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BRAETSEE LR (W §6.2.3 FIVEN 1), IR #E) 26 BRI A A1)
TH0. R A EAA LA F.

3
BigR 9.5 | (22 —22+43)dr = |22dz—2|zdz+3|de = EZ — 22+ 32+ C.
3

F R B E R =00 5 SR A E R R AN, E R &R
REG—MEBW . XAAERD LA I RRE 25 5 BRI

ﬁ“mﬁQGJ 21 dx—J(l—in_l)dex—arctanx—i—C.

BiIgR 9.7 JCOSQ%dx:J'H%dI:%—F%SiDI—FC.

9.1.5 I

Bl 9.8 XEANH—FIIE, WFEH
Jf(u)du:F(u)—i-C,
ks
Jf(ax—l—b)dx: %F(ax—l—b)—i—C’.

P G A T LS A AL . A A ERR M0 5 P dae BT LA R 2 4Z:
Jf(aac +b)da = %Jf(ax—i—b)d(a:v +0)

- %Jf(u) du  (BFEHA u=az +b)
- %F(@ +C (CHEHP u=az+b)

:%F(am—i—b)—l—C’. O
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N XA THER LM T
B de? _ 1 _
B 9.9 J e _J L d@+1) =lje+1]+C. O
filE 9.10 J51n3xdx— %J sin 3z d(3x) ——cos3x—|—C O
fIgE 9.11 Je_% J ¢ Td-L)=-2"2 10 O
dx dx d(z —1)
|2 . = = .
1§JEEQ:[2J‘J:2—2:17—1-5 J(z—1)2+22 J(:z:—l)2+22
_ 1 z—1
=3 arctan 5 +C. O
BigE 013 | ——TT—
z(1— )
:J d(z - )
[P -
= arcsin ——— + C =arcsin2e —1)+C. O
2

g“ﬂ 9.14 i/_Fﬁ I: J%dl’

1 RXRRAEDAREAERD W — DG, H— ek §9.3.2

FRIEEAT, ﬁiﬁ'ﬁﬁl_ﬁ/\ﬁ{ﬂ P—FEET %, HRE.

FESP BER = A — R B [ RARIT, W] LUK AR B IR F, & =AM e

W

__2*+3 A, B C
z(x+ 1)(x+2) T z+1 z+2°

BAUH="0RE0, 2T A
A(x +1)(z +2) + Bx(x + 2) + Cx(z + 1)
=(A+B+C)2” + (3A+2B + O)x + 24,
¥ EXFE T LT 22 + 3, SRR T A, B, C RWEMERETT A
A+B+O_1 344+2B+C =0, 24 =3,

RIEMRIE A== B=-4C= iéL‘IBLﬁE%X#H%@*%ﬁETE*

ﬁ%ﬂ?ﬁ&%ﬁ*ﬁ@%ﬁﬁﬁﬁﬁ éﬂ, THHEEATRER— AL
I THERIEE

(9.2)
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N
v

8 FAFE

_[(3/2, -4 7/2 _3(d d 7( d
I_J< x +x+1+x+2>dx_7j%_4jx—fl+7jx—f2
ol 7 Jo + 217
|z + 14
B2 IXBAGRGEHI A B,C % —HITE SRR A % Lk
EHRR (9.2) WFIATRL, 2, RG4S 2 — 0, KAERTTLURIA LT A, iz
ARREFHAS P RET o J5H o = 0 ARAMZR. BT ERNEREET 2 =0
B X, B @ = 0 RNTTHBORXT PIIAT o J5 4 = — 0. RS A = 3.
FIRBERITT 5, 7E (9.2) FOPTIATRLL o + 1364 o — —1, B/E5 B = —4. &
5, FHEPATEL o + 2 9F 4 @ — -2, i8I © = L. BUFBUMISRM 1. O
EOFE(9.2) IPILTE » 5L x — +oo, HLIHE]
A+B+C=1,
WTTTTI A, BRI C=1- A— B =1-3 + 4= L San bukslsfpsie i
B3R, X BRI R
ﬁﬁ@ﬁﬁﬁﬁﬁﬁ%miﬁﬁmﬁﬁﬁmﬁa%ﬁaﬁn mm&%¢r
%ﬂﬁ%**j |

1
(x@—n) .
1 1

r(x—1) x—1
TR, b, I8 3.10 FIFIRE 8.34 HrHu 2 an it

=In +C. O

_ 1
T

BisE 9.15 K [ = Jx(l —22)% da.

i XEARAEH IECEBEREIT (1 - 220)%, NS 1 - 22 BHRA—
AR u, ARG R B EOH w R

(1 - 20)% = (1-22)'°(= %) + +(1 - 20).
WIa T E AT
I=-1 J( ~22)1%dz + &+ J(l —22)% dg
%J )0d(1 - 20) — + J(l —22)*d(1 — 2x)
= (1 22)"" — (1 22)'% 4 C

_ 1 100 (1 B B
=7(1-22) (101(1 2z) 100)+C

1 1
= —(1-22)" ( 5020+ 40400) +C 0
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NG AR B BORIAS E AR 23 R 5 SO AN K B PRI &1, T DA BB R
WM EAANE R R, RIS IIREAR T 2. QR B o B Ak e
DIRAILIRZ G, TR 5 AR R A AR — A A E A L, W 5e 5 550
HERRRBR A7 AT ERRAZER MBI KPR TP N .

23 &

1. SKTFIANER S
(1) J(aox" +a" M ap i+ ay)d
(2z+1—cscxcotx+é—|—3secQa¢—l— L 5 ) da;
T 1+

_ et 4 COST 1 da;
(Va—2e 4L - —L_)ds

2 5 1 3 .
(?—?4‘3%—&6 ﬁ)dx,

2. RTFFIAER T

1) [~ 1)*ax; @) [ e
(3) [cos® L du; (4) J Singzsczofcs% do
(5) [sin(e +1)ds; ©) [

(M dex; () J (ij% ¥2)
9) Jsina:vsinbxd:v; (10) J(g;i%
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§9.2 ITEMS B %
E—NNBIHEANERSHEE T, KB WA TER 38R 447k

021 BGHE1 B
BT R 9.8 M. FERBIE S, N F'(u) = f(u) KR, ST
u=ax+bH
Jf((w—i—b)dx: %F(ax—i—b)—i—c.

%Eﬁﬁ@—ﬁaﬁﬁMFW@:ﬂwﬁﬁi&%%ﬁjﬂwdw=ﬂw+c,

WX T AT R = u(z) B
| F@y @) de = Flu() + 0.

HTBETT UL, XSERR bR AE AR M w — u(), TEBR AT LR S N
Jf(u(a:))du(x), By Jf(u) du, FEEHARERSD F(u) + C F¥ u = u(z) RAE
R AR,

330 LB R LR LA

(1) $Teek 1 IERITESR B TR 8 A B3 SRR v,

(2) TEARERAB B F BN do 5T HIEER AR, A ERSst
WL, Bt 1 R B B F Rk s ol B A 3K F(u(x)) (B
Flu(@)! () dz = f(u(z)) du(z) = dF(u(x)),

R T LI 0 1 R B B

75 §9.1.5 2 I w(z) = ax + b MIVFS IS, SAIERAIHIEE 1 HIRK

RS, FHEAE B,

BIRE 9.16 24 F/(u) = f(u), WHE o # 0 B
Jf(xa) 2 tdx = %Jf(xo‘)d(:zra) = %F(;po‘) +C,
Hr u(z) = 2.

AJERR u = 2o AR, BRI u = 2~ AERR. W] LA X SR K ) 7
RE, Bl o= 1M F'(u) = f(u)

J1(3)gzde==[r () () =-F(3)+c
F o =2 NH
Jf(gﬂ)x de=1 Jf(:z:Q) d(2?) = L FE?) + 0.
AN, ITRUAAX —REEH
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ﬁ%u:ﬁﬁAﬁ%ﬁI:%m’

jol
=|8

[ rna)
T T R R A IR LT

B 9.17 kI = J%sinidx.
x X

:Jﬂmmdmmngmmy+a O

i IZ—Jsin%d(

8 |~

):cosi—i—C.
T

g X H AL
I:J#d?x—i-l:_J xQx—l—ld(%)
__ 1 1Y lL 1)?
o J 1+(%)2d(9€)_ ln‘x—i_ 1+(x)‘+c

Wﬁgi9ilzjvj%;a.

= # Xr) = arctan X .
. 1_J1+W®2a¢7 2arctan(y/z) + C. O

%ﬁgzoilzyafﬁmnﬁ$nﬁmgﬁ.

Zm’ ‘+C. O

N — . n—ld _ 1 d(xn) o . .
B ORRET S I‘Jﬁ = g‘[m, TR LU EH

du (1 1 _ ]
Ju(l—i—u)_J(u +u)du_ln’1+u’+0,

n

1
z

|+ 0 O

Mﬁ921i1:JJﬁ_

zlnx

B FEHUTHu=Inz, iIBE I=In|lhz|+C. O

%ﬂgazifzjafﬁﬁﬁ

ﬂﬁlwﬁ¢M%ﬁ%~ﬁ%ﬁ&.ﬂ%QMwmu:?iTﬂmu:

arctanx, ) du = 13_:6 >, ¢ = tanu, TH
x



12 EE FERS

:J dz :J du :J du
(22 +1)VaZ +1 Vtan®u + 1 secu
= Jcosudu =sinu+C

= sin(arctanz) + C = 17 +C. O

E1 RAMRER=ARBAE PR ALY, RV JEOR AR B
B Ja & A B =AM R . IXMIE SUEA E R T AW L.

2 EER¥E u = arctanz B, ATEMEH A B PRI T
HE =AM, XA T8 5% sinw #46h « MR BURE . v
X oA = A AR 2 Gtk 1

2 AT DU A ST

= R = )
__lJ d(1 + u?)

2 ) (1 +u?)3?
:—%J v dv (XEM v =1+u?)
=L (2240
-1 4c-_—2 40 O

V1+ u? V1+ 22

9.2.2 Z=HREBHKHF

DL #B A 23 0 o1 B N
J f(sinz) coszdx = | f(sinz)dsinz,

Jf(cosx)sinxdx = —Jf(cosx)dcos:v,

J f(tanz) d:;: = | f(tanz) sec’ v dx = J f(tanz)dtanx,
cos® x
J f(cotx) siigx = | f(cotx)csc? xdr = — J f(cotz)dcota.
i) Sc)

Jf(tan:z:) dx = Jf(tan:c) cos? rdtanz
_ J f(tanz)

T+ tanZ dtanz,
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mei ALK [
g 9.23 kK I = J\/sinxcosxd:r.

3
2

fi I:J\/sinxdsinxzz(sinx) +C. O

3
IR 9.24 kK I = Jtanxd:z:.

21 ]:J%dx:—[dcﬂ:—1n|cos:r|+0:ln|secx|+0. O

CosST

f#2 AFH dtanx = (1 + tan?z)dz,

2
J' tanx dtan:z::J udu2 _ lj d(1+u2)
1+ tanx 14+u 2 1+u

:71n|1+u2|+C=%lnsec2x+C:ln|secx|+C. O

B8 9.25 kK I = Jsin?’xdx.

1 I= Jsin:v(l —cos?z)dx = J(cos%c —1)dcosx

= %60531—0051—1—0. O

fR2 K sin" 2 B cos™ x TN AE A R BURAREAN R 2 S ENTINA E R 2
R —Fp A8, X — AT LU Euler 233, WA F, WA

sin3x:%(1—cos2:1:)sinx:%sinx—%(sin?)x—sin:z:)
_ 3 1
=y sinz — rsin 3z,
WA
3 L -3 L
I = J(4 sinx — T s1n3x) dr = 1 cosx + 19 cosdxz+C. O
1 5
cos3x=%(1+cos2:v)cos:v=%cos:v—i—%(cos?)x—i—cosx)
-1 3
=7 cos3x + 4 CosT,

FRNAE 1 HEZT, 7T S# 2 KB FAME.
iE2 WL De Moivre AR FIN T cos 3z Ml sin 3z KA AKX, £EH
cos 30 4 isin 30 = (cos @ + isin 6)>
= cos® 0 + 3icos® Osinf — 3cosfsin? O — isin® 0,
SE IR SEIR 5 R, R 452
c0s30 = cos® 0 — 3cosOsin? 6 = 4 cos® 6 — 3 cosb,

sin 30 = 3cos® Osin§ — sin® 6 = 3sinf — 4sin> 6.
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BIEE 9.26 K I = bediw
sin® x cos x
1 XRAEE T MCAE B G RAER S (B §9.3.4).
J cosz dx
sin® (1 — sin® z)

= | Ay 1_u (u = sinz) (5 FRAIERI 5> AR SLRER)

1 udu _ 1 dv )
Ju‘l (1 —u?) _7J v2(1 —v) (v =u).
RIGIED YR (S W1 9.14):
__1 _ A B _C
v¥(1—-v) v o ?  v—17

+
Wik 2, 40 > 0 BB B=1,Filko-—1, 40— 183 C=—1; ik,
Ay 4oo, BEA+C =0, TRA=1.

BEHEAER
=3 ([ <[ <)
:%ln v—l‘ +C'
2
:%ln ELI;;; a 23111217

:1n|tanx|—lCS(32:C+C O

B2 —ATIWRITE RSB RE T 1 PRI cos® z + sin® 2:
I:Jcos a:—l—smxdx:Jcos?):v dw—i-J-dix

sin® z cos x sin” x S x cos
2
= JCSCQZCCOtxd.’E + J sec’wdy _ —Jcotxdcotx —i—J dtanz
tanx tanx
= —% cot?’z +1In|tanz| +C. O
W A TRAPIIE T ETEIRZ . Flin e B — TR an U
Jdﬁ% = —%sian:v—i—C: —%csc%c—i—C
sin® x

S AT EAH §9.1.3 FIEANER RPN 8 HRH A aXBmE
JM =In|tanz| + C.

sin 22
M3 R 2 PR TR RS NE
[ J (sin? 2 4 cos? x)? da

sin® x cos x

= J[tanx +2cotx + cot x(csc? x — 1)]dx

—ln|cos:1:|+ln|sin:1:|—%cot2x+C. O
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BisE 9.27 ﬁ‘w:J da HA# A £ 0.

. . )
Acos?z + 2Bcoszsing + Csin®z

R R A#£0 &M, BT sin® 2, 4t = cotx, H133]

I:J csc® v dx :_J dt
Acot?z +2Bcotx + C At? + 2Bt +C°

U IR =I0R A2 + 2Bt + CAEBLTT, A FEH0 4RI AL 5.

HSEAT

_ 1 dt

=% | Trrs

skt = £ 5= Lac - B FRUAHES T
(1) AC — B* >0, I
I:—%~#arctan%+c;

(2) AC - B* =0, Ul

1 .

I=% e+, 79

(3) AC — B2 <0, U
1 1 cotx +1tg —\/—0
I=——" 1 Cc. g
A 2/=p . cotx +1tg++/—0 +

9.2.3 #juik 22— RNk
R ITHE 1 BRI 2 HOTIE 2. BIEABHAR S R AP RIA
f(z) de PRIATLERE « = o(t) AN, KA E
| £y e = [ saoyer@yar,

HAARIARERG A F(t) + C, WA REE t = t(x) RN, BAE R EREA E R 5
H F(t(z)) + C.

I BATHEHS U I e XA HT BTG, R FLIEA P4 HAIE .

%ﬁgzsilzj%£%P.®Wm3m%$$%ﬁ%%¢%7ﬁm%:
A AR RS

& 4 x=atant, FAHERNERDPRAE S HRHE ALK, o

[ asec®t ,, [ dt _ t T
I_Jiasect dt_J—COSt —Inftan (£ + J)| +C.

HTHARER o MRS, ATRRMESR an L = 1=C0SL ey

2 sint
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FAE RERH

30

B 1 — cos(t + 1/2) B ‘1
I_ln‘ sin(t + 1/2) ‘“Lc_ln
1+ L
V2 4 a?
a

+s1nt‘+c
cost

=In

+C=Inlz++V22+a?+C. O
Va? 4+ a?

F AEABRSGRPAXTT TR
J cﬁﬁt :J 1(issi?nt2t =3 T sint ’ +C:1n’%’ +C
T A R TTE 2 SR BT T R LA
(IgE 9.18) K 1= J
i

n 1 —sint

dx
zvx? +1

I— sec?tdt _ di
tantsect sint

_ t _
—ln’tan 2’—!—0—111‘1

AN AR, BF A RIZER, W4 2 = tant. TR

sint
+cost’+c
_1n’#‘+c. .
1+vVa2+1
S dx
183 9.19 *Izji.
(535 ) 3k NG
B A=t BMa=1 FT&
:J%:2J1j—tt2 = 2arctant + C = 2arctan/z +C. O
S dx
8% 9. KTI=| —% .
(BISE 9.20) 3K I un+xﬂ

R Aan=t W=tV XFRE
1 1/
J = /m :ij &
/(1 +t) n

t(1+1)
1 (r__1 -1 t
_nJ(t t+1)dt_nln‘
=—=1In

|+
n x”—l—l}_'—C' D
B . <k _ dz .
(IRE 9.22) K1 J(z2+1)3/2
i

& x =tant, NEH

sec? tdt
- [etra

= Jcostdt =sint+C =
sec® x
(IR% 9.25) K I= Jsin3 rdzx.

T

+C. O
2 +1

B HEARGEAAIX, WATLLS & = arcsint, Bl ¢ =sinz, T2



§9.2 MAEFHHRYE 17

[ dt 1)
I_Jt 1—t2_2J\/1—t2
e oon
| 1_51__1)“) dv= 3 [[(1=0) 2 = (1= )] do
:_(1_0)1/2_’_%.2(1_0)3/2_'_0

:—cosx—l—%cos?’x—l—C. O

BJRBATKIEM#Ttik 2 KIERTE. ABTHE R 4RE , X B Z R T
T, B e = ao(t) B REREC ESEBr BRI 98— k.

EE 9.1 W f(x) XA I & HIRRE, v = x(t) AT, XIFTE ¢ = t(z) W2
r(t(x)) = x, WFEH

i RS EREW (F(t(2)), = ().
MAMETELE T LA Uz) W2 U'(z) = f(z), XH F'(t) = f(z(t)2'(1).
MAE & RECK SR EEEN, &

aU(x (1)) o
S = rawy @) = o).

WHEEE 7.12, U(z(t) 5 F@t) RMEZE N, BREE N Co, 5
U(z(t)) = F(t) + Co.
it = t(z) RAIFIIZM 2(t(z)) = o, A
U(z(t(z)) = U(z) = F(t(x)) + Co,
BRERIERR T [F(t(2))], = U'(z) = f(x), FRT
J f(@)de = Ft(z)) + C. O

9.2.4 Mok

RRRAER M 7 — DEARTE, €5 Itk RAZ RS 1
FETR. AT F 2P oTiE OB HEGE, A AT DU IS N ik #%, (2
T B AR INE AR R TTEA BRI TR,

Ponik 5 R A RER T A NG E IR, 2Rk B TR
BRI SK FIEN.
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Wu=u(x),v=uv(r) BB, WE (w) =u'v+u', BHE
J(u'v—i—uv’)dx = JUdu—i—JudU =uv+ C,
TRRER RS AKX
Judvzuv—Judv. (9.3)

3 BB LA
(1) 72 (9.3) M It — ARGy, IR0 B BAEE WS .
(2) RATE (9.3) AR ERLY Judv He 2 £ Jvdu wEEE, ZARA
o F L2 AU SR A 1. 92b5 BB A st 1 A AR R IRA, X
B R 2 AR BN, PR B RS sk L h 2 — 5 — AN RS2 .
DB AR RAAT R B F—PNRAIPIRFEARK (uwv)’ = /v +w', (BHIFER
5, FEAE AT AR TR SR T 1 i

BISE 9.20 K [ — Jxew d.

S BAVEZEH LA 2, B, FH#ociE, e =t Ml =1nt,
dz = % dt. F5

1= Jtlnt L= Jlntdt,

TIRTENTF. (FLSRAWERE, RIS A B REME R, Th 7T 15 2 Jlntdt.)
F—ANINE, B , ) )

I= Jemd(%) = %ez - J % d(e”).
XEWAFEATHT 2. HAT OS], FR AR T AR R BR T " Z
S T AT o i RS ER Y, XAE T REUR IR T A RIT
T EBIRTT ), A A R R L S N 23 A AR I R S B Ik A, B ey
IERIERE u 5 .

i RS, A
I= de(ex) =ze” — Jexdx

=ze” —e"+C=(x—-1)e"+C. O
DUAE (9] 3 Ske SR A ke T 23 o AL 281 £ SR 5 R 3011 Ji o 0 i) R A 4
BRI — RG] T, g R e FAH.

B8 9.30 kK I = Jln:vdx.

R A ERS
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I:xlnx—de(lnx)
:xlnx—Jx-idx
T
:xlnx—de:xlnx—x—i—C. O

F OBIE: M (zlnz —z) zlnx—i—x-% —1=Inz AT ERIER.
PR 9.31 K I = stinxd:v.

fB AR R 6 RN 2 e 2 AR i R AR B R AL T
I= de(— cosx) = —xcosx + Jcos:z:d:c

= —gcosz +sinxz+C. O
g 9.32 kK I = Jxlnzxdx.

R IXELAY I R AT AR R T In® w, I AR 7 R e R A S SRR,
BISEHE In® & BRIRBON 2 B 1, SRS R O:
1= LJAan:z:d(:cz) = iln2:17 - JI—Qd(ln2x)

2 2 2

:x—21n2:1c— :1clngcdac=ac—21112gc—l Inz d(z?)
2 2 2

_z? 2 x? x?

_x? 2 x? T

_ 1’2 2 (E2 1’2

g 9.33 kK I = Jarctanxdx.

g X AR R SR
I = zarctanz — Jx d(arctan )

) 1
1+ 22

= rarctanx — % In(14+2*)+C. O

dx

= rarctanz — Jx

B8 9.34 kK I = Je‘” sin bx dzx.

1 AR R L T AR E R R A AR R A R LS
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=1L Jsinb:v d(e"”) = L garginpe — L Je‘” cosbzr dz
a a a

_ l ar o: _ L ax

= e sin bz 2 Jcosbxd(e )

= %e‘” sin bz — % % cos bx + % Je‘” d(cos bzx)
a a

2

= —e"sinbx — %e‘” cosbr — —5 Je‘” sin bz dz
a a

o a2 ax 1 . b

= e (E sin bz — ?cosbz) +C

:%(asinbz—bcosb:c)—ka 0

a

XEANE WA, IR S H0 5 TR A8 L —ANF R, T LT LR
THE BN ER G, Hp AT EDERINE.
FERG DUTR S RIARYE R B TXTSER R RE u(e) + iv(x) KIPHE SN
(u(z) +iv(z))" = /() +iv'(2),
I FAARTR 7 ik e SCSE A AR PR B IR BR BORAN sE AR 2y, ARG RITATIRAIE 22 3K (9.4) B
SL. BB 6.17 KA 2.
&2 BHSAM Euler A730H
Je‘” (cosbz + isinbz) dr = Je(a+ib)x dz
_ 1 (a+ib)x (9-4)
= arne +C.
RGBT (9.4) AL —TRH) S5 RS, BlA
_ 1 (eti)r _ _a—ib
a+1ib a? + b2
= CLQL:(F[(G cosbx + bsinbzx) + i(—bcosbz + asinbz)],
NERHEH C = C1 +iCy, o C1, Co HEHE, MFERRBINDAER

ax brdr = e?r
Je cos bz dx 7a2—|—b2(

- e (cosbx 4 isin bx)

acosbzx + bsinbz) + C4,

Je‘” sinbrdr = -

2 (=bcosbx + asinbx) + Cy. O
a

BisE 9.35 K J Incosw 4,

sin” x
i FIA (cotz) = —csc?ua,
1= Jlncosxd(— cotx) = —cotxlncosx+Jcot:1:d(1ncos:z:)

—sinx

= —cotxlncos:z:+Jcotx~
0S T

= —cotxlncos:z:—de: —cotxlncosx —z+C. O
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Bl 9.36 K I = J\/@Q —22dz, HF a > 0.

R (SRR LU BOTEME.) X R R AR IS
I=2va?—2a?— chd(\/a2 —x2?)

2
:;py/aQ_xQ_‘[de

2 2

a? —x
2 2 _ .2
a” — -
=z az—xz—l—J#dx
a2 — 12
2
=zva? — 22 + _afdr [ /2 2ds
a2 _ 12
1 a?

_ 1 2 _ .2
—296(1 :C—i—2

SERNEN R T HAER W EHEARXNEZTH.

arcsin % +C. O

BiIfR 9.37 K I, = Jsin”xd:v HaEsHE A Z.

R AEPRREP IR — AR F sine 5 dz )% d(— cosx), RSG5 F4
I, = ‘[sin”*1 xd(—cosx)

1 2

= —sin"" xcosa:—l—Jcos:c -(n—1)sin""“zcoszdz

= —sin" 'zcosz+ (n—1) J(l —sin? ) sin" "%z da

= —sin" tzcosz+ (n— 1,2 — (n—1)I,
1 1

_ 1 sn-1 _ L
= —-sin xcosz + (1 n)In,g.

BiIgE 0.38 K I, :J dz_ Jcsc"a:d:c) R AR,

sin” x
R FMA=AESXEREE (K n > 2):
I :J sin x + cos? z dr — 72+J cos? x dae

sin” x sin” x
c1—n
sin T
=1, o+ cosxd(i)
n—2 1—n
c1—n . 2—n
sin T sin T
=1,_9+cosx- + dx
n—2 1-n 1—-n
1

_ < 1-n 2—n
=1, sin T cosT + 1—nI"72' O
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g3&

L R HER L F BRI R R s
J2sinxcosxdx = J2sinxdsinx =sin’z +C,

J2sinxcosxdx = —J2cos:cdcos:1: = —cos?z+C,

FRAER sinz 4+ C = —cos®z + O, XEBHEREL: sin®z + cos?z = 0.
2. KFHIAERS

dx z+1
1 : 2) | =L __ da;
()J\/4—5x2’ ()J (1 + ze”) v
(3) | cot xdu; Jsm x cos® z dx;
(5) | tan? z sec’® z du; Jtan xsec? x da;
(7) | tan® z sec x du; Jtanxsec xdx;
9) | 2z(2* -1 ﬂdx; dix;
©) 202~ 1) 10) [~
2dx 2dx
11) | —/——; 12) | —/——=—
( ) ex_efx’ ( ) ez+efz7
(13) |22/1 + 23 da; (14) | SRLLCOST g,
Vsinz — cosx
15 sin x cos x 16 sin x cos T .
(15) 1+sin4:c (16) 1+costa 7
17) [Z4L gy 18) [Z =1 az,
dx dx
19 ; 20 ;
( )Jx4—17 ( )ng—l’
(21) |e® T da; (22) |e® e dg
/ 2 99
1+ 22 0+ 1
(25) | sin® z cos® x du; (26) |sin® z cos® x du;
) 2 . 1+ cosx
(27) | sin® z cos® x dx; (28) s 0%
1
29) | €2 da; 30) [ —2=3 4.
(29) z? (30) x2+2x+5
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3. RTIIAER

(1) Jarcsinxdnxdx; (2) J cos(\\//—:;—i— D) dx;
(3) JxQ\S/l—i-xdx; (4) J'dixi,
1—2%)2
Vxdr zarctan /1 + z2 -
® |t O |
(7) Je\/mdx (8) J (\/E;— b’ dz;
Vi+ax—-1 x arctan /1 + 22
o) | Ve e (10) [ SRS d
1. RFARERS |
(1)[@%+1P1nxdx; 2) Jaﬂjgmfda
(3) J arc;z;n:c dx; (4) Jx%ﬂ”z d;
(5) Jsec?’ x dx; (6) J (ln(ln x) + %) dux;
(7) J hxlzx dz; (8) Jcos(lnx) da;
9) J cosa;x + 2 sin? :v) dz; (10) J Eiﬁ(isi_n:; dx;
(11) Jln(w + V14 22)du; (12) J(aurcsingc)2 dz;
27
(13) J\/EIHQxdx; (14) J T
+ si ) xe”
(15) J LESL g, (16) J ¢1e+—ew da
5. KA ER 7 A
(1) Jcos"a:dx; (2) Jsecnxdx;
(3) Jtan”xdx; (4) Jln":cdx.
6. *Tﬁﬂﬁﬁ;ﬁﬂﬁj\: .
G)JJF:ﬁdak:QLZ& @)Jﬁ+ld%k:QLz&
(@JmJWM$=133A; M)ﬁﬂﬁ%ﬁﬁ?$:LZ&

(5) 2 ek =1,2,3
J(E4—1 z, Rt R
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§9.3 ETAREHK

9.3.1 ANERZ TR

TE R (B AL AT B 28 A5 Sk H VP 20 9045 R B0 R B (R LAY,
T LIS i R Bt B ST R . IAE T BB XIS RE 20 BT
14 R B e P R T AT R B (B ERSY)?

H— B R AT TR SRR R, R T 25T, B8 TIFE 4R
(BRI BB FR R A, TR LiouvilleD ¥ 5630F B, 4745 0 ¥ 1 JE s % (B
SERUY) R— R RIS R B, 4R AN AT B F b — 5 v £ 45 o 745 8 5 42 2 i 75 3
Bk

R T LA & B4 B

J%dx, Jd_ac de:& Je_w2dx

Inx’ T (9.5)
Jsinxde, J\/ 1 —k2sinzdz (0 < k < 1).
B G — M E R B A B R A R B S AR A AT AR, R R ]

B, RZIFRAANTTAR, W2 B,

XA FEW A — AL W A RX A EY)E RS ssE S, A D&
ARFET (BIN—A KT 2 H TR B S), H DA RRxt A N 9I5%E
RBCR FAR B S RBEES.

M R H 8 X (LB =3 Ak -5 4oz 551 0 T iz A0 v ) A e =g ) e A
B, VIR S REBUREWIE RS, BIF DA C A. Liouville FIRILHL 2

DAG A.
XRWAEZR A — DA IR 45 B0 B S0 3 (BN S BUGr) AN R )46 R
B BIIE (9.5) RSB MBS S, o SI0L oot s g
A— DA ZH, BRI R R BRI E R 3L

WU L LB DA G A, BT LU R LA Bk e % (2 —) e
e R BRSO A5 R A7 X ) C &R U TR T . R —
AT T DL 8 A AR 1) 55 B BT R ECE N TR 2/ 3 H AT 1RSI
7. BT XL T o AR B 77 R BT R B 2, il el P fE AR B
3 AL L

INGE BTSRRI S EOR IS R B, (B 55 R U SR R (SR e B 4r) WTLL
SIS R T X MBI, BATTRRIZFE BTSSR B A B R A AT

O X4/ (Joseph Liouville, 1809-1882), v:E ¥ 5%, FEREL . o 712 . Hip %
J7 A V% STk
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XEFERH, ARG RFEIFIEFARE. W (9.5) hHIzHH T
HRAEVF 2 N AUS P AR BRI SR AL L EEBCE TR S L E
7= LR A4 BBV 238 5. W1 R B AR AT AR B B R B 2 e 2 — 1.

T ¥ R B A 2 RS R B LS K BAFLE, RN B 30 ik
DX A3 AT RS ANAT R, BRI T TR B AT T4 32 2 o J L B R SR A (H mT R bR 453K

FESEBR TAE, XFF Bid B B A @ B4 1T LA B O e 2 i 1 AN e R 3R, 81
FFH Mathematica, Maple ¥ 55 TH F AR AR R 0] .

9.3.2 HAHRBMARRDTH

AL RR A (SR B SR ) R E B — AT R AL

REPTEKA R BRI L RBE X, N EREZ 2. W T
B3, BRI FIRBOK T35 T BHR B IE DL, — €T AR g o — A2 I —A4
HoR M. T 2GR RN, ERAER S IRZ 2 I, B st A 45
AUFTR I KA ER S

—AESN, BT IREUNT 3 BRI RO, BT SER B % W) LAAE
SEHOE N R i D A T A — IR O — R R KR 3R AR, BRItk X — e wT BLo»
fA AT B Pl B3 2K A

HAH ¢,a, M, N, p,q ¥INFTH. 4 FEHREPHEDA A7 (partial fraction),
TR SE 2R 506 2123 208 A B8 53 23 SN AR AR 84 23 3000

T AT B 4 4 o AR I RS A

BANRNDREE  LREEHA S K — 2 6 LU — 77 o #8438 5 4
KZH.

E OB, X R RS RE — AN NN RIE R AR 4
Ko 58 BRI B KA E RS 8, (W AR AT X ANMRE R iz S X
Al B2 F B 0T AR PR B

O XEATUUEBA TR SRS s SR 5 2 P U2 b, i, 7 TR B e
A N AW INEIZ SO PR, 502 SR A IE RO 548 2 IS 4L, (E0R hnik itz 54
TEREHOE B A AN . D BEBA TR SR M IE S ok B, B N 75K 2 Z.
NANAE 7 W FRIRIE SR B A, (B R E R R AR . JhBATH Z 55k 3
HHHER Q.
WHT T UL, ERISE R RS A ERSR SIS B AR, EREREE, K ERE,
FE A FANETPL. AR RUEBATITRI ST R K Rl ) A0 55 B 20T 42 21 A 55 R
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I BATSE A 3T WA AT AT B 3 SR A, LK e o S 3 SR A E AR
g%, K E B AUE B BCEE T — /N1 P EAT. AERTTH A6 9.14 AT 9.26 HIfF 2
FIUAE IR A A A AR ] B A8 T T P49 RS 2 A ] BT 46

B 9.39 skfzj 15516 da.
R SOBEARR B A 2R 5B, ARG R AR

_ 1 _ oz
I-J(w—1+H—I)dx—  —z+fl+a]+C O

2
BIRE 9.40 K [ = J (;j”r Jé;”if)z
M E XA RIS oy . AR S BE AT AN AR B
202 +3z+2 _ _Ch 4 Cs Cs
(x+1)(2z + 1)? r+1 " 20+1  (22+1)%7
HApH 3AMFEHE C, Oy, Cs.

F— IR PIA T UL AT ) 2y B, AP ILHER N 2 0, AR5 S B P [R
YOI R E, S 20 T3 € W et 7 R4 el 2323 3040 At g B AT DA H
XA M T R R A AE M —, DUT 3R] DA BRAR T VR AT vHERE. XM VAR
AR, B REE, EEARMEN RS N EE R RERCK.

55 ATV R FIAR R B AR AR R . 51 9.14 FI L 9.26 [KIf# 2 K
J7ERR R N k.

¥ 0.7 WLFRFEr +1 542 — -1, GHAER ¢, MALETH 2= -1
RABIGEEERR T (v + 1) ZFRREA . KR

01:2:172—1-3:17—1-2 -1

+ (9.7)

(2$+1)2 rz=—1
EHEEFIARLL (22 +1)? FL 2 — —%, mE
22243z 42 .
03—7x+1 127%_2.

T Oy BhEBTR IR RE . A S A AT R, B, # o = 0
KRN (9.7) FRB2=C1+Co+C5, TRCo=2-C - C3 =—1.

PR LRI . BIANTE (9.7) P v J 4 o — +oo, HAHE] 1 = C1 +
%02, HIL TR Cy = —1.

SR AT B CLH 5 TS B2 AT V5 AR th B —

202 +3x+2 1 2 22743 42— (2 +1)2 —2(z+1)
(x+1)Q2zx+1)2 2z+1  (224+1)% (z+1)(2z +1)2
_ =22 -3z—-1 _ —(z+1)(2z+1) _ 1

r+1)Q2e+1)?2  (z+1)2z+1)2 2u+1°
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BRI E C LR WA, X2

_ 1 -1 9
I_J<x+1 + 2r + 1 + (2x+1)2>dx
=Info+1]— +In |20+ 1] - ﬁ O
TFHES R A ZIRATAEFRIS . LR REAH B &E
— P, B SR H — T B B A AR, XA VAL R S T DUE B I )
JE T BEF A ARNE T, ikt Ehif RS B3R (BIF AR IERE
), AT ECE AT HE. AN TH B — e A B AR iy B

B 9.41 K I :J = __15)55(12_4‘_1 57 &

2 R0 A EE,

52— 14 _ (o Myx + Ny Msx + No (9 8)
(z—-1)(2*+2)? z-1 2 +2 (22 +2)% " '
WAL 2 — 1 52 2 — 1 REI O, = 1. REHE
—5x2—4 1 —52% — 4+ (2% +2)?
2 7 T = 2 2
)@ aE a1 oY)
zt — 22 23 (z+1)

(z—1)(22+2)?2 (22 +2)*°
FREGEHNHAERET (9.8) AAKEHTZM, BIf
a?(x+1) Mz + Ny | Mex+ Ny
(2% +2)? 2 +2 (22 +2)%
¥ ERWILR (22 +2)2 54 v — iv2, HiE 3
—2(1 +1V2) = iv2M; + Na,,
GE I SEIA RS, MAGE) My = No = —2. Xl —25KH T E WL,

RN E BT E TR AL
FAERZ:, BIA
2 (z+1) 2¢+2 2P 4x?42c+2  z+1
(22 +2)2 (x? +2)% (22 +2)2 2?42

B My =Ny = 1. (RESTF—EHHETF 22 + 2, FUL s T )0
T RAREOME L, FHEA R EAR RSy, BEE SRR EAR RS
- -1 r+1 —2x—2
I_J x_ldx—i-J $2+2dx+J e
SRR B T SR T

0 @mTFRR (9.8) DL, HILAERY C1 e hAEE SR T K20 %
?(x+1) 2@ +2)+ (@ +2) - (22 +2) 41 2@ +1)

(22 4 2)? (z? +2)? z? 42 (z? 42)%°



28 EE FERS

1 2 1 T 1 dx
I=—Inlz—-1 —i——lnx +2 +—arctan—+ —2J .

i F bR — ﬁmﬁﬁfTuMa%%XMﬁﬁJ
IETE R BRI
der T 2x2dx T de dx
J$2+2_$2+2+J($2+2)2_$2+2+2J$2+2 4J(962—i—2)27

XA

d 1
J(gf@2:4v§”mm§%+za%zﬁ+c'
HIFU LSRR

I:—1n|:1:—1|+%ln|x2+2|+Larctani+ 1

V2 \/5 :c—|—2

L arctan — + C

C2(2% +2) 2f \F

2 _
=In z” +2 z+2 + 1 arctan —— + C. O

w1 26742 2va V2
LB 9.41 5 — $Mﬁﬁﬁ&7u%%ﬁﬁz—%ﬁﬁ%ywn>m%
RERY. MR MRS B R ROR .
BT KSR 22 + po +  FEIBIRATL, FHILHRR p? — 49 < 0, K
T 5 T LB 7 RT3 8E n > 2 IR B4

k= o)
HAF# a > 0.
X (9.9) BITHEA BRI
S . Eﬁmﬁmngu¢%ﬁ{T——j—ﬁ%%mﬁ&'ﬁﬁM
I, HRWARE n BEAK, T2 AR n FHE T
_ dz _ T z-(n—1) 2z
In1 = J @2 +ad) 1 @@ +ad) ] +J @2+ a2)" dz
2., .2y 2
= (x2 _|_:22)n71 +2(n — 1)J (x(x—zi_i C)LQ)na dz
= W +2(n — DI,_1 —2(n —1)d*I,.
543 2 sk b HE A =
I, = 1 T 2n — 3 I,

2a%(n — 1) . (22 +a?)" ! * 2a%(n — 1)
AR AT ELERKRAN, MREAS M ERTE, SEH T EREAR
JE R RE0E. B, XEFF1 9.41 PIBRIMEY, 5 A E %R

dz Ax dz
= A
J(z2+2)2 x2+2+ JAxQ—I—Z7
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Horp AN 2R EH L

Pk R5%)
1 __A 24 N _ (A4 N)(2? +2) — 2422
(2 4+2)? 2242 (2®+2)?2  22+2 (z% +2)? ’

SEE MWL T W RIRBCRI R 5, A2
AN—A=0, A+A=1,

JERRAE A =\ = . TR S B SRR 4R

dz . T 1 dz
J (22 +2)2 422 +2) +ZJ 2% +2
= 121 2) 4\/_ arctanT + C.
T (9.9) WA —MERE=/AR 2 = atand, W] dov = asec® 0, KHH

asec? 6 do 1 2n—2
I, :J 2" soc? 0 = o Jcos 0deo,

AT LU De Moivre 23 ZCREBAR B BUAE 0 15 A1 BRI, 488 thmT DU 3
AN (ENED).
i, ST 9.41 FIBR A AT LA ST, bR o = V2tan 6:

_dr V2 [ 2pqp— L

,[(a:2+2)2 =] Jcos 0do = WG J(l—i—cos%‘)d@
:%ﬁ(w%smwwc
=1 aurctaun——i—L zy/2 +C.

