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Question 1 [15 marks]

(a) Use mathematical induction to prove that n® < n! for all integers n > 6.
(Hint: You need to show and use the inequality (k +1)? < k3 for k > 3.)

(b) The Fibonacci sequence is defined by
fl = 1, f2: 1, fn+2 :fnJr]__'_fn fOl" allnz 1.
Use strong mathematical induction to prove that 2f,, + 3f,+1 = fnya for all n € ZT.

(c) Suppose you want to prove P(n) is true (only) for all integers n > 7 that are not divisible by 4
using a version of mathematical induction as follow:

(i) Basis step: P(a), P(b), P(c) are true; and
(ii) Inductive step: (V k € Z*) P(k) — P(k + d) is true.

Write down the values for a, b, ¢, d.

Show your working below and on the next page.
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(More working spaces for Question 1)

Continue on page 16-17 if you need more space. Please indicate clearly.
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Question 2 [15 marks]

(a) Define sets A and B as follows:
A={ne€Z|n=6r—1 for some integer r} and
B={m €Z|m=3s+ 2 for some integer s}.

Prove A C B using element method.

(b) Let A, B,C be three subsets of a universal set. Use algebra of sets to prove that

(A-B)U(C—-B)=(AUC) - B.
State the properties (laws) that you use for your steps.

(c) Let S ={1,2,3} and T = {a, b}.
List down all the elements in the set {4 € P(S x T) | |A] = 5}.
(Here P(S x T') denotes the power set of the Cartesian product S x 7'.)

Show your working below and on the next page.
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(More working spaces for Question 2)

Continue on page 16-17 if you need more space. Please indicate clearly.
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Question 3 [20 marks]

2
(a) Define a function f: R — {2} — R — {1} by the formula f(z) = ii_ 9

Prove that f is a bijection and find the inverse function 1.

(b) Let F: R — R be defined by F(z) = 2? and G : R — R be defined by G(z) = sin(z).
Find the ranges of F'o G and G o F', and the inverse image of 0 under G o F.

(c¢) Let A= {u,v} and B = {z,y, z}. How many pairs of functions p: A - Band ¢: B — A
are there such that u € A has two preimages in B under ¢ and q o p = 4 (the identity
function on A)?

Use arrow diagrams to list all such pairs.

Show your working below and on the next page.
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(More working spaces for Question 3)

Continue on page 16-17 if you need more space. Please indicate clearly.
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Question 4 [15 marks]

(a) Find relations R; and Ry on the set A = {a,b} such that

(i) R; is not reflexive, not symmetric, but is transitive;

(ii) Rs is not reflexive, not transitive, but is symmetric.

Give your answers as ordered pair representation and briefly justify your answers.

(b) Given a partition P = {{1,4},{2,3,5}} of the set B = {1,2,3,4,5}. Write down the
equivalence relation R on B induced by the partition P. How many different equivalence
classes does R have?

(¢) Determine whether the relation S on Z defined by
x S y if and only if 2% > y

is reflexive, symmetric and transitive. Justify your answers.

Show your working below and on the next page.
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(More working spaces for Question /)

Continue on page 16-17 if you need more space. Please indicate clearly.
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Question 5 [15 marks]

(a) Find ged(378,144) using Euclidean algorithm. Show your steps clearly.
(b) Find the remainder of 44'% when it is divided by 7. Show your working clearly.

(¢) Rewrite the congruence equation z2 + 2z +3 =0 mod 6 in terms of congruence classes of
Zg. Use that to solve the above congruence equation.

Show your working below and on the next page.

o= 11—
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(More working spaces for Question 5)

Continue on page 16-17 if you need more space. Please indicate clearly.

. 12—
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Question 6 [10 marks]

(a) If ged(a,b) = 1, what are the possible values for ged(a + b,a — b)? Justify your answer.

(b) Prove that for any integer a, if a and 35 are relatively prime, then a'> =1 mod 35.

Show your working below and on the next page.

So— 13—
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(More working spaces for Question 6)

Continue on page 16-17 if you need more space. Please indicate clearly.
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Question 7 [10 marks]
Let Ay = Z%, Ay = {V/2,2v/2,3V2, ...}, As = {/3,2V/3,3V3,.. .} etc.
(i) Is A,, countable for every n?

100
(i) Is U A,, countable?

n=1

(iii) Is U A,, countable?

n=1

Justify your answers.

Show your working below and on the next page.

.o — 15—
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(More working spaces for Question 7)



Continue on page 16-17 if you need more space. Please indicate clearly.
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(Additional working spaces for ALL questions - indicate your question numbers clearly.)

- 17—
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(Additional working spaces for ALL questions - indicate your question numbers clearly.)

[END OF PAPER]



