonic,
bounded above, and Swu, then it is also < Bu, and consequently < B2u.
Thus Bu < B2u, and the idempotence is proved.

It is now almost trivial to prove:

Theorem. Every positive harmonic function u has a unique representation
u= Bu+8Su as the sum of a quasi-bounded and a singular function.
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From BBu= By and BSu=Bu— BBu=0 we conclude that Bu is indeed
quasi-bounded and Su singular. Let u=up+u; be any decomposition with
the same properties. Then Bu= Bug+ Buj=uy, and the uniqueness
follows.

8D. We shall now let G denote a regularly imbedded open set on I
The boundary « of G is thus composed of disjoint analytic curves. All that
we shall say will be trivial if @ is compact. Hence the noncompact case is
the only interesting one; « can be either compact or noncompact. For
convenience, G will frequently be referred to as a ‘‘region”, even if it is not
connected.

An operator T will be introduced whose domain consists of the positive
harmonic functions on W while the range is formed by positive harmonic
functions on G which vanish on «.

For any positive harmonic v on W we define Tu to be the greatest
harmonic minorant of 4 in G which vanishes on «. Such a greatest minorant
exists, for it can be obtained as the supremum in the class J“g(u) of sub-
harmonic minorants which are $0 on «.

The argument in the first paragraph of 8C can be repeated to show that
T is linear.

8E. In the following, whenever B is applied to a function defined only
in G it is understood that B means the operator associated with G rather
than with W. With this proviso we can state:

Theorem. B and T commute: BT =TB.

Let v be subharmonic, bounded above, and < 7w on G. We define v¢ to
be 0 on W' —( and max (v, 0) on G. Then vy is subharmonic, bounded,
and <u on W. Thus vo < Bu, and it follows that BTu < Bu (observe that
B is used in two different meanings). But B7Tu vanishes on «, whence
BTu< TBu.

For the opposite conclusion we let Byu denote the greatest harmonic

minorant of 4 which is <n; it is evident that lim Byu= Bu. Moreover,
N—> 0

T Byu is a bounded minorant of Tu. Hence T By,u < BTu, and a8 n—> oo
we obtain 7Bu < BTu.

Corollary. The mapping T carries quasi-bounded and singular functions
into functions of the same kind.

Indeed, Bu=u implies BTu=TBu=Tu, and Bu=0 yields B7u=
TBu=0.

8F. It is possible to determine T'u constructively, in a manner analo-
gous to the way in which the harmonic measure uw was introduced (6E).
Let Q be a regular region which intersects G. We construct the harmonic
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function T'qu in GN Q which is 0 on «N Q (« is the boundary of Q) and
equal to u on B(Q2) N G. More exactly, we determine T'qu by Perron’s
method (Ch. II, 11) applied to the boundary values 0 on anQ and u
on the arcs of B(Q2) that belong to the boundary of Gn Q. Then Tqu
decreases with Q. Indeed, suppose that Q c Q'. We have Tou <u in Gn Q.
The function which equals T'qu in Gn Q and « in G N (Q' — Q) is therefore
superharmonic. We conelude by the maximum principle that To-u £ Tou
in G o2

The functions T'qu have a limit function T'wu. We claim that T'u= Ty,
First, 7'y« vanishes on « Second, it is a harmonic minorant of u. and third,
if v is any barmonic minorant which vanishes on «, then < 7'gu m T Q,
and consequently v < T'wu 1n (. Because of these properties T'ywu coincides
with 7T'u.

In view of this construction it is suggestive to say that T'u is, in a
generalized sense, the harmonic function which vanishes on « and is equal
to u on the part of the ideal boundary which belongs to G.

9. Properties of the operator T

9A. The mapping T transforms positive harmonic functions on W into
positive harmonic functions on @ which vanish on «. We wish to introduce
another mapping R which under certain conditions acts as an inverse of 7'.

Let v be a positive harmonic function on G which vanishes on «, and
suppose that v has a majorant on G which can be extended to a positive
harmonic function on W; briefly, » has a positive harmonic majorant on
1. Under this condition we define Rv to be the least positive harmonic
majorant of v on W. It exists, for it can be obtained as the greatest lower
bound of all superharmonic majorants of the subharmonic function which
is0 on W — @ and equal to v on G. Once more, the same reasoning as in 8B
shows that R is linear: R(v) +v2)= Rv; + Rvq.

It is evident that RTu S u, for u is a positive majorant of Tu. Similarly,
v < T Ry, for v is a minorant of Rv that vanishes on «. Hence Rv< RTRv <
Rv, and we have proved that RTRv= Rv. But R(TRv—v)=0 means,
trivially, that TRv=v.

Since T is linear the mapping u—T'u is one to one if and only if Tu=0
implies #=0. We have u— RTu2>0 and T(u— RTu)=Tu—TRTu=0.
Hence, if T is one to one we conclude that w= RTu. In this case R and T
are true inverses. In particular, Rv ranges over all positive harmonic % on
W.

9B. In order that Tu=0 imply u=0 it is necessary that 7'1£0. For this
reason we distinguish two cases:

Definition. 4 region G is called relatively parabolic if T1=0 and relatively
hyperbolic if T1£0.
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If G is a genuine region, then T'15£0 is equivalent to T1>0, but if
G is disconnected 7'l can vanish on a component without being identi-
cally 0.

There are two circumstances under which the condition 7’150 is also
sufficient to insure that 7u 0 when u#0. One of these occurs, in a rather
trivial way, when W is of class Ogp. Then all positive functions on W are
constants ¢, and Tc=cT1=0 only if ¢=0.

Under the hypothesis W € Oyp we conclude further that every Ry is a
constant ¢, and hence that v=TRv=Tc=cT1, provided that Rv exists.
The eaistence of Re is manifest if v is bounded, and then Rv is also
bounded When this is so the conclusion Rv=c and its consequence
v=cT'l are valid already under the weaker hypothesis W € Oyg. We
formulate this result as a theorem.

Theorem. If G i3 a relatively hyperbolic region on a surface of class Oyp,
then the only bounded positive harmonic functions on G which vanish on «
are the positive multiples of T1.

9C. The preceding theorem has a corollary which is of interest for the
classification of Riemann surfaces. .

Theorem. A surface W is of class Oy if and only if there are no tivo dis-
joint relatively hyperbolic regions on W.

Suppose first that u is a nonconstant bounded harmonic function on 1,
and let ¢ be a constant that lies between the infimum and supremum of u.
Let G be the region (in the sense of the agreement in 8D) on which u>c.
It cannot be parabolic, for u <b and 7'l =0 would imply T'(u—c) < (b—c)T1
=0, while on the other hand 7'(x—c)=u—c>0. The same reasoning,
applied to ¢ —u, shows that the region on which u < ¢ is likewise hyperbolic.
Hence there are two disjoint hyperbolic regions.

Conversely, let G; and G2 be any two disjoint hyperbolic regions.
We set @=G) L Gz and denote the operators associated with @, @, Gz by
T, Ty, T:. By hypothesis, 711 and 7’21 are 0. We consider on one side
the function v; in @ which is equal to 711 in G and 0 in Gy, and on the
other side the function vz which is Tl in @2 and 0 in G1. According to
Theorem 9B, if W is of class Oyp, v; and v must both be multiples of 7'1.
That is manifestly impossible, and the theorem is proved.

9D. The second case in which 7'5£0 permits us to conclude that 7' is
one to one occurs when the complement W — G is compact. When this is so
T1 is nothing else than the harmonic measure uw with respect to the com-
plement, so that 7'l 40 if and only if W is hyperbolic. Consider any positive
harmonic function « on W, and let ¢ be its maximum on «, a compact set.
Then u—¢ <0 on ¢ and u—c L% in G, from which it follows that v —¢ < Tu.
If Tu=0 we obtain u < ¢ in GQ. The same is true in W — G, by the maximum
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principle. Hence u attains its maximum and must reduce to the constant
¢, and Te=0 only if ¢=0.

Theorem. Suppose that W is hyperbolic and W — G compact. Then Tu=0
only if u=0, and T is a one to one linear mapping of all positive harmonic
Sunctions on W onto the set of all positive harmonic functions in G which
vanish on o and have a positive harmonic majorant on W.

9E. For parabolic regions the following is true:

Theorem. If G is parabolic every Tu is singular, and Tu=0 whenever u
18 quasi-bounded. If « and W — G are compact, then Tu 18 always sdentically 0.

If u is bounded, u S¢, then Tu S T'c=cT1=0. Let u be arbitrary. With
the notation B, introduced in 8E we have T B,u=0. But B,Tu< T Byu,
for B, T'u is a minorant of Byu and vanishes on «. Hence B,Tu=0, and on
going to the limit we find BT« =0. Thus T'u is singular, and if u is quasi-
bounded, u= Bu, then Tu=TBu= BTu=0.

For compact « and W—@, G is parabolic only if W is parabolic. Hence
every u is a constant ¢, and Tc=cT1=0.

9F. If G>G’, and if T, T’ are the corresponding operators, then
Tuz= T'u. Indeed, the function which is 0 in @— @’ and 7"« in @’ is sub-
harmonic and must hence be < 7Tu. As a consequence of this result any
subregion of a parabolic region 18 parabolic, and, in particular, every sub-
region of a parabolic surface 13 relatively parabolic.

If @ and G’ differ only on a compact set, that is, if they have the same
intersection with the complement of a sufficiently large compact set, then
they are simultaneously parabolic or hyperbolic. We may suppose that
(> @’ and that G — @' is relatively compact. Let ¢ be the maximum of 7'1
on «’, the compact boundary of G’ with respect to G. Then T'1 —c <0 on the
whole boundary of @, and Tl —¢ <1in . This implies T'1 —¢ < T"1, and if
T'1=0 we have T1 Sc in G’. The same inequality holds in G—G’, by the
maximum principle. Hence 7'l must be a constant, at least in the com-
ponent in which the maximum is attained. Since the constant must be 0
we find that T'1 is identically 0, and we have proved that @ is parabolic
together with ¢,

10. Properties connected with the Dirichlet integral

10A. To complete the preceding results we shall also study the effect of
the transformation 7' on the Dirichlet integral. In this respect we prove:

Theorem. If W —G 13 compact, then Dg(Tu)Z D(u), and both Dirichlet
integrals qre simultaneously finite.

If 11" is parabolic thefe i nothmyg t@ prove, for then u is constant and
Ty =0 sothat both Dirichlet intcyials vanish. We may therefore assume
that 11" 1~ hvperbolic.



10C) §2. PARABOLIC AND HYPERBOLIC SUBREGIONS 215

10B. We remarked in 8F that T'u can be expressed as the limit of T'qu.
We need to know, in addition, that the Dirichlet integral of Tqu tends to
that of T'. ‘

In order to make use of results that have already been proved it is
convenient to connect T with the principal operator L, (for the identity
partition) introduced in Ch. III, 8C. We recall that Lyqu has the boundary
values % on «a, that its flux over B(Q2) vanishes, and that it is constant on
B(Q). If the value of the constant is denoted by cq we see at once that

4) Tau = u— Ligu+caTql.

Since u and Liqu have zero flux it follows that:
cn = J‘d(TQ‘u)': fd(Tnl)‘.
Because we suppose W to be hyperbolic, cq has a finite limit
c= fd(Tu)*: fd(irl)*,
and (4) implies

(5) Tu = u— Lyu+cT1.

For convenience, write W — Q' ={}o. We know that Do_q (Liau — Lyu)—>
0 (Ch. 111, 8C) and Dq-q,(T'al — T'1)—0. On subtracting (5) from (4) we
conclude that Dq-q (Tqu— T'u)—0, and hence that Dq_q (T'qu)—>De(Tx).

10C. By use of Green’s formula

Dq-q(Liqu, u) = — fu du* = — Dq,(u),
(6)
Da-a(Tal, v) = f du* = 0.
Q)
From (4) and (6) we obtain

Dq-q(Tau) = Da-q,(v)+ Da-o,(Liau—caTal)+2Dq,(x)
and, on going to the limit,
Dg(Tu) = D(u)+ Dg(Lyu—cT1)+ Dqy(u).

This proves the inequality Dg(7T'u) 2 D(u), and since Dg(Lju) and D¢(T'1)
are finite we can also conclude that D¢(Tu) is finite if D(u) is finite.
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11D. The case c= oo is more interesting. We will prove:
Theorem. If lim ®(¢)/t= oo, then Opo=Oxup.
t—+c0

The relation Ogg C Oyp is trivial, for a bounded function is eo ipso
®-bounded. To prove the opposite inclusion we assume again that f
is ®-bounded and not constant. If @ is any constant, then }(f—a) is also
®-bounded, for ®(| f-af/2) §4(P(|f]) +P({])). On changing the notation
we can thergfore assume that £ takes positive as well as negative values.

Let G+ be the region in which f> 0. Then f vanishes on the boundary of
G+, and ®(f) has a harmonic majorant in G+. We shall see in & moment
that this situation cannot prevail unless G+ is relatively hyperbolic.
Exactly the same reasoning shows that the set G- where f < 0 is hyperbolic.
Thus W contains two disjoint relatively hyperbolic regions, and itfollows
by Theorem 9C that W is not of class Oy p. With this conclusion Theorem
11D is proved.

11E. To complete the proof we have to establish the following lemma.:
Lemma. Suppose that lim ®(t)/t= co. Let G be a regularly imbedded open
t—

set whose complement need not be compact. If there exists a pair of nontrivial
positive harmonic functions u and v in G, such that v vanishes on the boundary
of G and ®(v) Su in G, then G is relatively hyperbolic.

Let 29 be a point in @, and choose € so large that 2o € QN G. We use
mean values analogous to (7), but this time with respect to Q n G rather
than Q. Explicitly, let gnne(z, 20) be the Green’s function of QN G with
pole at zo, and set

1
manef = ~5- [fdatig

where the integral is over the whole boundary of Qn G. For any mean
value process m Jensen's inequality permits us to concl ude-kﬁo’t

(b(m(ffo)) < Mo )fo],
mfo = ‘mfo
provided that f, fo2 0 and mfo> 0. Apply this inequality to f=v, fo=Tql

and m=maqae. Then m(ffo) =mv=1v(z0), mfo=Tal(z0) and m[D(f)fo] <
mu=1u(zg). We obtain

we) |\ . ulzo)
°(T‘“ol(z‘o>) = Tol@g)
or

Tal(zo) o ( 9(z0) ) u(zo)
v(20) Tal(zo)) = v(z0)

Because of the hypothesis ®(t)/t— co this is possible only so that Tl does

not tend to 0 as Q—»W. Hence G is necessarily hyperbolic.
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11F. The most interesting application of Theorem 11D is obtained for
O(t)=t2. We suppose that zo € Q¢ c Q and use the notation mgq introduced
in (7). For harmonic f one verifies that Af2=2(f2+2). Green’s formula
yields

maf?= feo2+2 [[galr2+12) dady
m o}

maofz =f(zo)2+7lr ffgoo(f§+f§) dxdy
0,
and hence

moft—mous® = > [[ gats2+ 1) dwty+ [[ o= s34 £3) drd
Q-0, . Q,

s Zapyp),

where K is the maximum of gq on (). If W is hyperbolic K remains
bounded and we conclude that HD c H®, ®(t)=t2; if W is parabolic the
same is true by default. In view of Theorem 11D this result constitutes a
new proof of the relation Oy g c Onp (see 5B).

11G. We use the notation Oy o for the class of surfaces on which there
are no nontrivial ®-bounded functions of class Hy (with respect to a given
G with compact complement). As a counterpart of Theorems 11C and 11D
we have a much simpler result:

Theorem. Oy o = Og for all @.

The inclusion On,e C On,s is trivial, and it is equally evident that
On,z=0¢. For the converse we use the fact that ®(t) = at — b for some a > 0.
We conclude that any ®-bounded function v € Hy satisfies |v| < and hence
|v| € T'y for some positive harmonic u on W. If W is parabolic » must be a
constant and 7T is identically 0. Hence Og C Oy, 0, and the theorem is
proved.

11H. For ®(t)=12 it is seen, exactly as in 11F, that HoD c Ho®. On the
other hand, since T'l € HoD, Oy,p C Og. We have thus:

Theorem. O,z = Og,p = Og.

This result is in striking contrast to the fact that the inclusions
Og C Oy C Oyp are strict (§8).

§3. THE METHOD OF EXTREMAL LENGTH

No treatment of the theory of Riemann surfaces would be complete
without a discussion of the method of extremal length. The roots of this
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method can be traced back to crude comparisons of area and length, and
to more systematic exploitation of similar ideas, especially in the papers
of H. Grotzsch [1]. The present sharp formulation of the method was
first conceived by A. Beurling, in unpublished work, and further de-
veloped in joint publications with L. Ahlfors [1, 2, 3].

A complete treatment of extremal lengths would require a separate
volume. In this presentation we are content to develop the theory to the
puint where we can use it as an important tool.

12. Extremal length
12A. Existing accounts of the method of extremal length deal only with

the case of plane regions, but the generalization to Riemanun ~urfaces is
quite trivial In this theory one considers a Riemann surface 3 oand a
family I' ot rectitiable curves on W. The object is to attach a numerical

conformal invariant to this configuration, and to study its dependence on
the curves and on the surface. There is no preferred metric on W, and
therefore a curve in I' has no definite length. However, by using all metrics
which yield the same conformal structure, it is possible to introduce a sort
of collective length, which by its very definition turns out to be conformally
invariant. This collective length solves a simple extremal problem and has
therefore been called the extremal length of T'.

The importance of the method for the study of Riemann surfaces lies in
the fact that certain extremal lengths can be computed in terms of classical
conformal invariants.

12B. A linear density p on W is defined in terms of the local variables in
such a manner that p|dz] is invariant. We assume that p >0, and as far as
regularity is concerned we shall require that p is lower semicontinuous,

that is to say that p(zo) < lim p(z). This is a compromise, designed to
)
simplify the proofs and at the same time permit sufficient generality.

Our assumptions imply that p can be integrated over any rectifiable
arc y. We define the p-length of y by

L(y, p) = prdZI-
Y
The precise definition of the integral is clear, and we admit co as a possible
value.

More generally, the definition applies to any countable set of arcs,
disjoint or not. We shall therefore allow I" to be any nonempty collection
of “ curves” y, where each y consists of countably many arcs. It does not
matter whether the end points of the arcs are included or not. The rec-
tifiability can be dispensed with, for we can agree to set L(y, p)=o0 if y
is not rectifiable and p>0 on .
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Similarly, in view of the semicontinuity and invariance it is possible to
define the p-area of W by

A(W, p) = ijZ dzdy.
W

For the definition of the double integral one uses a partition of unity. It is
a consequence of the lower semicontinuity that A(W, p)>0 unless
p=0. Indeed, as soon as p>0 at a point we have p>0 in a whole neigh-
borhood.

12C. Given I', we determine the minimum p-length
L(T, p) = inf L(y, p).
vel’
This is to be compared with A(W, p). Since L(T, p) is homogeneous of
degree 1 and A(W, p) is homogeneous of degree 2 in p it is natural to focus

our attention on L(T, p)2/A(W, p). We are led to the following definition :
Definition. The extremal length of I tn W s defined by

L(T, p)?
Aw(T) = su
w(l’) P AW, P3)
where p ranges over all lower semicontinuous densities which are not idents-

cally 0.

In the definition it is possible to use different normalizations, ohtained
by multiplying p with suitable constants. For instance, Aw(I") is equal to
sup I(T', p)? subject to the condition A(W, p)=1. If Aw(I")>0 it is also
the reciprocal of inf A(W, p) subject to L(T', p)=1. Another convenient
normalization is expressed by the condition L(T’, p)=A4(W, p). Due to
the different degrees of homogeneity it is always fulfilled for a suitable
multiple of a given p, provided that L(I", p) >0. With this normalization
we can write

Aw(T') = sup L(T', p) = sup A(W, p),

except when Aw(I')=0. It is this relation that justifies the name ‘“‘ex-
tremal length”, but it must be conceded that )«W(P) could with equal right
be called an ‘“‘extremal area’

12D. The conformal invariance of Aw(I') is an immediate consequence
of the definition. Indeed, suppose that a conformal mapping takes W into
W’ and I into I''. The mapping allows us to regard any local variable z on
W as a variable z' on W’, and we can define a density p’ by means of the
relation pldz|=p’|dz’|. We obtain L(y, p)=L(y’, p’) for any pair of
corresponding curves y, y'. Similarly, A(W, p)=A4(W’, p’), and it follows
that Aw ()= A (I).
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In this connection we point out that Aw(I") depends on W only through
the requirement that the curves of I be contained in W. In fact, let us
suppose that W' c W and that all y € T' are contained in W’. Let p be
given on W, and denote the restriction of p to W’ by p’. Then L(T, p)=
L(T, p’) and A(W, p) 2 A(W’, p’). If p'£0 it follows that

. L(T, p')2 _ L(T, p)?
WD) 2 Zw, 7 2 AW, )

The same is true if p'=0, pz£0, for then L(I', p)=0. We conclude that
Aw’(I') 2 Aw(T"). Conversely, suppose that p’ is given on W', and set p=p’
on W', p=0 on W—W'’. Then p is lower semicontinuous, and L(T, p)=
LI, p'), A(W, p)=A(W’, p’). This proves that Aw(I')= Ap(I'), and we
have shown that the two extremal lengths are equal. The reference to W
can hence be omitted and the notation simplified to A(T").

12E. We make use of the above remark in the formulation and proof of
the following comparison principle:

Theorem. If every y € I' contains a y' € IV, then A(T') 2 X(I™).

More precisely, we are comparing Aw(I') and Aw+(I'') where W and W’
are subregions of a larger Riemann surface, say Wy,. Both extremal
lengths can be evaluated with respect to Wy, and for any p on Wy we have
L(T, p)= L(I"", p). These minimum lengths are compared with the same
A(W,, p), and it follows that the extremal lengths satisfy the correspond-
ing inequality.

12F. In addition to the comparison principle there are two basic laws of
composition which we formulate as follows:

Theorem. Let W, and W3 be disjoint open sets in W. Let Ty, Iy consist
of curves in Wy, Wy respectively, while I" is a family of curves in W.

(1) If every y € T contains a y1 € Ty and a y2 € Ty, then

AD) 2 AT+ ()
(2) If every y1 € 'y and every ys € I’z contains a y € T, then

1 1 .1
AT) = XTIy~ ATe)

[\%

In (1) we may suppose that A(I';), A(I'z) >0, for otherwise the assertion
is a special case of the comparison principle. Choose p; in Wy, pg in Wy,
normalized by L(T, p1)=A(W3, p1), L(T2, p2)=A(W3, p2). Define p=p1
in Wy, p=pain Wy, and p=0in W—W;— W,. Then L(T, p)= L(I'y, P1)+
L(Ty, p2) and A(W, p)=A(Wy, p1)+ A(W2, p2)= L(T'1, p1)+(I'e, p2), and
we obtain

MY LUy, pr)+ LD, p2).
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Here p; and ps can be chosen so that L(T'y, p1) and L(Is, p3) are arbi-
trarily close to A(T";) and A(T'g). It follows that A(T") 2 A(T"y) + A(T'g).

As for property (2), we may assume that A(I') > 0. Let p be given in W
and normalized by L(T, p)=1. Then L(T;, p)=1, L(T'g, p)21, and this
implies

1 1
AW, A(W,, A(Ws, —_————
(W, p) 2 A(Wy, p)+A(W2, p) 2 o T AT
Hence A(I')-1, the greatest lower bound of A(W, p), satisfies A(I')-12
A(T1) 1+ A(Te)2.

13. Extremal distance

13A. The extremal lengths that are commonly used in function theory
are of a rather special kind. In order that the invariance of the extremal
length be of practical use it must be possible to determine the image of the
family I' under a conformal mapping without detailed knowledge of the
mapping function. This will be the case if I' is defined by topological
conditions, for then the image of I" will be known as soon as we know the
topological nature of the mapping.

The most general problems of this kind are out of reach, but we shall
treat a special case with numerous applications. A typical stituation is the
following: Let E;, E2 be nonvoid disjoint sets on the Riemann surface W,
and denote by I' the family of connected arcs which join E; and E;. We
write Aw(I')=2Aw(E1, E3) and call this quantity the extremal distance of
E; and Ej relatively to W. This is a conformal invariant connected with
the configuration formed by W and the sets E;, E;. An important property
is its monotone dependence on this configuration. It follows indeed by the
comparison principle (Theorem 12E) that Aw(E), E32) increases if E;, Eg
and W are shrunk.

13B. We make the special assumption that £y, £, are closed We can
then modify any p by making it zero on E, U Es. This does not change the
p-distance between E|, E3, and the p-area can only decrease. For this
reason Aw(E;, E2) depends only on W—E;—Ej, or rather on the com-
ponents of W—E;—E; whose boundary meets both E; and E;. As a
consequence we could just as well have assumed from the start that £, E,
lie on the boundary of W with respect to a compactification (see Ch. I,
36A).

With this motivation we adopt the following formal definition:

Definition. Let M be a compactification of a Riemann surface W and let
E,, E3 be two closed, disjoint, and nonvoid sets on M —W. The extremal
distance Aw(E, E;) 18 defined to be the extremal length Aw(T') of the family of
open arcs on W which tend to Ey in one direction and to Eg in the other.

For instance, E) and E; could be closed sets of boundary components.
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As a slight generalization it is permissible to assume that W consists of
several components, W=W,u Wzu - - - U W,. Because the values of p on
the different components are completely independent of each other it is
easily seen that
n
At =]

i=1
with the understanding that Aw,= oo if the boundary of W does not meet
both E; and E,.

13C. There are two special cases in which the extremal length is very
easy to determine explicitly.

Theorem. In a rectangle with sides of length a and b the extremal distance
between the sides of length b is ajb. In an annulus r\ < |2| Srg the extremal
distance between the two contours is §l; log (rg/r1).

Let the rectangle R be given by 0z <a, 0<y=<b. If we use Euclidean
length, p=1, the distance between the vertical sides is @ and the area is ab.
Hence the extremal distance A satisfies A = a2fab=a/b.

For arbitrary p, choose the normalization so that the p-distance between
the sides is 1. Then

[ravras 21

0

pr drdy 2 b.

I

for each y, and hence

It follows that

ﬂ(ap—l)z dzdy < a? ﬂpz dady—ab,
R R

and we see that the p-area is at least b/a. By definition, this implies

A<a/b, and we have proved the first part.

In the second case the choice p=1/r yields Ag% log (r2/r1). To prove
the opposite inequality we cut the annulus along a radius so that it
becomes the conformal image of a rectangle. The family of curves which
join the circle |2| =r; and |z] =72 within the cut annulus is contained in the
corresponding family for the full annulus. By the comparison principle
the extremal length of the latter family is at most equal to the extremal
length of the former. We may thus conclude, without computation, that

A g% log (r2/r1). The proof is complete.
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13D. We will now assume that W is the interior of a compact bordered
surface W, and that E;, E; consist of a finite number of arcs or full con-
tours on the border. Under these conditions the construction in Ch. III,
5A can be used to prove the existence and uniqueness of a bounded
harmonie function « which is 0 on E1, 1 on E2, and whose normal derivative
vanishes on the remaining part of the border. We will prove:

Theorem. The extremal distance between Ey and E; 18 equal to 1/D(u).

The assertion is true in the two cases that we have already considered.
Indeed, for the rectangle, regarded as a bordered surface, we have u=x/a
and hence D(u)=abl/a?=bja. For the annulus u= log (r/r1)/log (r3/r1),
and a simple calculation yields D(u)=2n/log (rz/r1).

In the general case it is easy to get the right inequality in one direction.
Let us choose py=|grad u|= (uf+u§)’b which is a linear density. The
po-length of an arc y from £ to Ks is

J'|gmdu”dz|g j|du|; | fdu| -1
Y Y Y

Hence L(I', po)=1, and since A(W, po)=D(u) we may conclude that
NE,, E3)21/D(u).

The opposite inequality would also be easy to prove if » had a single-
valued conjugate u*. Since this is not the case we must use different
branches of * in different parts of W. Let us suppose that we can sub-
divide W into regions Wy, - - -, W, with the following properties: (1) the
Wy are disjoint and W=UW,, (2) each Wj has a piecewise analytic
boundary, (3) there exists a single-valued u* in W; such that u+iu*
maps I¥; on a rectangle with vertical sides on ¥ =0 and u=1.

The extremal distance between E; and Ep within Wi is Ag=1/1)(u)
where Dg(u) denotes the Dirichlet integral over Wi. For a moment, lct
X denote the extremal distance of E; and E; with respect to the union of
all Wi. By the comparison principle we obtain, on one hand, A< X. On the
other hand, by the second law of composition (Theorem 12F), A !z
S At = 3 Dyu)= D(u). It follows that A<1/D(u) which is the desired
conclusion.

13E. It remains to show that W can be subdivided in the desired man-
ner. Consider any point zg € W. We define a conjugate function »* in a
neighborhood of 2¢ and set U=wu+iu*. If U’(z9)#0 the mapping by U is
one to one, and zg lies in a ‘‘rectangle”, defined by inequalities a’ Su<a”,
b'su*sb”. If U'(z0)=0 an examination of the local mapping shows,
similarly, that zo is a common vertex of a finite number of such rectangles.
In case 2o lies on the border the same is true, except that 2o will belong to a
side or be a vertex of a single rectangle.

Because W is compact it can be covered by a finite number of these
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rectangles. By a simple construction, which we find needless to describe
in detail, the covering can be refined to a pavement by nonoverlapping
rectangles. They form a double array {Qu} with the property that Qg
and Qq+1, x have a common side which lies on a level curve u=ay. For a
fixed k the branches of «* in Qi and @y, x can be adjusted, step by step,
so that they coincide on the common side. In this manner it becomes
possible to define, in each Wy= Uy Qu, a single-valued u* so that u+su*
maps Wy on a rectancle. The regions W; are nonoverlapping and their
closures fill out all of 1. These are the properties that were essential in the
preceding proot We have deliberately omitted many details that would
have made the proot lengthy and less perspicuous.

13F. Although Theorem 13D gives the exact value of the extremal
distance, it is seldom of great use for practical purposes. The following
method is one which in many applications leads quickly to a good lower
bound for the extremal distance.

Let po be a given linear density on W which satisfies rather strong
regularity conditions. For ¢>0, let W; be the set of all points in W whose
po-distance from E} is less than ¢t. We denote the area of W; by S(¢). The
relative boundary of W, consists of points whose p¢-distance from E, is
exactly ¢. Let us suppose that this relative boundary is made up of recti-
fiable curves, and denote its total pg-length by A(t). Under sufficiently
strong smoothness conditions it is geometrically clear that S'(¢)=A(t).
Because the method that we wish to develop is used only under extremely
simple explicit circumstances there is no need to analyze the conditions
that would lead to this conclusion. Instead we assume outright that it is
known to hold.

Theorem. Let to be the shortest po-distance from E, to Ey. Then

te
dt
(10) NEy, Er) 2 | 55
[

We denote hy t=t(z) the po-distance from z to k). Choose p(z)=
po(2)/A(t(2)) if t(z) <to, p(2z)=0 if ¢(z) = to. On a curve y from E, to E; the
distance ¢ must pass through all values between 0 and ¢. We have
poldz| 2 |dt| along the curve, and hence

t
jpldzgof{%.

k4
For the p-area we obtain, because A(tf) is constant along the relative
boundary of Wi,

[ [
ds(t) dt
AP = ) Koy =ofm
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It follows by the definition of A that

LT, p)? J’
A2, % | AW
and (10) is proved.
Remark. Integrals of the type (10) were first used by L. Ahlfors [5] in
discussions of the classical type problem for simply connected Riemann
surfaces.

14. Conjugate extremal distance

14A. We continue to investigate the configuration that is formed by a
compact bordered surface W and sets £y, E2 on the border, each consisting
of a finite number of arcs. Let I'* be the class of curves that sepaiate £
and E3. More precisely, each y* € I'* is a countable union of arcs in 1", and
E,, E; are in different components of W —y*. The extremal length of the
family I'* is called the conjugate extremal distance between E; and E;. We
denote it by A% (E,, Ey).

Theorem. A}(E,, Ey) = 1/Ay(E,, Ey).

If u is the same function as in Theorem 13D we have to show that
A% = D(u). Consider again po= |grad u|. Because po|dz| 2 |du*| it is seen
that the po-length of any curve y* is at least equal to the flux of u along y,
and thus 2 D(u). It follows that A* 2 D(u)2/D(u)= D(u).

To obtain the opposite inequality we use again the decomposition of W
into rectangles Qg and consider (u, u*) as Cartesian coordinates in each
rectangle. Let p be defined with respect to the local variable u +iu*, and
suppose that L(I'*, p)=1. For each constant u the variation of u* is
equal to the flux D(u). We obtain

D(u)
f pdu* = 1,

fjpdudu*g 1,
w

fwj[D(u) p—1]2dudu® 5 D(u)? {, f o dudu* - D(u),

and thus A(W, p) 2 1/D(w). This implies the desired inequality A* < D(u).