42 V242 2t 42
BUHE A WA E R
B; < _ dx
BIRE 9.42 sz_J 4
MR 1 SRERARUEDT RS BHE IR R, 153
w41 = (202 +1) — 222 = (22 +1)% — (V22)?
= (@ + V2 +1)(2? = V22 +1).
TRAE T 73X
1 _ axr +b cx+d
2t +1 224+V2+1 22 —V2r+1
Lr=0fRAHRb+d=1 FzFLzr—+toofBa+tc=0 FHLar=i
AW ED|

lfa—c_i_b—d

2 V2 iv2
EEWHIAEMEEMER 0 —c=1/v2, b =d. SRS RS W#fiE

ﬁ,b:d:%.

a = —«¢6=
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BEITEAER ST
V2.1 V21
I:J—é——éiqm+J—¥L——1@x
22 +vV2r+1 22 +vV2x+1
ZQJ 2z + /2 dﬂij dz _QJ 20 V2 4o
8 224+ V22 +1 4 22 4+V22+1 8 22— V2 +1
1J dz
+_ - s
4 22 —\V2r+1
2 x2+\/§x+1' 1
=—"1In + arctan(v2zx + 1
8 2?2 —\V2z +1 2+/2 ( )
+ -1 arctan(v2z — 1)+ C. O
2v2
B2 FEAE GBI W 71 R X v . X
1+ —= 1——=
2 2 2 2
I:lJL +1dx—ijx_1dxzij L dx—lj T dx
2 ] 2441 2 ) at+1 2 ) 24 L 2) g2y L
x? x?
1 1
LJM_LJM
2 _ 1y 2 12
(z :v) +2 (x—i—x) 2
x_% 1 $+%_\/§
= arctan — In +C. O
V2 V2 42 :v—l—%—i—\/i

9.3.3 oo EeBEKiEH
R AR R T
HABRAREIR LRI T I T LUE— 7RI 4540 SR 2 A
iE &ﬁ;gﬁﬁﬁﬁﬁﬁgg}ﬁ%gﬁﬂwxm%mzmimwwuf
WL JLEB KL,
(1) & BEA

R(7) = apa™ + ap_12" 1 + -+ + a1x + ao,
HA A RYEREH, Hoa, £ 0. FIAREEAER, R(o) EEHE C P —ER
(BB RAFR). WREER, 88 o, W R(z) ALK © — o Bh. W2 SR,
BXAMRIDN 2, I z Fom 2 BILHEH, WX T
R(z)=apz"+apn_ 12" 14+ - +a1z+ayg=0
iV =y ]
R(2)=a,7" +an 12" '+ +a1Zx 4+ ap = R(Z) = 0,
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ATz 2 R(x) MR B f ROAREREE 2 SER, B DL —Xf AR m AR . T2
R(z) WJLLA (z — 2)(x — Z) BrEER. X — k=50
(r—2)(x—-2)=2?-(z+2)x+2-2
TESEHIE EATTZ). N R(z) B RO F G Baks T2, ZNEEHRLE
AT ASEERB (R 4, IFRINHER T n IRREZ TG H n MR, Hh A ERE
BRI ESL
FH 22 T AE S 00 1) B 2705 R PR 50 28 AT LSRR FR) At 2 PR — 1.
@) BB L 8 Rw) = f(0) - 9(0), b J(0) W g(0) B
2 I, WA DAE AR ME— B — X 2 I u(z) B o(x), 1R RGL
)
)

Q) _ ula) , ol
R@) @) ol
HALHPA 7 AR K
SGUEWIAFAETE.

ARHEAREF 1 B AN TEAEAE 2 TR wa () B 0y (), (AL
ui(z)g(z) +vi(z)f(z) = 1.
Feld Q(z)/R(z) FHFH R(z) = f(z)g(z), ch”%iJ
Q) _ Q@)u(z)
R(x) f(x)
KHAHE NN FRU f(z), 123
Q(@)ui(x) = h(z)f(z) + u(),
Horpu(z) RA|T, WEIET f(z) MRS
XPER AT LK E XS h
Q) _ ulx)  h@)g() + Qz)n(x)
R(z)  f(z) 9(z) ’
it v(z) = h(z)g(z) + Q(z)vi(z), MBF EXRZEUFALE N XA R E K,
I v(z)/g(x) BRI
DUAEUE SRR (), v(z) RME— 0. FRIEE. B &N —xt %
W (), v(x), WA

HER

u(z) —u(x) = ,

Wz k2=, AILET f(x),9(x) BE, To(z) —v(x) KIREUNT 38 g(z) 1
H, A SREZ T, FRIE u(z) — u(x) Flo(x) —v(z) HEAFZ I, 505
S5 HFE.
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FURS (1) 50T 48 R(z) BB RAMR, T () R (2) M4, s
LUK 2055 ggg BLME— 77 540 JLA B4 582 L, B AT A 4 8457,
AREFMER, BER (z—a)f k> 1, BER (2 +pr+o)F K > 1, H
22 + px + q HEHEIR LRI L L 5.

(3) ¥ LR ERRIN 2 — a R 22 + px + ¢ B8 A p(x), WXF & > 1 HIHR
35 10 5

v(z) up(z)  ug(x) ug(x)
P p@ @ T )
HAFTF ur(x), ug(z), - u(z) FIRECYIET p(x) HIIREL
K v(x) M p(z) B, FIRRIRINEH uk(z), BT ERREE p(e) Bk, IERHRR
AR w1 (z), ILAREE, AR 3]
v(@) = ur(2)p* ! (@) + u2(2)p" 2 (2) + -+ up—1 (2)p(x) + up(2).
(BHE WAL v(z) H pF 1t (z) BRABE) ui(2) AT %) N BRI REA
wi(x) BIREEMET p(x) BIREL SRIERREL p* (2) BIAG AT LM o0 iR, ME— PR RE
WA S T7E o(2) HFEZIN, g wi(e) #REFZIE.
FR&X R(z) = (v — a)*Ri(x), Ri(a) # 0 B, D0 E+HHE

C1 Ck
—+"'+77
rT—a (x — a)k

MY R(z) = (22 + pr + )" Ra(x), Ro(x) 5 22 + pr + ¢ HEIIEN, 50K
vay skl

Mix + Nq My.x + Ny,
2?2 +pr+q (22 +px+q)F
E ZEECE B AT R 4 2 O i e BRI E BT I 5 R AR
FEREZRBOIRK BRI, 5 HIEW KB 28R (8] MEE. (LZBRE
TR 274 /NI, ZBRRCR 262 /M)

O

9.3.4 FHEH=MERBHIBR
ZHBRH sinz, cosx, tan, cot z, sec z, cscx FIH B XA AT LLEL AL Hysin 2 FN
cosz HIAHE, Kt R E ki
I= JR(cos x,sinx) dz,
HAd R(u,v) 2 u, v KA B R EL
XX R T e (BT ReHk) ¢ = tan %, B R ERFR AR
HRR IR IS, T —E AT AL
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T3 BEARHZ BT LA 20 R R B RT LK sinz, cos o Al da [RIIA B AL
2t

= 2sin L cos L — 2tan L cos? L —
sinx = 2sin 5 COS 5 2 tan 5 C0S” 5 12
1 —tan? L 2
cosx = cos® L —sin®? £ = 9 _1-7 Zl%
2 2 sec? L 1+¢27
2 1_ 2
2 _q,

dx = d(2 arctant) = H—t2

XHERUAT LR AR 23 3 45 0 A B pR B AN E AR 2
_ 42
I= JR(cos:v,sin:v)dx = JR ( 1 +§2 , 1—?—tt2 ) . 1—ft2 dt.

LT
BURE 9.43 K 1 = | (0 (BLEATEBUNRAFRIR 410U

g1 é>t=tan%,mu,ﬁitﬁ

2
142 dt
I:J+T :JT =Inft|+C =M[tan Z[+C. O
1+ ¢2
AL A 2 P H A AR
g2 AHJTReARHR AT CLan T SR A
IiJ dz 7[ dz
B in L x L 62 T
2 sin 5 cos 5 2tan 5 cos 5
sec? L
—J taniz d(%) :1n|tan%|—|—C. O
2

3 WA AR A AKX KRG T.
I:J' sin x deJ dcosz
sin“ x
_ 1 cosz — 1
2 hl‘ cosz + 1 ‘+C' -

E ABREZE LA LT S MR

J dx sinz

cos?x —1

sinz 1+ cosz

zln‘ 1—.cos:v ‘—i—C’
sinz

=In|cscx — cotax| + C.

ﬁﬂ%ﬁQAélSkI:J 9 Ho<r<l.
1—2rcosf+r
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R AT t = tan g B AT 4200 F

%dt
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—r —

T3 Be AR ol 2 AR J5 P15 ) A B R B0 40 BREICECRT B, T 5
SRR, X R X T LR =& Bl ] LA F T Rk,
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R(sinz)cosz) ;
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B S _ dx
BISE 9.46 sz_J TREY b s
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<1>de.fl; @) [
22+ 1 . z’ .
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2. RFFIAERS
(1) J sinxcos:z:
1+ tan
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) | Gy mm
® |15
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(fE@ (12) FR 0 <e < 1)

® |55
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(7) JZ z(x —/z)dz; (8) J;[sin 4z sin 6x dz.
: iﬁ%%*ﬁﬁij‘ﬁ?ﬂﬁﬂ*&@: .
. 1 . 1
W) Jim n 3 i ) J )
n _1)k-1 n
@ fim 3 @) Jim sin 7t > sin 2%
Wk W1
2n . k™
) Jim 37— © Jm (T (+30)]"
k=1 k k=1
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§10.2 HLMES ATHLE B

FEEILEMER I, T Newton-Leibniz A2 J&, HAT LURHRVFL BAKK &
BRIV SR % A SURAL T ZE PTG, RIARAR R i mT AR 5 Jit R R P A7
FEPE. B — AN B R AEA IR BR, 5 — AN ) B T 2 BRG] TR Ui B R, (H
S HAFAEER) — S B AE §10.3 vk

10.2.1 Riemann AR TR L ELA4E

TR E X BEA R R, SCAERIEI A 4R, B e ik
A5 R BOR R PR R AR, AN 4 Darboux 7%, B2 AIL7E K
10.1 W JE AR, IXAEAFIATAT AR A SRR I A FH 8K

BENKI P = {zo, 21, - ,xn}, T i=1,-- ,n H M; #lm; id f7EE i A
T IX 8] b i Bl SRR A A

M; = sup{f(x |x11§x<:171} m,; = inf{f(z |x11§x<xz}

RGP AIFELL Ay XF i KA, 45 2IPIASHT AN, HAF Riemann A A H]:

Sp= Zmzml < Zf (&)Az; < ZM Az; = Sp. (10.2)

=1 =1 =1
AT Sp A Darboux FHI, 434 Sp A Darboux AL B 1FER 54X P
HR, EAREREN T TIRE .

ANGEI (10.2) MFRATEELL T X T 54 € BB, 1 al LLA _ERLS S RskEAT
3. P §10.1.1 FRIBIT f(z) =22, 0 <2 <1, | S, A1 S/, mte 2587
XIBF#) Darboux F#145 Darboux 1.

Xxti=1,---n5IANET w (i =1, ,n) KRR f TR (2,1, b
HIPE, Bl

w; = Ml — my;.
XEERMAR w; M1 Ax; #ZIENSL. AR
ZwiA'xi = §P —ﬁp
i=1
MASSX P XN AIREIAR. ©FHER VTR X, BEE 10.1, /7 L5HAE
BRESCRN 23R S () i i T AU 2 0 B (¢) BRI /NETE TRIAR 2 F0.

HE: XNTF [a,0] ERAERELE, THE M, m;,w; FRIEARIEERE. k2,
WRIRIE A AE PR, Wt —eF R, CTHRIENES AT DA —= 1) 2
M 1.8, Bl 1.3 B RERE XL 5.1 FNE.)

IMAERURA /N EE .
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EE 10.3 XN THE [a,b] L& XHREL f, LT =AM
(1) B% f T [a,b] | Riemann A R;

(2) (ATRASE—FR B4 AF) | Ilji”rr_l) Ozwimi —0;
=1

(3) (FIASE —FEBAAF) X Ve > 0, IP, AT Y widz; <e.
i=1
S FERE (2) BRI S Riemann FIEIHLIR (W5 X 10.3 B HE) &
TR—KBR, 6 BE 5B

lim wiAr; =0<=Ve>0,36>0,VP (|P| <) : wiAz; < €.
HPH; (IP] <o) g

5 10.3 L, LR RFAA BB gk, B L,

TFHBATH EEE 10.3 HIAER D B2
(1) = (2) = 3) = (1),
Ho B — AN, £ PRES, BN A, HIEREX S UEHP RS K
BT B AR AR A AR R 15

R 10.3 BIRTF 4R

(1) = (2). A R) ATRBEIE LANTE, X Ve > 0, fF7E 6 > 0, X4
|P|| < 6 MtE—AR P = {xo, a1, 2} B PAIRKIE— A 5UE &, BROL
ARER

n

> (6)am —1 <

=1

32 .
I—e< ) fl&)An <I+e,

=1
Hop T = Jb () da.
FIRA mAERERENE, 72 EIRAEA PR Riemann FIHCETHIF, #iE 3
I—-e<8p :ZmiAl’i < ZMiA%' =Sp<I+e.
=1 i=1
B, % (| P| < 6, Bt
0< Y wilha; < (I +e)— (I —¢) =2,

=1

XHER T (2).

(2) = (3). ZREHM. KA 3) FREHFA IR PR T. (XKY
(3) RERBARMIZA, RIMAEES R R 5.
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THAERE—Z, Bl (3) = (1). X2&AMERN—T. HITEE MR T/E, B
A& T Darboux FIFIFN 5| HE.

I 1 W f(x)| < MVz€lab], 7RI PRI LMETANSE S, XiEn P
LI—ANYEER N ERS TR S 5 S, MEST

S<8 <9 <5,
BN B 43 s 5 EAURSE I, R RUARRD, T BIEE LG
[S-5'|<2M|P||, |S-8'|<2M|P|.
y = f(x) y = f(x) y:f(rcy y = f(x)

Kl 10.4: (a) Lfetns &) R ¥ An; (b) Fhetes 5)E Rk Y

IE SEFEEM (B 10.4(a). BOF 2 RWE o) € (wim1, ), BINFZEH 7>
X P ARSI N XA R — A T X 2 BT AN AE f 7
[_1, 2] A [, ;) BV BRS04 M, M W ST AN
M!, M < M.
befg 1A S Sgi RS MG T AR 46,
M;Az; = M;Ax, + M;Ax! > M{Ax, + M/ Az,
i Awl = o) — a1, A =y —a, TS > 5 WAL FHEEAIR2E:
|S — §/| = |M;Ax; — M/Az, — M]'Az]| < MAx; + M(Az, + Az))
=2MAz; < 2M||P|.
ST S, AT R 7 B B AR 450 (20 10.4(b)). O

3178 2 AETARIM LRI TAE i
1 53 B3 F R,

iE % PPy HEREFEANR, F | |
I 3% R £ IR B AT BT 49 KR 95 o
&, ik LU P, MABIEE 1 (S RA o
FIE 10.5), AR L
Sp > Spur, 2 Spup, 2 8p, O B 10.5: 4% 655k £ Ao 8 Yot

|
—_————
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E 1 XA 106 FEM— . FEHZE S ERER T AR PR Py, [
IR T Sp, M1 Sp,. HFIFERR, B P RAER 2 NTXE, i P, RAER3AT
XAl A7 B R R AR A F, XN 4 AT XA A0 EhiEfE T A
ﬁgPl > gPlng > ﬁplup2 > §p2 E@ﬂf\‘%\n@

E 2 PIASIEHABL T X TR T LU IR TR (1) iR, (2) K
PN RIEIE. RRRTARIMEAZH.

TSI Darboux EARZFFITR A I E X

EX 10.4 X T7E [a,b] L XHEE f, 5INES

1= ir;fg = T)f(:v) dz, I= sgpﬁ = be(:v) dz, (10.3)

A BIRRY £ 7ERK I [a,b] 0 Darboux FBUN 5 FAU

TR AT LRSS K, ik Darboux B FT R AR MAEEEAR T B A%
fE. BT R REORE, ¥ |f(z) < M Yz € [a,b], WA 2RI _EME T
FERVEAEVCE [-M (b — a), M (b — a)] 2. Kt Darboux LR FIRR > #2EH
FRE. UM E SCAT XA 43 &) P — 58 AL AN
Sp<I<T<Sp.
F R Darboux B4 5 Darboux TSI AAAHSE. T HI & — M7

f5f 10.7 %}F [0,1] £ Dirichlet &R, B TF 4 X 8+ BEH A 2
%, A LHEE, F A48 P, Darboux LRI RS £ H%%ET 1 A1 0.
F4nEE Darboux ERMEF 1, FARA%ETF 0. O

IRAE RS2 E BE 10.3 [ 85 — 25 HIAIE .

EIE 10.3 FAY (3) = (1) BYIERA

M (3) BAL BT AHEH RS f 7E [a, 0] LHE R, BUEDSSEFH —ANTFXNE L
MIPRIERIE ST K, T RIE T AR 2 o5 K.

B M A5 | f(z)] < M Yz € [a,b] BOL, T2 &R0 2 1 RS i
IS| < M(b—a). % TRLEEX10.4HH (10.3) & XK LR, BATRIEN: 7E454
4 (3) ALK, f 7E [a,b] FRIERSBET 1.

FIFSAE (3) AL, WA ER € > 0, FTEAE—AN0E Py, W EARER

gpl _§P1 = ZwiAxi < %
i=1

WAL, 555K Py R R A 0. b 2 AN EANEGE N .
MEIHE 2 FITF T #IE X (10.3), W ILXE LA (3 1K 10.6(a))
Sp, <1< Sp,. (10.4)
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AR ) B TAER— D& P, e
(40 BE /N B A FRBER A4 REARIE Sp — Sp < (a) — .
e? HWRBRBELHET Lidakl A

I PP AREIPUP. HTER P
fhngn, 51 14H (S IE 10.6(b)) s 7 Sp,

[t
v
~

)
.

S S Spup S I<Spur < 5p, Spur Spup
HALA Sp, — Sp, < 5 183
§PUP1 _ﬁpupl < % ( ) §P 7 EP
C L } e
KAy RI P U P ERGE PRI, Brigm Spup,  Spup
A AN ) R N
fi;iﬁ ML N 0y, BEATLAFEISIEE 144 B 106 %5 b5 £ 601551
R

0< Sp—Spup, <20 M|PJ|,
0<Spup, —Sp < 2mM|P|.
(AN 10.6(c) PN BE B KR )
KLl BRI JF a5 45 21
Sp—Sp<Spup, —Spup, + 4 M| P| < % +4ny M| P|.

FRN TR ERBE T < 5 HBR G = S MTLUERS | P <6 Bk

ST gp — ﬁp < e.
5| N\ Darboux EFIE FFB AR (W (10.2)), 5 P XN Riemann 1, ¢
wHPE P AR R, #HEIZAER Sp < Z f(&)Az; < Sp, FIFX

WAL (10.4) RBHF%R S, < T < Tp. -

el EE .
Zf(&)A:vi - 7' <g,
i=1
B f 7E [a, b] I Riemann AJ#, F5& (1) ML,

ZAULEHBERE (1) < 2) < (3). O

F1 ERUEWRYLE 0,0 ERIERE f 4 Riemann 7R HAREE T
Darboux bAR4>. 8N FRHL AT HIX AN E 55T Darboux FA4r. BRI ER
—EF =1 SN XWABER. SEhr Bl UEEAFHIXZ f 5 Riemann AJFH
7R 4, BEAESR >

2 EE10.3 HRAREE SR B AR R L, B T R e k3]
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—ANIRIRNAT. TRBAVE R, X2 AHA7 a2 5727 BB % BRI & B0k B
REWARURGIR?

UL, SRBEAE T A R . 51 1 Prug iR X A . SR ek BT
FREE A IR PEAERT I R 2, BARPI 7RI ME DL B UL, (ER U4 A5 9+ 77
1%, W LA O R AR AN TR Rt LA A B IR FTAR I 2R R B A A
(1A S .

55O R, e 25 1A U B R B R B0 B S A AE SR 458 B IE T
HIREI {2, } T 0 I9FE 70 I B4 AF R AT LA SRRy X Ve > 0, FFFE—
AN, 15 oy < e (BIESSIE).

10.2.2 JLREZERHEH

XA AKX [a, ], KAEZXE _EFTH Riemann W) B 8 £4 A B B4R &1
A Rla,b]. THEBMTRIEE = 7870 05 B4 AF45 A 70 M b doe i LI = 2R T
Heg ot i E B A AT R R B R ELE R BSE, B Cla, b] C Rla, b).

EHE 10.4 ¥ f € Cla,b], W f € Rla,b].

E W fF (a0 B#ESE, WM Cantor EHEALE f F [a, 0] b —BUuksk *f

Ve >0, ffFfEd > 0, Va', 2" € [a,b], RE |2/ —2"| < &, UL |f(2)) — f(2")] <
£
b—a”

BEGH L || P < & BFI—ANRI4r. ARYEA S X ) FIESE B e 3 (3
HEH), f BN TR AR B O LS TR, SR s s /ME S5
MR 2l 5 2, YRR A

wi = M; —m; = f(x;) — f(z}) < bia'
Kt 4% P R T A T AR oA

ZWiAIi < bfa iAzi =e,
i=1 i=1
RS 10,3 5RO TTA — Z5 T APEATIL £ 76 [a,)) LTRL O
TR AN EER A AR R R, B R .

E 10.5 W f 4 [a,0] ERIERPAREL, W f € Rla,b).

IE A RGHIR B INE L. W f TE [, 0] LR, WX Ve > 0, BUAH
BEANTF e —D3%RI P = {xo, 21, ,an}, WA i=1,-- n#iH
0 <Az <||P|<e, wi=f(z:)— flwim1),
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BRL 3t T DA ot B 3X AN 43 R1) P Y. B4R R T AR R
ZwiAxi < EZ[f(,Tz) — f(wi—1) = €[f(b) = f(a)],
i=1 i=1

AW fe R[a,b]i O
B =ANTRRECEE R B AN A R IE AR ek,

EE 10.6 W f 7E [a,b] LHE R, 1 [a,b] LB EA R AUHME b E 52, W
f € Rla,b).

iE AR N, BXF f 7E [a,b) A —ANEBA ¢ € (a,0) FITEHS HiE
B, X ¢ i B f 7E [a, b)) B 2T — A7 BRAN 8] W7 25 0015 0 B E B 2 AL .

W f(x)] < MVax € la,b. EEM e >0, ;S < e, BMFE Os(c) C (a,b).
Fi fEXRAARI - IdRIE BT 2.

FEX 8] [a,c — 0) Fl [c + 6,b] b f AbhbiZEs:, MEEE 10.4 W] W43 I AFLE X # 4
XIE#5K] Py F Py, AR AT R HRIE TR 23 3 /N T e

HT P KD RA c— 6, P, B/ Rk e+ 6, BRI A& I 515 2
[a,b] BI—ANr %, 8k P. ATRAE P XY M H=iE AR T

2 + 40M < (2 + 4M)e,

AW, f € R[a,b]. O

PUR 28 H i JLAMI &, e rbm] DUR AT ARS8 — 7 70 W B AR BRT T 48 N2 1
SE FRAR .

Bl 10.8 [a,b] EH sgnx, [z] #RAHRAMBA, FkT#. O

1
E 0
fiE 10.9 0,1] LEX f(2) = { o 07 ,ERA—ANE W, (HTER,
1, zz=0
HNEE 101 FEEATH. O
0, z==0, \
i 10.10 K% f(2) = { 1 1 1 2 [0,1] _Er IR
=, <zx<—=—,neN,
n n+1 n

ek %, BIEAR. O

B 10.11 FRIFAEFE 10.7 ¥ Dirichlet K. SEIE AN ES: (S0
Bl 3.8 A 5.6). &Gk ELEAMIXIA] [a,b] EAFR. XA EEFEANK
FEAEZRMIX ] ERPRIE SRS T 1 B H, BN 5KR] P, %R 4 i AR s
ST X [a,b] EKE b —a. O
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BJATR, AN AR 58 S8 0 b E AR R B S AR B T =R AR

. HAT R REOFE R =K. At 22 %0 A AR B B 78 730 B4 AF R

T SEEMRPIXA ), FFEGIATR LA LP A E LR B HiE S, X2
T AATHRAR.

10.2.3 FRELEE LA ES R

MEE, Bl measure, Bi2EE. ST R _EREE, MEBEHR F X 0K K #
I BRI R RS DR XSRS IRETHANE. TH RS
HIEE R 0 ESREX. XXTHIEZ L%,

LR FERXNE I, HidS |I| RRERKE.

Ex 10.5 ¥ A C R Ex Ve >0, TAEZE 2 HIAFFX A {1, )1, 145
Ac UI (B0 A N {I,} B, HHTZ|1|<5, WFR A FMEELE, S A Bl

i=1 i=1
Figm 10.12 AR AERLZNELE.

iIE -&A:{alvcmv"'aan} XYJ‘QA%H"JE>07/§‘\

Ii:(ai_3ilval+3%)a izlv"'anv

muzn:um: Ze<e D
ZZ%%%BE%%%%WE%M%EKEFFLT, BT — Mo AR AT L.
BIRE 10.13 W F bR FM L.
IE (XHEZEHRE - ER A SRS —E PRI RS

WHAFIRE A= {ar,a2, ,an, -} XHEEM e > 0, HiEX A

_W7 i+W)VlEN

ARESGE S 1] Hedk, HIA

=1

il |11|:%7 |Ia] = | =

£ .. .
8’ 21+17

€
Z|I|—hmZ|I|—hm€ —I—g-l— )= 5 <€ O

E ?757%’[1 R *Hﬁﬁﬂ)ﬁé%@fﬁk%Aﬁgiﬂﬂlﬁﬁ, HARAE AT S IX (8]
A B e R TR, X5 B SRR B, B S P # R

O FHAERE SCHOREFF I ] A P X 0], BSR4 FH FF DX TR A I (), L SRR A A — R
PADCTE], BT e S 200 AR TR A [A]. DRI B gl R i DX 1) T
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. HCRT, AT A L A RN R R AT DU LT EDMOR BRI, eAb, B A7 AR
ATTFIE DL, .

BIRE 10.14 B Ay, A HGZFIELE, MIFFE A U A ZFIEE.

IE XIS AL HEZ TSI (SRIK) {1} B, Y, 1Ll < 5, [ Ay 4
BELAFIANTFXE {J,} B, 3, 4] < S, TR A UA, AEZTHATFX A
(I, J,} iz, M EHENRKEZINT e O

EX 10.6 & f 7E [a,b] bsE X, HEE LA FELE, WK f8)LFakat
BEEERIRE. JLTPAESENE N a.e. ELE, HH a.e. 4 almost everywhere 145

i ULEEFEA D) A Ve, G, R R B R L TS
ShaERET 0, BATTE 2% B B L b 4055 T 0.

10.2.4 Lebesgue xE#

Lebesgue & ¥ 58 & f# R T A AR MR E0A4 2 Riemann AR B 401 ) 8. 7EE
B E B T H RS R PR 2 e H (B §2.6 3 2.29) ANELLIEINSE =&
X (WA AEME S 5.1).

A T Lebesgue EHZ J&, 2R WL RIHEH A R PR BRI AT =S 2, 1 H.
AT LAAE A TE PR 22 /N 18] W7 5 R 3B 518 B 20 T B Riemann AIAR. #1140, Riemann
¥ (2 B 3.9 A1 5.9) k.

EH 10.7 (Lebesgue E¥) f € Rla,b] FIF 3 WELME f 1E [a, b] LIRS
B AL PR AL EEE.

iE DEM (=). ® f € Rla,b], WAEEE10.1 /[A1 f 7E [a,b] EHF. BE
¥ f1E [a,b] BRSSP EEA D, BATEIEY D TR

M X 5.1 53l AR AL £ RRIERT 0. e —NES S >0, & D
FRARIE R TS5 T 6 IITRIWT s BT UK 48, IR R

Ds={xzo€ D | wy(zo) = 0}

X E M & > 0, NATBUE “RBELKMAME LN P = {0, 21, 20},

{E43 P s B i P i T AR .
ZWiAIi < gd.

i=1

B0 DTIXIAHEIR f KHRIER DD wi < 0 Mw; > 6 KPR, M
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1) Z Ax; < Z w;Ax; < g6,

w; =8 w;=6

BT S Az < e, BHRIERFST 0 FKIKEZ AT .
wi=0

SHFHA B 2 € Dy, T84 20 W AT FXE L f MIREXTET 6.

B Ds o SARTTRERE w; < 6 BT A P9 2, ket R e U
Ds C ( U [wi—lafﬂz‘]) Ufzo 21, 2},
w; =0

BPERAF BN Dy B (X N AH R ESRE % T Ds), HPX
KEZ RN e BT e > 0 AR/, Bl Ds B4,

BT AN L R THEA D, REn RAK, FlA

D= U D..
n=1
Ve >0, HKENT ¢/2 MBERANXAIES Dy, AHKENT /4 KBRS XE
Wik Dy, WIS T &, BRI T B D TSI XE, TN KEBRANT €,
Rk D A ZMELE.

O («<—=). M\ fEFER M > 0, 815 |f(z)] < M Vz € [a,b].

XFEER e >0, HT f WEWSE D AFNELE, FIHAESKEN BT
e MBZAFIANFFXIEE T D. FIXFERFFX [BFR A 55— K FFX (8]

X TELE Sz, FELEAR 6, > 0 IABEK Oy, (z), BIRME wi(z,0,) < e. XFEA
TESE S A, AT B8 55 BT A SR e I T DX TR, R a0 A9 B R T X TR R 5
I DX ).

G BT BEITIXE, ENNHER T (o, 0]. WIEHRE S EmMERL S
FEAEAR BRASTF X E], BT IR E 55 [a, b).

KX FRANTEIX 4 LU T A7 B ZE A A S o S8 26 23 2 o IO
— MR EREA Ay, EWAE 540 A b, W — A7 & e A b s i — NP IX
], 188 Ao, WIAREE F A EBNE S b b1k XIEIEH 2 REFFX RIMATPAFE %,
RTHALARRZ [a,b] FIARIFER, ICHh Ay, A,

Wag=a, 21 € AiNAg, -, Tpo1 € A1 N A,z = b, NTIREI—50
X P = {zg,a1,  ,xn}. HEENMN 2,1 € A1 NA; Fla; € AN A AT
(i1, 2] C A WA i =1, n AL

Bl w; > e Mw; < e n DTGRP

0 XEEEZ], Ds PRIFARRE wi < 6 BITXIE RN A, (ET8F T R LT X
T ) 3 A
0 X5EH 5.5 KL 3 Bk se AR
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T wi > e M —RTXIE 21, 2], BT ERBENE —FRIFX I PriEas,
e BA/NT e FINEA w; <2M.
T wi < e K ZRTXME [z, 2], WENRKEBMASELXIE [q, 0]
K b — a.
TRBUAT LA F-20% PRI AR A H Al v
ZwiA:Ci = ( Z + Z )wiA:vi <2Me+ (b—a)e = (2M + b — a)e.

wize wi<e

.JHZTEJE Riemann AJFBUE “ARBERMHIE f € Rla,b]. O

¥ Lebesgue & # 5 5& B 10.3 (A FAZE — 78 ZA&FAH b, 7R A% v B A4 1) U,
B WM T X £ A Ta) W s SR R BB M, 5 38 AR T M g AR ok 1140 29 1) TR b 2 B
BB FE. Flm, THH#ERTRENSER, H Lebesgue ®ERIEHBM A S5
%, MR AT H S B8 R4 L B B At T VAR AIE B

Hit B f,g € Rla,b], o ZEL W fLg, ag, fg, f/g (B |g(x)] = 6 7 [a, ] L
RERERRAT., & AN IESL) A | f| #BHE [a, b] _ERTAR.

XAnREF R BN R 1), F Lebesgue B HABLE 7 (#1582

B 10.15 Riemann PREEATAT [a,b] LATFL

WE - MBS 5.9 5108 Riemann pREL AR IE S S E B2 H B N ST EE S
Q. HF Q ATF, FEALAT [a,b] WG BE SR AT &1, M0 — & J& T 4, Rt
Riemann %L AL ESE, NTTATFR. O

FIRE 10.16 (1) BERE g 7E [a,b] LEREBR ASMEH g(z) = 0, UEH g € Rla, b),
EHARSH 0,

(2) B £ 75 [a,b] EA 5 X, BAAEERAS 75 [0, b] SRR IREA AL BB, -
ﬁﬁ%ﬁ%&%f%anﬂﬁﬁ?X%ﬂﬂﬁ$%%ﬁJMf%ﬁ%ﬁrf@Mx
BB RN ‘

(1) W g BN A A I, B TTRL. XA P ok, R T L
ﬁﬁ@%%%ﬁ%MmmwnﬁE%aéﬂﬂwa&ﬂﬂrﬁ@MxZO

(2) JHl Lebesgue 52 BLA I, BRI £ 7€ [a,0] £JLFAMALELE, WAET Eik
S FE TR JL AR b, BRI TR AR 2 s,

W f TR, AR R B R A IR BGE N g, Wk T g WAL X4 P
ROy 5B TF R PR A, 9% 0 Riemann 1% A [, I%Tﬂjf@ﬂx:

(s

=
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E OB 10.16 R R, BiA] LA IR AR X A B FRAS B3 R
AT ARE. B AT W, 7R R A Ak 4% B AT AT 7 kb 78 5 AR 1 BB A
BTk, BT AR, BRI BRI AN KD 78 18 SO AT LAt 122 R BT A ERAN AT AR

XIE LS Ja 25 L. Bl e AX T1E (a,b), (a, b, [a, b) L5E I R&Ht
WERB AR M Lebesgue EHRFE, XIRER, KRB A FHEM)LFA AL ZE
SR SH R R A € LW e XTEk.

B2 ERTER RA BB sk o U m ] #R, BLRAE AT ARG LA
EMMFME S SEAREHE) BT FAS i B2 B, XA [0, 1] /) Riemann p&%
F Dirichlet B%L, ©ATTES AR T A CHE & _EEUHEFME, W (0,1) WA A
REBCRREME, (HRTE AR, T E#E AR

23 &

1. #7E Riemann AR5 X (BIRE X 10.3) F520%1) P BRI HAE A X 1) ) 4%
FEA R, HRREFEAD), MR E AT E R B H R

a, 0<z<1
5

2. % f(z) =1 b, 1<:c<2,iiEE»a:feR[o,5],a‘4cszOf(a:)dx.

c, 2<x<5b

3. XTXI8] [a,b] LRHFREL f, UEH
—b

_ b
lim S =J x)dx, lim S :J dz,
i Sp = J(@) 1P[=0=" _af(x) ’

4. XT XA [a,b] LA FERE f, iEW f € Ra,b] IR LEFMR
—b

Lf(x) dz = be(x) dz.

La

5. % f7E[0,1] LA, HIWT AN {1 | n e N}, WEH £ € R[0, 1)

i sgn(sin %)’ ze(0,1]
6. ¥ f(z) = { DRI £ 1] ERORTRLEE, Bk
0, =0

e € R(0,1). Xil: f e0,1] BEM?

7. WEREL f EEXH [a,0) EAR, BX TR ES e € (0,0 —a), f € Rla,b—¢],
M: 2B H f € Rla,b)].

8. & f € Rla,b], g(z) = f(b—x)Vx € [0,b—a], iIEBH: g € R[0,b— a.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

& f € Rla,b], [c,d] C [a,b], WEH: f € Rle, d].

R e 2 10.3 PR RS TR B A Lebesgue EHERT §10.2.4
HER: & f,g € Rla,b], a ZHEE, W f +g, ag, fg, f/g (& |g(x)] = mTE
la, 5] FAMARESE, m > 0) Rl |f| #52E [a, 5] L ATAL

% £ H [a,b] ERFAEG TR RS, WEH /T € Rla,b].
B |f] € Rla,b], M: f € R[a,b] BBE—ERAL?
B |f'| € Rla,b], iEM: f' € Rla,b].

% f € R[A, B], g € Rla,b], {63 %(g) C [A, B, H: Z&WRH fog € Rla,]
M —EMAL? X [ e C[A, B] Wnf?

W f € R[A, B], g 7t [a,b] FIESEF B FEAET 0, (L 2(9) C (A, B],
UERH: BE& K fog € Rla,b).

it Lipla,b] A [a,b] L3 & Lipschitz 4c#F (WEE—M p.172) BRI, Xid
Dla,b] A [a,b] LB EECEK, 158 Rla,b], Cla, b, Lipla,b], D[a,b] Z 6K
KE.

437902 9 AL DA 2 AR e 1) 7

(1) 1E [a,b] EHF, 4 ||P| — 0 K, Zwi — +o00.

i=1

(2) 2 [a,b] EATAL, 2 ||P)| — 0B, Y w; — +oo.

=1

(3) £ [a, 0] L5, HATCIRZ A E W .
(4) E [a,b] ERTHR, 1E [a, b] BAEFT—A>7 X6 LA IR, BATHREZ AR

UER: T AR AR AR th R T AR
UERA: AT F N AR (I SRR R F I AR

BEDXTA] [a, 0] ERIPIABREL f M g FE—DFIMEE S C [a, 0] ZHMEAAEE,
): f 5 g RERINTE [a,b] L Riemann AJAEATTE? X 2 240 EATH
I7E [a,b] ERTAR, WAL AHAE?
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§10.3 ETMH MR

A IR, TR AR M UL, R J” flo)do WiRn | b . BT
SEBUA FUR— AN, 300 B R 4 S S s A R 26 B, il
JZ f(z)dx = sz f)dt= JZ f(s)ds
WL, X — AL SRR B 5 A R, B f (o) MBR B o
IR, AR R A A B TR 2 R A 2 B

10.3.1 FEAXEZHMR

B BET R A B B A MO e 55 T 08 o B0 ek TR 26 F
AL 160 5T .
MR 1 (RAMEMIR) % f.g € Rla,b], WATHE o, 3 F
[ar+s9=al t+5[
iE XA E T Riemann IR PR, BT 4% P RIS 2 ARAHA
B ¢, BRBOL
D (af +Bg)(E)Az = a ) f(&)Azi+ B g(&) A,
=1 =1 =1

RE4L|P|— 08I O
MR 2 (TR XERIETME) % f € Rla,b], H ce (a,b), ML
[r-[ -]
WE ATRSE — S AL Lebesgue & #AR ] LAE B
f € Rla,b] = f € RJa, ], f € R]c,b],
AAIE AN (B BTk SI8 9.)
B f 7E [a,b] L Riemann F1, T HE SRR P WAEH ¢ AHED A, WA
P Ay AR f FEXIE [a, ] F e, b] BRI, A PRI P AR AT LK
f 1E [a, b] £ Riemann F15345 4 PRI
S fe)Ar =3 fE)dn+ > fl6) A,
=1
Heap S5 4000 f EXE [a,d, [c,b] L59%] P, P %F M) Riemann Fl.
2 ||P|| — 0, FHERIZXNWE | P/|| — 0 F||P’|| — 0, B ARI k&R O
B, FERR TS J” J AR o < b BATRARIES S HE

HILE 0 > b IO T RS f’ FRAEBATI, kst X
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J:fzo, T a>bis JZfz—J:f.

