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La théorie des familles normales de fonctions doit étre considérée comme
l'une des découvertes les plus belles, et les plus importantes par sa fécondité,
de cette premiére moitié du siecle.

Henri Milloux
Selecta — 1947




viit Preface

property: every bounded infinite set of points has a point of accumulation.
With regard to families of functions, this idea was nurtured along by the
work of three Ttalians — Ascoli, Arzeld, and Vitali — around the turn of the
century. A family of continuous functions was compact if and only if it was
equicontinuous and uniformly bounded. These concepts were exploited by
Arzeld in an attempt to prove the Dirichlet principle, which was finally, in
1900, given a rigorous justification by Hilbert, who also used the notion of
compactness. The term compact was introduced by Fréchet in 1904. Three
years later, inspired by this circle of ideas, Montel initiated his study of a
normal family of analytic functions and proved the first of many sufficient
conditions he was to give over the next twenty years, that of local bound-
edness. Montel subsequently discovered the important connection between
normal families and the celebrated theorems of Picard, Schottky, and Lan-
dau. In a series of long papers, culminating in his monumental work of
1927, he firmly established the theory of normal families and elucidated its
many widespread applications.

One very significant application was made three decades later by Lehto
and Virtanen [1957a], following on from the work initiated by Noshiro
[1938]. This was the study of the boundary behaviour of normal functions,
the condition of normality being exactly the requirement needed in order
to extend the Lindel6f property to meromorphic functions. The importance
of this class of functions had, in fact, been anticipated by Hayman [1955]
in his investigation of normal invariant families.

The new notion of normal families early on became inextricably linked
to the study of iterations of complex mappings, initially undertaken by
Julia [1918] and Fatou {1919, 1920]: the Julia set is just the set of points
at which the family of iterations is not normal, and the Fatou set is its
complement. One of the ironies of the subject of normal families is that
the study of Julia sets, having lain dormant for several decades, has once
again attracted renewed interest because of their importance in the study
of dynamical systems. Plus ¢ca change, plus c’est la méme chose! Moreover,
although it was known from Fatou and Julia’s early work that for rational
functions the Julia set coincided with the closure of the set of repelling
fixed points, it was only in 1968 that Baker established the corresponding
result for entire functions. His proof, presented in Chapter 5, embraces once
again the Ahlfors theory of covering surfaces and provides a further link
between this beautiful theory and that of normal families.

Naturally, in a book of this type certain compromises have to be made.
Various theorems are sometimes merely stated, often because their proofs
are of considerable length and engender the use of numerous highly techni-
cal lemmas. This is particularly true of theorems involving the Nevanlinna
theory, where lengthy inequalities are frequently encountered, with near-
ly every term requiring a further delicate estimate. Therefore, a middle
course has been attempted by giving proofs of a substantial core of work,
with indications as to generalizations and related results.
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A book on the subject of normal families more than sixty years after the
publication of Montel’s treatise Legons sur les familles normales de fonc-
tions analytiques et leurs applications is certainly long overdue. But, in a
sense, it is almost premature, as so much contemporary work is still being
produced. To misquote Dickens, this is the best of times, this is the worst
of times. The intervening years have seen developments on a broad front,
many of which are taken up in this volume. A unified treatment of the
classical theory is also presented, with some attempt made to preserve its
classical flavour,

Since its inception early this century the notion of a normal family has
played a central role in the development of complex function theory. In
fact, it is a concept lying at the very heart of the subject, weaving a line of
thought through Picard’s theorems, Schottky’s theorem, and the Riemann
mapping theorem, to many modern results on meromorphic functions via
the Bloch principle. It is this latter that has provided considerable impetus
over the years to the study of normal families, and continues to serve as a
guiding hand to future work. Basically, it asserts that a family of analytic
(meromorphic) functions defined by a particular property, P, is likely to
be a normal family if an entire (meromorphic in C) function possessing P
reduces to a constant.

An illustration of the Bloch principle, stemming from the little Picard
theorem, is the fundamental theorem of normal families, namely the Critére
fondamental of Montel: a family of analytic (meromorphic) functions that
omit two (three) particular values is normal. This theorem is presented
from five differing points of view, which typify the main currents of thought
within the subject. Firstly, there is the classical proof of Montel [1912] uti-
lizing the elliptic modular function and intertwined with the ideas of Picard
and Schottky; indeed, Schottky’s theorem provides us with a second proof.
A third proof (Chapter 3) is derived from the Ahlfors theory covering sur-
faces and the notion of an invariant normal family due to Hayman. Another
proof, in Chapter 4, by Drasin [1969] employs the Nevanlinna theory, which
has proved so indispensable in modern function theory and is the language
in which much of the contemporary work on normal families is written. Fi-
nally, we present an elegantly simple proof based on the Robinson-Zalcman
formalization of the Bloch principle (Robinson [1973], Zalcman [1975]).

The seeds for the notion of a normal family lie in the Bolzano-Weierstrass
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For reasons of length, the subject matter has been restricted to the study
of normal families of analytic and meromorphic functions. Topics omitted
include normal family complexes, normal families of quasi-conformal map-
pings, quasi-regular mappings, and functions of real variables and of sever-
al complex variables, amongst others. These await a sequel to the present
volume. However, the book does contain some of the most beautiful math-
ematics of this century. I hope that I have done it justice.

Of course, I owe a great debt of gratitude to the many individuals who
have assisted me with this work over the years. I would first like to mention
that it was Tony Holland, who shortly before he died gave me the idea to
write this book. Parts of early versions of the manuscript were read by
graduate students Matthew Bell, Simon Marchant, Geoff Pritchard, and
Paul Taylor. Parts of the final version were read by Professors Jim Clunie,
David Drasin, Walter Hayman, Norman Levenson, Yang Lo, Gaven Mar-
tin, and Lawrence Zalcman. All of them made valuable suggestions and
contributions which considerably improved the text. In particular, the un-
stinting assistance of Professor Walter Hayman at every stage made me
realise that he is not only a brilliant mathematician but a great human
being as well. I am also grateful for the numerous obscure references from
the British Library that were furnished by Dr. Nick Dudley Ward. Part of
this work was written while on sabbatical leave at the University of York
during 1989, where I was taken in and treated like one of the staff. The
typing has been patiently and expertly done by Lois Kennedy and Betty
Fong. Thanks are also due to Dr. Colin Fox, who produced Figures 5.1 and
5.2, and to Bernadette Wehr of Springer-Verlag for her generous support.

Finally, I would like to thank my wife, Christine, and daughter, Averil,
for their support and understanding. To my son, Aaron, I give a special
thanks for his expert technical assistance. Perhaps now we can return to
being a normal family again.
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1

Preliminaries

In this chapter we present notational conventions and some standard re-
sults which commonly feature in the text. Some elementary knowledge of
complex variable theory and topology is assumed.

1.1 Basic Notation

: integers.

: natural numbers 1,2,3...

: real numbers.

: complex plane |z] < oo.

: extended complex plane, € U{co}, identified with the Riemann sphere,

X.

H, : upper half-plane.

H_. : lower half-plane.

U : open unit disk |z| < 1.

D(zo;7) : an open disk about zp € € ;{z : |z — 2| <7}, r > 0.

D’(2p;7) : a deleted (punctured) disk about zg; D(zo;7) — {z0}-

K(z0;7) : a closed disk about zp;{z: |2 — 2| <7}, 7> 0.

Q : a domain (connected open set) in €. In some specified instances, the

domain will be located on the Riemann sphere.

{fn} : a sequence of functions, i.e., an ordered countably infinite collection
of distinct functions. Throughout the text, the range of an otherwise
unspecified sequence { f,} is taken lie in € or on X, and the context
will make it clear which one is appropriate.

A,B,C,... : constants. The same letter is frequently used for different

constant values, when no confusion arises.

eass N

E, EY,0F,E', E : the closure, interior, boundary, complement, cardinality,

of a set E.
Additional terms are defined throughout the text. Good general refer-

ences for much of the elementary material to follow can be found in Ahlfors
[1979], Behnke and Sommer [1965], Hille [1962, Vols. I, IT], and Palka [1991].
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1.2 Spherical and Hyperbolic Metrics

The Spherical Metric. Consider in R?® the sphere & : 22 + 3 +
(:1:3 - %)2 = %. Then the zzo-plane is tangent to X at (0,0,0), and
N = (0,0,1) is the north pole. A line from N to a point z in the (complex)
z1To-plane intersects the sphere at a point P (a1,B1,71). This sets up a
one-to-one correspondence z; < Py between the points of € and ¥ — {N}.
Associating N with oo, we extend the correspondence to one between X
and € = € U {oo} (cf. Figure 1.1). We call 3 the Riemann sphere, C the
extended complez plane, and the correspondence a stereographic progection.
This mapping is conformal (i.e., angle-preserving), and so the correspond-
ing conformal geometries are the same. The identification of € with 3
allows us to use them interchangeably.

X1

Figure 1.1

Let z; and 23 be the two points in € corresponding to P; and P,

respectively, on . If P; = (e, 55, 7:), ¢ = 1,2, then the Euclidean distance
between P; and Ps is given by

b

1Py — Po] = [(e1 — a2)® + (B — B2)* + (11 — v2)?]

We denote |P1 — Ps| by x(21,%2), the chordal distance between z; and zo.
It can be shown that if z; and zy are in the finite plane, then

X(zl Z2) _ |z1 - Zgl
VI+]zPy/1+ ]z

and if zo = 00, then

1
x(z1,00) =

= —-immm—l_wl?—— I_lg.

e SRR

-
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1.2. Spherical and Hyperbolic Metrics 3

Clearly, x(21,22) < 1,

1 1 — )
X 21,32 = x\21,22),

and if {z] < |z2| < oo, then x(0,21) < x(0,22). It is also true that x(-,-)
is a metric on €, with x(z1, 22) < |21 — 22| in €. The virtue of the chordal
metric is that it allows z = 0o to be treated like any other point.

The spherical arc length element ds on the Riemann sphere ¥ works out
to be

ds = |dz| ]
1+ 2|2
and the spherical area element dA is given by
dx dy .

The spherical length
dz|
)= [ 1ZL
5 1+ ]2)?

of a curve v on X induces a metric in the following manner. Given distinct
points 23, zy on the Riemann sphere, define

o (21, 22) = inf{L(7)},

where the infimum is taken over all differentiable curves on £ which join
z; with z9. Then o(z,22) is the euclidean length of the shortest arc of
the great circle on X joining 27 and z; and defines a metric on the sphere
known as the spherical metric. Indeed, x(21,22) < (21, 22) < Fx(21,22),
so that the two metrics are uniformly equivalent and generate the same
open sets on 3. Thus, from a topological point of view, the metrics v and
o can be treated as one and the same.

Definition 1.2.1 A sequence of functions {f,} converges spherically
uniformly to f on a set E C € if, for any € > 0, there is a number
ng such that n > ng implies

X(f(z): fn('z)) <g,
for all z € E.

Note that if {f,} converges uniformly to f on E, then it also converges
spherically uniformly to f on E. The converse holds if the limit function is
bounded.

Theorem 1.2.2 If the sequence {f,} converges spherically uniformly to a
bounded function f on E, then {fn,} converges uniformly to f on E.
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Proof. Suppose |f(z)| < M on E. Then

X(O3f(z)) < X(O:M) = % <1

Choose € < 1 — Jl_ﬂ_%f Then there exists a positive integer ng such that

n > ng implies

x(f(2), fal2)) <&,

so that
&
2 ~ X0 () <xO.5@) + X, 1)
< % +e=m<1.
We deduce that m
|fal2)] < g = M,

for all n > ngy. Hence
11(2) — fal2)] = VITIFEORVI+IFEE x(f(2), f(2)
< Vi+M2J1+ME-X(£(2), fn(2),

n > ng. The uniform convergence then follows from this latter inequality.

As to the notion of continuity with respect to the chordal metric, we
have

Definition 1.2.3 A function f is spherically continuous af a point
2o € € if, given € > 0, there exzists 6 >0 such that

X(f(z): f(z())) <¢g,
whenever |z — Zo} < 6.
In the case of meromorphic functions this leads to:

Proposition 1.2.4 If f(z) is meromorphic in a domain Q, then f is spher-
ically continuous in €.

Proof. If f(z) is analytic at 29 € (2, then it is spherically continuous there

since
x(£(2), f(#0)) < |f(2) — f(20)}.

If g is a pole, then _f(%)_ is continuous at zg, and noting that

x(f(z), f(z0)) = x(}%j, ﬁ}io_)) ,

the result follows as in the preceding case.
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1.2. Spherical and Hyperbolic Metrics 5
Let f(z) be meromorphic on a domain Q. If z € Q is not a pole, the
derivative in the spherical metric, called the spherical derivative, is given

by

o) = i WELFE)

S e =7
_ o M@-re 1
= = IHFEP VI TGP
7(2)
T+fGP

If { is a pole of f(z), define

b — i L
O = Im P

#
Thus f#(z) is continuous, and one can verify that f#(2) = (f—(lgj) Iy

is a differentiable arc or curve in 2, then the image of v on the Riemann
sphere has arc length element ds = f#(z)|dz|, and its spherical length is

given by |
[ #@leal.
¥

In particular, if f(z) is meromorphic in |z| < r, denote

2w | pr L6
_ 0, _ |[f'(re)|rdg
) = [ srew= LRGSR o
_ | (2)]? dz dy
S(ry = [z|<r A+ [F2)]2)?

_ 1 "I (pew)lzpdpdG
- fe 0 (1.2)

(1+f(pe®))*’

i.e., L(r) = the length of the image of the circle {z : |2] = r} on the
Rlemann sphere; S(r) = = area of the image of the disk {z : 2| < r} on
the Riemann sphere, determlned with regard for multiplicity.

The Hyperbolic Metric. We turn our attention now to the open unit
disk U. Define the hyperbolic arc length element by

|dz|

de = ——
*T IR
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in contrast with the arc length element ds = |dz]/(1+|#|*) we encountered
with the spherical metric. If v, parametrized by z(t) : la, b — U, is a
differentiable arc or curve in U, then for z = z(t), |d2| = [2(£)|d, the
hyperbolic length of v is given by

b
|2'(t)| dt
A7) = f de = f ZWldt
=] %= ], i-RmP
Next, let w = ¢(z) be a one-to-one conformal mapping of U onto itself. By
virtue of the Schwarz-Pick Lemma (cf., e.g., Goluzin [1969], p. 332),

[
¢y L~ lwl> = Jy 1= 2|2

that is, }\(qﬁ(fy)) < A(y). A second application of Schwarz-Pick to ¢! gives
A7) < A(¢(7)), which shows that ¢ is length-preserving.

Let us compute the hyperbolic length of the straight-line segment £ con-
necting 0 with 7, 0 < r < 1. Indeed

)‘(E):f dt 1y Lr
0

1—£2 2 °1—r

This is significant as £ is a geodesic, i.e., a curve of minimum hyperbolic
length between 0 and r. To verify this, let v be an arbitrary differentiable
arc joining 0 and r, parametrized by 2(t) = z(t) + iy(t), 0 < ¢t < r. Then

T ()] dt Todt)dt 1, 1471
0= [ 150p 2, Toor ~ 3=, T

whence the assertion. Note that the inequality is strict unless y(t) = 0, so
that the geodesic £ is unique.

This fact can then be used to determine the geodesic joining any two
points a, b € U. Let F be a Mdbius transformation mapping U onto U
such that F(a) = 0, F(b) = r. The geodesic connecting a and b is the
inverse image of the line segment £ connecting 0 and r, since F' is length-
preserving. This inverse transformation takes circles into circles, regarding
a straight line as a special case of a circle. Furthermore, since the mapping
is conformal and the line segment £ connecting 0 and r is orthogonal to
|z| = 1, so is the geodesic joining a and b. Hence the geodesic between a
and b is a circular arc joining them, which, if extended, meets the circle
|z| = 1 orthogonally.

The preceding considerations provide a model for noneuclidean geometry,
but this aspect will not be pursued here (cf. Beardon [1983], Chapter 7).

Define

zZ—Z1

¢(z) =

1 -—“2"121
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1.2. Spherical and Hyperbolic Metrics 7

Then ¢ is a Mébius transformation which satisfies ¢(21) = 0, with |¢(z,)|
=7, 0<r <1, for fixed 21, 22 € U. If 7y is the geodesic joining z; and 2o,
then

1 I+7r
M) = A$(1)) = 5 log .

But

21— 29

1- 312,'2

r=[p(z2)| =

3

which leads to

ZJ ]
1—-z122

14
Aly) = log1

L1 —Z2
1—..—2“1 Fa)

= p(z1,22).

It is evident that p(z1, 22), being the length of the geodesic joining 2 and
z2, is a metric, called the hyperbolic metric.

A hyperbolic disk, with hyperbolic centre zy and hyperbolic radius r is
defined by

D(zp;7) = {2z € U : p(zp,2) < 7}

Then 2 € D(zy;r) entails
e — 1
— 827‘ 4 1

Z—2p

— = tanh r < 1,
1—Zyz

which describes a euclidean disk in U whose centre differs from zg.

1.3 Normal Convergence

The prime mode of convergence in the theory of normal families is given
by ' ,

Definition 1.3.1 A sequence of functions { f,} converges (spherically)
uniformly on compact subsets of a domain Q to a function f(2) if, for
any compact subset K C Q and € > 0, there exists a number ng = no(K, £)
such that n > ng implies

1Fn(2) = F2)l <&, (x(fal2), F(2)) < &),
foralze K.

When a sequence converges uniformly or spherically uniformly on com-
pact subsets of a domain 2, we say the sequence converges normally in Q
when no confusion arises.
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On the vector space A(Q) of all analytic functions on the domain €2,
there is a metric defined by
d(fag) = Z '"E"L'Inf(ia Seuf? ’f(z) - Q(z)l); f&g € A(Q)a
prm=] ® v
(cf., e.g., Cartan [1963], p. 146). Here {K,} is an ezhaustion by compact
subsets of €,i.e., K, CQ, K, C K, .1, and for any compact subset K C €,
K C K, for some v. Thus we have

Theorem 1.3.2 Uniform convergence on compact subsets of a domain Q
is equivalent to convergence in the metric d.

Proof. Suppose that d(fn,f) = 0 as n — oo. Let K C Q be compact and
K, a member of the exhaustion such that K, 2 K. For 0 < ¢ < 1, choose
6 > 0 satisfying § - 2# < e.

Then for some nyg,

i:: 2—11} inf (1, sup |ful2) = F(2)]) < 6

for n > ng. Hence

inf(1) sup Ifn(z) - f(z)l) <g n2Zng,

zeK,

and we conclude that sup,cx |fr(2) — f(2)] < €, as desired. On the other
hand, suppose that f, — f uniformly on compact subsets of {2, and let
{K,} be an exhaustion of . Since for any n € IN, the terms of

Z—lnf (1, zsél}}:) | fal(2) = F(2)])

r=1

are dominated by 2%, the Weierstrass M-Test imples there exists vy € IN
(independent of n) such that

=1 €

D> 5 inf (1, sup |fu(2) = £(2)]) < 5.

v=uvg ZEKy

Moreover, there exists ng € IN such that n > ng implies

1/01

> oo sup () — £(2)]) <

v=1 z€ K,

BO| v

Therefore, n > ng gives d(f,, f)} < € and the proof is complete.

It follows that the topology on A(£}) induced by uniform convergence on
compact subsets is defined by the metric d. If f,, — f uniformly on each

closed disk K C €, then we say that {f,} converges locally uniformly to f

in 2. Using the Heine-Borel Theorem, local uniform convergence is easily
seen to be equivalent to uniform convergence on compact subsets.
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1.4 Some Classical Theorems

The next four classical results of Weierstrass, Hurwitz, and Schwarz find
frequent application throughout the text.

Weierstrass Theorem Let {fn} be a sequence of analytic functions on a
domain § which converges uniformly on compact subsets of €2 to a function
f. Then f is analytic in 2, and the sequence of derivatives { f,ﬂ’“) } converges
uniformly on compact subsets to f&) k= 1,2,3....

Proof. For an arbitrary z, € 2, choose a disk D(zp;7) C Q, and write
Cr={2:|2— 20| =r}. For any € > 0, the hypothesis implies there exists
no € IN such that if n > ng,

;g :
29
i
g
§§ .
o
3
f
2

152 (C) = F(Q)l <&
for all ¢ € C,. Next, define

Fr(z) = ’“!/ AOLS k=0,1,2,...,

omi Jo (€ — 2)bH1

for z € D(20; §). Then for n > n,,

B =501 < g [ O R,

.f;:
-
o
E
z}:.
-
|

i

.

- ¢ = 2]+
kle2k+1
rk
1 that is, f® (2) — Fi(z) uniformly on D(20;%), k = 0,1,2,... . For

k=0, fu(2) = f(z) and fo(z) — Fy(z) give f(2) = Fy(z), which is an
analytic function in D (20; ). As 2 was arbitrary, f(z) is analytic in 0.
Then f,gk) — f&) uniformly on D (zo; g-), and the obvious compactness
argument establishes the theorem. ’

Hurwitz Theorem [Let {fn} be a sequence of analytic functions on q
domain Q which converges uniformly on compact subsets of  to a non-
constant analytic function f(z). If f(z) = 0 Jor some 2y € Q, then for
each v > 0 sufficiently small, there ezists an N — N(r), such that for all
n >N, fo(2) has the same number of zeros in D(zo;7) as does f(z). (The
zeros are counted according to multiplicity).

Proof. Take a disk D(2;7) to be so small that f(z) does not vanish in
A0 Kz ) except at zg. Then for some m > 0, |f(2)| > mon |z — 25| =1 by
the continuity of f. As £, — J uniformly on |z — zy| = r, we have

fnl2) = fE) <m <|f(2)], |~ 2|=m,
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for all n sufficiently large. The conclusion follows by virtue of Rouché’s

theorem.
A complex-valued function which is one-to-one, that is, if z; # 23, then
f(z1) # f(22), is termed univalent.

Corollary 1.4.1 If {fn} is a sequence of univalent analytic functions in
a domain ) which converge uniformly on compact subsets of Q to a non-
constant analytic function f, then f is univalent in 2.

Proof . Suppose that f(z1) = f(22) for some 25 € §). Consider the functions

9n(2) = fu(2) — fulz1), n=1,2,3,... .

The limit function g(z) = f(z) — f(2z1) vanishes at z2 so that by the theo-
rem, g,(z) has a zero in a neighbourhood of z9, for all n sufficiently large.
However, as each f, is univalent, g,(2) only vanishes at z;, and this con-
tradiction proves the corollary.

Schwarz Lemma Let f(z) be analytic in U with f(0) = 0, |f(2)] < 1.
Then |f(2)| < |2| for all z € U, and |§(0)] < 1. If |f(20)| = |20| for some
zg € U, then f(z) = cz, where ¢ is a constant of modulus 1.

Proof . Because f(0) = 0, we can write f(z) = zg¢(z), for some g{z) analytic
in U. On the circle |z| =7, 0 <7 < 1, we have

o)) = |12

1
S":
P

so that by the Maximum Modulus Principle, |g(z)] < £ in |z| < r. By
letting r tend to 1, we obtain {g(z)| < 1, for all z € U, as desired. Moreover,
|#/(0)| = |¢(0)] < 1. Finally, if |g(2p)] = 1 for some 25 € U, then again by
the Maximum Principle, g(z) = ¢, where |¢| = 1.

The general form of the Schwarz inequality for f(z) analytic in |z| < R
and |f(z)| € M is readily verified to be

7)< Slel

At the very core of Picard’s theorems, the theorems of Landau and
Schottky, as well as Montel’s Fundamental Normality Test (amongst oth-
ers) is an essential result due to Weierstrass known as the Monodromy
Theorem.

Given two overlapping open disks A; and A,, suppose that there are
functions fi(z), f2(2) which are analytic in Ay, As, respectively, and that
fi(2) = fa(z) for all z € Ay N Ay, The pairs (fi(z), A;) are called function
elements, and fa(z) is said to be a direct analytic continuation of f1(2)

Sttt e o
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into Az and vice versa, thereby defining an analytic function in A UA,.
Extending this idea, suppose AB is a closed line segment contained in
the union of a chain of finitely many such disks, A;, i =1,...,n. Further,
assume there are analytic functions fi(z) defined on each A, so that fir1(2)
is the direct continuation of f; (2} to Ajpq. Then any such pair of function
elements in the chain are analytic continuations of each other, engendering
a single-valued analytic function f (z) being defined on U ;A A similar

procedure can be adopted in the case of an arbitrary polygonal path, a
fundamental consequence of which is the

Monodromy Theorem Let Q) be a simply connected domain and fiz
a point zy € . Suppose that Jo(z) is an analytic function defined in a
neighbourhood of 2o, and that fo(z) can be analytically continued along any
polygonal path issuing from zy and lying entirely in Q. Then the aggregate
of all such continuations defines a single-valued analytic function in the
whole of (.

Proof. Note first that the domain € is polygonally connected, that is, any
two points 2o and 2; in  can be connected by a polygonal path lying
wholly in  with end points zp, 2;.

Now, consider a triangle ABC lying entirely in £2, and suppose that fol(2)
is analytic in a neighbourhood of A. Then by the foregoing discussion, f, (2)
can be continued analytically along any line segment AP, for P a point on
BC, thus defining a single-valued analytic function in a neighbourhood of
the segment AP. Within this neighbourhood, determine a triangular path
AP, PP A, with P, P, lying on BC and P interior to the segment P; P (cf.
Figure 1.2). Analytic continuation along this particular triangular path
then leads to a function which coincides with fo(2) in a neighbourhood of
A. By the compactness of the segment BC, there is a covering of it by a fi-
nite number of segments of the form P, P,. It is then deduced that fo(z) can

Figure 1.2
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be analytically continued along the triangular path ABC A, with the result
that the final function coincides with fo(2) at A.

We extend the preceding argument by induction on the number of sides
of the polygon considered. Suppose that we have the desired analytic con-
tinuation along all closed n-gons lying in £2. Given an arbitrary closed
(n + 1)-gon, by constructing an appropriate diagonal spanning the interi-
or of the figure (both of which lie in © by the simple connectivity), it is
thereby reduced to two polygons having at most n sides, and the induction
hypothesis is then applicable.

As a consequence, analytic continuation of fo(z) along any two polygonal
paths joining zp to any 2; in § results in the same final function at 21, and
the theorem is proved.

Connecting zp, z; in Q by two Jordan arcs vi, v2 in €, and considering
polygonal paths approximating them sufficiently closely, shows that the
analytic continuation along v, and ~y; will result in the same function at z;
as above.

1.5 Local Boundedness

There is a generalization of the concept of boundedness of a single function
to that of families of functions which plays a key role in our considerations
of normality.

Definition 1.5.1 A family of functions F is locally bounded on a do-
main Q if, for each zy € Q, there is a positive number M = M(z) and a
neighbourhood D(zg;r) C Q such that [f(2)] < M for all z € D(zp;7) and
all f € F.

That is, F is uniformly bounded in a neighbourhood of each point of
(1. In the literature this property is sometimes referred to as local uniform
boundedness. Since any compact subset K C Q can be covered by a finite
number of such neighbourhoods, it follows that a locally bounded family
F is uniformly bounded on compact subsets of Q.

However, the family

F= {fa(z) =

is locally bounded in U, but not uniformly bounded in U.

z — el

'oze]R}

Theorem 1.5.2 If F is a family of locally bounded analytic functions on
a domain (1, then the family of dertvatives F' = {f' : f € F} form a locally
bounded family in Q.

Proof . For any zg € Q, there is a closed neighbourhood K(zp;7) €  and
a constant M = M(zg) such that [f(z)] < M, z € K(z;7). Then for




T

T

vt S

e
: %

TR e TR

1.5. Local Boundedness 13

z€D(z;%),and ¢ € C, = {2z : |2 — 29| = r}, the Cauchy Formula gives

L[ Ol s

21 Jo, |¢ — 2|2 T

[F(2)] <

for all f/ € F/, so that F' is locally bounded. ¢

The converse of Theorem 1.5.2 is false, as is illustrated by the family of
constants F = {n:n=1,2,3,...}.
However, the following partial converse does hold.

Theorem 1.5.3 Let F be a family of analytic functions on § such that the
family of derivatives F' is locally bounded and suppose that there is some
2o € Q with | f(20)| £ M < oo for all f € F. Then F is locally bounded.

Proof . Taking z € Q) and integrating over a path C C ) from 2p to z yields
FE <17 Gall+ [ 1PN < M+ 43 6O), feF.

The result then follows by considering an analogous inequality in a disk
about the point z and integrating over any straight-line path in the disk.

1.6 Equicontinuity

Another principal notion in the development of normal families, and related
to that of local boundedness, is

Definition 1.6.1 A family F of functions defined on a domain ) is said
to be equicontinuous (spherically equicontinuous) at a point 2’ € Q
if, for each € > 0, there is a 6 = 8(e, 2) > 0 such that

17(2) - f@) <e  (x(f(2). (=) <€),

whenever |z — 2/| < 8, for every f € F. Moreover, F is equicontinuous
(spherically equicontinuous) on a subset E C § if it is equicontinuous
(spherically equicontinuous) at each point of E.

Remark. Note that if £ C Q is compact, then a simple compactness
argument (based on the fact that a continuous function on a compact set
is uniformly continuous) shows that if F is equicontinuous (spherically
equicontinuous) on F, then for each € > 0, there is a § = §(¢, E) > 0 such
that

F@ - f)<e  (df), 1) <e)

whenever z, 2’ € E, |z — 2| < §, for every f € F.
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‘This formulation is sometimes taken as the definition of equicontinu-
ity on an arbitrary set E C Q (cf. Ahlfors [1979], p. 211). For compact
sets then, the two approaches are equivalent. When considering spherical
equicontinuity with Q C €, we replace |z — 2/ | by x(z, 2').

The concept of equicontinuity was originally formulated by Ascoli [1883].

Since
X(£(2), () < I£(2) - £(2")],

we see that equicontinuity implies spherical equicontinuity. Furthermore,
we have (cf. Theorem 2.2.1)

Proposition 1.6.2 If {fn} is a sequence of spherically continuous Sfunc-
trons which converges spherically uniformly to a Junction f on a compact
subset E C C, then f is uniformly spherically continuous on E, and the

P

functions {f.} are spherically equicontinuous on E.

Proof. Given £ > 0
£
X(fn(z)sf(z)) < 'g, z & E,

for n > ny, for some ny € IN. By the (uniform) spherical continuity of f,
on £, in particular f,,,, there exists § — §(e, E) > 0 such that

€
X(fno(z)afng(zl)) < 53
whenever 2,2’ € B, |z — 2/| < 6. Then

X(f(z)a f(z')) < x(f(z), fro (Z)) + X(fno (=), fro (z’)) + X(fno (=), f(z,))
E € ¢
3 + 3 + 3= £,
for [z — 2| < 6, and f is uniformly spherically continuous on E. The
spherical equicontinuity of {7~} results from an application of the triangle
inequality to x(f,.(2), f, (), forn > ng, [2—2 | < 6, and the spherical con-
tinuity of f. Note that the term “spherical(ly)” may be deleted throughout.

In the present context, the relationship between local boundedness and
equicontinuity is the following,

Theorem 1.6.3 A locally bounded family F of analytic functions on a
domain  is equicontinuous on compact subsets of (2.

Proof. By Theorem 1.5.2, F locally bounded implies F/ = {f':feF}is
uniformly bounded on compact subsets of . For a closed disk K C Q we
have [f'(z)| < M forall z € K, f ¢ F', and some constant M. Then for
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any two points z, 2’ € K, integrating over a straight-line path from z to 2’
gives

£) = £ < [ 150Nl < Mz - )

Hence, given € > 0 and choosing 0 < § = §(¢, K) < &,

[f(z) — f(z)| <e

whenever z, 2’ € K, |z — 2/| < §. Therefore F is equicontinuous on K, and
a compactness argument completes the proof.

Note that the preceding proof depended on the functions of the family
being analytic, as does another direct proof of Theorem 1.6.3 using the
Cauchy Integral Formula.

The converse of the preceding theorem is false since the family

F={falz)=2+n:n=1,23,...}

is equicontinuous in U, but not locally bounded.

Another important consequence of local boundedness is demonstrated
in the following weak variant of the Vitali-Porter Theorem; the statement
and proof of the latter are given in Chapter 2. The proof given here is
completely elementary.

Theorem 1.6.4 If{f,} is a locally bounded sequence of analytic functions
on a domain Q such that limy, e fn(z) = f(2) € €, for each z € Q, then
Jfn — [ uniformly on compact subsets of 2 and [ is analytic in Q.

Proof. We again conclude that 7 = {f},} is uniformly bounded on compact
subsets of €2, so that given K a closed disk in £,

|fa(2)] £ M < oo,

forallz€ K, n=1,2,3,.... Lete >0 and for each 2 € K define

Uz={§69:|z—C|<3iM}.

Then U,exU, forms an open cover of K, so there are points z1, 29, ...,
2 € K such that U,, UU,, U...UU,, 2 K. As each z € K belongs to
some U, |2 — z;| < 537 for all such 2. Since {f,,} converges at each z € £,
there exists ng € IN such that n, m > ng implies

|fn(2) = fm(z)] < -‘; 1<i<k.

Then, for n, m > ng, z € K,

|Fn(2) = fn(2)] < [fn(2) = falzi)| + | fr(2:) — fm(20)| + | frml(2:) — Fm(2)],
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1 <4 <k, and the middle term is less than § by the preceding remarks.
To treat the first and third terms on the right, note that for z € U,

7n(2) = fal)] < Mz - 4] < 2,

forn=1,2,3,.... We conclude that [fn(2) = fr(2)] < & for all T, M > ng,
z€K,andso f, — f uniformly on K, giving the analyticity of f. Again,
by a compactness argument, the result follows.

1.7 Elliptic Functions

Elliptic integrals have a long and distinguished history dating back to the
middle of the 18th century, but the investigation of the associated elliptic
functions came more than 100 years later, initially in the works of Gauss,
Abel, and Jacobi. There are two elliptic functions which play an important
role in our discussion of normal families, namely the Weierstrass go-function
and the elliptic modular function. Both of these functions have had a sig-
nificant impact on the development of classical function theory, and the
reader is referred to Segal [1981], Chapter 8, or Hille [1962] Vol. II, Chap-
ter 13, for further details. We begin with a resumé of some basic features
of elliptic functions.

Definition 1.7.1 Let f(z) be meromorphic in ©. We say that f(z) is
doubly periodic, or elliptic, if there are complez numbers w, o' such

that )
Zm(fi) >0,
w

and f(z+w) = f(2), fz+ ') = f(z), for z € €. We call w, o' periods
of f.

If f(2) has periods w, «’, then clearly any linear combination nw - g’ ,
with n, i arbitrary integers, are also periods of f(z). Hence we say that w,
w' are fundamental or primitive periods if all others are integral multiples
of w, w'. However, the pair of fundamental periods w, w' is not unique since
it may be verified that

w1 = aw + b’y wy = cw + du,

where ad — be = +1, is also a pair of fundamental periods.

Given fundamental periods w, w' of f(z), then the points 0, w, ', w+w'
determine a parallelogram. This region, including that part of the bound-
ary from 0 to w and from 0 to o’ » and including 0 but not including w
or ', is called a fundamental parallelogram. All the other congruent par-
allelograms with vertices determined by the points nw + mw’ are called

PR
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pertod parallelograms (cf. Figure 1.3). Note that the complex plane C can
be covered by a tesselation of period parallelograms.

-

//wfj/f/,

/

7 7

il g

Figure 1.3

Thus, the range of values of an elliptic function is completely determined
by its values in a period parallelogram. From this we conclude that an
elliptic function which is analytic in a period parallelogram (that is, without
poles) is constant by Liouville’s theorem.

Definition 1.7.2 The sum of the orders of the poles of an elliptic function
within o period parallelogram is called the order of the function.

The order must be positive if f (%) is nonconstant, and indeed

Theorem 1.7.3 The order of a nonconstant elliptic function f is ot least
2.

Proof. We first show that the sum of the residues of the poles of f in a
period parallelogram is zero. To this end, let II be a period parallelogram;
it may be assumed that there are no poles of f on any of the sides of I, for
otherwise a suitable translation of IT may be considered. Then integrating
over the sides of II in the positive direction gives

§ since the integrals over opposite sides of II cancel each other by periodicity.
! As the integral represents the sum of the residues, the order of f cannot
y be equal to 1 and must be at least 2, as desired.

The order of an elliptic function determines how many times its values
in € are taken. In fact,

Theorem 1.7.4 A nonconstant* function of order n takes every value
in € exactly n times in a period parallelogram I1.

B S, e
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Proof. Given f(z) elliptic, nonconstant, note that the function

f'(z)

o, ac(C

f(z)—a ’
is also elliptic. Letting N denote the number of zeros of f(z) — @ in II
counted according to multiplicity, and P the corresponding total for poles,
we have (since we may again assume no zeros or poles lie on A1)

_ 1 fiiz)
N“—P-—% anf—(z-mdz_O

by the preceding result. Since P — n, the theorem follows.

Weierstrass p-function. If an elliptic function is to have the smallest
possible order of 2, then it can possess either either a double pole with
residue 0, or two simple poles having oppositely signed residues. The first
case leads to the classical elliptic function of Weierstrass, and the second
case to that of Jacobi. We pursue only the former.

Choose w, w' € @ - {0} with _’lm(%) > 0. Then the set of points

w+me', n, mo= 0, +1, +2, ..., can be enumerated as the sequence
0= wy, wy, w, .. Wy --. . We define the Weierstrass p-function as
1 & 1 1
fa— ’ —_— e —_—— e —
S R e B P

It is not difficult to show (cf. Ahlfors [1979], pp. 272-273) that p(z) is
meromorphic in €, having only double poles at the points wg, k =0,1,2, ...

The series (1.3) at point # Wy converges absolutely so that the sum
is independent of the order of its terms, and converges uniformly on any

bounded domain not containing wy,. Observe that ©(z) is an even function
for

I & 1 1
A O

o1& 1 1
= 3 +k§1 “(z _“ (—wk))2 (_&wk)zJ
= p(2)

since {~wy} is identical to the sequence {wy}.
Furthermore, differentiating (1.3) term-by-term yields

o0

-2 2 o 1
p(z)z;gm};m:—zém. (1.4)

O
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Let us show that p is indeed periodic. Reasoning as above, it follows that
P'(z+w)=g'(2) and @'(z+)=0'(2)
Thus, if we integrate the equation p'(z + w) — p’(2) = 0, we obtain
p(z +w) — p(z) = ¢ (constant).

Setting 2 = —% in this equation gives

cmo5) - H-5)

since p(z) is even. We conclude that
Pz +w) = p(z),

and likewise, p(2 + w’) = p(z), that is, p(z) is doubly periodic and mero-

morphic, hence elliptic.
Thus, the numbers wy = nw + mw’ are periods of p(z), and in fact there

are no others. For, if there were any others, then as p(z) has a pole at
z = 0, it would have to have poles at points different from the points wy,
a contradiction. Hence, w, w’ are fundamental periods for p(z,w,w’), and

the Weierstrass g-function is elliptic of order 2.
From (1.4) we see that g'(z) is an odd function, with w, «’ fundamental

periods. In view of the equations

/)=o), o5)-o(5)

due to oddness and periodicity, respectively, we find

(3)-o

' ’
f WY fwtw N
(7)=o(57)=>

Since '(z) has order 3, the points %, “’7’, “"5‘”’ must be simple zeros of p'(z)
by Theorem 1.7.4, and the only zeros in the fundamental parallelogram. We
infer that only at these three points are the roots of p(z) = ¢, ¢ € C, of

multiplicity 2. Write

w w' w -+ w'
p(§)=61, KJE" =€z, 5 = €3.

This leads to an important feature of p(z).

Similarly

Theorem 1.7.5 The equation p(z) = ¢, ¢ € C, has exactly one double
root, for ¢ € {e1, ea,€3,00}, and no multiple roots for any other value of c.
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That the numbers €1, ez, e3 are distinct is clear from the fact that if any
two were the same, that value would be assumed four times, contradicting
(in view of Theorem 1.7.4) the fact that the order of p(z) is 2. If ¢ is a
value distinct from ey, ez, e3, 0o, then p(z) = ¢ has two different simple
roots in the fundamental parallelogram.

Blliptic Modular Function. While this function can be constructed
directly from the quantities e;, ez, e of the Weierstrass p-function (cf., e.g.,
Ahlfors [1979], p. 278), we pursue an alternative, but equivalent, approach.

In the open unit disk U, consider a domain 2y which is the interior
of a regular hyperbolic triangle whose sides are arcs of circles which meet
|2| = 1 orthogonally at the vertices, each of which has zero angle (cf. Figure
1.4). There is a univalent analytic mapping, due to Schwarz, of the upper
half-plane onto {29, and the inverse of this mapping we denote by u(z). The
three boundary arcs of {2y are mapped by y one-to-one continuously onto
the extended real line, and it can be arranged so that the three vertices are
mapped to 0, 1, oo, respectively. We proceed to extend yu to all of U.

First, reflect (¢ in U about each of its sides to obtain the domains ),
{1, 3. Since p(z) assumes real values on the three boundary arcs of Qo,
the Schwarz Reflection Principle permits u(2) to be extended analytically
to (1, {23, 13, mapping each of these regions univalently and analytically
onto Im(¢) < 0. Then u(z) is analytic in ' = Qy U, U, UQs; however,
it is no longer univalent there. The six boundary arcs of £’ are orthogonal
to |2| = 1, forming vertices of zero angle (since reflection is a conformal
mapping) and p is again real on these arcs. Reflecting ;, ¢ = 1,2, 3, across
each of their corresponding sides allows one to extend u(z) into the six
new (shaded) regions (cf. Figure 1.4), each of which maps analytically and
univalently onto the upper half-plane.

Figure 1.4
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Continuing in this fashion, a triangulation of the entire disk U ensues.
Furthermore, x(2) is analytic in U and assumes every value except 0, 1,
oo. For any ¢ = pu(z) in the upper half-plane, z will be in one of the
shaded triangular regions. The action of two consecutive reflections carries
z — 2/, with { = p(z) = p(?’). In other words, u(z) is invariant under
an even number of reflections of the argument. The group consisting of
products of an even number of reflections, as above, is an example of a
triangle group, specifically, the congruence subgroup I‘(2), and u(z) is an
automorphic function with respect to this subgroup of the modular group
(cf. §5.5 for further details). A fundamental region consists of the union of
a shaded and unshaded triangle. The function p(z) is known as the elliptic
modular function although, in general, any automorphism with respect to
a subgroup of the modular group is called a modular function.

The inverse function

v(w) = p~Hw)

is multiple-valued, yet each function element can be analytically contin-
ued along any curve not passing through 0, 1, and co. We distinguish the
principal value of v(w) as the one taken in the quadrilateral ADBC not
including the sides AD and DB.

1.8 Nevanlinna Theory

The theory of the distribution of values of a meromorphic function, devel-
oped by R. Nevanlinna and L. Ahlfors was one of the most outstanding
achievements in function theory this century. Since its development in the
1920s (cf. Nevanlinna [1925, 1970]) the former especially has become an
indispensable tool in the study of normal families. A brief account is pre-
sented here; for a more comprehensive treatment, the reader is referred to
the excellent monograph of Hayman [1964].

The starting point of the theory is the Poisson-Jensen formula which can
be deduced from the Poisson formula given in §5.4.

Theorem 1.8.1 Let f(z) be meromorphic in |2| <1 < oo and have zeros
a1,02,...,an, and poles by, be,..., by in |2| < 7, repeated according to
multzplzczty If f(z) #0, 0 and 2 = pe*, 0 < p < 7, then

27 ) 2_ .2
ag) r(z

+Zlog

i=1

D
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When z = 0, this yields Jensen’s formula

r ! 1 27 ) N " M r
l0g|F(0) = 5 [ Tog|#(re®)|d — Y log T+ log B 09
i=1 i=1

jas] £

. If f(2) has a zero or a pole at z = 0, then both sides of Jensen’s formula are
infinite. However, with a suitable modification of f(z) these two cases lead
to a similar but more cumbersome version of Jensen’s formula. Bearing this
is mind, our analysis in the sequel will be carried out for (1.5) as given and
the terms finite.

Define n(¢,0) and n(t,c0) as the number of zeros and poles in |z| < ¢,
respectively, counted according to multiplicity. If f(z) is as in Theorem
1.8.1 and 4,12, ...,ty are the moduli of the zeros a4, as,...,an, then

5 N N , o \ s
:f i — — = — t
| z-E:I log o izg 1 log S /0 log . dn(t,0)

=

2‘?1' T \ i
_ 7 r { r [T n(t,0)
= [1og tn(t, O)]D /0 n(t,0)dlog 7= fo - dt,

where we have applied integration by parts to the Stieltjes integral. Simi-

J larly,
1 M T
> togrl= [ nt,20) gy
= sl ot
. Denote
. ,,. y
. N(r,f)=N(r,c0) = f n(t, 00 dt = Zlog :
| ot BT LER
| N
1 " n(t,0)
N(r,—) - / 22 gt =3 log
L f 0 t ;1 [as]
i

Then (1.5) becomes

o [ ogltre) ds = g 0) + (1 3) = N, )
It 0 g = log H f 3 .
Setting
log* z = max(log z, 0) (log™ 0 =0),

so that logz = log® 2 — log™ % for z > 0, we then obtain

1 Dar . 2T .
3r ), Tslsrelds = o [Tiogt o)l as

1 2m " 1

“ar Jy % Tferewy] ¥
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If we denote the prozimity function (Schmiegungsfunktion) by

L et
mir, f) = m(r,00) = 3= [ log* |(rei)| a0,

theu (1.5) now reads

i )= m(r, 1) = 10g F O+ ¥, 3 ) = NG, ),

ie.,

m(r, f)+ N(r, f) = m(r, %) +N<r, %) + log | £ (0)].

The characteristic function of f(z) is then given by the quantity

T(‘f‘,f)zm('f',f)“l“N(’f',f).

As a consequence, Jensen’s formula can be written as

T(r, f) = T(«r, -}) T log | F0)]. (16)

At this juncture we reguire some elementary inequalities:

P P
log"'(z :c;c) < Z log™ zy, + logp
k=1

k=1

and
P
log+(a:1 Ty Bp) < Z log™ z.
k=1
These yield for meromorphic functions fi, fa, ..., fp,
P P
S (OWAE) SETHARIE

k=1 k=1

and

p
m(r, fr- fare fo) > mlr, fi).

k=1

Furthermore, the order of a pole at a point zy of the sum or product of the
functions fr(z) is certainly less than or equal to the sum of the orders of
the poles of the fi(2) at 2zg. This leads to

P P )
N(T:ka) < ZN(r:fk)
k=1

k=1
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and

P
N(r,fi-fa- - fp) < > N(r, fr).
k=1

Thus, for the proximity function,
p P
T(?‘,ka) < T(r, fy) +logp
k=1 k=1
and

P
T(Ta fl v f2 Tt fp) < ZT(’T’, fk)
k=1

Whence for a € C,
T(r, f —a) < T(r, f) +log" |a] +log2,

T(r,f) < T(r, f — a) +log* [a] +log2,
implying
[T(r, /) = T(r, £ ~ @)| < log* [a] + log2. a7

Introducing the notation

m(r,a) = m(’r, - a) . N(ra)= N(r, ﬁ) ,

we can establish the

First Fundamental Theorem If f(z) is meromorphic in |z| < R < oo,
then foranya € € and 0 <r < R,

1
f—

where £(r,a) < log™ |a| + log 2.

m{r,a) + N(r,a) = T(r, a) =T(r, ) —log|f(0) — a| + &(r,a),

In fact, Jensen’s formula (1.5) in terms of f — a is

T(r,f —a)=T(r, +1log | £(0) — al.
()

1
f—a
The theorem then follows from an application of (1.7).

Observe that the term N(r,a) is a weighted measure of the density of
the a-points of f(z) in |2| < r, whereas m(r, a) is in some sense an inverse
measure of the mean deviation of f(z) from a on |z| = r. The theorem states
that the sum of these two quantities remains the same up to a bounded
term, specifically

m(r,a) + N(r,a) = T(r, f) + O(1) as 7 — R,

where a can be finite or infinite.
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We shall require a growth estimate of the characteristic function T'(r, f).
When f(z) is analytic, there is the following inequality.

Theorem 1.8.2 Let f(z) be analytic in |2| < R, and define
M, £) = max | 2),

Then

T(r,f) <logt* M(r,§) < }};JFTT(RJ), 0<r<R.

i

Proof. Since N(r, f) =0,

29
T(, ) = mir, ) = - /0 log* |f(re)| dg < log* M(r, f).

Furthermore, if 2 = re® 0 < r < R, and if a1, as, ..., ay denote the zeros
of f(z) in [2] < R, then by Theorem 1.8.1,

1 2 ” R2 — 2
gl = 5 [ loglf(Re) ] R
N
R(Z — az-)
+ =1 ng R2 — _G_,,;Z
1 27 ) R2 _ ,!.2
< = + s
-~ 2% /0 log™ |f(Re )]R2 — 2Rrcos(f — ¢) + r2 d¢
R+r
< mm(R:f) (f(2) #0).
Consequently, .
+7
log* ()| < 22" T(, f),

and the result follows.

Moreover, Cartan [1929] gave the following useful identity for the char-
acteristic function.

B
.

Theorem 1.8.3 If f(z) is meromorphic in |2| < R, then

1 g .
T(r,f) = o ). N(r,e®)dd +logt [f(0)), O<r<R.

From this we conclude (cf. also Nevanlinna [1970], p. 175)

Corollary 1.8.4 T(r, f) is an increasing conver function of logr,
0<r<R.
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This follows from the fact that N(r,e*®) has this growth property.

Ahlfors-Shimizu Characteristic. Another approach to the theory of
meromorphic functions was taken independently by Ahlfors [1929] and
Shimizu [1929]. For a meromorphic function f{z) let S(r) be given by (1.2).
Define the Ahlfors-Shimizu characteristic To(r, f) by

7.0,) = [ Ay,

The relation with the Nevanlinna characteristic T'(r, f) is given by

T(r, £) = To(r, £) ~ log* [fO)]] < 5 log2,

that is, the two characteristic functions differ by a bounded term, and for
this reason are used more or less interchangeably.

Suppose that f(z) is nonconstant meromorphic in €, so that S(r) > 0
for all » > 0. For an arbitrary ro > 0, and r > ro, S(r) > S(ro), implying

To(r, f) :/ 5@) dt > / 5) dt > S(ro)log —1—‘-, (1.8)
0 t 0 t TO
a fortiori -
12'{_111 __q_(ﬂ)_ ~ 0.
Pamb 0 10g'r

We have shown

Theorem 1.8.5 If the characteristic To(r, f} of a function f(z) that is
meromorphic in € satisfies

lim TO(T:f) =0

ity H
r—oo lOgT

then f(z) = constant, in particular, if To(r, f) is bounded for all > 0,
then we conclude f(z) = constant.