14B. In some connections a slightly modified conjugate extremal dis-
tance is more appropriate. Let ' be the family of connected urcs o1 closed
curves which separate £ and Ej. The extremal length of IV, denoted by
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Aw(E,, E5), is still another conformal invariant connected with the
configuration W, E,, E;. Since ['is a subfamily of I'* we have necessarily
AZ A%,

(0,b) (a,b) (0,b") (a’,b")
E, E, E, | E,
(0,0) (a,0) (0,0) (a’,0)
Fie. 9
We shall not try to determine X in the general case. However, Fig. 9

illustrates, in a typical situation, the relationship betweenw A=a/h,
A =b/a and A=0"la’ (the two regions are conformally equivalcut).

§4. MODULAR TESTS

When a Riemann surface is given in some concrete manner there arises
the problem of determining whether it does or does not belong to a pre-
assigned O-class, for instance O¢. It is desirable to base the decision on
conditions, or tests, which are not merely theoretical, but can actually be
applied to concrete cases. In this section we devise tests that depend on
basic conformal invariants connected with compact bordered surfaces.
It is not unreasonable to take the point of view that such invariants can
be computed, or at least estimated, especially if the genus and the number
of contours remain small.

15. Harmonic modules

15A. Let W be a compact bordered Riemann surface whose contours
are divided into two classes « and B8, sometimes referred to as inner and
outer contours. We denote by A4(W) the extremal distance between the
inner and outer contours. According to Theorem 13D it has the value
1/D(u) where u is the harmonic function which is 0 on « and 1 on B. We
shall call A4(W) the logarithmic module of W between « and 8. In some
connections it is more convenient to consider the quantity

pes ) = edea™

which will be called the harmonic module.
For an annulus R;<|z|<R; the logarithmic module is A=
(1/27) log (R2/R:) and the harmonic module is u=(Rz/R;)!/27.

15B. We consider an exhaustion of a given open surface W by a se-
quence of relatively compact Gy,. It is assumed that G C Gp41, and the



15D] §4. MODULAR TESTS 229

boundary of G is denoted by B,. It is inconvenient for the applications to
insist that the G, be regular regions. We shall therefore allow B,, the
common boundary of G, and W —Gj,, to be merely piecewise analytic.

We denote by Ag g the extremal distance between B; and 8, with respect
to Gu— G, and by pg, g, the corresponding harmonic module. The modules
are connected with the classification problem through the following simple
theorem :

Theorem. The surface W is parabolic if and only if im pgp = co.

n—+o

Even though the boundaries are merely piecewise analytic it is possible
to regard G, —G1 as a bordered Riemann surface. We denote by uy the
harmonie function which is 0 on 8y and 1 on 8,. The condition ug g —c0 is
equivalent to (u,)->0, and hence to uy—0. By Theorem 6C the surface
i~ parabolic if and only if u,—0.

15C. In most cases the theorem that we have just proved is not a
practical criterion, for the regions G, — G, are likely to become increasingly
complicated. However, we can derive more useful tests by combining the
theorem with estimates of the modules.

Write Ay=Ag g, , 8nd pp=e*. The first law of composition (Theorem
12F) yields Ag g 2 A1+ A2+ - - - +An-1. We find:

Theorem. W is parabolic if, for some exhaustion,

@

(11) [Tbn = .

1
When this theorem is applied it is frequently the case that G4+ — Gy has
several components. As we have already remarked in 13B the module A,
is then connected with the modules A,; of the components by the relation
A= Z A,;'. If the exhaustion is suitably chosen the genus and number
i

of contours of the components of Gp+1—Gy remain fairly small. It is for
this reason that (11) may be regarded as an effective criterion.
Condition (11) is not necessary. One can show, in fact, that there are

always exhaustions with a convergent product i un (L. Sario [14], H.
1
Wittich [7], p. 88).

15D. In applications a seemingly weaker form of Theorem 15C is often
preferred. Given an exhaustion {G,} we suppose that each boundary 8,
is surrounded by an open set B, which is contained in Ggp41 and in the
complement of G_;. We denote by a, and b, the “inner’”’ and ‘“‘outer”
boundaries of B, ; more precisely, b, is the boundary of Gy, U By, ay is the
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boundary of (W—@,)u B,. If u, is the harmonic module between a, and
b, we have:

Corollary. W is parabolic if

(12) U%=w

For the proof we need only observe that the harmonic module between
Bom—1 and By, ., is trivially 2pu5 ., while the module between 8,, and
Bomsg 8 Zpopm, - The hypothesis (12) implies that either ITu;,=c0 or
M9, . 1= 0, and the conclusion follows on applying Theorem 15C either
to the exhaustion {G2s,} or to the exhaustion {G2m+1}.

16. Analytic modules

16A. We have just found a sufficient condition for a surface to be of
class O¢g. We shall now derive an analogous condition for the class O p.

For this purpose we consider again a compact bordered surface W or a
finite union of such surfaces whose contours are divided into « and 8. We
introduce a new module k.g(W), called the analytic module.

If f is analytic on W the integrals

5145 [sa
a B

are evidently real, and their difference is equal to the Dirichlet integral

13) by =3 [ 14
B-a
We restrict f to the class of functions for which
(14) 5 [1d7> 0
and we set )
[ 147
kp(W) = inf &——
[rdf

a

when f ranges over this class. It is not difficult to show that there are
indeed functions which satisfy (14). At present this is not important, for
if the class of competing functions were empty we could set k.g= c0.

Because of (14) it is clear that k= 1. Moreover, kg is evidently invariant
under conformal mappings. The invariant ks was first considered by
A. Pfluger [2].
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Geometrically, the problem is to minimize the area enclosed by f(8)
when the area enclosed by f(a) is given. However, this simplified statement
is meaningful only when f is univalent, and there is no guarantee that the
extremal function will be univalent.

16B. The nature of the invariant k,s has never been successfully in-
vestigated. In fact, there is not even a reasonable conjecture as to the
characteristic properties of the extremal function. As a consequence, tests
based on k., have no practical value. Nevertheless, the analogucs of
Theorems 156B and 15C that we are going to prove show that k. is a
theoretically important invariant connected with the class A D.

In the following statement we refer again to an exhaustion {G,}. We
denote by ks s, and ks the analytic modules associated with G»— G, and
6n+l"Gn'

Theorem. W is of class Op if lim kg g = o0, and this condstion is fulfilled

n—>c0

if .
[Tks = .
1

Note that the analogy with Theorem 15B is not complete, for we do not
assert that the first condition is also necessary.

To prove the theorem, suppose that f is analytic and nonconstant on W.
Then

Daf) =5 [14f,
Ba

and the definition of analytic module implies
Dg (f) 2 kgp, De,(f)-
Here D (f)>0, and if kg g —00 we conclude that D(f) cannot be finite.

The second assertion follows by the obvious inequality

kp]g. 2 kiks- - ‘kn—l-

16C. As already remarked, Theorem 16B is purely theoretical. We can,
however, make practical applications by virtue of an inequality that
connects k, and py.

Lemma. The analytic and harmonic modules satisfy the inequality
keg2Z pis-

For the purpose of orientation we remark that the equality k,=pi3
holds for a circular annulus, and hence for any doubly connected region.

We denote again by u the harmonic function which is 0 on «, 1 on 8,
and by f an analytic function. Let y(t) be the level curve u=¢,0<t<1.
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Although y(¢) may consist of several closed curves, we can introduce a
parameter y =u* which runs from 0 to d= D(u). We write:

m) =§ffdf=§fff'dy,
0

Y=y

where the differentiation is with respect to the local variable u + fu*.
The Fourier developments of f and f* have the form

and Parseval’s formula yields

0
m(t) = nanc,,P
-~

d
. 4 <
JU |2dy = — > n2eql2.
v -
On comparing these equations we find that

d
d
m(t) S o flf'lz dy.
0

On the other hand
D(t) = m(t)—m(0)

represents the Dinchilo timtegial of f over the area u <t. It is clear that
d
oo = (I,
0
and we have thus proved the inequality
m(t) S Z‘i—m’(t).

Here m(t) 2m(0) 20, by hypothesis. When this differential inequality is
integrated between t=0 and t=1 we obtain

m(l)
1 = 4z
and thus
m(l) " "
kg = inf —= (O) et = iz
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16D. Direct application of the lemma to the modules k4 leads to nothing
new, for if Ilp, diverges we have the stronger conclusion that W is para-
bolic. The way to obtain a more significant result is to apply the lemma to
the components Gy; of each Gyy1—Ghy.

Denote the analytic module of Gy by ky;. We show that ky, in contrast
to ug, is simply equal to ming kpy.

If Buj, Bu+1, 5 are the inner and outer contours of G,; we have

s[ra1=35 rar
Ba 7 by
2 [197=35 [197

Bnu Buts, g

By the definition of k,,,,
5 [ 1472 by f/d/

ﬁu+ 1.4
whenever the integral on the right is posmve. If the integral is negative or

Zero we use
s [1ar2; [rar

But1,g Buy

In the first case we can replace k,; by ming ky;. The same inequality will
hold in the second case, for min; k,; is known to be >1, and we are
multiplying by a negative factor. On adding the inequalities it follows that

5 [ 147 2 @uing ka5 f 147,

ﬂ.“

This is evidently the best inequality that can be proved, for we can
choose f to be identically zero in all Gys except the one for which ky; is a
minimum. We conclude that ky =min; ky;, as asserted.

On using the lemma we have minj knyj= (miny pugs)4* where p,; i~ the
harmonic module of Gp;. We obtain:

Theorem. W s of cluss Osp as soon as there exists an exhaustion with

L
[T (min; png) = 0.
ne=1
As in the case of Theorem 15C we are free to replace ming uy; by
min, u,; where p,, refers to a region B,, determined as in 15D.
Remark. The criterion in Theorem 16D was first derived by L. Sario
[1, 14]. On the basis of Sario’s paper A. Pfluger [2] introduced the module
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k and proved Lemma 16C. Earlier, a weaker inequality had been estab-
lished by R. Nevanlinna [11]. The method of proof in Lemma 16C goes
back to T. Carleman [1].

§5. EXPLICIT TESTS

The value of the modular tests depends on our ability to evaluate or at
least estimate the modules. This practical question has a meaning only if
the surface W is given explicity in one way or another. Our next aim is to
derive tests which depend on the given data in an enumerative rather than
quantitative manner.

17. Deep coverings

17A. Assoon asa Riemann surface W is given in a concrete manner it is
possible to construct an explicit covering by parametric disks with the
property that any compact set meets only a finite number of the disks.
We shall require that this covering is in a certain sense sufficiently deep.

Let the parametric disks be denoted by A;. In order to introduce a
hypothesis which guarantees that the overlappings are sufficiently deep
we associate with each A a fixed local variable z;, that is to say, a fixed
conformal mapping of A¢ on |z¢| <1. We choose once and for all a positive
number ¢<1 and let A; denote the inverse image of |z,| <g under the
parameter mapping. We shall say that the Aq form a deep covering if the
A; form a covering, that is, if every point of W belongs to at least one
A;.

17B. For any given deep covering choose a disk Ag as the disk of genera-
tion 0. A disk A¢# Ao will be said to be of generation 1 if and only if
A¢n Ag#0. Inductively, A; will be of generation = if it is not of lower
generation and if A¢n A;5£0 for some Aj of generation n—1.

It is readily seen that every A¢ belongs to some generation. In fact, the
union of all 3 that belong to a generation is an open set, and so is the
union of the A¢ that do not belong to any generation. These set< are dis-
joint and comprise all of W. Because of the connectedness the second set
must be empty.

17C. We shall denote by W, the union of all disks A of generation
<n. Each W, is relatively compact and its boundary consists of analytic
arcs and, exceptionally, isolated points. We are going to apply Theorems
15C and 16D to the exhaustion defined by G = W3y, ; in order to conform
with our earlier conventions it is agreed that isolated boundary points of
W2a will be added to Gy.

The following remark will play an essential part in the proof that follows:
a A¢ that meets the boundary of Gy is exactly of generation 2n+1.
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17D. Let vz denote the number of disks of generation k. The following
criterion will be proved:

Theorem. A Riemann surface W is parabolic if there exists a deep covering
which satisfies

-]

a5) Z, vek-1+vak + veer1

If Ay C Gpy1— G, it is of generation 2n+ 2 or, occasionally, of generation
2n+3, namely if it contains an isolated boundary point of Wap4o. If it
meets the boundary By of Gy it is of generation 2n+1, and if it meets
Ba+1 it is of generation 2n+3. Hence all A¢ that meet Gyi1 — Gy, are of
generation 2n+1, 2n+2 or 2n+4 3.

Consider all A¢ of the generations van1, vans+s, van+s. At any point

in Ay, let 2z be a local variable, and set pj=|-—|- Note that the z; are

dzy
dz
fixed functions defined in Ay, independently of the local variable.
The p; are linear densities in A;, and we can define a linear density p
throughout Gp41 — G, by setting, at a given point and for a given local
variable at that point, p=max py, the maximum being with respect to all
p¢ whose domain A¢ contains the point under consideration. To see that p is
lower semicontinuous, suppose that p(po)=pi(Po), Po € As. We use the
same local variable throughout a neighborhood V(p¢) c A¢. Then p(p)=

pi(p) for p € V(po) and we conclude that lim p(p)= lim p¢(p)=p(po), 80
p-—;;. PP

that p is indeed lower semicontinuous.

Let y be an arc in Gy41—Gy that connects B, and S,+1. Suppose that
the end point on B, is contained in A; (see 17A) and the end point on
Bn,1in A} Then Ay is of generation 2n+1 and A, is of generation 2n +3.
Hence A¢ and A; are disjoint. It follows that y contains a subarc which
joins the boundary of A] to that of A;. The p¢-length of this subare is at
least 1 —gq, and the p-length is greater than or equal to the ps-length. We
conclude that L(y, p)=1—g and hence L(I', p)21—¢ where I' is the
fanuly of curves used to define the module A,.

On the other hand the p-area of G,,“—-C',. is at most equal to the sum of
the p;-arcas of all disks that meet @, ,,—G,, for p2<3 p? at each point.
Each disk has the pi-area m. Hence A(Gp+)—Gh, p) < (v2n+1+vensz+
van+s)m, and together with the estimate L(I', p) 21 —g¢ we obtain

A 2 (1—¢)® .
(ven+1+vant2+vents)m

Condition (15) will therefore imply the divergence of >A,, and by
Theorem 15C the surface must be parabolic.
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Remark. A result of the type of Theorem 17D was first proved by
R. Nevanlinna [6].

17E. There is a similar application of Theorem 16D. Consider the union
of all disks A; of generations k—1, k and k+ 1. Let §; denote the maximum
number of disks in a component of this union.
Theorem. W is of class Op if there exists a deep covering which satisfies
< 1
16 — = 00.
(16) 25

We have to estimate the modules of the components of Gpi1—G,
which have part of their boundary on B, and part on B,41. The estimate
L(I", p) = 1 —q remains valid. The disks A¢ which meet a component form
a connected set. Therefore their number is at most 82,+2. We obtain

(1—g)?
Anj = ’
™ S o Smz

and by Theorem 16D condition (16) implies that W is of class O 4p.

17F. A weaker form of Theorem 17D is sometimes easier to apply.
Let Ny=vo+vi+---+w be the total number of disks of generation

<k. Then
3

> (ve-1+vae+vaer1) S 2Noknt

i=1

and hence, by Cauchy’s inequality,

k k2
Z vei—1+vag + Vae+1 2N 2k+1

t=1

By this estimate we find:
Corollary. W is parabolic sf Ny=o(k?).

18. Tests by triangulation

18A. It is desirable to possess tests which depend only on the incidence
relations in a triangulation. If the triangles are arbitrary it is clear that
strong distortion could occur, and it would be impossible to draw any
conclusions of a general nature. We must therefore introduce a special
assumption which guarantees a certain degree of rigidity.

A very simple condition of this sort is obtained by considering the
quadrilaterals that are formed by pairs of adjacent triangles. It was
shown in Theorem 13C that the extremal distances between opposite sides
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in a quadrilateral are reciprocal numbers m and 1/m. We shall assumc that
for all quadrilaterals formed by adjacent triangles

(17) %§m§K

with a fixed K < oo. When this condition is fulfilled we say that the
triangulation has bounded distortion.

18B. Asin 17B we begin by defining generations of triangles. We choose
an initial vertex as the vertex of generation 0. Inductively, we say that a
vertex is of generation = if it is not of lower generation and if it is joined
by a side to a vertex of generation n—1. The generation of a side or of a
triangle is defined as the minimum generation of the end points or the
vertices.

Let Py, be the union of all closed triangles of generation <n. The
houndary of P, consists entirely of vertices and sides which are exactly
ot zeneration »+ 1. Indeed, each vertex on the boundary belongs to at
least ome triangle of generation <= and at least one of generation 2n+1;
ths is possible only so that it is exactly of generation n+1.

We choose Gy, as the interior of Py. Theorems 15C and 16D are applic-
able to the exhaustion {Gy}.

18C. Let y be an arc in Gu+1— Gy Which joins B, to Bu+1. We can easily
convince ourselves that y must pass at least once between opposite sides
of a quadrilateral formed by a pair of adjacent triangles (Fig. 10). Indeed,

Fic. 10
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if this were not so y would necessarily remain inside the open star of a
vertex of generation n+ 1, and hence could not attain B, ;. W« remark, in
view of a future application (19C), that this conclusion remains valid even
if the triangulation is degenerate in the sense that the two end pointe of &
side might coincide, or that two distinct sides could have the same end
points.

Each quadrilateral M; can be mapped conformally on a rectangle
0= Rez Smy, 05Im 2 <1. We may choose the mapping so that my<1,
and if (17) is fulfilled we have also m;>1/K. For a given choice of the local
7 and p=max p;, where the maximum is "
with respect to all p; that are defined at the point in question. By what we
have said it is clear that the p-length of any y is 21/K.

On the other hand, the p-area of Gy41— Gy is at most equal to the sum of
the p¢-areas of all quadrilaterals M which meet the region. Each ps-area
is £1. An M, that meets the region between B, and By1 contains at least
one triangle of generation n+1, and such a triangle belongs to three
different M. If o) denotes the number of triangles of generation %, it
follows that the total p-area is <30n+1. The module A, of Gpi1—Gy
satisfies

variable z we write again p¢= Iﬁ

1
Z 5
M 2 3K2%0n41
and we have proved:
Theorem. W is parabolic if
<1
—_= 00
=1

Jor a triangulation with-bounded distortion.

18D. The proof works equally well for the class O4p. We break the set
of triangles of generation k into its strongly connected components, that is,
we count two triangles to the same component if they can be connected
by a chain of triangles in the same generation in such a way that consecu-
tive triangles have a common side. If 7; denotes the maximum number of
triangles in a component we obtain:

Theorem. W 18 of class O4p if

for a triangulation with bounded distortion.
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§6. APPLICATIONS

We are now going to apply some of the preceding theorems to derive a
few results of special interest. In these examples we do not strive for
maximum generality. The purpose is primarily to illustrate the methods.

19. Regular covering surfaces

19A. We consider the general case of a Riemann surface W which is
given as a regular covering surface (Ch. I, 14D) of a closed surface Wy. If -
Wo is a sphere W is identical with Wo, and if Wy is a torus W is either a
cylinder, conformally equivalent to the punctured plane, or the plane.
Since these cases are trivial we are going to assume that Wy is of genus
g>1.

The fundamental group # of Wy can be generated by 2¢g elements
a5, by, -+, @, b, which satisfy the relation a,b,a; b7 - -aba; b, 12 1.
The regular covering surfaces are associated with the subgroups 2, or
rather sets of conjugate subgroups, of # (Ch. I, 17D).

19B. We represent Wy as a canonical polygon P with identified sides, as
illustrated in Fig. 11. As origin for the fundamental group we choose the
point on Wo which is represented by the verticee of P. The covering sur-
face W is paved by copies cP of P, associated with the elements c € #,
and cP=c'P if and only if cc’-1 € 2.

In detail, the points of W are given bypothafromthaongm. with the
understanding that yj, ys determine the same point if and only if the
homotopy class of y,y; ! belongs to @. We agree that cP shall consist of
all points represented by paths cy where y begins at the initial point of the
side marked a; and stays in the interior of P, exocept for the terminal point
which may lie on the perimeter. The polygon 1P can be identified with P.
One of its vertices is represented by cg=1, the others by ¢, =a,, ca=a;b;,
cz=a;bja; ! ete. up to ¢,,_y=a,b,a7 b7 - -apart. As points of W these
vertices are not necessarily distinct.

19C. We make the simplifying assumption that W is a normal covering
surface (Ch. I, 19B), that is to say, that D is a normal subgroup This has
the effect that c P remains unaltered if, in the expression of ¢ through the
generators, we suppress or insert factors that represent elements of 9.
Indeed, if d € 2, then cde’' Pm=(cd¢c—1)cc’ P=cc’ P. In the sequel, all equa-
tions are to be interpreted modulo 2.

Let us determine the conditions under which two polygons ¢P and
¢’ P have a common vertex. Obviously, it is necessary and sufficient that
ccy=c’c; for some choioe of ¢, and ¢;. Hence we must have ¢’ =ccyc;~!
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In order that ¢P and ¢’P have a common side it must be possible to
find ¢x and ¢; so that ccg=c’c; and ceg+1=c¢'c;—1. These conditions yield
cerl=cp a6, or ephiee=c e, On  writing, for a moment,
c;=c;_,¢;we have thus e;.}; =e,;. This will happen if £+ 1, [ is either a pair
4n+1, m+3 or 4n+2, 4n+4. One finds that c-lc’ must be equal to
Cams2Cimp 1» Can+ 3Ciny 20 OF their inverses.

b-?
1

at
2

Fie. 11

We triangulate P as suggested in Fig. 11 and all copies cP in the
corresponding manner so that each triangle on W projects into a triangle
on Wy. In the resulting triangulation on W there are then only a finite
number of conformally inequivalent quadrilaterals. Therefore the triangu-
lation is automatically one of bounded distortion (18A). It follows that
Theorems 18C and 18D are applicable to this triangulation.

We remark that the triangulation may be degenerate, for many vertices
become identified on W. It was pointed out in 18C that this does not
mmpair the validity of the theorems.

19D. For the purpose of counting generations of triangles we take the
center of /” as the vertex of generation 0. In the present case it is easier, and
for most purposes equivalent, to count generations of polygons ¢P. On
choosing P as the polygon of generation 0 we say that ¢ P # P is of genera-
tion 1 if cP and P have at least a vertex in common. Generally, cP is of
generation = if it is not of lower generation and has a common vertex with
a polygon of generation n—1.

We have seen that two polygons have a common vertex if the cor-
responding paths differ by c,¢;1. Therefore, the generation of ¢P is the
least » such that it is possible to write c=d,;- - -d, where each d; has the
form ¢,¢;1. We shall also refer to n as the length of c.
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19E, If cP is of generation = it is quite evident that the triangles in cP
are of generation <2n. Conversely, consider a triangle of generation m.
One vertex of the triangle can be joined to the center.of P by a path
consisting of m segments whose end points are either centers of polygons,
vertices, or midpoints of sides. Because the path is minimal there are no
segments between a vertex and a midpoint. Therefore, every second end
point is a center, and the polygons with consecutive centers have at least a
vertex in common. If m is even we conclude that a triangle of generation m
is contained in a polygon of generation < %, and if m is odd it is contained
in a polygon of generation §7L;—l-

We have shown that a polygon of generation n contains only triangles of
generation 2n—1 and 2n. For the purpose of comparison, let 64 be the
number of polygons of generation n while oy still denotes the number of
triangles in the generation n. There are 8¢ triangles in each polygon.

Therefore o2p < 896,, and the divergence of Z (—:— implies the divergence of
n
1

On

Similarly, let 4 be the maximium number of polygons in a component
of generation n (two polygons are in the-same component if they can be
joined by a chain of polygons, all of the same generation, such that
consecutive polygons are adjacent along a side). Two adjacent triangles
are contained in the same or adjacent polygons. Therefore, a component
formed by triangles of generation 27 is contained in a component of poly-
gons of generation n. This proves that ras S 8g7s, and in order to conclude

that W € O p it is thus sufficient to show that z -‘F-l-=~oo.
n

19F. We have reduced the determination of 65 and 7 to a purely com-
binatorial problem. As an example, we investigate the following situation:

Let the integers 1, - - -, g be divided into two sets I,J, and denote by
2(1,J) the smallest _normal subgroup of # which contains all a¢, 1€ 1,
and all apa;'b; Y, jeJ (in the sequel it is tacitly understood that any
index denoted by i belongs to I, and any index j to J). If J is empty the
corresponding covering surface is called a Schottky covering surface; for
arbitrary I,J we speak of a covering surface of Schottky type. We are
going to prove:

Theorem. Every covering surface of Schottky type 13 of class O 4p.

The quotient group F/2(I,J) is generated by bs and ay, bs; a; and by
commute. Nevertheless, if g>1 the group is not Abelian; for instance,
b; and b2 do not commute.
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The vertices of P, that is, the cx, are seen to form quadruples 1, by, by, 1
and ay, asby, by, 1. The distinct ¢ are thus 1, by, ay, by and a;b4. Furthermore,
on applying the result in 19C we find that ¢P and ¢’ P are adjacent along
a side if and only if ¢'=cb#?, caft! or cbf'.

We have to investigate the circumstances in which adjacent polygons
belong to the same generation. Let f, denote elements bt!, a!, bt!. We
wish to compare ¢P with its direct and indirect neighbors determined
by ¢f1, ¢fife, etc. For the moment we assume that the last element in ¢
does not commute with f;. We contend that ¢ and ¢f1fafsfq cannot have
the same length (provided that f1fsfsfs cannot be reduced by cancella-
tions). Indeed, because f; does not commute with the preceding factor the
lengths can be equal only if fif2f3fs can be absorbed in the last factor of
¢=d,---d,. But an equation d,f, f,fsf,=d, is impossible, for the expres-
sion on the left has at least five factors which cannot be cancelled against
cach other, and 4jve one on the right has at most four (for instance,
&} = (a;6;)(a;b;)~} has four factors).

If ¢ ends with b3 ! this preliminary consideration shows that c P belongs
to a component which consists of at most (4g)3+1 polygons.

Let us now determine the length of a ¢-path ab}. Clearly, a minimal
representation will involve only factors ay, by, a;b;, a;b;"! and their inverses.
If we represent ajbj by the lattice point (r, 8) it becomes geometrically
evident that the paths of length <= correspond to lattice points in the
square [r|=m, |s|Sn. In other words, the length of ajb} is equal to
max (|r],]8]).

There are 8z lattice points on the rim of the square. Neighboring points
correspond to adjacent polygons. Hence all 8n polygons corresponding to
these lattice points belong to the same component. In addition, each
polygon has at most 684g3 direct or indirect neighbors (formed with
fi#ai,bF!) which may belong to the same component. We conclude
that the total number of polygons in the component is at most 8n(64g3+1).

It is easy to generalize this reasoning to a path caj; where ||+ |¢]| >0
and ¢ does not end with a#?, b*!. At moet two elements ajt®, bit! can be
absorbed in the last factor of c. Therefore, if ¢ has length m and caf}} has
length » we have n—m < max (|r|,|s]) Sn—m+2. There are 24(n —m+1)
<24n lattice points which satisfy the condition. We conclude that the
component contains at most 24n(84g3+ 1) polygons.

We have shown that 7, £24n(64¢g3+1). Hence Z;__l—r.— @, and 1t follows
n
that W is of class O4p.
19G. The Schottky surfaces are particularly interesting because, as an

easy reasoning shows, they are planar. A Schottky surface can thus be
represented as a plane region. Because the surface is of class O4p the
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cover transformations, which are conformal self-mappings, reduce to
linear transformations of the plane (Theorem 2D). The group of these
transformations is a free group with g gemerators. Indeed, &/9 is gener-
ated by by, - - -, by, and there are no relations between the gencrators.

We can recover Wy from W by.identifying points which are equivalent
under the linear cover transformations. In other words, Wo is known as
soon as we know the linear transformations associated with b, - - -, bg.
One of these can be chosen arbitrarily, and the others depend on three
complex constants each. We have thus a way of describing Wo by 39—3
complex constants. The weakness of this attempt to parametrize the closed
Riemann surfaces of genus g is that the constants are subject to conditions
which are difficult to formulate.

20. Ramified coverings of the sphere

20A. Suppose that W is an arbitrary covering surface of the Riemann
sphere Wo. Let E be a finite point set on Wy, and remove from W all
points which project into E. The remaining surface W’ is a covering sur-
face of Wym Wo—E. We make the specific assumption that W’ is a
regular covering surface of Wj. In less precise language, W has branch
points of finite and infinite order which project into a finite number of
points.

Our aim is to find conditions which guarantee that W is parabolic or of
class O4p.

20B. We pass a simple closed ourve C through the points z;, - - -, zgof E.
The arc from 2 to 241 will be denoted by Cy (in cyclic order). W assume
that the Cy are piecewise analytic and that Cy, C¢41 form a nonzero angle
ab 2¢41. |

The curve C divides the sphere into two regions A; and Az. The regions
on W’ which project into A;,orAg may be called ““cells”. We choose a cell
of generation 0 and say that a ooll is of generation n if it is not of lower
generation and has a common side with a oell of generation n—1.

Let P, be the union of.all cells of generation <=, together with their
sides. Although the vertioces are not in W’ we agree to include them in P,
80 as to obtain a polyhedron whose faces are cells. The border vertices are
chosen in such a way that each one belongs to a single sequence of adjacent
faces. If o border vertex belongs to exactly m cells in P, we say that it has
the order m.

We denote by hy the total number of cells in P, which have at least one
vertex on the border. Similarly, Ags will be the number of cells which touch
a particular contour, and k, will be the maximum of Ay for a given n. We
intend to prove:

Theorem. W is parabolic sfzzacoandofdauOADsfz += = 00,
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20C. It may be assumed that all the z are finite. We denote by Sy(r)
the open disk of center 2z and radius r. Choose ro so small that the disks
Ni(ro) ure at positive distance from each other.

In order to construct a suitable exhaustion of W we modify each P, as
follows: Consider a border vertex of order m which projects into z;. We
omit from all cells with this vertex the part that lies over Sy(ry) with
rm=2"Mro. The remaining part of P, is denoted by @y, its boundary by
Bn, and the individual contours by Byj.

If a border vertex of P, has order m it is either not on the border of
P,_,, or it has at most order m — 2 with respect to P,_;. More accurately,
it may split into several border vertices of P,_;, each of order <m—2.
This observation shows that @,—; C @,, and it follows that the @, form an
exhaustion of W.

20D. In order to find a lower bound for the extremal distance between
B, .1 and B, we are going to replace @,_, by a region Q;,_, between @, _,
and ), which is more suitable for our purpose. The boundary of Q;, _, will
be denoted by B, and it will be sufficient to estimate the extremal
distance between 8, _, and B,.

For the construction of ) _, we need a triangulation of P, To this end
we triangulate o by choosing points aj.42 in Ay, Ao, outside of all
S¢(ro), which we join to the points z¢ by nonintersecting piecewise analytic
arcs Cy1, Ci2. These arcs will be chosen so that they form positive angles
with the €. The triangulation is carried over to P, in the obvious
manner.

The first step is now to remove from Py all triangles which have a side
on the border. Except for n=0, a case that we exclude, no cell will be
completely removed.

Consider now & border vertex of Py of order m 22, with projection 2.
From the remaining triangles we omit the part that projects into S¢(rm—2).
The portion of Py that remains after this second step will be chosen as
@, _,. Since we have certainly not omitted more than in the construction
of Q,_, weseethat @, ,c@Qi_,cQ,.

For orientation we refer o the slightly schematic Fig. 12.

20E. We choose on Wy a linear density p, or a metric p|dz|, such that
p(z)=1/|z—2| in S¢(ro). The values outside of the disks are immaterial as
long as we take care that the total p-area of the complement is finite and
that completely disjoint arcs used in the triangulation are at positive
p-distance from each other. The particular merit of our choice is that even
the arcs with common end point z; are at positive p-distance from each
other.

We transfer p to the covering surface and use it to estimate the extremal
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distance between B;_, and B,. Note that p does not become infinite in
Qn_Q:t-l’

Consider an arc y between 8, and B;, and suppose first that its initial
point lies on a side of a triangle. Then y must meet one of the other two
sides of the same triangle, and it follows by our choice of p that the p-length
of y excceds a fixed positive number. Assume next that the initial point
lies on one of the circular arcs on B,. If the center of this arc is a vertex
of order 1, then y must meet the opposite side of at least one of the two
triangles with this vertex, and we see that the length of y cannot be

Fic. 12

arbitrarily small. Finally, if the vertex is of order m 22, then the pro-
jection of y, which starts on a circle |z2—2|=r; must reach the circle
|z— 24| =rm-2, and hence its length is at least 2 log 2. In all possible cases
we have reached the conclusion that the length of y is greater than a fixed
positive number d, independent of n.