R TR R E X2 )G, W2 X FAE =5 a,c,b #BEOL, AL —
EBERa < c < b KRR 2 P RIKMEN MBS F 75K #E X [E
[min{a, b, c}, max{a, b, c}] EAIRL. BlIUW, FHH a <b<c, f1E[a,c] LA, NHEHE

FeRR 2 41
[ =], 5+ ]
IR S 2 (75 A
=== s
I M PR S B R T,

BIRE 10.17 K1 = J:(ﬁ - %:17 +3)dz.

MR DL T DA M Bk, (B T 2 JEEATTE. BUARAIA B L H
BB BN L I R B B, TR E 5 = UOR RO 1 #9050 i B8 SR
AR B YT A HE:

1 1 1
[ 29,1 _1_ 1 ,4_41
I—Jox de 2J0xdx+3J0dx—3 Lis=3Ll. O
. 2—22, <0 R .
FIEE 10.18 Kz = +1, y = 0 M f(x) = EEP'qialiiibukyH
l—2z, x>0

TEHITHAR S.
i xhorBoE SCREBUTITERR 2 AR G ER:

Y
_[° 2 ! 2
I—J_l(2—x)dx+J0(1—x)dx
x5\ |° z? | l
:(2%—7)‘_14-(,@—7)‘0 \\
=0—(—2+35)+ —>

1 x

K 10.7: &2 LK

2
B 10.19 K [ = J "\ sinz| de. y[/g’,@?\
0

iR KX 974 [0, 10 A [ 2mg ] DL AR o} T B
o8 B Sk 1) R K 10.8: y = |sinx|

21

=4.. O

1

T

. + (cosx)

s 2n
I:J sinxdx—i—J (—sinz)dx = (— cosz)
0

1
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£ OFIRXRRE:, AE 10.3 FIE 10.8 BT WA R L 4.
R 3 (5 H tiis*z'rilﬂg) ® f,g € Rla,b], a < b, BAE [a,b] EALALRLSE
mwgfuxwmjjggjf.

iE B f, g i Riemann fl, A AKX Zg(§i)A$i < Zf(§i)A$i, HE
1=1 =1
FLART iR A R AR 4R 2 G Riemann F, 754 [|P]| — 0 BJR[. O
S OXH o <ORMIR. #F a > b, MAZER . HiBEFIREER L, B4
52, A JEAEAS BB A B — &E%ﬁiﬂﬁﬁ?Jf*ﬁiagb

#iL 1 & f € Rla,b], ML
b b
[l i
(# a < b, WABIIINELT SRR L ER.)
iE FIAAER —|f(2)] < f(2) <[f(2)| Vo € [a, 0], FALBMERMAT. O

T OEREXEEHBANEARES BIE E—T51 Lebesgue &5 HIH#ER H
IR 43 PO 2%

f € Rla,b] = |f] € Rla,b],
A, M |f| € Rla, b] —fAREHE f € Rla,b]. (XEeHR E—rh 2R 8.
FEB M BOE T 2 N TR vk o B BRIV T : B a < b, 1E [a, D]
FAAERRSE m < f(x) < M, Herbom, MOZBEASESL WH
m(b—a) <J2f < M(b—a).

%%%fﬁmmiﬁﬁﬁﬂ@>mmwﬁff>u

ANHEE B PN AT B B BRI SRR AR AT AR, (IX A2 BT R B M TP I A 2, 1)
B2y h BRI L.) s, 5RBRRIEAH LA AR, ERIERLE
fE LT AT LAME A B Riemann F1SE A — i AR SKARBR.

EI 10.8 ¥ f,g € b, B RAR E M ¢ 50 P A, WG

Rla,
- b
IIPH okz: 9(&) Axy = L f(x)g(x)da.
W BT fg € Rla,b], AR EUEH ERMASE fg 1 Riemann 2 245>
RIFI AT 0 RFHIRR PR 0 B AT, 38 M & | f] 1E [a, 0] BRI S, XG8 wy, 42 g 7
SR PRI F XA (21, 2] ERIHRIE, k=1, n, KA
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n

DIFICALIAINTE SY(CAVIGY Axk\<2|fsk| l9(€L) — 9(&n)| A
k=1

n
< MZka.’L'k,
k=1

HT g € Rla,b], % ||P|| — 0 EIF]. O

10.3.2 HR49E—PEHEH
ERYHEPERA R EESHE. ENEE P EEH.

EHE 10.9 (ROE—hEE®E) ¥ f,9 € Rla,b], g 1E [a,0] LARZES, m <
f(z) < MV € [a,b], MAELE p € [m, M|, BOL

Jb fg9= uJb 9; (10.5)
RS f € Cla, b] B, WAFTE € € [a,b], 45 (10.5) Bk
jb fg=£(©) f’ 0. (10.6)

E AXFglx) >0Vz € [a,b] Fla < b FIBEREHIEH. X MAAERX
m < f(z) < M Vz € [a,b] HEBBEZ
mg(z) < f(z)g(x) < Mg(z) Va € [a,b].
HT a < b, SXMAFERXM o 3] b 57, HiE3H
b b b
mJ 9<J fgéMJ g
4 Jb g =0, M EXAT R Ao Jb fg =0, TR (10.5) RHERE p B3z, B0, &

b
Ja fg
p=
g
BT m < < M, FABA (10.5) o
# f € Cla,b), MTTH m, M 2 f Big/MERSRKE, BB f(a,b]) = [m, M].
B 1 € [m, M) ATEI4ETE € € [a, b], ff f(€) = p, WTRIHE (10.6) oL, O
E1 HE-CEANEEM PEEE T € € (a,b), T LR hE e BAE f
HELLIFAE (10.6) 1 € € [a,b). SEfs X EWMAT ISR € € (a,b), BEATE Y
Ingedt. IXAMER R 2 0 [25] F41R 10.2.2.
F2 NTRABE P EEETERAIEE, B g 7E (o, 0] EHRS ZM42
ARESRAD I, BHMAK (10.5) F(10.6) FFREA WL, K2 —AME] 5. 75X H]
[—1,1] E% f(z) = g(x) =z, W (10.5) (B (10.6)) M2
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1 71.3 1 72
J—1x.xdx_7‘f1_§’

EAREN R [ wde = L] = 0, BSRRT AL B
g(z) =z FEX A [-1,1] EARRRS R
VE BN — R B — MRS O, B4 (o) = LI, 0 (10.5) ek
Jb f(z)dx = p(b —a),
et € [m, M]; 04 f € Cla, b] RUAELE € € [a,b], (10.6) Heh
f’ f(x)dz = f(€)(b— a).

RARIET Y £(6) B 7E [a,b] LIRS TR, &

BB R AL — PSR A, BRI AR 25T 380 0 P 44 00 2 2 R, £(€)
A LT . A 10.9 FER, i [a,b] RIS
BT f A A R TR I T AU IS5 T LU 4 € FRR %L ¢ ¢ b

K 10.9: &R -F3H1A
{8 £(6) HRE FURATY TR i

R AR 5 — e R ERAG TR B — M T

I 10.20 W55 — B E BRAEAEAE € € [0, 21, S RAL
I:JmT sin ¢ dt:smfjm dt_ 1gng,

o t2 4418 o 12+ 418 8
SR AT S|
2m .
1= smf g < L
| | ‘Jo 12 4 418 8
B AT DA R 4 H R i — R A
21T |sinx| 1 2m 1
Il < dt < tldt = —=. 0O
1 Jo 2 + 412 41E Jo |sint] ®

10.3.3 AN BR R ZUH 2 R

IS NASEIAS IR, T8 5 A5 60 A 43 B 0 BR 5

¥ f € Rla,b], WHF z € [a,b], B4 J F(t) dt B RS, R F DL
A 1R o Jy AR — AL B FIREAT S LA AR 3h T I H A B
% J F(O) e XEEREE, MENR LB o W, BTSRRI o, TR
< B PR A

SeFF FIXFMEETE S L — TFA B L E (B 9.1), BISIAER o« [H
BRH S ().

ST KRBT ALE R, R R e
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EE 10.10 # f € Ra,b], WL T A& .
Pa)=["foa. G =] joa
HRAE [a, b] L RESEREL.

iE M f € R[a,b] 508 fFER BWIM>0,Vecla,b]:|ft) <M. FRH
z, x4+ Az € [a,b] B, BH
Jm-i-Aac f(t) df — Jm

Pla+A) — Fa)| = | [ '

o] -

J‘m-l-Aw ) dt‘

x

<[ If(t)ldt‘ < M|Aq],
AL F A 0,b] EACESE X G ITHERBE S, S S

G) = [ rydr= " jya.
AT ARB IS, O ’

O [F(o+ Ax) — Fz)| < M|Ax| AT, EBAMER BB RIORS, F
G AAURELER AL, T LA T PR, B2 Lipschitz K 1HRIREL (3
T §5.2 B> 19 5618 7.12.)

R R RS S A BB 4 BR 1 6 B 55—/ B 4 . 2 5 R T B 5
HAEH (BEH 10.2) —F, BAaHRFEHEMBRSEHZ BIMEIE SRR, Bk
TR TG BT A AR . S T K 40 0, 7T LI AT S 8 10.2 OB B4
S 0 B 5 B 5 T8

x

T 10.11 (A HRGBESBAEE) ¥ [ € Rlo,b), Fx) = j () dt,
a<xz<b H fTFr x € |a,b] IELE, NE ’
F'(x9) = <%r ) dt) s f(zo).

WE BT f Fra ESE, Ve >0,35 >0,V € Os(zo) N [a,b], AL
[f(z) = f(zo)| <e.

. =—( Dt - | >dt) (o)

T

1
A

Lm

Az

1

A

N

" $0|dt'<€

EHEM T F(20) = f(zo). O
% feClab), W F7E [o,b) EATS, A
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ar | St = f).
SRR AR 8, BRI FLEAS L IRE) o (0B S

ERERAE G BB E T RKR T, 132U R FIEN:

L rwa=—L [ e -—f@)

ERMRGE f e v JELL

DA D DL LSRG 22 A RIS LR BRA o (9P ARkl A A .

w f € Cla,b], a(z), B(z) FRFTLEREL, EATPMEIAE [a, 0], WA CAHCE
R oc € [a,b], FFHAEGRECRT A (RPEEREN) #if

a(z) c
= —fle(x))o/ (z) + f(B(2))B (x).
BUAEFRATT AT LARUA FFUE W £ 1= ) — M R B B Ar A s B, KRSV — T R
I8 B R A )L

EE 10.12 (EEFRNBERNEETE) & 12X, f € (), W f X
A T FAEAE R R, gt A B jf(:r) da.

iIE /EEEX#:'\J_\:': ) S Iv ‘/fESL
F(z) = r FO)dtva el,

o

METHANEEAHM F e OU), BF F'(z) = f(x) Vo e I, Rk F 52 fEXE I
AN B, TR RS jf@) de FE7E, HATLVE

Jf(a:) de = J fdt+c. O
BISE 10.21 % F(2) = JZ sin 3 dt, 76 # # 0 3K F ().
BT sin 7 @ £ O S, FULATRER 10,11 2 E600K SN 5]
F(z) = L E sindt =sinL. 0

ST sin - 78 o = 0 WA TR0, LR AR T AN A i s B R
F/(0). AHSIFRRR F 1 o = 0 —E AL b5 EABIMERE F o =0
SR, BV EOREZE SR TR B 10,30 TPk,

FiRR 10.22 THE T 5 IR RS S E

(Ji (1 —i(-ittQ)2 ); - (1 4—1t2)2 —2 (@) = (1 +1t2)2 et (e”)

2x e 0

(1 +$4)2 (1 +62x)2 :
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PBIgE 10.23 THEMIR X
I= lim L J €082t gy
r—+oo T 1/ 4t

xR % BRI FR 1) @, F L 'Hospital ¥ A] v+ &40 T

1 “ ! 2 !
[= lim (J &gtdo - dim 22 (1) 2L o
xr——+00 1/z 4t N T——400 4 x

10.3.4 Abel ZH 545 e

Abel ZEHUEH THRMR Y aib; BT, EAERCEHT A i K i
i=1
ik AR .
4 Sy =0,8k =y a k=1, ,n, MHATLME Abel 258l T

i=1

n n n n—1
Zaibi = Zbi(si - Sifl) = Zbisi - Z biJrISi
i=1 i=1 i=1 i=1

(10.7)

n—1
= b,Sp + Z(bz —bit1)Si.
=1

%E@ 10.10 EPXTJ‘ﬂ: n = 4, E ai,bi (Z = 1, 2,3,4) %BI%IE&, Eﬁ by > by > b3 >
by > 0 KIBTINAAET, R T Abel ZHAIREE]. ERY Abel ZHALX YT

b1 — b2
S1 by — b3
S2 bz — by
b1
b2 SJ
b3
b4 b4
ail a2 a2 a4 84

(a) (b)

10.10: Abel Tt &H

4
VM (a) R0 A MERTIRZA S  aub, BB (b) IO 4 TR
2, BRI RIT R, 2408 B A HEE Abel 5Bk B SR 05 B2,
4 Abel S0 T B AT LA B 22 35 — A e {5

EH 10.13 (ROFEZPEER) a < b, 1E [0, 0] £ [ B, g TR, MFF
£ € € [a, b], FEFFROL
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[ @@ as = (@ [

a

g(x) de + f(b) JZg(x) dz (10.8)

E iR, KB 1 [o,] £ VIR R4 SR
X AT AR BAAFAE € € [a, b], fEROL

" f@)g(a)do = 1) [ g(a) . (10.9)
W%l P = {xo, 21, , 2}, ¥ EXEDRRSELEWT:

1= [ gt )dx—ij“ F(@)g(x) da

i=1 " Ti-1

:Z (i1 J di”ZJ Fzio)lg(x)dz.  (10.10)
jjlﬂi%ﬁju ¥ BRI AFIRBEh Y MY B
I=>'+3".

EAEATDUER, 55 AN Y S RINAE T 0 BRIE A 0. hitid M
%2 |g] 7E [a,b] LHI—AES, G2 w; 2 f AE [0, 2] ERISRIE, W] LORE 55 —A
A Y AERHEAG VT

> < j (@) = f@io)| - o) dz < M witkas,
Ti-t i=1
XHEHAFE ||f!’1|\n~1>0 Z =0.
LT B [ = 3 + 5 B RH— AR, HE4E5
i =1

BT SY F Abel 58, BN G(z) = J St dt, 3 S MBI

Z Zf XTi— 1 G(xzfl)]

S AT Abel 284 (10.7), azaiu G(a) = 0, #EH

Z/ = Z f(zio1)[G(zi) — Gzi)] = Z f(@io1)G(zi) — i fxi)G ()

f(@n1) +Z (zi1) — f2:)]G(zs).

HERE 10.10 4108 G € C[a, b]. it G 1E [a, b] LRSI KRB m, M, SUFIH
[ AESERIERD, TRIA

n—1
F@n1) + Y [f(xia) = f(@:)] = f(a),
=1
HARE| T HIfh T
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mf(a) < X' < Mf(a).
B4 |P| — 0 i3 E

mf(a) <I < Mf(a).
HUE A WAFHE 1€ [m, M), 13 T = pf(a). HELRE G RMEM, 778
€ € [a, b 13 1 = G(&), BIFHBIPTRIER (10.9):

f:fmxxa=fw4jmwdw

MR 73 7T AUE BT 2 f S RSB M i, #74E € € [a, b], (AR
(10.9) Hor

b b
Lj@M@szﬂ@LM@dn (10.11)

B J5 3 — A 0L, W2 £ SRR, B £(2) — £(b) F (10.9) BRAT 5
B ERIFAIZR (10.8):

[ @yt as = [

a

£0) = 1Bt o+ 70) [ g(o) o

a

= (@)~ 1) [ gl do+ 10) [ gl s

a

= 1@ [ owyds + 16)[ )
S f RN, WA A f(x) — f(a) F (10.11) S (10.8), ABE. O

FOA—RARX (10.8) KR, SF f RIFIEAE AT LA S H (10.9) 8%
(10.11). BlanxtF f HyEm> HAeS, WTE £(b) > 0 BT RLEHTE X f(b) = 0, X
AFEWAFHER £ AR WD B4, Bt (10.8) B H (10.9).

B AT DL, AR 5 (i e A — B 3R (10.8) AR £ 41 I 4 R 5K
(10.9) B% (10.11) #F LMK

EEMRDHE ZHEEBEN—MEREL, ¥ f
[a, 0] EEHAAER, g(x) = 1, KR (10.8) 2%

b 1S
| r@ra=r@| dr = fa)e-a). 1)

SR A P 10.9 FI T DR A4 R
B 10.11, BRMAAE A € € [a,0], A [, HA O L0
UL f(a) RIS T [0,0) by = f@y e 5000 FPRE
I AR T TR, N

10.3.5 il
IR TR A T
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BIFE 10.24 IEPIAR%R % < Jl ——
0

i ER [0,1] EROL et <e ™ <1, %o A0 BIE 1 BIfE. O
%ﬁaﬂ%a<mt#ﬁmﬁ@ﬁfm%ﬂﬁrf>o?ﬁ%mﬁﬂﬁw
BT 0 B— A 7 4 4

Bl 10.?5 W f A& [a,b] ERHESA TR RS, BB —NELE S c bF
f(e) >0, muj F>o.

iE 4 ¢ b [a, b] B RUIE L IRUE .
MEESE R B RSP (BB 5.1), F77E 6 > 0, 48 Os(c) C [a,b], HAEME

sk f@) > L0 mEmn

N A

a a c+d c—

ot BRSNS BR 60 0 T, 5 R BB AR = ALY, SR JE 40 L
M.

ST c=a 8 c= b WHERERLIK, MBg. O

T Ao 5 2 PR ) JL T A A R MR Tebesguie 538,

wﬁume&f%mmimﬁﬁmﬂ@%mwwﬁy:omﬁg§#%
fAE [ab] FJLT AR T2

SE %Eﬁt:ﬂ.E?fﬁ%#ﬁwMﬁﬁrf:Oﬂ%ﬁumsﬂﬂfﬁ
BANELL R 52004 0. A Lebesgue EHEANIE f 7E [a,b] FJL TP b AbIES:, Bt
F(z) = 0 JLTAbAb T

R (=) NTEDIDR P = {zo, 21, 20} RH f FIELL R A,

n

W Riemann M1 Y f(&)Az; = 0. HF f 7E [a, 0] LB FILA | P — 0 BHXH
=1

mmmmmﬁmmm%$wﬁﬁfﬂmmﬁﬁﬁ%$o 0

EOEMET f TR RER. R X LA S TR R
AT LLEATTAL, 140 Dirichlet BRE ] PR RTARA, #1401 Riemann B &1
Tt A 1 A A8 P ) AR A A T XAE TR BRAS i AT 0 I — AN AR 7.
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I
2

BIEE 10.27 KAZMH lim JO sin” z dz = 0.

HH O RHSIEIR RS, ARSI
R B 20T D E H R, (Esk B S E Y n=1,24,8,16,32
SRAR PR A A WLAS 7 8. ] B 2 [R) S8 2 1) i AR AR
AT, PIHIX B A 28 SROX AR BR (1387 7 1.

mMADKE 1012 iR, 4 n B0 KE, fE#0Z% O 7oz
sin”z TR ERFET 0. HFARREZ KKy
HHZ A R A (1), FIRIRA TR Z 07, 1f----- ]%*

Rt RN — /‘/J\s@& AN 1 A TE R
[ -4, T[]_I:EI’JEHﬂJﬂﬁETK AR 6. 2T

[@) Iz
DI (0. T 8] Lt AR SN KPR .
RTORF n A 0, 1) LR 01 v =
N . 4 B 5
Attt

E XWTEER e >0, AP = mln{ }, SRRV (I R

s n_s ﬂ
J sin xda::J2 sin a:dx—i—Jz sin” z dz
0 0 I-s
<gsin (——6)+6< oS 5—1——

HHTO<0056<1 FWHEEN, REn > N, _l:fﬁjﬁlﬂ% IﬁTjE’J‘TE/Q IRl 4
T}EﬁﬁcO<J' sin"zdzr < e. ﬁﬁﬁéﬁﬂﬁﬂ{J sin xd:v} HIRRIRG 0. O

THE—N&E KRS AER, Bl Cauchy-Schwarz-Buniankowski N2,
A JEFRA Schwarz A5, B 7EE R AN A J7 T #R 2 EEA. B 0B U Bl st 2
§1.5.2 H ) Cauchy ~&E.

XFIEAANGE R TRATIZE HUMHIE B 77 9.

B 10.28 & f,g € Rla,b], a < b, UEHA:

(Jb F(@)g () dscf <[ Pwa [ @@

ML M f, g ATRRANE fg, 2, g% FBRTAL SINSESHN, WM a <OFT (N f(z)—
g9(2))? >0V x € [a,b] 13ZI

JbO\f—g)Q =A2jb s —2Af’ fg+jb 23>0,
o j " p2 0, MBI 10.26 T £ T [a,b] EJLTAME S 0, AT fg tiRtmtt, H
Wt J " g = 0, B FTESRE AR R CL T
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€5 Jb f2# 0, WART N =R =TEEE U AIE AR A <0, XA

(ﬁf-g>2 [ <o
SR BT SR, O
SE 2 (G818 TERE) 565 MRHFTE o,y € [, b) AL IR
(f(x)g(y) — fy)g(x))* = 0.
Yo BREER, y BERSY H ERHT o M o BN b, 735
2| r2=20wew | f9+Pw[ 2 >0
A AT y o BUYEL b, 7951

b b b 2
Lol ()
BERIMG. O

i3 A [a,b] fF 0 SAMBEAR], VA& = 5 = at+ L(b—a),
i=1,--,n, NHRXFHEBREA f(x;),9(x:),i =1,--- ,n B Cauchy FERX (IE
# 1.8), B n? IHK MRS B Riemann A, 515 3]

n 2 n n
(L3 rGigte) < L3 £ L3 .
1=1 1=1 1=1
& — oo, M fg, 2,92 39 (R) ATAREI AR ZRIF OB Rt O

o FRAR Y- Schwars N RS KT EAAE.

&J £2> 0, BRSBTS, WRRIE 1 HET A R ETR R
S0, ULAELERIESIISEAR, 10k ho, MTTI/EEI

jb (Mof — g)? = 0.
FI TR 1, TRV 0, IRICATBIE 10.26 5038 Mof — g LTI T 0.
R, EAMRT J (Mof — )2 = 0 HLIEFEAM T,

Bl E R J” £2 > 0 AR A J” G > 0, W RAEME. WX
MBS EEET 0 KO0, B S5 f, g B ILT A4 BRI B, S 25 kst 7T A,
Cauchy-Schwarz #1730 A& R AL 5EF 5 DB LM R AR RN ST 0 KIS E 4L
A, o, BEENS + g TE [a,0] FJUPAMESET 0. 22 0T DA HY Xt 1 7540 4
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10.

BB AR T £, g € Rla, b, Jb fa# | fjb g

3B

b
WA [a, 0] ERI=SATREL f1, 9, 0 = 1,2,3, 23 0IE T HIEKR:
(1) f1 + 91 € Rla,b]; (2) f292 € R[a,b]; (3) f3°g3 € Rla,b).
PRI [a, 8] E f(2), |f(2)], /> (o) FATAEZ RIS

SRS A — P E B 2 n“—fl + 2t Q"; T a, =0, M7

apx” + a1z P+ F+ap_1x+a, =0
720, 1] EHWR. CXut2E—M §7.1 M 7(2).)
2
(1) #& f € R[0,1], WEMA: <J1 f) < Jl 12
0 0

(2) % € R[0,1], £(1) — £(0) = 1, IFH: J:(f’)Q > 1.
¥ f € Rla,b], f(z) > 0Va € [a,b], ﬂr =1, iEH:

a

(1) Jb 22 f(z) dz > (Jb 2f(x) da:>2;

2 2
(2) (Jb f(x)coskz dx) + (Jb f(x)sinkz da:> < 1, He kb AR I
W f € Rla,b], f(x) =m >0V € [a,b], iEBH: In f € R[a,b], HEL

In ( bia JZf(x)d:v) > ﬁjilnf(x)dx.

. % f € R[a,b], iFW: e/ ®) e T(*) ¢ R[a,b], AL

b b
J o/ @) dz J @ dz > (b - a)2.

a a

BT SRR B

L xde Log2de |
1) ,[0 1+sinx 5J0 1+sinz’

(2) Jj e T2+ Vrdr 5 Jj e {2+ Vo da;

0], v 5

(1) % f € Clab), Jb 2 =0, 5B f(z) =0,

(2b) ¥ f € Cla,b), BX T LM g(a) = g(b) = 0 FI—A g € Cla, b] #A
fg=0,uEH: f(z) = 0.

—



§10.3 AR MK 75

11.

12.

13.

14.

15.

16.

17, 4 £ € R0l E9: F(O)) < & [ 1f1+ 17

18.

THE LU AR BR:
1 n 1
(1) lim J glc_i_—di; (2) lim (n+ 1)J 2" f(z)dx (f € C[0,1]);
n—oo | n—oo 0
cdt Sinxtantdt
. 5 Int . 0
(3) lim “Em—; (4) lim e
poheo Inz v=0 Jo sintdt

t2el” dt
. Tt+a o3 t . J
(5) hmJ sint g4 (> 0); (6) lim 20 .

Tr——+00 T t Tr——+00 xeiﬂ
x+1

¥ f e OR), EJ Ft)dt =0Va e R, EMH £ 2EM 1 AR

x

(1) # f € Cla,b], f(z) >0V € [a,b], iEH F(z) = rf(t) dt £ [a,b] EHI
e A 4 B8 I 5 ’

rm £(6) dt
(2) & f € C[0,+00), f(+00) = A, IEHI: Jim e !
r Ft)a

(3) # f € Cla,b], B BIARMEREL, UEW: F(2) =
FR) BEL TP 8 o R £

B[ CP0,1), f(0) = 0 [ [7(@)f (@) do < & [ (@) d.

(1) # f R [1,+00) LR ARMDIER R, & an = Y F(K) -
Jl F(a) da, VEW: {an} HBC8CE.

n

(2) L ¢, = k —Inn, WEW: {c,} RS, (IR 5 — M i )
2.29.) =
(4) IEAASEN: 2(Vn+1-1) <iL <2vn -1

VE
k=1
(5) # f' € R[0,1], IEBA:

A (Zf £ —nJlf )dx> :M'

% f € Rla,b), iFH: F(x J = t| - |£()] dt & [a,b] FETT MR
<

a

0

# € RO, 0 [ 17] < max (j £,

[.7)
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§10.4 ERHMIHEAE

R—TEITTRERSRE. BRI LA T NewtonLeibniz A3, {H
BATERIAEAR Z G DL I8 R A 8 R4 (3 e f 43 SRR A A B e AR
TR AR T8, BEAk, B A 23 a0 PR R P i i 8 s AR 40 PR o B Il R, G
FH ) JR R EORT B R ARAN ORI

10.4.1 #eouik
S 10.14 B u(e) LK (0,5 FAESS B f(u) FERB 1 = u(z)
A (52 A DX H]) b3Sk, Ml kar
u(b)

Jb Flu(@))d (z) dz = J F(u) du. (10.12)
a u(a)

i AEHB B
t u(t)
P = [ fu@@de=["" fdu, a<i <o,

u(a)
W F(a) =0, HX T8Nt € [a, 0] B
FI(t) = Fu®)el(6) — Flult)u(5) =0,

B F(t) £ a <t < b L RHEMERE, NTUHE FO) = F(a) = 0. XHAZRIER
AR (10.12). O

F 1 EAERS TSI TEREITE. HEAARK (10.12) RE, HE
BRI, WA du(z) = o (z) dz, B2 SEHE (BEE—F#oTiE) %
A, R2Z, NGB ZE 2 56 — Mook, SRS ARZLE,
TEXT 78RR 43 FH 4 7032 I 200 R RR 40 BR AV A IV 48 k.

WA, 5A R R IR, v BAKE (10.12) 230K o/ () dz BECA du,
AR E S P RS doe TR EEHBIM.

2 EH 1014 PSR LS, A (B —J7 X BAEK
u=u(x) ZM [a,b] Bl [u(a), u(d)] FI——BE, S ELE SERA.

[SE]

HIEE 10.29 K I :J sin” x cos z dz.
0

R HBHONE, 4 u=sinz, Wz A0 2 %Xﬂ‘ﬁﬁ?uU\O@JL et A

= [ urd l_ o
—JOU U—T

EOKEATUEL, d TR RECE R E RS RN I E R
Boukn, &JE AL ERE S FORAR AR, Kkt A Z R 7 i #onidm b
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Newton-Leibniz 22 XK T . X2 E R B ITTIE S R I TTIE 2 18] 1)
N—AZ5.

IR 10.30 KA 22 + y? < R? M.

e Rgiaﬁ—%mmﬁﬁﬁ%4wmyﬁ%ﬁsz4fﬂ@?:ﬁm;
0
Ve 2 = Rsint, W24 ¢ M0 2 g iz MO B R FEG

S:4J§Rcostd(Rsint):J§ R?cos® tdt
0 0
_ 42 [? 1tcos2t 4,
= . 5
YECTR S AL
=4R (4 + 4s1n2t0

R A KA R BRI B — DA LR,

)=mR%. O

P 10.31 & f 2T (—oo, +oo) AW T WA RS, BAEMSMERX
H_E (R) AR, UERH f ERBER B T da AN X Ta) AR (A A [R], o2 Bt
A a BROL:

IE R ERR R T XA A NP S
a+T 0 T a+T
(Rl W A M
a+T

%ENTEw%zAﬂﬁJ Fla)de YAt e = ¢+ T, W% 2 N T Bl a+ T i
FMOR T, EER
a+T a a 0
J f(x)da::J f(t+T)dt:J f(t)dt:—J £(6) dt,
T 0
RARTREE. O
AR [ A0 E SRS, AT DU B IR ST R
%.%Xmeﬁ“ F(2)de, Horh o W AER. BT f %%, FtsE
F'(a)=f(a+T)- f(a) =0,
I, F(a) %F o WEMERY. FERIEHSERHE Fa) = FO).

10.4.2 RS
EI 10.15 BRH u,v KFERE W/, v € Rla, b], WESLATT K2 #ER 2 A5
b
Jb u(z)v'(z)dz = u(x)v(x)}a - Jb v(x)u' (z) dz.



4

78 £+F 8RS

iE M Newton Leibniz A3 A
r’ (u(@)o(@)) dz = u(z)o()| .
FI (uo)! = !+ w'o A5
Jb w(z (z) dz + Jb o (@)o(z) de = Jb (w(@)o(@)) dz = u(@)o(@)| |
BIOEAS. O
i FIHERSES RIS de, 53R A AT 0T B A 5
THIEA:

b b b
J udv = wv —J vdu.

a a

Ak, FIH Newton-Leibniz A (WL E# 10.2 H3F), B #R S AKX H
BAHN . XAV w0 T RE W, o ERRA S EA— A, (AR
u,v ELE, H o' v € Rla,b], WAKAEREAL.

BiIgE 10.32 K [ = J VEZFa@dr, b a > 0.
0

R IXEA R BB 9.47 H 4R A vE SR H Rt R AR B
25 B Newton—Leibniz AR A, N HME GREBRETTHER.

a a 2
I:x\/x2+a2’ —J L dz
0 Jo Va2 +a?

:\/iaQ—Ja\/x2+a2dx+a2Ja dz
0 0 Va2 + a?
V2

2 a
=—a2+a7ln(:v+ :v2+a2)’
0

2
:§+ﬁ+mu+¢m.m

HIRE 10.33 K I, = JE sin” xdz = F cos™ zdzx.
0 0

AR RS 2 = % —t I AIEESETH MRS M TH—
R ER R BEHEA T, i Bin > 2:
I, = F sin” !z d(— cosx)
0

oy J§ cosz d(sin" ! z)
0 0

= —sin" 'zcosz

®sin™ %z cos® zdx = (n—DIp—2— (n—1)I,,

:<n—1>j
FRAFBHEAR

0
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A I, = g I =1, ST LUHg75 5]

— 1)
I, = (nnu) ) n =,

n!! K
XA B SR AF I A XEF 2t B A 3, R FE D, B, e
BN AT EES H

F cos?zdr = F sin? zdx = L m_ £7
0 2 4

2
F cos® zsin? zdx = g 1 (1— i) - It
6

BISE 10.34 X TEM F(z) = Jz sin -+ dt H5E F(0).

i ERTHREE 1021 FELHEE 1011 RKHET = £ 0 NS F/(2).
AR HEALTE TR 5 T BB R AE ¢ = 0 JCAMBEA & X, T B3R — KA Ik
R, PRIEAN BE P I B 4 [ BE SR A ok i) .

FA A SRR E T LS IRIXAN R . SGBAE T S F I RIS R

F(z) = r t?d(cos %) = t*cos % t r oS % dt?
0 ot Jo

= 22 cos 1 r 2t cos 1 dt.
T 0 t

B4 F(0) = 0. ¥ EXABRIE —TUESLER R « = 0, 15 0 # R R EHE
z = 0 At AT DUESERESh, X PR AT AN I 305Kk T, B TR A~ S HERAZ 0,
WA% F'(0)=0. O

F OUTNTRAESTERSEAHESERMIERTE BEMNF PEXSR
F(0) = 0. RJE7E1E B 7 3AR J5 B B S H00 @ SORTH 22 7 B PR

r 2t cos % de¢
= lim(xcosi) — lim =2
x—0 X x—0 x

HILE TR BRI R4 0, T3 — I AT LA L'Hospital £, BiF
r 2t cos % dt
m 20 Y — Jim 2zcos L+ = 0.

z—0 x z—0 x
=AM F R SR EER T (B A ER) RN
B 10.35 ¥ f7E [0,1] EHELIFRE, £(0)= f(1) =0, iEH

L@ < 4] 1rwias
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T RUNBARBER 7 e C0,1] KL, ST EIES HH
(BT, MR e
Jif(x)dxzxf(x)‘;—J;xf’(x)dx
EAREIEE|H 1.
BB FERI A — AT, BIAES ML de B d(e — L), 45 Lidsh i

BN RBE Y

! 1 1 o 1y

| J@da = 5) = @ = 5@ - | @ 5)f @),
WE £(0) = (1) = 1AM T A

[ @] < [ o= d1r@ian < 4 [ irwla. ©

10.4.3 XHREERSIFEF KN

PR AN 1) 5 T B SR, BIRIH [—a, a] (a > 0), TIZE5 408, 4HA s
%ﬁ&ﬁ;w&@%%%ﬁ&%¢&%ﬁm;ﬁﬁjifmmx:mﬁ%f%ﬁ@
ﬁ;@ﬁ@@%Ty%wwﬁwnﬁﬁ[ff@ﬂu:zﬁf@mm

1 5 DA_E X RREHE— B3R, MU T 5 258 4 (0 SR R AL . R
T 127 B R T LA Hh P R B 5 ) 25 B R S B e A

BT LA R B, 2RI [a, b AR SRR R £ (), W AR
a+b—z ZEMEEOEH g(z) = fla+b— ), WFHHHEBLLETXE [a,b]
7 D AT

9(x) = fla+b—z) = (FL + (2L ).
7t f € Rla, b] R ASXEEBA

b b
J f(:v)dx:J fla+b—z)da. (10.13)

a

SEfR B RS TABRIRMERS t = a+b— z, FREH ¢ Hidk « BT
Jb fla+b—a)de = — J: F(t)dt = Jb () dz.

THEFANTFEZROEXE [0, a] LA % LHREBEIFRNE. M LT REE R AT K,
i f € R[0,a], WA

Ja f(z)da = Ja fla—z)dz. (10.14)

0 0

FIA (10.14) BIAHERB LR RS R,
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EH 10.16 &AL f EX A [0,a] LA, HRFXEIH & a/2 AFFREL, B
H f(z)=—f(a—x)Vr €[0,a], ML

J: f(z)dx = 0.

EE 10.17 WREL f EXIE [0,0] BRI, HRT 2 = o/2 HERE, BIF
f(x) = f(a—x)Vaz € 0,a], AL
a/2

JZ flz)dz = 2[0 f(z)dx.

iE (0, 0] FRESTRY JO F(z)dz = JO/ ? fla) dx+J“/ @) da, RIERH

a/2

U AR 2 = o — ¢, FFRIAEA: f(t) = fla—t) HRE
Ja f(z)dx = Ja/z f(z)dx — JO fla—t)dt = QJG/Q flz)de. O
0 0 0

a/2
XTFAE [0, 0] EA—ERA LBRBFOIFRIER PR RH, 7T LU UT kA K
FE [0,a] ERTHEZ © = o/2 FIRREL X0 THER ) HTHEZ A K.

EH 10.18 % f £ [0,a] LA, / ) e
J: f(z)dz = JZ [f(2) + fla — )] dz. (10.15)

IE BT g(z) = f(z) + fla—2) KT a/2 HERE, Kb REBRESEHSE
3 (10.14) FIE 2 10.17 BIF]F

J:f(w)dx:%(ﬁf(w)dx—i—[ (a—2x) dx) J z)+ fla—2)de. O

i bR LR 10.18 AR (10.15) B4 & TR EHN S, 1A, 4
SRIEFT LK (10.15) #E7 25— X A b, 153

a+b

be(x)dx:J ’ [f(x)+ fla+b—x)]dx.

a a

BIZE 10.36 4T = J" _axsina

0o 14 cos?z

& AR (10.15) STt AR B

sinx (M—z)sin(M—2) _ msina
1+ cos? x 1+ cos?(Tt— z) 1+cos?x’
SNl AzRE]
n . /2
1= T[J2 % = —Tarctan(cos x) = i O
o 14 cosx 0 4

T MBS E Y Fourier ZECHEE .
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B 10.37 ¥ f € R[-mu 10 %L, HAE (0,10 BT 1y/2 AR, ik
. A IR
I= Jn f(z) cos2nzdx = 0.

E T HRRE f(2) cos2na RfEREL, FIL T =2 J:f(:c) cos 2nx dz. 7EIX
) [0, 70 _E UK
f(t—2x)cos2n(n— x) = — f(x) cos 2nz
AT AR RO T A T2 AL FEE 10.16 EIEFTER SR, O
E EEAEMIAEAH t = -2 W
J:f(:v) cos 2nx dx = JO f(mm—=1t)cos2n(m—t)d(m—1t)

Tt

= Jn(—f(t)) cos2ntdt = — r f(z) cos 2nx dz,
0 0

AR ST 0.
L In(l+x)

dx.
0 1+.’L‘2 .

BI%E 10.38 T = J

i VB 2 = tant, do = sec? tdt, FEZ]

1 I
I:J 1n(1+f) dx:J“ln(1+tant)dt.
o 14z 0

AR (10.15) RGBS, St HHBR Ry

In(1 + tant) + Inf1 + tan(% —t)]

=In(1+ tant) +In (1 +

2
1+tant

1 —tant)
1+tant

=In(1+ tant) +In =1In2.
Hi B AT 155

I:J§1n2dx: Mo O
0 8

T HEIEE A RS HE A S o, HEHRSEHNZ—DEE
Bl 10.39 iEHL: XHERSEE o BOLESER

2 dz _ [z dz T
o 1+tan®x = )y 1+cot®x 4
IE AU RIS, B R RS — MR WA (10.15) SE7HE
1 1 1 tan®

1+tana:1:+1—|—cot“a:_ 14 tan®x 1+tan“:z:_1’
BAE 0, /4] BRI R %. 0
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%3 &
L WHHETFFIER
(1) Jll_IQ dx; JQ:Cl—:v
o 1+ 22 0
1 x—1 Y 1 1 w
(3)J0(w+1)dx’ ,[076 —e
o) | A © [ V7 ar
0oe’+e” 0
(7) Femsinkxdx (k=1,2); Ftan xdx (k=1,2);
0 0
9) F P sinzdr (k=1,2); (10) J§$SIH xdz (k= 1,2);
0 0
1 e?
. . de .
(11) Jo arcsin z dx; (12) L o
1 3 d
13 J 2v/2— bz du; 14 J —zdr
(13) 1 (14) 0o l++v1l+zx
0 1 dz
22 . dz .
(15) J_l (@ 4+ 1)V1 -2 — a2 du; (16) JO Ea—
(17) JO:E Va2 —z2dz (a > 0); (18) JZ:E2 a+idx(a>0);
T4 i 3 cosx )
(19) Jo cos™ z sin 2z dz; (20) Jo ST & ST dx;
L . . 5 cosixy .
(21) J_n51n(mx) sin(nz)dz (m,n € N); (22) Jg o= 22) dz
1
nz|dz; sgn(z — z°) da;
23 Inz|d 24 *)d
e~ 1 0
1 2
(25) Jom —aldz (0<a<1); (26) Jo[ew] da.

