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Question 1 [15 marks]

(a) Use mathematical induction to prove that n3 < n! for all integers n ≥ 6.
(Hint: You need to show and use the inequality (k + 1)2 ≤ k3 for k ≥ 3.)

(b) The Fibonacci sequence is defined by

f1 = 1, f2 = 1, fn+2 = fn+1 + fn for all n ≥ 1.

Use strong mathematical induction to prove that 2fn + 3fn+1 = fn+4 for all n ∈ Z+.

(c) Suppose you want to prove P (n) is true (only) for all integers n ≥ 7 that are not divisible by 4
using a version of mathematical induction as follow:

(i) Basis step: P (a), P (b), P (c) are true; and

(ii) Inductive step: (∀ k ∈ Z+) P (k) → P (k + d) is true.

Write down the values for a, b, c, d.

Show your working below and on the next page.

(a) Let P (n) : n3 < n!.

Basis step: P (6)

63 = 216 and 6! = 720 > 63.

So P (6) is true.

Inductive step: Suppose P (k) is true where k ≥ 6 (i.e. k! > k3).

To show P (k + 1) is true.

First of all, note that (k+1)2 = k2 +2k+1 < k2 + k2 + k2 = 3k2 ≤ k3 (∗) when k ≥ 3.

Now

(k + 1)! = (k + 1)k!

> (k + 1)k3 induction hypothesis

> (k + 1)(k + 1)2 by (*)

= (k + 1)3

By induction, we have shown n! > n3 for all n ≥ 6.

(b) Let P (n) : 2fn + 3fn+1 = fn+4.

Basis step: P (1) and P (2)

2f1 + 3f2 = 2 + 3 = 5 = f5. So P (1) is true.

2f2 + 3f3 = 2 + 6 = 8 = f6. So P (2) is true.

Inductive step: Suppose P (1), P (2), . . . , P (k) are true for k ≥ 1.

To show P (k + 1) is true.

2fk+1 + 3fk+2

= 2(fk−1 + fk) + 3(fk + fk+1)

= (2fk−1 + 3fk) + (2fk + 3fk+1)

= fk+3 + fk+4 by P (k − 1) and P (k) of the hypothesis

= fk+5

By strong induction, we have shown 2fn + 3fn+1 = fn+4 for all n ∈ Z+.

(c) a = 7, b = 9, c = 10, d = 4.

· · · − 3−
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(More working spaces for Question 1)

Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 4−
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Question 2 [15 marks]

(a) Define sets A and B as follows:
A = {n ∈ Z | n = 6r − 1 for some integer r} and
B = {m ∈ Z | m = 3s+ 2 for some integer s}.
Prove A ⊆ B using element method.

(b) Let A,B,C be three subsets of a universal set. Use algebra of sets to prove that

(A−B) ∪ (C −B) = (A ∪ C)−B.

State the properties (laws) that you use for your steps.

(c) Let S = {1, 2, 3} and T = {a, b}.
List down all the elements in the set {A ∈ P(S × T ) | |A| = 5}.
(Here P(S × T ) denotes the power set of the Cartesian product S × T .)

Show your working below and on the next page.

(a) Let n ∈ A. Then

n = 6r − 1 for some integer r

= 3(2r)− 1

= 3(2r − 1) + 3− 1

= 3(2r − 1) + 2 where 2r − 1 ∈ Z

So n ∈ B.

Hence A ⊆ B.

(b)

LHS = (A−B) ∪ (C −B)

= (A ∩Bc) ∪ (C ∩Bc) (Relative complement as intersection)

= (A ∪ C) ∩Bc (Distributive law)

= (A ∪ C)−B (Intersection as relative complement)

= RHS

(c) S × T = {(1, a), (1, b), (2, a), (2, b), (3, a), (3, b)}.
There are 6 subsets of S × T with 5 elements:

• {(1, a), (1, b), (2, a), (2, b), (3, a)}
• {(1, a), (1, b), (2, a), (2, b), (3, b)}
• {(1, a), (1, b), (2, a), (3, a), (3, b)}
• {(1, a), (1, b), (2, b), (3, a), (3, b)}
• {(1, a), (2, a), (2, b), (3, a), (3, b)}
• {(1, b), (2, a), (2, b), (3, a), (3, b)}

· · · − 5−
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(More working spaces for Question 2)

Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 6−
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Question 3 [20 marks]

(a) Define a function f : R− {2} → R− {1} by the formula f(x) =
x+ 2

x− 2
.

Prove that f is a bijection and find the inverse function f−1.

(b) Let F : R → R be defined by F (x) = x2 and G : R → R be defined by G(x) = sin(x).
Find the ranges of F ◦G and G ◦ F , and the inverse image of 0 under G ◦ F .