Next, we estimate the p-area of @,~@,_;. It is clear that Q,—@;, is
covered by the cells which have a vertex on the border of Py. The number
of such cells has been denoted by As, and we conclude that the part of
@, — @, _, whose projection lies outside of US(ro) has an area Shyd where
A is a finite constant. Consider now the area that lies over USy(r). For
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each vertex of order 1 we have to add at most the area of S¢(ro) —S¢(r1);
that i, 27 log 2. For a vertex of order m2 2 we have to add at most m
times the area of S¢(rm)—Si(rm-1), that is, an amount of 47m log 2. The
sum of all orders m is <gh,. We find that the total area of (), - ), is less
than %, B for a finite B. It follows that

d2
’\(Bn—l’ ﬁa) ; ’\(ﬁ:l-h ﬁn) g KB.

The first part of our theorem is now a consequence of Theorem 15C.

The second part follows quite similarly from Theorem 16D, for it is
evident that the part of @,—Q; _, which is adjacent to a contour of @, is
connected. \

Remark. The test for parabolicity is due to H. Wittich [2] and R.
Nevanlinna [4]. The corresponding test for the class O4p was derived by
L. Sario [1] to illustrate Theorem 16D.

§7. PLANE REGIONS

Since every planar Riemann surface can be mapped on a plane region
and every plane region is a planar Riemann surface, it would seem that
there is no need to distinguish between the two cases. However, when we
deal with plane regions we are interested not only in intrinsic properties,
but also in properties of the imbedding in the plane. It is therefore impor-
tant to discuss the relations between these two kinds of properties.

To some extent this was done already in §1, notably through Theorems
2B and 2D. .

Remark. A detailed study of plane regions and their complementary
sets was made in L. Ahlfors, A. Beurling [2], which is the source of Theorems
23A, 24E, and 24F.

21. Mass distributions

21A. For plane regions the Green’s function is closely related to a
logarithmic potential. To define potential we need the notion of a mass
distribution. It seems advisable to recall the few fundamental facts that
will be needed.

Let E be a compact set in the plane. A positive mass distribution x on
E is a functional u(f), defined for all real continuous functions f in the
plane, with the following properties:

(A1) p(erfr+ecafe)=crp(f1) +capu(fa),
(A2) p(f)20 if £20,
(A3) u(f)=0if f=0on E.
The value u(1) is the total mass distributed on E.



21D) §7. PLANE REGIONS 247

21B. We shall use the notation fn g=min (f, g); this function is con-
tinuous together with f and g.

Suppose that {f,} is a decreasing sequence of continuous functions with
the limit 0:f40. The convergence is automatically uniform on any
compact set. Hence, given €>0, we have f, 0 e=f, on E as soon as n is
sufficiently large. By (A3) we have thus u(fs)=p(fan ) S eu(l), and we
‘have proved that u(fx)—>0.

This property makes it possible to extend u to lower semicontinuous
functions, i.e., to limits of increasing sequences of continuous functions.
If fu 2 f we set u(f)= lim pu(fs). Suppose that we have also gy 7 f. Then

Lmd

gm O fn 7 gm 88 n—-0c0, and the previous remark yields p(gm N fa) # n(gm).
Since u(f)Zp(fa)Zplgmnfa) we get pu(f )zml_if!; u(gm), and it follows

that the definition is independent of the choice of the approxiniating
- sequence {fx}.
The conditions (Al1)-(A3) remain in force, provided c;, 220 in (Al).
It may happen, however, that u(f)= + co. Finally,  can be extended to
differences f=f,—f2 of lower semicontinuous functions, provided that
w(f1) and u(fs) are both finite. The value u(f)=pu(f1) — p(f2) is independent
of the particular representation, and the functional remains linear.

21C. The characteristic function X of an open set is lower semicon-
tinuous, that of a closed set is upper semicontinuous. In both cases u(X) is
defined and finite. Explicitly, if the set is closed, u(X) is defined by the
relation p(X)=pu(1)—p(l-X).

Let Q be a square with sides parallel to the coordinate axes which con-
tains all of E. We agree that @ shall be semiopen in the sense that it does
not include the points on the upper and right hand sides. Then @ can be
subdivided into smaller squares @y, and if f is continuous it is easy to see
that we can write

p(f) = Hm 3 f(z)u(X)
in the manner of & Riemann integral. This justifies the alternate notation

W) = [seuta
which we xhall use even when f is only semicontinuous.

21D. (Consider now a family M of distributions p. The following sclection
lemma is quite easy to prove:

Lemma. If the total masses (1), u € M, are bounded there exists a sequence
of mass distributions p, € M which converges to a limit distribution v in the
sense that pua(f)—>v(f) for every continuous f.
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By use of the diagonal process we can choose the uy 8o that »(Xg)=
lim pq(¥) exists for all squares Q. If ¢>0 is given, it follows by the
uniform continuity of f that it is possible to construct a fixed subdivision
of @ into squares Q¢ with the property that.

|pa(f) =2 f(ze)pn(Xe) | < epn(l)
for all n. We conclude easily that »(f)=1lim puy(f) exists, and it is obvious
n-+o

that v satisfies (A1)(A3).

If f is merely lower semicontinuous and fm #f we have v(fm)=
lim pn(fm) < lim pa(f), and thus
n—+o

n—>00

(18) Wf)s lim pa(f).
n—+0
For upper semicontinuous f the inequality is reversed.

22. The logarithmic potential
22A. For fixed { the function log Iz—iﬂ is lower semicontinuous in 2.
We can therefore define
Pull) = f log Iz_lf'l du(z),

although the value may be + co. The function p, is the logarithmic
potential of p.

The potential is a lower semicontinuous function of {. Indeed, we have
pM 7 p, where

n 1
pfa )(g) = p (log Iz—_c-l nn).

It is easy to see that each p{™ is continuous, and therefore p, is lower
semicontinuous.

Moreover, p,, is superharmonic in the whole plane and harmonic outside
of E. The proof is wery simple and will be omitted.

22B. Let V, be the least upper bound of p, in the whole plane. We set
V(E)=inf V, where u ranges over all mass distributions on E with total
mass 1. The logarithmic capacity of the set E is defined by cap E=e-V(E),

Denote by W the unbounded complementary component of E. If W is
hyperbolic, let g(z) be the Green’s function with pole at oo, and set k=
lim (g(z) —log|z{). In Ch. III, 14, 15, we defined the capacity of the ideal
zZ—+©

boundary as ¢(B)=e~¥, where k=k(8). We shall now complete the results of
that chapter by proving:
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Theorem. W is parabolic sf and only if E has zero logarithmic capacity. If
the capacity 1s positive there is a mass distribution u on E with total mass 1
such that p,(z)=k—g(z) in W. Moreover, cap E=c(B) and V,=V(E).

The first part of the theorem is an explicit geometric criterion for para-
bolicity. Indeed, because cap E depends only on the mutual distances
|2—{| between points on E it can be regarded as a purely geometric
quantity.

.22C. For the proof, suppose first that u is a normalized mass distribu-
tion with V, < 0. Then V,—p,(z) is a positive harmonic function on W
with the singularity log|z| at co. This implies the existence of the Green’s
function, and since g(z) is the least positive harmonic function with the
singularity log |z| we have g(z) S V,,~p.(z). On the other hand, p.(2)+
log |z|]—0 for z—>0c0, and we obtain k=lim (g(z) —log |z|) < V... Since this
is true for all 4 we have proved that k < V(E), or cg2 cap E.

To prove the opposite inequality we exhaust W by regular regions Q.
If gq is the corresponding Green’s function one obtains, by use of Green’s
formula (Ch. II, 8C),

1 1
(19) 90ll) = kg +g- | log ——p dgi(2)
[ty
for { € 2 and
1 1
(20) 0= ko+z- f logm dgi(2)
Q)

if £ is in the complement of Q, including the boundary B(Q). In these
formulas B(Q) is described in the positive direction with respect to Q,and
hence in the direction of decreasing gg&.

We define uq by means of

ko) = ~5= [ Sdat
Q)

This is clearly a positive mass distribution on the complement of Q, and
the total mass is 1. 1f the potential of uq is denoted by Pq the formulas
(19) and (20) become

ga(l) = ka—pa({)
(21)
0 = kao—pa({)-

Now let Q— W through a sequence {Q,}. By Lemma 21D there exists a
subsequence, again denoted by {Q,}, with the property that uq_ converges
to a limit distribution p. Clearly, the total mass of u is 1. Moreocever, u is a
distribution on E. For if f=0 on E, then |f| S € on the complement of Q,
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for all sufficiently large n. This implies |xq (f)| S ¢ and henoe, in the limit,
u(f)=0.

We suppose that the Green’s function exists. Then gq ({)—>g({) and
kq —k. Moreover, if { € W we have pq_({)—>p({) where p is the potential
1
2]
not continuous in the whole plane, is at least continuous on a compact
neighborhood E’ of E, and that, from a certain » on, all uq_ as well as u

are distributed on E’. On using these results the first equation (21) leads to

9(8) = k—p(0),

and we have shown that k—g({) is indeed a potential.
As we try to utilize the second equation (21) we have no longer the
1
E=1)
and by (18) we areallowed to conclude that

k = lim pq () 2 (%)

Hence p({) < k throughout the plane, that is, ¥, <k, whence V(E)< k and
cap K 2cg. Together with our previous result we have proved that
cap E=cg, and also that ¥V, =V(E).

A more detailed investigation would show that u is the only mass
distribution which satisfies the condition V,=V(E). It is often referred
to as the equilibrium dsstribution.

of p. To reach this conclusion we need only observe that log

» although

advantage of continuity. However, log is lower semicontinuous,

23. The classes 0” and 0,.,

23A. For plane regions we denote by § the class of analytic functions F
which are univalent (‘‘schlicht’’), that is, such that F(z;)s F(z3) when
z1#22. The classes Ogp and Ogsp consist of all regions which are not con-
formally equivalent to & bounded region or to a region of finite area
respectively. It turns out that these classes are identical:

Theorem. 055 = OSD~

The inclusion OgpC Ogp is trivial. For the opposite inclusion we
utilize the disk mappings introduced in Ch. III, 16. Suppose that F is an
S D-function on the plane region W. We exhaust W by regular regions ()
For each Q the mapping by F determines one contour y(f) ag the outcr
contour of Q. The y(Q) define a boundary component y of W. We are
going to show that the capacity c(y) with respect to a point 29€ W is
necessarily positive. By Theorem 16D, Ch. III, there will then exist a
mapping of W onto a finite disk with concentric slits, and hence an
8 B-function. This will imply the assertion Osg c Osp.



23B] $8. COUNTEREXAMPLES

23B. We have to prove that cq(y), the capacity of y(QY
away from zero. To this end, let Q2 be mapped on a disk witn __
slits; zg corresponds to the origin and y(Q) to the rim. The mappmg
tion is normalized by its derivative at zg, and when this i< <o the radius o,
the disk will be R=cq(y)-1.

For simplicity we shall identify Q with the slit disk and let F stand for
the composite mapping function. Consider a circle |z| =7 in Q which does
not meet the slits, and write

Lir) = J' |F'|r do,
l3l=r

Itr) = ﬂ |F*(2r dr dO.
Isr
The Schwarz inequality implies L{r)852nrI’(r), and the isoperimetric
inequality, applied to the image of |z| Sr and its outer contour, leads to
L(r)22 4nI(r). Together, these inequalities give
2I(r) s rI'(r),
and on integrating between ro and R we find that
I(R) R
lo 22lo o
i
or
I(R) _ I(ro)
(22) Bz Z 3
R? r2
On letting ro tend to 0 we have
lim £ (fo)
r—0
where, because of the normalization, | F’(0)| is independent of Q. On the
other hand, I(R) is bounded, by hypothesis. It follows by (22) that R lies
under a finite bound, and henoe ¢q(y) i8 bounded away from 0. This is
what we had to prove.

| F'(0)|2

§8. COUNTEREXAMPLES

We recall that we have proved the inclusions Og c Oxp C OypC Oyp
and also O4pC O4p. Together with the trivial relations Ogpc Og4p,
0,5 € 0.1 we have thus the following system of inclusions:

¢ %> o
00 C Oup C OHB OAD-
C 048 ¢
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For many years it was mot known whether these classes are strictly
different. To prove that the inclusions are strict one must construct sur-
faces which are contained in one of the classes but not in the preceding
one. Such constructions are fairly difficult, but they serve the useful .
purpose of demonstrating that certain Riemann surfaces have rather
unexpected properties.

24. The case of plane regions

24A. For plane regions we have shown that Og=Opp=Onp=Opup
(Theorem 7E). Thus, by restricting our attention to plane regions we can
only hope to prove that Og<Os5<0O4p. On the other hand, if we prove
that these inclusions are strict already in the case of plane regions the
oconclusion will be stronger than if we had made use of nonplanar surfaces.

To prove that Og<Oyp in the plane case we shall first derive a simple
sufficient condition for a region W to be of class O4p5. The complement of
W will be denoted by E. We say that £ has linear measure zero if it can
be enclosed in a finite number of circular disks whose radii have an
arbitrarily small sum.

Theorem. If £ has linear measure zero, then W € O p.

Let y, be the peripheries, of total length < ¢, of circles that enclose £.
If f is bounded and analytic in W we obtain, at any point { agytside of the

circles,
, d;
£ = 2m2f(fz)2

and it follows immediately that f'({) =0. Henoe f is constant, and W € O 4.

24B. To construct a region W which is of class O4p but not of class O¢
we shall make use of generalized Cantor sets. Let {g;}7 be a sequence of real
numbers, 0<gs<1. We denote by E{g;} the point set constructed as
follows: )

Let Eo be the closed line segment from 0 to 1. We construct, inductively,
sets Epn(g1- - -ga) consisting of 2% disjoint closed intervals. To pass from
En(q1---qa) to Ent1(q1- - -gn+1) We remove from each interval, sym-
metrically about the midpoint, a subinterval whose length has the ratio

gn+1 to the original interval. The set £ = E{g,} is defined as ﬂ En(q1- - -qn)-

It is evident that the length of £ is H (1—g¢). Thus the length is 0 if

and only if 3 g¢= co.
Let E; and E] be the two intervals of E,(g,). The sets E,=E;n
E,¢q,---q,) and E;=EInE (g, q,), n2 1, are congruent and similar to
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En_1(gs---gn) by the factor }(1—gq1). We write cuo=cap En(q1- - -qn)
and ¢, =cap E,_,(¢;' - -¢,)- The sets E, and E, have capacity }(1—gq,)
Cn1. ’ ’ #

Let unit masses u’, u" be distributed on E}, E} so that each has a poten-
tial <V in the whole plane. Then p=3}(p'+pu") is distributed on
Eu(q1- - -qn). Every point has a distance =g¢;/2 from at least one of the

sets E,, E,. Therefore, the potential of yx is everywhere <3V + 3 log qz
1
This implies
2
—logeno S §V+14log o

and since V can be chosen arbitrarily close to —log[}(1—qi)cn1] we
obtain

log ewo 2 il%a1+ilos‘ﬂ%m-

If we write cyx=cap En_x(gi+1- - -¢n) We have, by the same result,

1—
log cax 2 }log ey, 41+ 3 log gr+1( - qr+1)
On elimipating cpx, k=1, ---, n—1 and observing that c,,=cap Ey=}
we find that

-1 a(l—q) 1
~ logewo zgﬁ log 222 10g 4.
Sinoce cap E=lim,_,«ceo We have proved:
Lemma. E{q,} has positive capacity if the series

@3) i Liog -1
728" qe(1—qx)
converges.

We can choose the ¢; so that (23) converges while ¥ ¢; diverges, for
instance by letting all g be equal. The corresponding E has positive
capacity and linear measure 0. The complement W is thus hyperbolic and
of class O4p. We have reached the desired conclusion:

Theorem. There exist plane regions which are of class O4p but not of class
Og¢.

Remark. The proof of Lemma 24B is taken from R. Nevanlinna [24],
pp. 152-155.

24C. We shall now investigate the 4 B- and A4 D-character of sets E
that lie on the unit circle |z|=1. By Theorem 24A the complement W is
of class O4p if E has zero length. In analogy with Theorem 3B we show
that this condition is also necessary. ,
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Theorem. If E has positive length, then W 18 not of class O 4.

We construct the function

P = IJ"’ +£ g0.

7y

It is analytic in I and it is not a constant for F(U)= — F'(c0)#0.
One finds by easy computation

1
Re F(D) = f .

and this formula yields 0<Re F({)<1 for |{|<1, 0> Re F({)> —1 for
[¢]>1, and Re F({)=0 if |{|=1, { not on E. Hence all values of F({)
lie in the strip —1< Re F({)<1, and we find, for instance, that the
function

v 4
nF  1e5—1
tan = =57
e 2+1

is bounded. Consequently, W is not of class O 5.

24D. Let us now suppose, temporarily, that E consist of finitely many
arcs, and let E’ be formed by the complementary arcs together with their
end points. Consider the Green’s function g(z) with pole at oo of W’, the
complement of E’ with respect to the extended plane. As in 22B we set
Jim (g(z)~log |2|)=k=—log (cap E").

The function g(z)—g(1/z)—log |z| has no singularity and vanishes on
E’. Therefore it is identically 0, a fact expressed by the symmetry relation
2g(z)—log |2| =2¢(1/z)—log (1/|z]). This relation shows that 2g(z)—
log |z| has normal derivative O at interior points of E.

Let us now define

_ [ 2¢(z)-log |z| for [z]>1
Pofz) = {—2g(z)+log |z] for |z|<]1.

Because it vanishes on E’ and has opposite values at symmetric points it
remains harmonic at interior points of E’, that is, p(z) is harmonic in the
complement W of E except for the singularities log |z] at oo and log|z|
at 0. In view of the vanishing normal derivatives po is nothing else than
one of the principal functions corresponding to these singularities (see
Ch. III, 9A). The other principal function on W is obviously p; =log |z|.
At z=00 we have po(z) =log |2z|+2k+ - - -, and at 2=0, by virtue of the
symmetry, po(z)=log |z| —2k. We refer the reader to Theorem 10G,



24F) §8. COUNTEREXAMPLES 255

Ch. III. In this theorem, as applied to the present case, the class of ad-
missible functions is formed by the real parts of single-valued analytic
functions in W. Moreover, g=po—p1 has the Dirichlet integral
D(q)=2n(q(00)—¢q(0))=8nk. The theorem yields

2k
(24) |F(oo)—F(O)] 5 J=22
for any analytic F with equality when Re F=q. We recall that k=
—log (cap E’); this is a positive quantity, as seen by the proof, or by
the faot that E’ is a subset of the whole unit circle whose capacity is 1.

24E. In the case of an arbitrary closed set E on |z|=1, we denote by E’
a set on the unit circle which is composed of a finite number of closed arcs
and contained in the complement of E. The upper bound of cap E’, for all
such sets E’, is called the snner capacity of the complement of E. Suppose
that F is analytio on W, the complement ‘of E. Then (24) is applicable to
the restriction of F to the region formed by |z| <1, |2| > 1, and the interior
points of E’.

Theorem. W € O 4p if and only if the inner capacity of the complement of £
with respect to |z| =1 equals 1.

First, if the inner capacity is 1 it follows by (24) that F(0) = F(co) for all
A D-functions. To see that this implies W € O4p, let f be a univalent func-
tion on W. On combining f with a linear function we can achieve that
f(0)=0, f(c0)=co. For an arbitrary zg it is easy to see that

flzo) 1
f@@)=fz0) z—2z0

is an A D-function. It follows that
fiz) _ 1

fzo) 20

and this differential equation implies f(z)=cz. Hence f is linear, and by
Theorem 2D W must be of class O4p.

Second, if the inner capacity is <1 we form for each E’ the corresponding
extremal function F with ReF=gq. It is clear that a suitable sequence of
these functions converges to a nontrivial 4.D-function,

24F. To construct an example which proves that 0,5 <0 4p for plane
regions we show that it is possible to construct a set £ of pesitive length
whose complement has inner capacity 1.

Let E(a) be the arc defined by |©]Sa. Its capacity equals sing, as
found by use of an elementary conformal mapping. If g(z) is the Green’s
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function for the complement of E; one finds that % g(z") is the Green'’s

function for the complement of E,(«) where E,(«) consists of the arcs
0-2.2¢|<% m=0, .-, n-1
n n
From the developments

g(z) = log |z| ~logsing +---

1 1, . @
9@ = log lzl—;logsm-§ U

1/
we conclude that cap E,(a)= (sm %) ”.

Choose u,.=$: say. Let E' be the union of the interiors of the sets

@
E)(a,),n21. Then E' has length <2 Z n-2=n2/3 < 2m. Its inner capacity
1

1/
must be at least equal to (sm ‘;—’3) ® for each n, and since these quantities
tend to 1 we conclude that the inner capacity is 1. The complement E of
E’ is a set with the desired property, for its length is at least 2o —#2/3.
Theorem. There exsst plane regions W which are of class O4p but not of

class 043.

24G. For plane regions we have also introduced, in 23, the class Osg=
Osp which obviously includes all plane regions of class O4p. For a proof
that Osp is not included in O4p we refer the reader to the paper of L.
Ahlfors and A. Beurling [2].

25. Proof of Og < Oup < Oyp

25A. The surface that we are going to construct will be obtained from
the unit disk &:lz/< ) so that we draw an infinite number of radial slits
whose edges will be identified pairvise.

To illustrate the procedure, let s; and sz be two radial slits of A, formed
by the points ref®1 and ref®:z respectively with a <r<b; we assume that
O<a<b<l. Each slit s;, k=1, 2, has a left edge s} corresponding to
©=0,+0 and a right edge s; corresponding to ®=0,—0 (Fig. 13).

We identify s with sy and s with s;. Without going into details it
is clear that this process defines a Riemann surface. For instance, the end
point aef®1=ae!®: will have a neighborhood which is represented by two
full circular disks in the z-plane. They are identified in the manner of a
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two-sheeted covering surface with a branch point, and we obtain a local
uniformizer by extracting a square root.

A little more generally we can consider a eyclic identification of any
finite number of radial slits s,,- - -, 8, all extending between |z} =a and
|z|=b. In this case sf is identified with 55, s with a5, etc., and finally
s} with 87 . The end points will have neighborhoods consisting of A disks.

Such identifications may be performed simultaneously for several pairs
or cycles, even for infinitely many, provided that they do not intersect or
accumulate inside A. For formal reasons we will occasionally identify a

Fi. 13

slit with itself (a cycle with A=1). Naturally, this results in no change at
all.

Let A be the resulting Riemann surface. The identified slits form a set C
on A which is a union of isolated simple arcs with only end points in
common. Observe that z will be a well-defined analytic function on A —-C,
but it does not stay continuous on C. It is seen, however, that log |z| is
defined and harmonic on all of A, except for the singularity at the origin.
Since it tends to 0 as we approach the ideal boundary it is clear that
—log |z| represents the Green’s function of A with pole at the origin. In
other words, regardless of the particular choice of identifications, A will
always be hyperbolic.

25B. We will now introduce a specific rule for constructing A. It will
depend on infinitely many parameters, given in the form of a strictly
increasing sequence {r,} of positive numbers with the limit 1, and also on



258 IV. CLASSIFICATION THEORY [28C

an infinite sequence {n,} of positive integers. These sequences will later be
chosen 8o that certain conditions are fulfilled.

Every natural number has a unique representation in the form
- v=u(h, k)= (2h+1)2% where k and k are nonnegative integers. With each
v we are going to associate 2¥+n, radial slits with end points on |z| =73, and
|z] =72,+1. These slits will be equally spaced and one will lie on the positive
real axis. For convenience we will say that a slit associated with v=v(h, k)
is of rank v and type k.

We write Oy =2-% . 2z. The sectors 10; SO S (s +1)0;, 054 < 2%, will be
denoted by S. The slits of type ¥ which lie on the rays ©® =40, will be
identified cyclically. The remaining slits of the same type will be identified
pairwise within each sector Sy, symmetrically about its bisecting ray.

More explicitly, the identification rule can be expressed as follows: Let
@', ©" be the arguments of two slits of rank » and type k; they may and
will be chosen so that 050" —0’'<27. The edge ©’+0 will be identified
with ©@"—0, and ©'—0 will be identified with ©®”+0 if the following two
conditions are satisfied: (1) ©"— 0’ < O, (2) ©"+ 0’ is an odd multiple of
Og. If the second condition is fulfilled and ®"— @’ =0y, then only the
edges ©'+0 and ©”—0 are identified.

This rule completely describes A. It has already been remarked that A
is & hyperbolic surface.

25C. A harmonic function  on A can be regarded as a function u(r, ©)
of z=re!® provided that we distinguish, on the slits, between u(r, ©® —0)
and u(r, ©+0). Conversely, suppose that u(r, @) is harmonic on the
complement of the slits, regarded as a bordered surface. In order to con-
clude that  is harmonic on A it must first of all be known that the values
on identified edges are equal. In addition it must be required that the
one-sided derivatives ¢ 1/0@ at identified points (r, ©'+0) and (r, " —0)
coincide,

To prove the sufficiency of this hypothesis we consider the function
v(r, 7) which is equal to u(r, ©'+7) for 120 and u(r, ©"+7) for r$0.
It follows by use of the reflection principle that v(r, v)—v(r, —7) and
v(r, 7Y+ v(r, —7) are both harmonic for r=0. Hence v(r, 7) is harmonie,
and we conclude that % is harmonic on A at interior points of the slits.
The end points are removable singularities.

25D. We say that %, harmonic on 4, is symmetric of order m21
if it is symmetric with respect to all directions whose arguments are
multiples of ©,. In other words, we require that

u(r, 1Om+7—0) = u(r, iIOpm—7+0)

fori=1, ...,2m and all r, .
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Lemma. A harmonic function with symmeiry of order m has normal
derivative 0 on all slits of type Sm—1." . ‘

Let @'+0 and @"—0 correspond to identified edges of type ksm—1.
Because u is harmonic on A the one-sided derivatives a¢ ©’ and © are
equal. On the other hand, ©’ and ©" are symmetrically placed with
respect to a multiple of Oy, and the condition ¥ Sm -1 implies that
Op+1 is a multiple of @. It follows from the symmetry of order m that the
normal derivatives are also opposite, and hence equal to zero.

25E. We construct a new Riemann surface A, as follows: Retain all
slits of type k2m and identify their edges in the same way as before. Of
the remaining slits we remove those with k+%,Sm and re-identify the
others symmetrically to all multiples of ©.,. This means that we identify
edges with arguments 1@, —7+0 and 10, +7—0if —Opy1 <75 Op41.

It is easy to verify that Ay is symmetric with respect to the direction
Om+1. Indeed, let (2i+1)Op41—7+0 and (26+1)Op41+7—0 correspond
to identified edges of type k=m. The reflected edges have arguments
Om—(2i+1)Ok+1 £ 7F0. Because O is an cven multiple of ¢, these
edges are identified. Similarly, the reflection carries the re-identitied edges
1Om + 7 F0 into identified edges (1 —¢)On F7+0.

Lemma. A harmonic function on A with symmetry of order m may be
regarded as a harmonic function on A,

We show first that u is harmonic across the slits with k<m—1,
k+mn,Sm. The argument of any such slit is a multiple of ©@,,. Therefore
the slit lies on a line of symmetry, and hence u has equal values on the
edges of the slit. By Lemma 25D the normal derivative vanishes on both
sides of the slit. Henoce the slit can be removed.

The new identifications are all symmetric to the multiples of @, and
therefore « has equal values on corresponding edges. The normal deriva-
tives vanish for the same reason as above, and we conclude that u is
harmonie on A,,.

25F. It is consistent with the definition of A, to set Ag=A. The same
reasoning as for m 2 1 shows that A, is symmetric with respect to ¢y =a.
The lemma is trivially true without any symmetry condition at all, and
for this reason it is natural to say that any function is symmetric of order 0.
This convention makes it possible to include the case m =0 in the following
final lemma.:

Lemma. [t is possible to choose the sequence {n,} so that, for all m2 0, any
positive harmonic function on & which is symmetric of order m is also sym-
metric of order m+1.

Let u be positive, harmonic on 4, and symmetric of order m. By Lemma
25E u can be regarded as a harmonic function on A,,. Because A, is
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symmetric with respect to the direction @n4) the function um(r, ©)=
u(r, Opm—O) is also harmonic on A,. The difference U =um—u vanishes
on all slits which are identified symmetrically about @41, and therefore,
by virtue of the periodicity, on all slits of type m. We will show that the
existence of sufficiently many slits of this type will cause U to vanish
identically. This will prove that u is symmetric of order m+1.

The mean value formula

2w
u(0) = —l- fu(r ©)do
0

remains valid on A,,, regardless of the identifications, for it depends only
on the fact that log ris harmonic. Since it is also valid for u,, we obtain

s VT L) 4 _
(25) E;'f|l/| do < %f(u+%) d0 = 2u(0).
) 1]

Choose v=uv(h, m)=(2h+1)2™, and consider U in the annulus rg,; <
r <rg,+2. In this annulus there are 2m+s, glits with end points r=r;, and
r=rz,+1. Since U vanishes continuously on the slits, |U| is subharmonic
in the whole annulus.

By its subharmonic charaoter |U| is majorized by the harmonic function
which is equal to |U| on |z|=r2,1 and |z|=rz,+2. The latter is in turn
less than the sum of two ordinary Poisson integrals, one with respect to
the interior of the outer circle, the other one with respect to the exterior
of the inner circle. Explicitly,

T
s 3 e s

27— 4
lre“’ —1rg,-1€%9|2 Ulrar-1et) de.

By aid of (25) we are thus led to the estimate

sz+2+r+r+fzu.)
T2t —7" T—T2-1

U @ei®)] 3 ( ):Zu(O).
There 1s hence a constant K,, independent of u, such that |U| < K,u(0)
for ro, Sr=ron1.

Consider one of the regions bounded by ares |z| =r3,, |2| =3,+1 and two
consecutive slits. It is mapped logarithmically on a rectangle of horizontal
dimension log r3,+1—log rs, and vertical dimension ¢,=2-"-%,.2x. In
this rectangle, let  be the function which at each point is equal to the sum
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of the angles subtended by the vertical sides. Since o >0 on tin horizontal
sides and w > on the vertical sides it follows by use of the maximum
principle that

W
0] 5 Ku@ 2

throughout the rectangle. On the middle line log r= §(log r3, +log r2,+2)
we have

w< 4 arc tan [e,/log ::7:-3].

and we conclude that

|U(ret®)| < 4':{’ u(0) arc tan [e,/log ri—:"l]
on the full circle r==(re,re,+1)t.

In the bound on the right only ¢, depends on ,, and it tends to zero
with ¢,, that is to say if n,— 0. It is therefore possible to choosc the =, so
that the bounds tend to 0 for A—>co. By application of thc maximum
principle on A,, it follows that U =0. Since the values of n, for different m
are completely independent of each other it is possible to choose these
numbers so that the assertion of the lemma holds simultaneously for all m.

25G. It remains to draw the conclusion:

Theorem. There exists a hyperbolic surface on which every positive har-
monic function reduces to a constand.

We construct A according to Lemma 25F. For m=0 the hypothesis of
the lemma is trivially fulfilled for all positive harmonic functions on A. It
follows by induction that such a function is symmetric of all orders, and
hence that it must reduce to a constant.

25H. The proof of Ogp <Oyp is now almost trivial. Delete the origin
from our surface A. Then —log r is a positive harmonic function on the
resulting surface A’. On the other hand, if » were a bounded harmonic
function on A’, it could be extended to A, for the origin would be a
removable singularity. It follows that » would have to be constant. Hence
A’ is an example of a surface which has nonconstant positive harmonic
functions, but no nonconstant bounded harmonic functions.

26. Proof of Ogp < Onp

26A. We lia.vo'proved earlier (see 5C) that Oyp=O0gpp. Therefore it
will be sufficient to construct a surface which admits nonconstant fyge-
tions of class HB, but none of class HBD. Actually, we shall strive
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little more, namely to construct a surface with functions of class 4B, but
not of class HBD.

26B. The surface will be constructed as a covering surface of the unit
disk A:|z| <1. For this reason the function z will be of class AB on the
surface.
The branch points will be projected into points z,, which we choose as
follows:
log [4] = =27, »=0,1,---
arg zp = k-27-2m, O<ks2n.

The disk A, punctured at the points z,, will be denoted by A’. Its
fundamental group 5 is a free group with one generator a,; for each z,;.
It does not matter much how we choose the a,x, but for definiteness we
let a,x be the homotopy class of a closed curve from the origin which
follows a ray of argument just a little less than arg z,; (to avoid other
excluded points), circles z,x in the positive direction, and returns along the
same radius.

A regular covering surface of A" is determined by a subgroup 2 of #
(Ch. I, 17). This surface can be extended to a ramified covering of A by
adding points over the z,;. Explicitly, let s be an element of &#. If there
exists a smallest p>0 such that s(ax)?s~1 € D, then we can associate
with s a point of multiplicity p which lies over z,;.

ta o it

26C. As in the preceding section we write v=(2h+1)2™, 420, m20.
Since this representation is unique it determines a function m=m(»).