. UEBA: Jl 2™(1—2x)"dx = Jl 2" (1 — x)™ dx, HF m,n e N.
0

0

. W feC[0,4+00), f(+00) = A, Sknlim Jl f(nz)du.

im |
LB fec ), ﬂff(xt)dt — 0V € 0,1], WM f(z) =0
0

1

. % f € Rla,b], iEHE:JZf(x)d:E = (b—a)J fla+ (b—a)z)de.

0
. %f(iinx) € R[0T, ﬁngfyg;
(1) J; f(sinz)dz = J; f(cosx)dx; (2) J rf(sinz)dr = gJ f(sinz) da;

0
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Ik Exsin‘lxdx.
7. %% " € Rla,b], RiF:
[Map"(@)do = br/®) - £0) - (af' @ - fla).
8. # f € R[a,b], IEHAFLE [a,b] LEIREUTH { f(x)}, MR HOL
ti ["[7(2) = fu(a)|dz =0,

n—

Hr {ful@)} 2
(1) FreemZ; (2) Bk R E51;
(3) LRI (4) LT FREI.

9. # f € Rla,b], g’ € Rla,b], WEW:
JZ f(z)g(x)dx = g(a) Jb f(z)dz + JZ J(z) (Ji 110) dt) da.

10. % £ R EFEBY T KRN RS, HLE 4 R 1 [a,b] F AT, 0
jo F(b) dt AN S5 — L .
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REEN YR ZE-FERERDERN N7 ERHE, BARFRD X
FTCF, XAFREBICH. §11.1 MR AR B XAEEAM R, §11.2 2 X
R HITHE. §11.3 2 SR RSB A .

§11.1 IS BTN FMR

11.1.1 ERSBHE

N2 ep AR A SORTSE BT 10.1 AT, B4 FL et 45 5K A b 1 57
B A T B 7 S AR A 2 V6 i SR I ) 0 40 9 T S G T i L
INTIR=AE T SE R A, B SRRy (kb AN, A TR BRI, 4 B
St eh e AR h o UBRSY (BEHRSY).

SB— AT, B ARE SR SRSy, IR SR S R, B B
BIHBER T 1 T T AR (TSR, 2 h v

VO T ) b3 B ORGPk, FE BT = R o Wi
S HIHERT] 10

F(z) = (fiwg;z )
Hh G RFI I, M AHIRFTRE, R AHIREE, m AWk z
B, X OEKWIRTEAA — DAL
e R AL T DA 3 T 81 TG 55 3 Ak v R EE ) BT AE ) T W
RS THE AT B B o BT RITh W (), SR 5 B FR. 2
TiERER M W (x) R E, RIS W (2), REBHRS. B
5%, R NEE « Bl 2 + Az FryERITIA

GMm
AW = F(x)Az = A
(z)Az (r + R)? “

TR
11.1: =%

1o — 1 AW
W'(z) = lim = F(z). .

- Az—0 Az

O Py Bivh DLYTE o 38 5 b AR ik 2 i e R A2 A X %mvz = mgh. XH
RIS R RAEMIE BT, BILE ) F = mg A2 XG5 T — 58 R R JL 58 e AN
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R F0) = mg, st CMm _ 0 R E G B W () =

R2
mgR? , 2 =< e
(z+R)?Z’ MW (z) BIFRIE SR R R £ 75 2
~ mgR?
W(z) = -—=—5 +C,
Her O RAEHE. BT 2 =08 W(0) =0, WEH C = mgR, Fik
2

RG4S ¢ — +oo, BB W = W(+oo) = mgR. X5tfe B _EYk% R 55
WAL PR EAE R .

G M7 mod = mgR W] v, = VIGR. R g = 9.8 K/B2, R =
6.38 x 106 K, WAFF] vy ~ 11.2 A B /B,

BB A it E I EE RS T, A
lin Wi(w)= lim_ J; F(t)dt=_lim Lj

r——+00 —+oo

K doeJa ik ad

mgR?

dt.
(t+ R)?

+o0 2
J’ mgR _dt,
o (t+R)

XX E] [0, +oo) LRI LA

INgE BIRTT Xk 2 7E Riemann #7370 (0 JE A b 6 B4y PR EUAR PR 75 21 1,
BRI I R A 5 I IR B IR IR BR B 45 SR 5 — IX 2 Riemann MR FR, 28 — k2
x — +o0 HIRREALIR.

BT, M .
mli)r? J; \/1di_t2 = mli}l{lﬁ arcsinx = g, i
AT BAS AU X T BB ST 585 — R OB, B |
Loodt 1 !
,[0 Vi—i2' o
ESEBHLATR S, MR BAL L L
7 B4 DURRE. 3RO TR DU iy = ——
V1—a? 11.2: R
r=0,1y = 0 FIRHIOERCHRS ARTREEIES

(LE 11.2). WNARATHE R EEmE AR /2.

O 28— F 8B, RIS Y1 A V& 2 m B &5 fOE B, R M0 5 7 i B sk . h

S PSR P 5 T A A, A m]gf = mg B8 v = VoR, B#RH

v = @’Ug ~79 /L\\E/@
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11.1.2 T XB5HEX
Sl X R TE SRR B R B AN R B TF, 4030 SRR A ) U4
EX 11.1 (EREE LB YRS % f EXIA [0, +oo) EHEN, Axts
MNA>a, fEXH [a, A] £ Riemann /AR, W5E X f 1E [a, +00) LI XFR A
J+mf( )dx— hm JAf( )dx,
m%ﬁAmﬁﬁEmﬁ“ﬁﬁmﬁﬁfXﬂﬁ&ﬂIﬁzatﬁ&@fﬁﬁmu
PR SR R FR +oo XA UBUMOE AL FAT LR X f 7E (—o0, d]
B Xy X XAE (—o0, +00) L) ARG A
[Tr@ar=]" f@de+ [ s@a
BRI SRS A LE. (AT LA B 4 £ o AR R4
S )
SEAAR ML T LA A T IX 1] _E T 8 B B U8 a7 XL
EX 11.2 (BREELERBRE- RS & F EGRKN [o,0) EHE
M, 7R b bR ERY, BXFEA Y € (a,b), f1E [a, 0] b Riemann AR, M5
M f 7E [a,b] Lr) B E R FIR R
[ f@)ae = tim [* f@)az,
m%zm%&m@@%% ﬁﬁ&%ﬁfM%%Wﬂ RZ, % kAR R AL,

%Uﬂ%frgaﬁﬁﬁﬁﬁﬁawﬁﬁ.éaﬁ@—ﬁﬁwﬂu%wm%
xrxwﬁjf@dpXﬁf@mﬂ¢ﬁ@—§ﬁce@MM%erﬁﬁ

[ f@de=[ swyar+ [ f@)da

C

W%Eﬁ%%4fﬂﬂ%%ﬁﬂﬁ%fﬁ@mmWﬁfﬁ%%ﬁf%ﬁﬁﬁﬁ.

F1 TR ARTEENRTLREEN, f 18 b RH LA FI A
TR, B EHAL fTE [a,0) EAES, Wi E—F418 10.16 XHFF7R, REeR 3
f € Rla,b] W7 JL45 2.

F2 WTHZAEANT RS E X, KA ke X e &R I7E,
BIAefE e B MR R W 2 AN LR 2 F, /AT RS RE—4

O JE#EFRERWERMEROEE, BIX VS € (0,b—a), BB f 7 (b— 6,0 LS
O e 2ok st 5L A S R R IE S s SR FR IR Sy, h TR AL
KRB HEAR M LR HGE— K.
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AL ARG SUALEH AT RSN A FRIR SR AR s, HAET&AN
XFGrZF.

EKFr XA/ EXHNGE L EFASE XA SR — P %8 5 P
1 IR PR, 56— X2 Riemann R R, S8 55T T2 3 IR 40 IR (L BRECF FR)
FHARIR. Wk —F R e 10.10 A 10.11 PR, R R R E DR ES R
B, AR PR O SR TR RR B, T L, T RS 5 B — I R O R
BEVIBRR. WS XAR G 5 B — e —AN 8, KET SR R & —4
5. (HARMATEER oo, BIFTIHAEIEHRIE (2 §2.1.5 5 §4.1.4).

DU &5 H T SCRR 43 W S50 ) o 2R A 1 40 0 M . El bk 43 o L e VDA e T
§4.2.7 KT BB R FALE e B, AR I, 7EnT R XS PIRT XA R 4 —
fic s

WKL f LEXT [a,0) bE X, Hor b @&ME—# i, B LLEARE, trfblg
b= +4oo. HERXMNBEMNDEBENFE—AV € [a,b), fTE [a,V'] L Riemann AJFR.
b NAERE, W fAE b RERTCS.

PR R XA XA T R R B IR IR AR e 3. TR S Xy
TR R B Lk,

EE 11.1 & fREXE [a,b) J:ﬁ%)‘(ﬂ‘ﬁlfﬁ@%‘)ﬁ, Hep b EERKT o
AREL, B oo, MHEME KA A, mUTLX*F\ﬁJ f—RRAE R, M
S, BB KELT 400

W OA e R EE R

F(z) = r f@)dt, a <z <b,

T f AR, B PR R s g, T lim F(z) —RA RN, HA R R
o — b~ fEb = +oo NEMA © — +oo. NHIET HH BRI FRAFAE 2
(BEEH 411) RARPTENLGE. O

XTI ORI BR 2, U4 AR OB T R B BR K] Cachy Wi SAfE .

EF 11.2 (r;)‘(fﬂﬁﬂ‘] Cauchy WSAEM) % f 7E [a,b) EDL b R ME—FF
= )”JJTLX*R%J f(z)de WSKHI R BB LM R X Ve > 0, 3by € (a,b),

b//
VU, B € (bo,b) : H fla)dz| < e.
b/

SR ORI R X
b ) b’
| s@yar = tm | f)ar,

a
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WRA LI RFERIE (4 b= +oo T Y — b~ BN b — +oo). YA
BN EARR Y BIRE 8 F(Y), Xe H REARR I Cauchy WSk#EN (35 &
H4.12) IRBIENLR. O

T L L A R B RN T SRR R s SCRITR]

BiRR 11.1 A 111 BiF
J'Jroo d_x _ g J'Ad_x
5 = m

— lim Qi)fz lim (1—+)=1
A 400 /)11 A5t A

B 11.2 — ARG RS 11T
JJFOO dr lim JA dz

1 x A—+4oo J1 T
N O
= lim ln:v’ = lim InA=+o
A—4o0 1 AS¥oo

AP R ST B R,
BB 11.3 WHEIFHIESH p > 0 )X [ 08 gt

& FRN 4oo. TEp # L AR A

A 1 1— 1 1—
p — P P
Jl x Pdx = T T ’1 =15 (A -1,

éA—HﬂxﬂﬂLﬁ%p>1WW@?}£TQW%O<p<1%Eﬁ?+m
St p =1 ATLLBI G 11.2 (94558
LI (1) p > 1T B, (2) 0 < p < 1 XESRE. O
TR S R B R e R IR X L SR 4

BIEE 114 % | L gt e p > 0,

R AR HN =0 RIEENIE p £ 1N 0 < d <1 WHETHFS
Jl z Pdx = %xlfp '

a’ -

= o5 0 @),
IR o — 15, TRAEO < p < LB B BT | 95— Lo
P> LI XHARMT +oo. 5T p = 1, WFHHITHI T
Jl de =Ilnx b —Ind,

a’ a’

AR RE. O
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I OBAIE 114 5608 11.3 M4 A,
o] AT DURRRE N 7E B — S BRI LI AW
Bk y = 1/2P (p > 0) FIF 428 kR4l BT I A
TRX AR +oo. FHHEM =z =10
PIRTC X, MR T p = 1 NP E i AR R
REFRZH, BE—REARY, 5—2
LI K. ﬁnEﬁzE’J@ 11.2 iR, HAPEHRT =
S igk, By = Q,yf 1,yf%. =4
bR BRI = %Hﬂ%zmﬂﬂﬁxﬂ”a@%?bj}}\iﬁ
AR S BEE . B 113y = 1/27 57~ XRa

FERG PGB SO 73 A KB E 7, 245 1) SRR 3 Sl 40 3
EEEEH.
X LA ) SCRR 23t AT L R B ATTR R AR LA 75 3

BIRE 11.5 m@r‘” 0L qp g, Kok g > 0.
2

fiR AWEA oo MTFq#41L A
A A
J dx :Llnlqu} ZL(lnlqu—lnlqu),
2 q—1

9 xlnlx 1—gq
ALY g > 1 BRI, T4 0 < g < 1 BB RER.

A A
HF g = 1»1%[ dz_ zlnlnx‘z =InlnA—Inln2 A LB RE. O
2

IR 11.6 kK I = Jl In(1 — ) da.

0

i FRN o =1 REE T LA T
I= lim Jb In(1 —x)d(z—1)
0

b —1-

o
— 1 Dl —2)—q]| =-1,.
i (e~ )n(1 — ) 2] =1,

Hodr i J5 H 2R R thI(I)l+ tlnt=0. O

H <k _ Foo dz
Bl 17 k1= | 0
B AWAET R —oco Ml +oo. I E X W NG RKAM. SE/ERTR

J+W de JO dz J+W dz
oo 1422 oo 1422 o 1422
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JO de i JO dx

3 — 2

— 00 1+x Al——o0 A/1+I
0 1 Ay It
= 1 — t = —.
‘A/ A’Erfloo( arctanl ) 2

= lim arctanx
— — 00

1+ 22
1
s dg.

A’
A [y - g BRI SR, T=m O

I 11.8 R T =
fi# ‘F&:—Eﬁﬁ)ﬁﬁ x =0, I AHEANH

1

0 1 1
I = <J1+JO) ? -e® dux.
I EWTT (AN R ):
0 q 1 . A 1
J —e® dr = /hmi‘[ ezd(——)
-1 X b’ —0 —1

.’L’

= lim (— = i 1 _et)=e!,
g el T g e e =e
1 1 1 L
J %ez dr = lim J er d(—i)
0o a’—0t J o/ X

)

FEe Xy REL I =400, O

11.1.3 Z£HtEHAR

BT SRR 432 7 5 B4 O Bl 0 5 B M R e s S, BRI AR AR
X BB ST LR PR, U9 M.
HMEEAR iﬁrxwa\j £ A J g BB, o, B RFTASEL, e

Jb(af+ﬁg)—aj f+5J
O OLERARTH o, 0 TUUERFRE, WATPIRE a = —00,b = +oo. HAME R
VHAEZ AT RS L.

. o0
BIE 11.9 K 1 = Lx) T 1‘;9(;2 g

2 HgtkissAXEA

+oo
I:J 21 — 21 dx
o \Z?+1 e+ 2

—+oo —+o0
= arctanx} — —— arctan —

—o V2 f oo
—a--1n o

V2
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T AR AN BANE RS EWAL. 1T 515K
J:OO :C(xdj— 1) :J:OO (% B x—ll—l) dx:J:OO (1:_30 _J:OO a:(%fl
WA BEROL. AP IR AU ARGy, T 223 i) SRR 43 SE B b R L8
KT A R SCHEAR VT
tee 1 _ o [P 1
L (?_ a?+1) dI_AEI}rlooL (?_ x—i—l) dz

A
— lim [nz—1 1‘
Jim [z oG+ D)

T A _
_AEIEOO(ID A1 +In2) =1In2.

11.1.4 ]~ X Newton—Leibniz AR,

EHE 11.3 Wa<b, HERH f £ ERILHN) X (a,0) EREFRAE A,
EANEFT RSN EFAX R EE AT, XAE (a,b) EARAEREEF, WL
X Newton—Leibniz A

Jb f(z)do = F(z) b; = F(b~) — Fa*),
AL R RE. BN, 2238 AR R

F OXEXNT a=—oc0 M b= +oo MIEMN, ¥ Fa™) F F(b7) 53 A ELAEN
F(—o00) fl F(+o0). eAh, XEFEFRE F 53 10.2 fEH AR, e X
B, B FAE (a,0) LS, BHEREHRA RAMYWE F' () = f(x). XA

W AGIRR a,b HAE A RE RUE SR HIE. B (o), 0] C (a,b), WAE
[a',b"] BRI E AR5 Newton-Leibniz A fF 3]

[} #ayae = Fo) - F@)

a’

La —at, b b B O

BIRE 11.10 )™ X Newton Leibniz 2= A L/EI T 5

1 dz . ’1 . .
= arcsinz —arcsinl — arcsin(—1) = Tt
J—l V1—22 -1 (=1)
5 b, SHAR (aresing) = —— R (=1, 1) BEBOL, RN (18

V1—22

B A AR, T B B arcsing 75 [—1,1] FHESE, LA ep A
v = 1 AR —HE. O
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X SCRBRECR U, B RNELME R EEN. (X BT PAEEE]E 10.2, Hp
T T SCRBREL.) T 2 BT A0 2 1% 22 M 444 T 8 R A A Newton—
Leibniz 22 K141 F.

BIEE 11.11 & A PR

+oo +oo
J da:2 :—arctani’ =0-0=0
oo 1+ T |—o0o
R 1Ex # 0 NHsSEH
Ly 1 (_1Y\y__1
1+x2

{E 2% — arctan % TR SRS, B REEEEX ] (—o00, +00) EAERS R
RECRMER. O

11.1.5 XA _LE)™ X Besh 5 887 s B ik v i

5 R §2.1.6 KEFTHEAMGh, M 2.8 FIREAL, Y w, WS W)

n=1
—ER lm u, = 0. KT REG XBIPRLL, X/ NI B RS
XI8] [a, +o00) b X, HI™ R4
JJFOO f(z)dx

a

Wesh, WA —E T A f(+o00) = 07
MHTTIVR 2 98 K BT 5 X 8] _E ) SR BIEUR T, 3K A HETR L P-4 2 Ao
K (LB 11.1,11.3,11.6,11.7 5). EF i — M| 738 W, XA ARG, (4

TP U4 Jb F(@) da R f(—o0) BAELEFIRE M)

BISE 11.12 ZEX ] [0, +oo) b5 XK Y
i n, n-—to<r<n
B f(z) = -2 , K

0, Hfth
o0 y=z

I= J+ f(z)da.

0

B BT fAES RN EE 1 e | oA
WS U —EHE X, Bk, B
HIELIT K. AR ELE [0,n] B E S o 1 23 n @
fFRIERSG, REWEH n — co WETH Bl 11.4: 5 LA 9 ok 442

SR, MR AU A J(+00) A AE 1 F
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F(n)zJZf(m)dx:%—i—%—i—---—f—%:l—%,
FREAE lim F(n) = 1. BIES SBAHEL T =1 O
R T HE— B R PR, BTN B £ LS PR 5 SR R
1 10.16 26080, IS [ 7E 2 = 1 (n > o) FRIATFIAS REUE, REsds j >y
WS, BRI BSOS RIR f(+00) MITELERE. —NHLER A B RO YRR DU T it
w1 f € Cla, +00) BT
TR T P 45

BIRE 11.13 % f € Cla,+o0), H J+°° Flz) dz W8, WA AERF) (o) C
(a,+50), a1 +o0, HE@ Tim_ f(z,) = 0.

WE E BT SCRAMED 1, W BB RN Heine JH45 )8 BAE R
lim Jnf(:v)dx =1.

n—oo

TRA
n+1
lim J f(z)dx = 0.

n—oo

RIS — b B A n BT @, € fun + 1, R f(r) =
J fla) da. ZAEF {x,) BEHLEHEFHER. O
i m%ﬂmmﬁrmf@mx&ﬁﬁym%ﬁﬁmﬁfﬁwLMﬁ¢&WR

a

REZET 0. FHZLIE f(+oo) = 0 FI—ANH I 4&AE.
IR 11.14 & f € Cla, +0), HJJFOO f(x) daz WSk, W
F(400) = 0 <= f7E a, +00) F—FkEsE.

iE1 f € Cla,+o0) iy HBEFELE
PR f(+oo) BRARIE f 7F [a, +o0) E—8 Y

Vg, R B R FLIG (2001 (o, | (o)l
5.14). X BARFE URSSILEIE. /TN T

TP A, RAF S | | %
flroo) = O AL, f §L4 foxifE: O ¢ 4 ot ’
M), $niEFFE o > 0, VA > a, Fzg > B 115 FA 1114451 = &R

A |f(xo)| = 0 (ZIE 11.5).
FIH f 1 [a, +oo) L—8UELE, X Eik e, 36 > 0, Vo', 2" € [a,+00) (2" —
2| < 8): |f(@) = f(2)| < e0/2. THM x € Os(zo) WA
[F@)] = |f(zo)| = | f(zo) — fla)] > <L,
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MH f(z) 5 f(zo) RS TREARME
xo+0 €0 o+
[ r@yaa| > [ do = o

I0—6 10—5

BT 20 TBUER K, BB ARG XA Cauchy BSHEN] (1523 11.2)
HFE. O

W2 R X 784 AR F R AE S RE B,

SFLEM € > 0, BAE—BUELEAM, FE7E 6 > 0, K2’ 2" € [a,+00), Hili
B2 — 2" <6, A |f(2) — f(2")] <e.

i F(z) = J F&)dt, W FAEEEMBR F(+00), M Cauchy WS (W52 2
4.12) KUEAEAE M > a, 4825 = > M Y,

[F(z+06) — F(z)| =

r” £0) dt‘ < &6.

FRBE
)
23] < }f(z)a—j 0 dt} n

[ 1w dt}

<

x40
J f(x) = f(b)] dt‘ + 26 < 26,

x

Y x> M BEEA |f(z)] < 2. RUEAT f(+oo)=0. O

-]
1. RS Y 111 H SR J+°° (@) de BIBCEME 543 1 o BIZEEUTE %,

— 00

2. & g(z) < f(x) < h(z) Vo € [a, +0),
1) F O J 2)da F J h(z) do B0, TEHE: rm f(z) da WE8K.

a a a

(2 )%LinﬁJ g(z )dx:rw h(z)de = I, iﬁ%rwf(x)dle.

3. ﬁc’%)ﬁﬁﬁ?ﬂprﬂ%: .
e —x? . > dz .
(1) ,[0 re % dux; (2) J P ;

(3) Ll) In z dx; (4) JATU ;:; dx.

4. RSB IR:

1) lim S — . 9) lim —— S L



+

5. 25 [ o) e MR, MUK J 46 0, +oc) IR
(1) W& f 7E [a, +oo) ERIEL. gdd iy BURIT 07 A AR 1) (26 3R
@8 [ A [ g e, W o B (74 0 o +oo) LT

6. WAME b [a,b) LI F MIME—7 25, W £ 7E [a,b) RATAL. Zont AT AR
A AL AR,

7. FHH:
(1) #7745 € € [0, 1] 1543 JTZZ ST 4 105011;

(2) F#1E €] < 1, AR LOO 7 = 500 oo
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§11.2 I"XRSWIHH

TE B B i SO R, R S B IR Newton- Leibniz A2 E
G T —ES LR A OB B B SR T 5 3 B S, i T
SE RTINS . AR T B 3 SR 7 R, Bt 5
§10.4 PSR BEDIBCR. SO, N T WL W, 76 I ORUA 22 T RE RN L T i
%%fiﬂﬁ%ﬁ%—%ﬁﬁxE%E%Lf¢%mb$—%%ﬁ@ﬁ.

11.2.1  r#ER5

EIE 11.4 (DFBRDE) Wu(z), v(x) £ (FRELFR) X (a,b) LiES, T
Bk R
u(@o(z)| =ub )v(b") —ula")v(a™)

ﬁ@;m@fi%ﬁ@%ﬁﬂ»@ﬁwumu@ﬁ@ﬂﬁﬁwm%ﬁrmmw@mx
%ErmwdumxﬁﬁﬁM&E%ﬁN&ETﬂﬁ%ﬂﬁﬁl

. _
J u(x)v'(z) dz = u(x)v(x)

a

b

iE M7 X Newton-Leibniz AR A
.
[ w@)eta)) do = ulz)e(@)] .

5 RE B AP ) 4 AR 0T B2 AR 7 W8, e T B SCRR B SRR
# v TE (a,b) BALACAFLE HOESE, WA (uv) = wo’ + /v, FIH

Jb u(z)v'(x)dz + Jb o' (x)v(x)de = Jb (u(z)v(x)) dz = u(z)v(z) b;,
A AT L BT P AR 0 o R A — AN, TS — sl
#u', v T (a,b) FRIFEAD R e oARLELE, WIATLLTE (a,¢) i (¢,b) B3R5

M ESUARE MUETRT. O
BIEE 11.15 SR RTS8 R ﬁmmaﬁﬁﬁﬁmm%%

2 ESER DN SR SO RS X 2 = 0 e i, Bkt
Jl Inzdz = lim Jl Inzdz = lim (zlnz — z) '

0 n—0t Jy n—0+ n

= lim (17! =1
Jim, (=1 =l +n)
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HRATELAT 3CH) Newton-Leibniz 22 AR HA:
Jl Inzder = (zlnx — x)}; = -1
0 +
PA_EPANT5 2 B 3E R RO KIS T In o HJR RSN 2 Ina — .
B Ja R R, EATRE AR BRI %

1 1 1 1
J lnxdx:xlnx‘ —J rz-—dr=-1. O
0 0+ 0 T

BiRE 11.16 &S% s > 0, iEIXT TR EGIEE n oL

+oo |
— —st _ _n
In—JO oot de =

i HBn=0WH

—+oo
Iy = J estdp = — Lot
0 s

Hn > 1 AT BLR 23 SR 3 R i A A

7_l —stn+ l Too st n—1 _n
I, = P to +SJOe nt dt_sn,l,

DRttt 15 21

+0071

0 S

I, =N n—1 1 Ip = n!

s s s gntl”
E AR L BIAXPIATRLL " IS TN st FHC R ¢, SARE
JJFOO et dt = nl.
0
KR FMAERBER n KA ESESH « - 1, MBESSEZERN X, |
Gamma FR#{ (x > 0):

I'(z) = FOO t*=le=t dt.
0
MT(n+1) =n! ATEIESZIT T (0!} FESAL. T(z) BB IR KL,
BEFE =MPESTER > —EHELTINS.
T A E R IR ER R — AN T, BER TERAE 10.35 FES M
XA AT DL SR A E
Jb wdv = Jb ud(vte)=u(vte) b+
HAH ¢ ATUARYE T EOM B HERE. N — M

GIRE 11.17 R J; In(1 — ) d.

- Ji(v + ¢)du,

iR R HRBNEIT: i
Jl In(l1 — z)dx =2In(1 —x)‘; —Jlxd(ln(l —1z)),
0 0
WA T 5 — A A PR, PRl S e B 114 BOFEACSAt:. A AR F A s B my
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11.2.2 #JjoH:

EH 11.5 (["XBRMRITTE) BEB v = u(z) T (HARLR) XA (a,b)
b B H % 2 ], IZI%I flu) 76 u(x) MEI L&ES, o < b, W™ X4

Jb ) (z) ds 5 J () du RIS, 7ENS T R

Jb Flu(@))d (z) do = Ju(bf) F(u) du. (11.1)

a u(a™)

T HSEES BB T, SRS PR IR,

BI%E 11.18 K [ = Jl x\/iji—x?

) P dz __ dd/=x)
1 fEz < OB, BRIERK Py g L L I
1'2

BRI AT AEAR e w — 1/, BAT u(—1) = —1, u(—oc) = 0, JKFERAE]

. -1 du - 5 —17 B
I_JO S =M l—l—u)’() =In(vV2-1). O
2 MER# 2 = tant, oz N —c0 B -1 B t N\ —1v/2 B —1/4, X I}
dI _ dt :J:IE
2v/1 + 22 sint
I:J_Z =In|tan = L |’_7 1ntanE

e = A BN A A 3T DTS tang =v2-1. O

1 2
HIEE 11.19 ﬁ%I:J 1 g,
-1 + 1

RO SRy, aE REMAE,
1 1
1 + — d(z — =)
I = Jl 1 de = Jl 1—50,
-1 g2 4 = -1 (z—=)*+2
;1; x

FRA%ERAS u(e) =2 — = (UXEAFBE %0 K15 18, w W0 F 0,
i bR R 2 0. BT R
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) BLAE T A R AR, w(z) 7R85 o = 0 AbFE 58 2R IAIWT A, R W] BE7E i AbiE
Bk, (BT DO u(z) FIEBORBIMFX — ) Bl LL B AT

FIFHAR S T I TE A [—1, 1], MR AR BB B ek 4, BRIt o7 L an S AEAC e
AL —AN ORGSRt
dz— 1)
Lg241 N T
I_2J0I4+1d B Jo (z 1)2+2

4adx
fBISE 11.20 R [ = J sy
B WS BEEA Y2 € (-1 1) WRAFAAL R XUBA 5 X
YEINR 7345

_ V2 V2
(s W e W -
B b — AU T S R

o 3K 4 A B R R, B —A, R u() = 207 — 1, T

g 18— W, u 150,

_ N2 0 1

,[712 24117:5(?1 B Jl dTu - _Jo% B
Fh M T LS4 B Al = A B AR AR T XA . O

RGE e 11.5 BIUE.

PR RTAR (11.1) BGERR  FU T — RS R 0L St iF 5, 3t 2
b= +oo AME—FAF AL, u(z) HEPBEN, H u(+o00) = A NFHREMIE L. X H AL
W SLAOUE A R XA (11.1) Bl

J:mfww%u%wdx—Jﬁ;)f() (11.2)
TERAE W bR P 5 P e i, EL M O I I e K T i
3% S
Y > 0, WA SR BT A ST (R BN () (026 HE -

[" sutenu@yar = [ s au (113)

AT 5L h
(i) B (11.2) BALHEL (BT RER T SR AT RER) XAy, BIEH
JA fw)du= lim Ju fw)du

u(a) uw'—A~ Ju(a)
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Wesk, WCHARBR A 1. WIS Ve > 0,36 >0, Vu' € (A6, A), KL

JZ;@) F(u)du — I‘ <e.

HF u@) T A(x — 4oo), S LR 6 > 0, 778 M, RE Y > M, HH ul) €
(A—6,A). A (11.3) BtEHES v > M KoL

Jb futa) (@) dz — 1] < e.

RRERRIERA T (11.2) 22387 SR 8k 1

(i) Rz, Wi (11.2) Z28 i R WSL, WAd KRR A 1, WXf e > 0, I M,
VY > M, BT

Jb F ) (@) do 1] <.
FIH v = u(z) PHAEFEEIET A ST uM) <o < APE W, FEE—R
Vo> M, AFR o = u(®). BAA (11.3) AES u(M) < o < AR, BoL
JZ;@) Flu) du— I‘ <e.
EFERIE T (11.2) HIAMBSHEIRSET 1. O
5 S AN R4

G =" S
WA (11.3) AL Gu®)), RN (11.2) Btsh
b/hIJIrl G(u(d)) = 11111417 G(u). (11.4)

KX HHENER (4.17) EeE, X HR S & RO R n) 8, A ssh 738 B
it S, FREIEH PR (11.2) RER — 1SRl iz 5.

BAED], £ XS HI A, B (11.3), BOLHRTHR T, Xk i o As
BRI R AR, X HE B2 ARG ST LIRS T 515 2.

5138 HARH y = g(o) A EHEIFERE, SCKRMRRE 2 — foo ZLH

lim, JUFF5RE K
lim f(g(x)) = F(lim g() (11.5)

REA — A s o 558 3K
FOSIEEH AR, TR 4.2 ML 6. Hd 2 FhmTaetk:
y = g(x) BRIEYER 2 7, lim H 4 F, lim g(z) BF 3 58 (BIAREAM +oo).

11.2.3  #3

T— SR RAEFZ HEHPERH. BERTETAERRR 9.34 AL E A
Newton—Leibniz /A A5 2, {H 7 7155 00 56 4 &y 5.
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+oo

BIEE 11.21 K [ = J =% sin bx dz, HHF¥E a > 0.

0

1 HRAERS SRR EMREIATES:

+oo “+oo “+o00
I=-1 J sinbx d(e™) = —Le—argy b:c’ +2 J e cosbrdx
a Jo a 0 aJo
_ b —ax b ‘+OO+ b too 7azd( b )
=——ge “cosbr| > Jo e cos bx
b b? b
=5 -5I=——. 0O
a? a? a? +b?

iR 2 561 9.34 fE 2 RUPTBLAH Euler A HE W,

JJFOO e *(cosbz +isinbz)dz = JJroo el—atib)z 4,
0 0

_ 1 . o(—a+ib)x Feo

== e 0

_ 1 _ a+ib

o a—lb B a2+b2 ’
HUP I ) R A B S 1 AR IR 2. 5 U2 IR S, T [ B 45 380 55 — AR
S

+oo —az b d — a
JO € COSOxr dxr = m
T AT R — MEDEL

B 11.22 & a >0, f € C(R), UFH LA N EETE 22 R0 WSk iy B :
(g ) =me| Ty (44 g) 4

i OREATMA 2 = 0, oo, EURBITAR ML HPIABA KA HL,
AL T, AR L = L ity

I_Jimf(g+i).w.(_i)du

a u a u

=J ) (e - ) a
:—I+21naJ+wf(£+l) d_u
0

a u u

AL T A FRE 55— i) SRR liedl, BRRGZETR s O

§ +oo
fBIEE 11.23 EKI:J dz _
0 1+«

R 1 FR IR o 2o A J7 v BRRC X v R H TR R 2 (LB 9.42), AR JE H
Newton—Leibniz ATRRELE LK. M.

B2 fERHu=1/2, W22 NO0E +oo B, u M +oo B 0. TRE
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1
——du
0 2 oo 2 .
I:J U71:J' u4du (’I%‘Uﬁﬁ?ﬂj‘]l‘)
+oco 1+—4 0 u* +1
u
1
:l‘rrooIQ_i_ld _lJ+m d(I—;) (A?\’U:x—i)

2 0 I4+1 2 0 ($—1)2+2

_ lj*‘” dv J'Jroo dv
2 | 0242 o vP+2
1 v ‘Jroo T

= —— arctan — = —.
V2 V2 o 2v2

5 B8, T8 R R BB 9.44 B2 MU REAR ok Y, (H
FEV SRR I A I E R HA T E.

BIEE 11.24 j‘z]:r" do Hebo<r<1.

0o 1—2rcosf+1r%’

MR FRTREASH ¢ = tan & 124 0 W 0 B 2m i, 0(0) 2E 0 = AL K1
M. DR B RN AT RIS T IO BER R SR P38 2
SRR, DR AT LUK B8 (10 SRS (SR DI 10.31), 3K AT LAY

FAXTRRYE, BRI BC RS, TR P&, A58k ¢ = tan %;
o [T do
I= 2J0 1—2rcosf + 12
_ 2J+°° 2dt
o (1I4+r*2+(1-r)?
_ 4 1+ teo  om
—ﬁarctan(ﬁ-t)lo _1_7’2' I:l

TFHAZRTE) AR E R XS RRE R —AM 7 (S0 2 10.18):
BISE 11.25 (Euler $4) K I = J_ Insin z dz.
0

B = T o RATBE (2 RAR (1015)

k]

I= Jz(lnsinx+lncosx)dx :J Insin 2z dz — %1112,
0

X g — X IR ER R 20 = ¢, BRAG 3
I= %J; lsintdt — L2 = %I ~ Xin2,
B T = —g m2. O
3 Euler B2 EE A Newton-Leibniz 2 203K H i L B 61 7, ‘B AEHF £ 1)
B SRR, (S0 [25] §12.3 BRI 8 3 1) 8 AN/

NHEEX T R KAl

[}
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BIEE 11.26 WIEW TFIfEH

1 o0 gn 1 2 e?
11— <J e dr < 1+ L. 2J e 4z <003
@ n+1 0 net 2 19 V2+x—a?

iE (1) AALEXTE [0,1) B 1 - 2" <o <1, M ERE

_ 1 R
1 n+1<J0e dx < 1.

7E [1, +o00) EFH
400 _pn 1 [te° n—1 —azm 1
0< e dz < nx" e de = —,
1 ne

n
Ko UL LA AT ER A
(2) KB AR R Ko i o P A AL 7 JE Al T

r N U P 1) 1)% <0.027176. O
19 Vi+tx V2-=x V29 3% . '
BE—AMI PR RERRS S P EEHE (e 10.13).

%ﬁlermﬁﬁﬁfzjﬂf%%%gdﬂ
0

S %ﬁiﬂ%ﬁﬁ@ﬁ%%ﬁﬁ&i%1fﬁ,WR%%ﬂuh;g
i%iﬁﬁ@ﬁ%@%%&y:inPaZWEﬁ%%mﬁﬁnwﬁ@I#ﬁ¢.

B OmT L fEa >0 NIERBERD, 7 = 0 HET 1, Fk T

1+ 22

A >0, N HEEBANERTE € € [0, A], fEE AL
JA 05100z dz = F cos 100z dzx,

o 1+a2 0
FRAT LM 53]
A 13 3 €
cos 100x - | sin100x 1
Jo 71—1—902 dx| = Jocoslooxdx = 100 ‘0 < 100
4 A= oo HABEI 1| < ghs- O

1 ﬁi%m%ﬂﬁ%:¢ﬁiﬁ%Tﬂ%ﬁarm=mwfﬁEﬁwﬁ
(5] AR ARG R R S T 4 SR e A —
5 T R

E 2 ABW AT LU E AR BRI RERAG T B0 se 2 B AR 15 5
7 sinl00x  _ 1 }*(X’ J+°° sinl00z 2z 4

100 1142l o 100 " (1ya2)7?
T AR —TUN 0, BltEtA
L[t 2% 1 1 te 1
(-l e
1< 100 JO (I+a2)? 750\ 201+a%) /e~ 100

R A ), A0S a7 B bR A3 AR R 0P B R T sin 1002 F 1 JBOK, T2 4
HARIE, WA T Ref9 B SR AF Al T
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%3 &
L. ﬂ‘ﬁfﬁﬂfhjifﬁﬁj\: .
W J*OO (22 +1)(a? +2)” ® L ?(1+z)’
feo de Foo dx '
®) J—oo 22 4+2x+5’ (4) Jo 1+ 22)32°
P de batdr
oo \/de o0 dz
7 = . ]
(7) Jl (1+2)? (8) JO (1+22)(1+2v2)
' " dux; :  dx
(9) JO(IHZC) dI, (10) JO = )
2. i‘l‘ﬁfﬂfb)‘(ﬁj\ﬁ: .
S J; tﬂ;iﬂ;; (2) J; In cos x d;
(3) J::Elnsin:vdw; (4) J:"O %dx;
! Tt
@ |, e © [ o
) [, e (b #0) ® [ e lsmala
9) JO e"” cosbx dx (a > 0); (10) JJ“’O de;
e .
(11) J';FOO bsinaxI—Qasinbm dz (ab > 0).

3. UEIXE AU SR A v

1 _ ([t +1 1,1

1 X

9
2
@ 0 0 (4++sinz)V/4—22 8

1
L +oo C5.3_‘1.2_’_3‘1.
OF v M 20

+oo
(4) ’ J e cos v/ dz| < 27%e 16,
2

“+o00 2
(5) J sint?dt = €SI 4 o(L) (2 — +o0);

2z x
+oo e T . 1 B é‘ )
(6) JO z+100 ¥ = 700 ~ Toooo & € 01
1 dz 1 1 -
) ,[0 V-1 - k22?) gy =1
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§11.3 I X o HsrEtE R R 5%

J SCRR G (R SR A R — AN A (). 6 T _E B AR VR 2 R i X
BV, TATTHIMEE AL TSI (R R T e AT R WSO AR T SR 5 e v 8
BUREANRETF AR —[BIZ. AR A ) AR 73 IR SO 1 )L A
RE. ENTIEERL R E B 11.1 AR 11.2.

A T WIS L, PG — R0 5 [ I RO X I REE A SRR 3 I R B .