(c) Let A = {u, v} and B = {x, y, z}. How many pairs of functions p : A → B and q : B → A
are there such that u ∈ A has two preimages in B under q and q ◦ p = IA (the identity
function on A)?
Use arrow diagrams to list all such pairs.

Show your working below and on the next page.

(a) To show f is injective:

Let x, y ∈ R− {2} such that f(x) = f(y).

x+ 2

x− 2
=

y + 2

y − 2
⇒ (x+ 2)(y − 2) = (x− 2)(y + 2)

⇒ xy − 2x+ 2y − 4 = xy + 2x− 2y − 4

⇒ 4y = 4x

⇒ x = y

Hence f is injective.

To show f is surjective:

Let y ∈ R− {1}. Choose x = 2y+2
y−1

.

Then f(x) = f

(
2y + 2

y − 1

)
=

(
2y+2
y−1

)
+ 2(

2y+2
y−1

)
− 2

=
2y + 2 + 2(y − 1)

2y + 2− 2(y − 1)
=

4y

4
= y.

Hence f is surjective.

To find f−1 : R− {1} → R− {2}:
Let x+2

x−2
= y.

Then x+ 2 = y(x− 2) ⇒ x+ 2 = xy − 2y ⇒ 2y + 2 = xy − x ⇒ 2y+2
y−1

= x.

So f−1(x) = 2x+2
x−1

define the inverse of f .

(b) (F ◦G)(x) = (sin x)2. Range of F ◦G is [0, 1].

(G ◦ F )(x) = sin(x2). Range of G ◦ F is [−1, 1].

Inverse image of 0 under G ◦ F : {x ∈ R | x =
√
kπ, where k ∈ Z+ ∪ {0}},

or {0,
√
π,

√
2π,

√
3π, . . .}.

· · · − 7−



PAGE 7 MA1100

(More working spaces for Question 3)

(c) There are 6 of them, given by the arrow diagrams below.

Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 8−
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Question 4 [15 marks]

(a) Find relations R1 and R2 on the set A = {a, b} such that

(i) R1 is not reflexive, not symmetric, but is transitive;

(ii) R2 is not reflexive, not transitive, but is symmetric.

Give your answers as ordered pair representation and briefly justify your answers.

(b) Given a partition P = {{1, 4}, {2, 3, 5}} of the set B = {1, 2, 3, 4, 5}. Write down the
equivalence relation R on B induced by the partition P . How many different equivalence
classes does R have?

(c) Determine whether the relation S on Z defined by

x S y if and only if x2 ≥ y

is reflexive, symmetric and transitive. Justify your answers.

Show your working below and on the next page.

(a) (i) R1 can be {(a, b)}.
Since (a, a) ̸∈ R1, it is not reflexive.

Since (a, b) ∈ R1 but (b, a) ̸∈ R1, it is not symmetric.

Since there are no pairs of the form (x, y), (y, z) in R1, so it is transitive.

Other possible answers: {(b, a)}, {(a, a), (a, b)}, {(a, a), (b, a)}, {(b, b), (a, b)}, {(b, b), (b, a)}.
(ii) R2 can be {(a, b), (b, a)}.

Since (a, a) ̸∈ R2, it is not reflexive.

Since (a, b) ∈ R2 ⇔ (b, a) ∈ R2, it is symmetric.

Since (a, b), (b, a) in R2, but (a.a) ̸∈ R2, so it is not transitive.

Other possible answers: {(a, a), (a, b), (b, a)}, {(b, b), (a, b), (b, a)}.

(b) R = {(1, 1), (1, 4), (4, 1), (4, 4), (2, 2), (2, 3), (2, 5), (3, 2), (3, 3), (3, 5), (5, 2), (5, 3), (5, 5)}.
R has two different equivalent classes: [1] and [2].

(c) S is reflexive: n2 ≥ n for all n ∈ Z. So n S n.

S is not symmetric: 2 S 1 (as 22 ≥ 1), but 1 ̸ S 2 (as 12 < 2).

S is not transitive: 2 S 3 (as 22 ≥ 3), and 3 S 8 (as 32 ≥ 8), but 2 ̸ S 8 (as 22 < 8).

· · · − 9−
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(More working spaces for Question 4)

Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 10−
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Question 5 [15 marks]

(a) Find gcd(378, 144) using Euclidean algorithm. Show your steps clearly.

(b) Find the remainder of 44100 when it is divided by 7. Show your working clearly.

(c) Rewrite the congruence equation x2 +2x+3 ≡ 0 mod 6 in terms of congruence classes of
Z6. Use that to solve the above congruence equation.

Show your working below and on the next page.

(a)

378 = 144× 2 + 90

144 = 90× 1 + 54

90 = 54× 1 + 36

54 = 36× 1 + 18

36 = 18× 2

So gcd(378, 144) = 18.

(b) 44 ≡ 2 | 7 and 23 ≡ 1 mod 7.