In order to define 2 we are going to construct a homomorphism « of &
into a group P of permutations of the natural numbers. P will be generated
by permutations mm, one for each integer m 2 0. To define = We represent
each positive integer in the form n=g-2®+r with 0<rS2% and set
mm(n)=q-2m+2m—r+1. In other words, e reverses the order within
blocks of length 2m. With the help of this interpretation it is very easy to
see that 77 =1 and n,m, =mn_r,. Thus P is an Abelian group all of whose
elements have order 2.

The homomorphism « is completely determined by setting a(a,z) =
Tme). We choose @ to be the kernel of this homomorphism. The corre-
sponding covering surface will be denoted by A(P). It is quite clear that all
points over the z,; are branch points of multiplicity two, except for m=0.

26D. We recall (Ch. I, 19) that a regular covering surface has a group of
cover transformations which is isomorphic to %#/9. In our case the cover
transformations can be extended to the ramified surface A(P), and F/9D is
isomorphic to P. We shall denote the cover transformation that corre-
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sponds t0 mm by T'm. It is, of copxse, & direstly conformal self-mupping.
The fixed points of 7'y are the branch points over all z,; with m(v)=m.
To investigate the structure of A(P) let us determine the components
that lie over |z] <p<1l. We know that the components are complete
covering surfaces, and that each component covers all points the same
number of times (Ch. I, 21B). The points over the origin which lie in the
component of the initial point are reached by paths which wind only
around points z,; with |g,2| < p. There are only a finite number of such
points, and we find that the closed paths which stay within |z| <p are
mapped by « onto a subgroup of P which is generated by finitely many
mm. Since this subgroup is finite we may conclude that each component has
only a finite number of sheets, and henoe that it is relatively compact.

26E. We shall need the following special case of Lemma 3B, Ch. ITI:

Let W be a Riemann surface, po a posnt, and A a compact set on W. Let
u be a bounded harmonic function on W, |u| < M, which vanishes at po. Then
|u| =qM on A, where g<1 is a constant that depends only on W, A and po.

This result follows on replacing the set A of the lemma by 4 U po.

26F. We return to our surface A(P) and assume that u is harmonic and
bounded on A(P). Consider the function U w(p)=u(p)— (T mp) which is
also harmomo and bounded. We are going to show that Uy is identically
zero.

Choose a point 2,x wWith ya= (24 4-1)2m. It is contained in the quadrilateral
Q.x defined by

—2—tl<log 2| < —21
(k=1)2—.2w<argz<(k+1)2-7 - 2m.

Each component of A(P) oyer @, is a two-sheeted covering surfuce with a
single branch point over-zs. The transformation T interchanges the
sheets of each oomponmt, and the function Uy, vanishes at the branch
point.

The logarithmic image: of Q. is a rectangle of dimensions § - 2 and
4m - 277, 2, oorresponds to a point whose relative position in @Q,; is
independent of » and k. Sinoe all rectangles are similar the two-sheeted
regions over the @,p are conformally equivalent.

Let M be the least upper bound of |[Um| on the whole surface A(P).
We apply 26E to the components over Q,r, and are able to conclude
that |Um|<qM, with a fixed g<1, at all points which lie over the arc
log |z|=—2"7, (k—$)2 - 2n Sarg 25 (k+ §)2~ - 2n. These arcs cover the
whole circle, and we find that |Um|SqM at all pointe whose projection
lies on the circle log |z| = —2-.

Finally, because the components over a disk are relatively compact we
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may conclude, by the maximum principle, that |Uy,| <gM at all points
that project inside the circle. On letting A tend to co we find that the same
inequality holds throughout A(P). Since M was the least upper bound,
we obtain M <¢qM. This is impossible unless M =0, and we have proved
that U,, vanishes identically. This means that (7w p)=u(p).

26G. We have shown that « has the same values on all sheets, of which
there are infinitely many. It is therefore impossible to have D(u)< o,
except in the trivial case of & constant function. Hence A(P) is of class
Onpp=O0pnp while evidently not of class O4p, since it carries the function
z, and still less of class Ogg C O4p. .

Theorem. There exists a surface of class Ogp which is not of class Oy p.

26H. We have actually proved more, namely that Ogp is not contained
in O4p. Conversely, O4p cannot be contained in Oyp, by Theorem 24B.
We list this as a separate result:

Theorem. There 18 no inclusson relation between Oyp and O4p.

Remark. Except for slight changes the counter examples in 25 and 26
are identical with the ones introduced by Y. Téki [1, 2]; see also L. Sario
[19]. Earlier, the weaker result Og < Ogp had been proved by L. Ahlfors
and H. Royden [1].



CHAPTER VYV

Differentials on Riemann Surfaces

In Chapters III and IV the emphasis has been on single-valued har-
monic and analytic functions on a given Riemann surface. In itself, this
is not a serious loss of generality, for multiple-valued functions, when
they occur, can be regarded as single-valued functions on a suitable
covering surface. However, this is not always a convenient way, and a
more direct approach is likely to lead to a much better understanding of
the problems that are involved.

Complex integration leads to functions whose branches differ by con-
stants. In particular, if the integrand is algebraic, an Abelian integral is
obtained. For multiple-valued functions of this kind the single-valuedness
can be restored by focussing the attention on the integrand, that is to
say the differential, rather than on the integrated function. The differential
possesses ‘‘periods” along the cycles on the Riemann surface, and these
periods can be studied directly without referring to the covering surface.

From this point of view the single-valued analytic functions correspond
to differentials whose periods are zero, and the harmonic functions are
associated with differentials whose periods are purely imaginary.

§1. ELEMENTARY PROPERTIES OF DIFFERENTIALS

The first section deals only with differentials that satisfy certain
conditions of regularity. A number of elementary properties will be proved,
but it is found that many pertinent questions are very difficult to answer
within the narrow frame to which we are confining ourselves. For this
reason the present section is of a preliminary nature. It is designed to
give a general orientation, and to point out the difficulties that lie ahead.

1. Differential calculus
1A. In a preliminary way the notion of differential was introduced in
Ch. II, 6E. We wish now to make the definitions sharper and a little more
general. Consider a surface W=(W, ®) with a structure of class C2. In
order to define a first order differential on W we consider a collection of

linear forms adx+bdy, one for each A € ®, whose coefficients a, b are
265
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complex-valued functions on k(V), V=domain of A. If A;, ks have over-
lapping domains; the corresponding forms a; dz; +b; dyi, az dxz+ bz dys
shall be connected by the rolations

a; = az 3a: +be gz:
(1)
b= o b gﬁ'

When these relations hold the collection is said to determine a differential
w, and we write in generic notation

(2) w = adzx+bdy.

We note that it is sufficient to define a and b for the mappings % that
belong to a structural basis (cf. Ch. ;[I 1F). We say that o e C! if all
coefficients a, b are of class C1. Since O is of class C? it suffices to make this
assumption for a basis. .

1B. The transformation rules (1) are linear with respect to a, b. For
this reason differentials can be added in the obvious manner, and a
differential can be multiplied with a function f to give

fo = of = fadx+fbdy.

In other words, the differentials on W form a vector space over the ring
of complex functions.
The complex conjugate of w is

® = ade+b dy.

It 15 a differential, tor the transformation (1) has real coefficients.

1C. The differential of a function f € C! is defined to be

3) w =df=g—£dz+g-£dy.

By virtue of the rule for forming the derivatives of a composite function
it satisfies the invariance requirement (1). This makes the definition
legitimate.

Any differential of the form (3) is said to be exact. It is clear that the
sum of two exact differentials and a constant multiple of an exact differ-
ential are exact. Hence the exact differentials form a linear subspace of
all differentials when the latter are considered as a vector space over the
complex constants.
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1D. We pass to the definition of a second order differential. To each
local variable there corresponds an expression

Q = cdady,
and the transformation rule reads
o(zg, y2)
4 = Cop —m—mt 2,
@ ° = % B, 1)

There are obvious conventions as to the sum of two second order differ-
entials and the product of a function and a second order differential.
The exterior product of two first order differentials

w) = gy dz+bydy, ws = aydr+bedy
is defined as
(5) wiwg = (a1ba—ash,) dzdy.
One verifies at once that the invariance oondition. (4) is satisfied.

Multiplication is distributive and anticommutative, wew;= —wjwe.
The formula (5) results on setting dzdx = dydy =0 and dydx= ~dxdy.

1E. The symbolic differential.
2
%

satisfies the transformation law (1), and this is why df is a first order
differential. For the same reason the symbolic product

ob da
(8) o = (5;_ @) dady
represents & second order differential, provided that w € Cl. We may
regard dw as the differential of a differential, just as df is the differential
of a function.

2
d=$dft+ dy

One verifies the formulas
(7 d(fw) = (@f)w+fdw
and
(8) d(df) = 0.

The latter formula is valid for fe C? and expresses the equality of the
mixed derivatives.

1F. Until further notice we assume that all functions on W are of class
C?, all first order differentials are of class C1, and all second order dif-
ferentials are continuous. Under these conditions all operations that we
‘have introduced are applicable,.and all formulas are valid.
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We say that w is closed if dw=0. It follows from (8) that all exact
differentials are closed. In other words, the exact differentials form a
subspace of the closed differentials. A closed differential is locally exact,
i.e., we can write w =df provided that we restrict w to a sufficiently small
neighborhood of a point. In contrast, exactness is a global property.

2. Integration
2A. We recall that a singular l-simplex is a continuous mapping
t—f(t) of the closed unit interval into W (Ch. I, 33A). It is said to be
differentiable if f(t) =z(t) + 2y(t) is of class C! in terms of the local variables,
and the integral of w along a differentiable 1-simplex o is defined as

1
[o= of (a'(8) +by (1)) dt.

L4

More precisely, the definition is possible in a single step only if ¢ is contained
in a parametric region V, and then the value is independent of the choice
of the local variable. If ¢ is not contained in a single parametric region it
is necessary to use a subdivision of the interval, and one shows that the
result does not depend on the subdivision. Finally, the definition is
extended to arbitrary differentiable 1-chains by linearity.

The following theorem is important:

Theorem. .1 differential w i3 exact if and only iffw:Ofor every cycle vy.

y
We have suppressed as self-evident the condition that y and w must
be differentiable (see 1F). The necessity follows from

fdf = f(p2)—f(p1)

if ¢o=pe2—p1. Since y is a cycle the values at the end points will cancel
against each other.
The sufficiency follows on setting
z
s = [o

2y

where the integral is taken along an arc from zg to z. If the integral along
any cycle is zero, f(z) is well-defined, and one verifies that w=df.

2B. A singular 2-simplex is a mapping of the triangle A:0<u<t<1
mto W. It s differentiable if the mapping is of class C1, and we consider
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only such simplices. The integral of a second order differential Q= c dxdy

is defined by
3(% y)
f 2= f a0, w) Y

provided that the image of A is contained in a single V. Due to the
composition law for Jacobians the definition does not depend on the
choice of the local variable in V. Note that no question of orientation is
involved. It is again possible to extend the definition to arbitrary differ-
entiable 2-simplices by subdivision of A, and to arbitrary 2-chains by
linearity.

The basic duality between chains and differentials is expressed by the
relation

©) jdw - fw.
X oxX

With the definitions th: t we have given the proof is evident, for the
equation needs to be verified only for the triangle A.
By use of (7) we obtain the more general formulas for partial integration

(10) j @ = [fo - ffdw

2.4

2C. From (9) we obtain the following characterization of closed
differentials:

Theorem. A differential w is closed if and only if J. w = 0 for every cycle y
that is homologous to 0.

The necessity is immediate. For the sufficiency we write dw =c Jrdy and
recall that ¢ is by assumption continuous. Thus, if ¢#0 at a point it is
either positive or negative throughout a whole neighborhood. There
exists a differentiable one to one mapping of A into this neighborhood,
and by hypothesis we should have

[

But this is impossible since neither ¢ nor the Jacobian changes sign. It
follows that dw=0.

If w is closed the integral J’w will be referred to as the period of w along y.

Y
The theorem that we have just proved implies that the period depends
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only on the homology class of y. By Theorem 2A a closed differential is
exact if and only if all its periods are zero.

2D. We have slurred over a difficulty that needs some attention. Since
we are now interested only in differentiable chains it is conceivable that
the original definition of homology cannot be used. In order to make sure
that the modified definition leads to the same homology group we must
show (1) that every cvele is homologous to a differentiable cycle, (2) that
every ditferentiable houndary is the boundary of a differentiable 2-chain.
The proot s based on the teehnigue of simplicial approximation and is a
repetition ot the argument used in Ch. I, 34.

2E. In addition to defining the integral of a second order differential
over a 2-chain we shall also need to define its integral over the whole
surface W. For this purpose it is essential to assume that the surface is
orientable, and we begin by considering the case of a compact bordered or
closed surface. The whole surface can then be considered as a 2-chain
whose boundary is the positively oriented border. We define

f ¢ dxdy
4
as the integral over this 2-chain.
In the case of a noncompact surface we can set

(11) fcdxdy= lim J’cd:cdy

QW
w Q

provided that the limit exists. Due to the orientability, |c|dzdy is also a

second order differential, for if the Jacobian is positive (4) remains valid

when ¢y, ¢z are replaced by their absolute values. We find in the usual

manner that (11) exists if and only if the limit

(12) J.k[drdy = lim flcl drdy
Qsh
W 0

is finite. Consequently, the integral of ¢ dxdy is defined if and only if it is
absolutely convergent.

3. Conjugate differentials

3A. We suppose now that W=(W, ®) is a Riemann surface. The in-
variance condition (1) for a first order differential can then be written
in the alternative form

_ %2
—by1= b, 3x1+a2 371
a) = —b2 .12.{.(12 21!_2.

3y1 6y1
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We see that the invariance of w=a dz+b dy implies the invariance of
(13) w* = —bdz+ady.

In the presence of a conformal structure it is thus possible to define a
first order differential w*, called the conjugate differential of w. It should
not be confused with the complex conjugate &.

We note the important formulas

14 w** = —w, w¥fol = ww,.
1%2 19e

3B. Let u be a harmonic function on W. Then

ou u
du=5;dx+@dy

ou ou
. ¢ 9L dus
du* = aydz+axdy

and Laplace’s equation Au=0 shows that du* is closed.

This provides a motivation for the following terminology :

Definition. 4 differential w is sasd to be harmonic if w and w* are both
closed.

It is convenient to say that w is coclosed if w* is closed. Thus a harmonic
differential is one which is simultaneously closed and coclosed.

In the example, w=du was exact. In the general case a harmonic
differential w is only locally the differential of a harmonic function w,
and w* is locally the differential of a conjugate harmonic function u*.
Earlier, we have considered only real harmonic functions. In the present
connection we are of course speaking of complex harmonic functions,
that is to say combinations uj+#us of two real harmonic functions. To
guard against a misunderstanding that might be caused by the notation
We stress that ug is not the conjugate harmonie function of u;.

3C. Because of the first equation (14) the differentials w and w* are
simultaneously harmonic. The linear combination w +fw* has the special
property
(w+iw*)* = —i(w+iw®).

Any differential ¢ which satisfies p* = —ip is said to be pure, and a pure
differential which is also harmonic will be called analytic. To emphasize
this definition we state it in the following equivalent form-

Definition. A differential o 38 said to be analytic if it is closed and satisfies
the condition p*= —ip.

A pure differential is of the form a(dx + i dy)=a dz, and it is analytic if
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and only if g—%= —1 o, This is the Cauchy-Riemann condition which

oy

cxpresses that a is locally an analytic function of z.

The complex conjugate $ of an analytic differential is sometimes said
to be antinalytic If gy, g2 are analytic, then @+ @z is harmonic. Con-
versely, starting from a harmonic differential w we can set

¢1 = Hw+iw*)
P2 = H@+ia")

and obtain w = @) + @2. In other words, every harmonic differential can be
written as the sum of an analytic and an antianalytic differential. The
representation is unique, for if p; = — g2 we may pass to the conjugates to
obtain —ip; = —i@2, and consequently ¢;=gz=0.

4. The inner product
4A. From w=a dx+b dy we obtain

wa* = (|a|?+]b|?) dedy.

This is a second order differential with a nonnegative coefficient, and we
can hence form the integral
f wo*

w
which is either finite or + co.

The positive square root of this integral is denoted by {jwl), and we call
it the norm of w. It vanishes if and only if w=0. One shows in the usual
manner that the differentials with finite norm form a vector space over
the complex numbers.

4B. If W is a closed surface all differentials have finite norm. In the
case of an open surface the differentials with finite norm form only a sub-
space of all first order differentials.

In the remainder of this chapter we are exclusively concerned with
differentials of finite norm. We maintain the convention whereby all first
order differentials shall be of class C1, and we introduce the notation
I'Y(W), or T'1, for the space of all differentials w € C! on W with |lw|| < c0;
the superscript 1 serves as a reminder that the differentials are of class C1.
If W is-the interior of a bordered surface W, it is convenient to distinguish
hetween T'(W) and T'1(W); the differentials in the latter class are supposed
to remain of class C! on the border. The differentials of infinite norm are
inaccessible to the methods we are going to use, and for this reason we
refrain from introducing a special notation for the space of all differentials.
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The closed, exact, and harmonic differentials in I'! form linear subspaces
which are conveniently denoted by I'l, T'}, I'}. Similarly, '!* and I'l*
will refer to the subspaces formed by all conjugate differentials of differ-
entials in T2 and T’ respectively. The notation I'}* is superfluous, for it
would coincide with I'}.

We have shown that I’} ¢ T}, and the definition of harmonic differentials
implies ['}=T1n I'l*

4C. For elements of I'! the integral

(wq, wy) = J‘“’l‘:’; = f(a152+6152) dxdy
w w

converges and is called the inner product of w, and ws. By virtue of (14),
34, it satisfies

(15) (wq, ) = fwzﬁf = — fwg‘al = J.a';lw; = (@, @)
w 14 W
and

(16) (@t of) = = [wt@, = (@, @)
w

The norm is subsumed under the definition of inner product by means of
|w]|2=(w, w). For future reference we note Schwarz’s inequality

[(w1, w2)| = [ -l
and the triangle inequality

fen+wsf S [lan] + w2
which results from

w1+ waf|? = w12+ [|wz|242 Re (w1, we)
S o2+ wef 2+ 2[wi| [we].

4D. Two differentials w), wg € I'! are said to be orthogonal if (w1, w2)=0.
We say that w is orthogonal to a subspace I'] if (w, w1)=0 for all w, € I'}
and that T} is orthogonal to I} if (w,, wy)=0 for all w, € T'}, w, € T}.
We shall also say that I} is the orthogonal complement of I'} if T}
consists of exactly those elements which are orthogonal to I'}.

In the case of a closed surface W the following orthogonality relation
holds:

Theorem. On a closed surface I} is the orthogonal complement of T''* (and
I !* i3 the orthogonal complement of T}).

From

a7 (w, df*) = —wa’«7f= —J'dw
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we see that dw=0 implies (w, df*)=0 and hence w_| I''*. Conversely,
suppose that

[7dw=0

for all functions fe (2. Consider a parametric disk ¥ and assume that
fis identically zero outside of a compact set in ¥. We map 1" on |z| <1 and
write dw=c dzdy in terms of this parameter. Then

fedrdy =0
lzl<1

for all f € C2 which are identically zero outside of a compact set in |z| <1.
It is elementary to show that this condition implies ¢=0. For the sake
of completeness we indicate a proof. Choose 0 < p<1 and set

f@) = (p2—z[>® for |z] < p

fe)=0 for |z| > p.
Then f € C2 and we obtain, in polar coordinates,

I(p) = J'f c(pt—r2)3r drd® = 0.

r<p

This identity in p, if differentiated four times with respect to p2, yields

fcd@ =0.

r=p

It follows by continuity that ¢(0)=0, and since z=0 can be identified
with any point on W we have proved dw=0. In other words, w is a closed
differential.

4E. The reader must be careful to notice that by proving Theorem
4D we have by no means shown, conversely, that I'! is the full orthogonal
complement of I'*. This converse is true, but we have a long way to go
before we can prove it.

5. Differentials on bordered surfaces

SA. We shall say that a differential w=a dx+bdy vanishes along a
differentiable curve z=z(t) if ax’(t)+by’(t)=0 for all t. We use this ter-
minology to make it clear that we do not require w to vanish on the curve,
which would obviously mean that a and b vanish at all points of the curve.
In particular, consider the border B of a bordered Riemann surface. At
each point of the border there is, by definition, a local parameter z=x+ 1y
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such that y=0 on 8. In terms of this parameter w=a dx+b dy vanishes
along B if and only if a=0 on B.

For a compact bordered Riemann surface W we introduce two important
subclasses of T'}(W) and I'}(W). We shall say that a closed differential w
belongs to the subclass I'})(W) if w=0 along B. Similarly, w=df will be
said to be of class I'}(W) if f=0 on B. The latter condition obviously
implies w=0 along B, but conversely, if df=0 along 8 we can merely
conchide that f is constant on each contour.

With this terminology we obtain two orthogonal relations which may be
considered as generalizations of Theorem 4D.

Theorem. On a compact bordered surface T}, is the orthogonal complement
of T'}*, and T is the orthogonal complement of T ¥.

For the proof we replace equation (17) by

(18) (w, df*) = J Fu— i [7da.

It follows immediately that w | df* if dw=0 and either f=0 on B or
w=0 along B. In other words, I'; | I''* and I} | T'l*.

Conversely, if w | T'}¥ it is evident that the reasoning used in 41) can
be repeated to show that dw=0. The same will be true if w | I'}*, and

consequently this hypothesis implies f Jw=0 for all feC2.
B

We consider again a parametric mapping which carries an arc of 8 into
the real axis. In terms of this parameter we have w=a dx on B, and the
condition on w yields

ffadx =0

provided that f vanishes identically outside of a certain compact set.
From this fact it is elementary to conclude that a=0, and hence that
we L,

5B. There is an intermediate class between I'! and T}, which will be
of considerable importance. We are referring to the class of closed differ-
entials whose periods along the contours of W are zero. For lack of a
better name we shall call these differentials semiexact, and the class of
semiexact differentials will be denoted by I'},.
For better orientation we draw the following inclusion diagram:
s Teo
Fealy, (Mo Foa Ty,
O oL 2
0
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No special name is introduced for the intersection I'})n I'}; obviously,
it consists of the differentials of functions that are constant on the contours.

§C. We complete the orthogonality relations by proving:

Theorem. I'}, is the orthogonal complement of T'’¥ n T'1*.

First of all, if w e T}, and df e T}, it follows by (18) that w | df*.
Hence T}, | (T')* N T!*). On the other hand, w | (I')¥n I''*) implies
w | T1% and hence, by the second part of Theorem 5A, w € I'.. Now, let f
be a function which is 1 on one of the contours and 0 on the others. Then
df e T} N T, and from w | df* we are able to conclude by (18) that w
has zero period along the contour that was singled out. We find that
w € T'l, as asserted.

6. Differentials on open surfaces

6A. For an open Riemann surface W we wish to define classes I'}y(W)
and I'L (W) which are as closely analogous as possible to the corresponding
classes on a compact bordered surface. It is natural to base the definitions
on a zero behavior near the ideal boundary, but there are many different
ways to postulate such a behavior. Fortunately, the specific choice of a
definition is not very important due to the fact that the space I'! and its
subspaces play merely an auxiliary role in the complete theory of square
integrable differentials.

It will be convenient to introduce the notion of support. By definition,
the support of a function f on W is the closure of the set on which f is
different from zero. Equivalently, the support of f is the intersection of all
closed sets such that f is identically zero outside of the closed sets. We
shall be particularly interested in functions with compact support, that
is, functions which vanish outside of a compact set.

The notion of support can also be applied to a differential w. Indeed,
the vanishing of a differential at a point is independent of the choice of
local variable. For this reason the support of w can be defined as the
smallest closed set outside of which w is identically zero.

6B. We choose to adopt the following precise definitions:

Definition. A closed differential w € I'! is said to belong to the subclass
I'L, if and only if it has compact support.

An exact differential w € T is said to belong to the subclass T}, if and only
if w=df fora fumtion f with compact support.

The inclusion retations Tl € Fl, Floc Thand Il c I}, are immediate
consequences of the detimition. For closed surfaces I'ty=I'} and I'}y=T1.

6C. With the definitions we have chosen it is not possible to prove a
complete analogue of Theorem 5A. However, the following is true:
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Theorem. On any Riemann surface T'Y, is orthogonal to T''*, and Tl is
orthogonal to T'X¥. Moreover, w | T'%® implies w € T'L.

To prove the orthogonality we need only apply (18) to a subregion
which contains the support of w or the support of f, as the case may be.
To show, in addition, that I'! is the full orthogonal complement of I'X¥
we can repeat the argument in 4D. Indeed, the hypothesis w | I'l¥
implies that

ffdw=0

for any f whose support is contained in a parametric disk V. This is
sufficient, according to our earlier ‘reasoning, to conclude that dw=0,
i.e., that w € 'L,

§2. THE METHOD OF ORTHOGONAL PROJECTION

A traditional method to prove existence theorems on Riemann surfaces
is by means of the Dirichlet principle. As is well known the earliest appli-
cations of this method were deficient in rigor. The first correct proof based
on Dirichlet’s principle was presented by Hilbert, and soon after a smoother
approach was found by Weyl.

Although these proofs were strictly elementary, they were technically
rather complicated. It is only in relatively recent years that it has become
clear that the existence proofs for harmonic differentials are direct con-
sequences of elementary results in Hilbert space theory, combined with
simple facts in integration theory. As we develop this method in detail
the reader should bear in mind that it differs only in technical respects
from the original method of Riemann.

7. The completion of I'!

7A. The norm |w| defined I'! as a metric space in which the distance
between w; and ws is [|w; — w2|. Accordingly, the sequence {wj} is said to
converge to w if and only if | w — wy|—0.

A Cauchy sequence is one for which |wm—wn|—>0 as m,n—>00. A
normed space is complete if every Cauchy sequence is convergent.

The space I'l is not complete. However, like any metric space it can
easily be completed. In a concrete manner the completion can be
accomplished by extending I'! to the linear space I' of all differentials
w=adr+bdy whose coefficients in terms of local coordinates are no
longer supposed to be of class C1, but merely measurable in the sense of
Lebesgue. The norm |w| of a measurable differential can be defined in
the same manner as before, and we agree that I'" shall comprise only the
differentials with finite norm.
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As usual, two differentials are identified if their coefficients differ only
on a set of measure zero (in each coordinate system). With this convention
I' becomes a complete metric space, and I'! is identified with a linear
subspace of I'. The completeness of I is equivalent to the Riesz-Fischer
theorem with which the reader is assumed to be familiar (see F. Riesz-
B. Sz. Nagy [1], p. 59).

7B. The definition of inner product can be extended to I' in the same
way as the norm. With the introduction of an inner product I" becomes a
Hilbert space. We shall need a few simple facts from the theory of
Hilbert space, and in the interest of completeness brief proofs will be
included.

Let 4 and B be linear subspaces of I'. We shall say that I' is the direct
sum of A and B, and we write I'=A 4 B, if and only if each element
w € I has a unique representation w=«+ 8 with « € 4, B € B. The notion
of direct sum can be extended to any finite number of subspaces.

Theorem. If '=A 4+ Band A | B, then A and B are mutually orthogonal
complements of each other.

It must be proved that w | B implies w € A. But this is immediate,
for from w=«+pB we obtain |B]2=(w, B)—(«, B)=0 and hence B=0,

w=ao€ 4.

7C. 1f £ isany subset of I we denote by E4 the orthogonal complement
of E, ie.. the set of all elements orthogonal to E. It is clear that EL is a
linear subspace. Moreover, E-L is closed in I" regarded as a metric space.
In fact, for fixed « the inner product (w, «) is a continuous function of w.
Therefore, the set of all w with (w, )=0 is closed, and KL is the inter-
section of all such sets as a runs through E. It follows that EL is closed.

Theorem 7B shows that any representation of I' as the direct sum of
orthogonal subspaces is a decomposition into closed subspaces. Conversely,
we shall show that there is a decomposition I'=4 4 4L corresponding to
any closed linear subspace 4.

7D. An equivalent formulation of the afore-mentioned property is the
following :

Theorem. Let A be any closed linear subspace of T'. Then there exists,
forany w e I', a unique « € A such that w—a | 4.

The uniqueness is clear, for if «j, az both have this property, then
a3 — g is orthogonal to itself, and hence o) =as.

To prove the existence, let d be the greatest lower bound of | w — @] for
© € 4. There exists a sequence {0y}, Oy € 4, such that |w—0,]—>d. We
make use of the identity

120 =0 —0u2+]Om —On||? = 2[w—Om|?+Alw - BJ)2.
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Here
2

1200 — O — Ot = 4"«...%._‘2"&' > 4d2,

and we obtain
[Om—Onl|? < 2w —Om||2+2]w—Op)2—4d2.

It follows that |©m, — Ox)|—0 for m, n—co.

By the completeness of I', O, converges to a limit «, and since A4 is
closed, « € A. By continuity, w—af =d.

Let @ be any clement of 4. If ©#0 we obtain by computation

" (w—a, O) (w—a, ('))]2.

. |
—_— — = d2—

By the minimum property of d the left hand member is 2d2. Hence
(w—a, @)=0, and we have proved that w—a« | 4.

7E. If A is a closed linear subspace we have just shown that '=A4 4 41,
whence it follows by Theorem 7B that 41 L =A4. More generally, if 4 is an
arbitrary linear subspace it is trivial that 4 ¢ 41 L. If the closure is denoted
by Cl A we have, on the other hand, 4 c C1 4 and therefore 41> (Cl1 4)+,
ALl c(ClA)LL=ClA. But ALll is closed. Hence the inclusion
AcALilcClAd yields A1L=ClA. We conclude further that
(Cl4)L =411l =41 30 that 4 and its closure have the same orthogonal
complement.

Corollary. Any linear subspace AC T satisfies ALL=ClA and AL=
(Cl 4)+.

7F. If A and B are any two linear subspaces, closed or not, we denote
by A + B the set of all elements that have a representation, not necessarily
unique, of the form «+p8, « € 4, B € B. If the representation is unique,
that is, if A n B=0, we indicate this by the notation 4 4+ B. We call
A + B the vector sum.

Lemma. (4+ B)L=A4Ln B1.

A c A+ B implies (A+ B)1 c A+. Similarly, (4+ B)L c BL, and hence
(A+B)LcALn BL. In the opposite direction, AL n B! c A+ yields
(ALt nBL)L 54115 4, and on interchanging A and B, (41 n BL1)1 > B.
Hence A+Bc(A1nBL)!, (A+B)L>(ALnBl)tLl=4Ln BL. The
lemma is proved.

7G. If A and B are closed it does not necessarily follow that 4+ B is
closed (see P. Halmos [1]}, p. 28). However, if A and B are orthogonal to
each other the conclusion is correct.

Lemma. If A, B are closed and A | B, then A+ B 1is closed.
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According to Corollary 7E and Lemma 7F it suffices to show that
(AL n BL)Lc A+ B. Suppose that w | 41 n BL. We can write w=a +al
=B+pBL with ae 4, al €4L, Be B, BL € BL. Then w—a—B=al -8
=Bl—ae AL n BL. On the other hand, w | A1 n BL by assump-
tion, and «+B | A+ n BL by Lemma 7F. It follows that w—a—f is
orthogonal to itself. w =« +B. This is what we were required to prove.

8. The subclasses of I"

8A. It is our intention to extend to I' the notions of exact and closed
differentials. At the same time we will define subspaces corresponding to
Il and T, To some extent the choice of definitions is a matter of con-
venience. We find it expedient to base the definitions partly on completion
and partly on orthogonality.

Definition. The subspaces T, and T, are the closures in T" of I'} and T},
respectively. In contrast, we define T'c and T'¢o as the orthogonal complements
of 'Y, and T'}.

We will continue to refer to differentials w € I'; or w € I'; a8 exact or
closed, but we are no longer able to express these properties through
conditions of the form w=df or dw=0.

By the definitions of I'c and I'co we have postulated the four orthogonal
decompositions

=T, 4 I%=T!+ Te
I'=T,4I% =T*iT,,

(19)

It is clear that the differentials of class I'¢o have, implicitly, a zero behavior
near the ideal boundary, but we have refrained from characterizing this
behavior in explicit terms.

8B. The inclusion I'};c I’} implies I'yyc I',, and on passing to the
orthogonal complements we obtain I'¢g C T'e. By Theorem 6C we have, in
particular, '} | T''*. Hence I', | I'%, and this orthogonality relation
implies I', c T'¢ as well a8 I',g C I'¢o. In other words, all inclusion relations
remain valid.