On the other hand, for a meromorphic function in {z| < R < oo, the
characteristic may be bounded. These form an important class known as
functions of bounded type (cf. Nevanlinna [1970], Chapter 7; also Theorem
3.6.8, and §2.3 Example 7, for the analytic counterpart).

We next give a basic inequality whose proof can be found in Hayman
[1964], pp. 31-34. It is one formulation of the Second Fundamental Theorem
and plays an important role in Chapter 4.

Fundamental Inequality Let f(z) be a nonconstant meromorphic func-
tion in |z| < r. Suppose that ay,as,...aq, ¢ > 2, are distinct complex
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numbers (# o) satisfying la;—a;| > 8§ >0 for 1 <i<j<gq. If f(0)#0,
o0, and f'(0) # 0, then

m(r, )+ _m(r,a;) < 2T(r, f) = Nu(r) + S(r),

i=1
where
{)<N1(r):N(r,%>+2N(r,f)-~N('r,f’)
and
S(r)mm( f,) ( i f )—qlog %+10g2+10g|f'(0)|
— f—a

The term Ny measures the number of multiple points of f(z), whereas
S(r) plays the role of a negligible error term.

‘We now wish to make some previous definitions more specific. Let f(z) be
meromorphic in |z| < R, denote by n(t, a) the number of roots of f(z)—a =
0in |z| < t, counted according to multiplicity, and let 7i(¢, a) be the number
of distinct roots of f(z) —a = 0in |z| < t. Define

N(r,e) = N(ra,f)= /OT nit, ) —t’n(O,a) dt + n(0,a)logr,

N(re) = N(ra,f)= forﬁ(t’a)_tﬁ(o’“) dt +7(0,a) log -

Note that N(r,a) is the same as before if f(0) # a, whereas if n(0,a) # 0,
then for some sufficiently small ry > 0, n(t,a)—n(0,a) = 0for all t € [0,71].
Then

N(r,a) = / n(tt ) dt + n(0,a)logr;.

1

We write m(ra f) = m(r, OO): N(Ta f) - N(‘T‘, 00): and T(Ta f) - m('r, .f)
+N(r, f) as previously. Then by the First Fundamental Theorem

m(r,a)+ N(r,a) =T(r, f) + O(1), r—R, acC.

Set n(t, f) = n(t,00), and note that if zg is a pole of order p of f(z),
then zg is a pole of order p+ 1 of f'(z). Hence

n(t, f) = n(t, ) +0(t, f)

and

N(Tsf,):N(Taf)_*_N(T:f)'

o3) o))

Likewise
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Let f(2) be meromorphic in |z2{ < R < o0, and assume T'(r, f) — oo
as r — R. Define

_ a = } m(T a) _ N('r a)
6a) = b(e,f)=lm ey =1 Tm 7oy,
C ola 1 N(r,a)
Q@) = O f)=1 L\R T(r, )’
B g N(‘T‘ a) N(T‘, a’)
0(a) = 0(a, f)= 1%1-}2 T(r, f)

These quantities satisfy 0 < ¢(a) < 1, for ¥ = §, ©, 6. The term &(a)
is the deficiency of the value a, and 6(a) is the index of multiplicity or
ramification indez.

Then we have the celebrated

Second Fundamental Theorem The set of values a € C for which
©(a) > 0 is countable, and summing over these values

> (8(a) +6(a)) <> O(a) < 2, (1.9)

o

provided that either R = oo and f(z) # constant, or R < 00 and
i L0

r—R 10g R r

Example 1.8.6 (Picard’s First Theorem) Suppose f(z) is nonconstant
meromorphic in € and f(2) # a € C. Then N(r,a) = 0 and 6(a) = L
By (1.9), since #(a) > 0 there can be at most two omitted values (cf. also
§2.8).

Example 1.8.7 Let f(2) be nonconstant meromorphic in € such that all
the roots of f(2) = a, have multiplicity at least m, > 2. Then

N(r,a,) < miVN(r, a) < -T%T(r, £ +0(1),

which implies ©(a,) > 1 — -=. By (1.9),

Z(l — mi,,) <92, - (110)

and since ©(a,) > %, at most four values a, can exist. The Weierstrass
o-function (§1.7) has exactly four values each of multiplicity two.
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Corollary 1.8.8 Let f(z) be meromorphic in € with the following prop-
erties: (1) all the zeros of f(2) have multiplicity > h, (i) all the poles have
multiplicity > k, (i1) all the zeros of f(z) — 1 have multiplicity > £. If

1 1 1

'E"}"E"FE‘(].,

then f(z) = constant.

For, if f(z) were nonconstant, then

(-9

which would contradict (1.10).

1.9 Ahlfors Theory of Covering Surfaces

A more geometric approach to value distribution theory than the one ex-
pounded by Nevanlinna was introduced by Ahlfors [1935]. The Ahlfors
theory, while having many parallel features in common with the Nevanlin-
na theory, has proved a powerful tool in its own right and has led to such
new insights as the connection between Picard’s theorem and the Euler
characteristic of topology.

To begin with, suppose that f(z) is meromorphic in |z| < r, let D be a
domain on the Riemann sphere, and let I(r, D) denote the area of the image
Ff({lz] < r}) which lies over D (with regard to multiplicity), with Io(D)
denoting the area of D. In this section, all domains on the Riemann sphere
are taken to be Jordan domains each of which is bounded by a sectionally
analytic (s.a.} Jordan curve. An s.a. Jordan curve is a simple closed curve
consisting of a finite union of regular analytic arcs PPy, PoPs, ..., PP,
such that at the points P; (i = 1,...,n) where two arcs meet, they do not

form a cusp (cf. Hayman [1964], p. 126). Setting S(r, D) = %%l, we state
the

First Fundamental Theorem There ezists a constant hy = h1(D) such
that

15(r) — S(r, D] < hy L(r).

Here L(r) is the length of f({|z| = 7}) on = and S(r) = %. area of
f({|z| < r}) on B, with due regard to multiplicity, as given by (1.1) and
(1.2), respectively.

Furthermore, suppose A is a subdomain of |z| < r, with AN {[z] = r}
—= (), which is mapped by f(z) in a p-to-one fashion onto D. Then A is
an island over D of multiplicity p, and in this instance, such as island
contributes the quantity p to S(r, D). If p =1, then D is a simple island.
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Second Fundamental Theorem Let Dy,...,Dq, g > 3, be Jordan do-
mains on the w-sphere having disjoint closures. Then there exists a constant
hy depending only on the domains D; such that

(8(r) —n(r,D;)) <25(r) + hoL(r), (1.11)
1

q
J:

where Ti(r, D) is the total number of distinct islands over D in |z| < r
without regard to multiplicity.

Suppose w = f(2) is meromorphic and nonconstant in |z| < R < oo. If
there is an increasing sequence r,, — R such that

Al S )

0, (1.12)

then we say that the Riemann surface of f(2) is reqularly ezhaustible. This
will be the case, for example, if R = oo, or lim,_, ; S(r)(R — r) = 0o when
R < 0o. The assumption of (1.12) gives many of the striking results of the
Ahlfors theory, and in this case, L{r) may be viewed as a negligible error
term in both fundamental theorems.

As a consequence of the Second Fundamental Theorem we have a re-
markable generalization of Bloch’s theorem (cf. §4.3).

Ahlfors Five Islands Theorem Letw = f(z) be nonconstant meromor-
phic in 2| < R < oo and have a regularly ezhaustible Riemann surface. If
Ds,..., D5 are Jordan domains on the w-sphere having disjoint closures,
then f(z) has a simple island A over at least one of the domains D;, that
is to say, f|A is a one-to-one mapping of A onto Dj.

Proof . First suppose that each D; has an island, or islands, over it and
each such island has multiplicity > 2. Then from the First Fundmental
Theorem

1 1
ﬁ(‘f‘, DJ) < 55(7‘, DJ) < ES(T) + hjL(T), 0<r<R,j3=1,...,5
When this is applied to (1.11), the inequality
S(r) < hL(r) (1.13)

obtains, and this violates condition (1.12). If there is no island over some
Dj, we similarly arrive at (1.13), proving the theorem.

Consider the Weierstrass p-function, which has no simple roots to the
equations p(z) = e1,ey,e3,00. This results in there being four disjoint
domains on 3i over which there are no simple islands. Thus, the number
5 in the preceding is best possible. For a precursor to the Five Islands
Theorem, see Bloch {1926b].
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Finally, suppose that w = f(z) is meromorphic in |z] < R < co with a
regularly exhaustible Riemann surface and, as above, let Dy,...,D,, ¢ > 3,
be Jordan domains on the w-sphere with disjoint closures. If every island
over D,, has multiplicity > u,, then

f:(l - f‘—) <3, (1.14)

r=1 K

which can be readily deduced from the Second Fundamental Theorem (cf.
Hayman [1964], p. 148). This inequality is the geometric equivalent of the
one already encountered in the Nevanlinna theory (1.10). The Five Islands
Theorem follows immediately by taking ¢ = 5, p, = 2. If f(z) is noncon-
stant entire (or analytic in |z| < R), and Dy, Dy, D3 are bounded Jordan
domains on the w-sphere with disjoint closures, co € Dj;, j = 1,2,3, ap-
pend an additional such domain D4 disjoint from the others and confaining
oo. Since f(z) can have no islands over Dy, we can choose j4 = co and
try p1 = po = ps = 2. As this contradicts (1.14) we infer that f(z) has a
simple island over one of the three given domains. This is the Three Islands
Theorem. It is evident that it may be derived directly from (1.11).



|
=
|

AR R

SRR R

2

Analytic Functions

It is certainly possible to treat normal families of analytic functions under
the heading of meromorphic functions by considering the convergence only
in terms of the spherical metric. We have considered analytic and meromor-
phic functions separately, in part for the sake of simplicity, partly because
this was the approach historically, and partly to illustrate some of the dif-
ference between the two classes of functions. Results on normal families of
analytic functions pertaining to the so-called “Bloch Principle” have been
reserved for Chapter 4.

Perhaps the most far-reaching result in the theory of normal families is
the Fundamental Normality Test (FNT) (Critére fondamental) of Montel.
From it flow effortlessly the classical theorems of Picard, Schottky, and
Julia, as well as various covering theorems. In addition to presenting a
variation of Montel’s orginal proof of the FNT based on the elliptic modular
function, four further proofs are given later in the text.

2.1 Normality

Montel’s work on normal families was intitiated with his 1907 paper on
sequences of functions, although the term normal did not appear until his
1911 Comptes Rendus announcement of his seminal work published a year
later. Montel’s final word on the subject was written in 1946.

Definition 2.1.1 A femily F of analytic functions on a domain Q C C
is normal in § if every sequence of functions {f,} C F contains either a
subsequence which converges to a limnit function f Z oo uniformly on each
compact subset of ), or a subsequence which converges uniformly to oo on
each compact subset.

In the former case, the limit function is an analytic function by the
Weierstrass Theorem (§1.4). In the latter, we mean that for each compact
subset K C £ and constant M > 0, |f,(z)] > M for all z € K, provided n
(which may depend on K and M) is sufficiently large. For a given sequence
{fn}, both alternatives may occur.

Convergence of a subsequence to co is occasionally omitted by some au-
thors from the definition of normality. However, the above definition per-
mits a more comprehensive treatment of the subject and greater compati-
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bility with the normality of families of meromorphic functions in Chapter
3.

The family F is said to be normal at e point 2y € Q if it is normal in
some neighbourhood to z.

Theorem 2.1.2 A family of analytic functions F is normal in a domain
Q if and only if F is normal at each point of (1.

Proof. Tt is evident that if F is normal in , it is normal at each of its
points.

Conversely, suppose that F is normal at each z € 2. Choose a countable
dense subset {z,} of Q, say z, = z, + tyn, Where z,, and y, are rational.
Denote by D(z,;r,) the largest disk about z, in which F is normal. Note
that if z,, — ¢ € Q, then { € D(z,,; 7y, ) for some k sufficiently large since
rn, — 0 only if { € Q. We conclude that US2., D(z,;r,) covers {2. For

any sequence {f,} C F, one can extract a convergent subsequence { f&)}
which converges uniformly in D(z1;71/2) to an analytic function or to co.

The sequence { f&)} in turn has a subsequence { f.,(,i)} which converges
uniformly in D(22;7r2/2) and D(21;71/2). Continuing in this fashion, it fol-
lows that the diagonal sequence { f,gi)} converges uniformly in D(z,;7,/2),
n=1,2,3,..., to either an analytic function or to co. This dichotomy di-
vides the points z € § into two classes, say g, {2, which are open sets
satisfying QNN = O, Qp UN = 2. The connectedness of {2 means that
either 29 = Q or 0 = Q. If K is a compact subset of Q, the family of
open disks {D(zn;7,/2)} forms an open cover of K, and since K can be
covered by a finite number of such disks, the result follows.

We now stipulate that a family of analytic functions F is normal at oo
if the corresponding family G = {g : g(z) = f(%)} is normal at z = 0.
Therefore, 7 normal at oo means it is normal in some neighbourhood of
00, A{oo; R) = {z: |z| > R} U {oo}, R > 0. This leads us to define F to be
normal in a domain  which lies in € and contains the point at infinity,
if 7 is normal in  — {oo} in the usual sense, as well as normal at oo in
the above sense. This definition is equivalent to letting Q belong to C in
Definition 2.1.1.

In view of Theorem 2.1.2, if a family F is not normal in a domain Q,
there is at least one point in Q at which F is not normal. Such a point
is called an irregular point and is the point of departure for the study of
quasi-normal families (see Appendix). Such points are also important in
the study of complex dynamical systems (§5.2}, where they form what are
known as Julia sets.

Theorem 2.1.2 also permits us to establish the normality of a family F by
demonstrating that F has this property locally. A simple, but important,
example in the theory of normal (and quasi-normal) families is
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Example 2.1.3 Let F = {fp(2) =nz:n=1,2,3,...}. Then f,(0) — 0,
but f,(2) — 0o as n — oo for z # 0. Hence F cannot be normal in any
domain containing the origin.

To those of us in New Zealand (abbreviated NZ) the preceding example
could be construed as somewhat of an embarrassment. Fortunately, the
family is at least quasi-normal (refer to the Appendix).

Observe that the normality of a family F of analytic functions on a
domain  is conformally invariant. That is, if ¢(¢) = z is a one-to-one
conformal mapping of €)' onto €2, then the family G = {g= fo¢: f € F}
is normal in ' if and only if F is normal in 2. This observation, coupled
with Theorem 2.1.2, allows us to confine our considerations of normality
to the unit disk U, when it is convenient to do so.

2.2 Montel’s Theorem

One of the progenitors of Montel’s theory of normal families was the fol-
lowing theorem of Ascoli [1883] and Arzeld [1889, 1895, 1899], in various
formulations commonly known as the Arzela-Ascoli Theorem. The roots of
Montel’s theory lie within this theorem.

Theorem 2.2.1 If a sequence {f,} of continuous functions converges uni-
formly on a compact set K to a limit function f (3 o), then {fn} is
equicontinuous on K, and f is continuous. Conversely, if {fn} is equicon-
tinuous and locally bounded on (1, then a subsequence can be extracted from
{fn} which converges locally uniformly in € to a (continuous) limit func-
tion f.

The first implication of the theorem has already been encounted in
Proposition 1.6.2. Regarding the second implication, Montel observed in
his 1907 paper that for a family of analytic functions, local boundedness
implies equicontinuity (Theorem 1.6.3). This leads us to

Montel’s Theorem If F is a locally bounded family of m;alytz'c functions
on a domain 2, then F is a normal family in .

Proof. As in Theorem 2.1.2, choose a countable dense subset {z,} in 2.
Take any sequence {f,} C F and consider the sequence of complex numbers
{fn(z1)}. By hypothesis, |f.(21)} < M for some constant M and n =
1,2,3,... . This bounded sequence of complex numbers has a convergent
subsequence by the Bolzano-Weierstrass property, say

£ (20, 75 (=), £ (21,

that is, { ff(zi)} converges at z;. At the point 25, as the sequence { f&)(zz)}
of complex numbers is bounded, we can extract a convergent subsequence

(2)(Z2) (2)(Z2) (2)(22)
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so that {f{2} converges at z; and 2;. Continuing in this fashion yields
subsequences { ff(,,i)} which converge at 21, 23, .. ., %, for each p € IN. Again

taking the diagonal sequence { f,&’;)} we find that this sequence converges
at every z,.

We proceed to show that the diagonal sequence converges uniformly on
compact subsets. Let us rename the sequence {gx} = { f,g:)}. Take K C Q
to be compact and ¢ > 0. As F is equicontinuous on K (Theorem 1.6.3),
there exists § = §(e, K} > 0 such that

€
lgn(2) — gn(2')] < 3 n=12.3,..

whenever 7,2’ € K, |z — 2’| < §. The compactness of K also implies that
K C U‘z":lD(zk; 6), after possibly renaming the points zi,...,zr,. Then
there is an integer ng such that n,m > ng implies

[Qn(zk) - gm(zk” < %:

fork=1,...,k,.
Finally, for any z € K, z € D(z;;6) for some 1 <1 < kg, and

19n(2) = gm(2)] < 9n(2) = gn(2i)l + |9n(2) — gm(2:)] + |gm(2:) = gm(2)]
E € &€
< 3 + 3 -+ 3= E.
We conclude that {g,} converges uniformly on K to an analytic function
(by the Weierstrass Theorem (§1.4)), and the proof is complete.

‘The theorem was established independently by Koebe [1908]. With suit-
able modifications to the proof, a Riemann surface version ensues (cf. Ford
[1951], p. 268).

Remark 1. The underlying domain  in Montel’s theorem can also be
permitted to lie in €, the extended complex plane, which is desirable for
instance, in the study of discrete groups (§5.5). In fact, the functions g(z) =

f (%) are uniformly bounded in a disk |z| < L for some sufficiently large
R, and thus constitute a normal family there. Then F is normal at z = oo

and hence in all of Q.

Remark 2. Note that the theorem is actually valid in any open set
in €, for its components are only countable in number and the theorem
may be applied successively in each. The assertion then follows by taking a
diagonal sequence and noting that any compact subset lies in only finitely
many components,

It is also possible to establish a partial converse to Montel’s theorem
(Montel [1910]).
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Theorem 2.2.2 Let F be a family of analytic functions on o domain Q
such that every sequence of functions in F has a subsequence converging
uniformly on compact subsets to an analytic function. Then F is locally
bounded, and hence equicontinuous on compact subsets of Q.

Proof. Suppose that F is not locally bounded. Then there is some closed
disk A C 2 such that for each positive integer n, there is a function f, € F
and a point 2z, € A with

|fn(zn)[ > 1.

A subsequence, {fn, }, then converges uniformly on A to an analytic func-
tion f, i.e., for some ko € IN and k > kg

[fan(2) = F(&)] <1, z€A,

Thus, if M = Igleagclf(z)l < 00,

fr (I <1+M, zeA,

which contradicts the fact that | f,, (2n, )| — 00 as k — o0.

That normality by itself is insufficient for a family of analytic functions
to be equicontinuous is illustrated by the following.

Example 2.2.3 Let f(z) be zero-free and analytic in a domain Q and
set F = {cf(z) : ¢ € RT}. Then every sequence of functions of F has a
normally convergent subsequence whose limit is either finite or identically
infinite. Thus, F is normal. However, for distinct z, 2’ with f(z) # f(z'),

lcf(z) — cf (2)] = | f(2) - (),

and the right-hand side can be made arbitrarily large, so that F is not
equicontinuous or locally bounded.

On the other hand, normality does imply equicontinuity in the context
of the spherical metric; see Theorem 3.2.1. :

In order to guarantee the hypotheses of Theorem 2.2.2, we can rephrase
it in the following way.

Corollary 2.2.4 Let F be a normal family of analytic functions on a do-
main 2. If for some point zp € Q, | f(20)] < M, for some constant M < oo,
for all f € F, then F is locally bounded.

Corollary 2.2.5 If F is a normal family of analytic functions in  and
|F(20)] £ M for some zo € Q, all f € F, then the family 7' ={f': f € F}
is locally bounded and normal in Q. '
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In fact, since F is locally bounded, F’ is likewise by Theorem 1.5.2,
whence F’ is normal by Montel’s theorem.

However, a family of analytic functions can be normal without the cor-
responding family of derivatives being normal. For example, consider the
family {nz : n = 1,2,3,...} which we have seen is not normal in any
neighbourhood of the origin. Define

2
%(Z)F%Jrn, n=123,....

Then for all z € U,
nz?

[¢n(2)| 2 —

and so {¢,} is normal in U, yet {¢!} is not.

One can sometimes establish that, for a given family of analytic functions,
the corresponding family of derivatives is locally bounded. This, in turn, is
sufficient for the normality of the original family (Montel [1907]).

zg,

Theorem 2.2.6 If F is a family of analytic functions on Q and the family
F'={f": feF} is locally bounded, then F s normal in .

Proof. Given a sequence {f,} C F, the corresponding sequence of deriva-
tives {f;,} C F' has a convergent subsequence {f}, } converging normally
to an analytic function g(z) in Q. First let A C 2 be a closed disk, and fix
zp € A. Then, integrating over a straight-line path

hd@=ﬁ%@ﬂ+/wﬂgodg N

(i) If sup |fn,(20)| < oo, then there is a convergent subsequence {f,} C
k
{fn.} such that

P

jim, () = lim (o) + [ 9(¢)d = F(2
20
uniformly in A, where F'(z) is analytic. Note that F’ = g in A.

(ii) If sup|fn, (20)] = oo, then a subsequence {f,} C {fn,} converges
k

uniformly to oo on A.

The proof is completed using a compactness argument. We remark that
the theorem is also a trivial consequence of the Marty Theorem (§3.3).

As an illustration we have:

Example 2.2.7 Given an analytic function f = u+ v in U, the Dirichlet
integral of f is defined as

l%m=/LU%WM@=/meW®®=QM)
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The Dirichlet integral of f measures the planar area of the image f(U) with
due regard for multiplicity, that is to say, the area of the Riemann surface
onto which f(U) can be mapped bijectively. Then the family

Fy = {f analyticin U : Dy (f) < M < oo}

is normal. To see this, apply the areal mean value property (cf. Radé [1971],
p. 23) to Re ()%, Im(f')?, giving, for z € U,

[f(2))? //QW [F(z + re'®))? r dr db,

where p = 1 — |z|. Then, setting { = £ + in,

! 2 1 ! 2 M 2
PP < s | [ IFQPddn < 2, zeU

and we conclude that 7' = {f’ : f € Fu} is locally bounded in U. Hence
Fusr is normal by the theorem; cf. also Examples 4.1.2 and 5.4.9.

Actually, the proof demonstrates something further, but at this juncture
we simply write the preceding inequality in the form

(- 1D <4/ Do), lel<1,

and pursue the discussion further in the section on normal functions (§5.3,
example (vii)). Furthermore, the family

QMz{fanalyticinU:// |f(2)|?dedy < M < oo}
U

is normal by analogous reasoning. Indeed, the power 2 in the preceding two
examples may be replaced by p > 0 owing to the subharmonicity of [g]?,
when g is analytic (cf. Radé [1971], pp. 19 and 23).

A variation of Montel’s theorem has been given by Mandelbro_]t [1929].

Theorem 2.2.8 Let F be a family of zero-free analytic functions in a
domnain Q. Then F is normal in § if and only if the corresponding family

of functions given by _
fz,w) = f(2)/f(w)
is locally bounded on £ x €.

Compactness. Given a domain §2, we define A(f2) to be the vector space
of analytic functions on 2. Let F C A(Q) be locally bounded and closed
in the topology of uniform convergence on compact subsets of Q2. Montel’s
theorem implies F is sequentially compact, and since A({2) is a complete
metric space, F is compact, that is



Fr kM

40 2. Analytic Functions

Corollary 2.2.8 Any closed locally bounded subset of A(Q) is compact.

Accordingly, a normal family F is compact if the limit function of every
normally convergent subsequence belongs to F. For the compactification
of normal families, see Theorem 3.4.1.

2.3 Examples

1. F=A{fal2) = 2" : n=1,2,3,...} in U. Then F is uniformly
bounded, hence normal in U, but not compact since 0 ¢ F.
In the domain U’ : |z| > 1, {f.} converges uniformly to co on
compact subsets of U/, and so F is normal there as well.

2. F={fn(z) = £:n=1,2,3,...} is a normal family in C but
not compact.

3. F={f: f analytic in Q and |f| < M}. Then F is normal in
and compact.

4. F={f: f analytic in , Re f > 0}. Then the auxiliary family
G={g=eT:feF}is a uniformly bounded family, hence
normal, and it follows that F is normal, but not compact; cf.
also Theorem 5.4.3.

5. & = {f : f analytic, univalent in U, f(0) =0, f(0) = 1}.
These are the normalized “schlicht” functions in 7. A well-

known growth condition for f € S asserts (cf. Pommerenke
[1975], p. 21)

||
17 (2)] Sm: zel.
Hence & is Iocally bounded and thus a normal family. Moreover,
if fn — f uniformly on compact subsets of U, then f is analytic
in U and either univalent or constant, by Corollary 1.4.1. As
72(0) — f(0), we have £/(0) = 1 so that f is univalent in U.
Clearly f(0) =0, and f € S, i.e., S is compact.

Remark. There is a complementary class of univalent functions which
admit the representation

by b
g =z+=+—=+..., |7>1L
A A

This class is also normal and compact and is discussed in §5.1 where it
arises naturally in an application of conformal mappings.
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G_f:{()—ﬂwﬁ% yreal, |a| < 1} is a normal family in U

since [t(2)| < 1, z € U, and F becomes compact if |af < 7o < 1.

7. Ny = {f: fanalyticin U, m(R, f) S M <00, 0 < B < 1},
This is a subfamily of the functions of bounded type. From §1.8,
m(R, f) = 5= ;‘w logt |f(Re®)| dd, and by Theorem 1.8.2

log M (r,

<—---~M 0<r<R<1.

This means that Ay is locally bounded in U, hence normal, and
. indeed compact. Refer to Theorem 3.6.9 for the meromorphic
. counterpart.

8. F = {fx analyticin U : fo(2) = >, el ; l )] < M}.
‘ Then
<

lfa(z” —_ 1 —p

for |z| <r < 1, implying F is normal in U. F is easily seen to
o be compact (cf. the discussion preceding Example 5.1.2).

9. F = {f analytic in Q : |f(2) — a| > m} for some fixed a € T,
m > 0. Then the family G = { (z) = ?(;.1),_,6 :ferF } satisfies
|9(z)| < £ in 2, and is therefore normal. We claim F is also nor-
mal in §2. In fact let {fn} C F and consider the corresponding
sequence {g,} C G; it has a subsequence {gn, } which converges

normally to an analytic function g{z). As no g, vanishes in {2,
either g(z) does not vanish in Q or g = 0 by Hurwitz’s theorem.

Suppose that g(z) # 0 in ©. Then corresponding t0 gn,, for

k=123,..., are functions f,, € F as well as
1
flz)=a+ —F=. .
) 9(2)
Therefore

B 2 = 1 _ 1 :gnk(z)"g(z)
)=l = 50 " gn@ ~ 6(@m()

If K C Q is compact, then |g(2)| > a > 0 for z € K. On the
other hand, taking k sufficiently large, given 0 < e < a,

gn, (2) —g(2)| <&, z€K.

As a consequence

|gni (2)] > @ — &,
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and

|f(z) - fnk(z)| <

for k sufficiently large, z € K.

ala—¢)’

When g = 0, we have |g,, (2)| < € for k sufficiently large,
z € K, so that

1
Iny (Z)

1
il = | —— +a| > = =al.

As the right-hand side can be made arbitrarily large, {f,} con-
verges uniformly to co on K.

As this example shows, F is normal if it omits some open subset of the
plane. It will-be shown in §2.7 (Fundamental Normality Test) that the
omitted set can, in fact, consist of merely two points.

10. If S is the class of schlicht functions of Example 5, then by [
Corollary 2.2.5 the family of derivatives, &’ is normal in U.

Furthermore, the family & ; = {3}7 fes } is locally bounded

and hence normal. For, suppose to the contrary that there is
some compact set A C U for which

1
|f;i.(zn)i<ga ZREA, fnes, n:1,2,3,___ .

By the compactness of A and §, we may assume 2, — 2o,
fl — f’ uniformly on A, where f is univalent. However, this
contradicts

F/(z0) = Jim fh(zm) =0,
proving that &’ ; is locally bounded.

We shall require an extension of the results of Examples 5 and 10 to an
arbitrary domain 2. Consider the family

F = {f analytic univalent in Q : |f(ao)| < 4, B < |f'(a0)] £ C},

where ag € , and A, B,C are positive constants. Our aim is to prove
that: F, as well as F' = {f' : f € F} and F_; = {% : fe .7:} are locally

bounded (hence normal) in €. To this end, choose an arbitrary point a € €2,
an open disk D(a;r) C Q, and define

s _ flatr¢) = f(a)
7 o

Then each f belongs to S and are thus locally bounded, giving
FOI<m,

CelU, feF.
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for all ¢ € K(0;7/2), say, f € 7. Hence for each f € F,

|F(2) < mr|f'(a)] + 1 (a)l,

for all z € K{a;7/2).
Suppose that now the following condition holds:

Mo = sup{|f(a)| +|f'(a)| : f € F} < co. (2.1)

Then
|f('z)l < mTMa +Ma =0 < 0,

for all z € K(a;7/2), f € F. Furthermore, as in Theorem 1.5.2,

, 8C

for all z € D(a;r/4), f € F. We have deduced that the validity of condition
(2.1) at a point a € 2 implies that both F and F’ are uniformly bounded
in D(a;r/4), given D(a;r) C Q.

Verifying that F and F’ are locally bounded in Q necessitates a delicate
connectedness argument. Indeed, set

Qo = {z € Q: F, F' are uniformly bounded in some neighbourhood of z}.

Clearly ag € {2, and €y is an open set. To prove that €2, if nonvoid,
is also open, let us assume the contrary. That is, suppose there is some
point 2’ € f about which every open set intersects {1y, and take a disk
D(z';7) € Q. Then there exists a point z € €y with |z — 2/| < £, so
that D(z;r/2) C Q. Since F and F' are uniformly bounded at z, condition
(2.1) holds at z, implying F and F’ are uniformly bounded on D(z;r/8)
by the foregoing analysis. Therefore, 7 and F' are uniformly bounded in
a neighbourhood of 2’ and, consequently, z’ € g, a contradiction. The
connectedness of {2 yields 2y = 2 and so we obtain the result that F and
F' are locally bounded and normal in Q. The local boundedness of F’,
now follows as in Example 10.

The preceding discussion permits an elementary proof of one version of
the

Koebe Distortion Theorem Let f(z} be analytic univalent in a domain
Q2 and K o compact subset of §). Then there exists a constant ¢ = c(£2, K)
such that for any z,w e K

f'(z)
f(w)
Proof. For each f € F = {f analytic, univalent in Q} and fixed 2z € €,

define F2) = f(z0)
_ Z) - JTlZo
9(2) = f(z)

i
- <
c

z €.
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Then g(29) = 0, ¢'(20) = 1, and g(z) is analytic univalent in Q. Thus,
{¢': feF}and {5 . feF } are locally bounded, implying

o<  zek
c
that is,
L_[F@)] .,
¢ ™ [ ()
Multiplying through with another application of this inequality gives
L _ @) . 2
(—:—2-5 Flaw) < z,we K.

This result was used by Koebe in this theory of uniformization.

2.4  Vitali-Porter Theorem

As we have seen in Theorem 1.6.4, a locally bounded sequence of analytic
functions converging pointwise converges uniformly on compact sets. A
much stronger result in this vein was proved independently by Vitali [1903,
1904] and Porter [1904-05].

Vitali-Porter Theorem Let {f,} be a locally bounded sequence of an-
alytic functions in o domain Q such that lim, _, o, fo(2) exists for each z
belonging to a set E C Q which has an accumulation point in Q. Then {f,}
converges uniformly on compact subsets of §) to an analytic function.

Proof. As {f.} is normal, extract a subsequence {f,, } which converges
normally to an analytic function f. Then lim_, o fpn,(2) = f(2) for each
ze K.

Suppose, however, that {f,} does not converge uniformly on compact
subsets of 2 to f. Then there exists some ¢ > 0, a compact subset K C Q,
as well as a subsequence {fn,,} and points z; € K satisfying

|fm__,. (2:_7) - f(zj)| Z £, j = 1,2,3, v (22)

Now { fim, } itself has a subsequence which converges uniformly on compact
subsets to an analytic function g, and g # £ in view of (2.2). However, since
f and g must agree at all points of F, the Identity Theorem for analytic
functions (cf. Ahlfors [1979], p. 127) implies f = g on 2, a contradiction
which establishes the theorem.

There are ab wnitio proofs in Lindeldf [1913] and Jentzsch [1918].
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The Vitali-Porter Theorem was reformulated in terms of meromorphic
functions by Montel (Theorem 3.2.3). Some credit must, of course, be given
to a prior result of Stieltjes [1894): If {fn} is a locally bounded sequence of
analytic functions in Q and {fr} converges uniformly on any subdomain of
2, then {f,} converges uniformly an every compact subset to an analytic
function. For an interesting variation on this theme, cf. Milloux [1948)].

The following application is essentially due to Montel [1910], pp. 27-28.

Theorem 2.4.1 Let Q be a domain and suppose that f : [0,1] x Q —C
satisfies

Q) [ft,2) <M foralite [0,1], z € Q;
(ii) f(t,z) is a continuous function of t for each fized z € §;
(ili) f(t,2) is an analytic function of z for each fized t € [0,1].

If g(t) is a function of bounded variation on [0, 1], then the function defined
by

1
FG) = [ 1(t,2) dgte),
s analytic in Q.

Proof. From the definition of the Riemann-Stieltjes integral we can write
n .
Fu(2) = 32107, 2)9(6) - 9]
k=1

where F,,(z) — F(z) at each z € , and {téﬂ) } is a set of partitions of [0, 1].
Then F,(z) is analytic in Q and satisfies |Fo(2)] < M - V]g], where Vlg]
is the total variation of g on [0,1]. By the Vitali-Porter theorem, F,, —» F
uniformly on compact subsets of (2, establishing the analyticity of F'(z).

Montel’s theorem (§2.2) can also be deduced from the Vitali-Porter The-
orem; thus, the two results are actually equivalent. In fact, let F be a lo-
cally bounded family of analytic functions on 2, choose {f,} C F, and
let E be a countable subset of having an accumulation point in £;
say B = {2z, =z + = for all n sufficiently large, 2, € Q}. Since {f,} is
bounded at each z, € E, we can mimic the first part of the proof of the
Montel theorem with B = {zn} and apply the Cantor diagonal process.
This yields a subsequence {fn, } which converges at each z, € E. The
normality of F then follows from the Vitali-Porter theorem.

A sometimes useful consequence of the Montel and Vitali-Porter theo-
rems is (Montel [1910], p. 21).
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Theorem 2.4.2 Suppose that {fn} is a locally bounded sequence in a do-
main 1 such that every convergent subseguence converges to a function g.
Then {f.} converges to g, locally uniformly in Q.

Proof. Assuming the sequence of complex numbers { f,({)} does not con-
verge to the complex number ¢{{), ¢ € Q, then there exists § > 0 and
1 <ny <ng <...such that

|fre(Q) =9 >6,  k=1,2,3,....

Montel’s theorem implies {f,,} has a convergent subsequence. However,
its limit cannot be g, violating the hypotheses, and so f,(z) — g¢{z) for
all z € £). The Vitali-Porter Theorem then provides the locally uniform
convergence.

In the same genre as the Vitali-Porter Theorem, and a consequence of it
(although not historically) is the

Osgood’s Theorem [1901-02] If {f.} is a sequence of analytic functions
in a domain Q such that lim f,(z) = f(z) € C for each z € Q, then {f.}
—+CO

converges locally uniformly on a dense subset Qo C Q. In particular, f(z)
is analytic in Q.

Proof. For each positive integer N, define
Oy ={z€Q:|fu(2)| <N, n=1,2,3,...}.

Then each Qy is a closed subset of €, and @ = U_;Qy since lim f,(2)

exists. Therefore, every open set O with O C 2 satisfies

0= 5091\{.

1

T

According to the Baire Category Theorem (cf. Hewitt and Stromberg [1965],
p. 68), there is some O N Qp,, Ny = No(O), which is not nowhere dense,
that is, contains an open disk A(O) C O, with |f,.(z)] < N, for all n, and
z € A(O). Setting

Qo = U{A(0) : O C O},
we find that Qy is an open and dense subset of . Since any compact
subset K C g is covered by finitely many of the disks A(O), the family

{fn} is uniformly bounded on the union of these disks. The conclusion of
the theorem is then a consequence of the Vitali-Porter Theorem.

Another proof can be found in Montel [1932]. For the meromorphic coun-
terpart, see Carathéodory [1958, Vol. I}, pp. 190-191.

Generalizations. A considerable literature has built up dealing with gen-
eralizations of the Vitali-Porter Theorem. One such, due to Carathéodory
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and Landau [1911], relaxing the boundedness conditions, was the likely
inspiration for Montel’s Fundamental Normality Test (§2.7). Others, prin-
cipally due to Montel {1907, 1917, 1927}, Blaschke [1915], Khintchine [1922-
24, 1923, Nevanlinna and Nevanlinna [1922], Ostrowski [1922-23],
F. Riesz [1922-23], Kunugui [1942], relax the condition on the limit point
belonging to {2, or replace the interior sequence of points entirely by a
portion of 9€2. We consider two results in this vein.

It is well-known that if f(2) is a bounded analytic function, f # 0, in
the unit disk U, then the zeros of f(z), {an} satisfy > (1—]a,|) < co {cf.
Rudin [1974], Theorem 15.23). Using this fact, Blaschke [1915] established
the following analogue of the Vitali-Porter Theorem.

Theorem 2.4.3 If {f.} is a uniformly bounded sequence of analytic func-
tions in U such that {f.} converges at each ap, € U, n = 1,2,3,..., and
S (1 —lan|) = oo, then {fn} converges uniformly on compact subsets
of U to an analytic function.

Proof. As {fn} is normal and |f,,| < M, say, there is at least one limit
function f(z), and |f| < M in U. If the whole sequence {f,} does not
converge normally to f, there must be another limit function g, with f(a) #
g{a) for some a € U. But f and g are bounded in U with f(a,)—g(a,) = 0,
which, by the preceding remarks, implies f = g, a contradiction, and the
result is proved.

By virtue of Theorem 1.8.2, the uniform boundedness of {f,} may be
replaced by the Nevanlinna condition

29
m(r, fu) = [ log™ |fu(re®)|d0 < M < o0, 0<r<1,
0

forn =1,2,3,... (Nevanlinna and Nevanlinna [1922]), or indeed by m(r, f,,)
&(r), where ¢ is an increasing function of r, as r — 1.

2.5  Zeros of Normal Families

For a normal family of analytic functions, the number of zeros the family
has, in general, turns out to be locally bounded. More precisely

Theorem 2.5.1 Let F be a normel family of analytic functions in the
domain €1, and suppose that each limit function is not equal to a constant a.
Then for every compact subset K of Q, there ezists a constant M = M(K),
such that the number of zeros of f(z) —a in K does not exceed M, for each
ferF.

Proof. Assume K is a compact subset of {2 for which the number of zeros
of f(2) — a has no bound, for f € F. Then there is a function f; € F
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such that fi(z) — a has at least one zero in K, a function f; € F such
that fy(z) — a has at least two zeros in K, and thus a sequence {f,} C F
such that f,(z) — a has at least n zeros in K. It follows that there is a
subsequence { fn, } that converges uniformly on K to a function f.

If f(2) = oo, then for k sufficiently large, |fn.(2)| > |al, z € K, contra-
dicting the fact that f,,(2) — a has at least ny zeros in K. Hence f(2) is
analytic in . Since f(z) # a, the zeros of f(z) — a in K are isolated, say
at the points 21, 2s,...,2 with multiplicities «y,as,..., ay, respectively.
Consider a set of mutually disjoint disks D{z;;7;), which may be assumed
to lie in K. For k sufficiently large, f,.(z) — @ has the same number of
zeros in each D(z;7;) as does f(z) — a, so that for such k, f, (2) — a has
a=ay+...+ o zeros in US_; D(z;; ;).

In E = K — U D(zi;7:), certainly |f(2) — a| > m, for some constant
m > 0. Taking 0 < ¢ < m and k sufficiently large,

|fnk(z)“f(z)|<€: ZEE,

and therefore | f,, (2) —a| > m—e, z € E. That is, fn, (#) —a has no further
zeros in F, which is incompatible with our assumption that the number of
zeros must increase without bound in K. This proves the theorem.

An analogue of this theorem regarding the number of poles of a normal
family of meromorphic functions will be given in the next chapter.

2.6 Riemann Mapping Theorem

A very common application of normal families is in the usual proof of
the Riemann Mapping Theorem (although a normal families argument is
not essential, cf. Burckel [1979], p. 293-303, for the constructive proof of
Koebe and Carathéodory). Riemann’s original proof was based upon the
Dirichlet Principle, a concept which at the time was insufficiently rigorous
and was only perfected a half century later by Hilbert {(cf. Monna [1975],
Chapter IV). The modern approach has evolved from the works of Koebe,
Carathéodory, Fejér, and Riesz.

Riemann Mapping Theorem Let Q be a simply connected domain
having ot least two boundary points. Then for each zy € Q, there exists a
unique analytic univalent function w = F(z) mapping Q onto U satisfying
the conditions F(zp) = 0, F'(2) > 0.

Proof. That the mapping is unique is readily established. For suppose that
Fi(z) and Fy(z) are as in the theorem. Then the function

L(z) = F1(F5 ™ (w))

is an analytic univalent mapping of U onto itself. By the Schwarz Lemma
(81.4), |L(w)| < |w|, implying |F(2)| < |F3(z)|. Reversing the roles of Fy
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and Fy gives |F1(2)| = |Fa(2)| in Q. Then Fy(z)/F2(2) has constant mod-
ulus one, and since the quotient is analytic in 0, we deduce that F} = F,
by the Maximum Modulus Theorem and the positivity of their derivatives
at 20.

Next, let us consider the family

F = {f(2) analytic univalent in Q : |f(2)| <1, f(20) =0, f'(z0) > a},

where « is to be determined. We first endeavour to show that F is non-
empty. For if a # b are two finite points on 62, the quotient Z=% is nonzero
and finite for z € ). Since  is simply connected, it is possible to define

a single-valued analytic branch of |/£=%. Specifically, by starting with a

point ¢ € {2, analytic continuation of some branch of the preceding square
root throughout £ yields a single-valued analytic function g(z), by virtue
of the Monodromy Theorem (§1.4). Moreover, g(z) is univalent by a simple
deduction, and it is also readily verified that g(2) cannot take on both
values w and —w for any w € €. Since g(z) maps £ onto some domain 2%,
consider g(zg) = wp € Q" and some disk D{wp;ro) € Q*. It can then be
concluded that D(—wg;rg) lies outside 2*, so that

9(2) +wo| Z 70,  2€Q,

and, consequently, jwg| > 22, by putting z = 2. Then the function

_7olg'(z0)] wo g(2) —wo
fo(z) = 4 ¢'(z0) |wo 2 g(z) + wo

satisfies, for z € ),

1 2
wo  g(z) +wo

g(z) — wo
g(z) +wo

7o

4

1fol2)] = 12

- 4](.00!

<1,

and fo(z0) =0, fi(z0) = %ﬂ-—lgl—:ffg[ > 0. As fy(2) is also analytic univalent

in ©, we have fo € F and F # @, when we now set a = %Ql‘(’l';—(:l%ﬁ.
We now consider the extremal problem of determining the existence of

a function ' € F which satisfies the condition

F'(20) = sup f'(z0),

amongst all f € F. To this end, let A = sup{f'(2) : f € F}. Then there
is a sequence {f,} C F for which f/(z) — A. Since F is a uniformly
bounded family, and.hence normal, there is a subsequence {f,, } which
converges locally uniformly in 2 to an analytic function F' that satisfies
|[F(z)] < 1in Q, F(z) = 0. By Cauchy’s formula, f} (z) — F'(z0),
implying 0 < a < F'(z) = A < co. Moreover, F(z) is univalent, in view
of Corollary 1.4.1, and so F' € F, thereby solving our extremal problem.
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Actually, F is a compact family, and extremal problems for compact
normal families, such as considered above, can be treated in far greater
generality, but by similar methods (cf. §5.1).

It is now claimed that the function F(z) is the desired conformal mapping
of 2 onto U. Indeed, suppose there is some wg € U with F(z) # wy, z € Q.
As before, a single-valued analytic branch of the function

. f F(Z) - Wy
G(Z) o 1— EQF(Z)

can be determined in Q. Clearly G(z) is univalent with |G(2)] <1, z € Q.
Then the function
, —
B - (€l | GG) -~ Gla)
G'(20) 1 - G(z)G(2)

is analytic univalent in Q, |H(2)| <1, H(z) = 0, and since F' € F,

HI(Z()) _ |G!(Z())I . 1+ IwOIF,(ZQ).

1= 1G(20)P T 24/ wo]

However,

1+ [wo| = 2v/|wo| + (1 — v/|wol)® > 2¢/Jwol,  |wo| <1,

and, consequently,
H’(ZQ) > FI(ZO).

This contradicts the extremal property of F' since H € F, proving the
theorem.

Remark 2.6.1 The above Riemann mapping function given by w = F(z),
F(zp) = 0, F'(2) > 0, determines an analytic univalent inverse function

z=F Y w)= flw): U —Q,
such that f(0) = zq, f'(0) > 0. Then
z = flw) = 29 + a1w + agw® + . .. lwf < 1,

with a1 > 0. Taking instead |w| > 1 and zp = 0, we see that

1 a a
z=f<——>:—1+w—22+...

w w

maps |w| > 1 onto 2, sending oo to 0.
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-

and such that £ = € — Q* contains more than one point, ie., E is a

g Suppose now that Q* is a simply connected domain in € with o0 €
|
i

continuum. Then the auxiliary transformation

1
i1 W —a

ae kE,

maps {1* onto a simply connected domain Q C € sending oo to 0. Com-
£ bining this with f (%) yields

1 1 b b
W-_——+a=—-—1-+a:bw+bo+—1~+—% o= Glw)
z f(’d}) W ow

which is a univalent (meromorphic) mapping of lw| > 1 onto *, with
b >0, and oo — co. Finally,

W _ _ w _ Cy Co
maps |w| > b onto O*.

ig Similarly, by mapping 2* onto [w] > b, and then effecting the transfor-
mation (cf. §5.1)

230
e
C=’UJ+?,

one obtains a univalent mapping ¢ = ¢(W) of Q* onto the ¢-plane with a
slit at inclination # with respect to the real axis, such that oo — oo and
dy da
¢(W)—W+_W+_ﬁ/’3+"'
in a neighbourhood of co. The representations of & (w) and ¢(W) feature
in the proof of Theorem 5.1.5 on parallel slit mappings.

We present now an elegant version of the Riemann Mapping Theorem
formulated by Hayman [1983], p. 14: [1989], Theorem 9.9, based on an
approach of Carathéodory, and invoking the elliptic modular function; cf.
Goluzin [1969], p. 255 for a related result of Poincaré, the proof of which,
due to Radé [1922-23], also utilizes normality.

We begin with a few preliminaries. Let 0 be a domain (not necessarily
simply connected) whose complement contains at least two points in (.
Suppose that w = f (2) is analytic in U and assumes values lying in 0.
it Then, as usual, we say f (2) maps U into . The inverse function will, in
I general, be many-valued; if it can be analytically continued throughout )
(without singularities), with values of every branch of the inverse function
lying in U, then we say that w — f(z) maps U onto ). In the event
2 is simply connected, these onto mappings coincide with the one-to-one
conformal mappings of U onto ) by the Monodromy Theorem (§1.4).

Lttt



52 2. Analytic Functions

Theorem 2.6.2 Suppose that Q is a domain whose complement contains
at least two points in €. Given any ag € (2, there exists a unigue analytic
mapping F(z) (not necessarily injective) of U onto § such that F(0) = ao,
F'(0) > 0.

Proof. To show uniqueness, assume F} (z) and Fz(z) are as in the theorem.
Then for z € U, the function

L(z) = Fy* (Fu(2),

initially defined in a sufficiently small neighbourhood of z, for a particu-
lar branch of F;~ 1. can be continued analytically throughout all of U. The
resulting function L(z) is a single-valued analytic mapping (by the Mon-
odromy Theorem) of U onto itself, satisfying L(0) = 0, L'(0) > 0. It follows
that L(z) = z by the Schwarz Lemma, and Fi(z) = F5(2).

In order to establish the existence, we may suppose that 0,1 € C — (1.
We wish to consider the family Fq of mappings

$(w) = »

of Q into U which are univalent, that is, ¢(w) = 2z can be indefinitely
continued throughout { such that all of its branches ¢(w) = z have their
values in U and branches at different points are distinct. Thus, if w1 # we,
no branch of ¢(w;) can be equal to any branch of ¢(wz). Moreover, for
¢ € Fq, assume

gb(ao) = (.

We claim that Fq is nonempty. To see this, consider the modular function
(cf. §1.7) u: U — € — {0,1}, and its inverse v(w) = 2, which is univalent,
since y is single-valued. Let S be a Mdbius transformation of U onto itself
satisfying S(v(ao)) = 0, for a given branch of v. Whence we find that for
any real 0,

e S (v(w)) € Fa,

proving the assertion.
We proceed more or less as in the proof of the Riemann Mapping Theo-
rem. Set
0 < A = sup{|¢'{ag)] : & € Fal, (2.3)

and let D(ag; R) be the largest disk about ag which lies wholly in Q. Then
for each ¢ € Fp, the branches are single-valued analytic in D(a; R). Choose
{¢n} C Fq such that |¢)(ag)] — A. As Fq is a bounded family, the
aggregate of branches of the ¢,’s has a normally convergent subsequence
in D{ag; R) by Montel’s theorem, so we shall assume that ¢,(w) — ®(w),
locally uniformly in D(ap; R). Moreover, ®(ag) = 0, and |®'(ag)| = A.