11.3.1  J7 SCRR 73 I 4 e S5 40 5 v

HRERW, | SORS A AR RS, EAE—RIT R AR E R
AT T IS

S By J " (o) da SRS, AR f 7E [, b) ELRITTRL

P R j " f(w) de W8k, B J” | F(2)| da KB, TR j " () de SRS,
AR 1E [a,b) FAMATAR. ' '

R TR B R U, ) SR A SR AR SR A (R . (R TS AT
B, S A T R A8 SRR

S %7 (R S AL

T 11.6 ARSI SRS — o,

EOW b WA AL M jb (o) dz ARSI &, 4735 Cauchy WS

b//
DB X Ve > 0, 3bo, VI, 0" € (bo, b) - J f(z)|de| < e. TRRAMNRE
b/

<e,

[} s < || rlas

FHRYE Cauchy WCSIHEN I FR 401, W f 72 [a,b) BB XSk, O

EOWETETYG, X R RE, f PRI AR — @ 4 AT AR AR TR R
SR, f ATRL U —E a X P AR (WLER+FE Lebesgue B 5 HER). IX R KM
WS K RS AR, RN E AT ARFIZE s T AR SR R b, T R 5%
AR a e .

XF TR XA B ARS8, b G SR sk B R IE B, BT AR
3 SACRI 4 0T WS AR BRI TS TR 26 T 48 5 WAC S 1 40 309 [ I 4 2 R 5 R BRI T
MR SICAE, BAEB SN AN TR E RIS %) AR BB 4.
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RS HLEERE RFA R fg 7 (o) LU b HE—A A, B
F@)] < lg(@)| Va € [a,b), mwﬁg o4 34 1 S50 jbf SRR, R2, M
[ 151 e | 1) 2t

WE 1 ARRT—RRIA]L B JZ lg| L8, WM Cauchy SN, % & > 0, 3by €
JZ oIl < . xmwA

s <[]l <
L BARAE Cauchy WSO NIAIIE | £| 75 [a,0) LATRL O

AR 11,1 T4, 35 RS S OSBOPEA I Cauchy S b T B
e, TR T — MW 2.

T2 MR 111 T, 7 g AR, fEBUA LR b Jb gl 2 [a,b)
LA L AR A |

[Tin<] 1o
AT, R BE. b MRS R, B o — b BB O

(a,b), V', b" € (b, bo) :

BISE 11.28 iFH EOO % da ik CSK.

A oo, MRS | SRL | < L v il iR
. 1+« 1+«
| 7 = kR R, BUCHTRIE SR O
0

IR 11.29 {EHA Jl lns% da Haxt ek,

0

St oz =0 AME—F . RBEWTEEE Insin .

KEAGPH—FEERE: N0 <sinz <zV0<z<1HAKEH |Insinz| <
|Inx|. (ER2SEFR EEEH R, REERE | Insinz| > |Inz|. BEHXFEMGZEE IR

iE ] L'Hospital AT BA4F 3] Insinz ~ Inz (z — 01), BAFLE C > 1, 1§
2 |Insinz| < C|lnz| 7£ [0, 1] ERSL. REF AN RS y = Ina £ 2 = 0 HMA
LHKE, BEFERE1/2° (e > 0) Bz — 0" HETLHRKEMLL, HZLH DR,
HIEs)

Inz = 0(%) (z —01), HHLE 1irn+ 2flnx =0,
z—0

Hrpe > 0 TLRERE N ES. HTARBMHAA R lns% B 21/2 (45
BT 10F 1/2 BIRH, FIEATE e = 1/4, 320 € (0,1), Va € (0,z0), AL
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[Inz| < 1/4 V€ (0,z0).
XHRERAE (0, 20) LR AE R
Insinx < C|In x| < c 1 _ C
\/5 = \/5 212 /A T 3/47
AU [ < s, AR RIS O

S OXBEED, MFAG A e = 0 M Bk, R
¢%e< 1), WEH [0, 0] ERIS SRS Z T . FHTE [20,1] LIRS R
2 SRSy, B RS B
M R SR b B T R, TR T L e
3 e R A TR, S T T B D A 2, E ) A
FXESHERBHEE W Lo T [o,b) FEILL b BE— A, SN
KEA:
b b (@) ~ |g(@)| (x — b7),
MJIﬂﬁJIMWﬁﬁ.

BISE 11.30 it \h TE%EWMMﬁﬁﬁEWwbﬁ%ﬁ

iR XHEE IS = O,l,—l—ooD XFEATI S 0 A B A BRI
FIMEHE B 11.3 A1 11.4 H B AN4518
BEAREGEN f(y), M%mia‘é?\
lf) ~y* " (y — 0F)
A F& M 2 =0MMH, 24 a > 0 RIS

MEMERR
lf ()l ~ W (y—1)
AR TRRA LTS, 2 a+b <1 HEEL.
MEMERR

|ﬂm~3&f@~+m>

A AT A 400 TE, 24 b > 0 Ws
S ETHAEIE Y @ > 0,0 > 0,a+b < 1 FHZS U8, BNk E. O
T OARBRIPARREEE S, SRR SRR R, St 2 A xR,

0 AWRNER S TSEOARDUE, &N ETREAR. BlamRAE S o < 18
xr=20 Z"IEén }ﬁ.
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11.3.2 |~ X#4 1) Abel-Dirichlet H] 5%

A B (R A, BET SRS SURSE SR 0, T |- — 5o 7 i
. SR A TR Abel Dirichlet HIBIE. ST M R X4 Hos 22
5 S P IR B R TR

(1) Abel $1815% ﬁﬁw?mwiub%%—ﬁﬁyaaﬂrf&ﬁg$~
ﬁﬁﬁwqﬁvﬁﬁ

(annmmmﬂmﬁvﬁﬁf%@miubww~ﬁﬁ%aaﬂfjﬁ%
VALY B, 420 € [a,b) BT o WAL Tim g(a) = 0,00 [ 1o Wik

IE FEPANANET ) g YO0, BFITE o < B < b7 < b I, FEIXE] (b, 0]

b//
tﬂ%ﬁ?ﬁﬁJ,m%ﬂﬁ%:*ﬁ%ﬁﬂmﬂﬁewwﬂﬁ%&j

b’ ’ 13 b’
Jb, fx)g(x) da = g(v") Jb, fz)dz + g(b") L f(z) da. (11.6)
SRR HUBIERSE R LA T2 0ite.
(Uﬁﬁﬁﬂf>&ﬁ%@@ﬂ<MVmghﬂ.m%fiﬂﬁrf&ﬁ,
W%wayWﬂ@mm%Eﬁgﬁv5>aame(%WVHW%N%%%&Q
‘ﬁf@mx<§%n?%Mﬂl®ﬂuﬁﬁ%ﬁ

b’ € _
Jb, f(x)g(z) dx b< 2M - oM &
ﬁﬁﬁcwmy&ﬁ@M%%ﬁﬁﬂﬁJjg&ﬁ.
(mMﬁﬁfﬁmmmﬁagy<bwﬁﬁm%#ﬂﬁﬁﬂm>mﬁﬁw

a

VY € [a,b), BOL A%

Jb/f(:v)dx < M. XX 0,0 € [a,b), A

< 2M.

‘ JZ:/ f(z)dx JZN f(z)dx — JZ, f(z)da

MHIH g(b™) = 0 M&AF, X Ve >0, 3b € [a,b), YV € [bo,b) : |g(x)| < ﬁ-
FRATUM (11.6) fhit-152)]
<2 € oM = g,

b//
jyﬂmmmm:b 7
ﬁmﬁcwmy&ﬁ@wm%ﬁﬁwﬁjfgwﬁ.m

E R LR 2 LU A Abel-Dirichlet A 5VE A & FAN T AR sk
I, %At — 2 R AW, XA IR, Abel-Dirichlet #5175 R &)™ X
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ISR K — BT PRI RE. X TS RBOR UL, MAEXHE S K X3 E
Weshog 4 s —N i, FEEE TR

R AN EG] T, F AR SRR 23 W SSEAS 8 WO 1 25 R A
7] 288 i) AL A ) S TR T %

BIRE 1131 GEW By | SRL 4o PR

iE M ‘JAsinxdx‘ = ‘ —cosx‘j‘ < 2 % 10 (z — 4o0) AT LR EH
0
Dirichlet Al An1E 2 A B8K.
TN RATRUE A 1) RS AL WS B LR AR

2

| sinz| > sin“x _ 1—cos2zx
-z 2x ’
+m N, +m v . . N3 \ .
mF J % de KEY, X J —Cosx2x dz AT PAFF— X F Dirichlet | 5% 4018
0 0

E&ﬁ,awrxmﬁj*”ﬂgidxﬁﬁaaﬁmwﬁ%%&wﬁﬂﬁxﬁmr
0
MR gxtfesr. O

%ﬂ]&ﬁzﬁﬁékzrlmﬁdx%ﬁﬁﬁ;
0

B ETERY 2 =, WFE
[T sint
= Jo 2Vt ar

ﬂ%?%L0@q+mx%Dmma%%%WﬂﬁﬁWﬁ.ﬂ%%ﬁ1m1%ﬁ
]

|sint| S sin?t 1 — cos2t

Vi TVt 2vt
AT LUIE A e () B SR R it st O

BB 1133 gy By [ SMIACIANT gy gt S SHO > 0.
1 X

E BTG TRA 1, B RE R +oo.
SEELNWS AT R, WA REH £, WE 2 > 1 A |sinz] < 1M
arctanz < g B, AT A | f(z)] < QL)\, BRI A > 1 B SCRR A3 Za X e
x

w%0<xgLmuﬁnmmmﬁwMﬁ{f“%¥daﬂﬁﬁ&ﬂ.%E
IR arctana 76 [1, +oo) BT S, AT T Abel 5V &8 A K 1)~ XA
S3UeSR.

BRETEEM 0 < A < 1 R4 4ot I S0 J2 4 IR 8. T 1 P 61 6
11.31 T, BHAZER
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|f(z)] > sin’ z arctan z _ (1 — cos2z) arctan

e 22

)

o0 400
FRATCAA BREBE S 0 < A < 1 B, J arctz}a\un:v da 7}\%{, J cos?xa)l\"ctan:v da

Begk, TR 0 < A < 1 BRI B WA ilest. O

11.3.3  FERREN) XY 5 RBHBCR
XTI S HRT T K I L SR — A4 R

EE 11.7 W f 1E [a, +oo) EIEH, HELL 400 KME—F AL, EF {b,} ZHH
BRI KE, by =a, M

P [ (o) do sk = TS [ pla) do e
e n=1"""
LA T SRS O 5555 M FIA .
SE X%&m:w_éme5rﬂ@¢awm%ﬁﬁ&ﬁfﬁﬁ,F%ﬁ

mﬂagimiﬁ%M@ﬁ”fﬂﬂﬁrmfWﬁ%ﬁ?&ﬁFﬁiﬁ.
ARATIA TS T A R

n

Su= 3 [ f@de = [ sy a.

k=1" 0k a

WIFFE T f JEFENE IR TGS H R JE A 2 (L §2.3.4), PRG35 A% 51
{Sn} By, XL FBSEN T {5, B LA (WEH 2.18).

M f AT, & F 7E [0, +00) BB LA M, WWEH S, < M Vo, H—J5H,
# S, B LR M, MG A > a, FEn, 8 A < by, NI F(A) < S, < M,
B F L M A EFL SXEERRAE T XA FITC95 HA RI SR

NS L = AR BR R T e E# . P ef EREAHE, Fik
SEF ) R ERSE TR R A, O

F R NGRS EREENESRTF 2 — +oo ) Heine 545
JRIR I HER.

T2 LA T, Forp i SRR SR 2 P TG 95 REBOR AR U ).

BUEE 11.34 TREOIOVE 131 ik, Wy [ I 0s
0

i BUb, = nmn, MBFHISHT OB SR 5 EMES IS u, 10
SR, S i
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(n+1)m | sin x| 1 (n+1)m 2
= P = ——
= | e g | sinelde =

R (LI 2.32), Tk [ R e e O
BB T R |sina| RN TR RIEAL B (o (0 + U E
BUMEISTE (0.1 L RBUMEIS, SRR sina 76 (0.1 1% T 2 = T 4/

(n+1)m

B, Dt j sinz| de = 2. S8Rt AT DT A4 i A B PR 5 35X
ANGER A, 76 R A P 2 A, B BR B sin® ot I T A FE 0 R
A 0,1 EXT o = T ORMBEE, MTEEH I ERES T,
BIEE 1135 s X | T wdr e
0 14+ 2°sin“zx
Wb, = iy n, B SR S 5T 28 u,, I,
b SR,y AR A

(n+1)m rdz
Uy, = — < (n+1 T[J
Jnr[ 1+ 28sin?z ( )

(n+1)m dz
nm 1+ (nmSsin®z

Ao (REFITHIE 8.17 1) Jordan K& R)

1+ (nm)°(4/18)2?

0
0
: Ty (MRS 0 = 20T SR ERUKE N +oc)

BERMES B Y 5t TTRAB XU O
n=1

E OB A AR R EGE R f(2), WA WLAE [0, +00) £ 0 < f(2) <z,
f(nm) =nnvVn e N. Bty = f(z) FMEGSHEE 11.12 PR RS ESG (WLE
11.4) EF AL EIX B £ AMEES:, T H . WIS 11.14 7T I, f £E [0, +o0)
AR BUELRE. SRUA S BERAFHIX— L (FEEEE F B
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0 V8 — a2

1
1 T

0 VT +arctanzx’

2 VeZ a2 —¢

0 x?

COsS T

J
J
Jl dz
J

1 .
In(tanx)e™ % du;

dz (p > 0);

§11.3 J~ X4 oG4k H) 5 %
2 ]
L AT AN SR A R S T SR 15 D 22 [X 436 2 4 0 W SR 2
sk
[T @ [T 2T e
0o V22100’ o a1 V7 ’
1
oo arctanz . too (e —1)P
@) |, w1 dr@>0) Ol R i
x
+oo In(1 +00
®) |, DOED) 42 (p > 0): © [ sntaa
T cosz T sinzlnlna
(7) ) P dz (p = 0); (8) , o dz;
+oo sin(sinz) | oo ST gin 213) .
O) | T de (10) | de (p > 0);
(11) Jjw%dw (p,q > 0); Loocos——l ) daz;
1
oo er —1 . Foo )
(13) Jl m(1+ <=L dz; J x—l plnx dz:
oo zdzr 0o
19 |, Ty 16) [, cosa?d
+ : 5 . T sinm
(17) J_\/ﬁ(smx) 3 dux; Jn N
AR AT SO SR, TSk R 1 DR B X e = da T I S
ﬁ)ﬁj{l{xdx ; ' 2P In z dux;
JO Inx’ 0
3) 2 arctanx da: 2 \/_d:v

sin x
e —

@]
]
J:z:pl
®]

(=)

—_

)= Lda;

Bl ©

sinx _SInx + Ccosx dz;

0 \/Slnl'_COS.T
1
(IO)J (L) 2+ 2) do:
1

1
1
1 sin(z +a:)
P

(12) J da.

0

e xf (x) doe WSK, UEHA: J:OO f(x) dz Wk

%

%
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BofRR EMABES BN T > o0, ﬂJa+Tf(x)dx — 0, X g R
Foo

[a, +00) L HIBIEEEL, H g(+00) = 0, TEH: J F(@)g(x) dz sk,

a

- HBITE BN SR ISELE, X TS DU 2 X ) B R AR SR = 4k

e
(1) J-l-oo esmxxsp}nzr

+oo
(p > 0); (2) J 2P~ le™ Inx da;
0

e dx . toeo da
(3) JO \5/($ _ 1)(1: _ 2)2(.%' _ 3)3 ) (4) JO xp + iZ?q .

(1) % f e Cl0,+00), f(+00) = A, a,b > 0, IEH:

RECSEN

0 X

[/(0) = AJn 2

(2) #H (1) FIIFAE f(+oo) = A BUIXNHA ¢ > 0, roo %x) dz i
S, 1EEA: )
K“i@ﬂiﬂﬁLm:ﬂmm%;

+o00 e ax

(@&mb>Q*J

—bx +oo
—e cosax — cosbx
dz, J LOSAL — COSOL

0 x 0 X
B feCo,1], K
1
IJ £(6) dt
lim s .
z—0t t

. FH Insinz £E (0, %] AR, UEB: T X AR S Jg In sin = dz WK
0



FT=F BRHSFENEH

REBN X—FHENAARSFNZITENA. §12.1 2570 KB R v 5.
§12.2 R i I IR 8 X R HAH, Hoh 4 R RS, §12.3 A e ik i R F
T AR V5. §12.4 AR AAED B P LA . §12.5 AR KR RITHE. §12.6
UEBH Wallis AR A0 Stirling AR, AEEF M=, M ERIEARES ERLER
F: Newton FMAS THEM Kepler 1T Eizz) = @S HIH 7 1.

§12.1 FEEMNERTE

12.1.1 M f(x), g(x) BEHFHBE R mRTHE

WEAF IR ORI T i [0.0] LOFERER Y = f() WERH Y = 0,
x:mx:b@&mﬁmﬁ%.E%E%%%XﬂE%Eﬁﬁ%Jf@%m

@%%fﬁﬂmmtﬁ%ﬂ}ﬂﬁff@ﬁx%%ﬁ%li%i%@%@x%
L7 MK I o B F PR B B34 () < 0 Var € [a,B] B,
ﬁ%ﬁjf@mx<0EwﬁWL%%%Eﬂi%&%ﬁ&%ﬁﬁ%@ﬁfﬂ%

wﬁﬁmﬁﬁmmmﬁgm1¢w7*4mﬁw2ﬁﬁ%gﬁﬁru@mm

Y )

AN I
v\/ N

B 12.1: f(x M 0L 69 W i 4 12.2: & f(z) = g(z) e BAH

T%Emat%%ﬁ@ﬁfuﬁﬂ)%E@@&%@%Eﬂ%
fu 2)|dz.
o

WRAE [a,b] EALAEKSL f(2) > g(x), WZARLERD S T ALERARME. XM T
BIER_EILRA f (), TIAFR g(x) KDL 7EK 12.2 Pt anit.
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BIRE 12.1 R7E [0,2r] LHIETZL v = y
sinz FIRIZMEZ y = cosz B A TH R, %\
1R TR RN
S = J2n|sinx — cosz|dzx,
0

SRJENE 12.3 B, A LGSR 7 26 1 123 & (020 ko
54 S SV 3 A BN ST sina, cos.z B &6 @ 7%

sn

i 2n 1
S = <J +J~ )(cosx—sinx)dx—l—J (sinx — cosx)dz
o h

BE g

= 2JT(sin:C —cosz)dx = 2(— cosz — sinx)
1

SEERR PRI T SRR R S ST R [T, 5"]LE’JE
Ui, ATTSZES B R BT — AN TR UL 2 35 T Tﬁmﬁ«zs-zrﬁﬁ% \\\\\

72 I = A R B R 2= A A X, ORI R 3 R 57 A R IX 1) AR 4 AH
S (WA 10.31), WATHHEAF (B0 2 WA 10.19):

2 2
S:Jn|sinx—cosx|dx: \/iJ n|sin(:v— %)|dx
0 0

on— 1 2
- ﬁj T |sint|dt:\/§J lsint|dt = 4v2. O
_I 0
4

B

BiRR 12.2 BHy =sinz, 2 =0,z =
Fy=t(0<t<1)FEBRMERERY St

Yy
1 ___________
(B 12.4), RILEAMAE M. w
f21 FHEHAE [0,1] s kiR ¢

S(t) = J§ [t — sinz|dx
0

=+ DN

O % T
arcsin t
- Jo (¢ =sinz) dHmelilfm —t)de B 12.4: % @R Ao 80 AR
= 2tarcsint + 24/1 t— 1 ANGE:1

IFSRS, M5 5'() = 0 BN ¢ = Y2, FLWL S'(0) SE5URTE, W5 0 M

P RUMICh S(Y2) = V3 - L 25U S(0) = 1 S(1) = T — 1, AR kd
21, Fe-0i8 O
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fR2 WA TGRS, R U SEOG U R S B R. EEM
PUmAALE ¢ SN ARG, B34 K] 12.4 ERf E R EAT K S 800 )
arcsint fl —(% — arcsint), MINEF —1 %@J —2arcsint, JUT ERRy=1tH
y=sinz fly = cosz }E)TE?—FH@EF'IE—&H@KTE. X FECR IS LA .

£ 12.4 FHMEA/ERHBIMLZ v = cosz, ATAEW S(t) FRT FAIWANEE
AR, Hrp g — N E TR AR

Sy ={(z,y) }O<x\ 2,s1nx<y<cosx}

EHt LR BABEERE y =t M sinz, cose ABRK—N=MAT. NTHHHX
M =TGR A — s RS BB, XHRI ¢ 8 sine F cos z AHAE IR BR

@. BORME AT W) 1= 0. O

y BIRE 12.3 WK 12.5 PR, KTPHZE y = c 5=IKEH
oL/ B\ Zy=20-3 XTHE-FMW RKME/XH A EXE B
FITEBVRAEE R ¢ (8.
o+ B ICAC PRI, 0 Uﬁj (22 — 32 — ) da =
B 125 fmsE® O X9y 3 S0 —e=0. BEE 2 - 31° = c, BIRG
B AR 8 B R c:%: 0

12.1.2 ZEHBEERNTHHHAAR

XEBHE PG L.

FHMERRRBRR y =y(2), a <z < b, RHSEITE z = (1), y = y(b),
o <t < BHEEN. XHMARREERR y(o) MEAREX, 83 BAEMERIATIE,
MSHOT R AT . X B AT DA B2 7S 2 §6.3.4 FFa6 I AR 3, B k4K
KB ETR R v, HABRETRE ¢, t FrRKZHNMER, BIZE y = y(t(z)) FHIHF
)AL

AR TFEREN v = 2(t) EHREE ¢ = t(x), NTIHE y = y(t(z ))
[FI ¢ XA (o, 5] IR RS o XA [a,b) ——XF . XEA PR RE, B
@ = x(t) A7 B I RN AR B R vl P PR A OO

zﬁmﬁmﬁﬂmﬁmﬁj y(z) do FIHTTIE.

XF x(t) ARG ES, W 2(a) = a, 2(8) = b, T&
S = JZ y(z)dx = JZ y(z(t))' (t) dt = Jﬁ y(t) dz(t). (12.1)

[e3

Rz, T a(t) A BRI KL, WA 2(a) =0, 2(8) = o, HE]
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s=[ v@ae=[ v @a=~[yoaun. 022

[e3%

B 12.4 Kieksk—#5 o MEENER. g el

x=a(t—sint),y = a(l —cost), 0<t<2Mm

W 12.6 Fror, Befe g F12h o IR A L1 [ R s 7 R AR 3 i 4t FR
. AR P i IT AR I R A L IS s AL BAE SR AL, AR IR A 1 A R B
JEREh— T3 e e pk 0 — 3t B P i R RS i A B0 ¢ AL . itk
BRI A5t AL PP R e e 2R I S RO R

B HEEAANX (12.1) BF y
2
SZJ”Mﬂmﬁ) %tgij”“\\\\
0
2
:J na2(1—cost)2dt 4
0 Ol at 2a
21
= a2 (2n+J cos® tdt) = 3a*m [ 12.6: A HH— B
0

5 i DL R 12 MU R R (K3t P h 2 B B LT K T AR
TR B L, R RE AL LA 4 it AT ih 2, BIPAT T o B0 L2 5 A
LEZLTHA.

FL b oo AREAN () By o)
W A, ¢ MARRRH (M) AN B,
TRk FH AN A B B FEE A K Bt =)
SRS E M o By T 5, Tid B (t=6)
VSTt T . (B — A 4 B K (t=a)
I AIG3EE 1) 2 P9 SR P 2 S e
ML) BHt = a Rt = B AT F—
A BWASBMNNTr=afz=b, B 12.7: 2 mf2m X693 M &

fi(z)

|
|
|
|
|
:
R

N&TLE x € (a,b) B, A M ERBEA S HAFR TR yo(z) Fy (), X
st 2 3 b i 2 BT PRSP T E R I B R RIS fER e 2 = 2(¢), FENH
(12.1) 1 (12.2), gl AVHE AT

y(e) ()~

[e3

5= [l -a@)de =~ [

~

mwM@z—meM@wu@

[e3

xf_EIR AR5 B LT A B 5 — A A

i + Jﬁ (1) dy(t) = Jﬁ (1) dy(b). (12.4)

[e3%

S = —y(a(t)
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ST 2 WA = AR, b RFARE AR,
5= [ O a® -y da o). (12.5)

A A S P s 2 i BR AT DUBCSE, AN S BUE IR S ()
WATDMEER. IXEERAE 2 TUIMAR 70 X 2 AR 70 B Hh 45 LR W, 3K L DA

BIEE 12.5 B 2o+ L _ 1 G,

a b?
BRI 28 LR 7 kAT LU
BINSHTFE v = acost,y = bsint, A (12.3) NFH
S=- JQnydx =— rnab(— sin?t) dt = Twb.
0 0

AR (12.4) WA
S = Jznx dy = Jzn ab(cos? t) dt = Tab.

0 0
AR (12.5) WA
1 2n 1 2n 9 . 9
S:7J0 :Cdy—yd:vziJO ab(cos” t + sin® t) dt = Twb.

HEME AR TR A

S=4Jab1/1— ‘Z—zdx (AR x = acost)
0

=4mqgmﬁtw:ﬂma 0
0

O OULEIANEEREASHE ST RERITHE TS B A SRR E A
(12.5) AT RES ELRT AN A X4

PR 12.6 K Descartes MEL 23 + y° = zy 55— BRI B T AR
(Z W5 8.25).

fi2 FEBIRE 8.37 HIIANMSHITEN TRENIHHRIEFFEN. Hy =t
FIANSH, BB (2, y) 2R R EERLRRRIE A S H t, XERRE

_t __t
HIHEAR
ry 1 =283 ry . 2=t
T (t) - (1 +t3)2 ’ Y (t) - (1 +t3)2 )
MSEEIUAIEXE B2 ¢ N0 INE] +oo B A (2(2), (1)) WHE—Z BRI,

BRI PR 438 (12.5) 3R AT LUK TR
[ @y © -y o= £ |

1

2
-

2 3(1+¢3) lo 6"

400 t2

————dt




120 F+—%F RHyFHRA

i OXHEBERMBT R, EER EERA R LR BT SRS T
TS ATLLE W, FESTTE R T, T SR AT AR SRRy, H R 7 thm] LA
J7SRGy. R S PR, AR A E AR LA ARAR TS, T RUATR —h
T HIRR AR LAEE ) SR (L [9, §143)), R E 28— .

12.1.3  HARBRER T M THE

B R AR TR = 7(0), o0 < 0 < B, BEREIXMLL SHAHEL 0 = o,
0 = B BT B T AR. (X BB A 202 (0) > 0.)

BART UK &L T EE ST ENIER: © = r(0) cosb, y = r(0) sind, HIX
HEEBARE—E5, AR E A A A=, BT (8 1 2 A H# A
Riemann B4 LT HALKR T HIEIZD.

StHF XA [a, 8] 1E3%I P = {60,01,--,0,}, i
AO; = 0; — 0; 1, AT LUK LT BT U A B 2 R R R
n ANEE. W 12.8 Pizs, Hdie & 10.1 A8FE% E
A T AN B FE A o

RGP AEERAS TIX AR B & € [0, 04,
i=1,---,n, H¥EHN r(&) KRB BREE—

O T
A ;\:\/‘ | . .
R, SERFRL S }:lerffann M 12.8: A AR &
5 > (&)A0;. # FAals Efn
=1

HIWAT R E r = r(0) 1E [, 8] £HEEE, AARIKHEET 0 MstaMIK, &
stk e e BT, A LR Riemann FIA] WLIXAMR FRE T 585>
s=1 Jﬁ r2(0) do.

[e3%

LRX BAEB S B — L R XA A ST v B4R 2 B B AT T T hd
BT IR E R —30? X 2T LAMEM Y. BES.

BIRE 12.7 KRAEAXNAL 2 = a2 cos 20 FrE EHEKTER.

XHE e R B, A e B TR JE AN e A LR (0, %] AR
e 4 Bpa] HARTHE AL BGENE—TE 8.24(4)). X2

S=4- %JZ a® cos20d9 :azj§ costdt =a?. O
0 0

O N448 R AR AN T VA & Kepler. e R AT BIZZ) 5 — @ FEITH
5 AR A, SR T 5B 12.8 R R T75 .
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BIEE 12.8 K T 5 =AE A L34 1 v
M 2% +y% <4, (z—2)%4y* <4, 2%+
(y —2)? < 4.

B 129 i, EH KL 2—B
O, A, B AT —A ti = MM KR, 7£

PR A A
K A A B B O Bk — 5 ! .

SR BEMRE=5%7, BT AB XN B 12.0: = 0 A58 R
[R5 TR AR A2 h 2 IRl 1/12, B /3. .

R TFEFESHEEANSERER. BT e, Bk REEE AR
Febl 2 BIET. IR OA FIRLALKT 7 FE 0T LU B A AT R 22 + (y — 2)2 = 4 K
A r=4sinf, 0 <0 < 1/6, BN SRR ZFHA

F 165in% 0 df = 8F(1 — cos20)df = 3TT— 25,
0 0

BEMERRES = % —2v3. O

23 &

1. B4l y =cosz, y =0, v = 0 TR EEB L y = asinz I ER
PR, K a.

2. Bony? =2pc M 22 +9y2 =2Rx AT O, A, B=4, Rp, FHEH 2 =200 5
3% AB P E AR K, HRHEKE.

3. KT £ BT B 1 AR
1)y =2y=2—2% 2)y=|lnzl,z =e"
(3) y? = 2pa (p > 0) FIEAEL (£, p) AEIIEL;

(4)\/§+\/%:1(a,b>0),x20,y:().
4R (a2 +92)? = a2(a? — y?) FTEBTAER 22 + o2 = - SMBRER,
5. By = x ¥R 22 + 3y* < 6y 4R A, B MIF#4 (A > B), k A/B.
6. BV AT TR KIRAN o (0 < o <m), Ky BRI S KEIELE
A HBGY IR E TR T

1 — —0N-
ax_eay_07
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§12.2 Hi%kEIMK

12.2.1  HZ&PIMKHES

/NS I I R ] s SORIUH S i 4 SIS R — AN 91 gt A2 [ A
K, BRI, (HAE 2250 T IR 0 B 48 B0 B E X, BRI BRATT R
WRREMNLIFLG. HrpaFE 22 n) SRACHT 2 i .
A IRE B HSETE (1), y(t), t € [o, B], AW LS ik mE R
r=r(t)=(z(t),y(t), a<t<p.
i ERRE 2(t), y(t) #AE [, 8] LHIELSERE, X r(t) NIESMLE X3

z(t),y(t) 1€ (o, ] EEESK P RS, HIELETL 22 (t) + y2(t) # 0, MIFR ik
r(t) jjﬁff%@éﬂém

W o, 8] B3R P = {to, by, tn}, FREIHIZE ML AL
FIn + LA EEAEEENR 0 AR M, = N
(z(t;),y(ts), i = 0,1, ,n. K EANINFRKHE LB
HERAR &L, WAL AERE SILE M Mn
12.10). M,

Wk 3R P nA, ) BT 2k K R S b 0
SHFHANARFE 58 PR Py, WL EAE N

E 12.10: A LKEHLWY

P UP,, BRI P, 1 P, HIIN4H. 5

RS T R RE 3
EX 12.1 FH MM AT LKKER LR, WFRZ LR R, I A #T
ZR I B I SOh BRI L.

HEREEY, FEHZTTIE r = (2(t),y(t)) R —EFMHT, #hidk—E KK,
HES I i &K AR 7 A 5K

12.2.2  MKKHHEAS
R 12.1 B (), y(t) 1E [0, B LAHSE 2/ (1),y/(t) € Rlo, 5], £
r(t) = (x(t),y(t), o <t < BARK, HIKA
s = JB Va2 () +y2 () dt = Jﬁ vdz? 4 dy?. (12.6)

O ME—MA Darboux EH (BIEH 7.8) F §6.3.4 FISHTFER FIE4ANE, S6iE ih
KRBT AR M, WEET— A (2(t),y(2)) KAFE AT K LR y = y(2) Bz = z(y) K
&, BIEEAN Y2k,
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IE SEUEBIME TR, WP = {to, t1, -t} 2 [, 6] BIZPRI, WA
I RE

n

i=1
Horf Mo M = /(a(tizn) — 2(t))2 + (y(tior) — y(t:)% B a(t),y(t) 7T, FH
SHEEERA &, € [tio, t), 5
M;_1M; = \/x’Q )+ y'2(n;) At;.

XK 2,y € Rla, 0], HILHER. TREESSVMERNER C > 0, 17
M;_1M; < CAt;. TRNEFRENKEASEDT C(8 — o). Bl kK.

R, IE 5 RI P A FERE T 0 I YR SR K BESC ST s 3 AR 45

o TRV T 2 R BE TR R & 5 s RDAHIR, BIb A Edfrgk 2 Fid
AFERRE \/22(t) + v'2(t) B Riemann F1. SR SAERT 50T ZUAK BR 7

- B
lim x'2(t;) + y'2(t; Ati:J 22(t) + y"2(t) dt.
i, 3T A= [

TR AR AT R M X N R TT R EiE oy

Riemann f12Z Zi&TF 0 BIRT. K5 p ¢, BN F Hh £k B (¢, d)
RABA M; = (x(ti),y(t:)), i = 0,1,--- ,n, AT LAAH (a,b)
A (LA 12.11)
Va2 + 12— Ve + &2 < (a—e)? + (b — d)? B 12.11: BAWE
<la—cf +|b—d, T XU E XL
fhiit33]
A= ’ STMG - > V() + g2 (h) At
=1 =1
<3|Vl =22+ Gl ~ V@) + )
1=1
<Y |at) —a(tioa) - — 1y (t:) At

i=1

S

< Zw At; + Zw"AtZ,

EEPWF Lﬂiﬂ% Tﬁﬁ*fﬁ%iﬂ'&, HH Wl W FRE (1), Y () 7E [tioa,t:] b
HIPRmE. T 4 li”m A =0, gL

lim M;, 1 M; = J
HPIIHOZ !
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A, BATKIE LR E RS AT KR EF 5. WREN T, N
BAR KR EFFN s, Wl T RETEREASET s, FIdA 7 <s.

NUEM T = s, IRIES. T < s, ide =s—1, )”'Jﬁfé > 0, fEH4
[Pl < & B, XoF N P BT 2 1 B — 52 ¥ AE X (8] (I— £+ =) P, BIA S
I+ 5 =5—- 3

2

BT s EW%%%J{KF LR T, PIAFAE RS 7Rl P, 3450 L AR A B3
WRERAEXH] (s — 5, s] AL BRI R B 4 BEAS /N T 0, AT B0 40 456 456 A2
XANEK. Hﬂ??ﬂ%?ﬁ%klﬁfﬁﬂbﬂeﬂiﬁTA?)&"\ XA B, B
RTEXTA (s — 5 s] W G E. HREER T =5 O

i d EE?HH%%&E’J%X 12.1 5 &R T7 Tk, B AN R ) 477 72
THE A SRAC I Z T AR, R T @ AR v R A AR .

THEREMNER 12.1 7T U R =FA R BRI A

(1) %y =y(z) F [a,b] LRI, o' (2) € Rla,b], WK x F RS ESHAT BLA
EH 12,1 FHIK A

s = Jb V14 y?(x)da.
(2) Bk HRALHR r = 7(0), o < B4, ML 0 WS H KT =N
= (r(#) cos 0, 7(6) sin 6). llﬂjfﬁ'}[&ﬁﬁﬁ (12.6) MR R L XIRA T A
(r"(0) cos @ — () sin 0)2 + (+'(0) sin @ + 7(6) cos 0) = "2(0) + r*(0),

R

r(t)

s:Jﬁ\/r’Q (9) + r2(0) de.

(3) IR 52 AT A AT LAHET B =4S fa i 2k (1) = (2(2), (1), 2(2)),
a<t<p, 153

J \/x’Q + y/2 + 2’2( )dt
IAEZE LA

Figm 12.9 KE2H R FREFEK.

f21 AEAMRR T, BHEARIGRE «* +y* = R?, FAXRME, 25t
HAE—ZREIHK. XRRERRAN y = VR? — 22, 0 <z < R, i

S—4J:mdx_4JR\/l+ (ﬁym:

= 4RJR dix = 4R arcsin —‘
0o VR? —

FERGZE BB AR %%&Tﬂ%_ﬁ%ﬁ?ﬁw = Rsint 1?1%%%%@%. O
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B2 KEAHSEITE 2 = Reost,y = Rsint, 0 <t < 21Ok, WA

2T 2T
s = J VRS2 1 (Reost2 dt = J Rdt = 2mR. [
0 0

f#3 FANARER, W r=RAWEERE, 0<d<2n TREA
- JQ" VRZX02df = 2nR. [
0

IS 12.10 SKIWL y = 2%, 0 < <1, IHLK

R KA AT W E T H R
s :J V14 22de.
0

5 ARI LR (S WA 9.47 F1 10.32):
de=v2—s+ J dz

1 1 T
s::v\/l—i—x?‘o—Jw-\/H—x Vita2
(V2 +In(z + 1+:v2)‘ = (\/_—i-ln(l-i-\/—)) O
BT =AM ¢ = tant, fAK

n

s:J V14 tan?t sec? tdt:‘[Z dt3 ,
0 0 cos’t
ESERR TR RIUFF AT — A

€
2
E RSB

fifE 12.11 :MPEI b2 =1(0<a<b) MK,

B RSO v = acost,y = bsint (0 < ¢t < 2m), XFIHXNSFRME:, BtF
s:4r \/@251n2t+b2cos2tdt,
0

AT DAAIE B Al B o B0 R eR SO )4 pR B, R AR AT BB Newton-Leibniz 24
FORVIHE (FEIL[S, §8.5]). X HL¥5 K BIFR A 15 bR i JL SRRk pR . 9 R K
PRE B V2

S—4J \/b2 ) sin tdt—4bJg V1 —¢e2sin’t tdt,
sopste = YOm0 ¢ (0,1) BB 00 . — BB LA KA
BRI, ik E(e). %—%ﬁ‘ﬁ%ﬂﬁ}%J ——L__at, ®ih s e 0.1).
0 1 — e2sin?¢

5 4 50 BB 0 T R A AL A =X, 5t =R B AR 43 i i AL 5507 3. AT
Z ], [25] BF M p.108.
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12.2.3 IRKKEFHS ML BRSEOTE

WMEHSEITRREE: v =21),y = y(t), a <t < B. 7E x(t), y(t) FELET M
FAMET, M2 B (2(a), y(o) BIRBN A (2(t),y(t)) FIIKA ¢ BIREL XA
HEE N

s(t) = J Z2(7) + y2(7) dr
P AR REOES:, Fk st) Xt /T, BF () = /22(t) +y2(t) (e
10.11). FRBATATLLEH s(t) Mg HA
ds = \/22(t) + y"?(t) dt = \/dz? + dy?.
XA SN TR 6.15 TR IR = A TR AL T K AR R
Ty =y(x) B Mgk, oLl 2 FESH, N

[0k %]
ds = /1 +y?(x)de = \/dz? + dy?,
FER 12,12 EARH T XIS =M.
X T RAFRITRE v = 7(0) 45 R i Ze 4
ds = /r2(0) + r'2(9) d6, 1212: WE=ZAF
WAHHNEM> = AT, 3T =G5 0 AR HTER

dz = Az

W R A AT A 45 = /(0 () > 0, Bt s = s(t) A ¢ B
He B URR MR, AR, IIEATFEAE IO, B S 4 KXt
UK PR,

B TR, AETE BBt = t(s), KR DRI s fE NS 3, B o =
z(s),y = y(s). BHERXMERTR 2 = 2(s),y = y(s) ALK BRSHTT
BN

s=[ VP ar
PLN s RS, HiAEE
1= /2"(s) + y(s).
B WIE (2/(s), y/ () DB M1 B R AT RE NG O B, B i 2.