As further consequences of Theorem 6C we have evidently I':c T,
'}y c T The last part of the same theorem implies

(20) r,nT =Tl
The corresponding relation
(21) F,nly =T

e

is also true, but will require a nontrivial proof (see 11F).
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9. Weyl’s lemma

9A. The key theorem which governs the passage from I'! to I' is the
following : ’

Theorem. A differential which is simultaneously in ', and in T'¥ is almost
everywhere equal to a differential of class C1, and hence equivalent to a
harmonic differential.

The last conclusion, namely that the differential will be harmonic is
an immediate consequence of (20), for if w is almost everywhere equal to
! € C!, then w! belongs to I',n I'* at the same time as w, and hence
o! € T n I'*=T]}. Henceforth we write T, in place of I'} and ¢xpress the
statement of the theorem through I'.n I'* =T,.

9B. The theorem is of purely local character. Indeed, if w is in [';n T'¥,
that is, if it is orthogonal to I'}, and T'’¥, then its restriction to a para-
metric disk V is orthogonal to T'}(V) and T'}#(V), so that the restriction
belongs to I' (V) I'*(V). If the theorem is proved for V it follows that
w€Clin V, and since V is arbitrary we can conclude that w € C! on the
whole surface.

The theorem will thus be established if we prove the following lemma
that has become known as Weyl’s lemma :

Lemma. Suppose that o 18 square integrable in A:|z| <1, and that
(w, df)=(w, df*)=0 for all functions fe C? with compact support in A.
Then w 18 equivalent to a differential of class C1.

9C. We shall denote by M, the operator which replaces an integrable
tunction f by its mean value

3 2n
Mif(z) = ;81—2 J'J'f(z«k ret®) r drd@
00

over a disk of radius 8. All functions f are supposed to be defined over the
whole plane; if this is not originally so we set f=0 outside the domain of
definition.

Our proof will make essential use of the fact that M,f is more regular
than f. To be explicit, M,f is continuous as soon as f is integrable, and W
is of class C! if f is continuous.

Any two operators M, commute: M, M, f=My M, f. Also, if cither
J or g*has compact support

(22) [[atarg asiy = [[s6) asay

where the integrals are over the whole plane.
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For a differential w=a dz+bdy we write Myw=(Ma) dx+ (M,b) dy.
With this notation, if f € C! it is found that M,(df)=d(M,f), and with the
help of (22) one verifies that

where the inner products are again over the whole plane.
A somewhat deeper property is the fact that

(24) f(z) = lim M,f(z)
a0

almost everywhere for any integrable f. For the proof of this property we
refer to standard text hooks on integration, for instance I8 J. McShane
[1], p 376, or L. M. Graves [1], p. 258,

9D. Suppose now that w satisfies the hypotheses of the lemma. Consider
a function f € C? whose support lies in |z| <1—~8;—32. Then the support
of M, M, f is contained in A, and it follows by (23) and the hypothesis
that
(M s My w,df) = (w, dMs M, f) = O.

Here My M,w is of class C1, and we conclude that the restriction of
My My to |z <1—38;— 82 belongs to I'}*. Precisely the same reasoning,
applied to w*, shows that M, M, w is also of class I‘:, and we conclude
that My M, w is harmonic for |z| <1—8,—3,.

A harmonic differential has harmonic coefficients and is therefore equal
to its mean. Because of this property we obtain

.MglMg’w = MgMalMa’w = -MOIMO,-MG‘”
in |z2| <1—8—8;— 8,. On letting 8; tend to 0 we find, by continuity,
.Mggw = MO,MG‘”

and for §;—0, by (24),
w = Mw

almost everywhere in |z| <1— 8. Iteration yields
w = M;Mw

almost everywhere in |z] <1 —23. The iterated mean is of class C1, and we
have proved Weyl’s lemma.

10. Orthogonal decompositions

10A. Because I',,c T, the spaces I',, and I'} are orthogonal to each
other. According to Theorem 7F and by (19) we obtain

I = T+ T4+ (I,n T
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where, by Theorem 9A, the last component is identical with I'y. On
comparing with (19) it follows that we have also I'e=T',+ I'¢o.

Theorem. The whole space I has the orthogonal decomposition I' =T+ [y
+ I'%, and the subspace I', has the decomposition I',=T,+ T,,.

It is convenient to represent the decomposition of a single element
in the form w=w,+ w,+w} where the subscripts serve to indicate the
subspaces to which the components belong. It must be remembered,
however, that in this notation w} need not be the conjugate of w,,.

Another helpful device is to visualize the decomposition through a dia-
gram (Fig. 14).

rl

N

Fic. 14

Remark. The three-way decomposition is analogous to the one intro-
duced by G. de Rham [1] in the theory of more-dimensional differential
forms on compact manifolds.

10B. Suppose that w, is exact. From the decomposition w,=wp+ weo
we read off that w) is exact, wp € [y N Iy Similarly, if weo € I'ep we can
Write weo = wp + wep and conclude this time that wy € I'y N [eo. With the
convenient notations I'ye=I's N [, Tao= Iy 0 o we have thus

r e = Phe"i' Pco
(25)
Teo = Tao+ Teo.

It must be recalled that a differential in I'y,, although exact in the sense
of belonging to Iy, is not yet known to be exact in the original sense of
having zero periods. In fact, formula (21) which would permit this con-
clusion is still unproved.
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10C. With the help of (25) we obtain
F=T4T% =T+ T+ T+ T
and on comparing with de Rham’s decomposition (Theorem 10A)
(26) [ =T+ T% =Tt Th.

10D. The decomposition I'c=T's+4 I'so permits us to prove:

Theorem. T is the closure of T'%.

We have already remarked that I''c I, (8B), and hence CII'c T
On the other hand T',y=CIT'} c CIT'? and T',=T}c CII'}, so that I',=
I',+ I',, c CITL. Consequently I'! is dense in T',.

11. Periods
11A. If w is a closed differential of class C1 the value of the integral

@7 f w,

Y

extended over a differentiable cycle, depends only on the homology class
of y. We shall need to extend the notion of period to arbitrary differentials
in I'c. This cannot be done by interpreting (27) as a Lebesgue integral,
for the coefficients of w need not even be measurable functions of the curve
parameter.

To circumvent this difficulty we regard the period (27) as a function,
defined on I'}, and try to extend it to I', by continuity. Since I'! is dense
in T'¢ (Theorem 10D) the extension is necessarily unique.

11B. Let I'y be a normed linear space, complete or not. A linear
Sfunctional on T'g is a complex-valued function L, defined on Ty, with the
property

L(ciwy +c2wz) = c1L(wy) +c2 L(wz).
The functional is bounded if there exists a constant M such that | L(w)| <
.”“w“ tor all w € Tp.

It is obvious that a bounded linear functional is continuous, for
|w —woll £ € implies | L(w)— L(wo)| £ Me. Conversely, suppose that L is
continuous. There exists a §>0 such that ||| <8 implies |L(w)| £ 1. For
an arbitrary «»#0 we have then

IL(3]lw]tw)| =1

and hence
1
| L(w}] £ 'gM‘v”~

We conclude that a linear functional is bounded if and only if it is con-
tinuous.
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Suppose now that I’y is a linear subspace of a larger space I'. A bounded
linear functional L on Iy can immediately be extended to the closure
of I'g in I'. Indeed, any w € CIT'g is the limit of elements w, € I'n. From
the fact that |L(wm)— L(ws)| S M|wm—wa| it follows that lim L(wy)
exists. It is independent of the sequence {ws}, and if we set L{w)=
lim L(ws) it is an easy matter to verify that L is linear and bounded.

11C. In the case under consideration the period is a linear functional
on I'. If we can show that it is bounded it can be extended to I',=CII',
and our aim will be achieved.

The proof of the boundedness is particularly simple if y is an analytic
Jordan curve. If that is 8o, y can be covered by a finite number of para-
metric disks V¢ with the property that a parametric mapping k4 of V;
takes ¥V¢n y into the real axis. We shall construct a partition of unity (see
Ch. II, 7B) which is adapted to this covering.

The principle of construction is the same as in Ch. II, 7C, but the details
are slightly different. We wish to find functions e, € C2 with compact
support such that > e;=1 on y. For this purpose, assume that k¢ maps V;
onto |z]<1 with Vyny corresponding to the real diameter. We set
g(z)=(1-|2|?)% and g(=g o k¢ in Vy, g¢=0 outside of V. Then each g, is
of class C2.

This time we cannot divide by > g4, for the sum is zero outside of U V.
To meet this difficulty we cover the compact boundary of U V¢ by a
finite number of parametric disks V; which do not meet y. If k] maps
Vion |z| <1, set gi=g o h}. Then gj=0on y and 3 g;+3 g;>0 throughout
U Vi. We choose

o
Z9+29;

in V¢, e;=0 outside of V(. Then 3 e¢;=1 on y, and each ¢ is of class (2.

Jo-3e

Each integral in the right hand sum can be considered as an integral over
the whole real axis in the parametric plane. Since dw =0 we obtain

(28) [ew = e

where the integral on the right is extended over the upper half-plane.
This leads to an inequality

@) | [ewwl < taed - ol

11D. We find now that
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and hence, by addition, to an estimate

| fo1 s Mool

where M(y) depends only on y.
With minor modifications the same proof applies if y is a closed
analytic curve with self-intersections.

11E. It is permissible to replace y by any cycle in the same homology
class. Therefore, the boundedness would be proved if we knew that each
homology class contains a cycle which is the sum of a finite number of
closed analytic curves. This fact, however, would require a fairly long
proof.

What we do know is that each cycle is homologous to a sum of piece-
wise analytic closed curves. Therefore, we need only modify our procedure
s as to take care of this case. At a vertex we choose a parametric mapping
which transforms the meeting arcs into two analytic arcs from the origin.
If the parametric disk is sufficiently small these arcs can be represented
by equations of the form z=ret€1(r) and z =1re*®a(r). They can be transformed
into segments of the positive and negative real axis by a nonconformal
mapping z->2" which is such that |2z'|=]|z| while arg 2’, for constant
|z|=r, varies linearly with arg z between ©1(r) and @(r). Although the
mapping fails 10 be differentiable at the origin it is quite easy to see that
(28) remains valid with the double integral extended over the upper half
of the z'-plane. The estimate (29) will be the same as before, and the
desired conclusion can be drawn.

11F. We have shown that the period along a fixed cycle y is a bounded
linear functional on I'! which can be extended to I',. This permits us to
prove that I',n I'' =T}, as predicted in 8B (21).

Lemma. I',n I''=T1.

Suppose that w € I',n T'’. Then w is also in ';n I'' =T}, and therefore
w has a period along any cycle y, defined by the integral [,w. By definition,
w is the limit, with respect to norm, of differentials w, € I'}. Each w, has
the period 0 along y, and because the period is a continuous functional it
follows that w has periods 0 along all y. We conclude by Theorem 2A that
w € T}, as asserted.

Let us note that we can also complement Theorem 4D (see 4E). If, on a
closed surface, w € C? is orthogonal to I'}, then w is also orthogonal to the
closure T,. Hence w € I'%=T'*, and by the lemma w € I'}*. Together with
this result Theorem 41) shows that '} and I'}* are mutual orthogonal
complements of I'l, provided that the surface is compact.
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Due to the strong restrictions imposed on differentials of class I'’; and
T'L, it cannot be expected that corresponding results would hold for open
surfaces. ,

11G. It follows from I',n I''=T% that I',,=T,n T',=T, n I'}. In other
words, the differentials of class I'y, are exact in the original sense.

According to the terminology introduced in Ch. IV, 5A a surface is of
class Oyp if there are no harmonic functions, other than constants, with a
finite Dirichlet integral. This will be the case if and only if I'j,=0. The
decomposition I'y =T+ '}, shows that I';,,=0 is equivalent to I',=T,,.
When "4, =0 it follows further, by (25), that I';=To and ['co=Tpo+ Ceo
=TI + I'eo=T¢. Conversely, each of the conditions Te= Tep or I'c= T
implies I'ye=0.

Theorem. T'he three conditions I'y=T"pg, I'e="TL¢o, I'e=L¢o are equivalent
to each other, and they are fulfilled if and only if the surface is of class Oyp.

Consequently, the surfaces of class Oyp are precisely the surfaces on
which there is no need to distinguish between I'c and I'¢o or between I',
and Iy.

12. Reproducing differentials

12A. The following is an elementary theorem in Hilbert space theory:

Theorem. On a Hilbert space I' every bounded linear functional is of the
form L(w)=(w, o) for some fized o€ T'.

We note first that (w, o) i8 a linear functional. It is bounded, for
lto, @) Sl [w]-

Suppose that L is a bounded linear functional on I'. Since L is con-
tinuous, L(w) vanishes on a closed linear subspace I'g. If L(w) is not
identically zero, let © be an element with L(®)#0. According to Theorem
7D we can write @=09+0; with @ge o, ®; | To. Then L(M)=
L(©;)#0, so that ©;#0. We can therefore set

o = L(0,)|04]-2 0.
Tt is evident that o | I'o and L(o)=]|d]|2.

The element L(w)o— L(o)w belongs to 'y for every w. It is hence ortho-

gonal to o, and we find

L(w)“"llz—L(U)(w» o) =0,

whence L(w)=(w, ¢). This proves the theorem except in the trivial case
that L(w) is identically zero. In this case the assertion is true with 0 =0.
Needless to say, o is unique, for if (w, 01) = (w, 03) for all w, then o1 =0,.

12B. We apply the preceding theorem to the space I'c and the bounded

functional fw, extended to I'c. For reasons of symmetry we prefer to
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denote the differential whose existence is asserted by o* rather than o.
Thus, there exists a ¢ € I'¥ such that

fo=@o

14

for all w € I's. But the period vanishes for all exact w. Hence o* is ortho-
gonal to I',. and by definition this means that o* e TX, 0 € T' ;. We have
consequently g€ o Fr=T4.

Theorem. To every cycle y there corresponds a unique real harmonic
differential o of class "o, such that

(30) fw = (w, 0*)
Y
Sor all closed differentials w.

All that remains to be proved is that o is real. For this purpose we need
only note that the period of & is the complex conjugate of the period of w.
hence

(w, o%) = (@, 0*)" = (w, %),

and we conclude by the uniqueness that o=4.

When (30) is fulfilled we say that o is the reproducing differential
associated with y, and we write frequently o=o(y). It is evident that
a(y1+y2)=o(y1)+a(yz).

13. Compact bordered surfaces

13A. We will now take up a closer study of the differentials on a com-
pact bordered Riemann surface W. It will be recalled that a differential in
I'Y(W) is required to remain of class C! on the border, and that 4he sub-
classes I' (I7) and T} (TF) were defined in a way that refers to the behavior
on the border itself rather than near the border (see 5A).

Differentials on W can be restricted to W, and in this sense I''(W) can
be regarded as a subspace of I''(W). In terms of this identification it is
evident that I'\(W)c T} (W) and '} (W)c I'}(W). We shall derive var-
ious other relationships between the subclasses of I'(W) and I'}(W).

13B. The first of these results can be regarded as a justification for the
definitions of I';o(W) and Teo(W).

Lemma. Tl (W)c T',o(W) and Ty(W)c I'o(W).

Because of the orthogonal decompositions I'(W)=T W)+ I'*(W)=
To(W)+T¥W) it is sufficient to prove that I'' (W) | T'*(W) and
I'(W) L I'*(W). For the purpose of proving these orthogonality
relations we can even replace ['¥(W) and I'}(W) by the dense subspaces
[*(W) and T1¥(W).
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To prove the first relation, suppose that df € T} (W) and w=a dx+b dy
€ I'Y(W). By means of a partition of unity it is possible to write f as a
finite sum > f; where the support of each f; is contained in a parametric
disk or half-disk. The relation (dfs, »*)=0 that we have to prove is trivial
in the case of a full disk. For this reason the whole proof can be localized
to a half-disk |z| <1, y 2 0 which contains the support of fg; in the following
we write f for f;.

We find at once that

(31) (df, w*) = — lim j fadz.
—0
y=n
Therefore, we have also

(32) df, w*) = — lim 1 f 1a dady.
07
o<<y<n

But f=0 for y=0, and since f has continuous derivatives |f|< My with
constant M. On using this estimate we obtain

’11' ff f&dzdyl§M ff la| dxdy.
o<<y<n

o<<y<n

The integral on the right tends to O because a is square integrable, and we
conclude that (df, w*)=0.

13C. To prove the second part of the lemma we assume that df € TX(W)
and w ¢ T} (W). As before, we localize by setting f=3 fi, fi=eif. It must
be shown that [dfil] < co, and that the limit in (31) vanishes for f= f;. Since
df; se; df ¥ f deg the first assertion follows if f is square integrable over the
support of e;.

For |z| <1, 0<y<1 we have

|flz, y)| = jlz—ﬂ dy+4,

where A4 is an upper bound of |f(z, 1)|. It follows by use of the Schwarz
inequality that

1
[ 911242 5 204712+24)
-1

When integrated with respect to y this inequality shows that f is square
integrable over the rectangle || <1, O0<y<1. At the same time we
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1 1
conclude that f |fildxes f |f] dz is bounded. Because a tends uniformly
-1 -1
1
to 0 for y—0 it follows that f Ji(z, y) @ dz—0, and the lemma is proved.
-1

13D. The purpose of the lemma is to lead to the following characteriza-
tion of the class ['yo(W), introduced in 10B:

Theorem. [')(W)=I"}(W)n T1¥(W).

It is appropriate to denote the class on the right by I'so( W), 5o that the
theorem reads: Tpo(W)=Tso(W). The inclusion T'no(W)<C Fpo(V) js a
direct consequence of Lemma 13B. Tn fact, it follows from rg,,(‘W')c (W)
and UY(TT)c IYW)C I'(W) (see 8B) that [o(TT)@ P (W) I*(W)=
Cro(W).

13E. The proof of the opposite inclusion will depend on symmetrization.
To explain this idea, let us consider the double W of W (Ch. I, 3E). The
involutory mapping j of W on itself has the following property: If
p—>h(p) is a parametric mapping with domain V, then p—k(j(p)) is a
parametric mapping with domain j(V) (% is the complex conjugate of A).

With every differential w on W we associate another differential ™ as
follows: If w=a(z)dx+ b(z)dy in terms of the variable z=~A(p) in V, then
w” =a(Z)dz—b(Z)dy in terms of z=X(j(p)) in j(V). It is clear that w”
satisfies the consistency relations, for it is obtained from w by the trans-
formation z—Z. For the same reason differentiation and exterior multipli-
cation are invariant, but because the mapping is not directly conformal
conjugation is not invariant. We find indeed that w*™ = —b(Z) dx—a(z) dy
=—w*

13F. We say that w is even if ™ =w, and odd if o™= —w. Thus, if w is
even, w* is odd.

Let w be odd, and let ¢ be an arbitrary differential in I'(W). On taking
into account that the involutory mapping j is sense-reversing we obtain

(w, o) = wé* = f we* — w"*”

) w
(33)

= fw(a*—&“*) = (w,0—0")w

w

where the subscripts indicate that the first inner product is over W and
the last over W.
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13G. Suppose now that w € I'yo(W) is given. We extend w to W so that
it becomes odd; the extension, which we continue to denote by w, is
undefined on the border, but it determines a unique element of I'(W).
We claim that w will be harmonic on W. It can then be defined by con-
tinuity on the border. Because it is odd it will vanish along the border,
and this will prove that w belongs to I'ao(W).

Consider a differential ¢ € I'}(W). Clearly, o — o~ is in I'};(W) and hence,
by Lemma 13B, in I',o(W). Because w € I'¥(W) it follows that w | o—o~
on W and thus, by (33), that (w, 0)=0. On the other hand (w, o*)p =
(w, 0*+0"*)w=0 because w € I'eg(W) and o*+o7* € I'*(W). We have
proved that the extension w is orthogonal to I'}(W) as well as ['*(W),
and hence harmonic. By our previous remark this implies I'po( W) C Iao( w),
and the proof of Theorem 13D is complete.

14. Schottky differentials

14A. We continue to investigate the relations between differentials
on a compact bordered surface W and on its double.

Any differential w on W can be decomposed into an even and an odd
part. In fact, if we set

w1 = Howtw), wz = — Ho*+w*),

then w, and w, are even, and w=w; +w§. It is obvious that there is only
one such decomposition with even w; and wz.

14B. Suppose that w is harmonic on W. Then w; and ws are harmonic.
But we know more, for since w} and w$ are odd they vanish along
the border of W, and this means that their restrictions to W or W are
of class Tpo( W)= Tao(W). In other words, in the decomposition w = w,+w}
one of the components is of class I'yo( W) and the other of class I'f,(W).

Conversely, any differential of class I'yy( W) or I'f;(W¥) can be continued
to W by reflection so that it remains harmonic. Hence the whole class of
differentials on W which have a harmonic extension to W is given by the
direct sum I',o(W)+ T'f(W). Such differentials will be called Schottky
differentials in honor of Schottky who was the first to study Riemann
surfaces with a symmetry.

Theorem. The class of Schottky differentials is identical with the direct
sum Ty (W)+ TH(W).

Note that I';o(W) and I'jy(W) are not orthogonal as subspaces of I'(W)
but their elements have extensions which are odd and even respectively,
and which are therefore orthogonal on W. It is for this reason that
(W) o Th(W) reduces to 0 and Tyy(W)+ [iy(W) is closed (see Lemma
7G).
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14C. Let us return to the case of an arbitrary open Riemann surface W
which we exhaust by regular subregions Q2. We show that any differential
wpo € T'no(W) can be approximated by differentials wpon of class T'yo(Q);
the approximation is in terms of norm convergence.

The restriction of wpe to Q has a decomposition of the form

(34) wpo = wpont Wi
where the subscripts are self-explanatory. Suppose that Qc Q’. Then

Whoa — Whon = Whens — Whq belongs to 'k (Q) and is therefore orthogonal
to wpon on Q. It follows that

(35) lwson —wrorlld = lwroa = lwnoallt »
and we conclude that |waoqla < |wroa’|a S|lwroa’lla’. In other words, the
quantity |wpona increases with Q. But it is also bounded, for the

orthogonal decomposition (34) shows that |wroqla < ||wno|a < | wso|-
We find that [wpoa| o has a finite limit, and this implies, by (35), that

(36) | wnoq — waoa'|a—>0

as Q and Q' > Q tend to W. For a fixed Qo it follows by use of the triangle
inequality that

| wnon” — wnoa*|lao—>0
as Q', Q"—W, independently of each other. We may conclude, for instance

by Ch. IT, Theorem 13C, that waoq tends to a harmonic limit differential
which we denote, temporarily, by wpow. It follows further, by (36), that

(37) llwron — waow| a—>0.
If o is exact on W, g € T, we have (wpoq, 0*)o=0 and hence
(whow, 0*)a = (wrow — wroq, 6%)a.

By (37) the inner product on the right tends to 0, and we conclude that
(wnow, 0*)=0. It follows that wpow € I'no(W). With the help of (34) we
see that the difference wy,—awygy is both in k(W) and in Ty(W).
These subspaces are orthogonal complements, and we must have
WO = WhOW-

Suppose conversely that w=1im wpoq in the sense that ||w — wpoala—>0.
For any o € ', we get

(w, 0*) = lim (w, *)q = lim (w—wpeq, 0*)a = 0,
Q- Q-w

and we conclude that o g Fyo(H7). Thus Upe(W) is formed precisely by
those difterentials which can be approximated by differentials of class
Iro(€2).
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We record this result as a theorem:

Theorem. 'yo( W) s the limit of Txo(Q) for Q—W in the sense that
w € Mao(W) ¢f and only if there exist differentials wpoq € Tro(Q) such that
| — waonll a—>0.

14D. We are interested in determining all differentials on W which can
be approximated, in the sense of norm, by Schottky differentials, i.c., by
differentials in I'y,(Q)+ I'fy(Q). Such differentials can appropriately be
called Schottky differentials on W, and we denote the linear subspace
that they form by I's(W).

Theorem 14C asserts that I'y(W)c I's(W) and hence also I'f (W)
c I's(W). It follows that I's(W) contains the linear subspace spanned by
Tao(W) and T'fy(W). Because I'g(W) is closed, by the nature of its defini-
tion, it will even contain the smallest closed linear subspace that contains
(W) and T3y (W).

With the terminology introduced in 7E we have thus I'g > CI(T',+ I'}).
We claim that the inclusion is an equality:

Theorem. I'¢=CI(T';y+ T'f).

In the following all orthogonal eomplements will be with respect to
T,. Then I'j5=T%,, [}t =T,,, and by Corollary 7E, together with Lemma
TF,

CUTh+Th) = (Tpo+ Tt = (T, n T L.

We have to show that I'g | I',,nT'},. Suppose, therefore, that
we I'gand 0 € Ty, n I'},. We approximate w by differentials wgq = wyoq +
wlha in such a way that |w—wgsgll,—0. Because o and o* are exact,
(wsq, 0)a=0. Hence

(w, 0) = lim (w, g)g = lim (w—wgq, o) = 0,
0w

which is the desired conclusion.

14E. The space I'y, n I'}, has. another representation. If w and w* are
both exact and harmonic, then w+tw*and @+1&* are exact analytic
differentials. In other words, we can write w=df+d§ where f and g are
analytic functions. Conversely, any such differential belongs to I';,n T',.
Thus I',,n I'%,=T,,+T,,, and this is an orthogonal decomposition, for
an analytic and an antianalytic differential are always orthogonal to
each other.

We obtain the following decomposition:

Theorem. On any Riemann surface Tp=Ts+ Cae+ ae.

As a particularly interesting consequence we note that I'y=I's if and
only if I'q,=0, that is to say if the surface does not allow any nonconstant
analytic functions with finite Dirichlet integral. Tn the terminology of
Ch. 1V we have thus:
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Corollary. A surface is of class O4p 3f and only if all square integrable
harmonic differentials are Schottky differentials.

14F. We have found that 'y, n I'§;=0 if W is the interior of a compact
bordered surface W, while I'yy=T% =T, if W is of class Op, (Theorem
11G). The condition I'yyn I'}y=0 seems thus to be indicative of a strong
boundary. Other results in this direction are not known.

15. Harmonic measures

15A. For the case of a compact bordered surface W we proved in 5C
that T'L(W), the space of semiexact differentials, is the orthogonal
complement of I''¥(W)n I''*(W). If we limit ourselves to harmonic
differentials, then the corresponding result is that ', (W), the space of
harmonic semiexact differentials, is the orthogonal complement of
I3(W) 0 T3(W).

The space I'yon I'p. has a very simple meaning. Indeed, if w is in this
space. then w is exact, w=du, and u is a harmonic function which is
constant on each contour. As such % can be written as a linear combination
of harmonic functions which are 1 on one contour, 0 on all others. Har-
monic functions with boundary values 0 and 1 are commonly known as
harmonic measures. We shall borrow this terminology and refer to
Tno 0 T's. as the space of harmonic measures with the abbreviation I'ppm.
Theorem 5C asserts that T',,(W) and T'}, (W) are orthogonal comple-

m
ments.

15B. This result will now be gencralized to open surfaces. First of all,
the definition of I'js, is quite easy to extend. In Ch. I, 27C, 30D we intro-
duced the notion of a dividing cycle. In singular homology theory a cycle
y is a dividing cycle if and only if, for any compact set E, y is homologous
to a cycle that lies completely outside of E. Equivalently, y divides W if
it is homologous to a cycle on the boundary of any regular region Q that
contains y.

We define I'jq, to be the class of all harmonic differentials whose periods
along the dividing cycles of W are zero, and a differential w with this
property will be called semiexact. Consider the restriction of a semiexact
differential w to a subregion Q. Evidently, the restriction will be semiexact
on Q provided that the contours of Q are dividing cycles, that is, if Q is a
canonical region in the terminology of Ch. I, 35A.

15C. As for the definition of I'ym(W) we proceed as in the case of
Schottky differentials, except that we consider only canonical regions Q.
(‘onsequently, a differential of class I'j,m(W) will be defined as one which
can be approximated in norm by differentials of class I'ym(Q) with respect
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to canonical regions Q. Precisely, w € I'y,(W) if and only if for every
«>0 and every compact set £ there exists a canonical region Q> E and a
harmonic measure wama € ['am(Q2) such that |w—wamala<e.

15D. Using this terminology we prove:

Theorem. The subspaces ', (W) and '}, (W) are orthogonal complements
in Da(W).

It is immediate that the spaces are orthogonal. We suppose that
0 € I'pse(W) and w € Cym(W). Then, because Q is canonical, o is semiexact
on Q, so that (0, wi.q)g=0. We have thus

(0, w* )a = (o, w* —wima)a

and this inner product can be made arbityarily small, while 2 is arbitrarily
large. This implies (o, w*)=0, and the orthogonality is proved.

Suppose now that w is harmonic and orthogonal to '}, (W). For a
canonical region Q, let w,,, be the projection of w, restricted to Q, on
Fam(Q). Then w—wppq € TF,(Q). If Qc Q' we conclude that wp,g—
Wpmar € T1e(Q2), and hence that wy,q—wsma® L wama. Therefore,

lwama = @rmarl = lormarlt—l@rmald
S lwrmar =l @pmallB-

We see that |wama|q increases with Q. Since |wamala<|w| the limit for
QW is finite, and we conclude that wp;,m=lim wyma exists and lies in
T,a(W). Furthermore, because w—w,,q € I'},(Q) and every dividing
cycle lies in an Q it follows that w—w,, € I'f,. On the other hand
w | T}, by assumption and w,,, | '}, by the part of the theorem that
we have already proved. We conclude that w=wpm, and hence that
[ym=T1LL. Since I',,, is obviously closed it is also true that 'Y, =T5.

The proof requires a comment. We have actually never shown that every
compact set is contained in a canonical regular region. It is not difficult
to see, however, that the proof is valid for canonical regions with piecewise
analytic boundaries. The existence of an exhaustion by such regions
follows on applying Ch. I, 29 to an analytic triangulation (compare
with the construction in Ch. II, 12D).

15E. The content of the last theorem can also be expressed through the
orthogonal! decomposition
(38) Ty = Tpped T = Thiet Cime

The spaces I',,, and '}, are orthogonal to each other, for I';, c I',, c T,,,.
Therefore we have also the three-way decomposition

(39) T, = [, nTE,+ Tyt L.
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On passing to the orthogonal complements, the string of inclusions
I'am C The C Thge implies T'pge D T'po D T'pm. We have thus, in particular,
Tam C Tao 0 The. It can be expected that I'pp=To N 'y, for a large class
of surfaces, but this property is not universal (see R. Accola [1]).

15F. We can use Theorem 15D to strengthen Theorem 12B. The follow-
ing additional information is obtained:

Theorem. The veproducing differential oly) associated with a dividing
cyde y isof class Fam.

In fact, (w. o(y)*) is the period of w along y. If w is semiexact, this period
is 0. Hence o(y)* | Iase, and we have seen that this implies o(y) € Ipsm.

15G. Various generalizations suggest themselves, but because these
questions have not been subject to systematic research we shall give
only a brief indication. As in Ch. III, 7D we can fix our attention on the
cycles which are dividing with respect to a given regular partition P
of the ideal boundary (Ch. I, 38). We are led to introduce a class
(P)T nse which consists of all harmonic differentials with zero periods along
cycles that are dividing with respect to P.

For a regular subregion Q we consider the partition of its contours which
is induced by P, and we let the class (P)'3,(Q2) be formed by all harmonic
differentials du in Q such that u has the same constant value on all
contours that belong to the same part in the induced partition. For the
open surface we define (P)I'p,, as the limit of (P)I'ym(Q) in the sense of
norm convergence. With these definitions one shows, exactly as above,
that (P)I",,, and (P)T'}, are orthogonal complements.

hm

16. Analytic differentials

16A. The orthogonal decompositions that we have con<uliacil appear
under a slightly different aspect when attention is restricted to analytic
differentials.

Let us first examine the decomposition

Fh = Pac+ Pae‘i" FS

derived in 14E. It is clear that an analytic differential has no component
in [g,, and its component in I'g is analytic. In other words, if we write
e 0 T's=T4s we obtain

r a = Fae'i' PaS .
It is thus seen that the orthcgonal complement of I's, with respect to the

analytic differentials is formed by the class of all analytic Schottky
differentials. In a certain sense I'ys takes over the role played by I'po.
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16B. In view of the importance which must now be attached to the
class of analytic Schottky differentials it is worth while to study them in
greater detail. Let us first examine the case of a compact bordered
Riemann surface .

If ¢ is an analytic Schottky differential we can write

? = w o}

where w), wg € Tjo. Since p* = —ip we have necessarily
w¥—wy = —i(w; +wf)
whence

w1+iw2 = iwf—w;‘.
But for a compact bordered surface we know that I'yon I'§=0. Hence
w1 +twz=0 and we obtain
¢ = w;+tw}.
Let us now divide w; in its real and imaginary parts: wy=a+:8. We
obtain
@ = (a+ia*)+3(B+iB*).
Here o and B are known to vanish along the border of W. With a change of
notation we can therefore write

? = @1t+ig:
where @), p2 are analytic, and real along the border.