We must now show that the convergence of ¢, (w) — ®(w) is uniform in
a neighbourhood of any path « in . Let v be parametrized by w = «a(t),
0<t<1l.ForO=1ty<t; <... <ty =1, set w; = «(t;), and ensure that
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for some 7 > 0, the closed disks K; = K (w;;7) all lie in Q and include the
arc wiwiy1, 41 = 0,...,m—1. Suppose that ¢,(w) converges in K, but does
not converge at some point w in K11, taking the branch of ¢, (w) in Kj .,
obtained from that in K by direct analytic continuation. Then it is pos-
sible to find two subsequences, say ¢,, (w) and ¢,,(w), which converge to
different values. In view of the uniform boundedness of all the ¢’s in a neigh-
bourhood of K; U K11, we can find two further subsequences of ¢, (w)
and ¢n,(w) that converge uniformly in a neighbourhood N D K. 5 UK
to analytic functions 91 (w) and 12 (w), respectively. But ¢, (w) converges
in Kj, implying %1 (w) = 42(w) in Kj;, and hence in K}, contradicting
P1(w) # *2(w). We conclude that ¢,(w) converges in K1, as desired.
Therefore , all the analytic continuations of the ¢,(z) also converge to a
limit ®(z) in Q with |®(z)] < 1 there.

In order to show univalence, suppose that a branch of ®(wy) coincides
with a branch of ®(ws), and let this common value be denoted by ¢. The
function ®(w)—( cannot vanish identically, so that by the Hurwitz Theorem
(§1.4), ¢n(w) — ¢ must have a zero in a neighbourhood of w; and of ws, for
all n sufficiently large. But his contradicts the univalence of these functions
®n, thus establishing the univalence of ®, and ® € F(,. We next show that
®(w) assumes every value in U, since then the inverse w = &~1(2) is single-
valued analytic and maps U onto . For an appropriately chosen 6, so that
€®®'(ap) > 0, then e~ ®~1(2) yields the desired mapping of the theorem.

Let us assume that ®(w) # 2y for some zg € U. Define mappings F and

G by
_ (2w ==\ o ( Fw) - Fla)
Flw) = (1—20@(11)))  Glw)= (1-F(a0)F(w))'

Since ®(w) # 2, F(z) and G(z) are analytic mappings of  into U, with
G(ao) = 0. Moreover, G(w1) = G(ws) implies F(w;) = F(ws), which in
turn, yields ®(w;) = ®(ws), and so w; = ws. As a consequence, G € Fq.
However, by the chain rule

o (0’0)1

G (ao) = {dG f_iff_i?i] _ Lt 2|
w=aq,

dF d® dw 2|z0| 3

and so |G'(ag)| > |®'(ag)] = A. This contradicts (2.3) and proves that
®(w) assumes all values z € U, thus establishing the theorem.

Other applications of the normal family method to conformal mappings
can be found in the researches of de Possel [1931] on the conformal map-
pings of a multiply connected domain onto a parallel slit domain (cf. §5.1),
of Biernacki {1936] on the comparison of two conformal representations of
the unit disk, one subordinate to the other, and of J. Ferrand [1942] on a
study of conformal mappings in a neighbourhood of the boundary, to name
but a few.
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2.7 Fundamental Normality Test

In 1912 Montel presented his Critére fondamentel for a family of analytic
functions to be normal. The idea for the hypothesis of the theorem is im-
plicit in the paper of Carathéodory and Landau [1911], who established
the Vitali-Porter Theorem by replacing the requirement of boundedness by
the condition that each function omits two fixed values. The Fundamen-
tal Normality Test (FNT) has various far-reaching consequences which are
discussed in subsequent sections. As the FNT lies at the very core of the
subject of normal families, it is presented in the text from five differing
viewpoints, the first one here being essentially the original proof of Montel
based on the modular function.

Fundamental Normality Test Let F be the family of analytic functions

on a domain § which omit two fized values a and b in €. Then F is normal
in £2.

Proof. One may assume that the exceptional values ¢ and b are 0 and 1,
respectively, by considering the family

F={fw =12 e r],

which does omit 0 and 1, and whose normality is equivalent to that of F.
Moreover, since normality is a local property, we may additionally assume
(2 is the open disk |z] < 1.

Let p(¢) = w be the elliptic modular function, and let zp € Q be given.
For any f € F, choose the single-valued analytic branch of v{w) = p~(w)
for which v(f(zo)) is the principal value. Starting with this initial value, it
is possible to uniquely define v(f(z)) in a sufficiently small neighbourhood
of zg. Then v(f(2)) may be continued analytically throughout (the disk)
since each f(z} is analytic in Q and takes on values only lying in the domain
of v(w). This results in a single-valued analytic function being defined by
the Monodromy Theorem (§1.4), f(z) = v(f(2)), that satisfies |f(z)| < 1
for z€Q, feF.

Let { fn} be an arbitrary sequence in F, and let e € € be an accumula-
tion point of the sequence {f,(20)}. We consider four cases.

Case (i) : a#0,1,00.

Let {fn'} C {fn} be a subsequence such that {fn(z)} converges to
a as n’ — oco. Then the sequence {f,/} itself has a subsequence {f,,}
which converges uniformly on compact subsets of {2 to an analytic function
F(z) by Montel’s theorem, and |F(2)| < 1. If equality held for any 2 € €,
then F(z) = e for some real 8, implying |7n, (2)] — 1 as k — oo, ie.,
{v(fni(2))] — 1. But this happens only if fn, (z) — 0,1, or co. We conclude
that |F(z)] < 1in €.
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Now take an arbitrary compact subset K C 2. Then for some constant
m, |F(z)] <m <1 on K, and by the uniform convergence of f,, to F on
K there exists m’ such that |f,, (2)| < m' < 1, z € K, for all k sufficiently
large. As the modular function u(¢) is analytic in U, it is bounded in
I€] € m/, say [u(¢)] < M. Then for all k sufficiently 1a.rge and z € K,

[frn (@) = |1 (v (fun (2)))] < M,

i.e., {fn,} is uniformly bounded on compact subsets of 2. Consequently,
this sequence in turn has a subsequence which converges uniformly on com-
pact subsets of {2 to an analytic function.

Case (ii) : a=1
Let {fn'} C {fn} be a subsequence such that f,/(z9) — 1 asn’ — oo, and
define g,/ (2) = 1/ f’(2z) to be a branch for which hm L g (20) = —1. Then

gnry, ' =1,2,3,..., are analytic in {2, omit the values 0 and 1, with limit
point at zp being —1. By Case (i), there is a subsequence {an} C {gn'}
which converges uniformly on compact subsets of £ to an analytic function,

and so does {g2 } = {fn,}.

Case (ili) : a=0.

Again choose a subsequence {fn} C {f.} such that fp/(z) — 0 as
n' — 0o, and define gn/(2) = 1— for (2), 7' = 1,2,3,... . Then the functions
gn(2) are analytic in £, omit the values 0 and 1, with lim g (2) = 1.

T —ro0

Thus, {gn/} comes under Case (ii), and there exists a subsequence which
converges uniformly on compact subsets of £2 to an analytic function, and
likewise for {fpn}-

Case (iv) : a = 0.

Here there is a subsequence {f./} € {fn} for which f./(29) — o0 as
n’ — 0o. Then the functions g,/(2) = 1/fn/(2), n' =1,2,3,..., are analytic
in £, omit 0 and 1, with hm gn(20) = 0. Thus, by Case (111) there is

a subsequence {g,,} C {gnr} converging uniformly on tompacta to an
analytic function g, with g(zg) = 0. Since none of the g,’s are zero in €2,
the Hurwitz Theorem (§1.4) implies g = 0 in 2, and consequently f,, — oo
uniformly on compact subsets of (1, as desired.

The proof of the theorem is herewith complete.

The family {e™* : n=1,2,3,...} on C is not normal and shows that the
number of exceptional values cannot be reduced to one.

The approach taken here, using the modular function associated with
the noneuclidean triangles having zero angles, is a variation due to de la
Vallée Poussin [1915].

Remark. If 2 is a domain which includes the point z = oo, then the
functions f(1/z) for f € F omit a and b in the disk |z| < 1/R for some
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large R and constitute a normal family of analytic functions there. It follows
that F is normal at oo, and hence in all of 1.

Note also that a locally bounded family of analytic functions omits the
requisite two points, locally (although not necessarily the same two points),
so that the Montel Theorem of §2.2 is subsumed under the FNT by virtue
of Theorem 2.1.2.

The FNT can be extended in the following manner (Montel [1912]).

Generalized Normality Test Suppose that F is a family of anelytic
functions in a domain §) which omit a value a € € and such that no
Junction of F assumes the value b € C af more than p points. Then F is
normal in 2.

Proof-. Asin the FNT, we may assume that a and b are 0 and 1, respectively.
For f € F, define g(z) = 7*}/f(z), taking an arbitrary branch in each case.
Then g(z) is analytic in Q and does not vanish there. Let wi,ws, ..., Wpt1
be the (p + 1} roots of unity. Suppose that for z; € Q, g(z;) = w;, for
i=1,2,...,,p+ 1. Then

f(z%); [g(zi)]p-l-l =1, i:1,2,...,p+1,

contradicting the fact that f(z) takes the value 1 at no more than p points.
It follows that each function g(z) does not take on a value w; for some

1 <7 < p+1. Then the functions h(z) = %‘:), omit the values 0 and 1, and

hence form a normal family. Therefore, the functions f(z) = [w;h(2)]P+?
= [h(2)]P*! comprise a normal family, and the result is proved.

The FNT is readily extended to the setting of meromorphic functions (cf.
§3.2), and a further generalization is derived in §4.1, as well as a version
for linear fractional transformations in §5.5.

2.8 Picard, Schottky, and Julia Theorems

The following celebrated theorem of E. Picard [1879a] was a revelation in
its time and provided an immense stimulus to research in function theory.
The original proof used the elliptic modular function, which is also con-
nected with the FN'T that is employed in the present proof. In 1896 Borel
gave an “elementary” demonstration of Picard’s theorem; in other words, a
proof which did not utilize the modular function. Bloch {1924] did likewise.
Montel [1912] had the incisive idea of replacing a particular property of
a function by a family of functions possessing the common property in a
sequence of domains. This method was subsequently exploited most effi-
ciently by Julia as well as Montel in a number of different settings which
are discussed in the sequel.
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Picard’s First Theorem A4 nonconstant entire function takes every com-
plex value with at most one possible exception.

Proof. Suppose that f(z) is entire and omits the distinct values a,b e C.
Consider the family of disks D,, : |2z| < 2", n = 0,1,2,..., and define the
functions
fn(z) = f(272),

which are also entire. Then f,(D;) = f(Dny1), » = 0,1,2,.... and it
follows that the sequence {f.} omits the values ¢ and b in D;. By the
FNT (82.7), {f»} is normal in D;, and since f2(0) = f(0), n=0,1,2,...,
Corollary 2.2.4 implies that {f,} is bounded on the compact subset Dy C
D;. We conclude that f(z) is bounded in €, and hence identically constant
by Liouville’s theorem. This contradiction proves the theorem.

A nonconstant meromorphic function in € omits at most two values,
for if a,b,c were three such values, then the entire function given by
9(z) = (c=b)(f(2) —a)/(c~a)(f(2) —b) would omit 0 and 1. The functions
e®, 1/(1 ~ €*) omit 0 and 0, 1, respectively.

The well-known theorem of Schottky [1904] also derives from the FNT.

Schottky’s Theorem Let f be an analytic function in the disk |z| < R
which does not assume the values 0 or 1, and f(0) = ag. Then for each
value 8 with 0 < 6 < 1, there ezists q positive constant M(ap,6) such that

|F(2)] < M(ay, 8), |z| < 6R.
Proof. For each such function [ satisfying the hypotheses, set
f(2) = f(R=2),

so that f takes the same values in |2| < 1 as does f in |2| < R, and f omits
the values 0 and 1. Then {f} is a normal family satisfying f(0) = aq, and
by Corollary 2.2.4, |f(z)] < M on any compact subset |2] < 6 < 1. The
bound depends only on 6 and ag, i.e., M = M(ag, ), and we conclude that

|f(2)] < M(ao, 9), |z| < 6R.

Corollary 2.8.1 Under the conditions of the theorem we obtain

£ 2 g(}—g) &) -1z — (_i_ i 01 Z TosT

l—ao 4

ao’

for |z] < 6R.

The third inequality is obvious, and the first two follow by considering
% and 1 — f analogously as above. Thus, the theorem places a particular
restriction on the growth of the analytic functions which satisfy the hy-
potheses, the bound depending only on R = r and F(0) (cf. also Theorem
3.6.10).
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To take a simple example, every analytic function f(z) with |f(2)| > 1
in |z| < 1 satisfies the growth condition

F(2)| S [FO)EFVE o< e =7 < 1.

‘This will be deduced in a more general setting in §3.6, but for the reader
familar with the Herglotz representation (cf. §5.4) which can be applied
directly to log |f(2), the inequality becomes transparent. Writing the above

as
147
log M{r, f) < 17 log | £(0)],

we have a special case of Hayman’s [1947] rendering of the Schottky bound:

147
1—7’

. log M(r, f) < (m +log™ | £(0)])
for all f(z) which are analytic in U and omit the values 0 and 1, thus
improving upon an earlier estimate of Ahlfors [1938]. Another Schottky
type bound has been given by Yang and Chang [1965], generalizing an
earlier result of Hiong and Ho [1961].

Theorem 2.8.2 Let f(z) be an analytic function in U such that all the
zeros of f(z) have multiplicity > m, and all the zeros of f*)(2) (k >

0; FO(2) = f(2)) have multiplicity > n, where
E+1 1

——+>-<1
m [z

Then

C(k) + 2
1 St
o M(r, ) < T2 {iog™ 11(0) +log 12 }.
where C(k) is a constant depending only on k.

That the set of all such analytic functions as in the preceding theorem
is a normal family is a consequence of Theorem 4.4.17 and the subsequent
Remark.

Refer to Burckel [1979], p. 431, pp. 456-459 and Hayman [1989], pp.707—
708 for other variations on the Schottky theme.

In view of its proof, Schottky’s theorem may be rephrased as follows:
Suppose that f is analytic in the |z| < R, |f(0)| < u, and does not assume
the values 0 and 1. Then for each value 6 with 0 < 8 < 1, there is a positive
constant M = M (u,0) such that

If(z)| <M, |z| <OR.

A rather immediate proof of the FNT may now be deduced from this
version of the Schottky Theorem (which, itself, has an independent deriva-
tion in terms of the modular function; cf. Carathéodory [1960, Vol. I,
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pp. 199-201). Indeed, let F be a family of analytic functions in a domain
{1, with each f € F omitting the values 0 and 1, and choose a point zg € Q
together with a disk |z — 25| < R contained in . Partition F into two
distinct subfamilies

G={feF:|f(x)| <1} and H={feF:|f(z)>1}.

First apply the (rephrased) Schottky Theorem to f € G with respect to the
disk |2—20| < R to deduce that G is uniformly bounded in a neighbourhood

of zp. A similar argument can then be applied to the function T(% for each

f € H, so that }—(15 is uniformly bounded in a neighbourhood of z, f € H.

It follows that both G and H are normal at 2y (cf. §2.3, No. 9 regarding
the normality of H), and likewise for their union F. As z is an arbitrary
point of 2, the FNT is established.

Schottky’s theorem can further be used to prove our next result due to
Landau {1904], which in turn implies Schottky’s theorem.

Landau’s Theorem Let ag and a; # 0 be complex numbers. Then there
is a constant M = M(ag, ay) such that if f is analytic in the disk |z| < R,
f(0) = ag, f'(0) = a1, and f does not assume the values 0 and 1, then

R S M(CL(), al).

Proof. We apply the Schottky Theorem with 6 = 2, so that | f(2)| < M{ao)
in |2| £ R/2, and the bound for f depends only on ag. By the Cauchy

formula,
_ 1 / f(§)d¢
Gl—“é"": 5
T JI¢|=R/2 4

2M(a0)
—_— <
1l = R or R___ l(.11| y

and this is the desired bound for R.

which implies

Landau’s theorem may be rephrased in the foliowing wayi For any com-
plex numbers ag,a1 # 0, there ewxists a constant M(ag,a;) such that if
f(z) =ao+arz+... is analytic in |z| < R, where R > M(ag, ay), then f
must assume there at least one of the values 0 or 1. Refer to Carathéodory
[1960, Vol. II], p. 197, for a specific representation of M(ag, a;); also §3.6.

For analytic functions f(z) = ag + @12 + ... + a,z™ + ... of Landau’s
theorem, if we take a,, # 0 instead of a; # 0, then one can show in a similar
manner that

M(ao)
lan|

Stronger versions of the Schottky and Landau theorems are dealt with
in the next chapter in the context of invariant normal families; harmonic

R<2%
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analogues are discussed in §5.4, and a further generalization of Schottky’s
theorem, established with the aid of quasi-normal families, can be found in
the Appendix.

We now prove Picard’s Great (Second) Theorem of 1879. Schottky [1904]
gave an “elementary” proof based on the ideas of Borel’s proof of Picard’s

First Theorem. The approach here using normal families is, of course, Mon-
tel’s [1912].

Picard’s Great Theorem If f(z) is analytic in o punctured disk
D = D'(zy; R) about zy and zg is an essential singularity of f(z), then
f(z) attains every finite complez value, infinitely often in D, with at most
one possible exception.

Proof. We may assume D = {0 < |2| < R} and let us suppose that there
are two values a and b which are omitted by f(z) in D. Then the family of
functions F defined by

fulz) = f(zin) C n=1,23,..., (2.4)
are analytic in the annulus A : £ < || < R, and do not assume the values
a or bin A. Since F is normal in 4, there is a subsequence { f,, } converging
uniformly to F(z) on the compact set {|z| = p: £ < p < R}, where F(z)
is either an analytic function or = oo in A.

If F(z) is analytic, then its boundedness on |z| = p implies {f,,} is
uniformly bounded on |z| = p, say

| fri (2)] < M, 2| =p, k=1,2,3,....

But then
[f(Z)|SM, |zI:p/2nk> k=1,2,3,...,

that is, f(z) is bounded on a sequence of concentric circles converging to
the origin. By the Maximum Modulus Theorem, |f(z)| < M in the region
between any two such circles. As a consequence,

fFRI<M,  0<|z] <p/2™,

which contradicts the fact that f(z) must be unbounded in any neighbour-
hood of an essential singularity.

If F(z) = oo, then { 7 l_a} converges uniformly on compact subsets of
Tk

Ao zero. As above, we conclude that h(z) = 75—, is bounded in a deleted
neighbourhood of the origin, and thus f(z) has a removable singularity or
pole at the origin; again a contradiction.

Finally, if there are two values, say «, 3, which are attained only finitely
often by f(z}, then in some sufficiently small deleted neighbourhood of the
origin, f(z) would omit a, 3 and the result follows.
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Observe that e/* has an essential singularity at the origin, but that
et/# 0 for all z € €, so the above result is best possible.

A meromorphic function omits at most two values in D = D'(z0; R),
since the case of three omitted values can be reduced to consideration of
the omitted values 0, 1, 0o, and the preceding Picard Theorem then applies.

The proof of the theorem suggests the following holds true.

Lemma 2.8.3 If zg is an essential singularity of o function f (z) which is
analytic in a punctured neighbourhood D'(zp; R) of 2y, then the sequence
{fn} defined by fu(z) = f(&) is not normal in, say, A: £ <|z2—2|<R.

Proof. Again, let us take zy = 0, and suppose that {f,} is normal in
A: £ <|z| < R. Then there is a subsequence {fp, } of {f»} that converges
normally in A, in particular, uniformly in the closed annulus

— R R
Ap : 2z = 2] < 5
Moreover, the limit function F(z) of {f,,} must be identically infinite,
since otherwise, f{z) would be bounded in & deleted neighbourhood of the
origin, just as in the proof of the preceding Picard Theorem.
It must also be the case that the sequence {f,} itself converges uniformly
on Ag to oo, for if not, then there exists a sequence of points z; € Ay, a
number M > 0, and a subsequence {f,} of {f»} such that

frms () <M,  §=1,2,3,....

However, this contradicts the fact that {f,,,} must contain a subsequence

converging uniformly on Ay to oo; hence the assertion. It follows that for
any M > 0, there exists an ng = ng(M) such that

|fn(z)| >M, n = Ny, ZE:ZO.

But the values that fn takes in Ay, coincide with the values that f takes
in Ay, : —273;5 < |z| € &+, implying

@ > M, 0< 2l < sy

In other words, lin% f(z) = 00, contradicting the fact that z = 0 is an
Z—
essential singularity.

It was noted by Julia [1924], p. 104, that this result permits the following
extension of Picard’s theorem.

Julia’s Theorem Let zy be an essential singularity of f(z). Then there
is at least one ray, arg(z — zp) = 6, emanating from 2z, such that in every
sector § — e < arg(z — z9) < 6 + ¢, f(z) assumes, infinitely often, every
complex value with at most one exception.
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Proof. Defining the sequence {f,} as in (2.4), for a punctured neighbour-
hood D of 2y (which we again take to be the origin), Lemma 2.8.3 implies
that {f»} is not normal at some point {;, € D, and hence not normal in an
arbitrarily small disk Dy : |z — (| < r. Then, with regard to the family of
homothetic disks

Co

> o

T
<—, n=123,...,

D, : o

we see that f,,(Dy) = f(Dy).

Given any two values a,b € €, suppose that it is not the case at least
one of them is attained in infinitely many disks D,. Then there is some
ng € IN such that for n > ng, a and b are not attained by f in D,,, that is,
@ and b are not attained by f, in Dy, n > ng. By the FNT (§2.7), {f.} is
normal in Dy, a contradiction, and the theorem follows.

The ray issuing from the essential singularity z, and passing through (g,
is called the direction of Julia. Refer to §3.7 and §5.4 for other aspects of
Julia’s theorem.

Consideration of the family

fo(2) = f(272), n=123,...,

for f(z) an entire function which is not a polynomial yields analogously
as above that f(z) assumes every value infinitely often with at most one
possible exception in the sector § — ¢ < argz < 8 +¢.

2.9 Sectorial Theorems

Early on, Montel applied the ideas of normal families to various sectorial
theorems, inspired by the work of Lindel6f [1909]. The following is some-
times also referred to as Montel’s Theorem [1912] in the literature; cf. also
Lindel6f [1915] for a similar result.

Theorem 2.9.1 Let f(z) be analytic in the sector S = {2 : 0 < 2| < R,

o < argz < (3}, and suppose that f(z) omits two values. If f(z) — £ € T
as z — 0 along some ray argz = v, where a < v < 3, then f(z) — £ as
z—0 umformly in a4+ 6 <argz <-4, forany 0 < § < B — .

Proof. Assume first that £ € € and define

3R
Sn:{z:n—<|z|<§ﬁ"ﬁaa<algz</@}: n:051a2:-'-5

as well as functions
z

@) =Z), €S
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Then fn(So) = f(Sn), n=1,2,3,..., and since f(2) omits two values, {fn}
is normal in So. We can now apply the Vitali-Porter Theorem (§2.4) since
lim fn(2) = £ on the segment argz =, £ < |z| < 88 Hence f,(2) — £
n—rod

uniformly on compact subsets of S;. Without loss of generality, we may
assume f, — £ uniformly on the compact set

K:{z;ggzlg%ﬂi, a+5gaxgz§ﬁ-—5}.

Then given € > 0, there exists ng = ng(e, K) such that
|fr(z) — €] < e, n>ng z€K. (2.5)
We conclude that if || < 2,5,3—0115, a+6 Larg( < B -4, then (2.5) implies
17(0) — 4] <,

as desired.
If £ = oo, we can apply a similar argument to the function 1/f(z) to
obtain the conclusion.

Similar reasoning can be applied to bounded analytic functions in the
open unit disk to demonstrate that such functions possess an angular limit
at a boundary point, which is induced by the existence of a radial limit at
the point (cf. Duren [1970], p. 6). This issue is dealt with more generally
in §5.3 in the context of normal functions.

There is of course an analogous result to that of the theorem for an open
sector §' = {z : |2| > 0, a < argz < B}, in which f(2) — £ as z — oo
along a ray in the sector (cf. Burckel [1979], p. 441). A generalization of
the theorem has also been obtained by Cartwright [1935a] based on an
adaptation of Montel’s proof.

The following theorem of Lindeldf [1909)] is a direct consequence of The-
orem 2.9.1.

Corollary 2.9.2 Let f(z) be analytic in the sector S and suppose that
there are two rays argz = v1, argz = 7y, with a < v < v < 8 such that

lim f(re) =¢;, lim f(re) = c,.
r—0 r—0

Then either c¢i = cg or f(z) omits at most one value in the sector
71 S argz < ya-

Since the sector S of Theorem 2.9.1 is conformally equivalent to an infi-
nite half-strip, Montel’s theorem can be rephrased as

Theorem 2.9.3 Assume f(z), z = z + iy, is analytic in the half-strip
S:a<z<b y>0, and f(2) omits two values for z € §. If f(z) — £
as y — oo for a fized x = xo, then f(2) — £ on every line x = ¢ in S, and
indeed f(z) — £ as y — oo uniformly fora+6§ <z <b-—6.
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The analogue of Montel’s theorem for |f(z)| is in general false, since
the function f(2) = e™™* is bounded in any half-strip S as above, but
| f(z + iy)| approaches a limit as y — oo if and only if z = 0. However,
Hardy, Ingham, and Pélya [1928] showed that under certain conditions an
analogue of Montel’s theorem holds if | f(z +iy)| approaches a limit as y —
oo for two distinct values of . (This version has a harmonic counterpart
in the Hardy-Montel Theorem proved in §5.4). Cartwright [1962] showed
that convergence along only one line was sufficient under the following
circumstances: In S, if f(z) # 0, |f(z)| < 1, and |f(zo + iy)] — 1 as
Y — o0, then |f(z +1iy)] — 1 as y — oo uniformly for a+6 <z <b— 6.
Compare also Bohr [1927], Hayman [1962], Bowen [1964~65], as well as
Burckel [1979], Chapter 12, for other versions. Generalizations to abstract
Riemann surfaces have been obtained by Ohtsuka [1956].

Fd

2.10 Covering Theorems

For any function f belonging to the schlicht class S, the Koebe One-Quarter
Theorem states that the image of the unit disk, f(U), entirely covers the
disk [w] < I (cf. Burckel [1979], p. 232). In this regard, the requirement of
univalence is essential, for the function

f(z):]._——ﬂ;;’:ﬁfi, n >0,

is analytic in U, with f(0) = 0, f/(0) = 1. However, f(z) # L for any
z €U, and % can be chosen arbitrarily close to the origin. Hence, for the
class

T ={f: fanalyticinU, f(0)=0, f(0)=1},

we cannot expect to find a similar covering theorem to that of Koebe.
However, somewhat weaker versions can be demonstrated by normal family
arguments. Our first such result in this direction is due to Valiron [1927].

Theorem 2.10.1 Given ¢ € (0,2r), there exists p, > 0 such that for each

f €T, f(U) covers a circular sector centred at the origin of radius p. and
central angle 2m — ¢.

Proof. It suffices to consider only the case ¢ < 7. Suppose that there is no
such pe as claimed in the theorem. Then we may find sequences {an} and
{bn} in € such that a, — 0, b, — 0, as n — o0, with the difference of
their arguments ¢, = argb, — arga,, satisfying

£ < ¢y < 1, n=123,...,

together with a sequence of functions {f,} C 7 that satisfy fu(z) # ap,
fa(z) #£bp, forallz €U, n=1,2,3,.... Firstly, suppose that ¢, < Z. If
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we drop a line segment from the point a, that is perpendicular to the line
from the origin through the point b,, then clearly

|br, — @n| > |an|sin ¢,

the latter term being the length of the perpendicular line segment. It follows
that |bp, — an| = |an|sine, and so

|G, | 1
b, — an| ~ sine’

If, however, ¢, > %, by implementing the same construction as above, we
deduce that |b, — a,| > |an|, and therefore

_lan] o1
|bn — an| — T sine
Next, define the functions
gn(2) = f—’z(—""v)—;g—": z€U, n=1,2,3... .

Since the gn(z) are analytic in U and do not take the values 0 or 1 there,
the family {g,} is normal in U. Moreover,

1
Ign(0)|ggi—1;g, ’)’L=1,2,3...,
from the above. As a consequence, there is a subsequence {g,, } that con-
verges uniformly on compact subsets of U to an analytic function g(z).
Now, gy, (0) — ¢’(0), in other words

1

!
T 0

which violates the fact that a,, and b,, tend to zero, and the theorem is
proved.

The best value for p., given €, was determined by Bermant and Lavren-
tieff [1935]. Another version of Valiron’s theorem can be found in Yang and
Chang {1965].

By a means similar to that in the proof of Valiron’s theorem, we have
the (somewhat remarkable) result of Montel {1933], pp. 118-122.

Theorem 2.10.2 Let A denote the annulus 0 < Ry < |w| < Ry, and let p
be an arbitrary positive integer. Then there exists p = p(Ri, Ra) > 0 such
that for f € T, either f(U) 2 {Jwl < p}, or f(2) assumes every value of
A at no less than p points in U.
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Proof. Suppose not. Then there are points {a,}, {bn}, such that a,, — 0
as n — oo and b, € A, and a sequence {f,} C 7 such that for z € U

fn(Z) # Gn,
for less than p values of z. Define
fnl2) — _
gn(z) = 5o zeU, n=1,23,....

The family {g,} does not assume the value 0 in U, and assumes the value
1 at no more than (p — 1) values of z € U. By the Generahzed Normality

Test (§2.7), {gn} is 2 normal family with |g,(0)] = 22— < M < o,

n = 1,2,3,... . Therefore, there is a subsequence {an} wh1ch converges
uniformly on compact subsets of U to an analytic function g, with

9(0) = lim — 2% _,

k—oo b'nk - aﬂnk

Since the origin cannot be a limit point of zeros of the g,,, we conclude
that g = 0 in U. But then g, (0) = —2 — should tend to zero as k — oo,
"k Tk

which it clearly does not, and the theorem is proved.

The following variation of the preceding theorem was demonstrated by
Yang [1964] and Yang and Chang [1965] using a similar argument; cf. also
the Remark following Theorem 4.4.17.

Theorem 2.10.3 Let A denote the annulus 0 < Ry < |w| < Ry, and let g
be an arbitrary positive integer. Then there ezists p = p(Ry, Rg) > 0, such
that for any function f € T either one of the following obtains:

(i) For each point w of the disk |w| < p, the equation f(z) = w
has at least one root in U of multiplicity less than 2g + 3.

(ii) For each w € A, the equation f*)(2) = w (G < k < g
FO(2) = f(2)) has at least one simple root in U.

By virtue of Theorems 2.10.2 or 2.10.3 we maintain:

Corollary 2.10.4 Let T; be the family of f € T which omit some given
nonzero value ¢ € C. Then there is some p > 0 such that for all f € T¢,

FU) 2 {lw| < p}.

In fact, taking the annulus A above to contain the point ¢ proves the
theorem.

Another immediate consequence of the two preceding theorems is due to
Landau [1922].
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Corollary 2.10.5 There exists a p > 0 such that for each f € T, f(U)
entirely covers some circumference of radius at least p.

In Hayman [1989], pp. 452-453, there is a sharpening of the Landau
result: If f € T and € > 0, then f attains in U all the values on some
circle of radius 7 > § — €. As the Koebe function

z

(1-2)

belongs to 7 and omits the real values w < “17 the £ cannot be taken
equal to zero. The preceding may be construed as the analogue of the One-
Quarter Theorem for the class 7', and is actually a special case of a much
more general such theorem (Hayman [1989], Theorem 7.24).

Extensions of the covering theorems of Montel, Landau, as well as Corol-
lary 2.10.4, were obtained by Bermant [1944] in his deep investigation of
the modular function.

Finally in this vein, we have a theorem of Fekete [1925].

Theorem 2.10.6 Let 7, be the family of all f € T which have no more
than p simple zeros in U. Then there is a p > 0 such that for oll f €7,

F(U) 2 {lwl < p}.

Proof. Suppose that the conclusion does not hold. Then there exists a
sequence of nonzero points {w,} with w, — 0 as n — oo, and a sequence
{fn} € 7, such that f,(z) # wy, for z€ U, n=1,2,3,.... The functions
gn(z) = M have no more than p simple zeros in U, and the sequence {gn }
omits the value 1. Then {gn} is normal by the Generalized Normality Test
(§2.7) and contains a subsequence {gy, } converging normally to an analytic
function g, since g,(0) =0,n =1,2,3,... . But then g, (0) = w_i.k — ¢'(0),

a contradiction, since ?EL — 00 as k — 0.
nE

k(z) =

In the case p = 1, we retrieve a theorem of Carathéodory [1907] who
obtained the value p = % for the radius of the covered disk.
Other covering theorems due to Bloch and Landau are discussed in §4.3.

2.11 Normal Convergence of Univalent Functions

Given a sequence {f,} of analytic univalent functions defined on the open
unit disk U satisfying f,(0) = 0, f5.(0) > 0, denote Q,, = fo(U), for
n=12,3,....In 1912, Carathéodory gave a complete characterization of
the normal convergence of {f,} solely in terms of the convergence of their
image domains €,,. Observe that if such f, converge normally to f in U,
then f is either univalent or the constant zero by virtue of Corollary 1.4.1.

A key ingredient in Carathéodory’s work is the following concept. Let
{2,} be a sequence of domains in € with 0 € Q, . Then the kernel of
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{Q.} with respect to 0, ker{Q,,}, is defined as follows. If some disk D(0; p),
p > 0 is contained in all the domains ,, then ker{Q,} is the largest
domain containing 0 every compact subset of which is contained in all but
finitely many of the {2,; if no such disk exists, then ker{Q,} = {0}. By
“largest” is meant that any other domain with this property is contained
in the kernel. It is worth noting that ker{Q,} may be C. In addition,
we say that {Q,} converges to Qo = ker{Q.}, written Q. — Qo, if every
subsequence of these domains has {2y as is kernel. For example, let 53 be
the open unit disk U, and Qa1 be the open unit square S (centred at the
origin). Then ker{Q,} = U, whereas ker{Qor1} = 5, so that Q, does not
converge to the kernel.

The case when ker{€2,,} = {0} is readily dealt with. Indeed, suppose that
fn — f normally in U. As there is no r > 0 such that K(0;r) C Q, for
all n sufficiently large, then dist(0, 6€2,) — 0 as n — oo. An application of
the growth condition of Example 5 (§2.3) to the analytic univalent function
%%—S% € S gives

|2l

[fn(2)l < mlﬂ;(on

Coupled with the Koebe Distortion Theorem (cf. Pommerenke {1975], Corol-
lary 1.4): 1|£2(0)| < dist(0, 69,,), yields the result f = 0.

On the other hand, if f, — 0 normally in U, then ker{Q,} contains
no disk D(0;r), r > 0. For if it did, then the argument of part (ii) below
would give f}(0) > £ > 0, contradicting the normal convergence of f, to
0. Therefore, ker{Q,} = {0}.

We now demonstrate the

Carathéodory Convergence Theorem Let {f,} be a sequence of ana-
lytic univalent functions on U with f,(0) =0, f/(0) > 0, and ., = f.(U),
n=1,2,3,.... Then f, converges normally in U to a univalent function
[ if and only if Qo = ker{Q,} # {0}, C, and Q, — Qo. Moreover,
Qo = f(U).

Proof. (i) Suppose that f,, converges normally in U to a univalent func-
tion f. By the preceding discussion, {29 = ker{Q2,} # {0}. We aim to show
that f(U) = €. This being the case, it immediately follows that g # C
since, if it were equal to €, the inverse function f~* : € — U would violate
Liouville’s theorem. Moreover, as every subsequence of { f,,} converges nor-
mally to f, it transpires that every subsequence of {£2,,} has kernel = g,
i.e., Q..n - Qo.

We first prove: f(U) C g. In fact, given any compact subset K C f(U),
there exists 0 < r < 1 with K C f(D(0;r)). Setting ' = f({|2| = r}),
we have dist(K,I") = d > 0 as K and I' are disjoint compact sets. Since
fr — f normally in U, there exists ng = ng(K) such that

Fnlre®) = F(re)| < 3
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for all n > ng. Now both I'' and T'), = f,.({|z| = r}) have winding numbers
= +1 about K, so that by the Argument Principle, each value in K is
attained exactly once by fn,i.e., K C Q, = f,(U), n > ng. Since 0 € f(U),
the result follows from the definition of €.

To show the opposite inclusion £y C f(U), we take an arbitrary point
0 # wy € Qp and a closed disk K(wp;r) C Qp together with a closed
disk K(0;p) C Qp and set K = K(wg;r)U K(0; p). Then K C Q, for all
n > ng, say, so that ¢, = f. ! is defined on K, n > mg, and satisfies
|pn(w)| < 1, $n(0) = 0. Therefore, {¢y } is a normal family (in K°) which
has a subsequence {¢,, } that converges normally in K° to ¢, where ¢ is
analytic (indeed univalent), with ¢(0) = 0, |¢(w)| < 1. Hence for w € KO,
|#(w)| < 1 by the Maximum Modulus Theorem and so ¢(wp) = 2o € U.
Since f,, — f uniformly in a neighbourhood of 2, we see that

bn (Wo) — Gwo) implies  fr, (Pny(wo)) — f(P(wo)),

that is, wp = f(20) € f(U) as desired.

(ii) To establish the converse, suppose that Qy # {0}, ©, and that
Qp — Qo. If D(0;7) C Q, for all n, then the functions ¢, = f, I
defined on D(0;r) for all n. Consider the functions v, : U — U given by

Yn (W) = ¢y, (T’LU)
Schwarz’s lemma (§1.4) may then be applied, since %,{0) = 0, to give

Tnﬁi):z(o) = %(0) <1,

ie., ¢,(0) < L. Therefore, f,(0) > r > 0, and {f.(0)} is bounded below.
Furthermore, we claim that {f/(0)} is also bounded above. For if not,
then some subsequence, again denoted by { £/ (0)}, converges to +oo. More-

over ,
!
dist(0, 60,) > I (O)
as above, which means that D (0; ﬂ*;l@ CQ,, n=123,.... However,

this leads to the contradiction 2y = C, and so {f,,(0}} is bounded above
as asserted. As a consequence, {f,} is locally bounded, hence normal (cf.
the discussion after Example 10 of §2.3), so that some subsequence {f,, }
converges normally in U to a univalent function f (since the kernel # {0}),
with f(0) =0,0<r < f(0) < o0.

To complete the proof, we must show that {f,} itself converges normally
in U to f. If this were not the case, then as in the proof of the Vitali-Porter
Theorem (§2.4), there would be another subsequence { fr,, } that converges
normally in U to a limit function g distinct from f. From the proof of
part (i) we obtain ker{Q,, } = f(U), ker{Qpn, } = g(U). Since Q, — o,
Qg = f(U) = g(U) obtains. Furthermore, f(0) = g(0) = 0 and f'(0) > 0,
¢'(0) > 0, implying f(z) = g(z) by the uniqueness of the Riemann mapping
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function (§2.6). This contradiction establishes that f, — f normally in U
as desired.

For generalizations of Carathéodory’s theorem, see Goluzin [1969], p. 59;
see also Pfluger [1969], pp. 184-186, for some further examples. By way of
contrast with Osgood’s theorem (§2.4) we have

Corollary 2.11.1 Let {f,} be a sequence of analytic univalent functions
inU, fn(0) =0, f1(0) > 0, such that f, converges pointwise to an analytic

univalent function f. Then {f,} converges uniformly on compact subsets
of U to f.

Proof. Applying the standard growth estimate

1ZI ||

to any nonzero zg € U gives f/(0) < QiL"—‘ﬁL |fn(20)|, and we conclude that

{1(0)} is bounded above. Similarly it 1s deduced that {f(0)} is bounded
away from zero. This once again assures the local boundedness of {f,} and
the result is now a consequence of the Vitali-Porter Theorem.
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Meromorphic Functions

Normal families of meromorphic functions are most naturally studied us-
ing the spherical metric (§1.2), an approach initiated by Ostrowski [1926].
Some results for meromorphic functions, such as the FNT, are immedi-
ate extensions from the analytic case, whereas others, such as Landau’s
or Julia’s theorem are set in a much broader context than their analytic
counterparts. Normality criteria more pertinent to families of meromorphic
functions, such as Marty’s theorem, have not yet been encountered. The
notion of normal invariant families is introduced, and these play a further
role in the discussion of normal functions in Chapter 5. One of the high-
lights of the normal invariant theory is a condition for normality based on
the Ahlfors Five Islands Theorem. We conclude with some observations
on the normality of families of linear fractional transformations which are
again featured in Chapter 5 in the context of discontinuous groups. Addi-
tional results involving meromorphic functions are also in the next chapter
on the Bloch Principle.

3.1 Normality

We begin with

Definition 3.1.1 A family F of functions meromorphic in a domain Q
is normal in Q if every sequence {f,} C F contains a subsequence which
converges spherically uniformly on compact subsets of Q. -

That the limit function is either meromorphic in 2 or identically equal to
oo is a consequence of Corollary 3.1.4. That the limit function can actually
be identically oo is given by
Example 3.1.2 Let f,(2) = %, n = 1,2,3,..., on U. Then each f, is
meromorphic and {f,} converges spherically uniformly to co in U.

In order to relate normal convergence in the chordal metric with uniform
convergence in the euclidean metric, the next result is frequently used in
the sequel.
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Theorem 3.1.3 Let {f,} be a sequence of meromorphic functions on a
domain 2. Then {f,} converges spherically uniformly on compact subsets
of Q to f if and only if about each point zo € Q there is a closed disk
K(zg;T) in which

or 1 1
— _ 150
o f ’

uniformly as n — oo.

Proof. Since x{wy,ws) < |wy — we| and x (w1, ws2) < l-u}—l - ;};I, if either

fn — f| — 0 or I?l;- _ }‘ — 0 uniformly in K(z0;r), then x(fu, f) — 0

uriformly in K (2p;7), and hence on compact subsets of €.
On the other hand, suppose that x(f.,f) — 0 uniformly on compact
subsets of ). There are two cases.

Case (i): f(zp) # oo.

In view of Proposition 1.6.2, f(z) is spherically continuous in 2, hence
there is some closed neighbourhood K(zp;r) on which f(z) is bounded.
Therefore, by Theorem 1.2.2, f, — f uniformly on K(z;7). Note that
f(2) is analytic in the interior of K(zp;7).

Case (ii): f(z) = co.
As above, we can find a closed disk K(zo;7) in which 45 is bounded.

Since x(?-l:, %) — 0 uniformly in this disk, again by Theorem 1.2.2, fln — %

uniformly in K(zg;7).

Corollary 3.1.4 Let {f.} be a sequence of meromorphic functions on Q
which converges spherically uniformly on compact subsets to f. Then f is
either a meromorphic function on Q or identically equal to co.

Proof. Suppose that f £ oo. Then for some z € Q, f(z) # oo, and
according to Case (i), f is analytic in a neighbourhood of every point where
it is finite.

On the other hand, if f(25) = oo (f # o0), we claim 2, is an isolated
singularity. For if not, let {z,} be a sequence in Q such that z, — 2o,
f(zn) = co0. By Case (ii), % is analytic in D(zp;7). Then ?(ﬁlg;—) = 0 for all

n, implying % = 0 in D(zp;7), i.e., f = 0o in D(zp;7). Let

S={z€Q: f(2) =00} = f1{c0).

Then S # @ and is an open set by the above. Moreover, § is trivially
a closed set. The connectedness of © then implies § = , contradicting

f # o0, so that 2¢ must be an isolated singularity and f is meromorphic in
Q.
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_ Corollary 3.1.5 Let {f.} be a sequence of analytic functions on a domain
() which converge spherically uniformly on compact subsets of € to f. Then
f is either analytic on § or identically equal to co.

Proof. Suppose that f(z) = oo for some zy € £2. Since fn % uniformly
in some D(zo0;7), fl is analytic, # 0 in D(z0;7) for all sufficiently large n.
So it must be that + = 0 in D(z;7) in view of Hurwitz’s theorem (§1.4),

i.e., f = oo there. Then f = co as in the preceding corollary.
If f # oo, the conclusion follows also as in the preceding corollary.

In order to show the equivalence of the two definitions of normality for
a family of analytic functions, we maintain

Proposition 3.1.6 A sequence {f,} of analytic functions on a domain Q
converges uniformly on compact subsets to f (which may be = oo) if and
only if {fn} converges spherically uniformly on compact subsets to f.

Indeed, uniform convergence implies spherical uniform convergence when-
ever the limit function is analytic, in which case the converse is also obvious
from Theorem 1.2.2. When f = oo, the relation

1
X fn,OO = e
( ) V31t fal?
yields the assertion.

In view of Definitions 2.1.1 and 3.1.1, we have

Corollary 3.1.7 A family F of analytic functions is normal in o domain
Q with respect to the usual metric if and only if F is normal in Q with
respect to the chordal metric.

With regard to derivatives, we know (by Corollary 2.2.5) that if F is
a normal family of analytic functions whose limit functions are all ana-
lytic, then the family F’ of derivatives constitutes a normal family as well.
However, this turns out not to be the case for meromorphic functions.

Example 3.1.8 Define ’

n? i
——, n=123,..
- — 2

T2

Then fn(z) converges to —% = f(z) normally in ©, resulting in the
normality of {f,}. On the other hand,

, 2ntz 2z

n

satisfies f,,(0) = 0, whereas the limit function (z # 0), F(z) = %, is oo at
z = 0. We conclude that {f]} is not normal in any neighbourhood of the
origin.
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3.2 Montel’s Theorem

In discussing the normality of a family of meromorphic functions, the con
cept of local boundedness is not entirely relevant (although see Corollary
3.3.4 where it is partially resurrected). However, spherical equicontinuity
can be substituted in the following counterpart to Montel’s theorem (Os
trowski [1926]):

‘Theorem 3.2.1 A fomily F of meromorphic functions in a domain Q i
normal if and only if F is spherically equicontinuous in Q.

Proof. Suppose that F is normal but not spherically equicontinuous. Ther
there is a point z; € 2, some € > 0, a sequence {z,} C Q with z, — 2
and a sequence {f,} C F satisfying

x (Fnlz0), fulzn)) > ¢, n=123,... . (3.1

The normality of F provides a subsequence {f,, } converging spherically
uniformly on compact subsets; in particular on a compact subset containing
{zn}. But according to Proposition 1.6.2, {fy, } is spherically equicontinu
ous at zg, violating (3.1). Therefore, F is spherically equicontinuous.
The converse is deduced in the same manner, mutatis mutandis, as Mon
tel’s theorem (§2.2), owing to the compactness of the Riemann sphere.

Normality can also be studied from the equivalent (but no longer fash
ionable) point of view of spherical oscillation, an approach conceived by
Ostrowski [1926] and also considered by Carathéodory [1929]. For an ex
plication of the basic ideas, as well as the related notion of continuou
convergence, see Carathéodory [1960, Vol. I}, pp. 173-183.

The Fundamental Normality Test also has the following analogue fo.
meromorphic functions.

Fundamental Normality Test Let F be a family of meromorphic func
tions on a domain $} which omit three distinct values a,b,c in €. Then J
s normal in Q.

Proof. Set )
_ _c~a f(z)—b
g—{g(z)mc_b-f(z)ma.fef}.

Then G is a family of analytic functions in £ which omit the values 0 anc
1. Hence by the analytic FNT (§2.7), G is normal in the usual metric, anc
consequently in the chordal metric. The normality of F then follows.

The FNT also holds for Q C @; see comments after Theorem 3.3.2
Montel [1916] gave a generalization of the FNT for meromorphic functions
namely
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Theorem 3.2.2 Let F be a family of meromorphic functions in Q for
which there are three fized values a, b, ¢ such that the roots of the equations

f(2)=a, f(z)=b, f(z)=c
have multiplicity divisible by h, k, £, respectively, for each f ¢ F. If

S T
h k¢ ’

then F 1s normal in €.

We defer proof of this theorem since a stronger version will be proved in
Chapter 4 from two different points of view.

Vitali-Porter Theorem. It is evident from the proof of the Vitali-
Porter Theorem that a normal family {f,} of analytic functions such that
lim f,.(z) exists at a sequence of points having a limit in { must in fact
00

converge uniformly on compact subsets of ). The natural analogue for
meromorphic functions, since normality is equivalent to equicontinuity, is

Theorem 3.2.3 Let {f,} be a sequence belonging to a spherically equicon-
tinuous family of meromorphic functions such that {f,(2)} converges spher-
ically on a point set E having a limit in Q. Then {f,} converges spherically
uniformly on compact subsets of 1.

The proof is a straightforward adaptation of that for the Vitali-Porter
Theorem, by invoking the Identity Theorem for meromorphic functions.

3.3 Marty’s Theorem

In contradistinction to Montel’'s theorem, where local boundedness was
the key ingredient, the normality of a family of meromorphic functions is
characterized by a condition in which the spherical derivative is locally
bounded, due to Marty [1931]; cf. Hayman [1964], pp. 158-160 for another
proof, also Hua and Chen [preprint] for a generalization reminiscent of the
Five Islands Theorem (§1.9).

Marty’s Theorem A family F of meromorphic functions on a domain
Q is normal if and only if for each compact subset K C §Q, there exists a
constant C = C(K) such that the spherical derivative

pe=plPlo o sex jer

that is, f¥ is locally bounded.
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Proof. Suppose that f#(2) is uniformly bounded on compact subsets. Take
an arbitrary zo € £ and a closed disk K(zp;7) C 2. For any z € K(z0;7)
let v be the straight-line path joining 2z to z in €, so that

x(F(z0), F(2)) < / FQ)1de).

Therefore, for some constant C = C(z), x(f(20), f(2)) €Clzg—2|,f€F
and we conclude that F is spherically equicontinuous, hence normal in .

Conversely, suppose that F is normal, but there is a compact set X C £
a sequence of points {2,} C K and a sequence of functions {f,} C F
such that f¥(z,) — 00 as n — oo. Firstly we obtain a subsequence { frx )
that converges spherically uniformly on K to a limit f. Centred about eact
2y € K there is a closed disk K(2;r) C @ in which either f,, — f o

fik % uniformly as k — oo (Theorem 3.1.3).

In the former case, f is analytic and bounded in K(z;r) (that is, or
a slightly larger open disk), whence f,, is analytic in K(zq;7) for k sufﬁ
ciently large. Then f# — f# by the Weierstrass Theorem, uniformly or
K(zp; 7). Since f#(z) is bounded on K(zp;7), the SAI0 is true for the fI ’s

In the event fn - f, replace fn, and f by - — and s respectlvely

#
in the above argument, and since g¥#(2) = (W)-) , We obtain the same
conclusion. As K is compact, it can be covered by a finite number of digks

in each of which the f# are bounded, so that the f# are bounded on K.
This contradiction concludes the proof of the theorem

The Marty criterion is one of the most widely used for determining the
normality of a family of meromorphic functions. However, given a family
of meromorphic functions {f} such that, say,

17| < el

we see that the Marty criterion is insufficient to establish normality, and a

stronger version is required. The following has been furnished by Royden
[1985]. ’

Theorem 3.3.1 Let F be a family of meromorphic functions in a domair
§2 such that for each compact subset K of ) there is a monotone increasing
function hy such that

F( <he(lf(2)), feF, z€K.
Then F is normal in €.