FEAR 2 IR T o ) 2RI O S50 R SBOT RS I AL
THTE B 7 X Tl i i b T,

KR, X T SEOTERR NI ML, BT 2/ (), y () PEDH—
AR 0, Rt AT IR I — AN BN ]y = y(2) B = a(y) BB, B
UK A R, VIR AR DL AR TR dy: da, TIA
SHOTRER G AEEA AR o/(1): o (). FHR LT IK A B4
B, (' (s), ' (5)) WA HRIY 0 BR, 001 R ALK M7 1
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12.2.4 -7 H £ il 2R

AN B Z i i 2 i S AR, [ — 4 M e A B B E i RRAE
AT RAA—HE, BRAER F B E 2. A ECEA R A2 B 9AT A e AT 2 th i R AN )
. TR gk Ui, & s RS R B T R R AN — AR

el B B 4R (25 AR ALY BTSRRI 722 F DIl &7 A E A #2607 1), 4R
JE WA th 2k b 20 A R I AK L T #2616 07 1) 2246 (R R /. BRT X i — Fh AR
R B ([EHZ BN TE NG FEI IS RR).

B AR, & LK S50 e th 27 18 8
r(s) = (a(s),y(s)), BRI 7/ (s) = (2'(5), /(5)
e, A r(s) BHE] r(s + As) I, HIZK)
T 7 (s) ZBAWE] v/ (s + As). W 12.13 Fiow,
J7 M HIARWIE A Ap. IS5 B R B 5 S50 e 58
A, XHA LS HPRRE, AR5 ERIE. Bl 12.13: W% & Lk

EX 12.2 S HIE r(s) FER— RALRI N

de
ds

K= lim —+- =
Hep o ZUIME v/(s) = (2/(s),y/(s)) FBIRHE.
i 12.12 KPAh R MEE R HZE K.

B ESE, SIK IR As R Ap BT As 4R W0, B
Ap = %, 55l

)

As

o Ap . R 1
K_Algilo As _Aligo As ~— R’ -

DL EZie S EME T AR, BIE A E&A S AR, R,
NE 25 R BEBROR, SARBOR, U R IR SFH, NS i AR B, A i LR B
2, e LB R AR TR S KR

A FR R B AR R AR

(1) FHERHEAMRR TR v = y(z) A H. XH ¢ = arctany/, g—; =+/1+y2,
TRA (U AR AN)

dy
d_(p: dr _ y// ' 1 _ y//
By e xR st 75 21 B sk 1 il 2R 2 5K

vl
(1+y7)2
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N BRIV EAE— AR o MEAIIK s BIREL, HEMI N MZES T
R T Hy =y(x) GHKHZE R, 2802 2. TRE ¢ = ¢(z), s = s().
BT s(z) — @R8N, BIFER R o = o(s). MIESLE KRR
o(x(s)). BIHKRFVENE §6.3.4 HHEN 784 —FE.

(2) I » = 2(t),y = y(t) G . XHTHRER

R N P
@ ar ), T
AN PAS W R
o _ b=
(@ + )t

XF T it 2 e AR AR AR T R4 H ) it 2 A SRR A 25 ) L

76 RS IR AL B R TS iR L R AR R O e X BT T
AR th MRt T AR BARR LT E X, hfai s i, 7ER 12.14 Fx TR R
LRI v = y(x) ZERL (20, y0) (Yo = y(xo)) AAEH T #HZR7E 2 i 1 Hh R IR
Hr & & AE A (z0, yo) MHIEN K.

EX 12.3 i 5 (20,90) HE M ¢y = y=y(x)
y(x) 6% rCEA A F I — B A B S 20 3 (0, o)
(X —a)?+ (Y —b)? = R? Bk i LR 7EZ i ) b
FIFH, REE L (a,b) FRALE v = y(x)
bR (o, yo) FIHIZERHL, R ARA R4,

T M R KR B S 8
s, BB DS SURT I, 1 7 5 0
R K. MBI 12.12 SRR A4 .
FTICLRNEL, I R = btz

BEAh, 1T AN R R R 1% R DA ), BRIl R A — B R I R R
XMy (z) BIFF ST EAE 2 o (x) > 0 I, fEEPOIER (2, y(2) B L7, T
y"(z) < O BHUZEIL T 77, X — s R §8.4 ™ eR SRt 25 5 3R, M T
1, WIZAE R (2, y(x)) B PES 2 BRI i M PR A 2B ). SRS B~ R
A T N U S W BN it 3 =8 Vs VA 0

BIRE 12.13 S FHEE 2(t) = 10cost, y(t) = 8sint, 0 < t < 2n_LHSHE
to = TU/4 B8 I R TH S il R R ) AR R D

B OXEMA (r0,50) B (GVZ,4v3). MlEAR K — 12 Y =2V qrpyp

(I/Q + y/2)3/2
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HMEZRK R K = &2 )3/2, FI R = 1/K ~ 9.28. KHHE7EZ A S

B —0.8, RIFEZAMEHEL Y — yo = 1.25(X — o), BEAT LLHHH g o
(a,b), EATRIEEMMER a ~ 1.273,b~ —1.591. O

E BB R EEE SRR R 12.14 K.

MR R DL TEZHER. BAAUERE T Y17 I, R4 T ke
ZAS RS . BT S80S Newton JJ% 58 @R, thx
V2 @ R REAE BRI R, P2 —/ Mol 7.

BIBE 12.14 H1% 00 0T 2 — R
BRI XA T L 45 A
RO IR, 0t 0 I B F SR A1,
X B BRI MBSO, S A
KT, R A AT — e . .
R 3 Ui .

AR, A 0 R R R e A RE, Bk
HUITEIUY o B0 SRR, M2 IR AR 3
THUAJE IS, SR ATHETT ) o I 2 2 e
SRR - (B oo0k). R
A ko, BRIPEH k. AU kol < 2o, B -
kat < 1.

3
2\
7 E%%*%&ﬁR:i%;ﬂ%ﬁ%i¢%y=hﬁw=me=Tﬁ

N, FRIF kad < zo MORTHRAME, WA
(1+9k2x3)% 1

6kxo ~ 6kxg
ﬁﬁﬁﬁﬁﬁmﬁgz:ﬁﬁﬁiyﬂumﬁhawﬁﬁmﬁﬁwkzgg.m&
T LLSE Hd IS 5 R TG SIS 0 4 R

B, WBL r = 600K, 1 = 100K, M

3
kxy ~

1 . 3_ 100 _
Fxo00x 100 (100 = g ~ 277,

BRI 3K, IXRHIRTEE 100 KA ) Zefe 30K sl 7 #i% M 0 2 1/600 AT,
ARG AT DA M 5 24208 600K IS ITBLERREE T. O

BEM WWH=UHZ y = o iR PR

E O ONHASCEORE (AR T 8RBV B ), XT3 B B B G2 A it £ 5 1)
AR Z , AVFL AR, SLhr b LR 2R 1 5 A R PUEE B #R — N
AT IR0 10 A DA T A s e ] B ) — 2R i
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S I HEE I EI S

(1)y:1n(1—12),0<x<%;

(2)y = F Veostdt, —g <z <

2

ro| 5

UEBH: e 4k = a(t—sint), y = a(1—cost) (a > 0), 0 <t < 2m bkt € (0,m)
HIXT N i P BT A (T, 2a) BN s = 4asin 6, Hd 0 RRREER P
PI%5 Ox B AMA. (WK 12.6 P ITERRZ.)

BEME r = asin£)® (a > 0), 0 <0 < om wH: B0, T, (T.n,
e ST R R R, R A K
2 2 2:R2
.ﬁﬂ&%@ﬂ%z{x‘”’+z RIS TKAh VIR B L%
2* +y* = Rx

2 i A
KR 267048 Y il 2
(1) y =sinz, (g, 1);

x

myzhm+nmem

(3)z =acos®t, y = asin®t (a > 0), (

V3o Vi,
4 7 4 7

(4)r =ae (a > 0,A > 0), 6= + AR,

IR y = az® 4+ bx +c (a £ 0) PAERE A HIZEPLEA R, Z a9 (L

FoE RO ) B s, UEH:

s 22— (42) <.

=2 t
aﬂ%ﬂmﬁﬁﬁ&w{x 5T 0 <t < om HASIF TR IR

y =sint

r? = 2% +y? = 4cos’t +sin’t,

2Tt I
SZLJ r2dt:2J2(4cos2t+sin2t)dt=ﬂ,

T SEFR EARIR FTEAR A 210 ) AR AEfTAL?
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§12.3 he¥drERMMERITE

12.3.1 — AR AR

KT — e SO S 77V AE 2 TOiAR o) g vk, (B — iR s
BUNRT B — JC R B 58 ARG SR 5.

WA — AU R RAE =4 B A A
WMABPKTH 2 =afx =020
(a <b). HX TNz e [a,b], P
M X =z EEZURE, Frs 21 a0
AR B THE R, 188 S = S(x).
WU BRAT TR FT LA LT AR (R A AR e SRy

V= Jb S(z) da,

tn%ﬁ%ﬁﬁt{&ﬂﬁ@aﬁ. K 12.16: 5 o s e A6 B E @R T4

b T

XEMEBRSFHERRRKE XSS, HaBTES AT T gz ERF
TP T 2280 % = 4 LT AR, XX NTF [a, b) BI—AN R P, 3R G X T W5k -1
8] JU AR AR I AU b B B 2R AT T 2 R AR, T AR BRI &S T
S(&)Axy, For & € [wi_y, o). X i KAIFE3] Riemann 1, 4 ||P|| — 0 B 2%
Fist.

LT R LA & B 5] 3640 iR FR 23 s 2 A 3.

GIRE 12.15 KRIEHEA S EA b K EHERETR.

R W 12.17 s, K B HE AR TR S B JR
¥BEREEER G MEBCY » 8, BRI %8 E K
FH 2z =h B XTF 0 < 2 < b, AT TR B
MZ=:5/#MEKn8mNE, ef¥rs 2 &
Fefgl, R AR S(2) A k22, ARk AT
WA kB2 = S KHMH k= 2 T REB TR

Fv
fi 2 e
§(z) = 7= MITHBL B 12.17: 46 3460 41 42
h g 1
V:JO Sdz= 4 Sh O G

O XEFLARIEE 10.1 BUEFE (10.2) H2 X K Darboux EFE A1, Aiw] BAHIEH,
7E S(x) b Riemann ATARRT, 48k _Fid JUT AR HARR M — S0t R BE RS [° S(2) da.
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BIRE 12.16 KERMAN S, " h KIAEARAR

B G H PRI, WS BRI 2 = 055 2 = h 21,
AR S(2) = S B, FRRE V = JO S(z)dz = Sh. O

FEAE RTH A A B BRAT] O 20 S0 T I R R R A AR I R AR A R, Horp
AR AT DU AR, BICREER RN 0 1, [FFE, Qi 12.17 fiow, [RHEA
A DL A F A XA U, PSS S 0 LA A, R BELE BT A AL i K S AR T T
AR, AT AR AR . e o B AR Tk Dk e J

BIRR 12.17 RWHER i—z + Z_j + Z_‘Z < 1 K (a,b,¢ > 0).

2 AT T XoY MFRFIHKITH Z = 2, —c < 2 < ¢ ZEMHER, WA =
W, AT R 507 R iR

2 2 2
WA TARR BN 210315 AR ETE X, BURT BASK H e A S b Rn el SR Bt TE AR
T TEI AR R

S(z) = T[ab(l - i—z)

Tt AT LA AR )
V= J_ S(z)dz = 2me; (1- i—z) dz
— 2ub(c - 30—032) = Zrube. O

12.3.2  JeFAEKARTHE

AT LAY SR HE 28 [ — 8 LA A gk A2 e

. WAL 12.18 BToRE LT Ao 2 i i

BEIE {(2,y) | a <2 <b,0<y <ylx) ML

MR — RS BB AR. X 5% o SR B

RATTESPINGIEEN ik = JEE =T 12 WS Dl =

Bl R AR A A Bl 12.18: o w24 £ &K
V= Jb Ty (z) da. 89 AR FE AR

a

T AR TS R ] B, (IR A T ZEE RN
O FHHE (ATC5-6 HAD), + ErAL#IF RN AR RICER.
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SE ST AT I 4R Mk PRI 4 B Ve T AR AR 1. SR il
e s Ll A PR . A W T B T AR e . TRk e
7 24 AP R0 G 28 e P ) 4 W T 45 B e . S E Y 12,18 of
P 0 20 6 P B G B R A B O Ve o T — . AR R, I b5 el T
BT S AR RE A — 2, G REH, RSk MRITPER
TR B2 5 500,

BIRR 12.18 BWHIMMIL v = 222, 0 < o < 1 PREFHAN D

A= {(ny) | 0< 2 < 1,0 <y < 22, ;

A, ={@y[0<y<20<e< /5, A

kil A, A, 5y BI5E o B y BRI A O RO AR |,
Ve MV, (ZFEE 12.19). :
BB SV R R R P OB AL, T A5 5 o v 1w

(1,2)

A

1 1 i )
Ve :J T[y2 d.’L’:T[J Art do = %, 12.19: W
) 0 By = o
Vy:J T[qg?dy:nj Yay=n O R A
’ ’ B

Bl 12.19 K—PRAERKAR, HAER
A dv, SVERN dy (Z0LE 12.20).

AR U BT I SR R S Bk e R R M
R B 0 o = 2 3 .
TEFE B N R = % > r. WK 12.20 |
%, H4 A R TR TRCEE (0, R) &b, WIS T e
Cr <o <rBREA 2 X — o ERpBEE— 1o g
AEFR, Sh LB LA RR R+ ViZ — 22 Al
R— V=22 FRE

V= J (R + V72 — %)% — (R— /7 — 22)?] da
= STIRJT Vr?2 — 22 dx = STRr? - % = 212 Rr?
0

B 12.20: #& B a4 R

= T (dy +d)(dz — i), O

E BERABIRET 2R x w2, BIEOSEhe i — A A KR L RUER
IR, X2 G I ES 4 Guldin 22K
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12.3.3  Jjed% 1 ) T AR

WAL [a, 0] EAMZ y = y(z) > 0, BEHSE « Wliers— A, e 20 ek thim.
Xof il A T AR ) TR S AT 5, PRI AT i Tk T e A O T AR

EH T it T AR E SCEE R £ Ju AR b A, X BN T e i i AR AR A R e
X. % y(z) 1E [a,b] LHESEFFERE. K [a,b]) WORNEEHR P = {20, 21, , 70}
W 12.21(a) Fio, NI LR R Moy = (zi1,vio1) MAEIERVIZ, BEs
r=x; MASIEHN A BEBRRESE M, = (v,y) AR X i=1,---,n
HOXFEM. KRR T B HLB M1 A; IS « g — A 2 A SKR. R4
| P|| — O Wz A=A PR, T4 A e i i AR X SERr B2 HF 2 [ & 1)
) T R 2 AR 25 38 e 2 i TG P T AR

Y

<[>
8

B 12.21: (a) A B &0 @R A8 k4 @ @R, (b) B & 690 @A

XEEEAEE S MR AR WE 12.21(b) B, BIE A K LK
BB E, FREAER Y ME, K WE AR GAEs LEED)
Smam = T(r" +7).

Wy, =y (1) M 1A 5o Mg —BAERMEAES, r =y,
P o=y 4y Axg, L= /1 +y2 Az TRIXAE G MRS

AS; =1 /1 +y2 Azi(2yi-1 +yi_ Ax;)
= 2Ty 14/ + 2 Ay + Ty, _\/1+ Y2 Az

TER A A 1L 05 U G B IR

0 BEEWIHRAKX SRS AEARBEN R, AT EERF R, KA HET IAE T .
W 12.21(b) Fizw, B E G ML EK « 53] R4 A&, e mmimerr. SRS
FR7 T TR T Ay R IR £ 7 A [ £ 000 T AR 23 1 A %:cc A %:cc’ (Hrc i REANEEK
FAC), Wt 2 mer M oz 4+ D' B & WA EATRE e’ + mw(r’ — ). A E A
rir=(+z):  ATBER (' —r) = lr, BIEHBE Sqam =100 + 7).
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¥ BRI TAEE — IO« 1 B n AN, FFS A RIKAEEET 0, BT v ELE,
Bl x|
S = Jb o1y(2)y/1 + y2(z) da. (12.7)
R TR EHRUE AS; 5 ZI0INE R AR A 0, MTT_ R R 43 5t 2 Jie i ith i 1)
HRHE A
T AN e B R R, R eIZ el ™ hih. BT 2R3
y'(z) T [a,b] LIELE, 7 M > 0, 6715 |v/(z)| < M Vz € [a,b], TRATEMETHH

n n
SO/l y2 Az <MV + M2 A}
i=1 i=1

<M1+ M2(b - a)||P|| = o(1) (|IP]| — 0),
AL S AS; RBRHISOR A (12.7) B
FURIIKASY ds — /TF 72(0) de, TTHBER IR A S (12.7) Bia b

S =2m ’ yds. (12.8)
R T SIS /A 5T 35 36k L LS T A P47 T o i T 2 B
© WERE GBI TR, I8 0 < c < d, WA (ac) B (a, d) BB BLSE o HIHESS,
Ml 31— A SRR T — ). ATH HEST 2an ydy. X dy = ds,
PRt RO TR R ATHAR . ‘

G DL E AT, BT DU AR T o B 7 A BETR 608 4 (3% A o
%) 45 o IS EI0 TETTA (CRBR T Hekb P TR A3t — b

S = 2nﬂ) yds, (12.9)
FP LA s b AR, | REEA IR LK

SE L R EORHE e SR T TR A SN S R A, R (4
12.21(a) 1) BeBE A M,y 1 My, ARG EILREE M, M, FI%E o HiERs a5 E &
DAY i SRFT, SR IS4 5 R0 BES T O W ROAR IR 52 S e f TR, 77 LA
AR (12.7) A,

SE O N A R T b A 2 R M I e I
AR, — i AR R AT (12.8) T ds BEREE N do. 1 AOARIEE
R S A SR B, 6 E LA | R S R K, S L TR
HBEB R AR, (BB T Sgap MR HES )

BIRE 12.20 RFEEH r R

R K ERTEE RN o B BT y = V2 — 22 88 o Bl A9 2 i g th i,
MAAS (12.7) Bif
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_ 72 — 2 _ 2. T - 2
27Tl[7ry\/1+y dz = 21TJ re—x > 2dx—4T[r. ([l

T re —
E OWATH s AR, KRN (r,0) SIFER y = rsin %, l=1r, TR”RWTH
A (12.9) FE FHH-H

S_2ITJ yds—2T[J rsm—ds—QT[( r cos%) = 4102,
0

FiR 12.21 KEI 12.19 FRAEBKRER. HAK (12.9), XAy =
R + rsin % K 1 = 2m, T2l T DARE R i) S b v S

210 210 . s
S:2T[J deZQHJ (R+rs1n7)ds:2T[R><2T[T:4Tl2Rr. O
0 0
g3 3
2 2
1. SJ‘QEEZ:§—2+Z—2,z:h}?ﬂ%]ﬁ@ﬁi%ﬂv,ﬂiﬂlﬂa,b,h>0.

2. REFAER 22 + 92 < R2 Fl o2 + 22 < R? WAL R FR.

3. R A i 2 e B AR R i T BT L PR AR AR
(Dy=ey=0,0<2<+oo, (a) 5&x i, (b) 58y Hl.
(2)z=\y, 2> +y*> =2,y =0, 5y Hl.
(3)x:4y—y2, x =0, 5%z Bl

4. UEBH: AR R R P EE {(r0) |0<r <r(0),0 < a <0< B <48
A e 2 1) e e AR AR

B
V= %J r3(6) sin 0 6.

5. KN F Jie e il T e T AR

sinz, 0 <z < T 48 o #ill;

+ ZQ =1,0<a<b, %y %,

=a(t —sint), y = a(l —cost), 0 <t < 21 %8 x Hh;
r? = a? cos 2¢, (a) LEREHI, (b) B = 5, (c) B =

(5) Ky =L (7 +e *), [af < b5 WEH—AFTFL Hes (TR
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§12.4 YEMA

M Riemann ({1 F 51 PSR AT LA HADEE S SRR R, B
HHEMBS R ZIG, WEEA B — TR
X RATABERIULAMI T 58 =M IO e R F BIR 5 Y HE
MEZBR. X — AL GuldinDr 4 g 2.

12.4.1 JRE

SRS, L U R R TERR B U R S AT, SRR
RO LA (U0 2 S 075 ) 20k, TISCATT 14875 5 A 2.
BEAE [0, b] B TRAAT. T A SEIC MR R A R RO 0
BERRHON p(r), o < o <b, BRM x B + Ac ERTRITHEE 27 R

BN, TRIFRERE M — J” o(z) da.

a

12.4.2  JiRD

SEMNBEBUGOITIR. BCFIH BB n MBS pi(2, vi), EATHRBEE D58 m;,

i=1,- -, n, WIXANG R ZRGE B0 R AR AR AT fi e A
Zmixi Zmiyi
Te = SSmg Ye = S mi

XEZHEH, WFLO TR A AT DAE B B0 IT B BT SR, 8 — AN
RGBT RS, 2t E B efrpe, JBEEN T RENREEPESH
HIL, ARG R ARG L, WIS RAZR. B0, 70 AT RGN, BAT
AR BT EHA XS5 AL

S e e My 2
B mr mx + mr My Moy
Te = Zm - Z/m+21/m M1+M2

T BRAT R 22 R F B R AR

TE B ARG B0 A AL b, A R IMRR 43 5t vT LA 3 5 B3 S 40 A 1)
YRR BLO TR, (BT H NS R A — e R BRI iR, BRIE 2 N Refig v — 4k
S3 ARG DL B0 5

WAE [a,b] EFERIEBERECH p(), a < x < b, WETLAXTX ] [a, b] 5E/E5KI,
RN TN (2,1, z;] F¥REEHILA p(z;)Az; (B p(&)Ax;), BAGIL
P BEFR LN o, &b, Wt A E 8B E A AR RO AR, 53

O /KT (Paul Guldin, 1577-1643), HiE¥25K.
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o~ S xip(x;)Ax;
T Yo p(x)Az
WIEADRIMAEBET 0, AR AKX

2

3

Jb xp(x) dx

Te= %
J p(x)dz

S REUR SRR
B 12.22 WAE [0,1] EAAHEEEN p(x) = ha KFE, WBLLAFR AN
Jl hx? dx 1
_ Jo _ 3
T Thede L

JO T ar 2

12.4.3 “FHIEERE O

HARBATH ATBCA 2 ERBAR, AN BEMR P T B T2 80U LT AR IR ¥ 2 ) A,
EHVAT A g1 T B FE O AL B S L SEfs BB O, B ie a5 50
AT DL B B 3K I 5 B B00 H AR R £, TR T 18 AR — T3 1) R #R AT

AR g — 4 i) L AP .

PR IR O AR, R, BUERRE p = 1. X 2K KE

FISFTH T B T AR st 2 EAT T R &
ik 12.22 FioR, % EH

{(z,y) | a <z <b,0<yi(2) <y <yo(z)}

s SCHGT i .
% [a,5] WM P, SIS PR ERY Y

BRUELTATT g WA KA. KK

ST (BITETR) Serb B4 K& B, 3T

(i1, 2] BRI, XA O A BT

BT (ay, 202000 ) g i

ya(z)

y1(z)

T [y (i) — ya(2i)] Az X TIXABEHUR A O

|
|
|
|
a

ZABHEMELAR, REL P MAEET K 12.22:
0, XEEMARIFTR L AR Tk TER

a

[[ slya(o) = (@) da 3 [ 3@ -~ i) as

|
|
|
|
|
:
bz

R r@oBAHHOLE

Te = S y  Ye =

S

(12.10)

TG L EIPAAR v BITHEA AT LAAS SR 51 E 2.
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EH 12.2 (KT HESEKE Guldin EE) ~F 1 K T2 B 58 A 573 H Py & 10 5
TR 15 21 (10 Jig e A AR S5 L P T (1 T AR 3T LA JE FE T e e 4 28 O T T

iE A ERAE « # BT, %?};&ﬁﬁﬁ%, MM (12.10) FRT gy, BHARSF
oS = [ [y2(a) - ()] do, (12.11)
A1 §12.3.2 36 T e A AT, 1T UAE b A it 2 P 1 PR B B8 o %l
TG B e AR AR V. O
i FALEREORHESTERTUNF V, SE—MHRTEARX. HEER
U 3k Guldin R RS V, — 2mw,S, X v, BV HERES § ik
B AR R BN AMER A IR AHE, XEBE] o fy FIXFRRM:, Bk,
XATLMRE] V, M AN AR:
V, = 2T[Jd ys(y) dy, (12.12)
A 12.22 P TR B T LU R b
{(z,9) | e <y <d,mi(y) <z <aa(y)}
RIEE s(y) = 22(y) — 21(y). BEHFEH, EMEEBRERAKXBHEHZHILAE
X, B5 §12.3.2 H BT EANE. X EYRE—A A, B W g2= Bk b
A AL B R — V. XA RLRIZ o S g o

BifE 12.23 K EERE {(z,y) | 2* +y? < Ry > 0} KJBL.

B EXFRER 2. = 0. AK y. ATUARI AR TR Guldin @2, H
TETBSE » HI e A2 2 R EkE, Bkt
V= %n}ﬁ — 2Ty, X %n}# - 12y, R,

E%Wﬂ%ﬁ%=%% 0
i OXRAEERBREHMEH Guldin & FR B OALE, k2, 76O B 50w
FIF Guldin 2 BESRAKTR. 100450 8 12.19 (BR sk BB AR AR, strT B3k H 44

RV =12 x 2nR = 212 Rr2.

12.4.4 “F gL

TR LT A K, BN Guldin 2 H#.

BAHERARME (TR p=1) RRESAE Tk b, Xtk R
O HE RO KL T 70 BVNBE, KRB E— B b, e RARKRJG KA,
BrLUB TR, R I RE 1, B Ja B B st 452

1 !
J x(s)ds J y(s)ds
T, = Of Yo = Of (12.13)
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XA AN A Guldin 2.

EH 12.3 (RXRTHESEHEA Guldin FE) 1 #h £ Bl 58 A 5 H AT il
JreA 45 21 (0 Ty e sty T T AR <5 1 1 2 1 9 3fe A il £ 10 D0 e e 15 21 1 1 A

WE - B T AT B, TR0 (v, ye), 8 « BiER, WM (12.13) F%
Ty MamH l
2my.l = 21TJ y(s)ds.
0
[ et e 2 it T TR AR A K (12.9), _ECA TR 258 o Sheke A S i AR. O
B 12.24 K ELEMA {(2,y) | 22 + 92 = R%,y > 0} WIBLALE.

M ENRRMESEN oo = 0. H T EiERE R kT, MR R, FISK
FheE T # Guldin 22 W 2my, x R = 41iR?, KL E] 4. = %, O

£ FERERTCARDBGIER 12.21 Hhoe TR BRI KT, BRIFET 2nR x
21, X H 2TR MU0 SE o Tl — FHKBE, 10 21 st K.

g3
LS H#ME r = (2(0),y(t), 2(t)), to < t < t1 ERAELELN
p=p(z,y,z) FURE. IEBZ I RTOAE (2, ye, 20) FITHEARIT:
Te = ﬁ J: pry/ 1’2 + 32 + 22 dt,

1 rl 12 12 12
Ye =77 | pyvVa?+y*+22de,
c M ‘0

¢
20 = ﬁ[ ' pz/x'% +y'? + 22 dt,

to

t
o R M = J N

to
2. M T H 22+ =R%, y>0fy=0, —R<x < RAMK. KT HHEL.
3. KM% 2% + (y — R)? =r? (R > r) %% x Hiel— =4 rmi.

2 2
4K Ly Sy < Loa > ORI,
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§12.5 EBRFHLEMHE

H1 T 0 55 B8 20K J B BR8] SRR K (L §9.3.1), IAIBERE S ] Newton—
Leibniz 2 ARV HE R MRA BRI HE w6 205 FE Xt 5 AR 0 3 B vk 55075 9.
XI5 KRN AR T A e, A R A A LR I 1075 &
HARZEAN

12.5.1 ¥

S 3t 2 4 T T R SRS M B TS T AR AR 2328

R TRAIE, M [ LT, — AR AN, y=Jfl)
AR 5 LB TE T BV SS (2 L 10.9). B TR, —
B £(2EL) b — o) iR Jb Flo) de. SARAULXRE |
AR )92 . ’

AR B AN 0 XA [, B) PSS B AR, 3040140
h:b;a,xi:a+ih,i:(),1,~-~,n. XA F X [H] :
(251, 2] B ERAR LE 12.23), HiAEE5 Tl Ziodm i

_b—a Ti—1 + X K 12.23: 4£EHRH5A
fin n ;f( 2 ) ATEH

HF R, & f 7E [a,b] LB Riemann 1, HE f € Rla,b], 24 n — oo B HAKFR
R f’ F(a) do. BRSO T, SR B IR AT

BEAEXE [0, 1] BRFS. WAE [0,1] LRIRE F &S, 7605 1/2 ib g
T3 2|7 Lagrange BRI Taylor A=

F(t) = F(5) + F/ ()t = 5) + 5 F(©t - 52
SRIEX ¢ OB 1B, R ¢ — L XTI 5 AR, B

Jl F(t)dt = F(%) + % Ll) F"(&)(t — %)2 dt.

0

T AL =T, MBS B P EEEFR, RS AET (- 5) 75,
F e Cl0,1], BIRTAI4FLE n € [0, 1], 35

1 Ly 1wy [ty 12

| F0a—Fz)=5F@ >j0< 3Vt

_lF// e 1)3‘_ 1F//
T, % T [a,b] L= B"l% Tﬁuzlﬁf( ), & F(t) = fla+ (b—a)t), B

R T2 =t B F(t) = (0 — a)*f"(a + (b —a)t), FRA € € [a,0], 157
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[[f@ds=p-o)[ FE)at=0-af ) + Fpb- 0O
SR, AT 0,6] B9 0 B, TEF R [0y, ) LA
|7 e = np(FEFEE 4 S (e,
Xt WL B n KA, A

fﬂ)@—R-+——(;2y~@)
_a’3 2 LY g
ﬁ*nm=(iﬁ>.MﬂeCMMJsemmwﬂa=%§jﬂ@»zﬁ%

BTN 3
[" sy —m, = L8l i~ o( L),

24n? n
12.5.2 BEBE:
X2 H B A BR T & T ik B . zﬂﬁ [a,b] _EHY
f(@), Eﬂﬁﬁb‘a~[f(>+f(>]ﬂ%@ﬁj f(a)dz %
4R TE S B A A I B 2T T [0, 0] SR EE n 0 &I, y = f(x)

h = b—“, 2 = a+ih, i = 0,1, ,n, REXE
[z 1,:@] LRI H B AR AR, 23

T = —az2 f(wio) + f(xq)].

;&FT_I:IX@TU@%@%@E%%%% (i, f(z:)) (i = Ti1 ;
0,1,---,n) MATLKEIE y = f(z), W T, stAHI E1224 HBHLIXF
e A B A sR T R THAR, BRI AR A Frde A ZH

THERFEHATIRZE T, BATE 2 E AT A A ok,
SE7E [0,1] EUEH], 2 F 78 [0,1] EHr#EgEn i, WIFELE € € [0, 1], 1675
J; F(t)dt = 2 [F(0) + F(1)] — 75 F" ().
UEBA 779 A B ek 4
p(x) = F(z) — [F(0) + =(F(1) — F(0))].
XA ¢ (2) = F”(I),lw(o) =p(l)=0. TRA

A
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1
- —d@)Fat - Fa)| + [ ¢ @Gt - Fo)de
1 on 1 1 1 o
=3P ©O(3-7) =1z
DA Bt T AR T — AR EI LR 4528
b
|| s@)az = G0 - a)lf(@) + 10) - 350~ s"(©).
[ r@yde = Bis@in + s@) — 457G =10
_ )3
[ rwyae -1, = -4 L= g = oL,

HICR] L, BRIIE SHTRAE B 2 KEH.

12.5.3 WY&k

TG A 2, BHR N Simpsont AR,

T [a,b] EW fz), HE@EHER E=K
(a, fl@)), (A4, S5, (b, £(0) BI= U (B
HUAILR) RAREE f(x), SRR P 7 v 1 SRR R
WRIRETR AR, MRS A (SEL f(2ED) post
R (B0 R TR) A8 f(o), TIRETL A Rt R P28t
B (a, f(a)), (b, f(b) BI—IXRZIARE f(2).

SAREREER [0, b] FEARI. 1T = AR K |
=T, BRI 2n 4080, Bl A = (b—a)/2n, z; = VLT
a+ih, i =0,1,---,2n, RIFIEFEAN T XH (22,2, T2]
RS, AR TSI, ALGE Ay 1220 A
W (KT A ATEH

L) + 4f (w2i-1) + fla2)] x =2,
SRIEXE i 1 INE n, HASE
Son = b6—na [f(w2i—2) + 4f(w2-1) + f(x2i)]-
=1

h TR EEARTHRIRL 1/6,4/6,1/6 FIATRA, FATHRIEH FHEHEK—
fEj AR5 B, AR RATA LR E 12.25 & R DL EES H
O =% (Thomas Simpson, 1710-1761), JeE 2 %K.

y=f(z)
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WML T TR
S W f A 3 KIE TR, A
[ #@)do = Flrta) + 4£(F2) + F 10 - a),

i AGIRXE[0,1] R F(t) B HIEH, KRGS 2 = a+ (b — a)t BE]—
WIS, X TRUET FSRSIEERE R EERT f() h 1620 X
4 TSR S R S T TR 5 v

J;dt: Lgva+1)=1,

6

1
Jtdt:%(0+4-%+1):%,
0

1
Jtht:%(o+4%+1):%,
0

1

33t = L L -1
Jot dt=20+4-2+1)=1.

A WG A, O

T XANFIEAMALE MBI TRAR, B AT RIFZ JLAMER
PRAR. AR sk BIRTH . AT R T T AR, SRDIAE R4 1,4,1 54
bn, sk 6 BPw]. Fdn, XA EK, WA

V=2L0+4 m2+0) = 310,

UeAh, T Re ARGE T LA TSR B HE L B B L [T L BRI R & AL ik
AT LA T ECSE I E TR AR, Gl EAT I . SR = AR, A T
AR WA Be2h HEHER 45 2R

BT L A KERZEM T R, BERTIFIA T —.

12.5.4 WYL RXKREM T

IR TR 2 SRR TE 2 R Z Al v AR, 32 28 TARAE Tl W1 1 i e 2
SR, ARJE AT AHES]— .

EI 12.4 % f € CY—1,1], MIAFLE € € [-1,1], BT
(4)
Jil Fle)de = L[p(-1) +470) + £)] - L ) | (12.14)

3 90

WE BT LSRR .
(1) SINZIRZ I p(x), 43 p(—1) = £(=1), p(0) = £(0), p(1) = f(1), IXHS
MG

[" payde = F1r=1) +470)+ 1)
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AR T s 0 e
p(x) = f(z) —p(x) + (f'(0) — p'(0))(2® — 2).
M o(—1) = 0(0) = 9(1) = ¢/(0) = 0. B @ (a) = /O (2). &IHH
[ @ =pande = [ ola)d. (12.15)
T e FBUA 45 AT A TH A L AR
(ik) AR 23 A R B P o A5 R o Bk (2 58— M 242 TURE), ATk
WEHA: AN @€ [-1,1), F79E ¢ € (—1,1), f#18

(@)
o) = fT(O cx? (2 - 1). (12.16)
oo =+1,0, W ¢ FAERL BN, 4
. p)
A= 2?(2%2 - 1)
2042
Py =g -2 ST e

X F(0) = F(-1) = F(1) = F(z) =0, F'(0) = 0. REZNH Rolle EH A 4177
FEC e (—1,1), E FOQ) =0, BT @ () = N, XuA (12.16).

(iii) # (12.16) £ (12.15) (AL, HRA S EE f@ € C[-1,1], gtrT Ll
B S — P ER BT € € [—1,1], 1SRG

| @ —p@nde= [ ooz

— f(4)(§) Jl I2(5E2 _ 1) dx

4!
Y
e
T*ﬁ%%%*%%&ﬁhﬁyﬁﬁﬁx:ﬂ%ﬁ+b;“aﬁﬁ

Jif(:v)dx: boa Jilf(“;b + 0o ar

b—a a+b () b—a)’
:T[f(a)—l—élf(%)-i-f(b)]_ 90 ( 2 )

35 BE B TT DA T B AR 25 BE 20 R, B b = (b — a)/2n, @ = a + ih,
i=0,1,---,2n, %i=01,--- . n—1F

O M (12.15) \TI, 5IN o(z) = f(z) — p(x) ZEA BRI, RTXFET 22 ZIHR
G — P B AR S SR RE L. L TR AR B e B h 8 — 30, B 2’ — 2 I
. T RRA A, 78 (-1, 1] BRI 0, BIEANENT (12.15) RIRSL. 55— J7 1, FIH
RHf(0) — p'(0) ATLMER o' (0) = 0, NTIAERT (12.16) H HBLEIFHCH 4 B
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|77 pla) dwr = (o) + 47 @oia) + Flasiga)] x 258 4

24

Hrp

106 (b-ay’

"= 90 on

XHF o KA A IR ZE AT A
r= Jb f(z)dx — Sap

=To+ Tt a1

5
= — g5 D)+ + D] (B2
IR ERI £ fAERE, AT € € [o,0], £/

o b—a\’ _  fOO0b—a)P® /1
r=—gp 0O (P5) =g =)

HIMAT I, PP LI 2 AR TRAE MR TR IR I A5 2, 2 — A BUAESE T I BB AR 23
Trik. AEA VLA B BB TH SR P I AR T R G thIRE 7 1.

12.5.5 Gauss K

GaussT sk B i A 5 R TG RO 32 . A6 TR AN BV R ), (B 5 B — /)
T G E A AR A, ) E BR AR R s HON T AN S R R 2 1 =R
RS SR HEAETA LS . AR ZAATE TR T EE 88— R B2, RN E% Bt
2 R BT E AR R EURE.

XK RS H Gauss REER—MNMRG]. 28R, X TFAEE 3 k2 I,
HEPEBHA S ERERSE T, ®E [-1,1] B Fira A 3 k2 mX Rk
BRAL LR SRR AR

[* 1Ot = wn f(t2) + was (),

I‘E‘li ﬁﬂﬁﬁl ’LU1,’LU2,t1,t2.
55| ERER AR, H F 8 L2 8 RN, BRI
2 = wy + wo, 0 = wit1 + wata,

% = wlt% + ’wgtg, 0= wlti + ’wgtg.
MG FTFETHER t1 = —t2, w1 = we. BREFE—NHEITI w = wy = 1.

BJasR 2 =42 = % EREREF] Gauss AR

O ¥ (Carl Friedrich Gauss, 1777-1855), 1 E #%% %, 5 Archimedes 1 Newton
—EBN KR L LSRR KR SRR 2 —. SR M b2 B Rt
TR,
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[ sodr= ===+ 1(J5).

V3 V3
il g = a;b " b;“t, W24 ¢ A —1 %) 1B, 2 M o B b, TRBE
be(x)dI:J'l_lf(a;b i b;at)- b;a dt

_b—a a+b b—a a+b  b—a
= bge gt - by pragh g o)

EX T ANEL 3 kK2 T4 RS SR
KT Gauss KIEK— e ENH LR Z TR AETH B2 E).

23 &

A 0,1] 10 2545, 435 BT A A A R 5L J; ST 4y R,
HE5H 6 ALERIE 0.946083 1EHLEK.

—_

2. # f € Rla,b], UE#:

b
lim M, = lim T, = lim S, :J

3. & f" € Cla,b], iEM: fF1E € € [a, b], AL
Jif(x)dx: f(a);f(b) -(b—a)— fl(;) -(b—a)S.

4. # f" € Cla,b], f"(x) <0OVz € |a,b], UEHH:
Tn—r f(z)dx <0.

f(z)da.

5. IEHA: Zn > 2 H\]‘Eﬁii‘Fﬁﬂﬁ’%ﬁ;

n+1 E\"
2n + 2 <kz_:l(%) < 1.6.
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§12.6 Wallis 2R 5 Stirling A3

12.6.1 Wallis A=,

HERERERS I, = gsm "rdr = gcos”:cda: (W18 10.33). B40F
0

2k—1
k) oo g n =2k,
(2k)!

