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Question 1 [15 marks]

(a) Use Mathematical Induction to prove the following statement:

For all integers n ≥ 1, 3 + 32 + · · ·+ 3n =
3n+1 − 3

2
.

(b) A sequence s1, s2, . . . , sn, . . . is defined recursively as follows:

s1 = 4

s2 = 8

sn = 5sn−1 + (sn−2)
2 for all integers n ≥ 3

Use a version of Mathematical Induction to prove that sn is divisible by 4 for all

n ∈ Z+.

Show your working below and on the next page.

· · · − 3−
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(More working spaces for Question 1)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 4−
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Question 2 [15 marks]

Let A = {2, 3, 4, 5, 6, 7, 8} and define a relation ∼ on A as follows:

For all x, y ∈ A, x ∼ y if and only if 3 | (x− y).

(a) Is 7 ∼ 2? Is 2 ∼ 5? Is 8 ∼ 8? Explain your answers briefly.

(b) Write down the ordered pair representation of the relation ∼.

(c) Show that ∼ is an equivalence relation.

(d) Write down explicitly all the equivalence classes of ∼.

Show your working below and on the next page.

· · · − 5−



PAGE 5 MA1100

(More working spaces for Question 2)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 6−
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Question 3 [15 marks]

Let f : R→ R be a function defined by f(x) = 16x− 5

and g : Z→ Z be a function defined by g(x) = 16x− 5.

(a) Show that f is a bijection.

(b) Find the inverse function f−1.

(c) Is g an injection? Justify your answer.

(d) Is g a surjection? Justify your answer.

Show your working below and on the next page.

· · · − 7−
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(More working spaces for Question 3)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 8−
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Question 4 [15 marks]

(a) Use Euclidean Algorithm to find gcd(284, 168).

(b) Rewrite the following set {n ∈ Z | n = 284x + 168y for some x, y ∈ Z} with a set

builder notation in terms of congruence modulo.

(c) Find the smallest positive integer x such that 284x + 168y = 4 for some integer y.

Justify your answer.

Show your working below and on the next page.

· · · − 9−
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(More working spaces for Question 4)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 10−
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Question 5 [10 marks]

(a) Determine all possible congruence classes in Z7 that are squares [n]27 of some con-

gruence class [n]7 in Z7.

(b) Use part (a) to prove that, for all n,m ∈ Z, if n2 + m2 ≡ 0 mod 7, then n and m

are both divisible by 7.

(c) Is it true that, for all a, b, c ∈ Z, if a2 + b2 + c2 ≡ 0 mod 7, then a, b, c are all

divisible by 7? Justify your answer.

Show your working below and on the next page.

· · · − 11−
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(More working spaces for Question 5)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 12−
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Question 6 [10 marks]

Let U be a non-empty set and S(U) be the set of all non-empty subsets of U . Define a

relation ∼ on S(U) as follows:

For A,B ∈ S(U), A ∼ B if and only if there exists a bijection f : A → B.

(a) Show that ∼ is an equivalence relation.

(b) If U = Z3, how many different equivalence classes on S(U) are there determined by

∼? Justify your answer.

Show your working below and on the next page.

· · · − 13−
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(More working spaces for Question 6)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 14−
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Question 7 [10 marks]

Let A and B be two non-empty subsets of some universal set U . Let f : A → A and

g : B → B be two functions such that f(x) = g(x) for all x ∈ A ∩B.

Define the function h : (A ∪ B) → (A ∪ B) by h(a) = f(a) for all a ∈ A and h(b) = g(b)

for all b ∈ B.

(a) Suppose f and g are surjections. Is it necessary that h is a surjection?

(b) Suppose f and g are injections. Is it necessary that h is an injection?

Justify your answers clearly.

Show your working below and on the next page.

· · · − 15−
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(More working spaces for Question 7)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 16−
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Question 8 [10 marks]

(a) Show that, if p is a prime number greater than 3, then 2p + 1 and 4p + 1 cannot be

both prime numbers.

(b) For any positive integer n, let d(n) be the number of positive divisors of n.

Show that d(n) ≤ 2
√

n for all n ∈ Z+.

Show your working below and on the next page.

· · · − 17−
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(More working spaces for Question 8)

Continue on page 18 - 19 if you need more space. Please indicate clearly.

· · · − 18−
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(Additional working spaces for ALL questions - indicate your question numbers clearly.)

· · · − 19−
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(Additional working spaces for ALL questions - indicate your question numbers clearly.)

[END OF PAPER]