Proof. 1t suffices to consider the case when © is an open disk and [f(2)]
< h(lf (z)]) there. Moreover, as this inequality certainly holds for all larger
h, we can assume that h is continuous and that A(t) > 1+ 2. If yis a
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differentiable arc or curve on the Riemann sphere ¥ define the h-length of
v by
|dw
Ln(y) = / T
0= | hgwb

Then Ly () is less than the spherical length of y, L(7y) (§1.2).
Define p: £ x 2 — R by

p(wi, w2) = inf{Lxn(7)},

where the infimum is taken over all v joining w; with we. Clearly p is a
metric, and p(w;,ws) < o(wy,ws), the spherical metric on 3. Therefore, p
and o are uniformly equivalent owing to the compactness of X in o.

As in Marty’s theorem, letting I' be the straight-line path joining 2; with
29, we have for each f € F

plF(e), f() < [ '—,{-é})é%l < [l =2 = ml,

invoking the criterion of the hypothesis. Thus, the family F is equicontinu-
ous with respect to the metric p and, in view of Theorem 3.2.1, F is normal
with respect to p. The normality of F with respect to the chordal metric
x now follows due to the uniform equivalence of p and .

It is now evident that the family of meromorphic functions {f} such
that |f’| < elfl is normal. An improvement of the Royden criterion has
been given by Chen and Gu [preprint|, cf. also Hua [preprint].

As in the case of analytic functions, we say that a family of meromorphic
functions F is normal at o point z, if F is normal in some neighbourhood
of z. As for analytic functions, normality is a local property.

Theorem 3.3.2 A family of meromorphic functions is normal in a domain
Q if and only if it is normal at each of its points.

The necessity is obvious, and the sufficiency follows readily from Marty’s
theorem via a compactness argument.

In accordance with the analytic case, we define a family of meromorphic
functions F to be mnormal at oo if the corresponding family
G ={g:9(2)=f(%)} is normal at z = 0. Moreover, if @ C C and Q
contains the point at infinity, define F to be normal in € if F is normal in
2 — {oco} in the usual sense, as well as normal at co. This is equivalent to
saying that: A family of meromorphic functions F is normal in a domain §1
on the Riemann sphere & if and only if every sequence {f,} C F contains
a subsequence that converges spherically uniformly on compact subsets of
Q. It also follows that many results on normality, such as the FNT (§3.2),
Theorem 3.2.1, etc., have immediate extensions to a domain 2 € 3.
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An interesting characterization of normal families now arises which is
somewhat reminiscent of Theorem 3.1.3. Observe that the chordal distance
between the circles |w| = 1 and |w| = 2 is given by x(1, 2) \/m, which is

the chordal distance between the circles jw| = 1 and |w| = 5. Then for any
two points w', w” that satisfy either |w'| < 1 and |w”| > 2, or |w'| > 1 and
lw| < %, it must be true that

1
w w') > =,
X( 1 ) —_ \/‘1__0—
Suppose now that F is a normal family of meromorphic functions in Q. In

view of Theorem 3.2.1, about each point zy € (2, there is a neighbourhood
N(zp) C Q in which

1
) X(f(z): f(Z())) < m:

for all f € F.If, say, | f(20)| < 1, then by the preceding remarks If(2)l < 2,
for z € N(z), f € F, whereas 1f |F(z0)| > 1, then |f(2)| > %. Therefore, if
z € N(zp), either

1
|f(z)] <2 or m<2, ferF.

Conversely, if this latter condition holds in N(zp), then F may be ex-
pressed as the union of the two families

Go={f € F:|f(2)| <2, z € N(z)},

Ho={f € F:|f(2)| > §, z€ N(z0)}-

It follows that Gy and Hy are normal at zg, so that the union F is normal
at zp and hence normal in 2 by Theorem 3.3.2. We have established

Theorem 3.3.3 If a family of meromorphic functions F is normal in a
domain 2, then about each point zg € 2, there is a neighbourhood N(zp) C
Q such that either

1
|lf(z)| <2 or T}—(—Z_)—l<2

holds for all z € N(2), f € F, and conversely.

The partitioning of the family F into two normal families works equally
well if the constant 2 in the above is replace by an arbitrary positive con-
stant.

Corollary 3.3.4 Let F be a family of meromorphic functions in § such
that for each zy € Q, there is a neighbourhood N(zp) C 2 and a constant
M (zg) such that either

|f(z)] < M(z) or |f( T < M(z), 2eN(x), feF.

Then F is normal in Q.
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3.4 Compactness

From the analytic case, we say that a family F of meromorphic functions
is compact if the limit of every normally convergent sequence belongs to 7.
In this regard we maintain (cf. Carathéodory [1958, Vol. I}, p. 183).

Theorem 3.4.1 Let F be a normal family of meromorphic functions on
o domain Q. Then F can be extended to a normal and compact family by
adding to F all limits of normally convergent sequences in F. (Here, with
an abuse de langue, we treat f = oo as a meromorphic function.)

Proof. Denote by G, the extended family with the limits adjoined. We may
assume every ¢ € G is a limit of functions in F by admitting sequences in
which the same function is repeated infinitely often. Then every g € G is a
meromorphic function in 2.

In order to show G is normal in €2, consider an arbitrary sequence {gn}
C G, and an exhaustion {K,} € Q. Then for n = 1,2,3,..., there is a

sequence { f,g")} C F which converges normally to g, as &k — oo. Hence for
each n there is an integer k(n) sufficiently large satisfying

( (n)(z) Q’n(z)) < -1- z € K. (3.2)

Since F is normal, the sequence { f } has a subseguence { ( ”) } which

converges spherically uniformly on compact subsets to a IIleIOIIlOI‘phIC func-
tion g. By (3.2) we deduce that {g,,} converges spherically uniformly to
g on compact subsets of £, i.e., G is a normal family. Moreover, since any
limit function g of functions {g,} C G is also a limit of a sequence of
functions in JF, we conclude that G is compact.

Our proof is obviously a special case of what can be done in a more
general metric space setting.

If F is a family of analytic functions that does not admit the limit func-
tion = oo, say if | f(20)| < M for all f € F, then F may be‘compactified in
the same fashion.

3.5 Poles of a Normal Family

For a normal family of analytic functions F that has no constant limit
function a, the number of roots of f(z) — a is locally uniformly bounded for
all f € F (Theorem 2.5.1). For meromorphic functions we have a similar
condition on the number of poles (Montel [1916]).

Theorem 3.5.1 Let F be a normal family of meromorphic functions in a
domain Q such that for some 29 € Q, |f(z0)] < M, for all f € F. Then
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the number of poles of each f € F is uniformly bounded on each compact
subset of 2.

The proof follows along the same general lines as Theorem 2.5.1. Assume
that the number of poles on a compact subset K C § is not bounded.
Then for n = 1,2,3,..., there are functions f, € Q which have at least n
poles in K. The hypotheses guarantee a subsequence { f,,, } which converges
spherically uniformly on K to a meromorphic function f(z) # co. The
function f(z) can have only a finite number of poles in K, say 21, 2, .. ., 2p,
with orders oy, 0,. .., ap, respectively. For ¢ = 1,...,p, consider a set of
mutually disjoint disks D(z;;7;)}, which we may assume are subsets of K

. - 1 1 + . 1 1
and in which ol T F uniformly. As the functions @ and TGy are

analytic in each D(z;;7;), they have the same number of zeros there for
k sufficiently large. Then for such k, f,, (z) has poles of total order ¢; in
D(z;7;), and hence o = a3 + ...+ @, poles in UL_, D(z;73).

In the complement E = K —UL_; D(z;7;), f(2) is analytic and bounded.
Then f,, — f uniformly on F, implying {f,. } for large k has no further
poles in F, and this contradicts the assumption that the number of poles
in K increases without bound.

Corollary 3.5.2 Let F be a normal family of meromorphic functions in
Q) which satisfy, at some point zg € €1,

|f(z0) —a| >, fEeF,

for some v > 0, a € C. Then the number of roots of the equation f(z) —a
is uniformly bounded on each compact subset of Q.

Proof. The family

\

6= {s) = 75—  f e 7]

consists of meromorphic functions satisfying |g(z0)| < L. The result then
follows from the theorem.

If a normal family is bounded at a certain point, something further can
be said about the proximity of any pole of a function in the family.

Theorem 3.5.3 Let F be a normal family of meromorphic functions in a
domain £} such that |f(z0)| < M for each f € F. Then for some r > 0,
there is a disk D(zp;r) in which there is no pole of any f € F.

Proof. Suppose this were not the case. Then there is a sequence of functions
{fn} © F having poles {z,}, such that z, — 2y as n — oco. We extract
a subsequence {f,, } converging spherically uniformly on compact subsets
to a meromorphic function f. Then |f(z)| < M, and indeed there is a
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disk D{zp;7) in which |f(z)] < M’, say. Choose k large enough so that
Zn, € D(z0;7) and |fn, (2) — f(2)| < 1 for all 2 € D(zp;7). Then

Ifnk(z)| <M’+1: ZGD(ZD;T):

and this contradiction establishes the theorem.

Corollary 3.5.4 Let F be a family of meromorphic functions in Q such
that
|f(z0) —al>r,  fEeZF,

for somer > 0, zo € Q, a € C. Then for each f € F, the family of
equations f(z) —a =0 has no roots in some neighbourhood of zg.

Indeed, the functions

1
9(z) —a ferF,
satisfy the conditions of the theorem.

As an application of the preceding theorem, let us establish a meromor-
phic version of Landau’s theorem (§2.8). Toward this end, consider the
family F of meromorphic functions in |z| < R < oo such that any f € F
has the Taylor expansion

f(z) =a0+arz+..., ay # 0,

in some neighbourhood of the origin. Suppose that F happens to be nor-
mal in |z| < R by virtue of some property P which is invariant under
homothetic transformations of the domain. Define

F={f:J()=fRa), feF}, ld<L

Then F is normal in |2| < 1, with f(0) = f(0) = ao, f € F. In view
of Theorem 3.5.3, each f is analytic in a disk |z| < p = p(ag,P). The
important feature to note is that p is independent of R, as well as f. We
conclude that each f € F is analytic in |2| < r = pR.

Applying Corollary 2.2.4 gives

£(2) < M(ao,P), <3, fEF,

and by the Cauchy formula
M (a'()a P)

IA

|ax]



82 3. Meromorphic Functions

Hence
< 2M (GO:P) .

= plao, P)las] —
This leaves only the matter of the normality of F. One possibility is for F

to omit three distinct values. A more general condition implying normality
is embraced in the following hypotheses (cf. Theorems 4.1.3 and 4.1.4).

M (ag, a1, P).

Theorem 3.5.6 Let F be a family of meromorphic functions in the disk
|zl < R such that each function f € F has the expansion

f(z)=ap+a1z+..., a1 #0,

in a neighbourhood of the origin. Suppose that all the roots of the equation
f(z) — o =0, ap € C have multiplicity > m, (>2),v=1,...,q, and

q
2(1 - i-) > 2.
v=1 M
Then

R g M(ag,al,ml TN ,mq).

If the values 0, 1, co are omitted by F, then the corresponding m,’s are
taken to be oo, and the usual Landau Theorem obtains. For Schottky type
theorems pertaining to meromorphic functions, see Valiron [1929], pp. 39-
40.

3.6 Invariant Normal Families

Marty’s theorem can be rendered into a more precise form when applied to
a family which is conformally invariant. This notion, along with the initial
development in this section, is due to Hayman [1955, 1964].

Definition 3.6.1 A family F of meromorphic functions defined on a sim-
ply connected domain §) is (conformally) invariant if, whenever f € F,
then fot € F, wheret is any one-to-one conformal mapping of Q onto Q.

Invariant families are intimately related to the notion of normal func-
tions, which are taken up in Chapter 5, although the notions were developed
independently.

The normality of such families is readily determined for = U.

Theorem 3.6.2 Let F be an invariant family of meromorphic functions

in U. Then F is normal in U if and only if for some constant M,

F#(0) = 1‘% <M (3.3)

forall f e F.
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Proof. Certainly if F is normal, then (3.3) holds by Marty’s theorem.
On the other hand, if (3.3) holds, then applying it to g(z)

z+a
= F gi
f( &z) € F gives

(1= [oP)If' (@)
O

For a belonging to a compact subset of U, the conclusion again follows from
Marty’s theorem.

If w = f(z) is meromorphic in U, recall from §1.2:

L(r) = length of the image of |2| = r on the Riemann sphere

/2’” |f’(rew)|rd0‘
o 14+|f(re?)?’

1
S{r) = — area of the image of |z| < r on the Riemann sphere with

due regard to multiplicity
_ 1 fz'” "1 (pe)Ppdp d
mJo Jo (L+1f(ee?)?)*

The following theorem due to Dufresnoy [1941] will be required. The
proof in Hayman [1964], p. 152, is based on the isoperimetric inequality on
the sphere.

Dufresnoy’s Theorem If f(z) is meromorphic in |z| < 7o and S(ry)
= S(ro, f) <1, then
S(ro)

#oy2 < L_2(T0)
FPOF < gty

We can now establish the following sufficient condition for normality
from the uniform boundedness of the spherical areas. The analogous result
of Example 2.2.7 for analytic functions defined in U required the uniform
boundedness of the Riemann surface areas of the images. In that particular
case, we see that the family would also be invariant since the Riemann
surface area of a Dirichlet-finite function and its transpose are the same.

Theorem 3.6.3 Let 0 < K < 1 and Fg be the class of meromorphic
functions in U such that S(r) = S(r, f) < K for 0 <r < 1. Then Fi is
an invariant normal family.

Proof. By virtue of the Dufresnoy Theorem,

1 K
#0) < =
f (O)—T 1—‘K,
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and letting r — 1,

K
#(0) < 4 ———.
O <\ 1%
. v % +a
Moreover, if f(z) € Fx, then g(2) = f[ & T3 ) € Fy, for v real, |a] <

1, since f(U) and g(U) have the same images on the sphere, the area of
which is not greater than wK. Therefore, Fx is invariant, and by Theorem
3.6.2, Fyx is normal.

The normality of Fx was already mentioned in Montel [1934].
We remark that by Example 2.1.3 the family

{(fulz) =nz:n=1,2,3,...}

is not normal in U. On the other hand, S(r, f») < 1,0 <r < 1, so that the
class J; is not normal in U.

At this juncture it is appropriate to investigate those meromorphic func-
tions in U for which the length-area relation

S(ry < hL(r)

holds for some positive constant h. Such functions arise in the context of
the Ahlfors Five Islands Theorem (cf. §1.9 and Corollary 3.6.6).

Lemma 3.6.4 If f(2) is meromorphic in U such that
S(r, f) = S(r) < h1L(r), O<r<i, (3.4)
for some constant hy > 0, then
F#(0) < ha, (3.5)
where he depends only on hy.

Proof. For 0 < rqg < r < 1, we apply the Schwarz inequality to

2m / 20
B | £/ (re*?)|r do
L(T) —/0 1+ lf(reie)lz'

'This gives

/27r /21r |f.r(,rez9)l2,r. d8 _ 271-27‘5,(7‘),

1+ |f(rei?)|?)’

so that
S%(r) < 2n%h3rS'(r)
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from our assumption (3.4}. Hence

o r log =
1 1 ]S(t)dt> 1 /@: g o

S(ro)  S(r)  Jo, S2(t) " " 2x2RZ J,, t  2n%hY
and we deduce that
2m2h3
S (TD) — T
log .
Letting 7 — 1, \
272 h?
S(To)g T 11, D<rg <l
log —-
To
Finally, choose 7o satisfying
2n°hy 1
log% 2

232 . .
ie., 7o = =% M Then Dufresnoy’s theorem implies

1 S(’ro) 1 272
# 2 < — 8w hl
*OF S G S =

so that (3.5) holds.

This leads to another invariant normal family.

Theorem 3.6.5 Suppose that f(z) is meromorphic in U and let L be the
length of the image of the circumference on X and ©S be the area of the
image on B of some disk whose closure lies in U. Define Fp as the class

of all functions for which
S <hL

for all such disks, where h > 0 is constant. Then Fy, is an invariant normal
Ffamily. ‘

Proof. Let D be a disk with D C U. Under the mapping

. 2+ a
t(z) = &7
(2) 1+az’

D is mapped onto a disk A with A C U. Given f € F}, the function

g9(2) = £(#(2))

then satisfies g(D) = f(A). Thus, g € F, and F}, is invariant. Farthermore,
by Lemma 3.6.4 we have the requisite condition for the normality of Fp
(Theorem 3.6.2).

In view of the Ahlfors Five Islands Theorem (§1.9) we have
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Corollary 3.6.6 Suppose that F comprises the family of meromorphic
functions w = f(z) which map no subdomain of U one-to-one confor-
mally onto any of five given Jordan domains (with s.a. boundaries) whose
closures are disjoint on 3. Then F is normal and invariant.

In fact, by §1.9, there is a constant h > 0 independent of f for which
S(r) < hL(r), 0<r<l,
and the result follows from the theorem.

In the present context we can deduce another proof of the FNT (§2.7).
For, a function f belonging to the family

F = {f analyticin U : f(z) # 0,1}

will possess no islands over any domains which contain the points 0,1, co
on the sphere. Then from the Second Fundamental Theorem of Ahlfors, we
can assert that

S(r) < hL{r), 0<r<li,

for some absolute constant h. From Lemma 3.6.4, f#(0) < C, for all f € F,
and since F is an invariant family, it is normal by Theorem 3.6.2, and the
proof is complete.

Given an invariant normal family, we now show how this constrains the
growth of the Ahlfors-Shimizu characteristic.

Theorem 3.6.7 If F is an invariant normal family, then

1 ,
TO(T’f)SCIOgI__:?i’ O<?"<1, fef,

where C > 0 is constant.

Proof. Since f € F implies f#(0) < C, for some C > 0, we have for

+ .
f ( lz T ;Oz) € F, zp = re*®, the estimate
0

02

[f#(2)) < a—ae

|z| =r.

This gives, upon integrating,
1 2 T . T pd-p
S(r,f) = -—f /f# eN2pdpdd <20% |
= ): 0{ (0™ )N pdp =
2

”
1— 92’

= ?
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Therefore,
S(t) c? 1

T = —~dt< —1

as desired.

Working locally, we can determine a necessary and sufficient condition
for normality in terms of Tp(r, f) by similar means (Drasin [1988]).

Theorem 3.6.8 If F is a family of meromorphic functions in U, then F
is normal in a neighbourhood of the origin if and only if there is a constant
C > 0 such that

To(r,f)<C, feF, 0<r<R,
for some R > 0.

Proof. Suppose F is normal in some neighbourhood of the origin. Then
by Marty’s criterion,
f#(z) < M

for |z| < R, R > 0. Therefore,

1 2w pr ) .
S(r)=8(r,f) = ;fo ]0 [f#(pePpdpdd < M*2, 0<r<R, feF,

and so

" S(t) M2p2

To(’*‘",f)zfo "—t—dﬁS

< C, O<r<R, feF.

The proof of the converse was suggested to the author by Professor Hay-
man. If To(r, f) < C, 0 < r < R, then for 0 < ry <, r fixed, we have, as
in (1.8),

C’zf —S—(—th> S(To)f i S(ro)logi.
o t ra t 7o

It follows that o ) ,
S </ < =
(ro) log %= "2 ’
for 7o .sufficiently small, and the normality at the origin is a consequence

of a local version of Theorem 3.6.3.

Considering the same question for the Nevanlinna characteristic, we
maintain (Schwick [1989], Drasin [1969], Lemma 4).

Theorem 3.6.9 Let F be a family of meromorphic functions in U such
that for each f € F, f(0) # oo, and

T(ro,f) < C < o0

for some 0 < g < 1. Then F is normal in o neighbourhood of the origin.
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Proof. Given f € F, suppose that b is a pole of f with 1b] < rg. Then

log % < N(ro, f) < T(ro, f) < C,

14

that is,

-

16| > roe™" =71 > 0.

Hence every f € F is analytic in |z| < r;. Moreover, by Theorem 1.8.2

T +’F1/2

— T(rq, f) < 3C,

log™ M ( f)

and the conclusion follows by Montel’s theorem (§2.2).

In contrast with the Ahlfors-Shimizu cha,racteristic the converse of The-
orem 3.6.9 is not valid. Indeed, fix @ # 0, |a| < %, and set

fal)=(z-a)™, n=123,...
Then for |z| < ro < |a|, |z —a|™ > 27, so that f, — oo normally in

12| < 9. However, for 0 < r < ng

1 .
L(r, fu) =mlr, fa) = —n- 57;/ log |re® — a|df = —nlog|a]
0

by Jensen’s formula (1.5), and T'(r, f,) — 00 as n — oo.

Returning to invariant normal families, our intention next is to demon-
strate (for analytic functions) a generalization of the Schottky and Landau
Theorems which is due to Hayman [1955, 1964].

Before preceeding with the main result, let us first consider a suggestive
example; specifically the family

= {f(2) analytic in U : |f(2)| > a > 0}.
Then F, is an invariant normal family in U. If we set
re=18

the function h(z) = log |F(z)| is therefore positive harmonic. In view of the
Herglotz representation for h(z), namely

2
u(z):né-l-;r*/ |1_|ZIZd (¢), (=e% |z|=r<1,

where 11(¢) is a nondecreasing function on [0, 27 (cf. §5.4), it follows that

1+r
log |F/(2)| < 1—log |F(0)].
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In other words,

1+r 2rlog
< — .
log ()] < T log | £(0)| — 1=
Setting C = — log o allows us to write
147 2Cr
< +
log M(r, f) < 7= log* |£(O)} + +——,

and it is this inequality it turns out, which is valid for an arbitrary invariant
normal family of analytic functions in the unit disk.

Theorem 3.6.10 Let F be an tnvariant normal family of analytic func-
tions in U. Then for f € F,

f&y=ap+arz+... |2| <1,
there is a constant C depending only on F such that
a1} < 2u(log p + C)

and
M(r, ) < /_L(1+T)/(1_T)620"'/(1—7‘),

where p = max(1, jaop|).
In order to prove the theorem, two lemmas are required.

Lemma 3.6.11 IfF is as in the theorem, then there are positive constants
A andrg, such that for any f € F with |f(z1)| < 1, |f(z2)| > 4, 21,22 € U,
the ineguality

--—-—-—--—-——-—z1 — %2 > To

1-— 21 29
holds.

Proof. If this were not the case, then one could find sequences {f,} C F,
{zn}, {2} in U that satisfy

[fn(zn)] €1, [fa(z])] — o0, and

0@ = o ),

then g, € F and |g,(0)| <€ 1. Furthermore,

— 0,

> ol
1—2z,2],

as n — 00. Setting

o = Zn"’C;z
142
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for some (/, € U, so that |g,(¢,)] — oo and

!

’n_'zn

|Cal =

Z
R
1—z,2]

Since F is normal in U, {g,} has a subsequence which we again denote
by {9n}, which converges normally in U to an analytic function g or to
oo. In the former case, |g(0)| < 1, whereas |g,(¢’)| — oo, leading to a
contradiction. Nor can the limit be co since |g,(0)] < 1, completing the
proof.

Lemma 3.6.12 Let
F(2)=by+b2z+...
be analytic in U and satisfy |[F(z)| > 1 there. Then
|b1] < 2[bo| log |bo|

and
|F(z1)| > |F(29)| -0/ 0+8),

for any z1, 29 € U, where

21 — 29
t =

+

1—212,

Proof. Write by = pe*?, p > 1, and consider a single-valued analytic branch
of

d(z) = log(e—iBF(z)) =c+cz+...,

where cg = log p > 0. Note |F(z)| > 1 means that Re (¢(z)) > 0. Hence for
$(2) = u+iv and P(2) = LE=L  we have

¢{z)+co?

(u—cp)? + 02
(v +cp)? + 02

[ (2)[2 = <1, zeU.

Since (0) = 0, the Schwarz Lemma is applicable, giving

[#'(0)] =

<1

C1
260
As a consequence,

[b1] < 2[bo log |bol,

as desired.
Moreover, if |z| = ¢, then |¥(2)] <t and so

[9(2)| ~ leo| < |#(2) — col < t|d(2) + col < t(|B(2)] + co).
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Therefore L4t
< epm”
9(2)] < 07,
implying
11t

|F(2)] < ele@N < et log [F(0) — |F(0)i(1+t)/(1—t)_

This inequality can then be applied to the function

G(Z)ZF(Z—FZl),

1+ 2z12

since |G(2)| > 1, z € U. Setting

2 = A A e 2 29 — 21
5 = ~ L. —
1+ 22 ’

= 1—Ziz0’
we deduce that

|F(z2)l = |G(2)] < |G(0)|(1+t)/(1—t) — IF(Zl)l(l—H)/(l—t)

for ¢ = |z|, proving the lemma.

We are now ready to prove Theorem 3.6.10. In fact, if A and 7 are the
constants of Lemma 3.6.11, let us first suppose that |ag| < e. Then by
Theorem 3.6.2

|ax| < M(1+ |ag]?) < 2Me* - max(1, |ao}),

and the desired bound is achieved with C = Me?.
On the other hand, if |ag] > e, define p > 0 to be the largest radius for
which

If(2)l > 1,
in 2] < p. If p =1, then by Lemma 3.6.12

|a1| < 2lao| log |ao;

again vielding the desired bound with C = 0. In the event p <1, let r > 0
be the largest radius for which |f(2)| > e? in |2| < r. Hence |f(rei?)| = e#
for some 8.

Next observe that Lemma 3.6.12 can be applied to the function

F(2) = flpz), 1A <1,

so that for z; = %ew, 72 =0, t = I, we obtain

A — |F(z1)| > laol(p—r)/(p+r)
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and

r
log lag| < A.
pyre glao| <

Now, in view of the definition of p, there is some ¢, for which | f({pe®t)| = 1,
in view of the definition of r,

|f(re®)| > et
Then from Lemma 3.6.11

pP—r
1—pr

Z To, g > 0:

and from the foregoing analysis

-T r
A> g — loglag| > (1 - pr)log aol,

implying
2A

l—p<l—pr<—2
b pr 7o log |ag|

From Lemma 3.6.12 we also obtain

|F (@)} = ()| < 2lao] log |,
which in turn yields

2(1 - p)

2
laz] < EIGOUOglaolz2faol103|aol+ lag] log |ay|

4A
< 2lao[loglao| + —|ao].
Top

Since p > rg, we conclude that

ja1| < 2p(log p + C),

as required.

Finally, we must establish the bound on M (r, f). Toward this end con-
sider the translate of f € F,

o(z) = f( lj) — feo) + (L= o) f (s0)z ..., el

If [ f(z0)l > 1, then by the preceding bound on |¢/(0)] (as g € F),
(1= 120|*)| " (20)] < 21 (20)|(log | (20)| + C).

Assuming _
M(r, f) = |f(re®| > 1
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(for otherwise, taking C' > 0, we are done), define ry to be the lower bound
of all positive radii for which

|f(te®)] > 1, ry <t<r.
Certainly either r; = 0 or 7y > 0 and |f(r,e®)| = 1, but in both cases

| f(r1®)] < p = max(1, |acl).
Furthermore, for 1 <t <r,

2

|7 (e)] < =51 7(2¢)|(log | £ (2e")| + C),

implying

8 i0 2
alog(loglf(te )I+C) < 1—12

If we integrate both sides from ¢ = r; to ¢t = r, the result becomes

log (M(r, f) +C) < (1—-7‘1) 1+7r
log|f(re®)|+C ~“\1+r/)1-7’

and therefore
1+7r

1—7’

log M(r, f) + C < (log u + C)

that is,

2
log M(r, f) < 1" logu + 2"

1—7’
and the proof is now complete.

The fact that the bounds in the above formulation are sharp can be
readily shown. In fact, fix an arbitrary constant C € R and define

Fo = {falz) = e CTolHa/0=2) . 4 5 0, |2] < 1}.

Since Re (a1 + 2)/(1 — 2)) > 0, |fa(2)| > €, so that F¢ is normal and
clearly invariant. Moreover, for any « > C,

e—C‘—l—a

G = =l
a1 = 20" =2u(logp+C)
and
M(Ta f) = e—C‘+a(1+r)/(1_r) = e(“c+a)(1+7')/(1—7‘)+2Or/(1-'r)

#(l—i—'r)/(l—r) 62CT/(1_T),

as required.
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Observe that in the classical Schottky Theorem, the family of analytic
functions in U which omit 0 and 1 is normal (by the FNT) and invariant,
so that the above result is applicable. Moreover, if |ag| > 1, then

la1] < 2]ao| (] log |aol| + C), (3.6)

and for [ag| < 1, the same inequality is seen to hold by considering ﬁ
An application of (3.6) to f(Rz), where

fz)=ap+ar1z+... (a1 # 0)
is analytic in |z| < R, f(2) #0,1, gives
|aa| R < 2}ao|(|log |ao|| + C).
Thus, we obtain for a bound in Landau’s theorem

2 1 +C
M(ag,a1) = |aol (| °|i|170| )

For explicit best bounds in Schottky’s theorem, see Hempel [1979, 1980].
Also, Hempel [1979] and Lai [1979] have given a sharp value for the afore-

mentioned C' in Landau’s theorem: C =T (;‘1;)4 /(4m?) = 4.3768796.. . .

3.7 Asymptotic Values

We discuss here but a small part of this important subject. For further
details refer to Segal [1981], Chapter 5.

Definition 3.7.1 Let f(z) be meromorphic and w € C. If f(2) — w as
|2| — oo along some continuous path v, then w is an asymptotic value
of f(z) and vy is called a path of determination.

For example, f(2) = e* has two asymptotic values 0 and oo and the
negative/positive real axis is a path of determination of 0/00, respectively.
It is well-known that a Picard ezceptional value (that is, a value taken only
finitely often) is an asymptotic value (cf. Segal [1981], p. 232).

The following is another version of Julia’s theorem [1924], which exploits
the notion of normal families, in this instance of meromorphic functions.

Theorem 3.7.2 Let f(z2) be a nonrational meromorphic function in C
having the asymptotic value w. Let v = {o(t) : 0 < t < o0, o(0) > 0}
be a Jordan path estending to co. Then for some point 2o € € and any
arbitrarily small v > 0, f(z) attains every value in €, with at most two
exceptions, infinitely often in the band

U D(z00(®); o))

£>0
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Proof. Define
F={fi(2) = f(20(t)),0 < t < o0},

and let A be the annulus: {0 < R; < |2| < Ry < oo} with ¢(0) € A
Suppose that F is normal in A. Then there is a subsequence {f;,} C F
() <tza <...<tp <..., tp — o0) converging spherically uniformly on
compact subsets of 4 to a meromorphic function ¢(z) or to co.

If the limit is ¢(z), let T be a path of determination from 0 to co with
f(2) — w as |2| — oo along I". Choose a circle Cg : |2| = R, B; < R < Ra.
Then for n = 1,2, 3. .., there is some point {,, € Cg such that {,o(t,) €.
Consequently, for e > 0

X(ftn (Cn):w) == X(f(cna(tn))aw) < %:

for sufficiently large n. If { € Cr is a limit point of {{,}, since F is spher-
ically equicontinuous on Cg, there exists 6 > 0 such that

g
Xfen (O, fon (G)) < 5,
whenever | — (.| < 6. From the convergence f;, — ¢, we have

X(d)(g):w) S X(é((): ft'n (C)) + X(ftn(C)a ftn(Cn)) -+ X(ftn (Cn)aw) <E§,

for sufficiently large n, i.e., ¢(¢) = w. Since R is arbitrary, R; < R < Ra,
there is a point ¢ = (g on each Cg satisfying ¢((g) = w. Hence ¢({) = w
in A, and
T}Lngof(za(tn)) = lim f;, (z) = ¢(z) = w, z € A

However, oo is an isolated essential singularity of f(z), so that invoking the
Casorati-Weierstrass Theorem (cf. Palka {1991], p. 321) we have a contra-
diction.

If {f:.} converges to co in A, we similarly obtain a contradiction.

It follows that F is not normal in A, and there exists a point zp € A
such that F is not normal in any disk D(zg;7) C A. Define

Ay = J{¢: ¢ = #0(t), 2 € D(zos )}

t>0

For ¢ € Ay, f(C) = f(z0(t)) = fi(2), z € D(zo;7). Since {f;} is not normal
in any D(zp;7), f({) must take every value in C, for ( € A,, with at most
two exceptions by the FNT (§3.2). Clearly the values taken are done so
infinitely often.

Corollary 3.7.3 Under the assumptions of the theorem, there is at least
one ray o through the origin such that in every angular domain bisected
by o, f(z) takes every value in €, with ot most two exceptions, infinitely

often.
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Indeed, we can take v to be a ray whose extension passes through the
origin. The ray « is again called a direction (line) of Julia (cf. §2.8).

Corollary 3.7.4 If under the conditions of the theorem, f(z) is entire,
then the conclusion holds for values in € with at most one omitted value.

In this instance, oo is already an omitted value.

Corollary 3.7.5 If f(z) is entire, there is ot least one ray « through the
origin such that in very angular domain bisected by «, f(2) takes every
value in €, with at most one exception, infinitely often.

Example 3.7.6 From the periodic nature of the function f{z) = €%, we
readily find that {argz = £n/2} are its lines of Julia. Moreover, these are
the only two lines of Julia.

3.8 Linear Fractional Transformations

The subject of linear fractional (bilinear or Mobius) transformations is
discussed in depth from the standpoint of discontinuous groups in §5.5.
Here we content ourselves with examining some normality criteria for these
transformations. Further criteria can be found in §5.5.

Consider the family £js of linear fractional transformations given by

az+b
cz+d’

w=T(z) = ad —be=1, |al,|b],lc|,|d] < M < o0,

where a,b,c,d € €, z € €. We claim that: Lar 18 normal in the extended
complex plane. To this end, note that from any {T,,} C L, a subsequence
{T,} may be extracted, for which

a, — ag, b, — by, ¢, — ¢, dy — do, apdy — boco = 1.

If K is a closed disk in € with —% ¢ K, then

ayz + by, agz + by
.__}
cyz + dy, coz - dy’

uniformly on K. On the other hand, noting that %}Q{ # -3%, choose a closed
disk K containing the point —%g- but excluding the point “"3%' Then

cvzZ+dy ¢z -+ dy
—
ayz+b, gz + by

uniformly on K. Finally, working in a neighbourhood of oo, we write

ay + b, 1
M=t
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and proceed similarly as above, thus establishing the normality of Ly by
Theorem 3.1.3.

Next, let us extend the preceding analysis somewhat. For an arbitrary

T € Ljar, denote
b a+b a
’womaa wlzc_l_—d: Weo =
as the images of the points z = 0,1, 0, respectively. Then the product
of the three chordal distances of these points from one another yields the

expression

X(WO:wl) ) X(wlawoo) ’ X('woo: 'LU())

_ lad — bel?

 (la + 1) (b2 + [dI*) (fa + b2 + |+ d]?)”
Since T' € Ly, the constraints on the coefficients a, b, ¢, d imply that

1
x(wo, w1) - X (w1, Weo) - X(Weor Wo) > 773

for some positive number N.
Suppose that we now consider the converse situation of a family £ of
linear fractional transformations

az+b

=T(z) = d—bec=1
v () cz+d’ N c=5
for which the three chordal distances as given above satisfy
1

x(wo, w1) - X(W1, Woo) - X(Woo, wo) > ek
‘We infer that
(laf® + ) (16* + |d1*)(Ja + b + |e + d]?) < N?,

which yields the inequalities

Ed

la| - |d] - |a +b] < N, lal - 8] - Je 4 d} < N.
Coupled with the identity

a = al[d(a+b)—blc+d)
ad(a + b) — ab(c + d),

these inequalities give the result that |a| < 2N. In similar fashion, it is
found that |bl, |¢|, |d| < 2N. This then means: £ is a normal family, as was
determined previously. Carathéodory [1958, Vol. I}, p. 193, has remarked
that N? must be taken not less than 8/ v/27 in order to ensure that £ #
@. See §4.1 for a related result.

From the foregoing considerations, we can deduce
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Theorem 3.8.1 Let F be a family of meromorphic functions in a domain
Q. Suppose that to each f € F there is associated four complex numbers
a,b, c,d satisfying ad — be = 1, |al, |bl, |c|, |d| < M. Then the corresponding
family G of functions
o(z) = af(z) +b
cf(z)+d’

is normal in §) whenever F is, and vice versa.

Before we present an important application (Theorem 3.9.1) of this the-
orem, it is necessary to have the following meromorphic version of the

Hurwitz Theorem Let {f,} be a sequence of meromorphic functions on
a domain Q which converge spherically uniformly on compact subsets to a
function f (which may be = o0). If each f, is zero-free in 2, then f is
either zero-free in & or f =0.

Proof. Suppose that f 3 0 and consider any point zg € . If f(zp) # o0,
then by Theorem 3.1.3, there is a closed disk about z in which f is analytic
and in which f,, — f uniformly. Therefore f is zero-free in a neighbourhood
of zy by an appeal to the Hurwitz Theorem for analytic functions (§1.4).

Corollary 3.8.2 Let F be a normal family of meromorphic functions in Q
such that f(z) # a for all f € F and some a € C. Then no limit function

F of a normally convergent sequence in F can attain the value a unless
F =a.

3.9 Univalent Functions

As is the case with analytic functions, meromorphic functions that are one-
to-one are also called univalent or schlicht. The linear fractional transfor-
mations are univalent functions on €. Recall (Corollary 1.4.1) that if a
sequence of univalent analytic functions converges uniformly on compact
subsets of a domain to a nonconstant analytic function f, then f is neces-
sarily univalent. The analogous result in the case of univalent meromorphic
functions is

Theorem 3.9.1 Suppose that {fn} is a sequence of meromorphic func-
tions on a domain Q0 which converge spherically uniformly on compact sub-
sets to a function f. If each f, is univalent, then either f is univalent or
f is identically constant.
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Proof. Assume f # oo (therefore, f is meromorphic in 2) and fix a point
zo € §1. To each function f, associate a function g, given by

gn(z) = fn(z) - fn(zo) if |fn(30)| <1,
w“lz"“fn -1
gn(z) = fal 01) (Z) if 1< lf-u(zo)| < X,
(1 — m) fn(Z) +1
gn(2) = _}5(‘;5 if fn(z0) = o0.

Then g.(20) = 0, whereas g,(z) # 0 for all z € Qp = Q—{2p}. Let us write
each gn in the more general form

. an fnl2) + by,
gn(Z) == Cnfn(z) +dn’

and note that the coefficients from the above relations are all bounded in
modulus by 2 with a,d, — bpyc, = 1. In view of Theorem 3.8.1 there is a
subsequence {fn,} C {fn} such that a,, — a, by, — b, ¢y, — ¢, dpn, — 4,
and the corresponding functions {g,, } converge spherically uniformly on
compact subsets to
o(z) = LI+
cf(z)+d

Now, g(z)} 5 0 for all z € §y by the preceding Hurwitz Theorem, unless of
course g(2) = 0. This latter possibility obtains only if f = constant in (.
We conclude that if f # constant, then f(2) # f(zo) for all z € £, and
the proof is complete.
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Bloch Principle

The origin of the Bloch Principle can seemingly be traced back to Bloch’s
dictum, “Nihil est in infinito quod non prius fuerit in finito” found on p. 2
of his 1926 monograph, as well as on p. 84 of [1926b]. It may be translated
as: Nothing exists in the infinite plane that has not been previously done
in the finite disk. In modern parlance it is the hypothesis that a family
of analytic (meromorphic) functions which have a common property P in
a domain Q will in general be a normal family if P reduces an analytic
(meromorphic) function in © to a constant. The property of omitting
two (resp. three) given values of the FNT is one such example. However,
the connection between the modern Bloch Principle and Bloch’s original
utterance is tenuous at best.

A formalization of the Bloch Principle, due to Robinson and Zalcman, is
presented, from which we produce almost trivial proofs of some standard
results such as the FNT. Unfortunately, there are exceptions to the general
Bloch Principle and we give two counterexamples due to Rubel. Moreover,
the converse of the Bloch Principle is valid and is proved under rather weak
assumptions. As it turns out, there are a great many instances in which the
Bloch Principle holds, and it has become a valuable heuristic tool. In this
regard, Drasin has produced a wide-ranging body of results embracing the
Bloch Principle using the Nevanlinna theory. This approach dates back to
the work of Cartan [1928], Bureau [1932], and Miranda [1935], and modern
practitioners such as Drasin, Yang, Schwick, among others, have embraced
somewhat different points of view.

2

4.1 Robinson-Zalcman Heuristic Principle

The Bloch Principle was noted in an address by Abraham Robinson [1973]
as one of twelve mathematical problems requiring further consideration.
He gave a formulation which has been made rigorous by Zalcman {1975],
exploiting the work of Lohwater and Pommerenke [1973)].

What Zalcman derived is the following important characterization of
normality, based on Theorem 1 of the aforementioned work.

Zalcman Lemma Let F be a family of analytic (meromorphic) functions
in U. Then F is not normal in U if and only if there exist (i) a number r
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with 0 < r < 1; (ii) points z, salisfying |z,| <r; (iil) functions f, € F;
(iv) positive numbers p, — 0 as n — oo; such that

fn(zn + pn() - g(C) as n — 00, (41)

uniformly (spherically uniformly) on compact subsets of C, where g is a
nonconstant entire (meromorphic) function in C.

Proof. Assume JF is not normal in U. By Marty’s theorem (§3.3) there
exists a number rq, 0 < rg < 1, a sequence of functions {f,} € F, and
a sequence of points 2/, in {|z| < 7o} such that f#(2],) — oo. For fixed r
with 7o < r < 1, since f#(z) is continuous on |z| < r, we define

Mo = e (1- ) g0 = (1- = S E O

|z|<r

It is evident that M, — oco. Next, set

so that

—0 as n — oo. (4.4)

Then the functions
gn(C) = fn(zn + PnO

are defined on |(| < R, = %:”l, and R, — oo as n — co. Hence by (4.3)
g% (0) = puff (zn) =1

for each n. Moreover, taking a fixed R with (| < R < R, then we have
|zn + pnCl < r, and together with (4.2) and (4.3) obtain

g () = pufT(zn+ Pl
PnMn < r+ |3n| . r— |an
=1 a7 or gz, + pnR T — 20| — pnR
P |2n|
-~ 1 as n — oo,

by (4.4). It follows that {g,} is normal in {¢| < R by Marty’s theorem, sc
that a subsequence {g,, } converges spherically uniformly to a function ¢
on compact subsets of €. Since

g*(0) = lim g% (0) =1,

g

g is a nonconstant entire (meromorphic) function, as desired.
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Conversely, suppose that conditions (i)-(iv) hold as well as (4.1) but F
is normal. Then there exists a constant M > 0 such that

max f*(z) <M, feF,

14T
|z|<=5%

by Marty’s theorem. For a fixed { € C, |2, + pn(] < E* for sufficiently
large 7, implying pn 7 (20 + pn¢) < pnM. Therefore, by (4.1),

g () = Jm on T (zn + pnC) = 0.

Since ( is arbitrary, g = constant (possibly infinity), a contradiction, which
completes the proof.

For generalizations of this key result, cf. Pang [1989], Chen and Gu
[preprint].

In the sequel we shall employ Robinson’s notation denoting a function
together with its domain, such as (f,Q); if @ # Q' we distinguish be-
tween (f, Q) and (f, Q). The following characterization is essentially due
to Robinson {1973, and refined by Zalcman [1975]; cf. also Zalcman [1982].

Definition 4.1.1 A property P of analytic (meromorphic) functions is
called normal whenever P satisfies the following conditions ((f,2) € P
means [ has property P on ) :

@ If (f,Q) €P and ¥ C R, then (f, Q) € P.
(i) If (f,Q) € P and ¢(z) = az+b, then (f o ¢, ¢~ 1(Q)) € P.

(iii) Let {fn, ) € P, where 3 T C ... and C = U Q. If
fn = f uniformly (spherically uniformly) on compact subsets
of €, then {f,C) € P.

(iv) If {f,€) € P, then f = constant.

i

We remark that (ii) need only be valid for 0 < @ < 1. A version of the
Bloch Principle can then be formulated as the

Robinson-Zalcman Heuristic Principle If P is a normal property,
then, for any domain Q C €, the family

F={f:({f,eP}
15 normal in £2.

Proof. Let us suppose not. Then F is not normal in some disk A C §2. For
any f € F, (f,A) € P by (i). By (ii) we may take A = U : |z| < 1. Next
apply the Zaleman Lemma to F (and U), with 7, |25, pn, @s given therein.
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Letting R, = 2‘_:3531, R,, — 00, and we may assume {R,} is an increasing

sequence by considering a subsequence if necessary. For the functions

gn(€) = frlzn + Pno

defined on £, : || < Ry, we have |z, + pn(| <7 < 1, so that (g, € P
for each n by (ii). Since U}, = € and g, — g normally in €, (g,C) € P
by (iii). A fortiori g = constant by (iv), and this contradicts the assertion
of the Zaleman Lemma. We conclude that F is normal in £

For a nonstandard analysis proof, see Stroyan and Luxemburg [1976],
pp. 219-220. Furthermore, the notion of a normal property has been ex-
tended by Pang, replacing (ii) with

(ii') If kis areal mumber (—1 < k < 1), (f,Q) € P and ¢(z) = az+b,
then (£32, ¢~1(Q)) € P.

Exploiting (ii’), Pang [1989, 1990] deduced the Heuristic Principle along
similar lines to that above and showed the domain (—1,1) for k& to be the
largest possible. This extension has a number of important consequences
insofar as results involving derivatives may be obtained without recourse
to Nevanlinna theory (cf. Theorems 4.4.18, 4.4.19, and 4.5.2).

A stronger form of the Heuristic Principle has been obtained by Ros
[preprint] in his study of the Gauss map of minimal surfaces.

Example 4.1.2 Define (f, Q) € Pas if f(2) is analytic in © and

Da(f) = fﬂ F(@)P da dy < M < oo.

Then (1)—(iv) of Definition 4.1.1 are readily verified, with. (iii) a consequence
of Fatou’s Lemma, and (iv) is worked out in the discussion following Exam-
ple 5.4.9. Thus Fpr = {f : (f,€2) € Pas} is normal in §, as was previously
shown in Example 2.2.7 by other means.

As a further illustration we give an elementary proof of the Fundamental
Normality Test (§2.7). Indeed, define the property P : f is analylic and
either constant or omits the values a and b. Then conditions (i) and (ii)
are clearly satisfied, and (iii) follows from the Hurwitz Theorem (§1.4).
Since (iv) is just Picard’s first theorem, we conclude that P is a normal
property and F = {f : (f,{l) € P} is a normal family.

There is another splendid version of the FNT for meromorphic functions
(§3.2) due to Carathéodory [1960, Vol. 11|, p. 202.

Extended FNT Let F be a family of meromorphic functions on a domain
Q). Suppose that each f € F omits three distinct values a,b, c (which may
depend on f) satisfying x(a,b) - x(b,c) - x{c,a) > €, for some ¢ > 0 (which
is independent of f). Then F is normal in Q.
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Proof. Define P . f omits three values a,b ¢ satisfying
X(@8) - x(b,¢) - x(c,a) > ¢ > 0.

Then (i) and (i) are obviously satisfied. For (iii), suppose X(fos f) = 0
uniformly on compact subsets of ¢ and that f,, omits points a,,, b,, ¢,
where x(a,, bn)  x(by, cn) - x(cn, an) > e. As a constant function trivially

of the Riemann sphere, there are limjt points a, b, c, a subsequence, again
denoted by {/=}, and corresponding {a,,}, {bn}, {cn}, with x(an,a) — 0,
X(bn,b) — 0, X(¢n,¢) = 0. Thus x(a,b) - x(b, ) x(e,a) > ¢ by continuity.
It remains to show that f omits the values a, b, ¢. On the contrary, suppose
that f(2p) = q. If g # 00, then in some closed disk K (zo0;7), f (2) is analytic
and bounded, with fn—an — f—qg uniformly on K (20;7). By the Hurwitz
Theorem, since fis nonconstant, f,(z) — a, has s zero in K(zp;r) for
all n sufficiently large, a contradiction. When a = o0, }% — }1~ uniformly
in K(2;7), yielding a contradiction as before. Property (iv) again follows
from Picard’s first theorem, completing the proof.

The preceding generalizes an earlier resylt of Montel [1927], p. 73: If F
is a family of analytic functions such that eqch f € F omits two distinct
values a,b (which may depend on f) satisfying |a| < M, bl < M, | - b >
€ > 0 (with ¢ independent of f), then F is normal, Montel considers the
corresponding functions 9(z) = (f(2) - a)/(b— a) which omit 0 and 1. The
obvious details are left to the reader,

Another generalization of the FNT is Theorem 3.2.2, which itself admits
the following significant improvement.

Theor
Q. If for each f €F, the poles are of multiplicity > h, the zeros are of
multiplicity > k, and the zeros of f(z})—1 are of multiplicity > £, with

1—l—l—i—:{<1
h k¢

then F s normal in Q.

Just Corollary 1.8.8. The resulf then follows by the Heuristic Principle. (For
a proof from the point of view of Nevanlinna, theory, see Theorem 4.4.5).

In an analogous fashjon One can prove the more general (cf. Bloch | 19264,
p. 49, Valiron [1929], p. 35, Yang and Chang [1966]).

Theorem 4.1.4 Let F be g Jamily of meromorphic functions on g domain
2 such that each zerg of f(z)~a,, a, € has multiplicity > m, (> 2),
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v=12,...,q. If

then F s normal in €.

Recall from Example 1.8.7, that if f(z) is meromorphic in C with

then f(z) reduces to a constant. _
The notion of a normal property can also be applied to the study of
essential singularities (Minda {1985]).

Theorem 4.1.5 If P is a normal property of analytic functions and
{(f,D'(20;7)) € P, then f has a nonessential singularity at 2.