(2k+1”’ n=2k-+1.

XEX] n A FAUEL A KXBA—FE, LIPRAEE. (H0] LR
ELTESUNY (12.17)

n—»oo "Iy
THEFEFXMZ Wallis A3 ’
M [0, 5] LIRS
sin?"*2 ¢ < sin
R, B3 Inyio < Ipyr < Ion. HILHEHE
Ionto = ;n T ; Ion < Ipng1 < Iop,

BRUA Io,, 4 n — oo, FIJGE EHHEH (12.17).
¥ (12.17) I Loy, Iopy FIRTTHIRERUFG1RAAN, BUA52) Wallis 2.

lim =1 -<( (2n)t >2-2 =1. (12.18)

2

2"+1I§sin n o

HERE: Wallis A0 LA 2RI, 60 LT JLANER 2 Wallis A5, TR

HRYEAN 37653 -
_@n)t

@~V (12.19)

I, = E sin” zda ~ %, (12.20)
n 2n)! 92n

oL, = En!))Q ~ I (12.21)

12.6.2 Stirling A F

ERECEART ol WFZER. NLIHKREKRE, CRIMIEXNTAEM o > 1,
Ha" < nl<n™ (WEI4.20 MEA P58 _FEH R #E.) Stirling A%
HT n! M DIRE, B

nl ~ (%)n Vam. (12.22)
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Stirling AXBIER M 1L 10 F SR

%g‘:(:ijy::(%)(302(%>3”'(nﬁ1)n4’

BUN L, 95
nlnn —Inn! = Zkln(l—i— ) (12.23)
%Jﬁlxﬂﬁl@iﬂl f(z) = In(1 + :c) iokis Lagrange iﬁ?mﬂ’] Maclaurin & FF 3, M
F@) = T £10) =~ 10 = iy 88
HPWo5 2 HR HR: HBa>00 14602 > 1.
ﬁ?x—l—%%ZﬁfmT—E@—ﬂ%@emJL%ﬁ
ln(l+%):%—2—]1€2+% (0 <0 <1).

L k=1, ,n—1 IPENRA (12.23) 95

n—1

nlnn—lnn!-%(l—i—l—%)
_n—l——lnn—— (Z% lnn> +Z ETER

FHFE= E*%TEMm%ﬁmmﬁ2ﬂ)ﬁ%%W 2417AtﬁmFﬁmé
lnn!—nlnn—l—n—%lnn:(?—i—o(l),

FXE Y
lim —M e _ g0
() v
AT MR IR S SO FI Wallis 232 B ATl T
\ﬁ_1m._£@ﬂ__fnm2%<>(?ﬁﬂﬁ%m )

n—o00 (271—1)”\/_ n—00 ( )'\/_
n 2

Hik S =+v2om O

OB 2.31 T Y0l ~ ﬂuMsmMgﬁﬁﬁﬁgﬂum%SWMg&
K5
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fisx M Kepler Z KERBITHFT ek

72 A W5 TP B 1A SRR S AR R 22 S0 1 0 3 — VT T AR S, 3t
RN Kepler (4T IE 3 = o HUBA BB 5 T 481 s . IR
72 Newton SERHI, T 1687 LR TALIIRIBACELE [21] H.

1T Newton (IB0BUA7E 24 LTGS2 00, 7550, 54 R ECE
TR AR, TR RIS 2 54T [21].

M Kepler 5 T4 SIZ 3 1155 — e FF4E.

Kepler F—FE®# 2L AMGEHMTERAME, Kl FHEG—NE
P-4

@Eﬁ%ﬁﬁi%%ﬁ%%ﬁ?%ﬁ@ﬁﬁ§;+%;:1%$%ﬁ%.ﬁm
S5 (AN OB Mk B A, R P B Al 7

p

T =

1 —¢ecosf’ (N1)

SO BB PR 0 < b < a, bk e = YO0 gy, - U

RTTI7RE (N1) 3R RAT RSB BE, T EAEM B EICSEsh R 2 —
HERHIR Y. 3

Kepler £ # (ZEVER) M A3 472 4B % 40 569 0tiE 1 pr 2
oy \mARARF.

BB RAE I 4 R BT IR S, 2 — Bk SR ) B, Newton FA
AT 077 0 R BB 5 — e R K B X AT A LD 0 . TR
FR B3 SR

RS T AR ¢ SRR P L1 2023, TR IES
RHFS

r(t) =r(t)cosO(t) i + r(t) sinb(t)7,
HR AT () A O() HRREIE ¢ MFRREREL 4 r() X £ REFIWK, Bk
RN

2 . . .
a(t) = % = (fcos — 210 sinf — r6* cos § — rf sin 0) &

+ (#*sin 6 + 2760 cos @ — 6% sin 6 + 6 cos 6) 5.
RARIEAE LRWEEI, BRES R, TIPS BAL &, BIRAETT A
) B ) B 22 TE AT ) AR [e] R
e.=cosfi+sinfj, e, =—sinfi+coshj,
MTTEE AT LA b3 s 2 1) 83278 A
a(t) = (i —r6*) e, + (270 + 1) e, (N2)
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UERIBT Kepler 55 —xEf, B MK BH 2047 A IR RARAEAR S5 (K I [R] Py 4903 i T AR AR
& WREMNABEATIFRENAE AN 0 WA RHEAA A0), RIEHRALFR T )
AR ARXA

A0 =1 JZ ¥ (7) dr.

RIS E R, K B ¢ KRN 2R HSRT ek nE )

At T de At T 2
e — M ERFR SR, BHEEOE %, FAE—ANBETF r, 552
70+ 510 =0. (N4)

KX RABARAIEE A (N2) 53]
a(t) = (¥ — r6?) e,.
AR T I o 5K r BI7 ML
I H] Newton 73525 @ fi, W WORFHXAT 2 HITER 14
F =ma =m(i —r?)e,. (N5)

T R A LR E (NB) TRRELF — r0? RS RIRANSHHAE K
A SR B AR AR T 2 (N1 BB A
p=r(l —ecosh),
KRG E
0 = #(1 — e cos ) 4 2e70sin O + 162 cos  + ref sin 6.
FIFI RS (N4) AR5 — 0905 55 PUIR2 F1k 0, BRI BLA 21

i _ ref?cosf
1—ecosf’
XFERR AT LT
i — —reh?cos —r6% + refcosf _ r?
o 1—ecosf ~  1—-¢ecosf
242 .
= — rp6‘ = —8%7292.
HENEERARNTT F REX (N5) 1, 53]
F = —%726‘2 €.

A AT R RS AT 2R 2 R . h TEBAUKRBEH2H K, Hik
FIF (N3), B r20 = %8 ST LLD F i LR RERBE N

F= -0 (2, =~ L (%)%, (N6)

P, AT RERIE LS 05 005 5 B P L . ELBC e 0 E
fiagoe? BRE SITEAR? BUGETHLE.
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X Kepler 38 = @@ EANTERIERT.
Kepler 8=F® /2% KM—AMMGE 9T 5 54728 XME6-FH
¥E B 69 = K F M E .
¥ Kepler 25— @R ., 1% BL P35 25 25 g2 6 B K8l o, TRBETLL
B H Kepler 58 = %m0
T

e N7
: (NT)

HAp T, Foa; &5 0 MTEREIHRK L8, b ERXHRN S
PRI TR A = ab, B4 S = 1120 = const, BATLLHHSE AN

_ Twb Tlab
g dA lr29
d¢ 2

RN (N7) K, 193]

@ Lo @ aGp
KX RN F iRiE (N6) &, shig 2
F=-m (l%(r%‘f) r% e
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Tyl — & =Ty — f(@n) _gz_f(xn)_f/(xn)(g_xn)
" " () f(zn)
_ [ (0n)(€ — xn)Q
2f'(xn) 7

NXFH Jim 7(0,) = £ (6), lim f(zn) = f1(&) #0, AT WAFAE M > 0, 154 n
FR4F RIS L
|[Tn41 — & < Mz, — €%
XA BT B B e SR R e MU, B AR AR —IRRT LR A S 5 n— A
Bk A Newton SRARVETFHE A > 0 PR, X 2B R - IRTE f(2) =
2 — A =0 WIEAR. Newton AN

2 _

2, Tp
PLA =2 K%, &
$n+1=%($n+%)=%+ﬁ.

W =1, WA
1 =15, 2 =0.75+ 0.6 = 1.416, x5 = 1.414215986 - - - ,

x4 = 1.414213562 - - - .
Hor zy BHEAERECT . A7 B Wi SAo8 BE R AE A2 A S ).
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FOXMRRTECR T RSP R SRR ALK R b, MEES

BT R 00 S T DL AR, T VA T, B EE M o < VA, U
A S VA B2 o> VAN AL < VA FRENEATEIE 1 (o4 2L)
AR I IE B (18],

10.

%3 &

OB 13.6 FHAI (13.4) B (13.5) A VHRMEAME =5 MIRZE.

7E B 13.6 TR LR I [2,3) EXTF goo) = (/24 2 8 gs(a) =

5 (2 — 5) F R 4B R 7

- AEEUESL 20, RIEH 2, = cos(xn—1) Vn FEIERES {2, }, IEHH: %505

KT g(z) = cosw FIME—ABN .
H Newton SRHREEMAGIE 13.6 H 1), I5 R RIRVEME ELEL

. F Newton sRARVER TR 23 — 222 — 4o — 7 = 0 7E [3, 4] Z [AIFIAR AU AME,

KERE 10~
F Newton sRARVER THE sina = 1 — o FIAR AT AME, KRl 10~4.
W fAE[0,1] BRI, H O < f(z) <1, f/(x) # 1Yz € [0,1], iEH] f 7E[0,1]

B fAE[0,1] BRI, £(0) = g(1), f(z) € [0,1] Vo € [0,1], H |f"(z)] <
2V € 0,1], UEBH f 7 [0, 1] HHEME—IAZ) .

52 [a,b] ERTEEREINEREL, o < f(a) < f(b) < b, iEW: f 7E [a,0] BF
i

UERL: AEAEFT TSR f, B KM (fof)(x) = —2® + 2% + 1.
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§13.3 LHAEREN

AT M 6 MR EAEE (S §2.6 BJEIIE) M ELE
*hTE, SRJE A BRAG A BEXT SEROCR BB A (T WS (R4 21, E B 3 Db A i SE B R A
RUf JUR R 5%

13.3.1 SERREAE B FEM

TEHE— MR A AT LRI 6 N AT B
(1) BaAAEAEEH (EHE 1.5), 24 §1.2 (SCEUREL M SR RS Y T E 9.
(2) BiH FEFScEHE (B 2.18), A (1) iEH.
(3) FIX A1 e # (e B 2.22), A (2) UEBA.
(4) Cauchy WSHEN (EHE 2.23), A (3) iEM, JER X FHIK (5) AHHE—
AMIER. Bl fEpI 13.2 h X4 H T =MEW (EHEFIERMHE (5)).

(5) Bolzano-Weierstrass #2582 (22 2.28), F (2) iEB. R X H FHK
(6) &5 Hi 28 —/MIEFA.

(6) Heine-Borel 5 BR JF- 7 55 /2 B (2B 2.29), H (3) 1 (5) 441 T HMER.

1 §2.6 F R HREF IR, X 6 e ERAEN . HAF PR —A K
A DLUE B HAt 5 A8 B BAE AT — AN, IR AT A 30 AN, Herp oA i LR
o, HIAKAE S . Hehh, oAl IE BE ] Re s 24T

R b AR %A RE B HIE R, AT LR ZEAE] (4) = (1) 1 (6) = (1),
FRTE T 6 ANSEHCRIEA 2 B S PR

T DA T 2 I AME B

BilE 13.7 H] Cauchy WS NIE B 547 78 52 2L

i PUEYH LR AR LR,
B A hAAsE, B B BOs € A, # s SR A MLES, W s A A
BOKH, Wit LR, BRI F 8
T M s € A, {HFR A MBS BRI > 5, 1 2 A LS.
REERHn, HIBHE (s + & | k€ N). MAPEEEREM hoD, g s+ P01

n
TR AMER, {5 s+ % B AT HEXA RN 2, = s+ %
SHEA 1 FEXPERL, BRI {2,). TS TR (1) 2, 2 A -
5, (2) on — = TS AW ER

O XHEZEHZF Archimedes JRHE, WA —M §1.2 HFIZR]E 4.
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SEAEMI (o, ) RHAHE.
FEIR 2, 2, BT 2 A B9 ESE T, — - A A B E5R, A

1 1

AR n, m HIMAL, B
T — L <z, =z, — 3, < L.
m m

FIH L EWAAERXGA

1 1

1 1
— < T —an < = | T — T <max{ﬁ,m}.

AR Ve > 0, REIR N > L W p,m > N W, B 2 — 2| < o BHE]
T Az} REARLS]. X {x,} F Cauchy WSKHEN], 501 {2, } WS, E MR A 3.

BAEIE] 3 BHE A (L5, T H R R/ L5

XveeA BTz, 2 AMER AEK 2 < 2, DS BAL 40— o,
WA o < B XHEREEM T 52 A L5

fE e > 0, MM T {z, — 1} WRECT 5, A N, (AR

5—a<zN—%<ﬁ.

T 5 R AR ER, oy — - AR ARER, BREER o c A 4

5—5<xN—%<x<ﬁ,

XFERHER T 3 RBE AR LR O
Bigm 13.8 FAFR7E &5 e BUE i A7 AE 2 2.

iE Rt ERETBER EHAMIEN. W s € A, (HAREE AR E
I, X AR—A LS AE L XN ARE s < ¢

BAVKAEH A LA B B, B BRI, SR BN SR AEX ] [s, 6] .

MRIEWE. % A WH &/ ESE

Bz € [s,t], M o BiF R AR EF, BEANE AW ESR, —FBFEH—.

#owo & ARES, WET A®RAED EFR, FIIEFE 20 NS 6. B
6 = xo — to, MAITEATIR Os(x0) HHITEANEATE A B L5

Howg Mg AR EF (TR o < t), WFFEREA so € A, fHF 20 < so. TRR
BHL 0 = so — wo, MUANTELEARIR Os (z0) HIENEFARE A M L5

XA o FOIXAEA, BRAE R [s, ] W—NIFE . XN IFE & A0
(BRFFIX[A]) B se 4l A i B AR, B Kb AN EH A AR —A E5

MAERTEGERT LR E S, B3 —NTEA, WA RAWEE, SN
BHL T [s,t], RSB SEEHR A K ES, SEEHAR AR EAR.



168 #£+=% MHRLiL

NZEB A XA BRA AR AT 4 B 0. 2 5B % 5 s I— A8 01 BT
s RIE A ER, Bk O PEAMEAR AR RELE O, AN A BAR
WHAT ¢, WAt - AR ER. TREEER O WA SK—AE, ik 0,.
HF 01 N0y JE%, Bk Oy FEASHEARE A I B nib4ks: F 2, HRKE
RASBIE % [s, ] I RAIR, Kb mEMEREBREE AKER. X5t 2 A
K EFATE. O

BUGTR, 76 §1.2 PHIAKISE S ARGV RIS fr b 5 DL kg AL R A
SERAREMI. BT SR E I (BB 1.5) 24 i 2 F S 2R i e J5 B
{7, B bt L 5 P T 00 O e ¢ E B BT 60 Sk e RS

Bl 13.9 FIh A7 78 € BIE B SEHCRE S Jr 2L

iE WHERANESEHEE AR B, HXt Ve € A, Vy € B, 0L < y. X B
AN EERE AWM ER. X A AR, iE AR A, dh 8. Bl
FUEBX AN B RIESM R e (BlVze A,ye B:ox<c<y).

T B2 ARLHA, Bk ve € AR x < 3. XHT B FRENHEE A
MBS T ERR R ARBN LR, BtVye BB <y. O

13.3.2 AR

M BTG T S R A F A M e T L, ik Z R Z )G,
TEARRE R AT — N E B R B HAL. B22 HAEH, WwREPE Ao, e
ITERRAE. Rz, RER—ANARAL, WEATHABAL.

THOLSc k. B, oG — e BARHER Q PHEANBALE, 5
HUREEN. HMREE - NEERY T, fla, 7§12 b HmIETHE
A={zeQ|z>0,2? <2} B QTNARH LFAMITHLE, (HARTHIE Q
A ERASE GFUEM). WX — SRR HE, ML U €A SR REAEHE Q
HERAS AL

AT B SR A E AT AL, B AT BE B84 A2 SR XA ] .

M —Tr T, BE T IRFE N TF R B ML i 3 2R B, X T Se g & ki, RE
AN — SR H T R RS SR B, HoAh— D) 7E 8% o, B 13.9 3UE
B, K HE &G 6 DN ERREA G E P I E— e B o2 —HrR. Bk, 77
PLULE o0 i B IE TR 2 SERCR P LM, MRS HA S, WIER At
BATTVHGAT 2 2 SEFX AN ) 5 B Bk, i BN el L, 0 R 24t —A
Mg A S N THRE T BTN AL, KA HEZENSETORML . X

0 XAIEFERE 5.5 IRAE 3 Fl Lebesgue EH (EIEHE 10.7) HIEHHHRHL.
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PR — DN BLRAE T, BRARBATHIAR, WECED TR SR, KB R
AAE R LA R EE & B AR REE, T80T M OB s R. HSEH
RERIA G AR LA T, AT DGR 8 TGS 1 TERE. A A4S
HAHERARSEREMINA T .

RIE R T, AU R BS 7 BAE SRR A RE ST, BUR P EE T
VFEHIFREL, B T 2B N2 Ah, BT SERh R eI 4y e . #
BRAEIN N EE A T BB 5 h A AR, EAE IR 5 SRR S5 % A g )
BEWFTHAT, ERFTEENERR, THEPR EWARE AR 2T O, W
log,, b, B a, b R SLEON N2 40y 5 SCRSE IRIAE T ek mr L, BRAESS 1%
55 BR B2 AR R X, R BB A R SEROR R N L SR A
Hep RS

FAASRUL, 78T — /N1 A BT 25 00 A BE 4t SEHOR IR, T KAL) 1 52
AR P INEG AR — RIS %

13.3.3 SEHARMAEMTE

S AT 7, AT A ISR BuctidD 1 JLAEREA) . e gt
TIUM S T 840 1 J U4 A B, SR 5 PB4 4B (1 J7 V45 3 P A s 2,
N A A JUAT 27 8 1A — AN B 1 5 18 SR P2 8 AR R . R A BRI
A2 30 0 e # A s A . X B FTE A, Uil SRS, Lk
R IER RIS 2, WA B IERA A B ) i LA S SE.

B8 SRR I A BAL T Al 2 itk AT B o0 B SN S B R
R/ ST A R AR A A B, A A5 HAt PR ST W] DA EH 2 B HE R, IX e il T
—NAE RS

IE R, BRI A BJLA ST, A SR R g2 L85
&, LT a, b, c REFH AP RERSLEL

L AR 78R PAAEWMIZE, 2R IERSRTE. X T 2,y e R, H
x +y R EANTEE IVES B SEH, FOVAL, X o -y B (EEAS RAERE
) zy R AR FIER BV E, PR XA IS EWE LUT AR

o ANH 1 (ZXHAME) a+b=>b+a, ab=ba.
o N2 (4EMH) a+ (b+c)=(a+b)+c, albe) = (ab)e.
o NH 3 (/) a(b+c) = ab+ ac

O BXJLEA (Euclid, 2~ ZAAJTTHT 275 5F), WA R, AEATGHT 300 EELE
B CRAY | LM — T THOLK  EE R, SRR EAREL N JUTEA) .
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o N4 (IMERHNE) XMERSER a,b, TR a+ v = b AHE—EL
fBx, LA z=b—0a ¥a—ald N0 (ATIEHEE a £K). H0-0a
WA —a, HRE R a FAHKREL

o ANHL5 (RIEM M) BOFE—ANLEHa # 0. NEBRLER a,b, H
a#0, T ax = b AWE—BISEEME v, FHFEN 2 =b/a. ¥ aj/aB N 1
(FHEEYS o T5R). #K 1/a & a FIEIEL

N 7R PHEE—FRR <, MRS H WA RKNGF, Bilel T

i

o NH 6 (ZE M- XNTEEab KRa<ba=ba>b=FH
HRE=AWIL. (KFa<bH5b>a%EM.)

o N T (FFHMEEM) FHa<bb<c Wa<ec

o AW (IMERRTFHE) Ha<b MMERcHa+c<b+ec

o AW GRIEHMRTIE) & a<b, WIHMERE ¢ > 0F ac < be.

III. Archimedes ¥ Xt —%F1E¥ a,b € R, FFAEIEEE n, {15 na > b.

FX HEAVERGRFE—T, BEEARM T M4 4. H%, LEM=4A8 2R
RB AT DN ETF R AR NG AT, MR T I 2 0 300 E 5 i
2T HBE AR K, AT UL S B A E N ERE D DR RS AE
RIBHEN. KR o <OMHEMEH o <bFa=0ba<b5b>a%RF. XEKMH
5B

HR, ER=HABEFHEER Q PhEI AL, X5 T #ECE YR S
RS 584 — 5, A2 70 2 R S SE R A 3R AT A i BB g
KA. FMB HATA I = AR E8A ZE LS HEHX A AE. Tl
KB, IFEMABHTE—4.

XBEEGRRBIE E—/ NI ETT IR N, SR RES TR, E5E
SR E B, N B B — A A B R o B Y 24 R AT e b HAH B
SRR, — AN T X B ME AR, ES SR BRI RS
HHEZMERE. FRAE 6 MEHMAREAREHE P, FEAOR T A HZ AT ER L5
NG Z BRI, AT RTRef 5, ARPIEREAE §1.2 3@ Hh M a1 R 3 O 5
JE—% N (XESET (20, 29] KIMEE).

IV. EEMAE AWM EEE AMB, BXtTFVaee A, Vy e B, BiLz < v,
M —EFLELE ¢, AN T Ve e A, Vy e B, oLz <c<y.

YER A BRG], T TR DU % 0 58— §1.2 M JLAN2R )
BB R XIUAFIE AR PSS EFEANES, AIfEaEETRT
Archimedes AH KT8,

II.

R

>
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BIRE 13.10 MSEE R HIESENE R BIUE ] IR B4R N WA B

IE HRIEYE. & NA B XA ERAASRIEEL. ¥ NG Bk
B &0 B, WEFFA Vn e N,Vy € B n <vy. FHRIEESEMEAE, 774
SEH e, FHEVREN,Vye B:n<c<y.

EKRW c & NPEDNER Fltc- 1 AESRENWLER. FRE—EFENLE
BH no, MWL ¢ — 1 < no. HRXIB ¢ <no+1, M no+ 1 HREEEY, X5
cANBEFRFE O

Bl 13.11 MIELEM:JFEE B Archimedes JR 3 (WFKA Archimedes A #E):
XHF—XFIF# a,b € R, FAEIEEE n, £15 na > b.

i LN AR R A N BB, LA E
B n, F15 . <n, EHHHZE b <na. O

i Archimedes 232 A0 &8 A8 B — A5, (HIX B A — 20 @l
SRR

FRATTHRE I A B B A AR A IR, SOHs (R IR R A BN A BRI R B R A
HF. 6 7AW 2 Archimedes AFEFIFRA Archimedes F 73k, 5 UFR K 3E
Archimedes H 3. BT 0] LA E HIE Archimedes F P B ARH] 7 [24], Fi
BUUERA T Archimedes 23 BT F1 A BEAI 7 A B,

PR 13.11 R, HAELHCR P AET ARSI ELL M A 2, W] Archimedes 2
AL LB

{HIX B — MR R ) 8, B 5 ESM REEM 1 6 NMERREAREH A,
FHARE—NEEE B Archimedes A ). BRSNS, Cauchy WCEHENIFI A X
F) 22 5 B R ke, T H AR 4 AN A 2 B AT DAHE H Archimedes A 3. [BIBi]
13.7, 7E A Cauchy # NE B A A AFAE e BERY, St 2 R 2] T Archimedes 23 2.
AR Cauchy WSIHENIVE J SEE AR I A BEIN (XN —MRFR B A SE & A 2], W
Archimedes AFRAINLRE.

TN R N AR IRATL AT RS SE, BT Archimedes 2B,

BIRE 13.12 UEWIAEECA OB B A SR A b, R U, 4 AT
FTPEANEH a < b, 7E (a,b) T —E A A EE, WA TR

E RBEEERT 0 < a < b WIFEBAEHRED, 4R)5 3R AT DAHE B — e,

M Archimedes AT, FEAEIEHH n, W8 n(b—a) > 1, BHBH - <b—a

FH Archimedes A2, FF7EIEREEL m, 15 na < m. FRATHOH L X NERE)
Bo/NOERS TREH m. XA m — 1 < na. TRRED
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m—1l cgcm_m=1_ 1 1 p_a)=b
n n n n
T D i R BRI HAL

n

/1 _a /7b N SEEE 24 . ﬂ/ AN
T a = Wiﬂ]b = WEEU\LQ&, b o R = o S (a,b),

IR B R ZR A L 3
a< %,/ V2<b O

I BA b JUAB 8 e 0 TR A D7 925, T DA M SE B0 B 2 A 2R Gt R A T
TR B — RPIBEA o) L (BATT W 2% (8, 451k 5 30HR).

(1) & a ﬂaff?%}Ei%ﬁt, n N IEEEE, WAFEME— R SE o, W 2" = a. T
ALK E A an . SRJELESCEER b AT LU SCUME A B r HIREUNR o7, JIF
T B "l R K T R PR A8 SR

(2) 7E (1) ByFERE_EWT DUE SCUME R SEEL b A FREUR o, JHEREW LR T
TR B AU (R 7RI B AT DA SR ROk B AR R, B o > 1T, A
e <o BE e <o, MH0<a<1i, Mo <2 85 >a'D.

(3) 7E (2) MR B AT AR TAER 2400 < a # 1 M 2, 5E X LA a AR XK
log,, @, FFUE BT 45 ek 50 ) 7= B 1 38 I 2k

(4) UEBA B — A SEH o #WT LI AN EEH0N b — A+ 3 T8 IR D BRI
Sk, HIEHBRT LL O F1 9 IEFR BB Ab, X Fh IR T A LR ME— ).

O FE 2 BOA AR BT SR R 2, e T# R B SE R A RS
B XSEPr ERA S EARE). IR TR X B B, e e LR ANTT S
B, HILENTIEEANE Fth A BUAEA B AL
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Bk HESEBARER A

ANBATTVEZE T AT T LR LR TR RAT AR, Bk T e
A ST 2 5 B R, ORAE T SR — M 6 N SEBURE A E B KA, R
B TR PR BRI R TR L T D E NSRS WALEH 4 0 S E TR ?

F—AN SRR, BB R R AR — LR

A EURME— I, RIS AR XSS OR, ERE

ARG B, A7 AENE o) BRI 38 SR SEDRAY. it 2 45 AR BSE B R 1 Rk
T, R UE A A 2 A BRAL R B B BT A B

AR BRI 75 2 0. 7RI B s rb R e A ) S — TR AR SOk i
SEHCAR B I = AN
I. Dedekind B9¥IEI 75 5%

REAITETEAR B TR LT BN RS

e 13.4 fros, B 4B T7 MR EZ, EEZ% EIUE — mEA R A O, XEUE
— ALK, FRIXFERIE L A EH. X AT LU — A S S XA H L B
YRV, XA MR LR A R R, R AEE 2 S R AT T S B R K
BIIAEAR B UG LR VF 2 28 07 b, S w8 S8 55 B A INIX 43

13.4: F 89 LT &+

PRAESE H—AN ) R 40 SR R 2% iR B N T B AR L AT, s R ARA 4
HAE? BTN B EC )R GE E A, e 13.4 M8 Exr N T B
B RANE LT 24, T HAAF . R AREE A 7] e R A B A A
FCHR LA T 545 SR R i B8 it A7 X531

SR AR IS B AN 2 (0 S 1% AV AT DL JRAT] AR R R .

HRBATEE 13.5 M5B (a), HAP7ES LA —A 250 N ERR B SE5 V2 (1
PLE. fEZ M AL I EZBREFTE DT V2 WHEEEES, Wh Sy MEZM
FIAR IR BRI A AT V2 WEEEES, o8 T, TRENARIELEH
I BB A A AR R A V2 TR IR, (IXTE §1.2 h O &48
Hid.)

MESRIEST WL E (a) Frifzs RSP R Ik Hiok. Xl &4 B
B Q AN ETEE S, B T, A 2 4414

Q=S,UT, S,NT,=0,
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Sy T, S T S T
V2 V2 V2

(a) (b) (c)
Kl 135: &gk TER

I BAERBELFN s € Syt € T, WRE—XAEHE s, ¢, BRMOL s < t. KK S,
AT, T, h b5 2 (a) RIEWREMBL T S, PERABRALL, R EE T,
hE BN SO, X Efr EOAAE §1.2 PHEYE, ARLNKES A 5iXE
BTEAT 2. XEAESCTHE

Sg={reQ|z<0dH2 <2}, T,=0-S5,.

BATFRIXFER) Sy A T, X THEEE Q M—MIHE. ERVELHM Lrh
B Q AR (B 1, st RAELER). HRIXHE M7 B LUE
W, FERCH B B ek ARG EIR 2, T A, (EAE AR P A B A AR
AR, WAt BAAET T 2B DI BRA T Ui B A AR A e i B R AN S 1.
ARG, B LRI L RIER, ot TC BN 2 A AL R X L [ B K
W, MABESE T, XM ENEZR.

DedekindJ f{177 ¥ REA S B T Q (IFFA TTRERIYIE] (TESGEFHAE cut). B
PRRVE, MUK Q 73PN AR S S M T, 2 4 A

i) Q=SuUT, SNT=r0,

(i) MNFWE se S teT B —XNEFEHLE s, ¢, BOLs <t
MRS S| TieRXFERITIE], xS ATIEIK T4, T ATIEIK B fme S, | T,
MR

B HE NIRRT 5 =2KP)%:

1. T S FHBRY, £ LE T PRARML

2. fETER S FERARKE, £ LE T H RN

3. FETHE S hRABAL, FINTE LS T P ikf m L
RREAATTREHIN T S R ABH RN £ T A &N EITIE.

B PRI LR, SR58 E NREANG i BEECRR AT LUE SCHE 0 )BT38 —23R
A ZRAPIAIIE]. (EEE =RUIEAR TH R, B 13.5 KB (a) FH9 S, | T,
BUREE = RUIHEIN — DRG] EIRer s AR L b i BRI R

Dedekind 70 Ht 2 55 =K D)%)

0 44 (Richard Dedekind, 1831-1916), ff[E 4% 5, BARSHI B MBLRN L —.
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EX 13.3 (Dedekind) FrHHEE Q FHIZE =RUIF N AL

FRE 13.5(a) HEIVIE S, | T, HiRATEL V2.

S F IR B F3d s R BRATRE, X BCFA BT B YIBan ] & 250
FTHEEORAEYIE? B4, Dedekind (52 SURR W, MBI, 25 T R TCHEEOM
B HEH AT AL, MERE AR T LR — 2Rk 2% FRei#E
SEUIE], HAFAE T . B e SRS R BUR T XD RIN RS

A WBRMTFELE LRSS, SRS, AW NMES WSR2
ARG, XAEENITEZRAEE——X R, 17 HAEX Rt N T B 18 A7
RAVIR RIS, BATRE UL T AT S ER BB A R AL RL, 7648 A A X
g, PUTERERL P BARTC R RAT A HAEE. BARRY, BTSN H AT L
. AEEAMEBRDBIMAR.

FEIXAN & SR b, AR B ZEIXAS R FRTTH A FTE A B AR KA. Hp
FEM B EL ORI T DUUE B T A A e 2 (I [8)).

Dedekind B# WH MW MNIETEHE S AT, W2l THA &4 (1)
R=SUT, (2)Vre S, VyeT: x<y, Mik#H S HRASE, 8 T AN

FOXAU, 5 Q R MYIRIMLL, EEHAR R PHIBIRAPE, BAEHE=
%K. B 135 K5 Bl (b) 1 (c) 2RI, ETIATHEBL G, X LHEE R BE
FIYIRIERA 2 LA BR, BP R ZIELLM).

T LA TR R4S ) Dedekind 5 BAIE RS 2 BRI FE.

#i®  7E Dedekind HISEER R FELLEATE (BD §1.2 Hp gl i) pliar.

WE HAEWANETHSE A B, i3 Ve e A, Vye B:x <y, MATLLE X
Sz{x€R|x<yVy€B}, T=R-S.

ENH ACS, BCT. T4 S WM KEEEH T &/ Nog & &S [ 8 B 2k
Hi%c. O

i OXEE ARG GEIRE I SRR

§1.2 MBS R BEAE §13.3.3 PR RAA—NAH, ANELEEA . AHEAR
TEWATTRUEAR. I AT BRI P IRATER IR A B SLhr FIXEH R
RS . Bl Dedekind B R, AT LLURIR, EREHAHEER Q HIEAM EH)
— Ry, HoA A PAUERA Dedekind BB, MESLM AHAERT LB E R HR, X4
RATLMER—MERFET. R, EAFBEMK A RSE T, LREA HIE
AT . i, fEADEREN ARG, MUEEN iR Dedekind FA € #
P BAE AR AP, IX I 4R A T ZUE I 8 T . X2 Dedekind
E A N HFR A Dedekind 2~ 31 R A
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X#k4RIR KT Dedekind VIFI T EIEH KA TINEETH ZHNH. L0
PERIAUR N Landau D BrH ok U S 10N (447 & ak)  [17), %35 BRI b7k
e B AR S BEE A . SR HLE, A A

TE BT 75 BRI B0 27 20 AT b R X Dedekind J7 VR AE 52 3 AUA 1) & #E B =54k
BN (iR oesse) (8] MR, BASBIE T EENEAM, HIMNE
A B (1], [14] B —F, [19] BRI, [10] IR 11 2.

TEFTTBM B, 23] EHENHAEFANATHROAE, ABRHH=
BTG S R R AUR WL [22] B — = LIRS, KPR X
Dedekind VIFIH ), ¥ LH0E R T 3 MR A A EELE o

(1) acQ, Ha#0,0#Q,

2) HreayeQy<z, Myca,

(3) a P EHEAHE, Ve ea,Jyeca:z<y.
(BB T V), A5 E W, AT 5B N =K%, RERHTE, b
BIFFE ERFAFI o, TR TG BRI S HON R 1 258 — 2R D) B T AERIAT. A
B S AT XA R Russell D42 H 82 80e MO [3).

—. Cantor HEXHIIFHZ

1 R Ui Dedekind 779 B A SR EL K LT SORAEURRE, W) Cantor #7774
AT LA A AT R BT, 28R IE I AN 2 1 H v ] DA FH AR BR AR

[ et S R A 58 B ) Cauchy WCSHAER (JLEE—HY §2.4), FATENE E1E
AEBAPRABLE. WA 5K BER LS Cauchy WCSHE N AL, X2
Cantor FEHIIZ DN Z.

X5 Dedekind FIESEMEABIRA—FE. — ¥ Cantor 7715 BT g ¥R 1) 1n] AR
AseastE (e etE) . X BEAE §13.3.3 HHELEME AR 2

IV (R MEAE) 76 R P REALS LA KR

Cantor J7VE K EARMEE W AR B (BARAZ U EMN), Xt 2 F) FH G B
AT UM BBOC RIE T 358, HXA GRS I AL, DL A IR E X.

EX 13.4 K {a,} RAEBABRNES]. EXTEANGENER L , /£
TEIEHH N, F524 n,m > N I, gL
lam — an| <&,
TIFR {a,} A EE RS A .
0 2£J& (E. G. H. Landau, 1877-1938), ME# ¥ K, EL4HLEXR.
0 %% (B. A. W. Russell, 1872-1970), EH 25K . BEER . TEXK. BUBERM
SRR, AR AEECFE SR T 1 B 5 3 SRR AR A
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MAR BRFE 18 ) Cauchy WCSIHE AN, FLA2TG MR BR (A 225051 5 2 FE A4
F. tn, T V2 A RUTAME 1,1.4,1.41,1.414, - - - FIREIEE] 2458 2 LA
5. BT CHEOEEA B X, A AT AR LU B A B A TCER A &
We? iXRPJE Cantor J7iEHIN .

XEEEF|, WST R — N EEE A H TR A, B G865 bk
B ANEARFII N F—ANCEE. B B SN RS R EEEA.

BARSRE, IR FEARHF {a,} A {D,} S0, ISR TN 2 (0 1E 7 B3
e, FAEIERE N, 134 n > N W EKIL |a, — ba| < e.

WMAET A EALINNES T, FIHEN KRB XNES A ENRRE
&, EF—NEM R BTN EALBS IR EM . R)EE XENEM R —
AN SEH. MR- ANFEM RSP E A ER EET

4,0,
TSN A XA 2t 2 A AR, T A S 8t e E 4. Xt 2 Cantor J5

DT (4 il Rk A2 U BH IR 8 U SESOR A2 13.3.3 H T 3 A B BT %1
HE A IV RJE MNAEE LILIILIV R AT LAHIER §13.3.3 RIELE A IV
FRAL. IXAMUEA 5618 13.7 F1 13.9 se 440, FO2ZHR ), T AN A i G th 2
Archimedes A EE. KUFERH A IV BSEER AW RGEH D IUIR B A BE TIL

WA BB RY KN EHRIG, HEBA RN EEARTFF]— 2 WS, e g3
AFPFIHRATRERY 7K T. Xt seatt (Seeat) fa .

XHEATPAEIE Cauchy 7EIX J7 I —AN KR, 2448 Cauchy 764 H2E 7 g 7
PR SEA T AR T K TTER, VS TR fh 2 B VR S VR EL AT &b (B 5
IRV 28022 K, RN B EOE oA A BB B B A B AR R, v
EENH AR, Fln, RG2S A S 1,1.4,1.41,1.414, - - - WSNFRAT]
A BV IR PR /2, EEFI S s SO DL R A AT (S WL —
M X 2.1 f12.3). FRXT V2 e R A S MAALEA TR, ST RS 77
PAE H, Cauchy SZBr BN WSS — e H IR, BH R INRRE @SR
M ENE. HFR—ANRE, Cauchy 24K R BB IE B 4 K LU Ath iy 42 P9 5 SICHE U )
.

Cantor FIF7ERT AR WS Cauchy HI77 7] s S HLAR v T SEECER M 57 1) 4,
BT LB MRS, FIRHE T Cauchy BCSHETIZS H T EHA.

2435 AT Dedekind 775K, Cantor J79%9 —ANJEH 58 HHOAR 4.
Xt WNAREL A BERE, Cantor 7 VERT— M BIH P IRHAGE F [24], 10 M BE R I £ FE
KRE, WTLJLFREARSMA T 2/ 2R %, BAEREHE T LS 45
T6 5% I BA A5 B 28 IR ) LS 44k, B R RN B — A og 425 B R 2k, {45
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Cauchy WCSHENIAEH A L. IXLER AN AFZ RO P E R AW EEN. Kk
2., LB JUART B0 R JE A ) Dedekind 7V TCVEHE) B m T —4E 1 o) S b 2

XHkEEIR XN AR LIS [13]) DI, [24] 1§68, [26] ISR,
[30] HI%E =2, [10] AIEE—RRIIB % 1T 25

= NS RTIHE A E

A ES IR EARR, AFHEETIH BCEERN AR N TCEREL, 2 W
FHCF A RE X R, B A3 RN BRI TE R IE IR N A B A, T+
HITCPRAETE IR /NN TE R, XRS5 N R 2 AR e 2. Rt fR A vh 2%
A SEE IR

B2 2SI T R AEE IR /INEL? 3k LR ] 3 Sty K B BR ) &, a3 — Mt
§2.4 258 2 BioR, 786 T Cauchy WSHEN 2 J5, BATTRT LU E 51 B B 556 75
2 SR HEL R e R AR IR N B (BAEE S SE B R Z R R ARe LB 1),
S P 5 L Cauchy JEFIFERIEER T .