We can state the result as follows:

An analytic Schottky differential on W can be written as the sum of an
analytic differential which is real along the border and one which is purely
imaginary along the border.

The representation is obviously unique. Moreover, ¢; and ¢ are
Schottky differentials, for

-6 — &, \*
%=9’1 ¢’l+i(‘Pl ‘Pl)

2 2

and @3 has a similar representation by differentials in I',; and '},

16C. An analytic Schottky differential ¢ on an open surface W is by

definition a limit of Schottky differentials wsq. In particular, the Schottky
differential of best approximation is obtained from the orthogonal de-
composition in Q,

¢ = wgen+wasa-
Hence ¢= lim wgsn, and we see that ¢ is necessarily a limjt of analytic
Schottky differentials. By use of the preceding result it follows that we
can write

= lim +1

P = Jm (pra+ig2q)
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where @1q and g are real along the border of {}. We are not able to
assert, however, that p1n and @z2q tend separately to limits.

16D. We proceed to a study of the class I'gee of analytic semiexact
differentials. We start from the decomposition (39) in 15E,

Ly = Dppe 0 T+ Dam+ Tins
and remark that
TenTE, = Ty + 1%,

For an analytic differential the component in Tase is 0, and we have thus
I10 = Fan'i' Pan (th’i' th)

In order to simplify the second component, let us supposc that wy, o
€ I';,, while w,+w} is analytic. We find that ofew,= ~lw, ~1w} or
wy—tw, =wf +iwf, and since I',, is orthogonal to 1'%, it follows that
we=1tw). We conclude:

Any analytic differential g has a unigue representation in the form

(40) Pa = 9’m+whm+’.w:m

where pqge 18 Semiexact analytic and wpm 18 a harmonic measure.

§3. PERIODS AND SINGULARITIES

We shall now show how to include harmonic and analytic differentials
with singularities in our treatment. This is important not only because of
the greater generality, but above all because there is an interesting
duality between periods and singularities. In last analysis this duality
depends on topological properties. It is therefore not surprising that part
of our efforts have to be spent on the construction of closed differentials
with given periods and singularities, a problem that is much closer to
topology than to analysis.

In the classical case of closed Riemann surfaces the main problem is to
construct harmonic and analytic differentials from their periods and
singularities. When we try to generalize the classical results to open sur-
faces our emphasis will be on restrictive conditions which guarantee that
at least part of the classical theory can be extended in a nontrivial manner.
These restrictions will not bear on the surfaces, but merely on the differ-
entials that are brought under consideration.

17. Singular differentials
17A. Consider a point po on a Riemann surface W. We say that a

differential @¢ defines a singularity at po if it is defined in a punctured
neighborhood of py. Another differential ©, also defined in a punctured
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neighborhood of py, is said to have the singularity ®p, or to define the
same singularity as O, if and only if © — @y is square integrable over a
punctured neighborhood. If @ is itself square integrable over a punctured
neighborhood the singularity which it defines may be called removable.

17B. A harmonic singularity is one that can be described by a ©g
which is harmonic in a punctured neighborhood of po. Similarly, we speak
of an analytic singularity if ©p is an analytic differential. Every harmonic
differential @, even if defined only in a punctured neighborhood, has a
standard representation @ = o+ o Where g and i are analytic (see 3C).
Since || O||2=||po]| 2+ [|5o]|2 we see that @ is a removable singularity if and
only if o and g define removable singularities.

Ouwr main problem will be to construct globally defined harmonic
differentials with given harmonic singularities. For this purpose it is
evidently sufficient to construct a harmonic differential with the singu-
larity @o, and one with the singularity ¢o. In other words, we lose no
generality by assuming that © is analytic. We shall find this a significant
simplification.

17C. The possible isolated analytic singularities are easily determined.
Suppose that the singular point po corresponds to z=0 in terms of a local
variable which maps a parametric disk onto |z| <1. We can write Q9=fdz
where f is analytic for 0< |z| <1.

The Laurent development of f has the form

f(z) = io amz™ + 2 bpz—n.

The square norm ||fdz||2, extended over an annulus r < |z| < 1, is found to be

a1 1 2 1
—r2m+2 2 2 = 2-2n 2y.
4ﬂ| 2-02"”_2(1 rim+2)|a,, 2+ |y |2 log r+222n_2(, " 1)|b,.|]

Hence the singularity is removable if and only if all b, are 0. The most
general analytic singularity is thus represented by the singular part

(41) D baznde

n=1
of a Laurent development. If only a finite number of the b, are different
from zero we say that the singularity is a pole. We speak also of a harmonic
pole in the corresponding sense.

17D. It is desirable to interpret the problem of singularities in a very
general manner so that it includes the problem of singularities and



300 V. DIFFERENTIALS [17E

boundary behavior. The following key theorem reduces the problem to
one that is concerned only with closed differentials:

Theorem. Let © be a closed differential with a finite number of analytic
singularities which 18 analytic outside of a compact set. Then there exists a
unique harmonic differential v such that r—© s of class T'co.

The hypothesis shall mean that @ is of class C! and satisfies d0=0
except at the singular pointa. The differential = will be harmonic except
for having the same singularities as ©. In addition, » will have the periods
of @, and in a certain sense r has the same boundary behavior as ©.

The uniqueness is clear, for if r; and 72 are two solutions, then r; —rg
will be harmonic and of class I',o. Such a differential is necessarily 0
(Theorem 10A).

To prove the existence we note that ©® —1@* is identically zero near
the singularities and near the ideal boundary. Hence it is square inte-
grable and we can use the decomposition theorem (Theorem 10A) to
obtain

©0—10* = wh+w,°+w:o
where the terms on the right belong respectively to I';, T',, and T'%. On
rewriting the equation in the form

O—w, = 10*+w, +w¥
we find that the differential on the left is closed and the differential on

the right coclosed on any region that does not contain any singular
points. Hence =0 — w,o is harmonic, and the theorem is proved.

17E. In all applications ® will be identically 0 outside of a compact
set. This has the consequence that ©, and hence =, will have only a finite
number of nonzero periods. More precisely, there is a homology basis
such that r has zero period for all but a finite number of cycles in the
basis. It is by limitations of this nature that we single out a special class
of singular differentials which can be made the object of more detailed
study.

18. Differentials of the second kind

18A. Traditionally, an analytic differential is said to be of the first
kind if it has no singularities, of the second kind if the singularities are
poles with vanishing residues, that is, with b;=0, and of the third kind if
the singularities are arbitrary poles. For the study of differentials of the
second kind we have thus to consider poles of the form

dz

2 —_—,
(4~) (z_g)m+2

m = 0. Inthis notation 2 is a local variable with range |z| <1, and ¢ is the
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value of z at the singular point. If we were concerned only with the
existenoce of a harmonic differential with the singularity (42) we could
just as well take {=0. Actually, it is one of our main objectives to study
the solution in its dependence on . .

18B. Let r1, rs be chosen so that |{| <r; <r3<1. We construct an auxil-
iary function e(z) of class 02 on |z| <1 which is identically 1 for |z| <7y
and identically O for |z|>rs. It can be extended to the whole suiface W
by setting e=0 outside of the disk A represented by |z| < 1.
Define
1 1
UmE Tl =
on A, and set
O = d(evm) = vmde+ —-F_
(z — ;)m+2
on A, @, =0 on W—A. Then 0, is closed, of class C1, with the analytic
singularity (42). It is also exact and vanishes outside of a compact set.
By Theorem 17D there exists a unique harmonic differential =, such

that 7,y — O € I'eo. We shall use the standard representation

Tm = ‘Pm+'pm
where @m and Y are analytic. It is found that @m has the singularity
(42) while yy, is regular and square integrable. Observe that ¢m, + ¥, has
purely imaginary periods and @m—¢m has real periods.

In order to indicate the dependence on { we write

om = hm(z, L)dz

Ym = km(z, {)dz.
It must be carefully noted, however, that ky, and k,, depend not only on
the value of {, but also on the choice of local variable.

Observe that 7, @m and ¢ do not depend on the choice of the
auxiliary function @(2). Indeed, if we change € to ¢’, @,, will be replaced
by ©,,= d(e'v,,). The difference O, —0, =d((e’—e)v, ]} 15 of class T¢o
Therefore there is no change in Tm.

18C. Let a=adz be a square integrable analytic differential. We shall
prove:

Lemma. (o, i) = (—2—'a(”"(§)-

us
m+1)
We have (a, ¥m)=(a, Fm—Fm). If it were not for the singularity we
would have («, ¢,)=0, for the integrand ag} = —iagp,, is identically zero.
To make legitimate use of this observation we must avoid the singularity
by excluding a disk & about { of radius . With this precaution we obtain

(), ¥m) = l:_’n:, (@, Tm)w-s.
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For convenience the limit will be written as an improper inner product
(«, ¥m), and this simplified notation will be used in similar cases whenever
the limit is known to exist.

Because 7y, —Om € Teo Wwe have (x, 7m—Opm)=0 (see 10A), and thus
(@, m)=(x, Om)=(Om, &@). But Opma vanishes for |z| <7, because O is
analytic, and for |z| > rs because @, =0. Hence

(Om, &) = —i f f d(evm)a = i f Imet

nslsn lzl=r,
- ' adz
m+1 z=g)ym+’
lel=r,

and by use of Cauchy’s integral formula we obtain

2
(o ¥m) = (Om, &) = mTD am({).

18D. In the special case m =0 the lemma yields
(43) (e, Yo) = 2m a(l)

or, more explicitly,

%J‘J‘a(z) ko(z, {) dzdz = a({).

With the more familiar notation dzdz= — 2t dxdy this relation takes the
form

1 R
(44) = || a(2) ko(z, {) dzdy = a(l).
" JJ‘

We say that ko(z, {) is the reproducing kernel for analytic differentials
(Bergman's kernel function, S. Bergman [1]).

In particular, if {’ is another point on W we can apply (44) with
a(z)=ko(z, {') and find

l ’ T e — ’
- g kole, ¥) Folz, D) dady = ko(Z, 7).

On interchanging { and {’ we obtain ko({’, {)=Fko({, {') or, with a change
of notation,
(45) ko(z, §) = ko({, 2).

This law of symmetry shows above all that ko(z, {) is antianalytic in
the variable {. Moreover, since ko({, z) d{ is independent of the choice of
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the local variable at {, the same is true of ko(z, {) 4. We can express this
result by saying that the double differential

is invariant with respect to changes of both variables.

The notation is now free from ambiguity. It is well to emphasize,
however, that (46) is not a second order differential and should not be
regarded as an exterior product.

18E. Let us now apply (43) to a=y, =k,(z, {') dz. We find

(Vs ¥o) = 27 km({, ).
On the other hand, the general form of Lemma 18C applied to a=yg
yields
('/‘07 '/‘m) (m+ 1)| d{"" ko(( C)

On comparing the two expressions and changing the notation we obtain

1
(m+1)! dz"‘

The relations (47) show that ks, is obtained from ko by repeated
differentiations. In particular, km(z, {) is antianalytic in {.

47 km(l, 2) = = ko(z, {).

18F. Similar results hold for @m=~hm(z, {)dz. We show first that
(¢, ¢m) exists and equals 0. We have (a, pm)=(a, pm+¥m)= (o, Tm)=
(a, Om), provided that the integrals have a meaning. The product («, ©)
is extended over |z| S 72, but we have to exclude a disk about { of radius
r. If the circumference of the disk is denoted by y we obtain

(@) Om) = (O, &) = —i f Opma

= -Q'J. d(Omé) = r—»o [ m+1 f(z ad):'"'l]

But z—{=r2/(z—{) on y. Hence the integral vanishes, and we have
proved that

(48) (a: ¢’l) = 0.
For this formula it is essential that the inner product be defined as a
Cauchy limit, i.e., by excluding circular disks centered at {.

8G. When { is replaced by {’ we add a prime to all notations. In order
to express g, in terms of g9 we note that (YL, ¢o) = (¥, @) =0 implies
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(T 76¥) = (@ + Pm, 1@ —ihg) =0. On the other hand (r,,—0,, 7*—Oy*)
=0 because 7,,—0,, €T, 7*—0Og*eI'* and (O, O;*)=0, provided
that we use nonoverlapping neighborhoods of {, {’. We have thus

(7".: O(’)*)+(Om’ 7(’)*) = 0
or

(O, 76*) = (O, 7).
For the first of these inner products one obtains by partial integration

9, 7*)=lim Ir 7
‘ n Ty ) T"')°y » 0

= lim [_m+1 fho(Z, )dz-Hde]

r—0 (Z ;)m+1

—2m dm
= D) aim —=—ho({, T').

Similarly,

(05 )

lim [_ f hm(z, miz j{’fm—z,i)di]

= —2mhm({’, ).

We have shown that
1
hm(z» g)

(m+ l)' dzm hO(Cy 2)

For m=0 the formula shows that k¢ is symmetric,
ho(z, §) = ho(L, 2)
and for arbitrary m we obtain, in analogy with (47),

dam

(7n+ m+ 1) dem == ho(z, {).

(49) halz, {)
In particular, hm(z, {) depends analytically on {, and ho(z, {) dzd{ has
invariant meaning.

18H. We summarize the main results in a theorem:

Theorem. With every singularity of the form (z—[)~m-2dz, m 2 0, there is
associated, through an explicit construction, an exact differential ©,, with
compact support which exhibits the given singularity. This O, s determined
up to a differential of class I'}, and there exists a unique harmonic differential
Tm Such that v, —Op, € Tep.



19B] §3. PERIODS AND SINGULARITIES 305

On writing ‘fm=¢m+'pm, Pm=hm(z, {) dz, Yym=km(z, {) dz the analytic
differentials om, Yim are connected by

1 dm

hm(z» C) (m+l)' d m

=— ho(z, {)

B - T 2" kotz, 0,
and ho, ko satisfy the symmetry relations
hoz, 1) = ho(l, 2), ko(z, ) = kolZ, 2).
The differentials iy have the reproducing property

2m
(o ¥m) = (m+1)!

for all a=adz € Tq, while the pm satisfy («, pm)=0, provided that the inner
product i8 interpreted as a Cauchy limit.

atm(y)

19. Differentials and chains
19A. In the Laurent development

S bate—0)n as
1

of a singular differential © the coefficient ) is called the residue at [
It is independent of the choice of the local variable, for

b1=—f@

where y is a closed curve that encircles {. Suppose that @ is a closed
differential with finitely many analytic singularities {;, residues by;. If ©
has compact support, we obtain, for sufficiently large Q,

1 1
zb1’=227;f®=ﬁ f®=0.
¥y Q)

Hence, in order that there exist a closed differential ® with compact
support and given singularities, i 18 necessary that the sum of the residues
be 0.

19B. The simplest case is represented by a singularity

(F5=n)*
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where {1, {2 are points in the same parametric disk A, mapped on |z] <1.
We assume that |{1], |{2] <r1<7r2<1 and choose the auxiliary function
e(z) as in 18B. We define a single-valued branch of

z—102

v = logz_;1

in r; < |z| < 1. Using this branch we set

11
(:z—z—z_h)dz for |z| S n

diev) for 7 < |z| < 1--7"~
0 outside of A.

(50)

It is vertfied that © € O and d© =0, except at {1, (2.

19C. By Theomem 171) there exists a unigue harmonic differential such
that 7=-6 € eo.

This ¢ime @ and 7 are exact on W—A, but not on W. In order to
determine the periods we observe that any cycle y can be written in
the form g +7; where yo lies on A and y; on W —A. The period along y is
equal to the period along yo. But yo can be regarded as a cycle on |z| £1,
and we find (Ch. I, 10C) that the period of ©, and hence of =, equals
2mi[n(yo, {2) —n(yo, {1)].

To express this result in & different way we join {; to {2 by an arc ¢
in A. It can be assumed that ¢ belongs to a triangulation K, and yq to
its dual K*. Then the intersection number ¢ x y¢ is defined. On recalling
that a x b is positive if b crosses a from left to right (Ch. I, 31A) it is seen
that n(yo, {2) —n(ye, {1)=cXyo=cxy. The period of © (or 7) along any
cycle y on W—{{1, {2} +8 thus equal to 2mi(c x y).

More generally, y can be replaced by any finite chain whose boundary
lies outside of A. There is still a representation y=y¢+7y1 where yq is a
cycle on A. We find again that the integral of © along y is given by
2mi(c X yo) or, if we prefer, 2mi(c X y). Naturally, there is no corresponding
result for 7.

19D. The construction of @ depends on A, but the periods depend only
on ¢, and in fact only on the homology class of ¢ (for fixed {1, {2). Suppose
that we replace A by A’ and ¢ by ¢’~¢c, contained in A’. We construct 0’
in the same way as 0. Then ©'— 0 is exact, ©'—© =ds, and s is constant
in each component of W— (A u A’).

Let Q be a canonical region (see Ch. I, 35A) which contains Au A’.
Any two components of W —Q can be joined by a path y which avoids A.
Then ¢xy=0 and, by a slight modification of Theorem 31B, Ch. I,
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¢’ x y=0. It follows by the reasoning at the end of 19C that s has the same
value in all components of W —Q, and hence that @' —© e I'}. We con-
clude that v does not change. In particular, the choice of local variable
has no influence on 7.

In order to indicate the dependence on ¢ we shall write r=+(c), and
also, as in 18B, r=¢+{J with @=¢(c)=A(z, c)dz, Y=i(c)=k(z, c)dz.
Because the singularities are analytic ¢ is regular.

We extend the definition of r(c) to arbitrary finite chains ¢, whether
simplicial or singular, by making the mapping c¢—>r(c) linear. In other
words, we postulate that r(c;+ c2)=7(c1)+7(c2). The notations ¢(c) and
Y(c) are extended in the same manner. We can also choose, by linearity, a
©(c) for each ¢, but it must be remembered that ©(c) is determined only
up to a differential of class I'}.

The ~ingularities depend only on the boundary ge. It is found, indeed,
{hat G, 7 and ¢ have simple poles with residues equal to the coefficients
in 9c, The differentials are regular if and only if ¢ is a cycle.

19E. Asin 18 we wish to compute («, ¢) and («, ) when « is an analytic
differential. It is sufficient to consider the original case where c is an arc
in A.

We have again («, ¢)=(a, ¥)= (e, 0), and since «®@=0 for |z|<r; the
last inner product needs to be extended only over r; < |z| <r2. We obtain

(2, 0) = (0,8) = —13 ﬂ' diev)e = fva

n<lg<r, lzl=r,
2= z2-01
lzl=r, |zl =1, lel=n,

= 2nfa(lz)—a(fy)] = 2m j' .

4

‘We have shown that

(51) («, ) = 27 fa.

This is the reproducing property of .
19F. Let us choose a=yp="Fko(z, {) dz in (51). We obtain
o, #) = 27 [kolz, 1) ds

while, by (43),
(¥, o) = 2 k(Z, c).
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Thus

k({v C) = ko(zs C) dz

or, with a change of notation,

(52) k(z, c) = f ko(z, 0)dL.

We see that 'k(z, c) can be obtained from ko(z, {) by integration just as
km was obtained by differentiation.

We remark that formulas (51) and (52) are of course valid for arbitrary
chains.

19G. The computation of (a, ) is quite similar. We have (a, )=
(e, 7)=(a, ©), and if y;, y2 denote small circles about {;, {> we obtain

(a,@)—zfda@—hm[—s fa@]

“tm[s [ ol < mm[s [ ety
= —2n[a(lz)—a(f1)] = —27 f""
The final formula reads c
(53) (0, ) = =27 f a.

[

By combining (51) and (53) we can compute (w, 7*) for an arbitrary
harmonic differential w. If w=a+f we find (w, 7*)=(a+f, —ip+if)=
#(e, ) —i(B, §), and hence

(54) (w, 7*) = —2mi f w.

[

19H. Finally, we derive an integral representation for k(z, ¢) similar to
(52). By (48) and (53) we have first

(r0, 7*) = (po+do, ip—ih) = i(po, ¥) —i(Jo, §)

= 2m J'.po.

On the other hand, (ry—®g, 7*—0*)=0 by virtue of the relation
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I', 1 T%. It is legitimate to assume that O, and © have disjoint supports,
in which case (@9, ®*)=0. The orthogonality relation can therefore be
written in the form

(r0, #*) = (70, ©*)+ (o, 7*)
_‘.(?’0, 6) _‘('pﬂv G) - ‘(‘P’ 60) +"('ﬁ» 90)'
These inner products can be evaluated by the methods in 19E, 19G, 18C,

18F respectively. Indeed, it is found that singularities outside the support
of © or © have no influence on the result. We find

(%0)=2wf¢o

0. 8) = =2 [fo

(#» ©o) = 2w h(¢, ¢)
('}' 00) =0.

When these results are combined we obtain
Mo = = [0
[

or, in different notation,

(55) hMec) = — J'ho<z, 1.

191. We give again a summary of the most important results:

Theorem. T'o each finite chain c there 18 assigned a closed differential
O =0(c) with compact support. It has simple poles with residues equal lo the
coefficients in dc, and it is unique up to differentials of class T',. Correspond-
ing to @(c) there exists a unique harmonic differential +=7(c) such that
T- 9 € r¢0- B

On writing 7(c) = (c) +(c), p(c) =h(Z, c)dz, Y(c)=k(z, ¢)dz we have

b o) = — [ote. v

k(z, c) = f ko(z, 0)dl

and
(@#) = —(@9) = 2n [a

[

Jor analytic .
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The formula
(w, 7*) = —2m J.w
c

holds for all harmonic w.

20. Differentials and periods
20A. We examine in greater detail the case where ¢ is a cycle. It has
already been pointed out that r(c), (c) and y(c) are all three regular.
Formula (54) gives the representation of a period of any harmonic

differential  as an inner product. If we compare it with the standard
formula (30), 12B,

[ = (@ ot

[
it is seen that

(66) -r(c) = 2mio(c).
But ofc) is real. Hence 7(c)=g(c)+{(c) is purely imaginary, that is,
Re{p(c) + ¢(c)} =0. Because ¢(c) + §(c) is analytic, we have y(c) = — ¢(c) and

(57) o(c) = -:;Im olc) = —% Im ¢(c).

20B. It was shown in 19C that the period of 7(c) along a cycle y is

J"r(c) = 2mi(c x p).

If we set ¢ ¢y y =Cs we have

(6((']), a(c2)*) = c1xca.

Theorem. If ¢ is a finite cycle, then @(c)= —y(c) and o(c)=;,:r—i 7(c)=

%Im o(c). For any pair of finite cycles (a(c1), o(c2)*)=c¢; X co.
Above all, the periods of o(c) are integers.

20C. If d is a dividing cycle we recall that o(d) is of class I'y,s (Theorem
15F).

Theorem. Let ¢ run through all cycles and let d run through all dividing
cycles. Then the o(c) span T'yo and the o(d) span Tpm.

If the first assertion were not true there would exist (Theorem 7D) a
nonzero w € I'yo which is orthogonal to all o(c). But (0, o{c)) = (w*, o(c)*)
=0forallc would imply that w* is exact. Thisis a contradiction, for ' | I'¥,.
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Similarly, (w, o(d))=0 for all dividing cycles d would mean that w* is
semiexact, w € I'},,. By Theorem 15D I'},, is orthogonal to I, and we
oconclude as above that the o(d) must span all of I'am.

20D. In Ch. I, 31G we introduced a canonical homology basis modulo
dividing cycles consisting of cycles A4, B, whose only nonzero inter-
section numbers are Ay, Xx By=1. It follows from Theorem 20B that
o(Ay) has period 1 over By, o(By) has period —1 over A4, and otherwise
all periods of o(As), o(By) over cycles that belong to the homology
basis are 0.

The following result on the existence of harmonic differentials with
given periods is obtained:

Theorem. There exists a semiexact harmonic differential with arbitrarily
prescribed periods over finitely many cycles Ay, By and periods O over all
other cycles in a canonical basis. The differential is uniquely determined if
it is required to lie gn T},

It is clear that r =3 (yao(Ap) — zao(By)) has periods %, ¥, over A,, Bu.
We can write r=r,,+ 75, and it is seen that 73, is the unique solution
in T%,.

20E. We have reached the point where it is trivial to prove the con-
verse of Theorem 15F. The full theorem is stated as follows:

Theorem. A4 cycle d 13 dividing if and only if o(d) is exact. If o(d) 18 exact
it 18 even of class T'pm.

We have already proved that ¢(d) € T'am C 'y, whenever d is dividing.
Any cycle d is homologous to a finite linear combination Y (2445 + y»Bs)
modulo dividing cycles. If o(d) is exact it follows that 3 (zno(A4,)+
yno(By)) is exact. But this finite sum has periods z, along B, and —y,
along A,. Hence all z,, ¥, are 0, and we conclude that d is a dividing cycle.

Corollary. There exists a nonzero square integrable harmonic differential
on any nonplanar Riemann surface.

By assumption there exists a nondividing cycle c. The theorem shows
that o(c) is not exact and thus not identically 0. In other words, t‘,,-fo.

21. The main existence theorem

21A. The preceding considerations make it clear that it is possible
to construct a closed differential ® with compact support, with a finite
number of prescribed polar singularities and a finite number of given
periods (in the sense of Theorem 20D), provided merely that the sum of
the residues is zero. Indeed, we can start by constructing a linear com-
bination of differentials ©m whose singularities correspond to the terms
of order greater than one in the given Laurent developments. Next,
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because the sum of the residues is zero, there exists a finite linear com-
bination of differentials ©(c) whose singularities are simple poles with
the prescribed residues. It remains to find an everywhere regular © with
given periods z,, y, over A,, B,. Provided that only a finite number of
%, Yn V€ #0 an explicit solution is given by

O = 5= 3 40O An) —240( B

The desired differential is the sum of the three differentials obtained in
these steps.

21B. 1f @ iy a solwtion of the aforementioned problem there exists a
unique harmonic 7 such that r—0 ¢ [, cither directly by Theorcm
17D, or by apphication of Theorems 18H and 19I. This 7 is a harmonic
differential with the given singularities and periods. However, 7 is in
general not the only solution, even if we agree to consider only differ-
entials which are square integrable in a neighborhood of the ideal boundary.
Indeed, the general solution is of course given by 7+ wpe, wpe € I'pe, and
Cre=0 only if W is of class Ogp.

In order to select a distinguished unique solution we let ourselves be
guided by the uniqueness result in Theorem 20D. Because the solution
has singularities we can not require that it belong to I'j,, but we
can at least fix our attention on the most important characteristic of
differentials in I'so, namely the vanishing of the periods over all dividing
cycles.

21C. Let us re-examine the proof of Theorem 17D. Given © we applied
the decomposition theorem to write
O—10* = w,+w,y+wk,

and we found that 7=0 — w,o is harmonic. Let us also decompose wy by
use of Theorem 15D

= *
W) = ‘"hm+‘”hse’
It follows from these cquations that
T—wy, = 10* +of, +wk.

Since © vanishes outside of a compact set we recognize that (r—wpm)*
is semiexact (disregarding periods around poles with nonvanishing residues).
Consequently,

(58) F=7—warm

is a solution whose conjugate #* is semiexact.
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21D. The preceding condition does not yet make F unique, fov if +
is another solution, we can merely assert that #+—# e I'},, and I'}, is
not orthogonal to I'),. However, # satisfies a much stronger condition
which finds its expression in the fact that £=0 — w.o— wpm is of the form
wam + wep outside of a compact set. Let us therefore introduce the following
definition:

Definition. A harmonic differential # whose only singularities are har-
monic poles 18 said to be distinguished if

(1) 7* has vanishing periods over all dividing cycles which lie outside of a
sufficiently large compact set,

(2) there exist differentials wpm € Pam, weo€ Feon 'l such  that
#=wpm + weo outside of a compact set.

It is a consequence of the definition that # has only a finite number of
poles and a finite number of nonzero periods with respect to a given
homology basis. Note that we have strengthened the condition w. € I
to weo € I'eo N I'1. The stronger condition is fulfilled for # defined by (58).
Indeed, we have =0 — w.0— wpm, and since #— O and wp, are of class (1
the same is true of w,o.

21E. The above definition leads to the following existence and unique-
ness theorem:

Theorem. There exists a unique distinguished harmonic differential with
a finite number of harmonic poles with given Laurent developments and a
Jinite number of given periods.

The phrase “a finite number of given periods” means the following:
There is given a homology basis {4s, Bs} modulo dividing cycles on the
surface punctured at the poles. The differential is to have prescribed periods
over these cycles, but only a finite number of the prescribed values are
different from zero.

The existence has already been established. To prove the uniqueness,
suppose that # and # are two solutions. The difference w=#—#%" belongs
to M NTL, and w=w,, —w,, has compact carrier for a certain choice
of wny @ Cam and weo € Teo N I't. Because of these conditions we can set
w = whm = weo=df where f is constant in each complementary component
of a sufficiently large regular region Q. Choose any o € I'ps. Then

df, o*) = (df, o*)a = — j fo=0
B(Q)

because f is constant on each part of 8(Q2) that bounds a component of
W —Q, and the corresponding periods of & are 0. Since it is also true that
(wpps *)=0 and (weo, 0*)=0 it follows that w | T'f,, and hence th
w=0. The uniqueness is proved.
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We take notice of the following obvious corollary:
Corollary. A regular and exact distinguished harmonic differential is
identically zero.

21F. We use notations #y,, #(c) for the distinguished differentials with
the same singularities and periods as 7m, 7(c). We shall also use the stan-
dard decomposition #= @+ (f)-. Here ¢ = }(#+1#*) and J= }(#—i#*)- are
evidently semiexact. To guard against misunderstandings that may be
caused by the notation we emphasize that ¢ and ¢ are in general not
distinguished.

A regular distinguished differential is always of class I'jo. Indeed, we
have #=wpm+ weo outside of a compact set. This implies #— wpm —weo=
weo € Teo, and since Tpym € Tao it follows that # € I'xo.

Consider now the difference #—r for any choice of singularities and
periods. Because r=0Q 4 w0 we have +—7=wpm+ w0 outside of a com-

pact set. Since ¥ —7 is exact we can repeat the reasoning used for proving
the uniqueness in Theorem 21E to conclude that F—r j Iy, Thix
shows that F<7€ 'y, @ stronger result than the 4rivial statement
F—1€ pe.

Suppose that « is analytic and semiexact. Then @ and «* = —i« are also
semiexact, and it follows that («, #—7)=(&, #—7)=0 as well as («, #* —7*)
= (&, #* —7*)=0. These results imply (a, $)=(e, ¢) and («, ) = (a, ). Thus
@ and § have the same reproducing properties as  and ¢, but only with
respect to semiexact analytic differentials.

Since @m and ¢im, $(c) and J(c) are themselves semiexact the symmetry
properties can be proved in the same way as before. Briefly:

Theorems 18H and 191 remain valid, with modified notations, except that
the differentials « must be assumed semiexact.

21G. By passing from 7 to #+ we have lost some of the reproducing
power, but we have gained a more important advantage, namely unique
solutions to the problem of periods and singularities.

The advantage shows up very clearly when we replace o(c), the
reproducing differential for a cycle ¢, by the corresponding &(c). Suppose
that w=a+fe T, nTL,. Then « and B are both semiexact and we
obtain, as a counterpart of (54),

(w, #(c)*) = —2m fw.
Hence, on setting

50) = 5= 1),
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we have

(59) (@ ) = [w
¢
for all w € T}, 0 I'L,.
It follows from (59) that &(c) is real, and hence §(¢c)= —i(c),

&(c) = —1-1- Im §(c).

We have already pointed out that #(c)—7(c) € 'am. Hence G(c) and of(c)
have the same periods, and since &(c) € T',,,n I'},, we find by (59) and
20B

(60) (&(c1), d(c2)*) = c1xca.

Actually, since &(c)—o(c) € I'am and o(c) € 'no (see 20C) we have
(c) € I'y@n T2, The following theorem shows that there is a one to one
correspondence between the &(c) and the relative homology classes
wodalo dividing cycles:

Theorem. A cycle c is dividing if and only if 6(c)=0. If ¢ runs through
all cycles the &(c) span T'yon Ty,.

First, if 6(c)=0, then (60) shows that ¢ has zero intersection with all
cycles, and hence ¢ is dividing (Ch. I, 31E). Second, if &(c)=0 then o(c) €
Iy 80 that ¢ is dividing, by Theorem 20E. Third, if w e I')yn Iy, is
orthogonal to all &(c), then w* € T,, and I’y | T’} implies that w=0.

21H. It seems worth while to point out that #=r, regardless of the
singularities and periods, if and only if ['sm =0 or,equivalently, if T'p = T'jq,.
The condition is certainly sufficient, for we have shown that F=7¢€ Pym.
It is also necessary, for if &(c) = o(c) for all cycles we conclude by Theorems
20C and 21G that I'yy=T,,n Ty, Hence I'jyyc I}, and on passi
to the orthogonal complements we see that I'y,, c I'f,. Thus I'y, c T')yn
Iy =0.

In particular, #=1 if W € Ogp, for then I'j,;, C Tp,=0.