Proof. Consider z belonging to the deleted neighbourhood D’(zg;r) such
that |z — 2| < Z. Then D(z; |2 — 29]) € D'(20;7), so that condition (i)
defining a normal property implies (f, D(z;]z — 2zg|)) € P. Since ¢(¢) =
z+ |z — z|C is a linear mapping of U onto D(z;|z — 2]), condition (ii)
gives (f o ¢,U) € P. Moreover, by the Heuristic Principle, the family

G={g:(g,U) € P}
is normal in U, so that by Marty’s theorem (§3.3)
g7 (0) < M < oo, geg.
As (f o ¢)#(0) = |z — 20| f#(2), we deduce that

limsup |z — zo|f#(2) < M.

Zt Zg

However, a necessary condition for zy to be an essential singularity (Lehto
and Virtanen [1957b]) is limsup,_,, |z — 2o|f#(2) = oo, proving the theo-
rem.

Converse of the Bloch Principle. The converse of the Bloch Principle
is essentially the statement that: If any family of meromorphic functions
satisfying a (suitable) property P in an arbitrary domain is necessarily
normal, then a function that is meromorphic in C and possesses P reduces
to a constant. This idea appears implicitly in Montel [1927], p. 133, and
also with regard to harmonic functions in Montel [1935] (cf. §5.4). In order
to prove the converse, only mild assumptions about P are required (cf.
Stroyan and Luxemburg [1976], p. 219).
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Theorem 4.1.6 Let P be a property satisfying conditions (i) and (i) of
Definition 4.1.1. Assume that if F is any family of meromorphic functions
defined in U with (f,U) € P, for all f € F, then F is normal. Then any
fo which is meromorphic in € with {fo,C ) € P reduces to a constant.

Proaf . (Suggested by Zalcman). Let f be given as above and let zp be an
arbitrary point of €. Define the family

F=A{fr(z) = fo(zo+Rz): R> 0, |z] <1}

Then {fo,C ) € P implies (fy, D(z0; R)) € P by (i) for any R > 0. Hence
(fr,U) € P in view of (ii) for all fr € F. Therefore, F is normal in U by
hypothesis, so that by Marty’s theorem (§3.3), the values

FE0) = Rf¥ ()

must remain bounded for all R > 0. We conclude that f¥(z) = 0 and
therefore fy = constant in C.

4.2 Counterexamples

In spite of the Robinson-Zalcman formalization, the Bloch Principle as orig-
inally stated is not universally true. One difficulty encountered in applying
the Heuristic Principle is the condition (ii) of linear invariance, particularly
in dealing with derivatives, although this has been partly overcome in the
extension by Pang [1989, 1990]. We present two counterexamples to the
Bloch Principle formulated by Rubel {1986}, who also discusses two others.

Counterexample 4.2.1 Let P be the property of the analytic function
f: f=4", for some univalent function g.

(I) If f is entire, having property P, ie., {(f,C ) € P, then f = ¢"
implies g is entire, univalent, and so g must be linear, i.e., g(z) = az + b,
for some constants a,b. We deduce that f = 0. .

(IT) On the other hand, define for z € U

2 3

gn(z) Zn(z+_‘z_+ Z

= 1—0), n=123,....

Then g}, (z) = n(l + 2 4 ;%i), and Ke g/, > 0 for z € U. According to the
Noshiro-Warschawski Theorem (cf. Duren {1983}, Theorem 2.16), g,(z) is
univalent in U. Let

1 3z

F{fn@=-d@=n3+ L) sevn=123..}.

Then f,(~%) =0, whereas f,(z) — oo for z # —%, z € U. Hence F is not
a normal family in U and the Bloch Principle is violated in this case.
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Counterexample 4.2.2 Let P be the property of the analytic function
f : the differential polynomial

F(f)(2) = (f'(2) = 1) (F'(2) = 2) (f'() — £(2))

omits the value zero.

(Y) If {(f,€) € P, Picard’s first theorem implies f'(z) = c (constant),
and so f(z) = cz+d. However, (f'(z) — f(z)) # 0, z € €, means ¢ = 0 and
f = constant.

(IT) Define

F={fau(z)=nz:2€U, n=3,4,5,...}.

Then f/ (23 =n+# 1,2 and n —nz # 0 for 2 €U, i.e., each f,, € F has the
property P. Yet F is not normal as we have seen before (Example 2.1.3).

Counterexample 4.2.3 Let P be the property of the meromorphic func-
tion f : f'(2) — af(2)* # b, for a # 0, b # 0,00. Then Pang [1990] has
shown that the family

FAf £, eP}

is normal in any domain . However, according to Mues [1979], there exists
a nonconstant meromorphic function f such that (f, €) € P. This violates
the general Converse to the Bloch Principle. See also the discussion per-
taining to Theorem 4.4.19.

4.3 Minda’s Formalization

In Minda [preprint], a new formalization of a normal property provides
another milieu in which normal families can be studied. This approach
may at times be easier to apply than that of Robinson-Zalcman.

Definition 4.3.1 A property P of analytic functions is called M-normal
if the following conditions are satisfied.

1) If (f,Q) € P and ¥ CQ, then (f,') € P.

(i) If (f,Q) € P and ¢(2) = az+b, a #0, then {f o ¢, ¢~ ()
€P.

(iii) If (f,Q) € P andc e C, then {f +¢,Q) € P.

(iv) Let (frn,n) € P, where Q3 C Oy C ... and C = UL, Q. If
n=1
fn — [ uniformly on compact subsets of C, then (f,C) € P.

(v) (I,C) ¢ P, where I is the identity function.
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Note that an M-normal property satisfies conditions (i), (ii), and (iii) of
a normal property. As for condition (iv) of Definition 4.1.1 we maintain

Theorem 4.3.2 If a property P is M-normal and (f,C) € P, then f =
constant.

Consequently, if P is M-normal, it is normal, and we have by the
Heuristic Principle

Corollary 4.3.3 If P is M-normal, then the family

F=A{f:{f, eP}
is normal in €.
In order to prove Theorem 4.3.2 we require

Lemma 4.3.4 Let f(z) be an entire function. Then f(z) is not linear (i.e.,
of the form f(z) =az+b, a,bc C ) if and only if there exists a sequence
{zn} C C and positive numbers p, — 0, and a unimodular constant A
such that f(zp + pnl) — F(zn) — AC, uniformly on compact subsets of €
as n — 00.

Proof. In order to establish the sufficiency, assume that p, — 0% and
f(zn + pnl) — f(2n) — A(, uniformly on compact subsets of C, |4] = 1.
Assuming f is linear with, say, f' = a, then

1=|A|= nli_{%OPnU!(zn + pnC)| = |a] nllngo pr =0,

and we are forced to conclude that f is not linear.
On the other hand, for each k € IN choose wy, with |wy] < k and satisfying
the condition

(k — lwe)If (wi)| = My = |13|a§§c(k — [wh)if' (w)].

=

We claim that My /k — oo as k — co. To see this, let us suppose that

lim (Mg/k) =M < co.
k—oco

Then for a fixed z € € and for all k with |z| < %,

) My,  Mi/k
[F) < = PRSI0k

which implies

/ . Mk/k -
F@ls lm = m =M
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Therefore, f' is bounded in €, hence constant by Liouville’s theorem.
But this contradicts the assumption that f is not linear, and the assertion
My, /k — oo is proved.

Next, let gi(¢) be the entire function given by

gr($) = flwr + 7€) — flws),

where
k- |wk| _ 1

My, |f/ (wr)|

Note that 0 < 7, < Mik, so that ry — 0. Moreover, gx(0) = 0 and
19..(0)] = 7&|f/(wi)| = 1. We further claim that the sequence {g} is
uniformly bounded on compact sets. To this end let £ C € be a com-
pact set. Then B C D{(0; My) for all k > ko for some kg because My, — 0.
Since ¢ — wy+rk( is a mapping of D(0; M},) onto D(wg; k—|wi|) € D(0; k),
we have for ( € E, k > kg

rp =

' . ; T'kMk k— [wk|
ng(C” - Tk'f (wk+rkC)| < L — |'wk+'rkq < E— "wk| “TkKI
1
R 4.5
1— (|¢1/ M) 49

But |(] is bounded on F and M — oo, so that (4.5) implies {g;} is
uniformly bounded on E. By virtue of Theorem 2.2.6 (or Marty’s theorem
(83.3)), {gx} is a normal family, and hence there is a subsequence {g, }
converging normally to an entire function g in €. Evidently, g(0) = 0,
lg'(0)] =1, and |¢’(¢)| < 1 for all { € € by (4.5). Then ¢’ is constant by
Liouville’s theorem, and g(¢) = A(, with |A| = 1. Taking 2z, = wg, and
pn = Tk, completes the proof.

We now turn to the proof of Theorem 4.3.2. It is clear from conditions
(ii) and (v) that (¢,C ) ¢ P for any linear function ¢(z} = az+b, a # 0.
Assume that (f,C ) € P and f is nonconstant. As f is not linear, according
to the lemma there are sequences {z,} and {p,} with p,, — 0 such that

9alQ) = Fzn + pnl) = f(2n) = AC=g((), A= 1,

normally in €. From conditions (ii) and (iii) we see that (g,, T ) € P.
Then condition (iv) implies (g, € ) € P, contradicting our assertion that

no linear function has property P on €. We conclude that f = constant as
desired.

Corollary 4.3.3 can be applied to give a simple proof of Bloch’s theorem.
First, a few preliminaries are in order.

Consider a function w = f(z) analytic in a domain Q,a € Qand b = f(a).
If f'(a) =0, set 7(a, f) = 0; otherwise define r{a, f) to be the maximum
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r > 0 such that the branch of f~! satisfying f~1(b) = a is analytic in the
disk D(b;r), and maps this disk into £2. An equivalent characterization is
that 7(a, f) is the radius of the largest disk centred about b = f(a) which is
the one-sheeted image of a subdomain of {2 under the mapping w = f(2).
The radius of such a (schlicht) disk is referred to as the modulus of f at
a. Define the modulus of univalence of f in Q by

r(f) =sup{r(a, ) 1 a € O}.

Observe that for any ¢ € C, r(f+c¢) =7(f),and if ¢ : U — Q is a
one-to-one conformal mapping, then r(f o ¢) = r(f). Furthermore,

Lemma 4.3.5 Let f,, be analytic in a domain Q,, with Q, C Q,..1, for
n=12,3,... and Q =U Q. If f, — f uniformly on compact subsets
of L2, then

r(f) < nl_i_ITIlao m{fn)-

Proof. Choose an arbitrary a € Q. We may assume 0 < r = r{a, f) < 00,
for the case r = oo is done similarly, and if = 0, there is nothing to prove.
Take 0 < € < §, and let g be the branch of f~* defined in D(b;r) with

g(b) = a. Setting A = g(D(b;r ~ %)), A is a compact subset of 2, and
hence A C Q,, for all n 2> np for some ng. Since f, — f uniformly on A
and f is univalent on A, it follows (by a variation of the Hurwitz proof

(§1.4)) that f, is univalent on A for all n sufficiently large, let us say for

n > ng. Moreover, we may assume |f,(2) — f(2)] < § for n > ng, z € A.
Then for 2z € 9A,

[Fa(2) = bl 2 1(2) = b = 1£(2) = ful@] > 7 =€ > ,

that is, f, maps A onto some Jordan curve lying in the exterior of the
disk D(b;r—¢), for n > ng. As |fr(a) —b] < § < §, we deduce by the Open
Mapping Theorem that f,, maps A univalently onto a domain containing
the disk D(b;r — ). Thus 7(a, f) > r — 3£, for all n > no,-and so

r=r(a,f) < lim r(a, fa)

As a € Q is arbitrary, the conclusion follows.

Also required is

Lemma 4.3.6 For M > 0, define (f,Q) € Pas if f is analytic in Q and
r(f) < M. Then the family

FPas :{f<fJQ') EPM}

1s normal in €.
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Proof. The conditions (i), (ii), (iii) and (v) of Definition 4.3.1 clearly hold,
whereas (iv) follows from the preceding lemma. The conclusion obtains
from Corollary 4.3.3.

From the above considerations we can prove

Bloch’s Theorem [1925]. There exists some constant B > 0 such that
r(f) > B for all functions f enalytic in U with f(0) =0, |f(0)] =1.

Proof. Set
= inf{r(f) : f analytic in U, f(0)=0, |f'(0)|=1}.

Since the identity function is an admissible function, B < 1. Consider a se-
quence of admissible functions {f,} such that »(f,) < B+ %, n=1,23,....
By Lemma 4.3:6, {f.} is normal in U, and therefore a subsequence {fy, }
converges normally to f in U. Since f,, (0) = 0 and |f], (0)| = 1, we have
F(0) = 0, |f(0)] = 1; in other words, f is admissible and B < r(f). How-
ever, in view of Lemma 4.3.5, r(f) < B. Hence r(f) = B, and since f is
nonconstant, we conclude B > 0.

This proof reveals that extremal functions exist for B. It can be shown
that (cf. Goluzin [1969], pp. 363-368, Minda [1982])

Ty (i
0.4330127...=§<35 (3) '3 = 0.4718617.. .,

VV3+1T(3)

where the upper bound has been conjectured by Ahifors and Grunsky to
be the true value of B. The lower bound has recently been improved to
¥3 ¢ 10~ < B by Bonk [1990].

The condition for normality of Lemma 4.3.6 was originally deduced by
Bloch [1925] as a direct consequence of the above theorem. In fact, let
zg € © and take a disk D(zp; p) C Q. Assuming f'(zg) # 0, the function

_ flao+p¢) — fl20)
9(0) = pf'(20) ’

f S pr,

is analytic in U, g(0) = 0, |¢’(0)] = 1, with r(g) < plf’(zo)i Then
M
B < —,
plf (20l
whence M
ff 2 < e
f(zo)l < =

and this is true even if f’(z9) = 0. Since 2; is arbitrary, one can see that
the family

f;)Mm{f,:fef'PM}
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is locally bounded in €2, and hence Fp,, is normal by Theorem 2.2.6.

There is a related notion due to Landau [1929], who dispensed with
Bloch’s criterion of univalence, As above, let

T ={f: fanalyticin U : f(0) =0, |f'(0)] =1},

and denote by L the supremum of the set of radii of the open disks covered
by f(U). Then the Landau constant is given by

L=mf{l;:feT},

1\r( 5
and satisfies £ < £ < ﬂ%ﬁ = 0.5432588.. . .. For a comprehensive treat-

ment of both the Bloch anc; Landau constants, refer Sansone and Gerretsen
[1969, Vol. 1], pp. 73-92, 668-670, Minda [1982], wherein the bounds for
L cited above may be found. The upper bound has been conjectured to be
the true value of £. That f(U) covers a disk of radius at least £ > 0 for
each f € 7 leads to another proof of Picard’s first theorem (cf. Hille [1962,
Vol. I1], Theorem 17.7.2).

4.4 'The Drasin Theory

In this section we principally present the work of Drasin [1969], who in a
tour de force gave several confirmations of the Bloch Principle. The vehi-
cle used to establish these results is the Nevanlinna theory. Some of the
techniques have their origins in the work of Milloux [1940] amongst others.

A new proof of the Fundamental Normality Test is given, as well as
a generalization of Theorem 3.2.2 which we have already proved via the
Heuristic Principle. Theorems 4.4.18 and 4.4.19 answer questions posed
by Hayman [1967] regarding Bloch Principle analogues of two theorems in
function theory.

In the sequel, F will denote a family of analytic or meromdrphic functions
in the unit disk U, although some of the results have obvious extensions to
more general domains.

We begin with a reformulation of Montel’s theorem (§2.2) more suited
to the present context.

Lemma 4.4.1 Let F be a family of analytic functions in U, and suppose
that there is an increasing finite-valued function > (r), 0 < r < 1, such
that for all f € F,

m(r, f) < > (r), r <r<l

Then F is normal in U.
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This was effectively proved in Example 7, §2.3.
We shall wish to make a routine transformation of U via the Mobius

1+az, |

If f € F, write fo(2) = f(¢a(2)). Then

fa(0) = f(a), fa'(0) = f'(@)¢a(0) = (1 - o) f'(@).

This transformation will facilitate various arguments in the sequel. Then
to each f € F, we associate a unique & = a(f), and consider the family

Fo={fara=a(f), feF}

In the sequel, we always interpret o to mean a{f). The normality of F and
Fa are equivalent in the following sense.

Lemma 4.4.2 If |a| < ro < 1, then F is normal if and only if Fo is
normal.

Proof. Suppose that F, is normal and take {f,} C F. Then the associated
sequence {fo, } C F, has a subsequence {f,,, } converging normally in U
to some f. Also {a,, } has a convergent subsequence, say {amn, } with ap, —
@, lao| < ro. Furthermore, since {¢,1} is a normal family (and indeed
compact, as we see), the sequence {¢7 -} has a convergent subsequence,
say {¢5,} with ¢, — @ normally in U. Therefore,

$al(e) = o2 » 2220 _3(z), el

1—-apz 1—-0opz

and so |®(z)| < 1. We conclude that

fpzfapoﬁéc_x:_*fo‘b
normally in U, and F is a normal family.

The converse follows similarly.

Inequalities. Let f be meromorphic in U, |al < 7o < 1, fla) # 0, 1,
o0, f'(a) £ 0. By the Fundamental Inequality (§1.8) with ¢ = 2, a5 = 0,
as = 1, applied to f,,

m(r, fa) +m('r, }“1‘;) +m(7‘a “J‘c‘;}“_“"l')
SzT(r:fa)_Nl(rafa)+s(rafa): U<’f‘<1, (4'6)
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where

M fa) = N( fa)+2N(r Fa) = N(r, a7,

8(r,fa) = 2m( J;‘Z) ( faf—’l)ﬂog fal()

Moreover, by Jensen’s formula and the First Fundamental Theorem (of
Nevanlinna)

T(r, fa) = m(fr, fia) + N(r, 7 ) + log | fo(0)]
_ m(’r, }";“}':“1‘) —1—N(r, _f;%_-_i) +1og | fa(0) - 1]+ €%, (4.7)

where |e*] < log 2.

Adding
N('r,fa)—l-N( ' )—i—N(r,f 1_1)

to both sides of (4.6) and using (4.7), together with the relation N(r, f,") —
N(r, fo) = N(r, fo), yields our basic inequality

T(r, fa) < N(r, fa)+N( fa) +N(r, fal— 1) N(r,%)
—1—2m(r, J;z) —l—m( faf-jl)+10g fe)lf(e) ~ 1] +C. (4.8)

fa!(0)
In order to treat the terms involving logarithmic derivatives, we require
an estimate due to Nevanlinna (cf. Hayman [1964], Lemma 2.3), and for

subsequent work (and in a simplified form), a generalization due to Hiong
[1955a].

o

Lemma 4.4.3 Let f(2) be meromorphic in |z| < p < oo.?If f(0) # 0, oo,
then for 0 <r < R < p,

1 1
+logt = +5logt R
-7 r

R

(i) m(r, ff:) < 4logt T(R, f) + 6log

+4log™ log™ ——I +C  (Nevanlinna estimate),

1
)

) F&) N L1 L1
(11) m(r, T <C lOg T(R, f) + log m +10g -

+log™ R +logT log™ + 1} (Hiong estimate),
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where k € IN, and C depends only on k.

If we take 0 < § < r < R < 1, then the terms log+;1; and log™R
may be dropped in (i) and (ii), with C = C(k, §); if §' > 6, we may take
C(k,8") = C(k, 6).

Fundamental Normality Test. We proceed to give another proof of
the FNT (§2.7) as an application of the above theory. To this end, consider
the family F of analytic functions in U which omit the values 0 and 1. Note
that we then have

N(r,fa) = N(r, fi) . N(r, — 1) = N(f)=0, faEF.

Then (4.8)§becomes (noting T(r, fo) = m(r, fa))

i) <25 22) ) 10 LU

Applying to this estimate say, part (i) of the preceding lemma with g = fa,
and g = fo — 1 gives

m(r, fo) = T(r, fa) < 12logt T(R, fo) + 18log

R-—
+8log™ logt f—(lau)_. + log | f(a)]
+4log™ log* }T&)l——li +log|f(a) — 1
+log fa’(O) +C, F<r<R<L (4.9)

In order to simplify this last expression, we use the inequality

1
Blogz + Clog™ log™t ( )</310g z+ C, 0 <z <00, (4.10)

i
P

which is readily verified whenever 8 > 0, C > 0. Then (4.9) reduces to

1
T(r,fa) < 12l0g" T(R, fa) +18log 7 +log" |f(c)|

+log® [f(e) — 1| + log I<r<R<L

1
R0 i +e

Since |a} < rg,
1

¢%(0)

l < K = K(rg),
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so that
< log

1 1

Therefore, (4.9) reads

log*R
w take

T(r, fa) < 12log™ T(R, f,) + 18log Rl

— + 2log™ | f(a)|

oof of
nsider
. Note

1
+log |——| + + K, 4.11
| ey + 01 5o &1y

where %— Sr<R<l|al<r< 1, K = Ki(ro).

Terms involving f(a) or f'(a) asin (4.8) or in preceding expressions are
referred to as initial-value terms. In the Nevanlinna, theory approach to
normal families, contro] of the initial-value terms presents singular difficyl-
ties, as exemplified by the differing methods adopted by Drasin, Yang, and
Schwick (cf. §4.5 where the work of the latter two authors is discussed).

'To complete the proof, let 7, denote an arbitrary sequence of functions in
F. Now suppose that the following circumstances hold: There are constants
M<ooandr <1 together with an infinite subfamily 7, C F1 such that
f € 7, implies there is an o — a(f), la] <, satisfying

2log™" | f(a)| + log

?7(1‘05 ( <M (4.12)

If this were not the case, then for any M < 00, ro < 1,

1
F'(e)

except for finitely many fe€F. But considering separately (f(a)] <1 and
| £ ()] > 1 we have '

2log™t [f(a)] +1og

>M, ]CZ, ST‘Q,

.9)

2log™ [f(a)] +log

1 1+]f(a_)_E
f'(@) “1°g( 7@ )
= [2log™ | f(a)] — log 1+1f(@?)] < log?,

which means that

0)

6 = i <

except for finitely many f € F;. Thus F is normal by Marty’s theorem in
this particular instance, and so F is normal.

Hence we may assume that our supposition above holds and apply the
inequality (4.11) to each f € Fi. We further require a technical growth
estimate similar to thoge given by Bureauy [1932] and Hiong [1955b]. The
proof is given by Drasin [1969].

]2" < 7o,




118 4. Bloch Principle

Lemma 4.4.4 Let V(r) and v(r) be continuous nondecreasing functions
of 7,71 <7 < 1. If for somerg, 1 <rg<land b>1,¢>0, M>0,

V(r) < clogt V(R) + blog

1
R_T+7(T)+M, rp<r<R<1,

then

1
V(r) < 2blog z—— +4y(R) + My, mo<r<R<l,

R
where My = 4M + 16¢% + 4cflogb + 3log 2] = M; (M, b, c).

Note that is is possible to make the conclusion of Lemma 4.4.4 indepen-
dent of R by taking R = 3’{—]:

Setting V(r) = T(r, fo) and (r) = 0 in the lemma, then m(r, fo) =
T(r, fa) is uniformly bounded by an increasing function of » for each f &
Fay, L <r <1 (invoking (4.11) and (4.12) and the lemma). The normality
of .7: then follows from Lemmas 4.4.1 and 4.4.2 , and the proof of the FNT
is complete.

A Generalization. In this section we prove a generalization of Montel’s
theorem 3.2.2 which has already been considered within the context of the
Heuristic Principle (cf. Theorem 4.1.3). The proof from the point of view
of the Nevanlinna theory is very instructive.

Theorem 4.4.5 Let F be a family of meromorphic functions in U. If, for
each f € F, the poles are of multiplicity > h, the zeros are of multiplicily
> k, and the zeros of f(2) — 1 are of multiplicity > £, with

i 1 1

E+E+z=#<1,

then F is normal.

Proof. Again we take roy < 1, |a] < ro with f() # 0,1,00, f'(a) # 0. In
this case the hypotheses imply

rfa) < g NI S 3T fa),
W~ —J;1~) < %N(r,;a)S%T(r,%)=%(T(r,fa)—log]f(a)l),
o) < Mem) < (mm)
< (T 1)~ logf(@) — 1)) + log2,
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the latter inequality resulting from the First Fundamental Theorem. Then
the basic inequality (4.8) becomes

T(r,fa)wT(ﬂfa)”'m( J}i)*m( fafil)

+ (1 _ %) log | £(c)] + (1 _ %) log | £(a) — 1] + log

1
7270) ’ tc

We now bring Lemma 4.4.3 to bear on the logarithmic derivative terms as
before, giving

1
(1—-p)T(r, fa) < 12logt T(R, f,) + 181og 7t 8logT log™ | —

+ (1 — 719—) log |f(a)| + 4log™ log™ _)1___—1’
1
(1 — E) log lf(Od) - 1| + iog fa’(O) l +C
< 12log" T(R, f.) + 18log Rl
1
+ (2 -2 z) log™ | /(@)1 + log | 77 )I +C, (4.13)

-%- <7 < R <1, where (4.10) has been used to obtain this last expression.

We demonstrate that F is normal in a neighbourhood of each point
z € U, for which it suffices to consider only a neighbourhood of z = 0.
Letting J; be a sequence of functions in F, we consider two cases.

Case 1. Suppose that there are functions f, € F1,n = 1,2,3, ..., numbers
on = afn) # 0, an — 0, fnlam) # 0,1, 00, falan) # 0, and M < oo such
that

1
(2 - % — 'E) 10g+ |fn(an)| +10g —fﬂlan_) < M.

This condition, together with Lemma 4.4.4, applied to (4.13) yields
T(r, fre.) < 2(r), $<r<]1,

where fn o, = fn 0 ¢a, and > (r) is an increasing finite-valued function.
Then { fn,q, is normal in a neighbourhood of the origin by virtue of The-
orem 3.6.9, and likewise for {f,}, and hence F;.

Case 2. For some § > 0 such that if || < § and f(e) 5 0,1, 00, f/(c) # 0,
we have

(2 S %) log* | £(a)] + log

1
f’(a)‘ > M
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except for finitely many f € F;. From this inequality, just as in the pre-
ceding theorem, we can show that f#(a) <1 for o] < 6, f(a) # 0,1, 00,
F'(e) # 0. By continuity, f#(z) < 1in |z| < §, so that F1 is normal in this
neighbourhood, completing the proof of the theorem.

A New Composition. We next require another composition akin to fa
in order to establish some further inequalities required in the sequel.
Let 19 < 1 be fixed and r¢g < r < 1. For || < 7, define

22,’“04_

Yale) =7 r? — az’

1o, is just the one-to-one conformal mapping of |z| < r onto itself. Although
1, depends on r, the specific choice of r will be obvious from the context.
A slight complication arises from the fact that the composition f o, is
not defined in all of U. However, it is defined if |2| < r2(1 +ro)/(ro + r2).

Lemma 4.4.6 If g is meromorphic in |z| < r, and |o] < ro < 7, then

there is a positive constant K = K(ro,r) such that

%m(r, g) <mfr,gova) < Km(r,g).

Proof. If 9, (re??) = rei™, 0 < 6 < 2, |a] < 79 < r, then, by the change
of variable formula,

1 2 )
m(rg) = 5 ]0 log" |g(re*™)| dr

1 27 . 7.2_!042
— 1 + o iy MY
= | eg* laevalre T

T+ |af i, g o 1) < T+ 179

<
N - | r—To

m(r,g o) = Km(r,gota).
Similarly for the reverse inequality.

Remark 4.4.7 It is important to note that if s > r, we may take K(rgp,s) =

K (rg,r); moreover, K may be taken arbitrarily close to 1 provided r/rg is
sufficiently large.

A typical line of reasoning used in the sequel is as follows: If F is
not normal in U, then there exists some ro < 1 and an infinite subfamily
Fi1 C F such that for each f € F, there corresponds some o = a(f),
la| < g with

F@) 2 1. (4.14)

In fact, if this were not the case, then, for each r < 1, (4.14) holds only
for finitely many f € F, ie., |f(2)| < 1 for |z| < r for all f € Fi(r) C F,
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where F — Fq(r) is finite. Then Fi(r) is normal in |2| < » < 1, implying
F is normal there. However, as F is not normal in U, F is not normal in
some |z| < rp < 1, and this contradiction establishes the assertion.

In the same vein we have that: If F is not normal at 2 = 0, then there
exists a sequence {fn} C F and points an = an(fn) with o, — 0 as
n ~ 00, such that |fo(an)| > 1.

We proceed to establish some further lemmas by making use of the new
composition f o ¢,. The first is a variant of Lemma 4.4.3 which has the
virtue of dispensing with the initial-value terms.

Lemma 4.4.8 Let F be a nonnormal family of analytic functions in U.
Then there exits rg < 1 such that

! 1 1
m(rf?) < A+Blog" T(R, f)+Clogz—,  5(1+m0) <r<R<1,

for all f belonging to an infinite subfamily F; C F.

Proof. Since F is not normal, there is an rg < 1 such that there exists an
a = a(f), |e] < ro, satisfying |f(a)| > 1 for all f belonging to an infinite
subfamily F; € F. Applying the preceding lemma and then Lemma 4.4.3
with ¢ = fo¥_q, f € Fi, so that g(0) = f(a) # 0, co, we have

m('r, -J-cf-’) Km(r, {}: oq,[;"_a)

< K (4log+T(r’,foz,b_a) + 6log - %—r +D) ,

A

2
47y <r<r < Tl (4.15)

Now the circle [¢h_4(¢)| = r’ is contained in the circle

=71, (4.16)

and f analytic implies by Theorem 1.8.2 and the Maximum Modulus The-
orem that

T(r',fov_a) < logt M(r',fotp_o) <log" M(r, f)
R —I— 1
< .
< RmﬁTmJL rn<R<1
Then
1
logT T(r', foth_g) < log T log™ T(R, f) + A1, (4.17)

—

and A; is independent of f and «. Given R > r, it is possible to find 7
satisfying
1 1

rr—r R-—r{

i e e T
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by considering the graph of 7; as given by (4.16). This permits the log terms
of (4.15) and (4.17) to be combined. We can then find a constant & = E(ro)
(based on an analysis of (4.16) when ry = R) such that 52— < 72, from
which the conclusion follows.

By considering the family {e"(*~V : |2| < 1, n = 1,2,3,...}, it can be
verified that the nonnormality of F is required.
We restate Lemma 4.4.8 in a local version, omitting the routine proof.

Lemma 4.4.9 Let F be a family of analytic functions in |z| < & (6 > 0)
which is not normal in any neighbourhood of the origin. Then there exist
constants A = A(6), B = B(§), C = (8) such that

L §<r<R<&

!
m(r,.f...)<A—I—B}.Og+T(R1f)+CIOgR__r, 2

f
for all f belonging to an infinite subfamily of F.

Digressing for a moment, Schwick [1990] has shown that the estimate of
Lemma 4.4.9 does not hold for families of meromorphic functions. Indeed,
consider the sequence

en(z—l)
fn(z)z_;":}_—%: n=123....
Let z, = —%L- and p, = e ™. Then
ene_"z 1
fn(zn+pnz) = T ez - "é";

spherically uniformly on compact subsets of €. By the Zalcman Lemma

(§4.1 and §4.5), {fn} is not a normal family at z = 0. Moreover, m(r, %)

increases as log™ n, but the right-hand side of the Lemma 4.4.9 estimate is
O(log* log™ n). This proves the assertion.

On the other hand, Schwick demonstrates that the following estimate
does hold.

Theorem 4.4.10 Let F be a family of meromorphic functions in U which
is not normal at z = 0, and f(0) # oo for f € F. Then there exists a
sequence {fn} C F, such that

/
m(r, f—“) < Alog™ T(R, f,) + Blog Rl + Clogtlog” L, + D,

n — T

L — | Fn (2)]
fO'T‘ 2<T<R<1, and Lnﬁ!ﬁgﬁw

Applying the techniques of Lemmas 4.4.8 and 4.4.9 we obtain another
useful result concerning the proximity function.
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Lemma 4.4.11 Let F be a family of analytic functions in U (resp. |z| < 6)
which is not normal (resp. not normal at the origin). Then for some rg < 1
and constant K,

1
m(r,?) < Km(r, f), ro <r<1 (resp. £ <r<§),

for all f belonging to an infinite subfamily F1 of F.

Proof. As before, there is an infinite subfamily F; of F such that for some
ro < 1, [f(a)| > 1 at o = a(f), |a| < re, f € Fi (resp. there is a sequence
apn, — 0 such that ja,| < %, say, n =1,2,3,... and |fpo(an)| = 1, fn € .’Fl).
If r > rg (resp. r > g), then Lemma 4.4.6 implies, for f € Fy,

m(r,%) < Km(r,%oqb_a)§K~T(r,%o¢_a)
< K(T(r,fotp_a) —log|fa)])
< K-T(r,foy-a) = Km(r, f o) < K’m(r, f).

There is an important extension of Lemma 4.4.8 which we now endeavour
to prove.

Lemma 4.4.12 Suppose that F is a family of analytic functions in U
(resp. |z| < 6) which is not normal at the origin, and fix k € IN. Then there
are positive constants A, B, C, (Tesp. A=A(6),B=DB(§),C= 0(6)) such
that

£

1
m(TaT)<A+3108+T(R,f)+ClogR_T, f<r<R<1,

(resp. $ <r <R <),
for all f belonging to a countably infinite subfamily F1 C F.

The origins of this result lie in Theorem 1 of Hayman [1953], and a slight
variation of the present lemma was established in Drasin [1969]. The proof
given here, by induction, is due to Schwick [1989] and gives us a glimpse of
the power of the Zaleman Lemma in dealing with the initial-value terms.
(In §4.5 this technique is exploited further). In fact, the case k = 1 is just
Lemma 4.4.9. Let us assume then that the result is proved for integers
1,...,k — 1. Employing a local version of the Zalcman Lemma (refer to
§4.5), there exists z, — 0, p, — 0, functions f, € F, and a nonconstant
entire function g(z) such that f,(z, + pnz) — g(z) normally in € . Take
z0 € € satisfying g{zo) # 0 o0, and, for £ <7 < 1, let

) - ?,,2 z (zﬂ +pnz0)

Yz e
" 72 4 (25, + pnzo)2




124 4. Bloch Principle

In view of Lemma 4.4.6 there exists a positive constant K such that for
any meromorphic function h and all n sufficiently large (and hence without
loss of generality for all n € IN)

—m(r, h) < m{r,h o) < Km(r, h),
for % < r < 1. We shall also require the identity

(Fr 0 %n)® = (£ 0 ) (7)* + Z( £ 0 thn) Pi(dn),

where P; is a differential polynomial. As a consequence,
m( iy <O)ym (r (—k)oqp )
Fa ) fa
confoe (o) o)
- fo )T " (h)*
k k-1 (9)
—<— O(l) {m(r, %1_31) + ; m('r fn o) wn)

+Zm T, P, 7/)11) 'l_l}

=1

k—1 (7)
(f n O 'l,bn)(k) ) f 1
<0(1 m(r,~——-———— +3 m +1 Lercl,
g { Grovar ) T2\ 2
The induction hypothesis is now applied to the summation on the right.
An application of the Hiong estimate (Lemma 4.4.3) to the preceding term

gives

m(r, w) < 0(1) {10g+ T(r', f 0 Pn) +log s

(fn 0 %n)
"

% < 7 < 7' < R < 1. The proof is then completed along the lines of Lemma
4.4.8.

As a consequence of the above lemma, a comparison of T'(r, f(k)) and
T(r, f) for a nonnormal family car be made (cf. also Lemma 4.5.14).

- + 1}
| Fa(2n + pr2o)]
< 0O(1) {log+ T(7', fn 0 tn) + log >

+logt log™

Corollary 4.4.13 Let F be a family of analytic functions in U (resp.
|z] < &), which is not normal at the origin, and fix k € IN. Then there are
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positive constants A, B,C, (resp. A = A(6), B = B(6), C = C(6)) and a
countably infinite subfamily Fy C F with

T(r,f®) < A+ B-T(R, f) + Clog

I<r<R<1,
(Tesp.g<T<R<6),

1
R—7’

for ol f e F.

Proof. Using a simple estimate and the lemma,

T(r, f®) < m(r,i}?)w(r,f)

< A+Blog+T(R,f)—l—C'logR1

-7

+T(r, f)

1
< A+B-T(R,f)+C’logRqT,

as desired.

Zero-Free Families of Analytic Functions. It is well-known that if
f(z) is entire, f(2) # 0, f'(2) # 1, then f(z) reduces to a constant. In a
lecture in 1934 (Le réle des familles normales), Montel conjectured that a
family of analytic functions in a domain where f(z) # 0, f/(2) # 1, would
constitute a normal family, but did not give a proof. This was given a year
later by Miranda [1935], who, using the Nevanlinna theory, was able to
replace the derivative condition by: f*)(z) # 1 for a given k € IN (cf. also
Hiong [1958, 1967]). The meromorphic case, and related results, are treated
in §4.5.

We prove a generalization of the Montel-Miranda theorem, namely, one
due to Chuang [1940].

Theorem 4.4.14 Let F be a family of zero-free analytic functions in U,
and ap(2),...,ax—1(2) fized analytic functions. Suppose that G consists of
the functions given by

9(2) = fP(2) + ae1 (@) FF V(@) + ...+ a0(2)f(2), feF, (418)
and that g(z) # 1 for all z€ U, g € G. Then F is normal in U.

The proof given here is due to Drasin; the generality of some of the
reasoning will permit their use in subsequent arguments. Throughout, each
subfamily F; C F will have a corresponding subfamily G; C G, and likewise
go and f, will be related by (4.18).

Let F; be a countably infinite subfamily of 7. We will prove that F
is normal at an arbitrary point zo € U. To this end, take an open disk
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D(z9;8) C U, and without loss of generality set 2o = 0. For the present, we
shall assume the validity of the following condition:

If G is normal at the origin, then F is normal at the origin.  (4.19)

We may then presume the corresponding subfamily G; € G is not normal
at the origin, for otherwise by (4.19) there is nothing to prove. Thus, in
view of Marty’s theorem (§3.3), there is an infinite subfamily G, € F; for
which there exists an r¢ < § and points o = a(g), |a| < ro such that

lg'(2)]

Al S 9 € G.
T+ 9@l 9€0

It may be assumed that g(a) # 0, ¢'(«) # 0, by considering a point arbi-
trarily close to « if need be. Then for g € Gy, this implies

lg{a) — 1]
lg'(a)]

From the definition of g, we have

< 1. (4.20)

k—1 k
log* T(R',90) < D _log* T(R',a50) + Y log" T(R, f%%) + D
j=0 j=0
k .
= Lo(R)+ Y log" T(R', f9,) + D, (4.21)
=0

having set Lo, (R') = Z?__fé logt T(R,a; ), and D is an absolute constant.

Supposing G- to have no convergent subfamily, apply Corollary 4.4.13 to
(4.21). The conclusion is that there are infinite subfamilies Gz of G and F3
of 75 whose members satisfy

logt T(R', go) < Lo(R) + Alog + Blogt T(R, f.) + C,

<R <R<S.

1
R— R/

Next, apply Lemma 4.4.12 and the preceding estimate to the basic inequal-
ity (4.8) with g, replacing fo, B = 2(r + R). Note that g(a) # 0,1, 0,
g'(a) 5 0 for g € G3. Then

1
T(r,ge) < N(T, —-> +N(r,g 1 1) mN(r, %) +Alog+T(R,fa)

g(e)[gle) — 1
g'(a)
b

where § < r < R < §, and g belongs to an infinite subfamily G4 C Gs.
Moreover, if |a| < rg < 1, then L,(R) < K, where K = K(rg, §).

1
Bl
+ ogR

mT-l—C’-La(R)-I—log

‘+D, (4.22)
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We next wish to eliminate the g, terms from (4.22). Using the fact that

1 1
m('r: ;) + N(T: Q_) — T(T: ga) - lOg |g(a)la

(4.22) reduces to

1 1 1
mi r, — < Nlr, — N|r,— | + Alog® T(R,
( ga) ( ga"“]-) ( ga’) 8 ( fc:)

oRR

§ <r<R<§ (4.23)

Furthermore,
(7)) = z) )
S e I

According to Lemmas 4.4.6 and 4.4.12 there are two infinite subfamilies
Fs C Fu, Gs C Gy with

(i) = B Enleen) o

1
< Ha(r)+ Alog" T(R, fa) + Blog 7—

- C, (4.25)

for 8 <7 < R <6 Hee Ho(r) = iy m(r,a;0) and for |a| < 7o,
T

H,(r) < H = H(ro,6) as before. Putting (4.25) and (4.23) in (4.24) gives

1 1 1 1
r(nt) < M(np)+N(n i) - N(n 5 ) + Aot TR )

R

1
+B10gR—r + log

S <r<R<§ (4.26)

As we have assumed, |a| < g, A, B and C depend only on § and the family
Fo. According to the hypotheses, (4.26) simplifies to

T (r, i) < Alog* T(R, f.) + Blog
fa R -

% +C, f<r<R<$6 (427)

+ log
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Lastly, since functions in F are zero-free, analytic, unless Fs is normal,
the local form of Lemma 4.4.11 may be applied to yield

ﬂnh%éKi(nh) (4.28)

for -g: < r < §, with f belonging to an infinite subfamily 7 C Fs.

Combining (4.28) and (4.27), with « and rq in accordance with (4.20), we
next apply Lemma 4.4.4 with V(r) = T(r§, f»), and v(r) = 0, f € Fs. With
a subsequent application of Lemma 4.4.1, we conclude that F is normal in
|z| < 6, as desired.

Regarding condition (4.19), suppose that {g,} C G and that {gn} con-
verges uniformly on compact subsets of |z] < § to go. We claim that the
corresponding sequence {f,} C F is normal at the origin.

Case 1. go(0) # 0. Then there is a neighbourhood |z| < 7 < § on which
lg(z)| > e> 0 for g belonging to an infinite subfamily G; C {gn}. We may
assume that & ¢ < n < 6. Then by virtue of (4. 25), unless J; is normal at
the origin, there exists Fa C F; such that

() n(e3) = m(e3)eoled)

< Hy(r)+ Alog® T(R, f) + Blog

1
F—+C

" +C + H0(5),

< AlogTT(R, f)+ Blog Rl_

% <r<R<n<é§, feF,y, where we have used the fact that m(?‘, "_(1;) =

O(1). An application of Lemmas 4.4.11 and 4.4.4 with V(r) = T(rn, f),
v(r) = 0, yields the normality of F; as in the above argument.

Case 2. go(0) = 0. By the method of variation of parameters (cf. Cod-
dington and Levinson [1955], p. 87), we can solve for f, in the equation

gn(2) = F¥(2) + a1 (2) FEV(2) + ... + ao(z) fal2)

to give
k
fa(2) =Y (@nm + Bam(2) hm(2), (4.29)
m=1
where h1(z),...,hx(2) are linearly independent solutions of the homoge-

neous equation g(z) = 0, for g given by (4.18), the a, . are arbitrary

constants, and
2 Wm(hla )( )
)= [} R O
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Here, W(hy,...,hg) is the Wronskian of hy, ..., hg, and Wy, (hy,. .., hg) is
the Wronskian of A1, ..., hm—1, Pms1,- .-, Ak Moreover, given € > 0, there
exists &g > 0, 6y < 6, ng € IN, and M < o0 such that

W((C%) < M, gn(Q)] <&, n>mng, m=1,...,k [C} <o,

since g, converges normally to go and go(0) = 0. Therefore,
1Br,m(2)| < M -e =€, |z| < g, 1 > nyp.

Denote by F* the class of associated combinations {an:l an,mhm} as

determined by (4.29). Then for each F,, € F*, there is a corresponding
fn € F satisfying

k
[Fa(2) — falz)] < E |Br,m(2)hm(2)]|

< & k- max {sup Ihm(Z)l}

tsmsk | J2]<éo
< €1, |Zl < 61(61) < 6(), n > n1(€1) > ng-

The normality of F will follow by demonstrating the normality of 7*. To
this end we show that the following auxilary result holds:

Lemma 4.4.15 Let hi(2),...,hg(2) be fired linearly independent func-
tions analytic in U. Let F* be a family of analytic functions in U such

that if F' € F*, then
k
= Z azhz(z)

i=1
for suitable constants o; = o;(F). Moreover, suppose that for each

F € F* there corresponds an analytic function g = g(F) on U such that
{g} is locally bounded, and

F(z)+g(2)=0
has no solutions in U. Then F* is normal in U.

Proof. Given F € F*, F(z) = Z 1 o;hi(2), let j = §(F) be the least
integer such that | | > ||, ¢ # j. Then write

k

Fz)=a; Y %ﬁ-hi(z), j=3(F).

i=1 4

From this formulation we see that F* will be a locally bounded family
and hence normal unless a; — oo for some countably infinite subsequence
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F} of F* and some fixed j € {1,..., K}. We may assume without loss of
generality that j = 1. If F € F{, then

k k
F=ajhi + Z z—:h@ = al(hl + Zﬁth”) ) (4.30)

1=2 i=2

where |8;] < 1,i=2,...,k. Let K be an arbitrary compact subset of U.
Because the [§; corresponding to each F' € Ff, are confined to a compact

subset of C*~1 there is a convergent subsequence for ¢ = 2,..., k. Denote
by
k
F*=hi+ Y Bfh;,
1=2
the limit of the corresponding subsequence of F} under normal conver-
gence in U. Then F™* is not identically zero since {hy,..., h} are linearly

independent, and so F™* does not identically vanish on K°. Note that (4.30)
may be written as

Ja k

— =h1+ Y _Bihi

&1 =2
Now, F = F+g—g with F'+ g nonvanishing on U. Moreover, as |g{z)| < M
and o3 — 00, then g/a; tends normally to zero and hence (F + g)/o tends
normally to F*. Since F' + g is nonzero and F™* # 0, we have that F™ is
nonzero on K° by the Hurwitz Theorem (§1.4).

Therefore, for K; a compact subset of K, there exists > 0 with

k
hy+ ) Bik;

=2

>n, ZEK]_,

for an infinite subsequence of F7. Since a;; — 00, it follows from (4.30) that
oo is a limit function of F*, and F* is normal. This completes the proof of
the theorem.

An Extension. Before proceeding with a full generalization of Theorem
4.4.14, we require an intermediate result which was not in the original 1969

paper of Drasin, but has been subsequently communicated to the author
by him.

Theorem 4.4.16 Let F be a family of zero-free analytic functions in U,

and let ag(2),...,ax-1(2) be fired analytic functions. Let G be the family
of functions given by

9(z) = P2 + a1 () fF V() + ..+ ao(2)f(2),  feF,

and assume that the zeros of g(z) — 1 are all of multiplicity > p, where
-’E:;}l =71 < 1. Then F is normal in U.
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Proof. We first require the fact that:
If G is normal at the origin, then F is normal at the origin.

As this follows similarly as in the same statement of Theorem 4.4.14, its
validity may be assumed.

The proof of the theorem is broadly that of Theorem 4.4.14, subject to
few modifications which we now indicate.

Proceeding as in the proof of Theorem 4.4.14, change (4.20) to

-3
l—mg (gofzcj) L Y (4.20)

Next, write (4.26) as

w(rr) < 207 0 as)

+Alogt T(R, f,) + Blog B il_

+ log

_1
g() ‘+0 S<r<R<é (4.26)

N(r’ gal--l) :
(T(T, 9o — 1) + log H&"jl":“ﬂ)

< 1 (T(r,ga)+c+1og rﬁ) |

I—‘"CBII—"BH—*

3

In order to deal with the term T(r, g4 ), we have by virtue of the proof of
Corollary 4.4.13 that :

T(r,9a) < (k+ 1)T(r, fo) + Alog* T(R, fo) + Blog

1
C
R—r T
for an infinite subfamily Fs C F5, G5 C Gs, % <r < R<é,
From the two preceding inequalities, (4.26") becomes (since F is zero-
free)

T(T, fi) < %T(r fo) + Alogt T(R, fa) + Blog ==

+C, ${<r<R<s (4.27)
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Finally, for (4.28) write

1 ,
T(r, f2) < (1 +¢) T(r, fZ) , (4.28")

for f € For C Fsr, % < 7 < R < 6. Choosing ¢ sufficiently small such
that (%‘—1) (1+¢€) < 1, and combining (4.28') with (4.27'), the proof is
completed as in Theorem 4.4.14.

The generalization of Theorem 4.14 we now seek to prove is the following.

Theorem 4.4.17 Let F be a family of analytic functions in U. If the zeros
of each f € F are of multiplicity > m, and the zeros of g(z) — 1 are of
multiplicity > p, where

P

E+1 k+1
+1 k1
m p

g(2) = f®(2) +ar_1(2) FE V() +.. . +ao(2) f(2), with ag(2), . .., ak-1(2)
analytic in U, then F is normal.

T <1,

Remark. If § of the functions ag(z), ..., ax—1(2) are identically zero, then
it suffices to assume

E+1  k—j+1
- n J—+
m

< 1.

The case j = k was derived by Yang and Chang [1965] along the lines of
the proof of Theorem 4.5.5. An application of this particular case is the
proof of Theorem 2.10.3.

Digressing for a moment, we note that this theorem permits a further
illustration of the Bloch Principle. Indeed, a well-known result in function
theory due to Hayman [1959] (n > 2) and Clunie [1967] (n = 1) states
that: If f(z) is an entire function satisfying

@) f (@) #1, (4.31)

for all 2 € C, then f = constant.
There is a normal family analogue, namely,

Theorem 4.4.18 Let F be a family of analytic functions in U satisfying
R (2)h(2)" # 1, zel,
where n > 1 is a fived integer. Then F is normal.

Proof. ¥or n > 2, the result is a direct consequence of the preceding
theorem as well as the Yang and Chang version. To see this, let
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and let g(z) = f’(2). Then k = 1, and the zeros of f € F* are of multiplicity
> n+1=rm. As g(z) — 1 has no zeros in U, and £t < £ < 1, the theorem
implies F* is normal, and so is F.

The case n = 1 has been considered by Oshkin [1982] and is a conse-
quence of a generalization due to Schwick [1989] (cf. Theorem 4.5.3). Pang
[1989] has also given a proof via the Heuristic Principle (cf. Note subse-
quent to Theorem 4.5.2). An extension by Hua and Chen [preprint] shows
that: F s normal in U if for some constant M > 0, |W/(2)] < M on
{zeU:M(2h(z)"=1},n> 1.

Proof of Theorem 4.4.17 Once more we require:
If G is normal at the origin, then F is normal at the origin.

The proof of this assertion is reminiscent of that required in Theorem 4.4.14.
Assume g,, — go normally in a neighbourhood of the origin.

Case 1. go(0) # 0. As a zero of the corresponding £, is also a zero of g,
(since m > k + 1), the origin cannot be a limit point of zeros of the fn's
by the Hurwitz Theorem. Then the argument of Case 1 of Theorem 4.4.14
may be applied directly.