So 44100 ≡ 2100 ≡ 23×33+1 = (23)33 × 2 ≡ (1)33 × 2 ≡ 2 mod 7.

So the remainder of 44100 is 2 when divided by 7.

(c) x2 + 2x+ 3 ≡ 0 mod 6 gives [x]26 + [2]6[x]6 + [3]6 = [0]6.

x = 0 : [0]26 + [2]6[0]6 + [3]6 ̸= [0]6
x = 1 : [1]26 + [2]6[1]6 + [3]6
x = 2 : [2]26 + [2]6[2]6 + [3]6 ̸= [0]6
x = 3 : [3]26 + [2]6[3]6 + [3]6
x = 4 : [4]26 + [2]6[4]6 + [3]6 ̸= [0]6
x = 5 : [5]26 + [2]6[5]6 + [3]6 ̸= [0]6

So the solutions are [x]6 = [1]6 and [3]6, and hence x ≡ 1 or 3 mod 6.

· · · − 11−
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(More working spaces for Question 5)

Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 12−
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Question 6 [10 marks]

(a) If gcd(a, b) = 1, what are the possible values for gcd(a+ b, a− b)? Justify your answer.

(b) Prove that for any integer a, if a and 35 are relatively prime, then a12 ≡ 1 mod 35.

Show your working below and on the next page.

(a) Let d = gcd(a+ b, a− b).

Then d | a+ b and d | a− b.

So d | (a+ b) + (a− b) which gives d | 2a and hence 2a = dk for some integer k.

Also d | (a+ b)− (a− b) which gives d | 2b and hence 2b = dh for some integer h.

Since gcd(a, b) = 1, we have 1 = am+ bn for some integers m,n.

Then 2 = 2am+ 2bn = dkm+ dhn = d(km+ hn).

Hence d can only be either 1 or 2.

When a = 2, b = 1, gcd(a+ b, a− b) = gcd(3, 1) = 1.

When a = 3, b = 1, gcd(a+ b, a− b) = gcd(4, 2) = 2.

Hence both 1 and 2 are possible values for gcd(a+ b, a− b).

(b) Given a and 35 are relatively prime, so 5 - a and 7 - a.
By Fermat’s little theorem,

a4 ≡ 1 mod 5 ⇒ (a4)3 ≡ 1 mod 5 ⇒ a12 ≡ 1 mod 5 ⇒ 5 | (a12 − 1).

a6 ≡ 1 mod 7 ⇒ (a6)2 ≡ 1 mod 7 ⇒ a12 ≡ 1 mod 7 ⇒ 7 | (a12 − 1).

Since gcd(5, 7) = 1, we have (5× 7) | (a12 − 1).

Hence we obtain a12 ≡ 1 mod 35.

· · · − 13−
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(More working spaces for Question 6)

Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 14−
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Question 7 [10 marks]

Let A1 = Z+, A2 = {
√
2, 2

√
2, 3

√
2, . . .}, A3 = {

√
3, 2

√
3, 3

√
3, . . .} etc.

(i) Is An countable for every n?

(ii) Is
100∪
n=1

An countable?

(iii) Is
∞∪
n=1

An countable?

Justify your answers.

Show your working below and on the next page.

(i) An is countable for every n.

Define f : Z+ → An by f(m) = m
√
n.

Since f is a bijection, so An is countable.

(ii)
100∪
n=1

An is countable.

By (i), we have An is countable for all n; and from a known result, union of two countable
sets is countable.

Now we use induction to show
N∪

n=1

An is countable for any N ∈ Z+.

Basis step:
1∪

n=1

An = A1 is clearly countable.

Inductive step: Suppose
k∪

n=1

An is countable.

Then
k+1∪
n=1

An =
k∪

n=1

An ∪ Ak+1 is the union of two countable sets, which is countable.

Hence we have proven
N∪

n=1

An is countable for any N .

In particular,
100∪
n=1

An is countable.

· · · − 15−
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(More working spaces for Question 7)

(iii) Construct a table as follow (we omit An where n is a perfect square, since for such n,
An ⊆ A1).

A1 1 2 3 4 · · ·
A2

√
2 2

√
2 3

√
2 4

√
2 · · ·

A3

√
3 2

√
3 3

√
3 4

√
3 · · ·

A5

√
5 2

√
5 3

√
5 4

√
5 · · ·

...
...

...
...

...

Order the elements in the table similar to that of the “Q+- table”, as shown in the
diagram.

Then this will define a bijection from Z+ to
∞∪
n=1

An



Continue on page 16-17 if you need more space. Please indicate clearly.

· · · − 16−
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(Additional working spaces for ALL questions - indicate your question numbers clearly.)

· · · − 17−
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(Additional working spaces for ALL questions - indicate your question numbers clearly.)

[END OF PAPER]