22. Abel’s theorem

22A. The classical theory deals only with closed surfaces. A function f
which is analytic except for poles is called a rational function, and one
of the important problems is to determine conditions on the zeros and
poles of rational functions.

For arbitrary meromorphic functions on an open surface there are no
such conditions (H. Behnke, K. Stein [2]). However, if the functions are
restricted in a suitable manner we will show that it is possible to derive a
close analogue of Abel’s classical theorem (see, e.g., H. Weyl [4]).
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22B. Suppose that f is meromorphic and not identically 0 on the
Riemann surface W. open or closed. Then dlog f is an analytic ditfer-
ential with simple poles at the poles and zeros of f; the residues are equal
to the corresponding multiplicities, counted positive at the zeros, negative
at the poles. Moreover, the periods of d log f are integral multiples of 2xi.

As a restriction on f we shall require that dlog f is a distinguished
harmonic differential in the sense of Definition 21D. Because of the close
analogy with rational functions we shall say that a function f which
satisfies this condition is quass-rational.

It is an immediate consequence of the definition that f has only a
finite number of zeros and poles. Secondly, because d log f fulfills condition
(1) of Definition 21D, the sum of the residues is zero. This means that f has
equally many zeros and poles, counted with multiplicities.

We denote the zeros of f by a,,---, a, and the poles by by, - - -, by,
multiple zeros and poles being repeated. The 0-chain 3 (a;—by) is called
the divisor of f.

22C. We are going to prove the following generalization of Abel’s
theorem:

Theorem. In order that a given O-chain be the divisor of a quasi-rational
Sfunction it 18 necessary and sufficient that the O-chain can be written in the
form dc where c has the property that

(61) f a=10
c
Sor all semiexact square integrable analytic differentials on W.

We suppose first that f is a given quasi-rational function. Because
there are equally many zeros and poles the divisor of f can certainly be
written as the boundary dc of a 1-dimensional chain ¢, which is deter-
mined up to a cycle.

We form #(c)=g(c)+[(c)]~. Then X=d log f—¢(c) is a square integ-
rable analytic differential. Indeed, it has no singularities, and by assump-
tion d log f=wpm + weo outside of a compact set, so that d log f is square
integrable over a neighborhood of the ideal boundary.

We observe that Re(X—(c))=Re(X—[J(c)] }=dlog |f|—Re #(c) is
regular and distinguished. Moreover, it is exact, for the periods of #(c),
equal to the periods of r(c), are multiples of 2x¢ (see 19C). But a regular
and exact distinguished differential is identically 0 (Corollary 21E).
Hence Re(Z—4(c)) =0, and since X —(c) is analytic this implies L=(c).

The equation X =4(c) can be written in the form

dlogf = ¢(c)+(c) = #(c)+2ilm J(c).
We conclude that Im §(c) is distinguished. For this reason Im J(c) has only
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a fimte number of nonzero periods with respect to a given canonical basis.
The periods are integral multiples of m. By Theorem 21E, or at least by
going back to the proof of Theorem 20D, we can find a cycle co such that

G(co)=%‘. #(co) has the periods of :—;Im J(c). Then i#(co)—2 Im if(c) is

exact and distinguished, and consequently equal to 0. We have thus
2 Im J(c) =4#(co) =2 Im (co), from which it follows that (c)=J(co), or
(e —co)=0.

We conclude by the reproducing property of  (see (51), 19E, and 21F)
that

f @ = o= (& $c—co) = 0

6=Co

for all semiexact analytic «. We have shown that ¢ —co has the properties
claimed in the theorem.

22D. The converse is very easy. If c satisfies (61) for all semiexact
analytic «, then (e, §/(c)) =0, and since J(c) is itself semiexact (21F) we have
necessarily J(c)=0. Then #(c)=g(c), and we see that ¢(c) is an analytic
differential all of whose periods are multiples of 2zi. This means, auto-
matically, that we can write ¢(c)=d logf with a single-valued f. The
relation d log f=#(c) shows that d log f is distinguished, i.e., f is quasi-
rational, and that its divisor is precisely dc. The proof of Theorem 22C
is complete. .

22E. It can of course happen that there are no quasi-rational functions
on W other than constants. In that case Theorem 22C, far from being
void of content, informs us that no chain ¢ which is not a cycle can have
the property expressed by (61).

For closed surfaces we have the other extreme: all meromorphic
functions are quasi-rational and all differentials are semiexact. The
theorem reduces to one of the classical formulations of Abel’s theorem.

23. The bilinear relation

23A. Under certain circumstances it is possible to express an mner
product of the form (w, o*) in terms of the periods of w and ¢. Naturally,
w and o must be closed, but they must also be subject to additional
restrictions, particularly in regard to their behavior near the ideal
boundary.

It is no restriction at all to assume that w and o are harmonic. Indeed,
we can write w=wp+ weo, 0=0p+ 0,0 Where the subscripts indicate, as
usual, that wy, op € I'y and weo, 0e0 € ['o. With this decomposition we
have (w, 0*)=(w,, of). On the other hand,  and ¢ have the same periods
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as w, and g,. Therefore, if (w,, of) can be expressed through the periods
the same is true of (w, o*).

23B. We make the drastic assumption that o is semiexact and has only
a finite number of nonzero periods (in the usual sense). As for w it will be
assumed that w € Tpo.

Let the Ay-periods of ¢ be denoted by z,, the By-periods by y,. Then

o0 = 0— Z [Yyno(An) —2n0o(By)]

has no periods whatsoever, that is, o, is exact. Hence (w, ¢})=0, and we
obtain

(@, %) = 3 [Fn(w, o(4n)*) —Zn(w, o(Ba)*)].

But (w, o(4,)*) and (w, o(By)*) are the periods of w along A, and B,
The formula can be rewritten as

I (B

This is Riemann’s bilinear relation. We state the conditions under
which we have proved it:

Theorem. The bilinear relation (62) holds whenever w is of class Teg
while o is semiexact and possesses only a finite number of nonzero periods.

We make the observation that the bilinear relation is symmetric in
w and ¢. Therefore, w and ¢ can be interchanged in the hypothesis.

The conditions of the theorem are sufficiently broad to include the
classical case of any two differentials on a closed surface.

23C. It is natural to ask whether the bilinear relation remains valid in
the presence of infinitely many periods. Complete results are not known,
but interesting partial answers are given in L. Ahlfors [13], A. Pfluger
[7, 10], and R. Accola [1].

§4. THE CLASSICAL THEORY

It cannot be denied that the classical theory of Abelian integrals has
a scope which goes far beyond what one can hope to recapture in the
more general setting of open surfaces. The reason is that the algebraic
methods do not carry over to the noncompact case.

The theory of closed Riemann surfaces is equivalent to the theory of
algebraic curves, or to the theory of algebraic functions of one variable,
It is therefore mainly algebraic in character, although it uses function.
theoretic methods as an essential tool. In accordance with the plan of this
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book we shall discuss these vranscendental methods, especially in con-
nection with the general existence theorems, but for full appreciation of
their implications the reader must be referred to treatises on algebraic
geometry.

24. Analytic differentials on closed surfaces

24A. A closed Riemann surface has a canonical homology basis of the
form A,, By, ---, Ay, By where g is the genus of the surface. It is evident
that the corresponding harmonic differentials o{(4;), o(By), - - -, o(4y),
o(B,) with one nonzero period each form a basis for the space I'y of all
harmonic differentials. Hence I'y is a vector space of dimension 2g over
the complex numbers.

In the classical theory the emphasis is usually on the analytic differ-
entials. Since every harmonic differential has a unique representation
w=@+y as a sum of an analytic and an antianalytic differential it is
immediate that the space of harmonic differentials has twice the dimension
of the space of analytic differentials. We conclude:

Theorem. The analytic differentials on a closed Riemann Surfuce of genag
g form a vector space of dimension g over the complex numbers.

24B. The space of analytic differentials is denoted by I's. Let the
A-periods of a differential ¢ € I'q be z3, - - -, z;. The mapping which carries
¢ into the vector (z), - - -, zy) is linear. Suppose that ¢o is mapped on
(0, - - -, 0), that is to say that go has no A-periods. If we apply the bilinear
relation (62) to w=go, o=1pg it follows at once that |po|2=(w, 0*)=0,
and hence that @g=0. This shows that the mapping of ¢ on its A-periods

is one to one, and since I'; i8 g-dimensional it is also onto. We have
proved:

Theorem. There exists a unique analytic differential with given A-periods.

24C. In particular, for every k=1, .. -, g there exists a unique analytic
differential o whose A¢-periods are O for £k and 1 for s=k. We denote
theB;-period of ag by 2x1.

Theorem. The differentials oy, k=1, - --, g, form a basis for T's, and the
matriz Z = |z1| has the following properties: Z is nonsingular, symmetric,
and Im Z 18 negative definite.

The first assertion requires no proof. To derive the properties of Z we
make use of the bilinear relation. We know that (a, @;)=0. On the other
hand, by (62),

(ax, @) = #ex, &F) = ii [fak iaz— J:ak J:“l] = $(zie—2k1)-

=1 by
Hence zx;=2y.
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By similar calculation
(op, o) = —(og, of) = —1(Z—2) = —2 Imzy,.
But the matrix ||(a, o;)] is positive definite, for

leroer+ - - - +tgag|2 = > (ar, ar)tads > 0
k1

except when all ¢; are zero. We conclude that Im Z is negative definite.
Suppose that Z were singular. Then there would exist zy, - - -, g, not
all 0, such thatqu z;=0 for all :. The resulting equationqu Zg25=0
j ¥
implies Z?; 1 X¢ ;=0 because of the symmetry of Z. These two equations

W
are irreconcilable with the negative definiteness of I Z, Hence Z is non-
singular

24D. The matrix Z serves to determine the B-periods of an analytic
differential whose A-periods are given. In fact, if the A-periods zy, - - -, 7y
are considered as components of a vertical vector z, then the B-periods
are evidently the components of Zz.

Let us also regard a=(aj, ---, ) and o(A4)=(o(41), -- -, o(4y)),
a(B)=(a(B)), - - -, o(By)) as vertical vectors. Then we have

a = —o(B)+Zo(A)

for the components of both sides are harmonic differentials with the same
periods.

Since a* = —ia we obtain
—o(B)*+ Zo(A)* = to(B)—1Zo(A).
We write Z=X+1Y and separate the real and imaginary parts, taking
into account that o(A4) and o(B) are real. In this way we find
—o(B)*+ Xo(A)* = Yo(A)
Yo(4)* = o(B)—Xa(4),
and hence
ald)* = Y=Y¢(B)=Y-tXo(A)

o(BY* = X ¥-1¢(B)~ (X Y-2X + Y)o(d).
These relations make it possible to determine the conjugate of any
harmonic differential. Indeed, if w has A-periods £=(£y, -, &) and

B-periods n=(7n1, ---,ng), considered as horizontal vectors, then
w= — {o(B)+na(4), and we obtain

w* = —(§X—n)Y1o(B)+[{(X Y1 X+ Y)—9Y 1X]o(A)
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so that the periods of w* are given by (X —7)Y-1 and §(XY-1X+7Y)—
nY-1X respectively.

24E. It is clear from these considerations that the matrix Z reflects
very fundamental properties of the conformal structure of W. Since Z is
symmetric it contains }g(g+1) complex constants. By other considera-
tions one can show that a Riemann surface of genus ¢g>1 depends on
39 —3 complex parameters, in a sense that can be made precise. For g>3
the elements of Z are therefore subject to additional conditions whose
precise nature is not known. The discussion of these fascinating questions
falls outside the scope of this book.

25. Rational functions

25A. Let a; =a; dz and az=az dz be analytic differentials on a Riemann
surface, the latter not identically zero. Then the quotient f=a,/us has,
at each point, a value which is independent of the local variable, and f is
thus a single-valued analytic function on the surface. An exception
must be made for the points where a3 is zero. At these points f has at most
a pole, and it will be more accurate to describe f as a meromorphic function.
If the surface is closed there can be only a finite number of poles, and we
say that f is a rational function on the surface W. For economy of expres-
sion we will agree that a function on W means a rational function.

The total number of poles of f, counted with their multiplicities, is
called the order of f. We know that the order is zero if and only if f reduces
to a constant. Unless f is identically zero, d log f is an analytic differential
with simple poles at the zeros and poles of f. The residue at a zero is equal
to the multiplicity of the zero, and at a pole the residue is the negative
of the multiplicity. Since the sum of the residues must vanish we conclude
that f has as many zeros as poles. If ¢ is any constant f—c has the same
order as f, and it follows that f takes each complex value ¢ as many times
as indicated by the order. This fact can be expressed as follows:

Theorem. Any nonconstant function f on a closed surface W defines W
«s «a complete covering surface of the Riemann sphere. The number of sheets
is egnal o the onler of f.

Actuqlly, the analytic proof is a luxury, for we know that W is a
covermy surface of its image, and since W is compact the covering surface
must be complete (Ch. I, 21) and its projection must be the whole sphere.

25B. It is important to show that there are nonconstant functions on
every closed W. Clearly; f=a)/az=a;/as is nonconstant if «; and «g are
linearly independent. Here we may allow «; and «g to have poles. We have
shown that there exists an analytic differential with a double pole at a
prescribed point. If the poles of «;, ag are chosen at different points it is
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evident that the differentials are linearly independent, and hence that f is
not constant.

From this result we conclude that any closed Riemann surface may be
considered as a covering surface of the Riemann sphere. There are of
course many such representations, with different numbers of sheets.

25C. We prove the following fundamental theorem:

Theorem. Any two functions fi, f2 on a closed surface W satisfy an
algebraic equation P(fy, f2) =0 where P is an irreducible polynomial in two
variables.

If f, is constant there is a trivial relation of the form f; —c=0. Suppose
therefore that f is of order n>0. Let wg be a complex number which is
such that the equation fi(z)=wy has distinct roots z)(wp), - - -, 2s(t00).
Then there exist neighborhoods V of wg and ¥V of z¢(wo) with the property
that the equation f1(z) =w, w € V, has one and only one root 2(w) in each V.
The functions fa(z4(w)) are meromorphic in ¥, and the same is true of the
elementary symmetric functions S(fz(z¢(w))). But the latter are indepen-
dent of the order of the z((w) and are thus well-defined, except at the
projections of branch points. If w approaches such a projection wg we
can easily see that fa(zi(w)) and consequently §fa(z(w))) does not grow
more rapidly than a negative power of |w—wjg|. Hence all singularities are
nonessential, and we conclude that the symmetric functions are rational
functions of w. We obtain an identity

[3+ RO+ + R (e + Bu(f) = 0,

where the R; are rational functions. If we multiply by the common
denominator we obtain a polynomial relation P(f, f2)=0.

In order to show that P can be replaced by an irreducible polynomial
we decompose P into- prime factors P;: .- P. Since P(f)(z), f2(2))=0 for
all z € W it follows that at least one Py(f1(2), f2(z)) must vanish at infinitely
many points. Since it is a rational function on W it is identically zero,
and the theorem is proved.

We add that the irreducible polynomial P is uniquely determined up to
a constant factor. For if P and Q are irreducible polynomials which do not
differ merely by a numerical factor it is possible to determine poly-
nomials 4 and B so that AP+ BQ=1. It follows that P(f},f2) and
Q(f1, f2) cannot both be identically zero.

25D. If f; is of order » our proof shows that the irreducible polynomial
P(f1, f2) is always of degree S= in fs. We show that there exists an f; for
which the degree is exactly n. For this purpose we choose wp so that the
equation fi(z)=wo has distinct roots zj, - - -, z4. If we can determine f3
so that the values f2(z) are all different and finite, the equation P(wy, f2)=0
will have n roots and must therefore be of degree 2n.
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To complete the proof we show that there exists an fz with arbitrarily

prescribed values at zy, - - -, zn. Set ao=d( ) and let o be an analytic

1
Si—wo
differential with a double pole at z;, and no other poles. Then «4/aq is
0 at z;#2; and different from 0 and oo at z;. By choosing f; as a linear
combination of the ag/ag we can consequently prescribe the values fa(2)
at will.

2SE. We shall now reverse the procedure and consider an equation
P(z, w)=0 between two indeterminates, P being irreducible and of
degree n>0 in w. It determines w as an algebraic function of z, and we
proceed to construct the Riemann surface of this function. The method
is very familiar, and an outline will be sufficient.

For every region ¥V on the complex sphere we consider the family ®y
of all meromorphic functions w(z) in ¥V which satisfy P(z, w(z))=0. We
construct a space Wy consisting of all couples (z, w) with ze V and
w & ®y. With the help of proper identifications and suitable topology it is
possib!e 1o consider each component of Wy as a smooth covering surface
of the sphere; for the details of the construction we refer to Ch. I, 16. It
becomes a regular covering surface if we exclude all points z for which
the equations P(z, w)=0 and P,(z, w)=0 have a common solution.
However, since Wy has only a finite number of sheets the deleted points
can be reintroduced and Wy can be extended in such a way that its every
component becomes a complete covering surface of the sphere, with or
without branch points.

Wy inherits the conformal structure of the sphere, and in this manner
each component of Wy becomes a closed Riemann surface. The functions
z and w are rational on each component, and they satisfy an irreducible
equation which can only be P(z, w)=0. It follows that each component
has 7 sheets. For the same reason Wy has n sheets, and we conclude that
Wy is connected.

25F. We return to the situation that was considered in 25D. In other
words, f1 and f; are two functions on W which satisfy an irreducible
equation P(fy, f2)=0 whose degree in f3 is equal to the order n of the
function f;. By the method in 25E we construct the Riemann surface Wy
which corresponds to the relation P(z, w)=0.

We contend that Wo and W are conformally equivalent. To define a
mapping of W on Wy we consider a point pe W which is such that
neither fi(p) nor fa(p) is a multiple value. Then there exists a unique
point (2, w) € Wo such that z=f1(p) and w(z)=fs(p). This point will be
the image of p, and at the excluded points the mapping can be uniquely
defined by continuity.
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The mapping p—(z, w) is clearly analytic, and it defines W as a covering
surface of Wy. On the other hand, the projection (z, w)->»z defines W as
a covering surface of the sphere. The combined mapping p-»z 1~ the one
defined by fi(z), and under this mapping W is an n-sheeted covering
surface. But Wy is likewise n-sheeted over the sphere, and hence W is
one-sheeted over Wy. This proves that W and W, are conformally
equivalent.

26. Divisors

26A. A divisor on a closed Riemann surface W is a 0-dimensional
chain D=mnja;+ - - - + max where the aq are points on W and the n; are
integers. We say that D is ihe divisor of a function f if the a; are the
zeros and poles of f and the ns are their orders, counted positive for zeros
and negative for poles.

All divisors form an Abelian group, and the divisors of functions, or
principal divisors, form a subgroup D,. The elements of the quotient
group D/Dg are called divisor classes. Thus two divisors belong to the
same divisor class if and only if their difference is a principal divisor. The
class of principal divisors is the principal class.

The degree of a divisor is the sum of its coefficients. Clearly, the degree
of a principal divisor is 0, and any two divisors in the same divisor class
have the same degree. The degree of D is denoted as deg D. It can also
be considered as the degree of the divisor class which contains D.

We can also speak of the divisors of an analytic differential « = a dz which
is not identically zero. It is formed by the zeros and poles of a taken with
their respective positive and negative multiplicities. Since the quotient of
two differentials is & function we conclude that all divisors of differentials
are in the same class. It is called the canonical class. In particular, all
divisors in the canonical class have the same degree, and we will show
that the degree is 2g—2.

26B. A divisor is called an sntegral divisor if all its coefficients are non-
negative, and we say that D, is a multiple of D if D;— D, is an integral
divisor. As a simplification of the language we shall also say that a function
[ is a multiple of D if the divisor of f is a multiple of D.

The functions which are multiples of a given divisor D form a vector
space over the complex numbers. The dimension, dim D, of this space is
always finite, for it is clear that sufficiently many multiples of D permit a
linear combination which is free from poles and must therefore reduce to a
constant. In addition, dim D depends only on the divisor class of D. To
see this, suppose that D)= Ds+ Do where Dy is the divisor of a function
Jo. If f is a multiple of D3, then ffo is a multiple of D, and vice versa.
For every linear relation between the multiples f there is a corresponding
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relation between the multiples ffo. Hence dim D;=dim Ds, and we speak
of the dimension of the whole divisor class.

We can also consider the differentials which are, in the same sense,
multiples of a given divisor. However, this case can be reduced to the
preceding situation. For to say that « is a multiple of D means the same
thing as to say that «/ap is a multiple of D—Z, where Z denotes the
divisor of «p. Hence the number of linearly independent differentials which
are multiples of D is given by dim(D - Z). Here Z stands for any repre-
sentative of the canonical class.

26C. It is clear that dim D=0 whenever deg D>0. Indeed, a function
which is a multiple of .D would have a divisor of positive degree, contrary
to the fact that the divisor of any function has degree zero.

A multiple of the divisor 0 is an everywhere regular function, and
hence a constant. This shows that dim 0=1. .

A differential is a multiple of the divisor 0 if and only if it is regular.
We know that the regular differentials form a vector space of dimension g.
Hence dim(— Z)=g.

27. Riemann-Roch’s theorem

27A. There is no general method to determine the dimension of a
divisor. However, there is an important duality relation known as the
Riemann- Roch theorem:

Theorem. dim D=dim(— D—Z)—deg D—g+1.

If this theorem is applied to D= — Z we get dim(— Z)=dim 0+deg Z—
g+1, and since dim 0=1, dim(—Z)=g we find that deg Z=2g—2 as
already announced. With the aid of this result it is possible to formulate
the theorem more symmetrically:

If —(D1+ Ds3) belongs to the canonical class, then 2 dim D, +deg D)=
2 dim Dg+deg D,.

27B. The theorem is a consequence of the symmetry relation ko(z, {)=
ho({, z), proved in 18H. The following algebraic lemma will also be
needed :

Lemma. Let U and V be two finite dimensional vector spaces over the
complex numbers, and suppose that there 5 given G mmple;wamed bilinear
product uv defined for all we U, ve V. Denote by Uy the subspace formed
by all u € U such that uv=0 for all v € V. Similarly, let V¢ be formed by all
ve V such that ww=0 for all u € U. Then dim(U/Ug)=dim(V/Vy).

There exists a basis {uy, - -+, um} of U such that a subset {uy, -- -, u;}
is a basis of Ug. Let {v1, ---, vy} and {vy, -- -, v5} be similar bases for
V and V. Consider the linear equations

Zrs1(Urs1¥g)+ -  +Zm(umty) = 0, j = s+1,..-,m.
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If m—r were >n—s this system would have a nontrivial solution
(@r+1, - - *» Tm). It would follow that

(Zr+1%r+1+ - - - +TmUm)vy = 0

for j=1, ---, n, and hence that z,;1urs1+ - - - +Zmum € Ug. This would
imply that z,;1%r41+ - - - + Zmum could be written as a linear combination
of uy, -, uy. This contradicts the linear independence of uy, - -, %m.
Hence m —r <n—s, and the reverse inequality can be proved symmetri-
cally. We conclude that m —r=mn—s, which is the assertion of the lemma.

27C. Consider an integral divisor 4 = Zm;a(, mg 21, of deg A =
z m¢. We shall denote by U(A4) the vector space spanned by the differ-

entw.ls hm(z, {) dz with { = a4, 0 S m < my—1. These generating differ-
entials are linearly independent, for they have poles at different points
or of different order at the same point. Hence the dimension of U(4) is
equal to deg A4, the number of generators.

We define also a second vector space V(A) generated by the following
generators: (1) differentials hm(z, {) dz with {=a;, 0 <m <my—2, provided
that my>2, (2) differentials A(z, ¢) dz where ¢ runs through a system of
chains cs, - - -, cx with dcs=ay—a,, (3) differentials A(z, ¢) dz where ¢ runs
through the A-cycles 4, - - -, 44 in a canonical basis.

To see that these generators are linearly independent we remark first
that all the differentials listed under (1) and (2) have different singu-
larities. The only possible linear dependence would thus be between the
differentials h(z, A¢) dz=¢(A4¢). But the ¢(4;) are known to be linearly
independent (as a consequence of the last relation in Theorem 19 I). The
dimension of V(A4) is thus equal to the number of generators. The latter
isdeg A+g—1ifk=2landgifk = 0.

27D. An arbitrary dnism D can be written in the form D=B—-A4

where 4 = Z myaq and B= Z nyb; are integral divisors and no a; coincides

with a by. We shall consider U (A4) and V(B).

In order to define a bilinear product u-v for u € U(4), ve V(B) it is
sufficient to prescribe its values for the basis elements of U(4) and V(B).
The generators of U(A) are all of the form u=»hp(z, a)dz. If v="h,(2, b) dz
we set.

(63) uv =

1 [ om+n

(m+1)(n+1)! [ozmor» ho(z, 0]

z=a, ;-b
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and if v=»A(z, c)dz we postulate

64) uey = — f hl(l, @) dL.

Through this definition the subspaces Ug(4) and Vo(B) are determined,
and by Lemma 27B

dim U(4)—dim Ug(4) = dim V(B)—dim Vy(B).

If the known values of dim U(A4) and dim V(B) are substituted we obtain
(65) dim Vo(B)—dim Uy(4) = d(B)—d(A)+g—1 = deg D+g—1
if B#0 and
(66) dim Vo(B)—dim Ug(4) = deg D+g¢g
if B=0.

27E. Let us first investigate the meaning of V¢(B). We will show that
a differential belongs to Vo(B) if and only if it is a multiple of A — B.

Suppose first that v=~h(z) dz belongs to I'¢(/3). Then A(2) has poles only
at the points b;, and at most of order ny. This means that v is a multiple
of — B. To prove that v is even a multiple of A — B we must show that
k(z) has zeros of at least order my at the points ay, that is to say that
h(m)(a;)=0 for m Smy—1.

Let {v,} be the generators of V(B), and assume that v=3 y,v,. Consider
a v, of the form h,(z, b) dz. We have

1

h”l(z) C) (n+l)' a;n

™ hoz, 0)
(see 18H) and hence

1 om+n

om
[az—m hs(zy b)]z-" n+ 1)| azmac” ho( ()] 2=a, {=b
Similarly, if v, =h(z, ¢) dz we have (see 19 I)

hiz, ) = — J' ho(Z, 2) d¢
and ’

[_ he, c)]m = —(m+1) f bl @) dL.

On comparing with (63) and (64) we find that
(67) h™ (@) = m+1) u-v
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for u=hp(2, a)dz. If a=ay, m<my—1 this u belongs to U(4), and we
conclude that A(m)(a)=0. This is what we wanted to show.

Conversely, suppose that the differential ¢ is a multiple of 4— B.
There exists a differential in V(B) with the same singularities as ¢, and
because V(B) contains a basis for the regular differentials we conclude
that ¢ is itself in V(B). If we set p=v="~dz it follows by (67) and the
conditions (m)(a) =0 for a=ay, m <m;—1 that u-v=0 for all generators u
of [7(A4). This proves that ¢ € Vo(B).

We conclude that dim(— D — Z)=dim Vo(B).

27F. We show next that Ug(4) consists of the differentials df of
functions f which are multiples of B—A. Suppose first that u=hd{e
Ug(A4); the change of notation for the local variable is dictated by con-
venience. Then w has zero residues and poles of order <m¢+1 at the
points ai If wecan Show that w is exact, u=df, it follows that f is a
multiple of ~.1. In order that it be possible to choose f as a multiple of
B—A it is sufficient that » have zero integrals over paths ¢; between
by and by, and that h have a zero of at least the order n;—1 at b; whenever
ny> 1.

Suppose that u=3 x,u, where {u,} is a basis of U(4). Each u, is of
the form An(L, a) d{. We have

1 om 1 om

hm(g, 2) = D ho(,2) = )i am ho(z, L)

P 1 om+n
[WM%4M=WanwMMMM#»

and consequently, by comparison with (63),
(68) AM(d) = (n+1) u-v

for v="hy(z, b) dz. The corresponding equation

(69) ﬁma=—um

c

for v=h(z, ¢) dz follows from (64) without computation. Becausc ue UolA)
we conclude that £ vanishes at b; to the required order. that u has zero
A-periods, and that the integral of u over each of the paths ¢j used in the
definition of V(B) is zero.

Tt remains to show that u has zero B-periods. To see this, let us write
u, =", u=p=3 z,p". If W) =hn({, a) dl, set Y’ =kn({, a) d{ (see 18B)
and ¢y =F T,y¥. Then r =@+ is exact, and ¢ is regular. It follows that ¢
has zero 4-periods, and hence that y=0. We conclude that ¢ =u is exact,
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as asserted, and we have completed the proof that all elements of Ug(4)
are differentials df of multiples of B— A4,

Suppose, conversely. that f is a multiple of B—A. There exists a
u=¢ € U'(4) with the same singularities a~ df. A3 before We can associate
with @ a regular analytic differential  which makes ¢+¢ exact. Then
¢+¢y—df is a regular exact harmonic differential, and consequently
identically 0. From §j=df—¢ we conclude that =0, p=df, for there is
no differential other than 0 which is at once analytic and antianalytic.
From the fact that f is a multiple of B— A it follows by way of (68) and
(89) that u-v=0 for all v € V(B), and hence that u € Ug(4).

If B#0 the functions f which are multiples of B— 4 are in one to one
correspondence with their differentials df, for then the integration con-
stant is uniquely determined. In this case we have consequently dim D=
dim Uy(A). If, however, B=0 the constants are also multiples of D, and
we obtain dim D=dim Ugy(4)+1.

27G. To collect the results, we have shown that dim(—Z-— D)=
dim Vo(B) in all cases, and dim D=dim Ugy(4) if B#0, dim D=
dim Ug(A4)+1 if B=0. If these results are substituted in (65) or (66), as
the case may be, we obtain in all cases the identity

dim D = dim(—D—2Z)—deg D—g+1

which constitutes the assertion of Riemann-Roch’s theorem.

28. Consequences of Riemann-Roch’s theorem

28A. If we use the Riemann-Roch theorem merely as an inequality we
obtain
dim D 2 —deg D—g+1.

We find that dim D>1 if deg D< —g.
Theorem. There exists a nonconstant multiple of D whenever deg D < —g.
For instance, there will always exist a rational function which has a
single pole of order <g+1 at a prescribed point.

28B. Tf deg D< —(29—2)=—deg Z we get deg(—D—2Z)>0 and
hence dim (= D~ Z) = 0 (see 26("). For this case the Riemann-Roch theorem

ywrMds

(70) dim D = —deg D—y¢y+1.

If ao is any prescribed point, the same formula can be applied to D—ay,
and we find that

(71) dim(D—a¢) = dim D+1.

Hence there exists a multiple of D—ag which is not a multiple of D. If
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we choose 1) so that ag does not occur in D we can make the following
conclusion:

Theorem. There exists a rational function with a simple pole at any
prescribed point.

The reciprocal of the function will have a simple zero at the point in
question.

28C. For a fixed point ag, consider the divisors —nao with integral =.
We compare dim[— (n+ 1)ag] with dim(—nag). The former is always at
least equal to the latter, and it will be greater than the latter if and only
if there exists a rational function whose only singularity is a pole of order
n+1l at ag. When this is so dim[—(n+1)ag] exceeds dim(—nag) by
exactly 1.

Starting with n=0 we have dim 0=1. For n=2g—1 we can apply (70)
and find that dim[—(2g—1)Jap=g. In between there are thus exactly
g—1 places where the dimension increases by 1 and g places where it
remains constant. From n=2¢g—1 on the dimension will always increase
by 1 as scen by (71). We conclude:

Theorem. T'here are exactly g integers 0<ny<ne<:-- <ng<2y such
that no rational function has a pole at ag of exactly order ny and is otherwise
regular.

This theorem is often referred to as Weierstrass’s gap theorem. The
integers n; will in general depend on ag. The smallest possible value of
ng is ¢. If the minimum is attained, ny=g, we have dim(—gag)=1 and
there are no rational functions with a single pole at ag of order <g¢.

28D. It is the rule rather than the exoception that n,, - - -, ny coincides
with the sequence 1, 2, - - -, g. The points ag for which this is not the case
are called Weierstrass points. We will prove:
Theorem. There are only a finite number of Weierstrass poinis.
If ap is & Weierstrass point we have dim(—gag) 2 2. The Riemann-Roch
theorem yields
dim(—gag) = dim(gao— Z)+1,
and hence dim(gag— Z) 2 1 for & Weierstrass point. This means that there
exists a regular differential ¢ which has a zero at ag of order 2g.
If {p1, -+, pg} is a basis for the regular differentials we can write
p=x1p1+ - - +Tgpg. On setting ¢¢=Ah¢ dz, we have
zihi+ - +2ghg = 0
B+ gy = 0
2RIV 4 - 2 JOD = 0
at ag. This implies
hy - - - h’

i
1Y )...}.('v )

W(z) =
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for z=ay. Either ao is an isolated zero of W(z), or else W(z)=0 in a ncigh-
borhood of ag. As soon a8 we can exclude the second possibility we shall
have proved that the Weierstrass points are isolated, and hence that they
are finite in number.