Case 2. go(0) =0, but for some § > 0

1
or,— =0, r <6,
( fn)

for infinitely many f,,. Then the argument of Case 2 of Theorem 4.4.14 is
applicable.

Case 3. go(0) = 0 and there is a sequence 2z, — 0 with f,,(2,) = 0, and
hence g,(z,) = 0.

Again, denoting by h1(z),..., ki(2), the linearly independent solutions
of the differential equation g(z) = 0, we obtain as before

fal2) = fnh+2( | ‘I‘;?((CC )dc‘) hul2),  (432)

'ﬂ.

where f, n(2) = an=1 On.mhm(2) is a solution of the homogeneous equa-
tion g(z) = 0. Let us assume for the moment that

fn,h = 0: n > Ny, (433)
so that (4.32) becomes
(1 Wa(Q)
fn(z) = n(C) dC ) A (2). (4.34)
= 3 ([ Fm(©k) o)




134 4. Bloch Principle

For § > 0, one can find M < oo such that

Wi(2)

|9n(z)1 < M,

<M, |hn(z)] <M,

|z2| <6, m=1,...,k, n>ng. Then
|fu(2)| < M7,

n=1,2,3,..., and we conclude that {f,} is normal at the origin.
In order to show (4.33), take fo = f, fan = fr, gn = g and rewrite
(4.32) as

k
F) = falz) + D P&V (2). (4.35)
- m=1
Clearly, Bm(2z) =0, m = 1,..., k. Differentiating equation (4.35) leads to
k
£(2) = [(2) + Y Bl (2) + Bra(2)hm (2)]- (4.36)
m=1

From the method of variation of parameters, the 3,,(z) are subject to the
following constraints:

BiHh(z)  + B(@ha(2) 4+ ...+ Bi(D)hlz) =0,
BERED(E) + BRI + .. + B =0,
BLRE D) + B ) + .+ Bk TV (2) = g(2).

By virtue of the first constraint, (4.36) reduces to

k
F(2) = f1(2) + D Brn(2)hin(2). (4.37)
m=1

Since z, has multiplicity > m > k + 1 and SBn(2n) = 0, we obtain from
(4.37)

! !
0= f'(zn) = fr(zn).
Considering successive derivatives together with successive constraints cou-

pled with the fact that B, (2,) = 0 and fP(z,) =0,p=1,...,k— 1, we
further deduce that

0= ;:(zn) .= f}gkmn(zn)

Since fi(zn) = 0 as well, the conclusion (4.33) follows from the uniqueness
of the solution to the homogeneous equation g(z) = 0 in a neighbourhood
of z,. The normality of F can thus be derived from that of G.
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On the other hand, let F; be an arbitrary sequence in F; it will be shown
that 7 is normal in a neighbourhood of z == 0. Unless zp is a limit point
of zeros of Fy, the theorem is a consequence of Theorem 4.4.16.

Now, if f(a) = fo(0) # 0, we have

W) () =08 (n ) <50 )

<’i1.T( fl) P (e, £2) —log (@), (4.38)

m
where N *(r, 5%) counts the zeros which are common to both g,’ and the
corresponding f,. Moreover,

N(T, 1 )—N**(r,—}--;)SEN<T, ! )
ga — 1 Ja P 9o — 1

< %(T(r, 9a) —log [g(c)) — 1] + D), (4.39)

where N **(r, 5%:7) counts the zeros which are common to both g,’ and

go — 1.

Some of the analysis carried out in the proof of Theorem 4.4.14 may
be revived at this point as we are only considering a neighbourhood of
the origin, |z| < 8, and |a| < ry < 6. Disregarding any consideration of
subfamilies for the moment, we formally put (4.38) and (4.39) into (4.26),

and invoking T(r, fo) =T ('r, o ) + log | f(e)] gives

EEL (20, 1) ~ g | F(0)]) + Iog | £(c0)

+%(T(r, ge) —loglg(a) — 1| + D)

Tl fo) <

gla) =1
g |
¢ <r<R<é (4.40)

Applying again the analysis of Corollary 4.4.13 yields

+Alog™ T(R, f») + Blog —— -I— log +C,

R—

1
T(r,ga) < (k+ 1) T(r, fo) + Alog™ T(r, fo) + Blog — - tC

R

¢ < r < R < §. Putting this estimate of T(r,g4) into (4.40) gives, upon
simplifying,

1
1-7)T(rfo) < Aiog—}”T(R: fa) +BlOgR_
-

+C
r

9(@) - 15 - [¢' (@)
L<r<R<S$, (441)

+log |[f(e)
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for f belonging to an infinite subset 2 C F;. Here the constants only
depend on § and the family ;. Observe that J will be normal in a neigh-
bourhood of the origin by applying Lemma 4.4.4 to (4.41) if there exists a
sequence {a,} such that o, — 0 and

(@)™ g(@) - U5 (@)Y < M, (4.42)
Q= @n, f = fn € Fp corresponding to g = g, € Go.

To this end, suppose that f, has a zero z,, with z, — 0. Since m > k+1,
zn is a zero of both g, and g/,. For each z,, let {, be determined by
minimizing |2z, — (|, subject to the condition |g],({,)| = 1; if no such ¢,
exists for infinitely many n, then the corresponding g/, would be uniformly
bounded, and hence these g, would form a normal family by Theorem 2.2.6
(or Marty’s theorem), implying the normality of F.

Therefore, consider |z, — (,| = én, so that if |z — z,| < &y,

(< [ 1646 1de| < 6. (4.43)

Suppose that a subsequence {6, } satisfies §,, > n > 0. Then from (4.43),
the definition of 0, , and the fact that z,, — 0, we get

T

om @I <1, e <

Thus G, and whence F, is normal in a neighbourhood of the origin.
Therefore, assume that §, — 0. It follows from (4.34) and (4.43) that
Fn(Cn) — 0. Furthermore,

n (Cn)
9n(Cn)

We deduce that the expression on the left of (4.42) actually tends to zero
as n — oo, for a = ¢,,. The proof of the theorem is herewith complete.

Cn
< / 19.(6)11€] < |2 — Cal = 6.

Zn

*

A New Normality Criterion. Another result due to Hayman [1959] is
the following:
If f(z) is entire (meromorphic in C), and v > 3 (v > 5) is a fized integer,
a # 0, and
f(z) —af(2)" #b
for some b € C, then f = constant.
Mues [1979] has given counterexamples to show that if f(2) is meromor-

phic in € and v = 3,4, the result is no longer valid. In terms of normal
families we have:
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Theorem 4.4.19 Let F be a family of analytic (meromorphic) functions
in U such that for fited v >3 (v > 5) and a # 0

f(2) —af(z)" #b,  feF,
for some b € C. Then F is normal.

The analytic case is due to Drasin [1969] (cf. also Pang [1990] for v = 3,
Ye [1991] for » = 2, Chen and Hua [preprint] for a generalization with a
and b replaced by meromorphic functions). The meromorphic case is due
to Langley {1984], S. Li [1984], and X. Li [1985]. Moreover, despite the
counterexamples of Mues, Pang [1990] has demonstrated the validity of
Theorem 4.4.19 for a family F of meromorphic functions and v > 4. This
was achieved via the Zalcman Lemma with a modification of (4.1). With
the additional assumption that the zeros of every f € F have multiplicity
not less than 2, Pang proved the case v = 3. However, this extra assumption
on the zeros of f € F is not necessary if a conjecture made by Hayman is
true (cf. Note after Theorem 4.5.2). For a related result with v = 3, and
an assumption on the degree of the poles of each function f, see Chen and
Gu [preprint].

We present the Drasin proof of the analytic case as we now have all the
necessary machinery at our disposal.

To this end, define the family

= ()= I e}

Then h € H is analytic by the assumptions of the theorem. First it will be
shown that:
If ‘H is normal, then F is normal.

Proof. Assuming h(c) # —1, routine calculations give

vT(rfa) = T 12) = T(n L2 2 )

“he+1 .
<T(r, £.) + m('r, %) T T(r, ha) — log [h(a) + 1| + K(a, b),
so that
T(r, fo)
<L {m(r, ff;‘-‘-) +T(r, ha) — log |h(a) + 1] + K{a, b)} (4.44)

Let F; be an infinite sequence of elements of 7, and H; the corresponding
sequence in H. Letting h* denote a limit function of H;, there are three
cases to consider.




138 4. Bloch Principle

Case 1. h* # -1, 00. Suppose that {h,} = Ha C H; converges to h*. By
our assumption, there is some M < oo, rg < 1, o, = a(hy,) with || < 7o
such that

—log |hn(an) + 1] < M,

for h, € Hs C Hy. Furthermore, unless F3 is normal, the estimate of
Lemma 4.4.8 is applicable to the logarithmic derivative term in (4.44) to
give

T(T’ fn,an)
1
< +
<o {Alog T(R, fn,a.) + Blog R, +T(r, hn,a,) -I-M} ;
s<r<R<1, (445)
for F4 C F3.

At this stage, apply the estimate of Lemma 4.4.4 to (4.45) with V(r) =
T(r, fr,an ), ¥(r) = ;i—lT(r, Pn,e, ), increasing B if necessary. Then

1
—<r<R<1, (446)

T(Ta fn,an) < A"‘BT(R: hn,an)'*'cllog BR—1p 5

fn € F4, by € Ha.
Note that for any p < 1,

T(p, bn,a,) — T(p, he) as n — Co.

This fact, together with (4.46) and Lemma 4.4.1, implies the normality of
F4 and hence of F.

Case 2. h* = ~1. Given any r9 < 1 and € > 0, then

fi(z) - b

af(z)”
holds for f belonging to an infinite subfamily Fy C F1.
Let us show that the following argument holds: For each ro, there exists
n =n(ro), such that if |z} < ro, |22| < ro, with

< g, |Z| < 70,

|fz)] <1 (4.47)
and
| f(z2)] > 2 (4.48)
for [ € Fy, then
|z = 22| > . (4.49)

In fact, choose zy and z; in accordance with (4.47) and (4.48), and we
suppose that |z, — 23| is minimized subject to these conditions. Join z; and
zg with a line segment «y. Since v lies in {z| < rg, we have for z on #,

[f'(2)] <elaf(z)"|+ bl < Ke+ B, K =K(av), =]
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in view of |f(2)| < 2. Therefore

LS 1f) = Sl £ [ 1@ < (Ke+ Bz — 2,

~

proving (4.49).
This then means that in a prescribed neighbourhood of each z in |z| < 7o,

every f € Fo is either uniformly bounded above or below, so that F is
normal in U.

Case 3. h* = 00. Then for any 79 < 1, € > 0,
f(z)—b
af(2)”

for infinitely many f € F. Applying the argument of Case 2 again gives
the normality of F.

<1+€: |zi<?‘0,

Proof of Theorem 4.4.19 Let F; be a sequence in F, and H; the corre-
sponding sequence in . We show that H; is normal in a neighbourhood of
the origin. Initially assume |a| < 1 and |8] small; they will be made more
precise in the sequel.

Let us suppose that H; is not normal at the origin. Then applying the
inequality (4.6) to the functions h, and invoking Lemma 4.4.9 to estimate
the logarithmic derivative terms yields an infinite subfamily Hs C H; whose
members satisfy

1 1 1
il < — el
m(r, hy) +m(7‘, hcx) —I—m(fr, ha+1> < 2T(r, hy) N(r, ha’)

+Alogt T(R, hy) + Blog

1 +lo
R—r &
D<) <r<R<l  (4.50)

1
(o) ‘ +o

It is tacitly assumed that h(a) # 0, —1, h'(a) # 0.
According to Remark 4.4.7 and Lemma 4.4.6, given £ > ( there exists
82 < 81/2 such that for |8] < 62 and r as in (4.50)

1
(1 — s)m(r, hal—i— 1 O¢ﬁ) < m(?‘, h—-—]—1> . (451)

Furthermore,
(1= &) T(r,ha) < T(r ha o), 18] < 65 61 <7, (4.52)

follows likewise as h is analytic, with & yet to be determined.
Adding the terms

1
N(T3ha) + (]- - €)N(T: Fo + 1 0770;'3)
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to both sides of (4.50) and using (4.51) and (4.52), along with the First
Fundamental Theorem leads to the inequality

(1—e)*T(r,ha) < N(r, %) + (1 - E)N(r, ha1+ 1 0%)

+Alog" T(R, ha) + Blog - + (1~ &) log (ha + 1)(~5)
h(a)
¥ (@)

In order to treat the first term on the right side of (4.53), note that the
zeros of h, are all of multiplicity > v, so that

J%ni)ﬁ%ﬂ&%)ééﬁ@%%ﬂgW@& (4.54)

+log +C, 18] < b2, 1 <r<R< L (4.53)

F a4

Considering the next term

1 af’ 1 !
iren) AL )
< T(T, (fo— b) o ) log |(f'a = b)(—B)|
< T(r, fo 0 p) +m(r, T Oq’bﬁ)

—log|(fa = B)(—H)| + C. (4.55)
As in (4.51) and (4.52),
T(r,faovp) < (1+e)T(r fo), (4.56)
fa fa
m('r, T o ’QL‘,@) < (1+&m (r, f_a) . (4.57)

Unless F3 is normal in a neighbourhood of the origin, we apply Lemma
4.4.9 to estimate the logarithmic derivative term in (4.57). Together with

the estimates (4.54) — (4.57) in (4.53), we deduce that for an infinite sub-
family F3 C Fa (Hs C Ha),

(u—sy—é>T&mQ

<(1+eg) {T(r, fo) + Alog™ T(p, fo) + Blog > _1_ - } + Alog™ T'(r, hy)

(ha + 1)(=B) h{a)t=>
(Fo — 0) (=) ’ tlog T
bi<r<p, r<R<I1, |B] <8 (4.58)

1
Bl —
+ OgR—r+(1 e) log

+C,

Assuming F3 is not normal at the origin, and hence likewise for ‘Hs, by
Marty’s theorem there exists a sequence of functions Hy = {hn} C H3




4.4. The Drasin Theory 141

and points o, = alh,), a, — 0, such that (with h = hp, @ = a,, n =
1,2,3,...)
h(a)!—%

h (@) <1, (4.59)

where h(a) #0,—1, K/ (a) # Q.

To deal with the preceding term in (4.58), suppose that {f' — b~ af*}
tended normally to zero in a neighbourhood of the origin, for f € F4. Then
a repetition of the argument that (4.49) follows from (4.47) and (4.48)
would show that F; would be normal at the origin. Hence we may presume
the supposition to be false, and consequently there exists a subsequence
{fn} = Fs € F4 (Hs € Hy4) and a sequence of points {8,} with 5, — 0
corresponding to f, o, satisfying

e, 1 1
’n,an ( B) {nyan —b—a‘fn,an( ﬂ)
n=1,2,3,.... (4.60)

In view of (4.59) and (4.60), the inequality (4.58) may be simplified, by
taking f € Fs with the corresponding h € Hs, to

((1 —€)% — %) T(r, he)

< (1+¢) {T(r, fa) + Alog™ T(p, fo) + Blog p_l.

4+Alog® T(R, hy) + Blog

1
R-7‘+C’
fi<r<p r<R<1l (4.61)

Next, we wish to majorize T'(r, f,) in terms of T'(r, hy) by replacing fa
by fa©p in (4.44). We may assume that the functions in Hs do not tend
normally to —1 or co in a neighbourhood of the origin, for otherwise Fs
would be normal there. Then one can find a sequence of points {3,} with
Bn — 0 associated with hy, o, , where {h,} = Hg C H5 and

—log |hn,a, (—Bn) + 1| < M.
Hence (4.44) becomes, on noting (4.56) and (4.57),

T(T:fa) < %‘i{m( .,Jcc;)"i‘T(T ha)‘l"M}
h<r<l, feFs (4.62)

Finally, unless Fg is normal at the origin,

!
( fa ) < AlogT T(R, fo)+Blog —5—6’, 5 <r< R<1, (4.63)

Jo R-
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for f € F7, an infinite subsequence of F5. Then (4.62) simplifies by virtue
of Lemma 4.4.4 and (4.63) with R replacing r:

T(R, f+) < A T(R, ho) + Blog +C, S <R<p <1 (4.64)

1
p—R

Putting (4.64) into (4.63) and choosing R = £ (so that SR = ')
(4.62) now reads, noting the relation amongst r, R, p/,

(1+¢)?

v—1

T(r, fa) < T(r,ha) +Alog" T(R, ho) + Blog — +C,

h<r<R<l, felkF.

By inserting this last estimate into (4.61) taking p = R, coupled with
(4.64), .

((1 —e2 il M) T(r, he)

v v—1

< AlogT T(R, hy) + Blog +C, §i<r<R<1. (4.65)

1
R—r
Choosing ¢ > 0 sufficiently small, the normality of Hy results from an ap-
plication of Lemma 4.4.4, and the normality of F» at the origin is achieved,
completing the proof.

4.5 Further Results

Since the publication of Drasin’s 1969 paper, there have been numerous
extensions of the basic results to the meromorphic (and some analytic)
cases. A considerable amount of progress has been made by the “Chinese
School”, principally, Yang, Chang, Ku, Chen, Li, Hua, and Pang, their
work having its origins rooted in the works of Hiong and Chuang. Outside
this sphere, besides the developments pertaining to the Robinson-Zaleman
Heuristic Principle, is some very recent work of Schwick, amongst others,
based somewhat on the Drasin approach coupled with the Zalcman Lemma.
As in the case for entire functions, a meromorphic function satisfying

F@fE#1 (n>2)

in € is constant (Hayman [1959] for n > 3, Mues [1979] for n = 2, and
conjectured true by Hayman {1967], p. 7, for n > 1). The meromorphic
equivalent of Theorem 4.4.18 for n > 3 is a consequence of the following
result of Ku [1978] pertaining to Theorem 4.4.17.

Theorem 4.5.1 Let F be a family of meromorphic functions in . Sup-
pose that for each f € F, all the poles have multiplicity > s (> 1), all the
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zeros have multiplicity > m (> 2), and there are distinct nonzero numbers
bi,..., by such that all the zeros of f*)(z) — b; have multiplicity > n;
(>2),7=1,...,q, where

kg+1 <1 1 41
Sl I R A :
—— +- 1+ Zn <gq

Then F is normal in Q.
An immediate consequence is

Theorem 4.5.2 If F is a family of meromorphic functions in Q such that
F(2)f(z2)* #1 (n>3) for all f € F, then F is normal.

In fact, upon setting ¢ = 1 in the preceding theorem, the result is easily
deduced as in the analytic case (Theorem 4.4.18).

Theorem 4.5.2 has been improved by Pang [1989] to include the case n >
2. The proof is via the Heuristic Principle and the extended definition of a
normal property with k = —15 (n fixed). To this end, define P by (f,Q) € P
if either f/(2)f(2)™ # 1, z € Q, or f = oco. Verifying conditions (i) and
(it") of Definition 4.11 is straightforward enough. Now suppose (f;,€Q;) €
P, for @ € Qs C ... and € = U2,9Q;, such that f; — f spherically
uniformly on compact subsets of €. We may assume f is nonconstant, for
otherwise (f,C) € P trivially. If {f,C) ¢ P, then there is a point 25 € C
at which f'(20)f(20)™ = 1. Since f is bounded analytic in some closed
neighbourhood K({zg;7), fjf - F'f™ uniformly in K(zp;7). It follows by
Hurwitz’s theorem (§1.4) that f/(2)f(z)™ = 1 in C. Therefore,

f(2)""'=(m+1z+c  (cconstant),

which contradicts the fact that f is meromorphic in €. We conclude that
(f,C) € P, establishing (iii). Condition (iv} follows from the results of
Hayman/Mues cited above, and so F is normal by the Heuristic Principle.

Note. Interestingly enough, if Hayman’s conjecture: f'f # 1 ff)r f mero-
morphic in © implies f = constant, is true, Theorem 4.5.2 holds forn =1
by setting k = % in the preceding proof. A further consequence of the truth
of the conjecture would be a proof of the meromorphic version of Theorem
4.4.19 for v = 3 (cf. the proof of Theorem 3 in Pang [1990]).

Another generalization of this type comes from Schwick [1989].

Theorem 4.5.3 Let F be a family of analytic (meromorphzc) functions
on o domain ) satisfying the condition

(P #1,  ze,
where n > k+1 (n > k+3). Then F is normal in Q.




144 4. Bloch Principle

The meromorphic case has been extended to n > k + 2 Hua [preprint].
It is worth noting that an analytic (meromorphic) function satisfying the
conditions of the theorem in € is necessarily constant (Clunie {1967]) for
the case k = 1; Hennekemper [1979] for the general case).

We may further deduce from Theorem 4.5.1, for g =1, s > 1,

Corollary 4.5.4 If F is a family of meromorphic functions in §} such
that f(z) # 0, f%)(2) % 1, and no poles are simple, for each f € F, then
F is normal.

The restriction in this corollary on the poles not being simple is actu-
ally unnecessary, and the result was proved without this restriction by Ku
[1979]. We present here the proof given by Yang [1982]. What is proved is
the following, from which the latter Ku result is a direct consequence.

Theorem 4.5.5 Given k € IN, and f(z) meromorphic in U such that
f(z) # 0, fB(2) # 1, then either [f(2)] < 1 or |f(2)] > C, for all
|z| < 35, where C depends only on k.

- As usual, a number of preliminary lemmas must first be established for
? t the proof; k will always be a fixed positive integer. The first result is essen-
5 q tially due to Milloux [1940], and is analogous to the basic inequality (4.8)

Lemma 4.5.6 Let f(z) be meromorphic in |z| < p < o0, f(0) # 0,00,
FE(0) £ 1 and FEFD(0) £ 0. Then

T(r,f)
1

<N(Taf)+N(T:%) +N(Tam> ”N(ra}_(;_?ﬁ) +S(T7.f)1
0<r<p,

(k) (k+1) (k1)
S(r,f) = m(r, fT) —i—m(r, = - _) +m('r, —szk) — 1)

£0) {£910) - 1}
HERIO

with

+log

+log 2. (4.66)

Proof. Starting with the identity

1 f® pe) 1 fpletD)
I I

we obtain

(k) (k) . (k+1)
m(fr, %) < m(r, fT) —l—m(”r, %) —}»m(r,-«fw—fi—) + log 2.
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From the Jensen formula (1.6) applied to m(r, %), and then in the form

7 !
m(*r, %) :m(r,g—) +N(r, g_) —N(T, 2,) + log 9(0) i,
g g g g

g'(0)
. (k). . . £(E) .
applied to m(r, f—f(kﬂ) with g = f\% — 1, we arrive at
1 flk+1) fle) 1
T(r, f) < N(’f;'f) +N(T=}‘(g)—‘_—1) ““N("‘, —fm) + 5(r, ),
for S{r, f) given by (4.66). Now
fletD) fFk) 1
N(fr, ——————f(k) e Nlr, ————f(k+1)

_ 1 1
=60+ M=) (0 7750

The next requirement is esseﬁtially Theorem 1 of Hayman [1959] (cf. also
Theorem 3.5 of Hayman [1964]), except that the error term Sy (r, f) of that
theorem, according to Lemma 4.5.6 can be expressed by (4.66).

which proves the lemma.

Lemma 4.5.7 Let f(z) be meromorphic in U such that f(0) s 0,00,
F®©0) #£1, FEHD(0) #0, and

(k + 1) FEF0){£H9(0) - 1} = (k + 2){F*V(0)}* # 0.
Then
T(r, f) < (Z-I—%) N(T,%)—F(Q—l-z)ﬁ(ﬂk)i )+S(T,f),
0<r<l1, (4.67)

where

S(r, f)

-(2+8) (1) < (1) {0 f”?”)**m( 7))

1 Fet2) f(0) f(k) _1}
() + () o e

FE(0) {£#(0) — 1}
(k + 1) fEFD0){f*)(0) — 1} — (k + 2){f*TD(0)}? |

L1 log (4.68)

k

Our last lemma is
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Lemma 4.5.8 Suppose that f(z) satisfies the assumptions of Lemma 4.5.6,
as well as f(2) #0, f®(2)# 1 in U. Then given p< 1 and 0 < < p,

1
p—r)’

logM(r,l)< © (l—i-B—{—log
£/ p-r

where
B =log" |f(0)| + log™ [ F*)(0)] + log™

1
|(k + 1) FE+2(0){f*)(0) — 1} — (k + 2){fE+V ()}

Proof. From the additional assumptions we get T'(r, f) < S(r, f) in (4.67)
and (4.68). We must first estimate the terms of (4.68).

According to the Nevanlinna estlmate (Lemma 44.3) for 0 < 6 <r <
R= ﬁg < p <1,

f(k+1)
m(’r, _—f(k) 3

<C {10g+ T(R, f) + log Rl_

1

+log™ (4.69)

1

+ T}m + 1} , (4.70)

log™ 1
T—I- og ' log

and

f(k+2)
m (T’, W

<C {10g+lT(R, FEFDY 4 og Rl_

1
Tlogt ———— +1%. (471
T-I-log log ]f(k+1)(0)i+ } (4.71)

To treat the terms logt T(R, f)), j = k,k + 1, in (4.70) and (4.71), we
note that

log* T(R, f) < 10%*{(9'“) (&, f”m( f;:))}

< log+T(R,f)+m(R f; )—i—C‘

We conclude from (4.67), (4.68), (4.70), and (4.71) that

T(r,f) < C {1 +log* T(R, f) +log ——

1
+log™ log* +logT logt }

1
|F#)(0) — 1 | fE+1)(0)]

9 1
(2+ k) log | £(0)] + (z+ -,;) log | £19(0) — 1]+ 2log rgraygyy
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1 1
ko |(k + 1) fE2(0) { FEHO) — 1} — (k +2) { FE+( 0)} '

(k) {(k+1)
+Ch {m(R, f—};—) + m(R, Ll«}i) } . (4.72)

We next apply the Hiong estimate (Lemuma 4.4.3) to the last two terms
of (4.72), with r, R replaced by R, p, respectively. As a consequence, in view
of the relationship between r, R, and p,

1 1
T(r,?) <C’{1—|—logR_

- +log" T(R, f)

1 1 1
+log* log™ +logtlogt —————— +logt logt ——-—--~—-——}
- [0l FE@ -1 7% % o)
+ 2 1
r+=]1 = ) log |f®)(0) — S —
+( + k) og |f(O)| + <2+ k) og |f**(0) — 1| + 21log RESI]
1 ) 1
—I—Elog 5—. (4.73)

|(k+ DFEF2(0) {£FB(0) — 1} = (k +2) {f&+1(0)}7|

Letting & = | f(0)] and subsequently = = |f(*)(0) —1| in (4.10) and applying
the inequality

log* T(R, f)
= log™" {T(R, 31‘,-) + log | f(O)i} < log™ T(R,

(4.73) becomes

%) Flog* |£(0)] + 1,

T(fr, -J};) < Ci{1+ B]+ Cy {log 7 1_ -+ logt T(R, %) } (4.74)

where B is given by (4.69). Taking C3 > 1 in Drasin’s Lemma 4.4.4, then
(4.74) yields

1 1 o
- 14+ B . . .
T(r,f)<0( + -I—logp_r), 5 b<r<p<l (4.75)

Since + f is analytic in U,
1 p+3r (r—l—p 1)
logM|r, =) < T s =1, 0<r<p, 4.76
© ( f) p—r 2 ' f P (4.76)

so that the result follows by an application of (4.75).
We are now ready to prove Theorem 4.5.5. The theorem obtains with
C =1 unless there is some point z; with

fa)l =1, |al<sg
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Two mutually exclusive cases are considered under the foregoing assump-
tion and we demonstrate that |f(z)| > C for all |z| < &, in each case.

Case (i). Suppose that

k-1

M@z <k
7=0

Then -
1 1f(j)(z) o1
o ST H<E

Denote by m(r,z1,f), M(r,z1,f) and T(r,z,f), the quantities
m(r, f(= —|—z)), M('r, flz1+ z)), T(r, f(= —l—z)), respectively, with |z| = r,
so that

1 E+1 f(J) ,
m(r, 21, ?) < Zm(r, 21, T) +log 4(k + 2), 0<r<s5. (477)

=0

The Hiong estimate is applicable to f(z; + z), and since N (r, 21, -115) =0,
we obtain from (4.77)

T(r, Z1, %) = m(fr, z1, %) < C (1 + log Rl—r —l—log+T(R,z1,f)) ,

3 <r<R<E. (478)

By Jensen’s formula (1.6), since | f(21)] = 1, the term log™ T(R, z1, f) may
be replaced by log™ T(R, 21, —};) in (4.78). In view of Lemma 4.4.4,

1 1
T(r,zl,?)<0(l+logR_T), 3—1QST<R§3‘°’—2,

implying T(%, Z1, -J%) < C. We conclude, invoking (4.76), that

1 1 1 1 5 1
logM|—, =) < oz, =) < =z, =
og (32, f) _logM(lS,zl,f) < 9T(64,z1, f) < C,
and the assertion follows in this case.

Case (ii). There is a point z; such that

k41 _ 1
2P @)i<, Jml< (4.79)
=0
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We claim there is some point 2y on the line segment z1z; with
|fE (z)] 2 1,

L <1 )] < 5, fP(0)l < 5, 1F(0)] < 5 (480)

To see this, first note that if [f*T2)(2)| < 4 for 2 on 7iz3, we deduce
from (4.79) that

£ @) < 179 (2] + L

f FE(Q) dC' <-+ “lz2 ~2l <3
and by successive applications of this argument,

F9(2)] < % i=k—1,...,1,0.
However, for j =0, |f(z1)| < %, contradicting our assumption |f(z)| = 1.

Hence there is a point z3 on 2723 with | f*+D(z3)| = 1 and | f&+D(2)| < §
on Z3z3, which leads to

|F®) (25)] < 1F®) (z2)] +

FEDE dc| <3

2253
As before 1
D)l <50 F=k=1,..,1,0,

obtains. Thus we may take z3 = 2o in (4.80) if |f*+2)(2)] > 1.
Suppose then | f(#12)(23)] < 1. If | f(#+2}(2)| < 1 on Z173, then for z on
21759,

1 1 1
(k+1) nd
implying
1
7B (@) < FB (z2)] + |22 = 21| - max [FEHI ()] < 3.
Therefore, as above, |fU)(2)] < 3 for z on 7%z, j = 0,1,...,k, again
contradicting |f(z1)| = 1. Thus there must be a point z4 on Zizz with

If(k+2)(z4)] =1 and |f*1?)(2)| < 1 on Z321. Note that |z3—z4| < |21 —22| <

L +1i= 5 so that for z on 7371,
1
lf(k‘i'l)(z)] > |f(k+1)(23)| — |Z3 — Z4| ma.x|f(k+2)(z)| > 5 12’
1
IFED )] < |FEH (25)] + |25 — 24) - max [FEHD (2)] < 5

It follows that

79| < 179 a)| + |23 — za] - max |fED(2)] < 5,
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and likewise 1
|f(j)(z4)|<_2., i=k—1,...,1,0,

so that in this instance we may take zp = z4 in (4.80), and (4.80) holds in
all cases.
We now wish to apply Lemma 4.5.8 to f(z) in |z — 2| < I. From (4.80)

(& + 1) F*F2) (20) { f B (z0) — 1} — (k + 2HFEHD (z0) 1]
k+1 k+2
Ty T4

>

3

|

and consequently by Lemma 4.5.8

1 1
logM(-i,zg, ?) < C.

Finally
11 1 1
— = loe Ml = 20, =
logM(gz, f) < log (2,2:0, f) < C,
completing the proof of the theorem.

In view of the local nature of the foregoing analysis, we may conclude

Corollary 4.5.9 If F is a family of meromorphic functions in Q such
that for some fited k € IN, f(z) # 0, f¥)(2) # 1, for each f € F, then F
is normal in 2.

See Hiong and Ho [1961] for a related analytic result.

Remark. The technique employed in Case (ii) was also utilized in Yang
and Chang [1966]. The proof of the theorem captures the spirit of the
“Chinese School” approach, and it has been very successful in dealing with
the normality of families of meromorphic functions. This approach was
also adopted by Langley [1984] in his proof of the meromorphic version of
Theorem 4.4.19. Furthermore, using techniques similar to those in the proof
of the preceding theorem, Yang [1986a] has given a criterion for normality
in terms of fixed points. Recall, a point z is a fized point of a function f(z)
if f(zp) = 20. Yang demonstrated

Theorem 4.5.10 Let F be a family of meromorphic functions on a do-
main Q, k € N, If for each f € F, both f(z) and f*)(z) have no fived
points in £, then F is normal.

In a similar vein, Yang [1986b]has given the following generalization of
Corollary 4.5.9.
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Theorem 4.5.11 Let F be a family of meromorphic functions in Q, k ¢
IN. Suppose that ¢(z) and (z) are analytic in Q and ¢ (2) 2 ¥(z). If
for every f € F, f(2) # ¢(2) and f®)(2) # (2), z € Q, then F is normal
wn Q.

The final result in this cycle is Yang's [1985] extension of Theorem 4.4.14.

Theorem 4.5.12 Let Q be a domain, k > 2 a positive integer, and a;(z),
§=0,1,...,k—2, analytic functions in Q. If F is a family of meromorphic
functions such that for f € F, f(z) #0 and

k-2
P+ ai(2)fD(2)#1, zeq,
7=0

then F ts normal.

A Modified Drasin/Zalcman Approach. Combining the Zalcman
Lemma (§4.1) with the Nevanlinna theory creates another powerful ap-
proach with which to investigate the nature of normal families. This tech-
nique first appeared in Oshkin [1982], coupled with some parts of the Drasin
theory, and subsequently in S. Li [1984]. Moreover, Schwick [1989] has also
grafted on some of the Drasin theory to produce several new results, one
of which we examine in detail below.

Consider a family F of meromorphic functions on @ C € satisfying the
condition

Oy 40, £=0,1,2,..., z€ . (4.81)
When 2 = C, then any f € F must be of the form (Hayman [1959]),
1
— paztb —
fl(‘z)'_e or fg(Z)—— (AZ—i—B)k} ,

a#0, A0, keN In view of the examples {e"*} and {1}, families
satisfying (4.81) would not, in general, be normal. On the other hand,
Schwick proves

Theorem 4.5.13 For F given as in (4.81), the associated family

?z{%wfef}

1s normal in ).
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Before proving the theorem we require a few preliminary results, one of
which is a local adaptation of the

Zaleman Lemma A family F of meromorphic (analytic) functions in U
is not normal at the origin if and only if there exists a sequence {fn} C
F, a sequence z, — 0, a positive sequence p, — 0, and a nonconstant
meromorphic (entire) function g(z) on € such that

normally on C.

The proof is an obvious modification of the original (§4.1).
A further elementary estimate is required (Schwick [1989]).

Lemma 4.5.14 Let f(z) be meromorphic in |z| < p < oo, k € IN, with
f(0) # co. Then

m(r, f™)
1 1
<m{r,f)+C {Iog+ T(R, f) +log™ o + log™ - +JlogTR+ 1} ,
0<r<R<p,

and C depends only on k.
Proof. Assuming that |f(0)| < 1, then from

m(r, fB)y < m(r f—i—2)~{-m(f' 7 )
? — b Jf+2

and the Hiong estimate (Lemma 4.4.3), the conclusion follows. For | f(0)| >
1 and

m(r, f®) < m(r, f) + m(r, f—(;i)

together with the Hiong estimate, the desired inequality again holds.

The interesting feature of this lemma is that the estimate does not depend
on the initial-value term containing f(0).
Our next result is due to Pélya [1922] (cf. Hayman [1964], Theorem 3.6).

Lemma 4.5.15 If f(z) is meromorphic in |z — 25| < R < oo, analytic in
|z — 20} < r < R, and has at least two poles on |z — 23| = r, then there
ezists 6 > 0 and £y = £3(6) such that f) has a zero in |z — 2| < 6 for
£> 4.

Consequently we have

Lemma 4.5.16 Let f(z) be meromorphic in U and satisfy f©(z) #0 for
all £ € IN, z € U. Then f has at most one pole in |2| < §.
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Proof. Suppose that f has at least two poles in |z] < %, and denote one
of them by zp. Define

(0 <)m = min{|z, — 20| : 2p is a pole of f,z, # 2} < %

For z,, a pole of f satisfying |z, — 2o} = m, the disk

2
is contained in U. Moreover, f is analytic in K° and has exactly two poles
on 0K, zp and z,,. By Lemma 4.5.15 we obtain a contradiction with the
hypothesis.

Lemma 4.5.17 A family F of linear functions is not normal at the origin
if and only if there is a sequence {f, = anz + b} C F satisfying (i)
an — oo and (i) b, /a, — 0.

Proof. If F is not normal at the origin, then by the Zalcman Lemma above,
there is a sequence {f,} C F, 2z, — 0, p, — 07 and a nonconstant entire
function g with

Frn(zn + Pnz) = anpnz + anzy + by — g(2)

normally in €. But then g(2) = az+b (a # 0) by the Weierstrass Theorem,
implying a, — oco. Furthermore, the zeros of f,(z, + pnz) converge to the
sole zero of g(z), namely, —b/a, that is to say

proving (ii).
Conversely, suppose {f,} C F satisfies (i) and (i), and set p, = 1/]a,|,
Zn = —bp/ay,. Then

Qp,

|an|

Then a subsequence of f, (2, + pn2) tends normally to an entire function of
the form g(z) = cz, |c| = 1, and so the converse follows from the Zalcman
Lemma.

Tn(2Zn + pn2) = an(2n + ppz) + by = Z = CpZ, len| = 1.

In the sequel denote
_ £@)
F'(z)
Note that under the assumption (4.81), g is analytic, having simple zeros
at the poles of f. Then we can show

9(2) = g(f)(2)
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Theorem 4.5.18 Let {f,} be a sequence of meromorphic functions on U
such that each fn satisfies (4.81) and g, =0 (gn = g(fn)). Then {gn} is
normal in a neighbourhood of the origin.

Proof. Suppose that {g,} is not normal at the origin. By the assumption on
9gn, we have g, = a,2+by,; whence we may suppose that (i) @, — oo and
(ii) bn/an, — 0 by Lemma 4.5.17 . Note

falz) 1 1
fn(z) B anZ + by, B r, (Z—I- ab_m),

and so f,, has a pole at —b,, /a,,. Then for each fixed n, computing 1= 5= |, On 2

over a sufficiently small circle C,, gives —a— € IN, by virtue of the Argu-
ment Principle (cf. Palka [1991], p. 340). This contradicts ().

We, therefore, make the assumption
"
O

Theorem 4.5.19 Let f be meromorphic in U satisfying (4.81) and sup-
pose that g(0) # 0,00, ¢'(0) # 1, ¢"(0) # 0, (9= g(f)). Then

throughout the sequel.

T(r,g) < N(r,f)+log"|g(0)| +log™ |g'(0) — 1] + log

1
g"(0)
1
! +logt = + 1} ,
-7 T

+C {10g+ T(R,g) +log 7

0 <7< R <1, where C is independent of f.

Proof. Since ¢’ = 1 — ff"/§2, we see that N (r, 'g’lTl) = 0. From the
Milloux estimate (Lemma 4.5.6) for g, with k = 1,

g -1

() B 2) )

gH
+ml|r,—— | + A.
g ~1

T(r,g) < N(rg)+ N(r’é) . N(T’ 1 )
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Noting that N(r, g) = 0 and Ni (r, é) = N(r, f), an application of the Hiong

estimate (Lemma 4.4.3) to the preceding inequality yields for 0 < r < r =
HE <R<1

’ 9(0)[g'(0) — 1]
T(r,g) < N(r,f)+log 7 (0)
+C {10g+ T(R,g) +logt log* ﬁ +logt T(r1,g" — 1)

1
+logt log" ———c— + iog —|- log

+log* -7-1: + 1} . (4.82)

1
lg'(0y — 1] R~r

To treat the term log™ T(r1,¢’ — 1) in (4.82) we can apply Lemma 4.5.14
which gives, upon simplification,

S 9(0)[¢'(0) — 1]
1
+C {10g+T R, g) + log™t log™ +logT logt ———
(Rrg) + g™ g oy O 1]
1
+1
-HogR__T—I—log - +1}. (4.83)

Then the theorem follows by an application of (4.10).

We are now ready to prove Theorem 4.5.13. In fact, let
G= {g—J{, fe]—'} Q =T,

and note that F is normal if and only if G is normal. We prove that G is nor-
mal at the origin by assuming the contrary. Then by the Zalcman Lemma,
there exists a sequence {g,} C G, 2z, — 0, p, — 0, and a nonconstant
entire function g(z) with

im_gn(2n + pr2) = 9(2)
normally in C. Let {f,} denote the corresponding sequence in F. The argu-

ment splits into two cases, in each of which our initial aim is to demonstrate
the boundedness of the terms

N(r, fn) + log" |g,(0)| +log™ |g},(0) — 1| +log

1
.' ! (
when applying the previous theorem to {g,}.

Case 1. Suppose that every f, is analytic in |z] < ry, for 0 < 71 < L
Then each g, is zero-free analytic in |z| < r1, and thus g is zero-free, so that




156 4. Bloch Principle

g cannot be linear. Choose 20 € € such that (g(z) # 0,00), ¢'(20) # 0,
and g”(z) # 0. Then

1
+ log —
Pn

10g+ lgn(zn+9n20)l + IOg+ Ig;z(zn“i‘PnZO)“Il + log

1
= 10g+ Ign(zn + pnzo)| + 10g+ ;"{gn(zn + Pnz),(zo) - pn}
n

+log ' + log p2 + log £
gn(2n + pnz)" (20) " n
1
— log™ g(2)| + log |¢' (29)l + lo —--——', as 1 — 00.
This shows that
1

log* |9n(2n + prnzo)| + logT |97, (Zn + prz) — 1] + log

Q'”(zn + PnZO)

— —00 as n — co. Without loss of generality let z,, + pPnzg = 0. Then for
all n sufficiently large, the hypotheses of Theorem 4.5.19 are satisfied,

ZV(r,fn):-O, 0O<r<mry,

and therefore

1
T(r,g0) < C {log* T, g,) + Jog

—l—l}, %7‘1<?"<R<T‘1.
— 7T

The log™ term is dispensed with as usual by Lemma 4.4.4, and the result
follows by virtue of Theorem 3.6.9.

Case 2. Suppose that f, has a pole at a, with a, — 0, passing to a
subsequence if necessary. We again claim that ¢ is not a linear function.
For, assume that
g(z)taz""b’ a#0,
so that g has a zero at ~b/a. Then by the Hurwitz Theorem there exists
Zn — —b/a with
gn(zn + pnzn) =0

for all n sufficiently large. As the (simple) zeros of g, are the poles of frs

and f, has but a single pole in |z| < 7 (Lemma 4.5.16), namely a,, it
follows that z, + p,Z, = a,,. Letting m,, denote the order of this pole,

- 1
g:z(zn + pnzn) = g;(an) = ——

17

and hence

gn(#n + puz) () = Prn(2n + PrZn) = —pp /My — 0.
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On the other hand,
9(zn + pnz) (Zn) — ¢'(=b/a) = a # 0,
from which we conclude that g(z) is not linear.

As above, choose zyp € € with g(zg) # 0,00, ¢'(2g) # 0,00, and g"(=0) #
0, co, which again allows us to deduce the boundedness of

1og™ |gn (2 + prz0)| +log™ |g), (zn+ przo) — 1| +log

We now require a bound for N(r, fr)-
(a) If g is zero-free, then for |2 — 2o} < 1 and large n
gn (zn + pnzo + pnlz — ZO)) = gn{2n + pn2) # 0,

and therefore
]C&n - (z'n + p'nZO)I > Pn-

(b) If g(w) = 0, then there exists Z, satisfying
Zn — W, Gn(2n + pnZa) =0.
As above, 2, + pnZ, = a, and

|O;n - (zn + ,OnZO)i - |zn -+ pnzn — Zn — Pn270|
|w — 20|

The estimates of both (a) and (b) can be reformulated as
lan — (2n + pr20)| > Cpn, C #0,

for all large n. Again, let us assume that z, + pn2 = 0. For 0 <r < 1 |

_ T T
N{r, fn) = log _Ia | <log _Op ,
T n

implying the boundedness of

N(r, f) +log" |gn(0)] + log* |g,(0) — 1| + log

1
7o

for all large n. The proof is completed as in Case 1, and the normality of
F is verified.

There is an interesting characterization of those families which, while
satisfying (4.81), are nevertheless not normal, at least for analytic functions.
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Theorem 4.5.20 Let F be a family of analytic functions in U satisfying
(4.81). If F is not normal at the origin, then there is a sequence {fn} C F
with .

fn _,

fa

normally in a neighbourhood of the origin.

Proof. If F is not normal at the origin, there exists {f,} C F, zp, = 0,
pn — 0, and a nonconstant entire function f satisfying

fa(zn + pr2) — f(2),

uniformly on compact subsets of €. By Theorem 4.5.13, there is a subse-
quence, again denoted by {f.} such that f, /f, converges normally in U to
a function ¢ that is either analytic or = co. As f, satisfies (4.81), f must
be zero-free, and for the £-th derivatives

P51 (2n + pn2) = fulzn + pa2) = fO(2),
normally in €. Thus, the derivatives of f are zero-free, and so
f(z) = ¥+, a # 0.
The conclusion follows from the observation

fn(zn + pnz)f
frn(zn + pnz)

Pn%(zn+9nz) = — a # 0.

That the same characterization cannot be applied to families of mero-

morphic functions is illustrated by the example {%}

In a similar vein, one may consider the family of analytic functions

Fio={f: f(2)f"(z) £0, z€Q},

for some £k € IN. If & = €, that is, f € F is entire, and & > 2, then
f(z) = €% a # 0 (cf. Hayman [1964], Theorem 3.8). As the example
{e"*} shows, such families cannot be expected to be normal. However, as
in the preceding considerations, the associated family

- !
Fr = {? 1 f € fk}
is normal (Schwick [1989]).

Finally we state a generalization of Theorem 4.4.19 also due to Schwick.
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Theorem 4.5.21 Let F be a family of meromorphic functions in a do-
main ! such that for some a,b € € , a # 0, and analytic functions
a1{(z),..-,ap-1(2) in Q with n > k +4,

k—1
3 an(2)f™(2) + B (2) —afM(2) £b,  zEQ.

Then F is normal.

We remark that Yang [1983] has proved this result under the additional
assumption that the zeros of f —¢, ¢ 5% 0, f € F, are all of multiplicity
greater than k.



5

General Applications

From its very inception, the theory of normal families has met with a wide
range of applications. We have already encountered how it can be employed
to prove such theorems as those of Picard, Schottky, Vitali-Porter, Lindeld,
and Julia. These were amongst its first uses, but there soon developed other
fundamental applications to which we address ourselves here.

A very fruitful avenue has been in the application to various extremal
problems, which amounts to finding a particular member of a family at
which an extreme value is attained by a given continuous functional defined
on the family. This was exactly the situation encountered in our proof of
the Riemann Mapping Theorem. Another example arises with regard to
the former Bieberbach Conjecture. The extremal method also lies at the
heart of Hilbert’s celebrated proof of the Dirichlet Principle.

A further significant application of the theory of normal families was
made just after World War I by Fatou and Julia in their deep study of
complex dynamical systems. The very notions of Fatou and Julia sets, as
well as their attendant theory, rely heavily on the normal family milieu.
Because of its singlular importance, we discuss the theory of complex dy-
namical systems in some detail.

A more recent application has been in the theory of normal functions,
developed in order to study the boundary behaviour of meromorphic func-
tions. Here again the definitions depend on the concept of a normal family
and are related to the notion of invariant normal families.

We next consider families of harmonic functions which, it turns out,
share various similar normality criteria with families of analytic functions.
However, it is, in general, not the case that if {f} is a normal family of an-
alytic functions, then {Re f} is likewise normal. One important application
of the harmonic theory is in the construction of the Martin kernel in the
theory of positive harmonic functions. Harmonic analogues of the theorems
of Schottky, Landau, Julia, and Montel are also demonstrated.

Another very classical field where normal families have played an impor-
tant role is in the study of discrete/discontinuous groups of linear trans-
formations. Here the special nature of the transformations engenders a
sharper form of the FNT, which in turn can be used to discern when a
discrete group is discontinuous.
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5.1 Extremal Problems

Given a family F of analytic functions on a domain Qletp: F—C bea
complez functional, that is, for each f € F, ¢( f) is a complex number. A
complex functional ¢ is continuous if ¢(f,.) — $(f) whenever {fn} € Fand
fn converges uniformly on compact subsets of  to f € F. For example,
#(f) = f(20), 20 € £, is a continuous functional.

'The extremal problem is initially to find some fo € F for which

sup |¢(f)|
ferF

is attained at fy. The problem is resolved by considering a compact family.

Theorem 5.1.1 Let F be a compact normal family of analytic functions
on a domain Q, ¢ a continuous functional on F. Then there exists a fune-
tion fo € F such that

|(fo)] = sup |$(f)|.
feF

Proof. Suppose that
sup [(f)] = M < co.
feFr

Next let {f»} be a maximising sequence, that is, lim lo(fo)l= M. As

F is normal and compact, there exists a subsequence {f,.} such that
frnw = fo € F uniformly on compact subsets of Q. Since ¢ is continu-
ous, [¢(f)| — |¢(fo)], and consequently |¢(fo)] = M(< o), as desired.

Similarly, we infer

inf [$(f)] = |¢(Fo)|

fer
where Fy € F. It is easy to find examples to show that the extremal function
is not unique. Note also that the domain 0 may lie in €.

Certain variational methods in the theory of minimal surfaces are based
upon this approach (cf. Courant [1950], Chapter 3).

In Example 2.3, No. 5, it was shown that the schlicht class S was normal
and compact in U. When f € S, f(z) = 24a222+. . ., we define Y (f) = aq,
for n > 1. Then each 1, is a continuous functional on S. Indeed, suppose
that fr € S, fr — f, normally in U, with

fk(z):z+agk)z2+..., f(z)=z+4a22>+....
If r,n are fixed, G, : 2| =r < 1and n > 1, then
. . . 1 Je(€)d¢
N (k) [ Ixl)ag
oo Velfie) = lim 4 =l o | o
1 d
= [ 9% ),

27]"1: C, (:'ra+ 1
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as desired. By the proceding theorem there exists f,, € S such that f,(z)
has the max|a,|. That the Koebe function

A

=y

is the requisite extremal function for each n was known as the Bieberbach
Conjecture, and was recently proved by L. de Branges [1985].
Essentially the same reasoning is applicable to

Example 5.1.2 Define
F = {f analytic in Q : |f(2)| < 1}.

Then, given zg in Q, there exists fy in F such that |f’'(2p)] is maximal in F.
This fact was made use of in our proof of the Riemann Mapping Theorem.

The extremal method of Theorem 5.1.1 has also found significant appli-
cation in problems of conformally mapping a multiply connected domain
onto one of several canonical domains. To illustrate the basic approach
we shall treat one particular case: determining the conformal mapping of a
multiply connected domain {2 onto a parallel slit domain. The latter consist
of a subset of the extended complex plane, the complementary components
of which are rectilinear slits making an angle 6 with respect to the z-axis,
or points. To take a simple example, note that the function

82129

fo(z) =2+ .
is a univalent mapping of |z| > 1 onto the extended complex plane with a
rectilinear slit from —2e* to 2¢*. Here, and in what follows, we use the
term univalent to mean one-to-one analytic, except for a possible (simple)
pole which may be at infinity. R
Given a multiply connected domain Q in €, consider the family

Soo(f2) = {f(z) univalent in © : f(z) has the Laurent expansion
fle)=2+ a—zl + 9’-;— + ... in a neighbourhood of z = co}.
z

We intend to demonstrate that there is an extremal function in S ()
which attains the
~2i¢
max Re(e ™ ay),

;dnax Re 1)
and that this function is the desired conformal mapping. This line of rea-
soning dates back to de Possel [1931]; cf. also Grotzsch [1932].

Firstly, the following growth estimate is required.
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Lemma 5.1.3 If a
f(z)zz—i—ao-{-mj—i—...

is univalent in |z| > R, then
|F(2) — ao| < 2}z|.
Proaf. Given |zg| > R, define
1 ag a1
= F(z) = — - — = —_ ...
w (2) po f(zo02) P z+ o +...,

which is univalent in |z| > 1. Then consider the function

F

1

z

for any c not in the range of F. Clearly G belongs to the schlicht class S (cf.
§2.3) and as a consequence its second Taylor coefficient satisfies || < 2.
Therefore, the entire boundary of F({|z| > 1}) is contained in jw| < 2.
Specifically, |F(1)| < 2 which gives the result

f(2) —aol <2[z,  |2[ > R.

Qur main result also depends upon the following observation.

Lemma 5.1.4 In the family

Sp = {f(z) univalent in |z| > R: f(z2) = z+ %1" —I—---},

gwen 8 € R, the function fg(z) = z+ RV , which maps |z| > R onto the
2

plane with a rectilinear slit ot angle 6, uniquely solves the extremal problem.:

— 248
max Réle a
fESR“R‘ ( 1):

giving the mazimum value R2.

Proof. Normalizing the functions of Sg by

1 ai
yields the functions {F(2)} which are univalent in |z| > 1. At this stage we
wish to invoke the Area Theorem (cf., e.g., Hayman [1958], p. 3, or Duren
[1983], p. 29) which asserts that any function g(¢) = ¢ + % + ... which is
univalent in |{| > 1 satisfies the condition

o0

Z nlan|? < 1.

n=1
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In particular, |a| < 1 with equahty holding if and only if g = ag = ... =

0, i.e., for the function g(¢) = {+ ec , discussed above. Applying this result

to the present setting gives |a;| < R?, with equality holding if and only if
f(z) =24+ 22— R <’  Hence

Re (e—Zieal) g RZ,

with equality holding if and only if f(2) = z + iﬁfx.

Theorem 5.1.5 FEvery multiply connected domain ) in € can be mapped
by a univalent function onto a parallel slit domain, with slits of presecribed
angle 6. Moreover, if ( is a given point of €1 which is mapped to oo, then
the expansion of the mapping about z = ( has the form

1 a
w=—ta(z—C)4+... 0oF W=z+—-..
z—C 2

according to whether { is finite or .

Proof. Consider first the case { = oco. Then all of 92 is contained in
|z| < R for R sufficiently large. Thus every f in S(?) is univalent in
|z| > R and has the expansion f(z) = z+ - +... there. In view of Lemma
5.1.3, Soo () is locally bounded in R < |z| < oo, and if |2| = R’ > R, then
|f(2)| < 2R’. The latter implies that |f(z)| < 2R’ for all z € QN {|z| < R’}
due to the univalence of f € S5,(f2). To see this, observe that if |w| > 2R/,
then it follows from Rouché’s theorem that the equations f(z) = w and
f(z) = oo have equally many roots in |z| > R/, i.e., exactly one. Since f(z)
is univalent in ©, the equation f(z) = w (jw| > 2R’) will have no other
roots in £2, and thus none in N {|z| < R'}, so that |f(2)] < 2R’ there. We

conclude that Sy, (€2) is normal in © — {oo}. Moreover, if f; — f normally

in Q — {oo}, and fi(2) = 2+ Y o0 - a;(n), i=123,... (R <]z < ),

then o) — a, and f is analytic univalent, with f(z) = z + Yoy o
(R < |2| < o), that is, Sso() is compact in @ — {co}. Note also that
the family of analytic univalent functions f(z) defined on  — {oo} with
the expansion f(z) =2+ % +... in a neighbourhood of co coincides with

oo (£2).

Next observe that the functional

do(f) =Re(e*Pa1),  fe€Su(D),

is continuous. An appeal to Theorem 5.1.1 yields the existence of F(z) =
Z4+ AL 4 ... € 8o(f2) such that

max_Re (e H¥a;) = Re (20 Ay).

FES=(R)
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It remains to show that the extremal function F(z) is the desired con- -
formal mapping. Suppose that the domain Q* = F(2) has at least one
boundary component 3 that is a continmuum but not a rectilinear slit of
inclination 8. Let 2} be the unbounded component of the complement of
3. Then * C Q7 since * is connected, unbounded, and lies in the com-
plement of 4. Moreover, ()] is simply connected since its complement with

respect to T is connected. Now let w' = g(w) be a univalent mapping
of Qf onto the w'-plane with a rectilinear slit of inclination 8, having the
expansion

a
g(w)=w+--€+...
w

in a neighbourhood of w = oo (cf. Remarks 2.6.1 subsequent to the Rie-
mann Mapping Theorem). Then the composition

| F*(2) = g(F(2))

maps the domain ) univalently and has the expansion

F*(z):z—l-él—z—_—@—l-...

near z = 0o, so that F* € S,,(2). Therefore

Re (e (A1 +ag)) = Re(e A1)+ Re(e *ap)
< -‘R.e (6—.23.9141):
giving Re (e %¥%ayp) < 0.

On the other hand, in view of the Remarks 2.6.1, a domain |W| > R’
can be mapped univalently onto (] by

b
h(W) zW+bo+W1+..., W| > R'.
Then the function
by +as
%%

maps |W/| > R’ univalently onto the w’-plane with rectilinear slit at angle
¢, whereas the mapping h(W)—bg maps |W| > R’ onto some other domain.
In accordance with Lemma 5.1.4

Re (e—zwbl) < Re (e—zif)bl + 6—21'00,9),

w' = g(R(W)) —bo =W + +...

implying Re (6“2?:9019) > 0, contradicting the result of the preceding para-
graph. This proves the first part of the theorem.

In the case of finite ¢, an application of the mapping zi ;= z' transforms
Q onto a domain ©’ which contains the point 2’ = oo, reducing the problem
to the previous case. The proof of the theorem is herewith complete.
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From the proof we make note of the fact that the class
. : by | bo
S1 = ¢ g(z) univalent in [2[ > 1: g(z) = 2+ — + = +...
z oz

is normal and compact.

For the conformal mappings of a multiply connected domein onto other
canonical regions, refer to Nehari [1952], Chapter 7, Goluzin [1969], Chapter
5, Duren {1983], Chapter 10.

5.2 Dynamical Systems

An important application of the theory of normal families is the study of
iterations of a function, giving rise to discrete dynamical systems. Early
work in this fleld was initiated by Julia [1918] and Fatou [1919, 1920],
who exploited the newly developed theory of Montel. For a recent survey
article, see Blanchard [1984], or for further details, the books by Peitgen
and Richter [1986], Devaney [1987], and Beardon [1991].

We investigate the nature of a discrete dynamical system generated by a
meromorphic mapping on the Riemann sphere. As such maps are rational
functions on € (cf. Palka [1991], Theorem 4.3), consider

Pz) &

R(z) = C—C, P(2),Q(z)#0,

Q)
where P(z} and Q(z) are polynomials with complex coefficients having no
common factors. For the theory, it is assumed that the degree of R(z),

deg(R) = max{deg(P),deg(Q)} > 2,

in order to avoid certain trivialities. The degree can be viewed as the num-
ber of roots in € of the equation R(z) — a = 0, where @ is an arbitrary
constant, and the roots are counted according to multiplicity. That is, R(z)
is a d-fold mapping of € onto itself. A rational map w = R(z} considered
on the Riemann sphere is also an analytic map as the value w = oo loses
its special significance.

A simple equivalence relation we shall have occasion to use it that of
conjugation. Suppose R(z) and S(z) are two rational functions such that
the diagram

C L - T

M M

&)
&)
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commutes, i.e., S = M o Ro M, where M is a Mobius transformation.
Then we say that R and § are analytically conjugate. Clearly, if R and S
are conjugate by M, then R™ and 5™ (the iterates of R and S, cf. below) are
conjugate by M as well. This means that R and S generate “equivalent”
dynamical systems.

For example, it is readily confirmed that an arbitrary quadratic polyno-
mial

R(2) = a2® +2bz +d

is conjugate to the quadratic polynomial p(z) = 2% +c, where ¢ = ad+b—b?,
via the Mdobius function M(z) = az + b.

Thus, in order to investigate the dynamics of quadratic polynomials, it
suffices to consider only those of the form p(z) = 22 +¢.

Periodic Points. For zy € C, define successive iferates of zg by the
recursive relation zy = R%(2p), and

Zny1 = R(zn)
R(R"™(20)), n=0,1,2,...,

where R = Ro Ro...o R, n times. These iterates comprise the forward
orbit, OrT{z), of zg. There is also the backward orbit

Or~(z) ={z €T : R™(2) = z for some m =0,1,2,...}.

Denote by z_,, = R™™(2p), an antecedent in Or~(zp) satisfying R™(2_p,)
= zo. If for some z, € Or*(z), R"(20) = 2z, = 2z and z, # z for
0 < m < n, then 2y is a periodic point of period n, or fixed point of order
n. f n =1, zp is simply called a fized point. If zp is a periodic point of
period n, then Or¥(z) consists of n points

Y= {Zo, 2 = R(ZO), ey Zp—1 = Rn_l(?jo)}

and is called a periodic orbit, or n-cycle. Note that each z € «v is a fixed
point of the mapping R™(z}. If zp itself is not periodic, but some iterate
R™(zg) is periodic, then z; is called preperiodic.

In the present context, a dynamical system consists of a rational function
R(z) (the dynamic), together with all its iterations as z ranges over C. The
iterations zn.1 = R(z,) give the state of the system as a function of its
previous state.

Example 5.2.1 Consider the mapping R(z) = 2%. Then R(z) has exactly
three fixed points, 0, 1, and co. Moreover, if 0 < |25| < 1, then OrT (%) is a
sequence of points converging to the origin. If 1 < |zp| < 0o, then OrT(z)
is a sequence of points approaching co. If |z| = 1, then Or™(z) lies on
|z| = 1 and has a varied structure depending on zg.
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Let zg be a fixed point of order n. The stability of zg is characterized by
considering the eigenvalue of zg, namely, the derivative A = X,, = (R™)'(z0)
for zg € C, (or @_‘F)l’(—%) if 29 = oo). By the chain rule, for 25 € G,
X = R'(z) - R'(z1)--- R'(z,—1), and so A has the same value at each point
of the periodic orbit. Thus A is an snvariant of the orbit ~y. Similiarly for
zg = 00. Note that A is also invariant under conjugation. If

(i) 0 < |A] <1, then 2o is an attractive fixed point;
(ii) A =0, then 2z is a superattractive fixed point;
(iii) |A| > 1, then zp is a repulsive (repelling) fixed point;

(iv) |A| = 1, then zg is an indifferent (neutral) fixed point;

The nature of the fixed points plays a vital role in describing the behaviour
of the dynamical system.

Julia and Fatou Sets. At this juncture we require certain aspects of the
theory of normal families developed in Chapters 2 and 3.
Define the Julia set as

Jr={(€ C : {R™(z)} is not normal at (}.

Historically this set has been denoted by F'. However, in modern parlance,
we denote the complement by Fg = C — Jg, and call Fr the Fatou (or
stable) set. Hence, about each point { € Fg, there is a neighbourhood N¢
in which {R™(z) | N¢} is a normal family. Therefore, Fir is an open set, the
connected components of which are the maximal domains of normality of
{R"™(2)}, and Jp is a closed set.

In our former example, R(z) = 2% if |z < 1, then in any disk
D = D(zp;7) CU, {R"(2) | D} converges normally to the identically zero
function. Thus {|z| < 1} C Fg, and similarly, {|z| > 1} C Fr where here
the limit function is identically infinite. Clearly for |25 = 1, there is no disk
about zg in which {R"(z)} forms a normal family, so that {|z} = 1} = Jg.

Theorem 5.2.2 (i) If Ort(zp) is a (super) attractive periodic orbit, then
Ort(zy) C Fg.
(i) If Or*(zq) is a repulsive periodic orbit, then Or™(z) C Jg.

Proof.. (i) We may suppose that 2o is an attractive fixed point, and zg # o0,
Then, in a sufficiently small disk D = D(zp;r),

‘ R(z) — R(zo)

Z2—2g

< o<1,

that is, |R(z) — 20| < 0|z — 2zo}. Whence |[R"(z) — 20| < ¢"r,n=1,2,3,...,
implying {R"(z)} converges normally to zp in D, and 2y € Fpg; indeed
DC Fg.
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(ii) is deduced similarly.
Thus for an attractive fixed point zy € (TJ, we are led to define the set
A(z) ={z €T : R™#) — % as n — o},

called the basin (domain) attraction of zp. In general, it consists of a count-
able number of (open) domains and contains all points z whose forward or-
bits, Or™*(z), approach zp, including all the points of Or™ (2p). In Example
5.2.1 the basins of attraction are {|z| < 1} and {|z| > 1}. The immediate
basin of attraction A*(zp) is the connected component of A(z) containing
zo. For a periodic orbit of period n,

v = {Zo, 21 = R(zg), ey Bp—1 = R”_l(zo)},

then the immediate basin of attraction of ~y is given by

n—1
A*(y) = J A*(=, R™),

1=0

where A*(z;, R") is the immediate attractive set for the attractive fixed
point z; of the mapping R".

Exceptional Points. An immediate consequence of the FNT on C (cf.
§3.2 and the comments following Theorem 3.3.2) is

Proposition 5.2.3 Given ¢ € Jg, if A is an arbitrary neighbourhood of
{, then the set

Ea=C - | R"(8)

contains at most two points, called exceptional points.

For a polynomial p(z), note that z = oo is a superattractive fixed point
and thus co € F,, J, € €. Moreover, Up>gp™(C) = € implies o0 is an
exceptional point for p(z).

For each ( € Jg, define

By =|JEBa
by taking the union over all neighbourhoods of ¢. It is obvious that 0 <
E; <2, and that F, is independent of A for all A sufficiently small. Thus

C — B
= {z: for each £ > 0 there exists z; with |¢ — 21| < £ and z € Or™ (21)}.

The set of exceptional points in € characterizes the mapping R(z) in a
fundamental way.
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Theorem 5.2.4 Let ¢ € Jg, and suppose that E; # 0.

(i) If E; =1, then R(2) is conjugate to a polynomial.

i

(ii} If E¢ = 2, then R(z) is conjugate to the mapping z — zt%, where

d = deg(R).

Proof. Since, by the definition of E¢, R™(E;) C E¢, the surjectivity of
R implies that R™*(E,) = E¢, so that F; consists of either a single fixed
point, two fixed points, or a 2-cycle, as it is assumed to be nonempty.

(i) Suppose E¢ = {a}. Choose a Mobius transformation M (z) such that
M{a) = 00. Then the rational mapping

p(z) = Mo Ro M~(2)

has no poles in € as only p(oo) = oo, whence p(z) is a polynomial.

(ii) Suppose E¢ = {a, 5}, and choose a Mobius transformation M(2)
satisfying M{a} = co, M() = 0. Again set p(z) = M o Ro M~*(z) and
consider two cases:

(a) Both 0 and oo are fixed points of p(z). As in (i), p(2) is a
polynomial. Since p(0) = 0 and no other point can map to 0,
the origin is a zero of multiplicity d. It follows that p(z) = K29,
and by considering a conjugation with either an expansion or
contraction, the constant K may be set equal to 1.

(b) If the points 0 and oo form a 2-cycle, then similarly we arrive

at p(z) = z~%.

Corollary 5.2.5 (a) E; C Fgr; (b) B¢ is independent of the choice of
¢ € Jg.

Proof. (a) In Case (i) of the theorem, E, consists of a superattractive
fixed point; in Case (ii), E¢ consists of two superattractive fixed points.
The conclusion then follows from Theorem 5.2.2. s

(b) For any ¢ € Jg, if E¢ # O, then R is conjugate to either a poly-
nomial or to the mapping # — 2*4. Taking the domain D = C in (i) and
D=C - {0,000} in (ii) gives Ep = E¢, and E; is independent of { € Jg.
(Here we have blurred the distinction between R and its conjugate).

As a consequence of (b) we may denote the set of exceptional points by
Eg.

Characterizations of Jp. We are now able to state a number of prop-
erties which characterize the Julia set Jxg.
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Theorem 5.2.6 (i) R(Jr) = Jr = R™'(Jr).

(i) Jg is a non-empty perfect set, that is, Jr is equal to its set of accu-
mulation points. R

(iil) If Jr contains an interior point, then Jp = C.

(iv) For z € Jr, Jr = Up>o B7™(2)-

(v} If « is an attractive fized point of R, then A(e) C Fr and 0A(a) =
JR.

(vi) The set of repulsive fized points of all orders is dense in Jg.

Proof. (i) Let ¢ € Jgand {4 = R({) € R(Jr). If {R"} converges normally
in a neighbourhood of (s, it would follow that {R"*1} converges normally
in a neighbourhood of ¢. As this would be a contradiction, R(Jr) € Jr-
Furthermore, if {R"} converges normally in a neighbourhood of (1, then
{R™ 1} converges likewise in a neighbourhood of ¢, i.e., R™'(Jr) C Jr.
Applying R to this latter inclusion and R™* to the former, and noting that
Jr € R7*(R(JR)), proves (i).

The two equalities thus established are referred to respectively as the
forward and the backward invariance of Jg. Both together are called the
complete invariance of Jp. Note that Fr has the same property.

(ii) First suppose that Jgp = @, so that {R"} is normal in C. Then
there is a subsequence {R*} which converges spherically uniformly in all
of € to a limit function S(z). Then S(2) is a rational function of degree k;
S(z) may be a constant, either finite or infinite. Let a be an arbitrary finite
value of S(z) if S(z) is not constant, and choose a to be distinct from 5(z)
if the latter is constant. Then the equation S{z) —a = 0 has exactly & roots,
and likewise for R¥(2) —a = 0 for all sufficiently large v. But deg(R”) — o0
as v — 0o, and this contradiction proves Ji # @.

In order to show Jg is a perfect set, we first claim: If a € Jg, then
there is some b € Jg such that @ € Or*(b), yet b ¢ Or*(a). In fact, for a
nonperiodic point a, it suffices to choose b € R™!(a). On the other hand,
suppose that a € Jg is periodic with period n. Denote S = R™ and consider
the equation

S(z) = a. (5.1)

If S~*(a) = {a}, then choose a M&bius transformation M with M(a) = oco.
Hence the conjugate

p(z) =MoSoM(z)

must be a polynomial as p(z) has no poles in C. Since 2y = oo is always a
superattractive fixed point for a polynomial, co € Fj, that is, a € Fg, con-
tradicting a € Jg. We deduce that there exists another point b € S~1(a),
and a € Ort(b). However, as a is the only solution of (5.1) belonging to
Or*(a), we have b ¢ Or*(a), and the assertion is proved.

Returning to Jg, we prove that every point a € Jg is an accumulation
point of Jgr. Take an arbitrary neighbourhood A of a, and consider b € Jp
with b ¢ Or*(a), a € Or*(b) as above. Then b ¢ Eg as Jy N Eg = &,
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and so b € R¥(A) for some k € IN. Choosing ¢ € A with R¥(c) = b, we
observe that ¢ # asince b ¢ Ort(a). But ¢ € Ji by the backward invariance
of Jgr, making a an accumnlation point, and therefore Jg is perfect.

(iii) Suppose Jg contains an interior point a and take an open disk
A about a with A C Jg. Then {R"(z)} is not normal in A, and hence
Un>oR™(A) omits at most two points of €. Since UnsoR™"(A) € Jg by
forward invariance, and Jg is closed, the conclusion follows.

(iv) Assume z € Jg and take a neighbourhood A of any w € Jg. Since
z & Eg, we have z = R®(() for some k € IN, ( € A. Thus ¢ € Up>oR"(2),
and since A is arbitrary, w is an accumulation point of U,>R "(2), i.e.,
Jr C Up>oR~"(z). Furthermore, U,»oR"(2) C Jr by the backward in-
variance of Jg, and since Jy is closed, U,>0R"(z) = Jg, as desired.

(v) Take z € A(a). As « € Fg according to Theorem 5.2.2(i) and
Fp is open, consider a disk D(a;r) C Fg. Then R™(z) € D(oyr) for all
n sufficiently large, whence z € Fg by the backward invariance of Fg,
and A(a) C Fp. Finally, for z € Jgr, any neighbourhood N of 2z satis-
fies NN A{a) # @ since z € A(c)’. Moreover, as {R*(N)} omits at
most two points, iterations of some points of N must lie in A(a), implying
NN A(a) # 9, and so Jg € 8A(c). On the other hand, if z € dA(«a), any
neighbourhood N of z contains points of A(a) and A(c)’, so that {R"}
cannot be normal in N and therefore z € Jg; whence Jg = 9A(a).

(vi) The proof given here follows the classical approach. However, there
is a more direct proof, based on the Ahlfors Five Islands Theorem along
the lines of Baker’s proof for the entire case (see Theorem 5.2.11).

From Theorem 5.2.2 we know that every repulsive periodic point belongs
to Jg, and as Jg is closed, the closure of the set of repulsive fixed points is
contained in Jg. In order to prove equality, we must make a brief diversion
to establish some preliminary results.

Definition 5.2.7 Given a number v € @, a point ¢ € € is a critical
point (with respect to mapping R) if it is a solution of R(z)—v = 0 having
multiplicity greater than 1. The number v is then o critical value.

We shall denote by Cr the set of critical points of R and by Vg the
set of critical values. It is evident that R(Cgr) = Vr. Moreover, for finite
2, if R'(z) # 0, co, then R is injective in a neighbourhood of z, implying
Cr < 0. Indeed, the inequality Cg < 2(d — 1) follows from the Riemann-
Hurwitz Theorem, where d = deg(R) (cf. Blanchard [1984]).

If w = R(2) is not a critical value, then R™'({w}) = {21, 22, ..., za}, sy,
where no z;, is a critical point of R. In this case, R maps some neighbour-
hood N; of z; bijectively onto a neighbourhood N of w, i =1,2,...,d, and
hence R | N; has branches

R7Y: NN, i=12,...,4d,
of R7! at w
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Thus we maintain

Theorem 5.2.8 Jg C {periodic points}.
Proof. Define the subset K of Jg by

Kp = Jg — {critical values of Rz}.

As Jp is a perfect set and Kp differs from Jg by only a finite subset, it
suffices to prove that Ky C {periodic points}. Let w € K and consider
an open set V containing w. Since d > 2, R~2({w}) consists of at least
four points, and denote by (1, {2, (s three of these that are distinct from w.
Next we find pairwise disjoint open neighbourhoods Ny, No, N3, of (3, o, (3,
respectively, such that R? : N; — V/ C V is a homeomorphism, and set
S; : V! — Nj; to be the inverse of R | N;, i =1,2,3.
Now suppose that for all z € V/

R™(z) # Si(2), n>1, i=1,2,3.

Then {R™} is normal in V' contradicting the fact that w € Jg. As a
consequence, there exists some z € V/ and some m > 1 such that R™(z) =
S;(z) for some 3,1 < j < 3. Therefore,

R™2(2) = R%S;(%) = 2,

and so z € V' is a periodic point of R, and we conclude that Kp C
{periodic points}.

As this juncture we also need to know whether the number of attractive
cycles of R is finite or not. To this end there is

Theorem 5.2.9 The number of attractive cycles of R is at most 2(d— 1),
where d = deg R.

Proof. We claim that for each attractive cycle v, the immediate basin
of attraction A*{+y) contains at least one critical point, of which there are
only 2(d — 1) in number. Consider first the case where « is an attractive
fixed point of order one, and suppose that A*{a) contains no critical value.
Choose a disk neighbourhood N of & with N C A*(«) and take a branch
R;! of the inverse R™1(2) that satisfies R~ (a) = . Then R, can be ex-
tended to be meromorphic in N owing to the absence of critical values and
the Monodromy Theorem (§1.4) and satisfies Ry 1(IV) C A*(«). Similarly,
we can define the functions

Ry™z) =R (R "), n=23,..., z€N,

so that R "(z) € A*(«). This results in a sequence of meromorphic func-
tions {R;™} defined on N that omits at least three values (in particular,
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Jr). The normality of {R, "}, however, contradicts the fact that o is a
repulsive fixed point of R 1.

In the case where « is part of an attractive cycle {a, a1,...,0%}, then
the functions R;"(z) are generated by

R o) =op, B ¥ o) =apa,.. B7M0) = o,
and we proceed as above.
As an immediate consequence we have
Corollary 5.2.10 The number of attractive periodic points is finite.

Returning to the proof of (vi), we have thus far deduced

{repulsive periodic points} C Jg C {periodic points}.

The difference between the set of periodic points and the set of repulsive
periodic points is the sets of attractive and indifferent periodic points. The
former has finite cardinality as stated above. The proof that the set of
indifferent periodic points is finite is quite technical and we refer the inter-
ested reader to Blanchard [1984] or Beardon {1991], §9.6, for the details.
Assuming this fact, as Jg is a perfect set, we obtain (vi).

A few comments are in order. Property (iv) gives an expedient method
for generating a dense subset of Jg. A repulsive fixed point is found and
then its inverse orbit determined.

Moreover, most Julia sets are fractals, that is, a set whose Hausdorff
dimension is nonintegral (cf. Mandelbrot [1982]). The structure of the Julia
set is one of the most fascinating aspects of a complex dynamical system,
and extremely intricate structures arise out of elementary polynomials.

el

Figure 5.1 Julia set of R(z) = 22 — 1
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Although the Julia set depicted in Figure 5.1 is a connected set, in general
this may or may not be the case. Indeed, for any polynomial R(z) = 22 —p,
if -1 < p <2, then Jg is connected, and if p < —3 (Figure 5.2) or p > 2,
then Jg is totally disconnected, that is, the only connected subsets are
singleton sets (cf. Brolin [1965}).

‘9 e/
G 90 9
k’(d JU
Figure 5.2 Julia set of R(z) = 22 +0.3

Regarding (iii), Lattes [1918] demonstrated that the rational function

(224 1)?

R(z) = 42(22 —1)

has J, R~ @
To see this, let p(w) be the Weierstrass gp-function (§1.7), and observe
that p(2w) is a rational function of p(w), namely

2
(p*(w) +1)
4p(w)(p?(w) — 1)
Take an arbitrary point 29 € C and let wg be a solution of p(w) = z5. To

any arbitrarily small disk A centred about zp there corresponds a domain
D containing wy with p(D) = A. Then for z € A,

p(2w) =

R*(z)=R" (go('w)) = p(2"w), we D,

when R(z) is defined as above. That is, R® takes the same values in A
as g takes at the points 2"w, for w € D, i.e., the values of p(w) for w
belonging to one of a sequence of homothetic domains {D,,} derived from
D by the factor 2™. Note that the domains {D,,} cover an increasing number
of period parallelograms as n — co. Hence in the disk A = p(D), B™ will
take each value ( a certain number of times that increases with n to co. As
a result, the sequence {R™} cannot be normal at zg, for if a subsequence
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{R¥} converges uniformly in A to a rational function S(2) (which may be
constant, finite or infinite), the equations R¥(z) = ( for sufficiently large v
have the same fixed number of roots in A as does the equation S(z) = (,
as we saw in the proof of Theorem 5.2.6(ii). But this is a contradiction and

shows that Jg = C.

A more recent example is

z—2\"
R(z) —
®=-(7).
given by R. Mafié, P. Sad, and D. Sullivan {1983]. The proof is based on the

classification of components of the Fatou set and the fact that the critical
points 0 and 2 are preperiodic (cf. also Beardon {1991], Theorem 9.4.4).

Entire Functions. The study of dynamical systems generated by entire
functions goes back to Fatou [1926] and has had an analogous development
to that for rational functions, although it was not until 1968 that Baker
showed that the repulsive fixed points are dense in the corresponding Julia
set. A major difference between the two theories is the No Wandering Do-
mains Theorem of Sullivan for rational maps (cf. Beardon [1991], Chapter
8). The proof of the Baker result, given presently, makes compelling use of
the Ahlfors theory of covering surfaces.

It is evident from Ahlfors Second Fundamental Theorem (§1.9) that if
D1, Dy, D3 are suitable bounded domains in € with disjoint closures, and
f(z) is analytic in U, then, unless f(z) maps an island in U univalently
onto some D;, we must have

S(r) < hiL(r),

where h; depends only on the D;’s. Then by Lemma 3.6.4, it follows that
f#(0) < ha, where hy depends only on h;. We conclude that for some
constant C depending only on the domains D; and not on f(z), if

7#(0) >, |

then f(z) maps an island in U univalently onto some D;. If |2| < R is used
instead of U, then for the latter conclusion we require f#(0) > <.

Theorem 5.2.11 Let f be entire. Then the repulsive fized points of {f™}
are dense in Jy.

Proof. As in the rational case,
{repulsive fixed points} C Jy.

Let zp € J; and take an arbitrary neighbourhood N, of 29. We show that
N, contains a repulsive fixed point of some order. Since Jy is a perfect




PN et

178 5. General Applications

set, we may take three disjoint disks D(a;;€) C N,, with a; € Jy, and such
that none of their closures contain the exceptional point (1) if there is one.

Since {f™} is not normal in any neighbourhood of each a;, we deduce by
Marty’s criterion (§3.3) that in each D (ai; %), there is a point b; = b;(n)
such that

ey > 22, n> i) 5:2)

where C is as above. Fix n so that (5.2) holds simultaneously in all three
disks and define ¢;(¢) = f™(z), where z = b; + (, i = 1,2,3. Then ¢;(¢) is
analytic in [¢| < &, which corresponds to the disk D (b;; §). Since g#(0) =
(F™)#(b;), we obtain (with R = §) that D (b;; §) contains an island which
is mapped univalently by f™ onto some D(a;; €). If we repeat this argument
at most three times, we may conclude that some iterate of f™, say f¥, will
have a simple island in D (b;; £) over the disk D(a;;€). Setting ¢ = (f*)7%,
and applying Rouché’s theorem to the function

$(2) — 2 = (¢(2) — a;) — (z = a5)

in D(a;;€), leads to the conclusion that ¢ has a fixed point p in D(ay;¢€),
which we now call D.

Consider a Mébius transformation L : {|t| < 1} — D such that L(0) = p.
Then ¥(t) = (L7 Yo ¢ o L)(t) maps |t] < 1 into || < o < 1, ¥(0) = 0.
Thus the Schwarz Lemma applied to ¥(t)/o yields |¥/(0)] < o < 1. Since
T'(0) = ¢'(p), we see that p is an attractive fixed point for ¢ = (f*)7 7,
i.e., p is a repulsive fixed point for f¥, and the theorem is proved.

Observe that the proof is readily adapted to the setting of rational func-
tions.

Lastly we remark that Fatou in 1926 conjectured that J; = € for
f(z) = e*. Baker [1970] showed that if f(z) = kze®, for k > 3e, then
J; = €, and indeed the conjecture has been resolved in the affirmative by
Misiurewicz [1981]. Devaney [1984] has further shown that for Ey(z) = Ae”
and A > 1, then Jg, =C

5.3 Normal Functions

The concept of normal functions was introduced by Noshiro [1938] fol-
lowing from earlier related work of Yosida [1934]. Noshiro’s definition was
restricted to the unit disk and was later extended by Lehto and Virtanen
in their seminal paper of 1957(a). In this work, the authors are interested
in extending the Lindeldf property of analytic functions to meromorphic
functions.

We say that a function f(z) has the Lindeldf perperty in U if whenever
f(z) — a as z — zy € AU along scme arc lying in U and terminating at zo,
then f(2) — « uniformly as 2 — 2z inside any angular domain of opening
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7 — e in U with 2y as its vertex which is bisected by the radius drawn to
z9. In this case, f{z) has the angular limit « at 2

Although bounded analytic functions have the Lindeldf property (cf.
Collingwood and Lohwater [1966], Theorem 2.3) a meromorphic function
may not, and this led Lehto and Virtanen to the class of normal functions.

Definition 5.3.1 A meromorphic function f(z) is normal in a simply
connected domain Q if the family {f ot(2)} is normal in 1, where t(z) = 2’
is an arbitrary one-to-one conformal mapping of Q onto itself.

bome examples of normal functions on a given simply connected domain
are:

(i) If f(z) is meromorphic and omits three values, then f is normal.
For then the family {f ot(z)} would omit the same three values
and subsequently be normal. Thus the elliptic modular function
1(z) is normal.

(ii) If f(z) is analytic and omits two values, then f(z) is normal.
Therefore, bounded analytic functions are normal.

(iii) If f(2) is normal, then any branch of (f(2))", u € R, is normal.
If & is not an integer, we assume f(z) # 0, co in order that
(f (z))“ be single-valued.

(iv) If f(z) is normal meromorphic, then every rational function
R(f(2)) of f(z) normal.

(v) If f(z) is meromorphic, omits 0 and 0o, and takes a third value o
only (n—1) times, then (f (:5))1/1rL and f(z) are normal. Indeed,
the function ( f (z))l/ " is single-valued, omitting 0, co and one
of the nth roots of a. By (ii), ( f(z))l/ " is normal, and so is

(( F2)Y “)n by (iid). ,

We restrict our attention for the moment to the unit disk U. An impor-
tant result of Noshiro [1938] characterizes normal functions in terms of the
growth of their spherical derivatives.

Theorem 5.3.2 A meromorphic function f(z) in U is normal if and only
if
sup(l - [2[%)f#(2) <o, |2 <1, (5.3)
zelU

where f#(z) is the spherical derivative.
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Proof. If f(z) is a normal function, then

{fot t(z) = € f:;z, v real, la| < 1}

is an invariant normal family (cf. §3.6). By Theorem 3.6.2
g*FO0) <M, geF,
and for g = f ot, this gives

f#(a) < TP

On the other hand, if f(z) is meromorphic satisfying (5.3), then the
translates f ot satisfy (3.3) of Theorem 3.6.2 and thus form an invariant
normal family, that is, f is normal.

It is evident that every function belonging to an invariant normal fam-
ily is normal, and conversely every normal function belongs to an invari-
ant normal family. In particular, if f is a normal function, To(r, f) <
Clog (1/(1 —r?)) (Theorem 3.6.7).

Theorem 5.3.2 provides yet another rather important class of normal
functions.

(vi) Any analytic univalent function is normal.

Proof. As we may take the domain to be the unit disk U, note that any
analytic univalent function f(z) is expressible in the form f(z) = ag(z)+4,
a, B € €, where g belongs to the schlicht class S of §1/21j no. 5. Then one

can write
L— 2P (2 _ (1= 2P)|ag(z)] (Z)
1+[f(2)]? 1+ ag(z) + B g(Z) ’
which remains bounded as |z] — 1 owing to the standard estimate for
schlicht functions (cf. Pommerenke [1975], Theorem 1.6)

1 9((5))

This proves (vi).
In Example 2.2.7, we.deduced that for f analytic in U,

A= EDF @< =Dup),  ld <1,

where Dy (f) is the Dirichlet integral of f. Therefore, if f € AD(U), the
space of analytic Dirichlet-finite functions on U, then

2y |f'(2)] 1
21618(1 - |2| )w <2 ;DU(f) < 00,

that is,
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(vii) f € AD(U) implies f is a normal function in U, and what is
more, [ is a Bloch function.

If f(z) is merely analytic in U and satisfies the condition

sup(L — [2[*)|f'(2)] < oo,
zelU

then f(z) is termed a Bloch function. From Theorem 5.3.2 it is evident
that every Bloch function is normal. Moreover, if r(f) = sup,cy r(a, f) is
defined as in §4.3, then f(z) is a Bloch function if and only if r(f) < co
(cf. Pommerenke [1970]).

A class of meromorphic functions called absolutely hypernormal are shown
to coincide with the Bloch functions in Anderson and Rubel [1978)].

Theorem 5.3.2 can, of course, be rephrased in terms of the Poincaré
metric do; that is, the normality of f(z) is U is equivalent to

F#(2)|dz| < Mdo, M>0.

Moreover, since do and f#(z)|dz| are invariant under one-to-one conformal
mappings, we may conclude (Lehto and Virtanen [1957al):

Corollary 5.3.3 A meromorphic function f(z) is normal in a simply con-
nected domain D of hyperbolic type (i.e., conformally equivalent to U) if
and only if

f#(2)|dz| < Mdo, z€D,

for some constant M.

Condition (5.3) has also been reformulated in another way to provide
the following criterion for a function to be normal. This is the theorem of
Lohwater and Pommerenke [1973] upon which the Zaleman Lemma (§4.1)
is based, and since their proofs are nearly the same we omit the details.

Theorem 5.3.4 A nonconstant meromorphic function f in U is normal
if and only if there do not exist sequences {z,} C U and {p,} with p, > 0,
pn — 0, such that

f(zn + pnC) — 9(0),

as n — 00, spherically uniformly on compact subsets of C, where g is a
nonconstant meromorphic function in C.

Finally there is the Lehto-Virtanen extension of the Lindel6f property.

Theorem 5.3.5 If f(z) is meromorphic and normal in U and has asymp-
totic value o at a boundary point zy taken along a Jordan curve lying in
U, then f(z) possess the angular limit « at zg.

The proof of this notable result is based on the following phenomenon
(Lehto and Virtanen [1957a], Theorem 1; cf. also Noshiro [1960], p. 86).
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Theorem 5.3.6 Let f(z) be meromorphic in U, and suppose that f(z) has
the asymptotic value zero along a Jordan curve lying in U and terminating
at zg € OU, but that f(z) does not have the angular limit zero at z5. Then,
if m > 0, there exists a Jordan curve L in U terminating at zo on which
f(z) tends to zero as z — 2z, and a sequence {z,} C U, z, — 2o, at which
f(zn) = a # 0 for all n, and such that all the points z, have hyperbolic
distance less than m from L.

To see how Theorem 5.3.5 may be deduced from this, let f(z) be mero-
morphic and normal in U, and without loss of generality assume the asymp-
totic value o = 0. Contrary to the assertion, suppose that f(z) does not
have angular limit zero at zp. Invoking the preceding theorem yields the
Jordan curve L and sequence of points {z,} as given therein. Choose a
sequence of one-to-one conformal maps S,, : U — U satisfying S, (0) = 2.
Denote by A the closed hyperbolic disk with hyperbolic centre 0, of hyper-
bolic radius m+1. Then A is mapped by S,, onto a similar such disk having
hyperbolic centre z,, with L passing interior to each. Since {f oS, } is nor-
mal in U, we can extract a convergent subsequence {f o S,,} converging
normally to a function ¢, which is either meromorphic or = oo.

On the other hand, as the hyperbolic metric is invariant under one-to-
one conformal mappings, each inverse function S;kl maps an arc Or arcs
of L into the interior of A, AC. Then for large values of k, the functions
f(8,,(2)) take small values on these image arcs because f(z) — 0 along L
(in the direction of z). As a consequence, ¢ is meromorphic. Moreover, the
image arcs of L in A? under the mappings S, ! must have an accumulation
continuum v € A, and we deduce that ¢(z) = 0 on +. Therefore, ¢ = 0
in U. This contradicts ¢(0) = a 5 0, and completes the proof of Theorem
5.3.5.

Further developments on normal functions can be found in Lappan [1961],
Bagemihl [1961, 1963], Bagemihl and Seidel {1960, 1961], Gavrilov[1961a,
1961b}, Anderson, Clunie, Pommerenke [1974], amongst others.

5.4 Harmonic Functions

A harmonic function u(z,y) is a C2-solution of the Laplace equation

Py Oy

Au:&:?+8—gﬂm

0.

Throughout this section we shall use the notation u(z,y), u(2), u(re*?),
and u(r, #) interchangeably, where z = z + iy = re®0.

If f(z) = u(z,y) +iv(z,y) is analytic, then v = u(z,y) is harmonic and
v = v(z,y) is the harmonic conjugate of u, with v and v satisfying the
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Cauchy-Riemann equations

ou_ov ou_ oo
6x Oy’ Oy @ Oz

Whenever v is harmonic in a simply connected domain €2, an analytic
function f can always be determined so that v = Ke f in . To see this, fix
zp in €2, and define

£(2) = u(zo) + ] F(O) de,

where F' = u, — tuy, and « is a contour in  from 2 to z. Since F is C!
and its real and imaginary parts satisfy the Cauchy-Riemann equations, I’
is analytic in €2, so that by direct calculation, f(2) is analytic in  with
f'(z) = F(2). If we set f =U + 1V, then

U —u)e=U—u)y =0,

implying U — v = constant in Q. Since f(zo) = u(z9) = U(2g), we have
Re f =U = u, as required.
Given a continuous function f on the circle |z| = R, the Poisson formula

= L [T EE pe — Rei 5.4
uz“g\/o IC |2f8)¢, (:—6, ()
represents a harmonic function in |z| < R with lim,_,¢ u(z) = f(¢). More-
over, if u is harmonic in |z| < R and continuous on |z| < R, then u has
the Poisson representation (5.4) in terms of its boundary values. When the
point z is at the centre of the disk, (5.4) reduces to the mean value property

2
w(0) = — / w(Re') do.

271'

This can also be expressed in terms of an areal mean

2w
u(0) = 7TR2 f u(r, ¢)r dr do.

A continuous function © on a domain {2 which satisfies the mean value prop-
erty for all sufficiently small disks contained in £2 is necessarily harmonic
(cf., e.g., Helms [1969], Corollary 2.9).

We may conclude from the preceding that if {u,} is a sequence of har-
monic functions converging uniformly on compact subsets of a domain 2
to a function u, then u is harmonic in €.

There is also a Poisson-Stieltjes representation for a positive harmonic
function v in |z| < R (Herglotz [1911]),

27 2 2
D) =5 [ o 'Tld(qs) (= Re'%, o] <R,
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where u(¢) is a nondecreasing function on [0,2n]. Conversely, any such
representation denotes a positive harmonic function in |2z| < R.
Another consequence of the formula (5.4) is the well-known

Harnack’s Inequality If u is a positive harmonic function on Q and K
is a compact subset of Q, then there exists a constant k = k(Q, K} such
that

w(z) < ku((),
for all z,{ € K.

Observe that the constant x is independent of the harmonic function .

Definition 5.4.1 A family H of harmonic functions is normal in a do-
main §) if every sequence {u,} C H contains o subsequence which converges
uniformly on compact subsets of €1 to either a harmonic function or to +oo.

Unfortunately, the real parts of a normal family of analytic functions
do not necessarily constitute a normal family of harmonic functions. For
instance, if z € U, define

fo(z) = nz+i(ny+n?), n=123,...,
= un(z,y) + ivn(z,y),

ie.,
fn(2) = nz +in.

Then f,,(z) is analytic and f,, — oo uniformly in U, so that {f,} is normal
in U. However, this is certainly not the case for the family of harmonic
functions {u,(z,y) =nz:n=1,2,3,...}.

Nevertheless, it is evident that: if F is a normal family of analytic func-
tions which do not admit co as a limit, then H = Re F is a normal family
of harmonic functions.

On the other hand, if H = {u} is a normal family of harmonic functions
in a simply connected domain §, and F is the corresponding family of
analytic functions {f} in Q such that Re f = u, then F is normal. In fact,
take {fn,} C F, where Re f,, = u, € H. First, suppose that {u,} has a
convergent subsequence, again denoted by {un}, converging normally to
oo, Since |fn| > |up|, the sequence {f,} converges normally to oo. Next,
suppose that the subsequence {u,} converges normally in €2 to a harmonic
function u. Then {u,} is locally bounded, and hence so is {f}}, since

, Oun,  Oug
=2 2
dx Oy
(cf. Proposition 5.4.8). Consequently, { f,,} has a normally convergent sub-
sequence by Theorem 2.2.6 (or Marty’s theorem), proving the result.
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In common with families of analytic functions there is the harmonic
analogue of Montel’s theorem (cf. Koebe [1909}, or Helms {1969}, Theorem
2.18, for a direct proof via the Arzela—Ascoli Theorem):

Theorem 5.4.2 A locally bounded family 'H of harmonic functions on a
domain § is normal.

Proof. If suffices to show that the family H is normal at each point of
Q) since normality in a domain is equivalent to pointwise normality just
as in the analytic case (cf. Theorem 2.1.2). Let {h,} be a sequence in H
and zp an arbitrary point of Q, with D = D(zp;7) C £ a disk in which
|hn(2)] < M for n=1,2,3,.... Then there are analytic functions £, in
D such that h,, = Re f,, so that the analytic function F,, = ef» satisfies

e ™M < |F,| =P <eM,

By virtue of Montel’s theorem, there is a subsequence {F,, } satisfying
F,. — F normally in D and F is analytic there. Since e™¥ < |F| < M,
the uniform continuity of the log function on [e=*,e™] implies

hp, = log|Fy, | — log|F| = h,

normally in I}, where £ is harmonic. This completes the proof.

The family H is clearly compact as well.
From the normality criterion of boundedness, the weaker criteria of being
bounded above or bounded below can be derived. Firstly,

Theorem 5.4.3 The family Ht of positive harmonic functions on a do-
main §) is normal.

Proof. Again it suffices to show that H™ is normal in a neighbourhood
of an arbitrary point z; € 2. Given a sequence {u,} C H*, choose a
subsequence, again denoted by {u,}, for which u,(z) converges to a limit
L < co. Then in some closed disk K(zp;7}) C 2, an application of the
Harnack Inequality with u, = u gives

%un(zo) < un(2) < Kun(2p), z € K(zp;7).

If L < oo, then {u,(2)} is bounded, hence normal in a neighbourhood of
zp. If L = oo, then 4, — oo uniformly on K(zy;7), and normality at 2z is
again achieved.

Corollary 5.4.4 If H" is a family of positive harmonic functions in §
such that u(zg) = ap € R for allw € H*, then H™ is normal and compact.
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Furthermore, it is evident from the theorem that a family of harmonic
functions which is bounded above by M or bounded below by m, is nor-
mal by considering the functions M — u or u — m, respectively. Another
immediate consequence is

Harnack’s Principle Let {u,} be a sequence of harmonic functions in
a domain Q which satisfy Unyy > Un, n = 1,2,3... . Then either u, —
400 uniformly on compact subsets of Q0 or {u,} converges to a harmonic
function, uniformly on compact subsets.

For, the functions u, —u3;, n = 1,2, 3, ..., are nonnegative harmonic and
as such form a normal family. The sequence {u, —u1 } is also monotone and
either converges or diverges to +oo at each point of (. By the normality,
this sequence either converges normally to a harmonic function or to 400
in 2, and likewise for the sequence {un}.

An analogue of the FNT (§2.7) is now readily deduced.

Corollary 5.4.5 A family H of harmonic functions in a domain 0 which
omit one specific real value o is normal.

In fact, for each v € H, either u > « or 4 < « in 2. This is so because
if u(z) > a and u(z) < a, 71,20 € (2, then v would assume the value
o at some point z on each curve in §2 joining 2; and ze. Thus H can be
partitioned into two subfamilies

Hi={ueH:u>a}, Ha={veH:u<a}l
The normality of H; and Hs is then deduced, and so H is normal.

This result has been extended to solutions of an elliptic partial differential
equation by Beardon [1971].

In the same manner one can demonstrate that: The family H of harmonic
functions which do not take all of the values in the interval (0,1) forms a
normal family. For, each such function u must satisfy either u > Qoru <1
in €2, and then proceed as above.

As in the analytic case (Corollary 2.2.4), a normal family of harmonic
functions which is bounded at a point is locally bounded. This observation

permits harmonic analogues of the Schottky and Landau theorems of §2.8
(cf. Montel [1935]).

Theorem 5.4.6 Let H = {u} be a normal family of harmonic functions
in |z| < R which satisfy w(0) = ag. Then for each fized 6, with 0 < § < 1,
there is a constant M = M (aq, 8) such that

lu(2)| < M(ag, 6), |z2| <OR, ueH.
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The result is proved by considering the functions U(z) = u(Rz), |2| < 1,
as in the analytic case.

A harmonic analogue of Landau’s theorem is more challenging. Consider
the functions {u} harmonic in {z| < R satisfying u(0) = ao. Further suppose
that each u satisfies 5

U

%=a1?é0

at the origin, and so has the representation
w(z,y) =ap+az+biy+....

Finally, assume that {u} possesses some criterion of normality that depends
solely on the values of each function u, such as being positive or omitting
a given value.

The corresponding functions

U(z,y) =uw(Rz,Ry) =ay+a1Re +b Ry + ...

are harmonic in |2| < 1 and also form a normal family there. Then for
<3, 1

U(2)] < M = M(ao, 3) ,
by the preceding theorem. Let K = K(z;7) be a closed disk in |z] < z.
Applying the areal mean value property to %g— and then Green’s formula

gives
oU 1 oU
—_— = — —dx d
(Ba:)zo 7rr2//K g Y
2n
= --}-2— Udy=-~13 Urcos 8 db.
T fz2—zol=r ™ Jo
Therefore,
ov\| oM
oz /|, ~ T ’

In particular, the partial derivative a; R at the origin, with r = %, yields
the inequality .
ol < 2203,
2
i.e.,
4M(ao,3)
laa|

The preceding analysis can then be summarized as

R<
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Theorem 5.4.7 Let H be a family of harmonic functions possessing a
criterion of normality in |z] < R such as stipulated above, and such that
each u in H satisfies u(0) = ay, (%)zzo = a1 # 0. Then there exists a
number R(ag,a1) > 0 for which the following holds: any function h(z,y) =
ap + a1T + b1y + ... which is harmonic in a disk about the origin of radius
greater than R(ag,a1) cannot satisfy the normality criterion of H.