Consider the vectors A™(ag)=(h{(a,), - - -, K™(a,)) for all n20.
W (ao)=0 implies that h(ag), A'(ag), - - -, A¥-1D(ag) are linearly dependent.
If W(z)=0 all derivatives W(m)(ag) are 0. We claim that all h(n)(ag) lie
in a (g—1)-dimensional subspace. If not, there would exist a smallest n
such that A(ag), - - -, A™(ag) span the whole g-dimensional space. The
derivative W(®s-#+1)(ag) can be expressed as & sum of determinants whose
rows are formed by h(zo) and its derivatives of order <n. The deter-
minants that do not contain A(®)(ag) are zero by assumption. Therefore
the one determinant which contains A()(ag) must also be zero, an obvious
contradiction.

Let (c1, ---,¢9)#(0, ---,0) be a vector which is orthogonal to the
space spanned by all A®)(ag). Then ¢ih1 + - - - +cghgy vanishes at ag together
with all its derivatives. Because of the analyticity this implies that
cihi1+ - - - +cghg is identically zero. Hence cip1+ - - - +cgpg=0 contrary
to the fact that {@i, - - -, @y} i8 a basis. We have shown that W(z)5£0, and
the theorem is proved.
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-~ function in the sense of Waeier-
strass, 1. I6F
—- function on a bordered Riemann
surface, 11.6D
— mapping, I1.2B
— module, IV.164
multiple-valued — function, I.16F
— singulerity, V.17B
— submanifold, 11.3B
Annulus, 1.13H ; 1.43D
Approximation

1.4F;

siinplicial T340 11
Arve, I 7.1 1t
continuation alongan -, [.14C; 1.21A
intetior of an -, L.7A
mverse —-, 1 94
Jordan -—, I.74

Jordan as a point set, 1.9C
open —, I.74
open Jordan —, I.74
piecewise differentiable —, I1.86F
product of —s, I.94

Arcwise connected, 1.7C
locally — —, 1.7C

Argument principle, I.16E
Associated functions, I11.6E
Asymptotic value, I.14E; 1.21A

B(u), I11.6B
B(u, v), I11.6B
Barrier, I1.11E
Barycenter, 1.28D
Barycentric
— star, 1.28D
— subdivision (of & complex), I.28D ff
— subdivision (of a simplex), I.28D
Basis
canonical homology —, 1.31G
— for open sets, 1.1B
— for a structure of class ¥, I1.1F
homology —, 1.30C; I.43E
— of an Abelian group, 1.244
Betti number, 1.254 ff
Bilinear relation, V.23B
Bolzano-Weierstrass theorem, 1.5E
Border, 1.13C ff
— cycle, 1.27C
positive direction of the —, I.13E
— simplex, I1.22H
— vertex, I1.22H; 1.39C
Bordered polyhedron, I.25A ; 1.27C
Bordered Riemann surface, 11.34
analytic function on 8 — — —, I1.6D
double of & — — —, I1.3E
welding of — — —s, I1.3D
Bordered surface, 1.13B

double of a -~ -, I.13H

imbedding of a -~ -— in a surface,
1.13H

interior of a — —, 1.13C

Boundary, 1.2C
— component, 1.30D; 1.36B8; 1.36C
ideal —, I.4F; 1.13A; 1.13D
null —, IV,7A
— of a chain, 1.23C
— of a singular simplex, 1.33B
relative — of a relative chain, 1.274
— value problem, I1.114 ff
Bounded
— analytic function (cf. AB), IV.3A

* Italicized section numbers refer to formal definitions.
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Bounded—oontinued
— harmonioc function (c¢f. HB), IV.5A
— linear functional, V.11B; V.12A
triangulation of —  distortion,

IV.184 f£

Branch point, 1.204 ; 1.20D
multiplicity of & — —, 1.204; 1.20D
order of 8 — —, 1.204; 1.20D

Cancellation, I.41B
Canonical
— cell complex, I1.40D
— class, V.264
— exhaustion, 1.294 ff; 1.35B; I1.12D
— homology basis, 1.31G
— partition, 1.384
— (regular) region, 1.354
— subcomplex, 1.294
Cantor set, IV.24B
Capacity
— function, I11.144; I11.15A
inner —, IV.24E
logarithmic —, IV.22B
— of a compact set, IV.22B
~- of the ideal boundaiy, ITI.16A
— of the subboundary y, I11I.144
Cauchy sequence, V.74
Cell complex, 1.394 ff
canonical — —, 1.40D
equivalent — —es, 1.39D
face of a — —, 1.39B
refinement of a — —, 1.39D
side of 8 — —, 1.39B
simplicial subdivision of a — —,
1.39F
Chain, 1.23B
boundary of a —, 1.23C
relative —, I.274
singular —, 1.334
Characteristic
Euler —, 1.26C ; 1.40C
Circular slit disk, II1.16D
Circular slit region, 111.13B
Closed
— curve, I.74
— differential (cf. T'}), V.IF; V.2C;
V.17D; V.19I
— parametric disc, I.8E
— polyhedron, 1.25A
— region, 1.3B
relatively —, 1.2D
— set, 1.24
— surface, 1.8D
Closure, 1.24
Coclosed differential, V.3B
Coherent orientation, J.404

876

Commutator subgroup, I.19D
Compaoct, I.44
equivalent — setes, IV.24
locally —, I.4F
relatively —, I.4D *
Compactification, 1.364 ff
Alexandroff —, I.4F; 1.13A
Compatible orientations, I.124
Complete
— oovering surface, I.14F; I.214 ff
— normed space, V.74
— region, 1.21C
Complex
abstract —, 1.224
barycentric subdivision of a
1.28D ff
canoniocal cell —, I.40D
oell —, 1.394 ff
— conjugate of a differential, V.1B
connected —, 1.22E
dimension of a —, 1.22A
equivalent cell —es, 1.39D
geometric —, 1.22B
— plane, I1.1G
sub —, 1.274
Component, I.3D
boundary - , 1.301); I.36B; I 36C
Conformal
analytic — metric, I1.5D
— equivalence, 11.2C
— mapping, 11.2C; I1.5A
— metric, I1.5B
— structure, I1.1E; I1.5D
Conjugate
complex — of a differential, V.IB
— differential, IL.6E; V.34
— extremal distance, IV.14A4
— harmonic funection, I1.6B
— Riemann surface, II.3E
Connected, 1.34
arcwise —, I1.7C
— complex, I.22E
locally —, I.3E
locally arcwise —, 1.7C
simply —, 1.9G; I.10A; 1.16A ff
Consistent system of partitions, 1.38B
Continuation along an arc, 1.14C; .21A
Continuous mapping, I.64
regular — —, I.114
Continuum, I.3B
Contour, 1.13C; 1.42A
Convergent sum (of infinite cycles),
1.32E
Countable,
IL.12A ff
— exhaustion, I1.12D
locally —, 1.6D

1.564; 1.22I; 1.46A ff;
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Cover transformation, 1.194 ff; I1.4C
group of — —s, 1.10A
Covering
deep —, IV.174 ’
— of finite character, I.454
open —, I.44
Covering surface, 1.20B ff
complete — —, 1.14F; 1.214 ff
homology — —, I.19E
identification of — —s, 1.17D
normal — —, I.19B
ramified — —, 1.20B
regular— —, I.14D; I.17TAff; 1.18A ff;
I.21A ff
regular — — (in prevailing ter-
minology), 1.19B
Riemann surface as a — —, IL.4A ff
Schottky — —, IV.19E
— — of Schottky type, IV.19E

smooth — —, 1.144 ff
stronger — —, I.184
universal - - —, 1.18C ; I1.4H

Cross-cap, 1.411)
Cross-cut, 1.45A4

Curve
analytic —, 11.3B
closed —, 1.74

index of a —, 1.10C ff

Jordan —, 1.74 ; 1.13D
Cycle, 1.23D

border — , 1.27C

dividing L1270 T30l T 3200
1.354; V 200

infinite 7 321 ff

relative - 1 274

singular -, 1.338

Deep covering, IV 174
Deformation, 1.9B
Degace of a mapping, I.114 ff
Differential, II.6E; V.14
analytic — (cf. T,), IL.6E; V.3C;
V.16A ff; V.24A ff
antianalytic —, V.3C
closed — (ef. I'}), V.1F;V.2C; V.17D;
V.191
coclosed —, V.3B
complex conjugate of 8 —, V.1B
conjugate —, II.6E, V.34
distinguished —, V.21D ff
even —, V.13F
exact — (cf. I'}), V.1C; V.2A
first order —, V.14
harmonic — (cf. T}), IL6E; V.3B;
V.9A; V.20E
line intergral of a —, IL.6F; V.2A
norm of a —-, V.44

INDEX

odd —, V.13F
— o, V.I3E
pure —, V.3C
reproducing — (o(y)), V.12B
Schottky — (cf. I's), V.14B; V.14D
— of the second kind, V.18A ff
second order —, V.1D
semiexact — (cf. I'}), V.5B; V.20D
singular —, V.17A ff
Dimension
— of a complex, 1.22A
— of a simplex, I.22A
1-dimensional
— manifold, I.8C; 1.13D
— submanifold, I.13F
Direct sum, V.7B
Directed
— limit, IT.13B
— set, 1.35A
Dirichlet integral, II.74 ff; II.13A;
IV.14;1IV.13D
analytic functions with finite — — (cf.
AD), IV.1A
mixed — —, II.7A
Dirichlet principle, V. §2, introduction
Dirichlet problem, II.114
Distinguished differential, V.21D ff
Dividing cycle, 1.27C; 1.30D; 1.32C;
1.354; V.20E
Domain of a mapping, I.64
Double
- of a bordered Riemann surface,
Ir 3K
- of a bordered surface, 1.13H
Dual polyhedron, I1.31A
Duality between chains and differentials,
V.2B
Duplication, I.13H

Elementary subdivision, 1.284 ; 1.39D
Elliptic surface, IV.6A
End point, I.74
Equilibrium distribution, IV.22C
Equivalent
— cell complexes, 1.39D
— compact sets, 1V.24
conformally —, 11.2C
— polyhedrons, 1.28B
topologically —, 1.6D
Euclidean space, 1.1E
Euler characteristic, 1.26C ; 1.40C
Even differential, V.13F
Exact differential (cf. I'!), V.1C; V.2A
Exhaustion, 1.294 ; 1.35A
canonical —, 1.294 ff; 1.35B; 11.12D
countable —, 11.12D
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Extended T, V.74

— plane, I.1E T, V.164A ff

— structure class, I1.2D Tas, V.164 £
Exterior Tese, V.16D ‘

— of a set, 1.2C T., V.84; V.9A; V.10A; V.10D; V.11G

— product, V.1D Te, V.84; V.10B; V.11G; V.13B
Extremal T, V.84; V.10B; V.11G

— distance, IV.13B
conjugate — distance, IV.144
— length, IV.12C

Fo, Fy, 111.134 ff
Fy, 111.16A4 ff
®-bounded funetion, IV.114 ff
Face of a cell complex, 1.39B
Family ot local homeomorphisms, I1.1B;
11.3.41
Finite
covering of — character, 1.454
— intersection property, I.4B
First order differential, V.14
integral of 8 — — —, V.2A
Flux, II11.2D
Free group, 1.244
Fuchsian group, 11.4H
Function, 1.64
algebraic —, V.25E ff
analytic — in the sense of Weierstrass,
I1.16F
analytic — on a bordered Riemann
surface, I1.6D
analytic — with a finite Dirichlet
integral (cf. AD), IV.1A
bounded analytic — (cf. AB), IV.3A
bounded harmonic — (cf. HB), IV.5A
capacity —, I111.144 ; II1.15A
conjugate harmonic —, 11.6B
Green'’s —, II1.15A ff; IV.6C; IV.6F;
IV.21A
harmonic —, I1.6B; 11.6D
harmonic — with a finite Dirichlet
integral (cf. HD), IV.5A
inverse —, 1.6 B
multiple-valued —, 1.6A ; 1.14C
—on a closed Riemann surface,
V.24A
positive harmonic — (cf. HP), IV.5A
principal —, (cf. po, p1), I111.94
quasi-rational —, V.22B
rational —, V.254 ff
subharmonic —, II.104; IL.IOG ff;
IV.8A
superharmonio —, I1.104
Functional (cf. linear functional), V.11B
Fundamental group, I1.9D ff; I1.10B;
1.17A ff; 1.19B; 1.33D; 1.43A ff;
T44A ff

T, V.8A; V.10A; V.11G

Ta V.94; V.10A; V.11G; V.14D

T V.10B

Tam, V.154; V.15D; V.20E

Ta, V.10B; V.11G; V.13D; V.14C;

V.20C
Ta., V.15B; V.15D
Ts, V.14D ff
I, v.4B
'l V.4RB: V4D ff; V.5B; V.6C
Pl Vs, ven, v

T}, V.4B; V.6B; V.6C
T}, V.54; V.6B; V.6C
T}, V.4B
I, V.5B; V.5C
Generalized Cantor set, IV.24B
Generators of an Abelian group, I.244
Geometric complex, 1.22B
Greatest harmonic minorant, IV.8D
Green’s formula, 11.84 ff
Green’s function, II1.4B ff; III.15A ff;
IV.6C; IV.6F; IV.21A
Group
free —, 1.244
Fuchsian —, II.4H
fundamental —, I.9D ff; I1.10B;
L17A ff; 1.19B; 1.33D; 1.43A ff;
1.44A ff
homology —,
1.30A ff; I1.43E
homology — modulo dividing cycles,
1.27C
— of cover transformations, I 191
relative homology —, 1.27.1
singular homology —, 1.33B ff;
I.34A ff
torsion —, 1.24D; 1.26A

I1.23D; 1.26\ ff;

h(z, ¢), V.19D
hwm(z, {), V.18B
HB, IV.5A
HD, IV.5A
HP, IV.6A
HyB, 1V.10D
HgD, IV.10D
HoP, IV.10D
H,D, 1V.1D
H;B(K), 1.30D
Half-disc
parametric —, 11.7C
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Handle, 1.41E Identification
Harmonic — of covering surfaces, 1.17D

conjugate — function, I1.6B
— differential (of. I'}), II.6E; V.3B;
V.9A; V.20E
— function, I1.6B
— function on a bordered Riemann
surface, I1.6D
greatest — minorant, IV.8D
least positive — majorant, IV.94
— measure, IV.6C; IV.6E; V.154
— module, IV.154
quasi-bounded — function, IV.8B
singular — function, IV.8B
- singularity, V.17B
Harnack’s principle, I1.9A ff
Hausdorff space, .14
Heine-Borel’s lemma, I1.5E
Hilbert space, V.7B
Homeomorphism, 1.6D
Homologous, 1.23D
strongly —, 1.324
— to zero modulo the ideal boundary,
I30D;135A
weakly — T 324
Homology
— basis, T 300; T.43K
canonical -- basis, 1.31Q
— covering surface, I.19E
— group, 1.23D; 1.26A ff; 1.30A ff;
143E
— group modulo dividing cycles,
1.27C
modified definition of a — group, V.2D
relative — group, 1.274
relative singular —, 1.35A ff
singular — group, 1.35A ff
weak — group, 1.324
Homotopy, I1.9B ff
— claes, 1.B
— class of a Jordan curve, 1.9C
inverse of a — class, 1.9D
product of — classes, 1.9D
unit element of — class, 1.9D
Horizontal slit region, I1I1.11C
Hyperbolic (cf. parabolic), IV.6B

relatively —, IV.9B

Ideal boundary, I 4F; 1.13A; 1.13D
canonical partition of — —, 7.384
capacity of —- —, III.14A ; 111.15A
homologous to zero modulo — —,

7.30D; 1.35A

neighborhood of - — , T.13A
partition of - . L.38A ff
-—— point, [ 36.\

regular partition of — —, 1.38D ff

— of ordered simplexes, 1.23B
— in topological spaces, I.2F
Identity partition, 1.384
Image, 1.64
Imbedding, I.13A; I.36A
— of a bordered surface in a surface,
I.13H
regular —, I.13F ff
rigid —, IV.2D
Index (= winding number), 1.10C ff
Infinite
— cycle, 1.32A ff
— polyhedron, 1.29A ff; 1.30A ff
o, 1.4F; I.13A
Initial point, 1.74
Inner
— capacity, IV.24E
— product, V.4C
— vertex, 1.39C
Integral
— divisor, V.26B
of a first order differential, V.2A
of a second order differential, V.2B;
V.2E
Interior
— of an are, I.7A
— of a bordered surface, I.13C
— of a set, 1.2C
Intersection number, 1.314 ff; 1.32B ff
Inverse
— are, 1.94
— function, I.6B
— of a homotopy class, 1.9D
— image, I.64
Isothermal parameter, 11.5C

Jordan arc, I.74
— — a8 a point set, 1.9C
open — —, I.7A

Jordan curve, 1.74; 1.13D
homotopy class of a — —, 1.8C
— — theorem, 1.45B

Jordan region, I.8E

k(z, c), V.19D
km(z, {), V.18B ff
Kernel
reproducing —, V.18D

Lattice, 1.18B

Least positive harmonic
1v.94

Lifting. I 11"

Line integral of a differential, II.6F;
V.2A

majorant,
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Linear
bounded — functional, V.IIB; V.12B
— density, IV.12B
— functional, V.11B
— space, 111.14
— subspace, II11.1B
Linearly independent, I.244
Local variable, I1.64
Locally
— arcwise connected, 1.7C
— compact, I.4F
— connected, I.3E
— countable, I.6D
Logarithmic
— area (E\q(F)), II1.13B
— capacity, IV.22B
— module, IV.154
— potential, IV.224 ff
Lower semicontinous, IV.12B; IV.21B

Manifold, 1.84 ff

analytic sub —, I1.3B
Mapping, I.6A

analytio —, I1.2B

— of class ¥, I11.2F

conformal —, I1.2C; I1.5A

continuous —, I.64

degree of a —, I.114 ff

domain of a —, 1.64

— into, I.6B

— onto, 1.6B

regular continuous —, I.114

Riemann — theorem, II1.11E; II1.16D

topological —, I.6D
Mass distribution, IV.274 ff
Maximum principle, 1I.6C;

IV.6D

Mixed Dirichlet integral, II.7A
Mb&bius band, 1.12B; 1.43D
Module

analytic —, IV.164

harmonic —, IV.154 ; IV.16C

logarithmic —, IV.154
Monodromy theorem, I.15A ff
Multiple of a divisor, V.26B
Multiple-valued

— analytic function, 1.16F

— function, I.6A; 1.14C
Multiplicity of a branch point, I.204 ;

1.20D

III.2E;

Neighborhood, I.1¢

- of ideal houndary, 1.13A
Neumann weries, II1.3C
Nononentable (cf. orientable), I1.12B;
I.40A

Nonseparating set, I1.36B

379

Norm of a differential, V.4A
Normal
— covering surface, I.19B
— family, IL.6C
— opevator, I11.2K
Normaliser, 1.194
Normed space, V.74
complete — —, V.74
Null boundary. TV.7A
Number of sheets, 1.2113

Ous, IV.34;1V.3C; IV.26H
— of plane regions, IV.3B; IV.4C;
IV.24A ff; IV.24F
Oup, IV.1B; IV.3C; V.14E; 1IV.16B;
IV.16D; IV.17E; IV.18D; IV.19E;
IV.20B ff
— of plane regions, IV.2B ff; IV.4B;
IV.24E; IV.24F
Og (cf. parabolic), IV.6B ff; IV.6G;
IV.IE; IV.11H; IV.24B
Opgs, IV.5A ff; IV.TIE; IV.9C; IV.11D;
IV.25H; IV.26G
0..., IV.11G ff
Ogsp, IV.5C
Ogp, IV.1B ff; IV.5A ff;
IV.11H; V.21B
Oggop, IV.11H ff
Ogo, IV.11C ff
Ogp, IV.54 ff; IV.6G; IV.TE; IV.9B;
IV.11C; IV.25G ff
Ogs, I1V.234
Osp, 1V.234
0Odd differential, V.13F
One to one, 1.6B
Open
—are, I.74
basis for — sets, 1.1B
— covering, 1.4A; I.8E
— Jordan arc, 1.74
— polyhedron, I.29A ; I.30A ff; 1.44A ff
relatively —, 1.2D
—set, 1.1A
— star, 1.28D
— surface, 1.8D
Operator
— B, IV.SBff
— Lo, 111.54; 111.8C
— Ly, 111.5B; 111.8C
— (P)L,, I11.5B; 111.8C
normal —, II1.2E
— R, IV.94 ff
— T, 1V.8D ff; IV.9D ff; IV.10B
Order
— of a branch point, 1.204; 1.20D
— of an element of an Abelian group,
1.24C .

IV.7E;
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Order—continued

— of a rational function, V.264
Ordered simplex, 1.234

identification of — —oces, 1.28B
Orientable, 1.12B; 1.13E ; 1.40A
Orientation of a planar region, 1.124

Riemann surface without —, I1.1E
Origin of fundamental group, 1.9D
Orthogonal complement, V.4D

Po, p1 (cf. principal functions),
II1.94

Py, Py, 111.11B
P®, P8, 111.118B
Pak, 111.9H
P, 111124
P8, Py, 111.144 ; IIL.15A
Parabolic (cf. Og), IV.6B; 1IV.7C ff;
IV.16Bff; IV.17D;IV.17F; IV.18C;
IV.20B ff; IV.22B
relatively —, IV.9B
Parametric
closed — disk, I1.8E
— disk, 1.8E; I1.7C
— half-disk, I1.7C
Partial integration, V.2B
Partition
canonical —, 1.384
consistent systems of —s, 1.38B
— of ideal boundary, I.38A ff
identity —, 1.384
regular —, I1.38D ff
— ofunity, I1.7B ff
Path of determination, I.14E; 1.214
Period, V.2C; V.11A ff; V.20A ff
Perron’s method, I1.11C ff
Piecewise differentiable are, II.6F
Planar, I.124; 1.30D; 1.44C
orientation of a — region, 1.124
Plane, I.1E; 1.8D; 1.10A; 1.13B
complex —, II.1G
— region, 1.8D
Point
branch —, 7.204
end —, I.74
ideal boundary —, 1.36A
initial —, 1.74
regular —, I1.11E ff
terminal —, 1.74
Pole, V.17C
harmonic —, V.17C
Polygon, 1.434
Polyhedron, I.254 ff
bordered —, 1.26A; 1.27C
closed —, 1.25A
dual —, 1.31A
equivalent —s, 1.28B

INDEX

infinite —, 1.29A ff; 1.30A ff
open —, 1.29A ; 1.30A ff; 1.44A ff
subdivision of a —, 1.20A ff
Positive
— direction of the border, 1.13E
— sense, 1.9C
Potential (cf.
IV.224 ff
Principal
— class, V.264
— divisor, V.264
— functions py, p1, 111.94
— operator Lo, II11.54 ; TI1.8C
— operator Ly, II1.5B; 111.8C
-- oporator (P)Ly, I111.5B; I11.8C
Principle
argument —, I.16E
Dirichlet’s —, V. §2, introduction
Harnack’s —, I1.9A ff
maximum —, I1.6C; III.2E; IV.6D
reflection —, 11.6D
Product
— of arcs, 1.9A
exterior —, V.1D
— of homotopy classes, I1.9D
inner —, V.4C
topological —, I.2E
Projection, 1.14C
Projective plane, 1.43D
Properly discontinuous, I1.4C
Pure differential, V.3C

logarithmic potential),

Quasi-bounded  harmonic
1V.8B

Quasi-rational function, V.22B

Quotient topology, I.2F

function,

Radial slit mapping (cf. Fy), I11.13B
Ramified
— covering surfaces, 1.20B
— covering surface of the sphere,
IV.20A
Range, 1.64
Rank, 1.244
Rational function, V.254 ff
order of & — —, V.254
quasi — —, V.22B
Reduction
vertex —, 1.41C
Refinement
— of & oell complex, 1.39D
— of a triangulation, 1.284
Reflection principle, 11.6D
Region, 1.3B
canonical (regular) —, 1.354
closed —, 1.3B



INDEX

Region—oontinued
complete —, 1.21C
Jordan —, 1.8E
regular —, 1.13G; 11.3B
Regular
canonical — region, 1.364
— continuous mapping, I.114
— covering surface, 1.14D; 1.17A ff;
L1SAff; I.21A &
— covering surface (in prevailing
terminology), 1.19B
— pertition, 1.38D ff
— point, I1.11E ff
— region, 1.13G; I1.3B
Regularly imbedded, I.13F ff
Relative
— boundary of a relative cyocle,
1.274
— chain, 1.274
— cycle, 1.274
— homology group, 1.274 ff
infinite — cycle, 1.324
— singular homology, 1.35A ff
— topology, 1.2D
Relatively
— closed, I.2D
— compact, I.4D
— hyperbolic, IV.9B
— open, 1.2D
— parabolio, IV.9B
Relativization, 1.2D
Removable singularity
— — for class AB, IV.4C
— — for class AD, IV.4B
Reparametrization, 1.7B; 1.9C ff
Reproducing
— differential (o(y)), V.12B; V.20A
— kernel, V.18D
Residue, V.194
Riemann
—'s bilinear relation, V.23B
— mapping theorem, III.11E;III.16D
—-Roch’s theorem, V.274 ff
— sphere, I1.1G
Riemann surface, 11.1E
bordered — —, 11.34
conjugate — —, I1.3E
— — a8 & covering surface, I1.4A ff
— — without orientation, I1.1E
Riemannian metric, 11.5B
Rigidly imbedded, IV.2D

o(y) (reproducing differential), V.I2B;
V.20A
Schlicht (=univalent), IV.23A

Schottky
— oovering surface, IV.19E
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covering surface of — type, IV.19E
— differential (of. I's), V.14B; V.14D
Schwarz'’s inequality, V.4C
Second

differential of — kind, V.18A ff
integral of a — order differential,
V.2B; V.2E
— order differential, V.1D
Selection lemma, IV.21D
Semicontinuous
lower —, IV.12B; IV.21B
upper —, I1.104
Semiexact differential (cf. I'Y), V.5B;
V.20D
Sense
—-preserving, I.11D
—reversing, I.11D
Separate, 1.4¢
Separating (of.
Sheets
number of —, I.21B
Side of a cell complex, I.398
Simple subdivision, 1.284
Simplex, 1.224
barycentric subdivision of a —,
1.28D
border —, I1.22H
dimension of & —, 1.224
ordered —, I1.234
singular —, I1.334 ff
Simplicial
— approximation, 1.34A ff
— subdivision, 1.284
Simply connected, 1.9G; I.16A ff
Singular
— chain, 1.334
— cycle, 1.33B
— differential, V.17A ff
— dividing oyecle, 1.354
— harmonic function, IV.8B
— homology group, 1.33B ff;
1.34A ff
relative — homology, 1.35A ff
— simplex, 1.334 ff
Singularity
analytic —, V.17B
harmonic —, V.17B
removable — for class AB, IV.4C
removable — for class AD, IV.4B
8lit
circular — disk, IIT.16D
circular — region, I11.13B
horizontal — region, IIL.11C
radial — region, II1.13B
— region with slits parallel to direc:
tion @, IIL.11F
Smooth covering surface, I.144 ff

parating), 1.36 B




382 INDEX

Space r(c), V.19D
Euclidean —, I.1E; 1.10A Terminal point, 1.74
Hausdorff —, I.74 Topological
Hilbert —, V.7B — equivalence, 1.6D
linear —, I11.14 — mapping, 1.6D

normed —, V.74

topological —, 1.14

vector — , I11.14
Span, I11.12F ; 1V.2C
Sphere

Riemann —, I1.1G
Star, 1.26D ff

barycentric —, 1.28D

open —, 1.28D

— of & vertex, 1.28D
Stronger ocovering surface, I.184
Strongly homologous, 1.324
Structure

basis for & — of class ¥, I1.1F

— of class C!, II.2D

— of class ¥, I1.1D

conformal —, II.1E ; I1.5D
Structure class

——VY, I11.1C

extended — —, I1.2D
Subcomplex, 1.274
Subdivision

baryocentric — of a complex, 1.28D ff

barycentric — of a simplex, 1.28D

elementary - , 1.284 ; 1.39D

— of a polyhedron, 1.29A ff

simple ——, 1.284

simplicial — of a cell complex, I.39F

— of a triangulation, I.29A
Subharmonic function,

I1.10G ff; IV.8A

Submanifold

analytic —, 11.3B

1-dimensional —, I.13F
Subspace (cf. linear subspace), I11.1B
Sum

direct —, V.7B

— of topological spaces, I.2E

vector —, V.7F
Superharmeonio function, I1.104
Support, V.64
Surface, 1.8D

bordered —, 1.13B

closed —, I.8D

elliptio —, IV.6A

hyperbolic —, IV.6A

open —, 1.8D

parabolic —, IV.6A

Riemann —, I1.1E
Symmetric, 1.13H
System of generators of an Abelian group,

1.244

11.104;

— product, I.2E
— property, 1.6G

— space, 1.14
sum of — spaces, I.2E
Topology

discrete —, 1.1D
quotient —, I.2F
relative —, 1.2D
weaker —, I.1D
Torsion group, 1.24D; 1.26A
Total mass, IV.214
Totally
— disoonnected, 1.3D; 1.4G
— ordered, 1.37B
Triangle inequality, V.4C
Triangulation, 1.22A ; 1.22C ff
— of bounded distortion, IV.184 ff
refinement of & —, 1.284
subdivision of a —, 1.28A

Uniformization theorem, I11.11G

Unit elament of homotopy class, I.9D
Univalent, IV.234

Universal covering surface, .18C; I1.4H
Upper semicontinuous, II.104

U.s.c. (= upper semicontinuous), I1.704

Vanish along & curve, V.54
Vector
— space '(=lnear space), 111.14
— sum, V.7F
Vertex, 1.224
border —, 1.22H; 1.39C
inner —, 1.39C *
— reduoction, I1.41C
star of & —, 1.28D

Weak homology group, 1.324
Weaker topology, 1.1D
‘Weierstrass
analytic function in —'s sense, I1.16F
Bolzano-— theorem, I.5E
—'s gap theorem, V.28C
— point, V.28D
Welding, 11.3D
Weyl’s lemma, V.9B ff
Winding number (=index), 1.10C ff

Zorn’s lemma, 1.37B



	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115
	0116
	0117
	0118
	0119
	0120
	0121
	0122
	0123
	0124
	0125
	0126
	0127
	0128
	0129
	0130
	0131
	0132
	0133
	0134
	0135
	0136
	0137
	0138
	0139
	0140
	0141
	0142
	0143
	0144
	0145
	0146
	0147
	0148
	0149
	0150
	0151
	0152
	0153
	0154
	0155
	0156
	0157
	0158
	0159
	0160
	0161
	0162
	0163
	0164
	0165
	0166
	0167
	0168
	0169
	0170
	0171
	0172
	0173
	0174
	0175
	0176
	0177
	0178
	0179
	0180
	0181
	0182
	0183
	0184
	0185
	0186
	0187
	0188
	0189
	0190
	0191
	0192
	0193
	0194
	0195
	0196
	0197
	0198
	0199
	0200
	0201
	0202
	0203
	0204
	0205
	0206
	0207
	0208
	0209
	0210
	0211
	0212
	0213
	0214
	0215
	0216
	0217
	0218
	0219
	0220
	0221
	0222
	0223
	0224
	0225
	0226
	0227
	0228
	0229
	0230
	0231
	0232
	0233
	0234
	0235
	0236
	0237
	0238
	0239
	0240
	0241
	0242
	0243
	0244
	0245
	0246
	0247
	0248
	0249
	0250
	0251
	0252
	0253
	0254
	0255
	0256
	0257
	0258
	0259
	0260
	0261
	0262
	0263
	0264
	0265
	0266
	0267
	0268
	0269
	0270
	0271
	0272
	0273
	0274
	0275
	0276
	0277
	0278
	0279
	0280
	0281
	0282
	0283
	0284
	0285
	0286
	0287
	0288
	0289
	0290
	0291
	0292
	0293
	0294
	0295
	0296
	0297
	0298
	0299
	0300
	0301
	0302
	0303
	0304
	0305
	0306
	0307
	0308
	0309
	0310
	0311
	0312
	0313
	0314
	0315
	0316
	0317
	0318
	0319
	0320
	0321
	0322
	0323
	0324
	0325
	0326
	0327
	0328
	0329
	0330
	0331
	0332
	0333
	0334
	0335
	0336
	0337
	0338
	0339
	0340
	0341
	0342
	0343
	0344
	0345
	0346
	0347
	0348
	0349
	0350
	0351
	0352
	0353
	0354
	0355
	0356
	0357
	0358
	0359
	0360
	0361
	0362
	0363
	0364
	0365
	0366
	0367
	0368
	0369
	0370
	0371
	0372
	0373
	0374
	0375
	0376
	0377
	0378
	0379
	0380
	0381
	0382
	0383
	0384
	0385
	0386
	0387