Clearly, the condition (g—;—‘) )= b; # 0 may also be used.

We have essentially demonstrated something further (compare Corollary
2.2.5).

Proposition 5.4.8 Let H be a normal family of harmonic functions in Q
such that [u((o)| < m for each u € H, where {y is a fizred point of Q. Then

u

{g;} 15 locally bounded, v € M.
Indeed, H is locally bounded, so that
IU(Z)l ng: UEH,

whenever z € K = K(z9;79), say. Applying the areal mean value property
to % together with Green’s formula as above yields the result.

Bloch Principle. From what has already transpired, it should be ap-
parent that there is a Bloch Principle operating for harmonic functions.
Specifically, any property P which reduces a function which is harmonic
in € to a constant is likely to make a family of harmonic functions pos-
sessing P normal. A rigorous version, along the lines of §4.1, is left as an
exercise for the reader. Instances already encountered include the proper-
ties of boundedness, positivity, and omitting a given real value. One further
illustration is

Example 5.4.9 We define
Har = {u harmonic in U : Dy(u) < M < oo},
where
Dy (u) = /f lgrad u|? de dy
U
is the Dirichlet integral of u (cf. Example 2.2.7 for the analytic counterpart).
Since u = Re f for f(z) analytic in U, we have

Dulw) =Du(n) = [ [ 1f )P dea.

Therefore, given u € Hyy, the analysis of Example 2.2.7 then implies that
{f' ru=Ref,u € Hp} is locally bounded in U. By taking the real parts
appropriately in cases (i) and (ii) of Theorem 2.2.6, we find that M is
normal in U,
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This result is related to Lebesgue’s 1907 work on the Dirichlet Principle,
a proof of which, based upon Example 5.4.9, can be found in Tsuji {1959],
pp- 12-14.

The foregoing example may be rephrased: If {f'} is locally bounded, then
{u = Re f} is normal. Thus, if the harmonic functions of H = {u} have
locally bounded partial derivatives, uy,u,, then H is normal.

On the other hand, if » is harmonic in € and Dg(u) < oo, then u
must be constant. To see this, define f = u + iv so that f is analytic
in C. Then, given r > 0, the areal mean value property followed by
Schwarz’s inequality yields

[, o
< ( / /|zg<r'f'(z)'2d‘”dy) ( / L;«dwd‘“)

< 7r?Dglu).

2

[rr? £(0)[

Therefore f'(0) = 0, and similarly f'(29) = 0 for any z; € C. Hence, f
is identically constant, and so u must be constant. Thus we have gleaned
another example of the Bloch Principle.

However, there are exceptions to the Bloch Principle as in the analytic
case. Indeed, let us consider a variant of Counterexample 4.2.2.

Let P be the property of the harmonic function u that the differential
ETPTESSION

(U — 1)(ty — 1)(us +uy — u)

omits the value zero. If u is harmonic in € and possesses P, then u,, u, are
harmonic functions in C omitting the value 1, so that s, u, are constant
(by Picard’s little theorem). Hence u(z,y) = az + by + c. Moreover, as
(ug +uy —u) # 0, it must be the case that a = b = 0, and consequently u
is constant.

For the other part of the argument, consider the family

H={u,(z,y) =nz+ny:n=2,3,4,...}

for z = & + iy in the unit disk U. Then it is verified that

8un a'U:n aun au’n _
(“5‘;“—1) (—a—y——l) (—%+8—y—un)>0, n—2,3,4,,

in U, that is, each u,, € H satisfies the property P. However, H is not a
normal family in U, and the Bloch Principle is violated.

Furthermore, let us now consider the converse; ¢f. Theorem 4.1.6 for the
analytic counterpart. Following §4.1, we consider a property P of harmonic
functions which satisfies the conditions
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(i) If (u,Q2) € P and Q@ C Q, then (u, ) € P.

(i) If (u,82) € P and ¢(2) = az+ b, then {(uo ¢, ¢~ 1(Q)) € P.

Theorem 5.4.10 Let P be a property satisfying (i) and (i} above. Assume
that if ‘H is any family of harmonic functions defined in U with {u,U) € P,
for allu € H, then H is necessarily normal. Then any ug which is harmonic
in € with (ug, C) € P, reduces to a constant.

The proof follows a similar line of reasoning as in Theorem 4.1.6 with
Proposition 5.4.8 in place of Marty’s theorem. Details are left to the reader.

As a consequence, a nonconstant harmonic function in € cannot be
bounded, positive, admit one exceptional value, or have finite Dirichlet
integral.

7

Julia’s Theorem. Another result worth discussing that has a harmonic
analogue is the classical Julia Theorem (§2.8).
Let u be a nonconstant harmonic function in € and set

Unl(z,y) = w(2"z, 2"y)

for z = z + iy belonging to the unit disk. Observe that the family {U,}
cannot be normal in U for, if it were, the condition

Un(O) = 'U.(O) = dy

would compel the functions U, to be bounded on, say, the disk |z| < %
Consequently, # would be bounded in €, and hence constant. It follows that
there is an érregular point in the unit disk at which {U,} in not normal.
It is evident that 2 = 0 could not be the only irregular point in U since
if this were the case, a subsequence of {U,,} which converged uniformly
on |z| = r < 1 would do likewise in |z| < p < r, by the Poisson formula.
‘This also demonstrates, incidentally, that an irregular point in the present
context cannot be isolated, and since the set of irregular points is closed,
it is a perfect set (cf. also Lavrentieff [1927]).

There is, therefore, a point (5 # 0 such that in an arbitrarily small disk
about (p the family {U,} is not normal. This means that {U,} attains
every value in such a disk Ag : |2—(o| <  for infinitely many n. Determine
a sequence of homothetic disks

Ap={lz—2"G|< 2™}, n=1,23,...,

so that U,(Ao) = u(A,). Then u must take every value @ € R in the
family of disks {A,} for infinitely many n; indeed, « is attained infinitely
many times. We have established
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Julia’s Theorem If u is a nonconstant harmonic function in the complez
plane, then there is at least one ray argz = 0 emanating from the origin,
such that in every sector § — e < argz < 8 -+ ¢, u(z) assumes, infinitely
often, every real value.

With regard to an entire function f(z) = u(z) + iv(z), a line of Julia of
f(z) is also one for u(z) (and v(z)), but not conversely. For instance, if

f(z) =e* =¢e" cosy + ie® siny,

the lines of Julia for f(z) are the positive and negative imaginary axis.
However, the lines of Julia for u(z) = e* cosy are all lines issuing from the
origin in the half-plane Re z > 0.

Further investigations, in the spirit of Picard’s second theorem, have been
carried out by Montel {1935].

Hardy — Montel Theorem. To conclude our discussion of harmonic
functions, we endeavour to prove an analogue of Montel’s theorem (The-
orem 2.9.3) due to Hardy {1926]. A direct analogue is not possible as the
harmonic function u(z,y) = z tends to different limits on different lines.
Moreover, the function u(z,y) = sinhzsiny tends to a limit on only one
line. In spite of these differences, Hardy was able to demonstrate the fol-
lowing version of Montel’s theorem, in a manner keeping in spirit with the
original proof. The domain in this instance is taken to be the whole infinite
strip S={z+iy:a<z<g}

Hardy — Montel Theorem Let u(z,y) be a bounded harmonic function
in the strip S and suppose that u(a,y) — A, and u(b,y) — B as y — +o0,
fora<a<b<pf. Then

b—x zT—a

b—aA+ b—a

uniformly in x in any strip interior to S.

u(z,y) — B,

?

Proof. We can reduce the problem to the special case of A = B = 0 by
considering the harmonic function

b—zx T—a
= — A B
v(z,y) = u(z,y) {b_a o }
Furthermore, we may suppose that a = 0, b = #. Then the “Poisson for-
mula” representation for u in S (which can be derived, after first making
the transformation Z = e*?, from the upper half-plane representation; cf.
Ahlfors [1979], p. 171) is given by

1 /°° sin z u(0,n)dn 1 (% sinzu(r,n)dy

ul@,y) = o J_ cosh(n —y) —cosz 27 J_., cosh(n —y) +cosz’
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0 < z < 7, from which it follows that u(z,y) — 0 as y — oo, for
a<z<h

Next, suppose that © = Re f and let

g(z) = e~ ), z€S.

Then

e = |g” = g(= +iy)g(z - @),

where g(z — iy) = g(z +iy). Clearly g is bounded in S with [g] — 1
i whenever a <z < b and y — 4o0.

At this stage we replace the real variable z by the complex variable
¢ = & 4 in and define

Gy(Q) = G(¢ +in) = g(§ +in + iy)F(€ +in — iy).

The result is that G, (¢) is analytic and bounded in the rectangle

R:a+—;~6$§§ﬁ—-%6, —§<np<6 (0<26 <P —a).

If ¢ is any point on the interval (a,b), interior to R, then Gy({) — 1 as
y — -+oco. In view of the Vitali-Porter Theorem (§2.4), G(¢) — 1 uniformly
in any rectangle interior to R, and consequently © — 0 uniformly in the
strip (o + 6,8 — §), as y — +oo.

e L e S

In a similar manner, one can derive the bounded analytic version of Mon-

tel’s theorem by considering the uniformly bounded sequence of analytic
functions

fa(2) = f(z + iy +in),

for z = = + 4y in the strip S. In fact, if f,(zo + ty) — £ as n — co at the
points zo + iy lying in a rectangle R interior to .S, then an application of
Vitali-Porter again gives the desired uniform convergence of f to £ in any
strip interior to S.

In contrast with Hardy’s result, a Montel-type theorem is attainable in
the half-strip S : @ < z < §, y > 0, in the following sense (suggested by
W. Hayman): If u(z,y) is harmonic in S, u(z,y) < M, u(zo,y) = M as
Yy — 00, then u(z,y) — M as y — oo uniformly for a+8 <z < f—6. This
can be seen by finding an analytic function f in § with u = Re f, setting

g = e and applying the theorem of Cartwright quoted at the end of §2.9
to the function g.

Some of the normal family theory of harmonic functions can be developed
for subharmonic functions and, in turn, for solutions to certain elliptic
partial differential equations. In particular, this has been done in the case
of Montel’s theorem (Theorem 2.9.3) by Beardon [1971].
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Martin Kernel. R.S. Martin, in his celebrated paper of 1941, demon-
strated an integral representation of positive harmonic functions “bear-
ing certain features of analogy with the Poisson-Stieltjes formula”. Start-
ing with a domain R, a compactification R}, is generated, where the set
Apr = R}y — R is the Martin boundary. It is then shown that every positive
harmonic function on R has the integral representation

hz)= [ K(z0)du(), z€R, (5.5)
Ap
where p is a measure on Ay depending on A and K(z, () is the Martin
kernel.

The existence of the kernel function arises from an application of Corol-
lary 5.4.4. To see this, let G(z, {) be the generalized Green’s function for R,
that is, for fixed z, G(z,() is positive harmonic in ¢ except at { = = where
it has a logarithmic singularity, is symmetric in (2, {), and approaches zero

at all regular boundary points of R and at oo if R is unbounded. Define
for 2z, { € R, {p € R (fixed)

G(2,0)
K(z,¢) = Gz, 7
’ 0 f2=2¢, ¢#¢

Then for fixed z, the function K(z, () is a positive harmonic function of {
except at { = z, and K(z,{p) = 1.

Next, let {z,} be a sequence of points in R having no accumulation
point in R. If R’ is any open subset of R with compact closure R’ C R, and
(o € R', then the functions K (z,, () are positive harmonic functions of ¢ in
R’ for all sufficiently large n. By Corollary 5.4.4 we deduce that there is a
subsequence converging normally in R’ to a positive harmonic function. The
corresponding subsequence of {2,} is called a fundamental sequence. Two
fundamental sequences are equivalent (and form an equivalence relation) if
their corresponding KX(z,{)’s have the same limit function.

Definition 5.4.11 Fach equivalence class of fundamental sequences of R
determines an ideal boundary element of R, the set of which constitute
the Martin boundary Apy.

Thus, for 2 € Ay, we can write the Martin kernel as

K(Z:C):T}LI%OK(ZTHC): ¢ €R,

where {z,} is any fundamental sequence which determines 2. If z € Ay,
K(z,() is a positive harmonic function of { € R satisfying K(z,{o) = 1.
For the subsequent development of the integral representation (5.5), see
Martin [1941] or Helms [1969], Chapter 12, for a modern treatment. More-
over, the normal family construction of K(z,() is readily adapted to other
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settings; cf., e.g., Nakai [1966] for the existence of certain positive har-

monic functions on subregions of a Riemann surface or Myrberg [1954] for
the existence of positive solutions to the elliptic equation Au = Pu.

5.5 Discontinuous Groups

In this section we turn our attention to the family £ of linear (fractional)
transformations

az+ b

!
=T =

ad—-bec=1, a,b,c,d e,

briefly considered in §3.8 from the standpoint of meromorphic functions.
More general linear transformations for which ad — be is merely nonzero
can be reduced to the above form by dividing each of the four constants
by vad — be. Linear transformations are also known as Mébius transfor-
mations, or bilinear transformations, or, classically, homographic substitu-
tions. The linear transformations map € one-to-one conformally onto itself,
and form a group under composition. Indeed, the group £ is isomorphic to
the quotient group SL(2,C)/{(I), (—~I)}, where (I) = (é 2), and SL(2,C) is
:; the special linear group of 2 x 2 matrices (‘CI g), with complex entries, having
determinant one. For any T, € £, the composition STS™! is called the
conjugate of T, and effects the transformation T, but in the new coordinate
system defined by w = S(z).

The study of discontinuous groups naturally arose out of work on ellip-
tic modular functions and other automorphic functions. Important classi-
cal contributions to the field were made by Poincaré, Klein, and Schwarz,
0 amongst others. The interested reader is referred to the comprehensive
A monograph of Lehner [1982].

Any linear transformation belonging to £ can be classified according to
the behaviour of its fixed points (or point). To this end, we set

I e
dopiit e

az+b
2=T(2) = cz4+d’

and consider the resulting equation

ez’ +(d~a)z —b=0.

Case (1) : ¢c+#0
1 This yields the two roots

f1,66= ——————

a—d++D
2¢ ’
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where D = (d—a)? 4+ 4bc = (a+d)? - 4. Since T(c0) = a/c, which is finite,
there are at most two fixed points. On the other hand, if D = 0, that is, if
the trace a 4 d is 2 there is only one fixed point

a—d
&= 2¢

Case (2): ¢=0
Then a # 0, d # 0, since ad — be = 1. Since T(z) = 22+ 2, & = 0 is
always a fixed point. Furthermore, if a # d, there is a second finite fixed

point,
b
=7

However, if ¢ = d(= +1), then T'(2) is of the form

T(z)=z+b,  (b#£0),

with the sole fixed point at co. Note that in this instance, a +d = +2,
so we find that in both Case (1) and Case (2), T(2) has ezactly two fived
points if D £ 0, and one fized point if D = 0.

Finally, the situation ¢ = 0, ¢ = d, b = 0, arises only from the identity
transformation I(z) = z, z € C, and thus we have shown that: any linear
transformation which is not the identity has at most two fized points.

As a consequence, a linear transformation is uniquely determined by its
values at three distinct points. For suppose that T'(z;) = 2z and S(z;) = 2,
i = 1,2,3. Then T o S~Hz!) = 2/, 1 = 1,2,3, so that by the preceding
remarks, T o S~! = I and therefore T = S.

Moreover, given distinct points z;, 2{, ¢ = 1,2, 3, lying in €, the equation

(7 —2)(z—2) _ (2~ 21)(22 — 23)
(2" = 25)(21 —23) (2 — 22)(2z1 ~ 23)

(5.6)

engenders a linear transformation T € £ when 2’ is solved in terms of z,
which satisfies T'(z;) = 2], ¢ = 1,2,3. If one of 21, or 2o, or 23 is co, we
replace the right-hand term of (5.6) with

(22 — Z3) _ (Z — Zl) (Z - Zl)
(z2—29)" (z1—23) (2—22)

respectively, by taking limits as the appropriate z; becomes infinite. The
left-hand term of (5.6) is altered similarly if any one of the z{’s is co.
We are now in a position to classify the linear transformations of L.

I. One fixed point. We distinguish two cases, in both of which T is
called parabolic.
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(i) ¢# 0. Then the fixed point of T'(z) is given by £ = a-d and a+d =
+2. Since the points 00, £, —d/c are mapped to a/e, £, 00, respectively, the
appropriate formulation of (5.6) gives

d
i -
Z - z—¢
Subtracting the quantity 1 from both sides gives

§-¢ _ &+e

oy

= - 1.
7 —£ z—§
Moreover,
6_2__(1——(1 a__a+d_ 1
’ c 2 ¢ 2 ¢
and d d d_a+d 1
a— a
— = — fumad i-—-_
S c 2c + c 2c c
Therefore, the transformation T' reduces to the expression
1 1
= + 5.7
z, . &- z — § C) ( )

where we have +cif a+d = 2, and —c¢ if a+d = —2. By making the change

of variable ) )

z=¢ — &

which map £ to oo, (5.7) can be written in the normal form for T,
w =w+e,

where we note that w’ = STS~1(w), with co as the unique fixed point.
(ii) ¢=0. Then £ = oo is the unique fixed point, and as determined in
Case (2), a =d =+1, and
7z =z+b.

II. Two fixed points. Denote by &; and &; the two distinct fixed points
of T'. Again there are two cases.

(i} ¢ # 0. The two fixed points of Case (1) are both finite, so that &3, &g,
and oo, are mapped to &1, £, and a/c, respectively. Then the appropriate
version of (5.6) has the form

(=) (2-6) _ (2-£)
(7 —&)(2—-&) (2—&)

which can be expressed as

? =& . z2=&
e =k e (5.8)
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2 ~ 051‘ The number & £ 0,1 is the multiplier of T. Consider
— €62

the transformations

where k =

0=50) =128 5= 528

which map the fixed points £;,&2 onto 0, 0o, respectively, and satisfy w' =
ST S~ (w). Moreover, by (5.8),

w' = kw,
which is the normal form of T' in this case, with 0, co as the fixed points.
(i) ¢ = 0. Then one of the fixed points is £ = d—fd, and the other is
&2 = 00, by Case (2). Hence

G b
z’~§1=3z+3“51=k(3“§1),
where k = £. Taking w = §(2) = z — &1, w’' = §(2’) = 2/ — {1, which map
& and oo, to 0 and oo, we have, as above,

w' = kw.

The great virtue of writing the transformation T in terms of £ is that
when n applications of T' are applied, namely 7™, it follows that

z: - 2 = k" % or 2 —& =k (z—6&) (5.9)

in (i) or (ii), respectively. Likewise, for the inverse transformation, we use
k~!, and for n applications, k™.

Furthermore, the classification of linear transformations with two fixed
points is characterized by the multiplier k = pe®®, p > 0, 0 < 8 < 2. If

k = € 00, then T is elliptic,
k. = p#1, then T is hyperbolic,
k= pe®, p#£1, 0£0, then T is lozodromic.

The classification of linear transformations can also be formulated in
terms of the trace x = a +d, in view of the relation (cf. Ford [1951], p. 16)

1
k4 —-=x?-2
+tr=x"-2

which gives k3 +k—% = x. Since a parabolic transformation has been shown
to satisfy ¥ = %2, we can summarize our findings as: A necessary and
sufficient condition that T € £ (T # I} be elliptic, parabolic, or hyperbolic
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is that x be real and |x| < 2, |x| = 2 or |x| > 2, respectively. T is lozodromic
if and only if x is complez.

We note that for all T, S € £, both T' and any conjugate ST'S~! are of

the same type (elliptic, etc.), since the multiplier and trace are invariant
under conjugation.

Examples of Subgroups of L.

(i) Simply Periodic Groups:

{=z+nw:neZ}, w # 0.
(if) Doubly Periodic Groups:

!
{Z=z4+nw+mw’ :n,meZ}, w,w #0, ilm(%) > 0.

(iii) Modular Group:

M=<{2 = az +0 cad—bec=1, a,bc,dec Z;.
cz+d

Elements of the modular group map the upper half-plane/lower

half-plane/real axis onto themselves, as is seen from the fact

that
az+b Y

cz+d ez -+df?’

Im z =+ y.

(iv) Picard Group:

b
P= {z’: Z—I_i-_d:ad—bC:L a, b, ¢, d of the form m + ni, m,nEZ}.

The latter two groups are important examples in the sequel.

A few further preliminaries are necessary in order to establish the main
results, the first of which is

Theorem 5.5.1 Let D be an open disk in C and T a linear transformation
such that T(D) C D. Then T is either hyperbolic or lozodromic and T(D)
contains a fized point of T.

Proof. We may suppose that 7' is in normal form so that either T'(2) =
24X, or T(z) = kz, A # 0, k # 0, 1. In the former case, T'(D) either overlaps
D or is disjoint from it, excluding the possibility of T being parabolic. In
the latter case, we may also exclude the possibility of T being elliptic, as
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this would simply result in a rotation of D about the origin. We conclude
that T is either hyperbolic or loxodromic, having fixed points 0 and co.

If z is any value not fixed by T', then the iterations 7"(z) converge to
one of the fixed points of T (as &k # 0,1). Thus for z € D, T™(z) must
converge to a fixed point in 7'(D), and the assertion is proved.

The next definition is central to our whole discussion.

Definition 5.5.2 A group T' of linear transformations is discontinuous
at a point o if « is not in the closure of U(z) ={T(z) : T € T'}, for
any z € C. In other words, there is no z € (D and no sequence of distinct
elements T, € T' such that T,(2) — a as n — 0. In this instance, o is
termed an ordinary point of I'; T' is discontinuous on a set S if it is
discontinuous at each point of S, and I is a discontinuous group if i
18 discontinuous on some nonempty set.

On the other hand, if there is a point z and an infinite sequence of distinct
transformations T,, € I' such that T,,(z) — ¢, then « is a limit point of
I'. Note that a point a which is a fixed point of infinitely many distinct
T, € I' is necessarily a limit point.

The study of discontinuous groups has been inextricably linked to that
of automorphic functions, that is, analytic functions f(2z) which take the
same value at congruent points of a linear transformation group I':

f(T(z)) = f(z) forall T €.

If on a domain Q, T,,(2) — « € ), then f automorphic in  means that it
would be constant by the Identity Theorem. Hence there is the necessity
for the groups associated with f to be discontinuous.

Let L (or L(I')) denote the set of limit points of a {discontinuous) group
I C £, and O (or O(I")) the set of ordinary points. Clearly, O is the com-
plement of L.

The following properties require but routine verification.

Theorem 5.5.3 (i) Foreach T €1, T(L)=L, T(0)= 0.
(ii) If A is a subgroup of T, then O(T') C O(A).
(i) O(ATA™Y) = A(O(I‘)), L{ATA™Y) = A(LT)), for any linear

transformation A.

From (ii) we see that any subgroup of a discontinuous group is discon-
tinuous. Property (iii) allows one work with the transformed group and
replace an ordinary point by oo, say.

Discreteness. As noted previously, we may identify the transformation
z — %% with the matrices A = (¢ " and —A. Then the discontinuity
of a group I' has a counterpart associated with the behaviour of the cor-
responding matrix group, which shall henceforth also be denoted by I
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We say that T" is discrete if it contains no convergent sequence of distinct
matrices A, — A. Here A need not belong to I' and

_{ an by _f{a b
e (2 )-an(23)

14— Anll = {la = aul® + b~ bal + e = cal* + |[d — da[?}2 — 0

if and only if

as n — oo; equivalently, a, — a, b, — b, ¢, — ¢, d, — d. Discrete-
ness is tantamount to the identity matrix being isolated. Furthermore, the
discreteness of I' may be characterized by the condition:

- {AeT:|All £n} < oo, n=123,.... (5.10)

For, on the one hand there can be no convergent sequence of distinct matri-
ces if condition (5.10) is satisfied, implying I' is discrete. On the other hand,
if (5.10) does not hold, there must be infinitely many distinct A, € I" with
| As]| < n, for some n. Therefore, a subsequence {A,,} of {A4,} converges
to a matrix A. Since a,,d,, — by, ¢, =1 for all v, A € SL(2,C), and [ is
not discrete.

As a consequence of the preceding characterization of discreteness we
readily conclude

Theorem 5.5.4 A discrete group T is countable.
For,

o0

r=|JT.,

n=1

where I', = {A € T': ||4|| € n}, and each T',, is a finite set.

We further note that a conjugate group BI'B~! of a discrete group I' is
itself discrete, since conjugation is a homeomorphism of SL(2, €).
Our first attempt to correlate discontinuity with discreteness is

Theorem 5.5.5 A discontinuous group is discrete.

Proof. Suppose that A, — I, for 4, = (2: 3:) Then for any z € €, we
have ¢,z + d,, # 0 for all n sufficiently large, and

anz + by, —cp2? + (ap — dy)z + by
—— — 2z = — 0
enZ -+ d, cnz + dy

since a, — 1, b, — 0, ¢, — 0, d,, — 1. This means that z is a limit point
of the group which, as a consequence, is not discontinuous at z. Similarly
for z = co.
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A partial converse to this theorem will be established in Theorem 5.5.10.

One deduces from Theorems 5.5.4 and 5.5.5 that a discontinuous group
is countable.

The Picard group P, on the other hand, affords an example of a discrete
group which is not discontinuous. In fact, P is certainly discrete because of
the discreteness of the Gaussian integers m + ni, m,n € Z. Moreover, for
any given z € C, one can find relatively prime Gaussian integers o, and
Tn such that a, /v, — 2. For an, ¥n, thus determined, next find Gaussian
integer solutions By, 0, to and, — Bnv, = 1. Then T}, given by (a“ ’B") is
a member of P with Tr(00) = o /yn — 2, Le., the Picard group is not
discontinuous at any z € .

Normality. In order to demonstrate that a family of linear transforma-
tions £ is normal, it transpires that there is a somewhat stronger version of
the FNT for meromorphic functions (§3.2), owing to the specific nature of
L. An arbitrary domain 2 in this section is assumed to lie on the Riemann
sphere unless stated otherwise.

We shall first require some preliminary material which is of interest in
its own right.

Lemma 5.5.6 If LCLisa normal family in Q, then, for any S € L,
the conjugate family {STS™ : T € L} is normal in S(£).

The proof is readily verified and left to the reader.

As we shall be working with convergent sequences of linear transforma-
tions, it is necessary to know what form the limit may take. In this regard
we have (cf. Piranian and Thron [1957]).

Theorem 5.5.7 Suppose {T,,} C L and wherever the sequence converges
define
V{z)= T}Lngo Tn(z).

Whenever the range of V' contains three distinct points, V is a linear trans-
formation and convergence holds for all z € C. Purthermore, for suitable
en = £1, ex(Th) — (V) where (T,),(V) are matrices corresponding to
T,,V, respectively. If T, — V uniformly on a compact region, then V is
either a constant or o linear transformation such that ,(T,) — (V).

Proof. It is evident that wherever V(z) is defined, it is single-valued.
Suppose that V{(z;) = w;, ¢ = 1,2, 3, with the {w;} (and hence the {z;})
being distinct. Next choose linear transformations R and S which satisfy

R(O) = Zl,R(l) = Zng, R(OO) = Z3, S('wl) = X, S(’wg) = ——1, S(wg) = O,

and define ST, R = U,. Clearly U,(0) — oo, U,(1) — Up(o0) — 0.
From the latter limit one deduces that if U, is given by (““ b“) then

Gn/Cn ~ 0. (5.11)
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Furthermore, writing

_ On 1 bpen —andn  an 1 1
Un(2) = Cn + 2 z+dpfen Cn CEz4dn/cn’

we obtain from U,(0) — oo that
Cndn — 0. (5.12)
Finally, from U, (1) — —1, we also obtain
CnlCn +dn) — 1. (5.13)

Combining (5.12) and (5.13) it follows that ¢ — 1, and hence for a suitable
sequence {5} = {£1} we will have ¢,¢, — 1. In view of (5.11}, a, — 0,
and, by (5.12), d,, — 0. Moreover,

Enb'n, — £ c — = )
>

by preceding limits.
One concludes that ,(Uy,) — (U), where (U) = ({7}, and therefore
en(Tr) = (S VNen(Un)(R™Y) — (S (U)R™1). As a consequence,

Tn(2) = STYURH(2) = V(2)

for all z, and V() is a linear transformation.

Finally, on any compact region K, the univalence of T, implies that V
is either constant or univalent in K. If V(2) is univalent it must assume
infinitely many distinct values, and the preceding argument implies that V'
is a linear transformation and &,(T,) — (V).

Corollary 5.5.8 If T' is a discrete group of linear transformations and
{T,} C I is a sequence of distinct members satisfying T, — ¢ uniformly
on a compact region, then ¢ is a constant.

Proof. I ¢ is a linear transformation, then £,(7},) — (¢) by the theorem,
contradicting the discreteness of T'.

For some related results see Gehring and Martin [1987).

We are now able to establish a general criterion for normality (cf. Fatou
[1930], §31, p. 71). A stronger version, of which the present result is a
consequence, follows after Corollary 5.5.9.

FNT for Linear Transformations Let L be a family of linear trans-
formations defined on a domain Q such that T(z) # w1, T(z) # we, for all

z €8, T e L, where wy,wy are fized complex numbers. Then L is normal
in §1.
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Proof. Given a sequence {7,} C L, the functions defined by

T,,(Z) —

Su(z) = To(2) — g’

z e (1,

omit the values 0 and co in §) and are analytic there. Assume S, is given
by (35, v=1,2,3,....

If co ¢ §, it suffices to show that {5, } is normal in an arbitrary disk in 0
which we take to be the unit disk U. Since .S, omits 0 and o0, |—by/a,] > 1,
| —d,/c,| > 1. We now write

_ b_,,z—;»b,,/ay _ d,/c., b,

SV(Z) dy by/av z+ d,,/c,, - Ei:

Vy(z)}

which is certainly valid for a,c, # 0. Let us assume this to be the case for
the present. Then for |z| <r < 1

L <V < (14

1—
0<( T)l—I—r_ 1—r

< 0.

There are two cases to consider:

(1) If|b,/d,| < M < co, then [S,(2)] < Mi(r), and {S,} is normal,
invoking Montel’s theorem (§2.2).

(ii) There is a subsequence |b, /d,| — cc. In this instance, |1/, (z)|
< |dn/bp|My(r) — 0 uniformly in |2] < r. Then S, — oo
uniformly in |2} < 7, and the normality of {S,} is once again
established.

In the event a; = 0 for infinitely many indices j, then it must be that
c; # 0. In this case write
b dilcs
Sy = 2 il
i 2+ di/c;
and the proof follows as before. Likewise if ¢; = 0.
If co € {2, we consider S, (1/z) and the result now follows.

Stated in terms of the contrapositive we obtain

Corollary 5.5.9 If {T} is not a normal family at a point «, then for all
w € G, with at most one exception, wy, there is a sequence of distinct T,
and a sequence z, — « for which T,,(z,) = w # wyq.

Proof. Let {D;} be a decreasing sequence of disks whose intersection is
{a}. As the family {T'} is not normal in Dy, UpT(D;) omits at most one
value, say wp. Fix any w # wy. Then there is some member T} of the family,
and a point z; € D; with T1(z;) = w. Since {T} — {T}} is not normal in
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Dy (but omits the value wp), there is a member T5 and a point 2 € Dy
satistying T»(22) = w by the above reasoning. Continuing in this fashion
establishes the result given an exceptional value wyg.

If there is no exceptional value, then the set of values T'(D2) for T € {T'}
may omit some number w;, but then must take every other value w # ws.
Then T(Dy), for T € {T'} — {11} cannot omit w # ws, and so on.

There is a version of the FNT for Linear Transformations which is anal-
ogous to the Extended FNT for meromorphic functions (§4.1).

Extended FNT for Linear Transformations Let L be a family of
linear transformations on a domain 2, and let € > 0 be such that for any
T € L there are two points ar,br omitted by T, satisfying

x{ar,br) > €.
Then L is normal in Q.

Before proceeding with the proof, it is necessary to discuss the following
important notion. Let 23, 22, 23, 24 be four distinct points of €, and define
the cross-ratio to be

(21— 24) (22 — 23)
(22 — 24)(21 — 23)

(z].} 29, 23, 24) =

(The cross-ratio was encountered implicitly in equation (5.6)). We extend
this definition by continuity to the case when one of the z;’s is 00, say, for
example,

(z2 — 23)

(21 — 23)

‘The other cases follow similarly. Now, given a linear transformation

T(z)
belonging to £, we find, assuming z,2/, T'(2), T'(z') € €, that

-4
(cz+ d){(cz’ +d)’

(Z1azzaz3,00) =

__a,z+b
T ez+d

T(z) — T(z")

from which it follows that for any z; € G, T(z) € T,

(zla 29, 23, Z4) - (T(zl): T(z2)i T(Zg), T(Z‘i)) .

In other words, the cross-ratio is invariant under any T € L. In view of
the definition of the spherical metric x (§1.2), one thereby deduces

x{z1, 24)x(22, 23) _ X(T(Zl)’T(zfi))X(T(zz):T(ZS))
X (22, za)x(21,28)  x(T(22), T(24))x(T(21), T (23))’

z€C. (5.14)
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We may now proceed with the proof of the Extended FNT for Linear
Transformations. Fix any T € £ and let z,w be distinct points of 2, and
o, (3 distinct points in the complement of 2. Then the product of the cross-
ratios (z, o, w, 8) - (2, 8, w, o) is invariant under 7', and whence by (5.14),

x(z, B)x(e,w)  x(z a)x(8, w)
x(e, B)x(z,w)  x(8, a)x(z,w)
_ x(T(2), TB)x(T (@), T(w)) x(T(=), T(e))x(T(B), T(w))
X(T(@), T(B)x(T(2), T(w)) x(T(B),T(e))x(T(2), T(w))

As a consequence,

2

X(T(z):T(w))
x(z,w)
o xes 77 1 |
= |X@@, 70| X xz Hxw, x(w, B
- -2

< 1 [ 1 + 1 } [ 1 " 1 :l .
T | x(T(@),TB) | x(z0)  x(2,8)] Lx(w,a)  x(w,B)
Writing, @ = T~ Y(ag), 8 =T~1(br) gives

2X(Z,’UJ) r
IOTO) S b o0 ey <5 O

which by the hypotheses implies that L is spherically equicontinuous in
Q. The normality of £ can then be deduced as in the proof of Montel’s
theorem (§2.2), replacing the usual metric by 7, and taking into account the
compactness of the Riemann sphere (compare Theorem 3.2.1). We remark
that the constant 2 in the inequality (5.15) is best possible (cf. Beardon
[1983], p. 43). Note that the hypotheses include the case of the family £
omitting two fixed points.

As a culmination of much of the preceding work, a necessary and suf-
ficient condition for a transformation group to be discontinuous can be
stipulated in terms of normality (cf. Fatou [1930], §32, p. 74).

Theorem 5.5.10 A group " of linear transformations is discontinuous at
a point o if and only if T is discrete and forms a normal family at o.

Proof. Let us assume I' is infinite, for otherwise the result is trivial.
First, suppose I' is discontinuous at «. By Theorem 5.5.5, I' is discrete. If
I' = {T,} is not normal at some point «, then there is a number w, trans-
formations T, and a sequence z, — « such that T,(z,) = w (Corollary
5.5.9). Therefore, z, = Ti7*(w) — «, but this contradicts the discontinuity
of I" at a.
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Conversely, suppose that I' is discrete and normal at «, but not discon-
tinuous at «. In view of Lemma 5.5.6, we may assume « to be finite. Then
there is a point z and distinct 7, € T such that T,,(2) — «. Let D be
an open disk centred at « in which I is normal, and choose T satisfying
TN (,Zo) = z; € D. Next, define

Sy =1T,0 Tﬁl,

so that S,(z1) — @ Now {S,,} CI" and hence is normal in D. Then there is
a subsequence {S,} converging uniformly on a compact subdisk D; C D,
D; centred at o, z; € Dy.

According to Corollary 5.5.8, {5, } converges to a constant, which in this
case must be c.. Thus, for yy sufficiently large, S, (D1) is a proper subset of
D;. This means that S,,, must be either hyperbolic or loxodromic (Theorem
5.5.1), and that S,,(D1) contains a fixed point S of S,,. Hence, by (5.9),
Sy, can be expressed in the form

z’“ﬂ:knz_ﬁ
Z -y z—

, |kl # 1, « finite,

or

Z=B=k"(z—0), |k#1, v=o0.
In either case, observe that S (8) = B for all n. On the other hand, for
any z # f3, Sj (2) — vyasn — oo (k| > 1) or as n — —co (Jk| < 1).
As a consequence, {5} (2)}nez cannot be normal in D;, and hence the
larger family I' cannot be normal there either. This contradiction proves
the result.

From the preceding theorem we may deduce the following formulation.

Theorem 5.5.11 Let T be a discrete group of linear transformations. Then
T’ is discontinuous at each point z which is covered by a disk D such that
D(D) omits at least two points of C. Furthermore, I' is discontinuous on
an open set S if I(S) C S and S omits two points.

Thus the modular group M, which is obviously discrete, is discontinuous
throughout ‘H.. and H_.

In the event I'(D) covers @, as is the case for the Picard group, then
we have seen that the result no longer holds. The whole matter of when
a discrete group is discontinuous has been taken a step further with a
theorem of Larcher [1963]: A discrete group of linear transformations T is
discontinuous if and only if there is a disk D such that T'(D) omits at least
one point of C. Part of Larcher’s argument invokes the foregoing two-point
criterion.

As consequence of this result we have

Corollary 5.5.12 If all the members of a discrete group I' are analytic in
a domain €2, then I’ is discontinuous.
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Corollary 5.5.13 If I is a discrete group of automorphisms of a domain
Q £ C, then I' is discontinuous.

There is another notion in the literature (cf. Ford [1951], p. 35, Behnke
and Sommer [1965], p. 513) connected with a transformation group be-
ing discontinuous, and that is the notion of being properly discontinuous.
Indeed, the two concepts are equivalent.

Definition 5.5.14 A group of linear transformations T' is called properly
discontinuous if there is a point o and a neighbourhood N, of a such
that for each T € T', T # I, T(a) ¢ N,. A point possessing this property
is referred to as a standard point.

Theorem 5.5.15 A group of linear transformations I' is discontinuous if
and only if it is properly discontinuous.

Proof. First suppose that I is discontinuous, and let a be an ordinary point
which is not fixed by any member of I'. As there are uncountably many
ordinary points (which follows from Theorem 5.5.10) and only countably
many transformations, each with at most two fixed points, such a point
a surely exists. Since I'(a) does not accumulate at « and T'(e) # a, for
T eI, T # 1, it follows that « is a standard point, that is, I" is properly
discontinuous.

Conversely, assume I' is properly discontinuous, and that the standard
point is & = 00. We prove that [' is discrete, and normal at oco. If I is not
discrete, then there is a sequence of distinct T, € I' satisfying T),(z) — =
for all z. Then T),(co) — oo contradicting the fact that co is a standard
point.

To prove the normality of I' at co, observe that the hypothesis implies
that for any sequence {T,} C I, |Ty(c0)| = |av/c| < M, [T} (c0)| =
|d./c] < M, for some M. In a neighbourhood N = {|z| > 2M}, we have
for :

aty 1 byCV - alydy
T {2) = = o e e
(2) c, + 2 z+d,/c,
that ) ' ) .
Qy
T, < | ./ [ p—
L@\ Tz mrare =M e

Since I' is properly discontinuous, it is an elementary fact that |c,| — o0
(cf. Ford [1951], pp. 40-41). Therefore, [T, (z)| < M; for all z € N, ie,, T
is bounded in a neighbourhood of infinity, and the normality follows.
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Appendix

Quasi-Normal Families

This notion was introduced by Montel [1922], and while not as far-reaching
as the concept of normal families, has some worthwhile consequences. We
develop only the most salient features, although much of the normal family
theory can be generalized to this setting. Refer to Montel [1924, 1927],
Valiron [1929], for further details, or the very informative Commentary by
Valiron in Selecta [1947).

Definition A.1 Let F be a family of analytic (meromorphic) functions on
a domain ). Then F is quasi-normal on ) if every sequence of functions
{fn} C© F contains a subsequence which converges uniformly (spherically
uniformly) on compact subsets of 2 — Q, where Q is a (possibly empty)
finite set of points of 2. This set @ of exceptional points may vary with
the particular sequence and constitules the set of irregular points.

The convergence is either to an analytic (meromorphic) function or to
the function = oo on 2 — Q. If the set of irregular points never surpasses
g in number, yet for some sequence there are g such points, then ¢ is the
order of the quasi-normal family. We first treat quasi-normal families of
analytic functions.

Proposition A.2 Let F be o quasi-normal family of analytic functions
on §) and suppose that a sequence {fn} C F contains a subsequence {fn,}
which converges uniformly on every compact subset of Q@ — Q, but not on
any compact subset containing points of @, where Q) is a nonempty finite
set. Then the limit function of the subsequence must be = 0o on 2 — Q.

Proof. Suppose that the limit function f(z) is in fact analytic on 2 — Q.
Choose zp € @ and take a small circle C, : |z — 25| = r in 2, where C,
contains no other points of (). Since f,, — f uniformly on C,, we can
deduce from the Weierstrass Theorem (§1.4) that f,, — f uniformly on
K (z0; %), a contradiction. Thus f must be = oo.

Example A.3 Define F = {Az: A € C} for z € U. If {)\,} is a sequence
with A, — Ag, then A,z — Agz uniformly in U, that is, in this instance
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Q = . However, if A, = n, then {nz} converges to co uniformly on
compact subsets of U — {0}. Whence F is quasi-normal of order 1, with the
origin as the sole irregular point.

More generally,
F = {AP(2) : P(2) a polynomial of degree ¢, A € C}

is quasi-normal of order g, with g irregular points at the zeros of P(z).
In order to prove an analogue of the FNT, we further require

Proposition A.4 Let {f,} be a sequence in a quasi-normal family F on
Q. Suppose that for some fired 2y € §), no subsequence of {fn,} converges
uniformly on any compact subset of } containing zy. Then, if a € € and
N is a fized neighbourhood of zy, each of the equations fn(z) = a has a
root in N, for all sufficiently large n.

Proof. Assume that the conclusion does not hold. Then there is a number
a € € and a neighbourhood N = K(zg;7) C §2, as well as a subsequence
{¢n} C {fn} such that ¢,(2) = a has no root in N. From the sequence
{¢n} we can extract a subsequence {¢n,} which converges uniformly on
compact subsets of Q — Q, for some finite set @ of irregular points. Since
29 € Q, Proposition A.2 implies ¢,, — oo uniformly on compact subsets
of Q@ — @, in particular on the circle C, : |z — 29| = r. Then the function

1
gbnk (z) —a
is analytic in D(2p;r) and tends to zero uniformly on C;.. By the Maximum

Modulus Principle, ¥ — 0 uniformly in D(zg;7), i.e., ¢p, — oo uniformly
in D{zp;r), contradicting the hypotheses.

Pr(2) =

For a family to be quasi-normal, there is the following version of the
Fundamental Normality Test (§2.7).

Theorem A.5 Let F be a family of analytic functions on a domain Q
which do not take a value a € € more than g times, nor a value b€ ©
more than p times. Then F is quasi-normal of order < min{p, ¢}.

Proof. Without loss of generality, assume that a = 0, b = 1. Choose a se-
quence {f,} € F, and let z; in  be a point of accumulation of the zeros
of the f,’s if such a point interior to @ exists. From {f,} extract a subse-
quence {fa, }, each function of which has a zero in some fixed arbitrarily
small closed disk A centred about z;. Suppose that there is in 2 a second
point of accumulation 2y of the zeros of the functions {f.,}. We may as-
sume that zo is exterior to Ay, since removing if needs be a finite number
of terms at the beginning of the sequence {f., }, we may take the radius
of Ay as small as we like. Place a closed disk As C ) about zp exterior
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to Aj. From {f,,} extract a subsequence {fg,} each of whose functions
has at least one zero in Ay. We may have to go on in this manner finding
q' < g points 21, 23, ..., 2y, and a subsequence {f,,_} whose functions each
have a zero in the disks Ay, Ay, ..., Ay.

Next, let {2’ be a relatively compact subdomain with {/ C © and Ug;lAi
C . Set ' =/ — UL, A;. Then {f,,} has only a finite number of zeros
in 2", so that for sufficiently large n, {f), } has no zeros in .

Starting with {f\, }, repeat the above procedure with respect to the roots
of the equation

f,\n (Z) =1.

We obtain p’ < p points {3,¢s,...,{y (some of which may coincide with
the points z;) and a subsequence {f,,}, each of whose functions has a root
of fu.(#) = 1 in a small neighbourhood about the points (1, (..., p-
Since { f,,, } may be assumed to have no zeros in 2", and each function takes
the value 1 at most p times, the Generalized Normality Test (§2.7) implies
there is a subsequence {f,_} converging uniformly on compact subsets of
Q.

There are two cases to consider.

(i) The limit function is analytic in £2”. As in the proof of Proposition
A.2, we deduce that {f,, } converges to an analytic function on each of the
disks A;. Therefore {f,, } converges to an analytic function on compact
subsets of ' and likewise on compact subsets of 2.

(ii) The limit function is identically co on ©”. Then {f,_} indeed con-
verges uniformly to co on any compact subset of @ — {z1,..., 2y }. This is
a consequence of the fact that we can make the disk A; surrounding each
z; arbitrarily small, by going sufficiently far out in the sequence {f,_} for
the desired convergence.

As no irregular points arise from (i), we need only consider (ii) further.
We claim that the only irregular points come from the points in common
between the z; and (;, that is, if z; is distinct from all the (;, then z;
is not an irregular point. Indeed, suppose that no subsequence of {f, }
converges uniformly on any compact subset of Q containing’z; (i.e., 2; is
an irregular point). Mimicking the proof of Proposition A.4 we can show
that for all sufficiently large n, f,_(z) = 1 has a root in a neighbourhood
of z;. However, if z; is distinct from all the ¢; there can be no such root
for all sufficiently large n. This proves the assertion. We conclude that F
is quasi-normal and any irregular point must be one in common with some
z; and (;, so that the order is at most min{p, g}.

Other criteria for a family to be quasi-normal can be found in the thesis
of Marty [1931] and in Montel [1936, 1939]. A particular class of irregular
points, namely those of infinite order, has been studied by Saxer [1930].
These are engendered by the Proposition A.4: An irregular point ¢ is an
irreqular point of order y if there exists an infinite number of functions f(z)
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of the family such that f(z) — a has, for every given a € C, at least y zeros
in a neighbourhood of ¢, and if there is only a finite number of functions
f(z) for which f(z)—a has more than p zeros in the neighbourhood of ¢. In
the contrary case, ¢ has infinite order. For other work on irregular points,
see Ostrowski [1926] and Leau [1932], Section 6.

It is often useful to know when a quasi-normal family is actually normal.
To this end we have

Theorem A.6 Let F be a quasi-normal family of anlytic functions in a
domain §} of order at most q. If the functions of F are bounded at g+ 1
points, then F is normal.

Proof. Consider a sequence {f,} C F. We can find a subsequence {fy, }
which converges uniformly to an analytic function, or coverges uniformly
to o0, on compact subsets which omit at most ¢ irregular points. However,
by assumption there must be at least one nonirregular point at which all
the f,, are bounded, that is, there can be no irregular points with respect
to {fn,} in view of Proposition A.2, and so F is normal.

Furthermore, in this regard there is

Theorem A.7 Suppose that F is a quasi-normal family of analytic func-
tions in €1, each of which does not take a fized value w &€ € more than g
times. If the values of each f € F and the first q derivatives are all bounded
at some one point in Q, then F is a normal family.

Proof. Without loss of generality we may take w = 0, and the point
in 2 where f and its first ¢ derivatives are bounded as the origin. As
in the preceding proof, we show that there can be no irregular points by
demonstrating that no sequence of functions {f,} can tend to co on the
complement of a finite set of points.

In fact, suppose that {f,} converges to co uniformly on compact subsets
which omit the irregular points. Let C be an arbitrarily small circle centred
about the origin and consider the Taylor expansion for each f,

fu(z) = at(ln)+a§n)z+'--+a§,n)zq+afﬁr)1zq+1+..,

where P, (%) = a(()n) +a{z+.. .+ a2, go(2) = ag:_)lzq"'l +...

By hypothesis, the coefficients a((}n), . ,aén) are bounded for each n,
that is, |Pr(2)| < M, z € C, all n. Moreover, taking n sufficiently large,
z € C, we also have |f,(2)| > M, ie., |Po(2)] < |fu(?)|, z € C. By
Rouche’s theorem, f, and g, have the same number of zeros inside C. But

gn(z) = ag_’;_)lzq“'“l + ... has at least ¢ + 1 such zeros, whereas f, has at
most g, and this contradiction yields the normality of F.
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Corollary A.8 Consider the functions whose first g + 1 terms are given
by
flz)=ap+arz+ ... +a294+.. . +a,2"+...,

which are analytic n |z| < R and which take the value 0 no more than q

[f() <M,  |z| <6R,
where M = M(8,ap,a1,...,0q).

In fact, by Theorem A.5 the family of such functions is quasi-normal,
and by the preceding theorem it is normal. The result then follows as in
the proof of Schottky’s theorem (§2.8), which is the special case p = g = 0.
A similar result was proved by Bieberbach [1922].

Other applications of the theory of quasi-normal families can be found in
the works of Montel and Valiron mentioned earlier, as well as in Saxer [1928]
concerning Picard’s theorems, Cartwright [1935b] on precise inequalities in
function theory, and Montel [1937] in a study of local valence.

Meromorphic Families. In discussing quasi-normal families of mero-
morphic functions, a significant difference arises in contrast with the ana-
lytic case regarding the conclusion of Proposition A.2. In the present cir-
cumstance, the set () of irregular points may be nonvoid, yet a subsequence
may converge to a meromorphic function on compact subsets exterior to
Q.

For example, consider the sequence of functions

g(z) — f(=)

() = £+ T

where f(z) and g{z) are two distinct analytic functions and P(z) a poly-
nomial. Then f, — f uniformly on compact subsets exterior to the roots
of P(z), whereas f, — g at the roots of P(z).

In spite of this difference, there is a meromorphic version of Theorem
A.5 which is proved in a similar fashion (Montel [1927], p. 149).

Theorem A.9 Let F be a family of meromorphic functions on a domain
Q which do not take a value a more than p times, a value b more than
q times, nor a value ¢ more than r times, with p > q¢ > r. Then F 1is
quasi-normal of order at most gq.

Investigations into families of meromorphic functions (termed hyponor-
mal) having a set of irregular points which is no longer finite, but of zero
linear measure, have been carried out by Bloch [1926¢].
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