KL, 8 T A B R e X, e JE BR R PR ER N B e S TR 4
I, —FFAAT] RERE & B e — N A B, T 2K T E R — RIS,
—MNERNHREAH 2B XEEERN SR, RIGEA TSN AR EE N
FININE . P H, FHRE MBS DNCZ R R, HRAE e §13.3.3 F1
AR 4 Ani. YRXBEFEZIREZ PROHELR. FL L AAXFE—Fid 5
AT SEH AR —Fh A S, 1 B X RS A B 5 —F S . i b
Wallis T 1696 T4 BEC S MIN N EEER], 1 Stolz WIT- 1886 4E4& Hyks ik oG
FRAEFEER /N S TEBR B 58 X [15), (EAR AR S R — N S5 8.

MABEF N BIF IR PSR B IR 2, Bl AS% (2, 7, 11) 5. 1 28] 58
— B LR TR AR TR TN B 5N DY T3 S PR T

A BUANIX IR R I — P, w51k DU BEE0OR S a1 P IX [R]85 i
HAE RS A — PR, B RELL R B, [ SGBEAF T 3 E FRAEDE 3R
NPOX R —TFF IR HE A UTE 2 0 5, BRIt & —Fh il s, I [4, 7, 16] &5

M. SEERME—E

HEEY X B ME— YRR DI S IR BT, XA R R R R
HARRE, stRUEW L2 WAL §13.3.3 hail A B K S8 R A2 ).

KIS SRS %

1% Dedekind 75V 3 SEHUR o 0 HAE R RO HE—PERTHE L (23] 5
Ja—E CSEEAIME—ME . 2 Cantor JVERE AL SCBUCR N HMHE—PETHE AT LA [26]
58 T 0 R Ja B E B XA — AN B R R, R AT © 4 2 3R
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2/ Archimedes AFE. WA §13.3.3 HHSHE, ¥ §1.2 FELLME R EAEAIES A
HOUMEIE 13.11 HniE, W LONAEA RS £ 8 Archimedes A, {H7E Cantor
Jri, FEIE B T FTA S B SEBR P e At A BSOS RE AR REHE . Archimedes 2
BT, I REARK B 51— 4 AHL. [RIFESE A FIX A1 3 N SE R 1%
A H, N Archimedes A B R AN REH/D .

F. i EEE R

MEL BRI SR I, i R A B R R RS £ CERBINE, WL R
AR WL T, ML ETRWIM kS, THEHEAME LS. 72
Dedekind /&9, SEFGEVIE]. 7E Cantor F7iEH, SEHUEH BEFEAFH 5N
K. e EHUE O HREFIN T VA, R T B 5 2R RUR IR B R R
1, HEF EFREMNMAE AR AT IE. BRI B AR AT LR
PR R, 28615k 3E, W —e ¥ V2 R NCkE R, IBABERIS K
EEANE NS 5T V2.

AJ DU BB 27 53 B B R e 7 58 SR EAX AN el /. AR B R4, S e R — 11
SEMBCEARGRTE 17 A TR . NSRRI, o 5FE T ER
TIEAR . U ARE I KA F 2 AR 5 b7 A2 Bl Setl PR A& o R R 9. 1 2>
R R B AR 7E R b AN TE, WA SLHOR I8 2 AN W] REEE L P 4% A PR LR 1. 3
FONREIX — FOF @R S B R R IEEAR SN, I R — g T .
XA RAE A TR 53 B SE IR RAE AR A BIIR 2 R &3 200 Z 4SS 1A 15
BfR . LEIXA AR BRIRTPIA 775, Bl Dedekind )% 77 3681 Cantor
HIFEAR T H T8, AL R AR T 1872 . X & 2= B 21 sl 2 i B RE R
. KRR KRR . 350 Too3 /N B SRR 43 AN 2 J7 T #2828 b P 483
TITIAR. PR LRI R 4 T e T 1.

U G F- TR E A A PR BT 52, Aol 75 BB B R A — KT V2 3
1872 5B BUSE R v, B BB CAEMd T 2000 24, XRSRABATT
THDOS R Il R, RO SEER 22 ), RE AR S).

O FEHe S o e AR 20 BBl 5 |2 ) 1 e PR 0 285 — IR B fabL. A R LT B
RTINS HIZZAE (3, 5, 6] AR T Bt s —ferEzE 4% [12, 15, 18] 4.
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REBN XREFEEME T, MALEN—RIEIR. §14.1 BLITHH
MEEAME S, HAREE T 3 —EP ST RARBM AR, §14.2 R AEFHIHE IS
#l ﬁ#ﬂﬁﬂ& §14.3 & — MG B R S A RIE. §14.4 THR e Sk B 5.
§14.5 ZTLFTFARNA.

§14.1 HAEA SN

14.1.1  FEAHE 2 [0] o

FEH R §2.1.6, §2.3.4 S O LT REAE THIHNA. LUTIIEZMN
MR EEAR, RIEEEHFTT.

1. TFF B e SOMBEARE S, Hrh BHRIEIT. #70A #R 2 A ZH
WSl 5 R L, DA SRR B ANSE.

2. WEEREMIEF, AT LA IE — N TEGT AL, SRR E B R B it 4 R 1
A, X, @niﬁtﬂ%ﬂﬂﬁﬁﬂi)ﬁi —[El=.

3. B u, W= lim o, =0 (B 2.8).
n=1
4. T ARSI E, HE - M SRR N, PR R PR AT Bk, BRI
FAFBREEA +oo (EH 2.18).
5. BN FEHIF D FEBH Cauchy WSHEN, 52 T 57 HHH Cauchy
WCSIHE I (B 2.24). K7 R, fEX BEHSHaF.

EHE 14.1 (TFRBE Cauchy WEHEN) LHFHE D u, BWHIKITE 5 b
n=1

BEAMREN Ve >0,IN,Vn>N,Vpe N:

|un+1 + -+ Un+p| <e.

6. B2 T LA RARRMEE, AR EERA
(1) ILHJX@SUHJF a4 WS R BB SRR (o] < 1, X ZE
Mh —— (B 2.10);

()1ﬁ%ﬂﬁ§&1+7+ L R (I 2.32);
(3) % e TS ZBRTF: e=1+%+%+---+%+--- (52 2.19, H18 7.9).



§14.1 ARWMALs#M 181

PUF AR LA, NS BR A 5 e B LUR JLANSS 8, EATTHES Ja 4R
et EE

TEBAGED an B b, HBSEE, WGECD (an +ba) WK, B
n=1 n=1

= n=1

i(an +b,) = ian + ib"'
n=1 n=1 n=1

XA an WL ¢ HESL WG can BB, B can=c)  an.

n=1 n=1 n=1 n=1

8 EYH Y an WY by P, — AL MG (0 + ) KL

n=1 n=1 n=1
9. HHH D a, BUEEBERRTH RIS ISP, BRILA R —A
n=1
TC 53 BAHISLE LI, W] LLAS R T A PR 22 10, 0 5 RS AR — TR 46 FR) BT I
HA AV 3005 H R )RR ) B2
¥ Ll fE— R BAG H, FATFIATCTT FHH RN

EX 141 RTUHIES s B = 3wy DI n AT

n=1 k=n-+1

E T, BRI A, R R A F T SUS
SIS, B A S B S AT A B X M X

Ty = kli_)m (Sntk —Sn) =5 — Sp.
SR e 3059 Ko SRR S LEL, U A O o S T B i
Hyi .

W DT B SIS w7 KMATPIA S, 10 SRR ()
RUBH SRR (S, ) DU A 5 B 5 = /N80, B AT AL
BB (), 07 P TFAERIE X, B 1 = o(1).

R 5], R FHEMBIT, H3 LA RS, 200 i A e
S SRR ST

BIRE 14.1 W S # sk
n=1

W1 (L 2.33) B TIRXR ARG L, Tk R EE L > A E I b

RORA L < —Lvn > 2 AU
n (n—1)n
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1 1 1
S’ﬂ 1 22 32 n2
1 1 1 1

AR H sk, HATERAANED 2. D
E AR ARG T~ 16449, R — AR,
iE 2 (B8 2.40) H Cauchy WCSKHER, M
S S| L !
R R e AR I GRS [CR)
1 1 < 1

n n-+p n
AN Ve > 0, REMN > LSRG 0 > N AN ERH p, ERAT
e, R gs. O
HE3 WFn>1, EAER

)

Lo
n2 1 (E2 ’
LI LU A it 04 FOBC SR

Sn<1+Jnd—§:1+(—i)} —o- L9 o
1 T T’ n

FERIEE B MERR R, FRET 02 > n(n — 1), XEEEREEN
WL, MR 0 < wy < vagr — oo Vo, H {v} BB, MEHS u, Hesk.
n=1
55 AT Cauchy WS, B RSN 7038 4 0, B HL AR S 2% (7T
[ §2.4.2).
55 = MIE IR RS Lm@mﬁmﬂm‘@ﬂﬂ
Bk §14.2.5 H ) Cauchy FH 5 5)v2:.

e e ok RIE

1 X

14.1.2 p &%

THITREH S p KT REL, B8 p FH. ZHp =1 R EMEEL,
B p =2 MR 14.1. KT p FENSEENELE R RS R AR

B 14.2 (p BE) WEH: U p ASERTTTHE

1 1 1
P T
n=1

M p < 1L T p > 1 RSk

1A p <0, MEHCETUREE ST M, BILEH X F 0 < p < 1, I
p =1 RRRAIGERIA L > L wor, wRgsmm B LR, EIEK
W FIRER T p > 1M IRRSES HE.
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BT UE B AN R 71 (2

Ss =1+ + 95 <1+2- (5

\>Ii‘

A ) il

N>|H

1 Y
L
4P

11
BTG

872534—4%4- + <

S+4( )<1 1 1

2P= 4p=17

«1|,_.

BT DRI LR A

Sortiqg <147r+724 41k (14.1)
Hepr= ——. FAEEFAPERIEHEXNAEL. T k=12 EBEHL. HX
XF k AL, AlJSh‘Jr‘kH WA

52k+2_1 = S2k+1_1 + 1 1 . 1

(2k+1)p + (2k+1+1)p + '.+m

k+1 1
< SQkJrlfl +2 ’ ( (2k+1)p )

k+1
= 52k+1_1 +’f' + 5

1
= S2k+1_1 + W
AT (14.1) BSE.

_ 1
HFp>1,r= 5T

(14.1) AT WX F4AS n AL AER

1
Sn < 1—7r

T {5, } AR5, BI2 p > 1 p ZB0kst. O

PR F p > 1 B4 HJLAMIEHR.

iE 2 REBUH R, MEIHA EAM {v,}, L0 < uy < vpg1 — v, Y
FEX (8] [n,n + 1] EXF RS ' ~P A Lagrange i {EEH, F7E0 < 0 < 1, ffif7
FALANEE

1 1 _ p—1 p—1

e P Y M () S (s
EFEFL AT AN p > 1 BIREGHR o A v 3 B

N
;%<1+p%1[(1_2P1—1)+"'+((N—11)p_1 _N;—l)}
:1+m(1—N§_1)<pfl. 0
IE 3 AMANRE 2 AR S H
G G

<[t - o) ot (e )]
1 1

= < . s
p—1 (np’l (n +p)P~1 ) p—1 ppl
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CFER AT LU Cauchy WSHERSERGED. O
MU AOPIE 2.41 B, FIAE 3 BAASIE 2 BICHL, (I 3 T
DURLGERS S Do egt, 3 p > 1, 300 (b} REHFRAT, THE 2 977002
BT (b} Ikt AT 2.
SE A S 141 B9 3 ML A 0 > 1 RS

1 n dx
7§7<<Jn,1?ﬁT’
ST LA T F
~ 1 mdr L 1
k_1kp<1+J1 xp_1+1—p * 1<1+p—1' -
% 3 B

1 UERE: B  un MISHPELE FHUS R A%

n=1
(1) AEEFAF BRI (2) FEEMEARIG (3) RSB RIG (4) ERBR
A PRI

2. WH =R Z Un,s Z Uy, F Z Wy, B2 n 9K EAL v, < up < wp,
n=1

n=1 n=1

A D vn, > w, HBCE W w, WL A SR R
n=1 n=1 n=1
AR (LW BE 2.12) fELEE, 3k e TRAT R AR [ &b
3. HRIE TN Canchy KISHAEN, I # ERGE TS I F BHR A7
S B AE.

4. P 14.2 X p > 1T IESLHIZ MHER T3, X T p = 1 INKRM B
%5 URHIERA.

5. (1) # > un WK, UEW: BN EES p, H
n=1

lim (upy1 + -+ unJr;D) = 0;

n—oo

(2) 281 36HH (1) A RAZEL Z wn, WK TR 5 451
n=1
(3) #ih (1) 5 Cauchy WCSIHAE 45 fF Y ZE 1.
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10.

W T RIS, FHAE RS SRk 0.

M) nz::l Bn— 1)1(311 +2)’ @ ;(2% - 30

®) nij:l (n? + 1)2(?71_:-11)2 1) @) nij:l arctan ﬁ;

) Yoo ® >

(7) gln%; (8) g ZC(:ZT+1)7-1-!'(I—|—TL) (Va > 2).
iﬁ’@;ﬁﬁﬂé&ﬁﬂ‘]ﬁiﬁiﬁ: .

(1) ; ﬁ; 2) ;arctan%;

@) S qreosna, (gl <1); (4 3 Swnemsint Do

n=1 n=1
e A3 T B EORSI © HOE R, Fsk H bR i e d0mn:
(1) > (1 +32)" (2) ) sin"
n=1

n=1

n

FHED  un BB w, — 0 (n — oo), RGBS FES {S,} B,
n=1
BB WEL?

(1) WA f € C[1, +oo), ) f(n) KHEL (H] B j 1*°° f(w) dar o8k
n=1

(2) WA f € C[L,+00), 4 > f(n) bl 47308 [ o) do Bl

n=1
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§14.2 dE TG A SOEERIFI5E

Redt— TR 5 MPREA N RS R L. BRATETHR— IR R BB T
RtREAE §2.3.4 DEIHARTHRIAE IS EL. SUER—TURT 0, WHRY IETRZEL.
(FE BEF A PR RE R, A DERHS F BTt E IS by bR AR gL )

HY b IR AT L, A T A R T 5 b S A v AT DU
MIE—TTT 46 1R — IR S I 8. 3K — R T T AU RIE B 3 4] 31 925 I AN P
HAE.

14.2.1  ELBH B
MR B TR B B e B 4 (L B 2.18) R, B A 19 ) ) vk 2 L 3%
HIRNE. ERNEKS T IS N EEREBER. SR N B R EL.
LERFRE F0<ay < b, Vn, WFH
Z b W8 => Z an 3K,

Zb ﬁﬁﬂlcz:anﬁgﬁ

SiE E!ﬂ?ﬂﬁ"é&%t%ﬁmﬂlfﬁlﬁéﬁﬁ it %Mﬁﬁﬁiﬂmﬁﬁﬁﬁﬂu%%ﬁﬁ
Btk WK Zb WSk, TR 3M >0, Vn: Zbk <M. FIREM an < bV

n=1 k=1

ARABH VR > ap <M, FUEED  a, B0 XHR (1). 1 (2) 22 (1) 1
k=1 n=1

WEmm. O

BIEE 14.3 KB SIREE S B st
n=1 n?
e AR 14.2 R T p ZE SRS R, XAIH Ine = o(2f) (z —

1
00) WA & > 0 L, B e = 1/4, WAEEE N, M0 > N B, Inn <n'T, FHLHA

Inn 1
0< n3/2 S o/t

MR A p = 5/4 B p 8 o LEBR 8 AU S I e sl O

ISACHE.

BIgR 14.4 +He
n=0

R da,=—+— WHF
n®+1
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n 1

B MR ORI S a, BB O

n=0

14.2.2  FHEARIE
AR USRI S 77, SRR LB R 48 T A,
ZRBHME # by >0, 0, > 0Yn B lim D0 = 1 WGH Y 0, B
n=1

an

> by S
n=1

N U R TP E - U

n—oo Qnp

M by, < 2a, FTEA
S an it => > b, W8k,

n=1 n=1

T by > -ar WK1
D bn B =D a, 8 D

n=1 n=1

OB R IR T ARG B R AR S B
BEA I B BOARBRISR. % by > 0, ap > 0Vn, HL lim 2o =1, 1]

n—oo Ap

(D) FE0 <1< +oo Y an 1Y b, FISKHL

n=1 n=1
(2) fE 1= O AT Y~ a,, WRSIGHEHE > by HOHCSK
n=1 n=1
(3) 26 | = +oo T Y a, REGHEH S b, thRHEL
n=1 n=1
Bl 14.5 i1t z:jl m fsictt, rh 2% o > 0.
B Man~ —p WL B> L GoRe FRUAE, %0 <

FEORE. O

BIEE 14.6 it Y In (1- L) mgkitt.
n=2
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B SRUIEE, BESUNT 0. A In(l +2) ~ 2 (v — 0), TTREHL
> (- 1) M, Wikl O
n=1

14.2.3 D’Alembert H{H A B

KT THE— AL BRSO, E NI LB B S R E TR —
AR, X EEAG D AlembertD 3B TE T W1, X TEBE R — M.
A IERL BRI SR RIE R, A 167 S 0 R 5 S — .

D’Alembert FELEFIBE ST IEZE Z Ay, B FAENPR

n=1

)
n—oo

M1 <10, G, T4 1> 10, MR
EOE <1 WATH - 8] < < 1. WA N, S0 > N B4

Ap41
2%

<r.
FTRHAn > N+ 1L
O0<a, <rap_1 <r2an_2<---<r"_NaN=—N-r ,

RFERUS 2 — MR LT
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E n—N an E n
T anN = T—N r,

n=N+1 n=N+1

RE e BB, e BB i mT L 8k Z an WL
n=1

%z>1,muﬁzfzv,g.n>zva¢%>1, B an > ap1 > - > ax >

mn

0Vn> N+ 1. XRPBEIEL {a,} DTG /MNE, BIHEEL Z a, RE. O
n=1
E1 351 =1, W D’Alembert B HIVE KRR, NEEFEUTTLEE. Bl p HBL,
F D’Alembert HBERE | = 1, it p AT AHE R .
iE 2 MIEHAW BLE H D’ Alembert 3 55 SEBR - AKH T8 LA 0 801E A Lt
WEL T —/NTTRIAREA B vE 2 dn k.

BIgE 14.7 16 Y L IISKHLIE.
n=1

ot - L TR = 0. EREOksk. O

a, n4+1’
O JEBINUR (Jean le Rond d’Alembert, 1717-1783), ¥EE¥2 5. 125K, 18 ik
E)EE Sl v
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14.2.4 Cauchy M8 3 Hl¥:
XHE T EAR RS, SRR T % R S AT LA R L.
Cauchy REHIFZE &HIEAINGEE Z an, Hid

n=1

]i)—m W:L
M1 < 1 RGOSk, T4 1 > 1 R REURRL
E HI< L, BriHel<r <1, WAEWBKEHERTH KFET 8

Ve B2 REERLH (EH 13.2(1)(1)), HHAEE N, 40 > N, /a, <r.
K0 < a0, < 7, NHHHBIETRSRE S 0, W

1> 1, WIIFURE 1 ERRRAE T 4 (L EE 13.2(1)(2)), FEETREA n,
R > LKA a, > 1, B () RIS MEL ATTZES 0, BRI O

n=1
S FIREM p ZUECTAL, 75 Cauchy FRUEEIBIESI | — 1 WDKK
E2 7E§22MAIB 19(5) FELIUEH, &z, > 0Vn, T
Jim T U= Jim L
BRLHE 35— A IE TR 500 e S P D Alemnbert. b L3050 2 v, 00— 52 i
Cauchy AR, F— 7T, 77 LI BT B0 K 2 TR B

IR 14.8 ik Y T mgkdictk, HohS%a > 0,
n=1 (1 + —)
n
B T
lim a, = lim =

AT e > L RGBURI 0 < o < 1 RS X o = 1 I, ZR0B 0, — L
FIEEN. O

ii%iﬁnfx%ﬁﬁﬁgi¢§ﬁx>a

M8

BiER 14.9 Wit
1

R CEIA an, Hn AT a, =0, T4 n AEEE o, > 0. FILWTH
WA BT

n

lim {/a, = |Inx|,
FY |Inx| < 1K, B % <z <eWNZEWSL X |Inxl > 18, Bla > edk
0< o<+ HEBRH
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gm:egzxziﬂuanzﬂ
e n

HREIEIH S a0, K. O
n=1
E1 BTN TEIEE 0, FILAREEEM D’ Alembert F51i%.

2 R LA A B PR L AR (B RO AR BR 2 50 5K, e )38 BB Sfe i 2 bt
EX AT LA Stirling 22K, B 40% T F 51405

B a5y = 0, azy = - MIRIZ

e A R 500 y
aZZl :?’(nil)n—> o
AR A R 50
(3 () () -
BRI 231 e, B L s s,

14.2.5 Cauchy F4)3H HlEk:

A5 C M BERIE 14.1 A1 14.2 B, BUERGR I —BUBR. eRBTHE
BRI 2R A WA B TE T AR 5 15 D RO 7 A R TR T AR Z M LA, DL 14,1

Yy
y=f(z)
fR) |f(k+1)
o'1234  k k+1 -+ n T

K] 14.1: Cauchy #2453 5 3 &9 JUAT & L

Cauchy RAHIME FEHM [ LK (1, +0c) EHFFULWIMRD, WEH %
B fn) 51 XES Jf“ () do FISKEL.
n=1

SE M SRR TR TEAER k> 1A TR R
Fk+1) < J’““ f@)dz < f(k).

k
Bk =1%n—13F8mM, A2 (0K 14.1):

n—1

S fk) < L fl@yde <Y f(k). (14.2)

k=2 k=1
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1 XS j+°° F(o) da ek, T (14.2) P BN F 5, T 22005
AR AR A TN EL Zf(k:) B oy FEsA B 5, BRI BORest.
k=1

FHARGIRGE D (k) Wess, MBS FBIIH EIR, T (14.2) ALK ARE
k=1

AEWZEZ) ER A (> 1) BRS
A [A]+1
Jl f(z)dx < L f(z)dx

B A IR SRR, B XA j 1*°° f(x)de gk, O

BT IO R SRR A R P AT IR IS R AR, DR 5 i TR
FRHIRE—HE, Cauchy RN AN KA AT LUK SE. K2 REN R E
BN, REL f AEXTE] [N, +00) LIRS, w2 LURTE:

RHGHY fn) 57X |7 1) de FISCHE
n=1

BB 14.10 Jil Cauchy BUPHIBIETIE p 580> - HUSKHCHE, J0oH p > 0.
n=1

BRI 142 R0 4, FURLAAT LB OB 1R 1.3, B
[T Fo<p<imRE T p> 1L TR p SR, O

£ OEEAIT 2433, D’ Alembert HLEHIHIVER Cauchy AREHIHIES T p
ISR A 2 1) R R AR, T Mg A

BIRE 14.11 RSO Y — L KIS, 3irh g > 0.
n=2

zln?x zln?x

B REL T ¢ > 1 BSk (S 008 11.5), FILAS R TEss FEm£att. O
5 J 18] R 308 I B 9 F A 57 I B M S H Al I LA R ¥ A
&, tB# N Abel” - Pringsheim™ 2.

B flr)= —L — fF 2 >2 BRI, Efaﬂ:” de g6 0<1

BIEE 14.12 B {a,} VIR IR AET], BHED  a, WS, ML

n=1

an = o(%) (R lim na, = 0).

n—oo

O PR (Niels Henrik Abel, 1802-1829), #REE 5, I ARE K R K FELK.
O IS (Alfred Pringsheim, 1850-1941), fl E %2~ 5.
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HE M Cauchy WSHEN], Xt Ve > 0,3N, Vn > N, 3L

At + -+ a2 < 5
(X AATE Cauchy WSHHENHE p = n.) HT a, |, BFIH
nazn g an+1+"'+a2n < %7

T2 2nas, < e. FIEF {na,} FIEEITFHIESET 0.
[F] I XA
(2n — 1)agn—1 < (2n — L)agpn—2 = (2n — 2)agn—2 + a2n—2,
BT &E—NITY n — oo WEWSKT 0, FIES {na, } H&HOIRTF
ST 0. XBUE T B 4ie. O

EOXH a, | REMAREER, FMERAGERSL. i,
L0 RVIH,
anp =+« N
0, nARPIH,
JUIES % Z an W8, (B Tim na, =1, lim na, = 0.

n—oo

&

n=1

Z3&

L BRSO {u, ) P2 T B BRI AR T T EI481 {u, ),
S F1S D, BOSCH  AR

n=1 n=1

2. BB AE ORI > " un FH Lim fu, < 1, MZHR LS.
nel n— o0

3. UER: FI_EARBRAT A PR PR IE I D’ Alembert ) 3HE 20T
(1) # Tim L = <1, WG sk

n—oo Up 1
n=

(2) % lim L —p >, GOCY T RHL

n—oo n
n=1

4. UEH: X IESES {un} T

lim —* < lim ¢u, < Tim Yu, < LIm —FL,
n—oo n

n—oo Un n—o00 —o0  Unp

I H A ERRARL A AV ZE B LUAE AL AR R
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5. W LU BB S

(3) Z(ef — 1) arctan =—; (4) Z (1 lnTn)%,
n=1 ot
CPIETE 0 310
n=1 ot
M) > OhIE
n—1 COS— —~
) i L (10) i N
n=2 (Inn) = (Inlnn)
(1) > n L oay Yy
a™n! oo (271—1)”
(13) 7 (a>0); (14) Z - :
(15) izn ( n )"2 (16) i sin? (%n)
el TL+ 1 ! = 2”(\/7’L—H— \/ﬁ)Q 5

N o (1 n B+ (—=1)") arctann)
(19) ;efﬁ; (20) 7;3 e ’
o) Y 5Ot ) Y- )
(23) ni(mlli —cos L) (24) i( e —cosL);
o (Sty) oo L
6. TSRS e A3 v S, WRRLL T PR HI S
=5

o0 o0
Z max{un, vn }, Z min{uy,, v, }.
n=1 n=1
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FrmF HAAK

7. W LU BB S

10. ¥

11.

12.

Dﬁg

X . 92
1 n xsin®x dr;
()nzljo 1+ 22 —

(n+1)m cos x L '
J da; @Jg;LcmuLz~nnV

n=1 =

J'+°° dx
o 1+n2z2 7

8 |

oo

M

0o 0o 1 1

(5) 3 Inln(n + 1)(n + 2)%; © 30" 6T ) (@b > 0)
n=1 n=1

) 3 ol S
n=1

(9) > -, Hh a0, — 101, X:H a, — 1 WA

n=1

FHHY  lan — ano| B WEW: B {a,} WS X Rz nf?

n=2

HARGIRBE Y wn B, UEWH LT GBS

n=1

2.
Unp)s

NE

(1)

3
Il
-

(1 + uy).

0L
 Em

NE

(3) VUnUni1;

n=1

Xo3mllal 2 BL_E 4 T OG0 2 75 AL ?

S ARSNGB, AR SR AEINGAEH S o, WV X
n=1 n=1

PN RE ) SO AR ), ELAE WSy BAAH =] .

FARHITHE 2 W T ZHI AR, (EA IR T DURS 208 R ROR e B
I AL P % e S 1 0 B2 2 A A

kB U~_F1IELJFESZ_L .
(1)3C,¥n: E:J:<&l; (2) 1.5 < i%glia

n=1
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§14.3 EETRBASEERI R E

HIE—ANTIT R RAHRIBURT 0 BT 0, 03 St A nT LA 3F 4155
FA S AR LR, REAWR B EERES TS TRA LT 2
MEBX A TIF ZAN I REL. 5 TR RRX RGP ECA A5 H

14.3.1 Leibniz ZIZ¥

BN BETRINRE P — R EG R R IER S B Leibniz B 2%
B B LA SRS B I — 28 LR T 55 B, B AR AN 2 R 55
L HER 2 Leibniz R

( 1) 17 1 1 1 n—1 1 _
517—1—74‘?——14' +(—1) ——I—"'—1112,
E ( 1) ! 1 1 1 n—1 1 TT
1 2n—1 1_§+3__I+ +(_) 2n—1+ _4

EX 14.2 HEFHHD  u, K Leibniz BGEL, WFGHLUT 3 M
n=1

(1) up = (=1)" "1, HHF b, >0; (2) {b,} HREWDEF]; (3) lim b, = 0.

n—oo

EOWRESLM (1) MEEIRATHERE. R —MRRREEIN S R AT
R WNEE—TURT 0. ERANFMHTEHEHR b, | 0, B |u,| | 0. Bl Leibniz
RGO B L HE B T 0 IRASHT L.

FIHE 14.2 Leibniz B — e sk,

IE REEER S A S, }, HFEE I RN So, AR T,
Son = (b1 — ba) + (b3 — ba) + -+ -+ (b2n—1 — b2n),

FIH by | (TR Sonto = San + (bant1 — bant2) = Sopn, KIELF] {Ss,,} Y
s,

F—77H, M

Son = by — (b2 —b3) — -+ — (b2n—2 — ban—1) — b2, < by,

A WHEH {So, } B LA N B FBINSUEH, {Son } WS W HAREA b,
mAE nh_)rrgo Sop, = b.

IMAEF LS {S,} T HARRM 1. KNG

Son—1 = San — ban,
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M lim b, =0 A WAHEHE lm by, =0, K NHEF lim Son_1 =b. &I EHE
lim S, =b. O

n—oo

i M EEFRERTT A b < by FIEF%A Leibniz BRI 45060 (EH—
S AN RIS — TR A A I TR ZE A vt 3R 3 7 A .

TR LA ILE Leibniz B4

1 1 1
l=g+g -7+
1 1 1
1 - = 4.
1 1 1
1__+3_2_?+"

22
R EAIZ B SEbs EAAFRZESR, X T /M EHEKAZE.

14.3.2  Zaxesi s &4k
W R, WSHR BT LA AR, BN R e AR R, b FHE s

SRR

R 14.3 LHHS funl B WS —SEHCAL
n=1 n=1
IE AEMES, A Ve >0,3IN,Vn> N,Vp e N: |uppa| + - + [ungp| <e.
Fitth
[Unt1 4+ Unip| < |Unt1] + -+ [unip| <6,

WIS w, e, O

n=1

FE b 7 B Ay 48 P SR SR B E S

EX 14.3 HIH S un WL MRS, LRI HHHCS u,
n=1 n=1

n=1 =

sk, 15 Z |uy, | AH, TFR Z un, AEAFWSR RSN
n=1 n=1
B, TS HE D NFE I GRS BBk U, BSR4 X i 82
M. BRI IS B R e B AR5 e b 3k
B, M p REHERAT S, E—/NTERJER 3 4 Leibniz 80+, BIAANELE
S ARSI B, (B35 = AN )2 485 S S e 5K
TR Ui BHAE Z u, 5 Z lun | Z 8], MNIBCSRFI R BCRE, R =Fhl&g:

n=1 n=1
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i un HRPHSL | MO | S
S B | M | R
n=1

n=1

MR ESE T PR SRR A T

EIE 14.4 5T Z an & XN AEFAIRGEL Z a,; A Z a, , FIBIY:

n=1 n=1 n=1
mn>s n = 07 07 n = 07
ot = max(an0p = {70 a0y {0
0, an,<0; —Qy, an <0.
JUESE .
) 3 on AR LA S al WY ay WK
n= n=1 n= 1

) F D an FAHBSL, WA Z af = 400 Z a, = +oo.
n=1

n=1 n=1

OB THIY 0, WHAREG (S} 25 TIE S ), Y af A

n=1 n=1 n=1
oo

> ay, EAAEGIREBIT S FES, B V0 4

n

n
:Z|ak|, St = Zak, S;:Za;
k=1 k=1

k=1
A BL R K AR
Sp=8t-8,, S,=St+S5;.

lttﬁl*l_ﬁf—f%_@%z% 0<SH<S,0<S, <S8 oL
H AT, 2 Z an LRSI, PN I AE SR E Z a,; Fl Z a, #

n=1 n=1 n=1

K, RZABRLOL.
2N ap SRRSO, B (S, } B S), T +oo, TRATBM

8§ =2 (Sh+Sn), Sy =5 (S~ S

n
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HEEH Zaj{z—i—oo%ﬂ Za; = +oc0. O

n=1 n=1

i 5l
Zanz lim S, = lim (S —S,),

n=1
ATLAE B, ST g, A oo — co BMIAE R, TtRER 7 FREL.
T T PR ) R0 e ) S AT R T SICEUME . 3 4 58 BB WS, T LA
X — THER 2 0B 5 A b — R SR IR S R AR iR RZ, B
SE RIRBON S, T 6§14.2.1 B ELELHI VAR §14.2.5 [ Cauchy R4 H 5% 4
RICEN . FH—Mo 7T, o FAERTRE, §14.2.2 ISR & A5 H
IETE&)EHH/]-

B 14.13 if Z 2 (14 S0 ) .

¥ R S IGE N an, WA S %R an ~ % R BT

Z (\})” 55 Leibniz BRI Z—AFFS, BHIcS. fH AT LAIE B A5 B3 ) 2 50 s2

HH. PR A B R R A X B AN BE Y T Y.
M T8I a,, WIS PTZ AN, PRl RS il i 18 A G B ]

s S 00 s

N
n=1

BoAGEEE D % BREEL. EIFUL LA BBk . O
n=1

PN §14.2.3 F1 §14.2.4 1 E AR A B AARAE A 303k, BT S04 0 {5k
fist, BRIEASTT BE A T4 58 — AN ARSI B S k. HX B — Ml 4h, B ax
PIANHIRNES B 1> 1 0, 0] DA E — MEE BRI X R FE M 1> 1 7L
HEH FEIBEIAFET 0, X0 FAE R E A L.

14.3.3  ZEK S Abel-Dirichlet A5

—. Abel RZ5%
B §10.3.4 [ Abel Z8#e, B

n n—1
Zazb _Zb (S; — Si_1) Zbisi—zbiJrlSi
=1 =1
n—1

=bnSn+ Y _(bi — bit1)Si,

i=1
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k
Hep Sp=0,8%=> ai, k=1, ,n.
i=1
A Abel ZHHAEB] Abel NAEI, 485 FHE HEH PANHT 91 .

EIR 14.5 (Abel RER) KA {ar}i<kcn T {bkichcn, FHF {br}i<ken
AR RS A EE R

larby + -+ - + anbp| < (J01] + |bn]) la; + -+ am|.

max
1<I<Sm<
i LRSI
(1) B {bkbrchan BB HAESR, 8 Sk = a1 +--- +ak, k = 1,--- ),
M= max |a+- -+ an|, WEARERX

1<Ii<m<n
-M<LSy, <M Vk=1,---,n.
X ERATFER T AILL (b1 — ba), -+, (b1 — bn), by FEARDN, T IX L HHT 2 AR
B, BRI E 77 A SR, X Abel 284 5 A4 =X 10 v 8] 3843 35t =2
albl + -+ anbn7 Mﬁﬁ?%‘iu
—Mby < arby + -+ anb, < Mby,
RS 2
|a1b1 + -4 anbn| g Mbl(: M|b1|)
(ii) ¥ {bkr<han BWBAD, Hby > > b 20> bpgr = = by, WH
la1by + - -+ anbyn| < |a1by + - - + arbi| + |an(—=bn) + -+ + a1 (—brt1)]
< M([b1] + [bnl).
(iif) {bk }1<rn FVRABGIN, WEKHRFEEEIRT. O

—. Abel-Dirichlet ¥ 5l5%

RPN LCBAE A R 3. AR T Bl A& 2 (0 . T e
TR AEARIE, E B RA, FRAT TR e A 1B — e SRAIE 8. {E7E B AR R i iE 2 77
BTG R — AR ANERIR D) S, DL B A2 T —ANH 502

F KBRS, §11.3.2, RIS UM Abel-Dirichlet #5113, iF AT
THRBGE e, XA e B L Abel 2B 3EAEK (I §10.3.4).

(1) Abel HISI3E  FHHH S a, B, BB {b,} HWER, WS anb, KL
n=1 n=1

(2) Dirichlet #8I5%E #2H S a, MEARIEI {S, ) 5, $e5) {b,} Bk
n=1

$F 0, Z anbn WK

n=1
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WE PATEST 0 Cauchy WSIHEI (B E B 14.1) 2 BRI B IX P /4N A0 7
% ES, BTERASARNES (b, ) 5, BRI Abel AREBH

|an41bnir + -+ angpbngp| < ([brsa] 4 [brpl) X lag + -+ + am|.
TR UE B P AN 095 R ) .
(1) £ Abel HHIVEH, BL M > 0 43 |b,| < M Vn, FHXF Z a,, Fi Cauchy I

n=1

SHEN, S Ve >0, IN,Yn > N, VpeEN: |ans1+ -+ aniy| < ﬁ, T 5] Bt
WA
lan+1bn1 + -+ an+pbn+p| < (|bnsa| + |bn+p|) ) ﬁ <€,

AT anby WS
n=1

(2) 7€ Dirichlet /313, U M > 0 #1453 [S,| < M Vn BOL, X B XHEA
I<m, lai+ -+ am| =|Sm —Si—1| <2M. REXF Ve >0,IN,Vn>=N:|b,| <

o WA Vp € N AT

|ant1bn41 + -+ + Gnppbngp| < ([bnsa] + [brpl) - n+1<rlré%§<n+p i+ + an|

< & . <
S 5T 2M < e,

ATALY " anb, 8L O

n=1
T DA R A T 2 X B AN FU A AR B VERR TR
PBIRA 14.14 M Dirichlet HIH1EAT AHEH Abel 51035
if % Dirichlet FHVE DML M THE D anb,, HOH Y a, B8, H
n=1 n=1
5 {b,} B, WAFAER R lim by BEXARPRIE A b, WA UR R 0o g an T -
> b= anlbn —b)+b> _ an,
n=1 n=1 n=1
SR R Z an, WK, BRELER o M s 5, FIE {b, — b} BAKST 0, itk

55 A — AR Dirichlet 50 sAmid ek, X H BATE — Ak
SRS, BILBAER T Abel HBIERGE. O

BIRE 14.15 J Dirichlet ¥IHVEIEM Leibniz BB (BN H 2 HE 14.2 19
BIUEHA).
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iE % F Leibniz B> (—1)" by, HH by L 0, & ap = (—1)" 71, WL

n=1

$0S 0, BOHA RSN L 1RO ALR, A S RSO Dirichlet 231 E An
RS, O

14.3.4 8

(1) X THEBI A S, #AERTRREILT, SR ER GRS
RAEXT A E HE SR, R SOE RA LR, #RA AR, H L
XTCEI, S i) B L 58 e ek RN RS, e ks P AT AT RE, BRI A
BETGTE 8

(2) RHE IR ESLAE 1) J, 5 A2 AP BR (1) T e 8 LA & H oA 8L,
YOI B SR — 25 A R SRR XTSRS 2 A AW 8

(3) Abel HAIIEAN Dirichlet J 5 %A 5 R R LB 787344+, &
MIARE & VR FATRBOR LN WL 7 SISk

BIRE 14.16 820K a. el WEWIZE Y e
n=1

n=1

BT EO {1} IR R, T Abel MBI BT S -

an — ncffl , SR XA IR S I A 4 $UA Dirichlet HA1%E (WA 14.14). XA
RS TR B A B )3 S P A R I O e e Sk el O
EOEIM an BT, MBS NFEIZ GRS KA, WAEH & BA %

BT . RTAER D a, AAERINGEL, IR 14.13 R IR AL S BRI

n=1

BIEE 1417 WM D an MBARBINER, 380 > 0, iEW: KK
n=1

> e gk
n=1
B {1} siRKST 0, i Dirichlet HIBRARIT. O

TR —AEEFE. AP REBHRITEES F a2 B W LURHX
MBI T SRSy F S 11.29 45 LA



202 FtwE KRAEHK

BIEE 14.18 U Y SIUOL AAMIYL, TIE @ = KUY k € N 2 5H8 %
n=1
e

iE7E 2 = kNI 0. W FHARMK o 4, et > sinna MES

n=1
. R =R BB Z 2 A
cos Lz —cos 20t 1,
. o 2 2 1
[sinz + - - 4 sinnzx| = T >
2sin 5 | sin 7x|

SRJERIA L | 0, WERTLUR Dirichlet JBIEAIESE Y SN yrgq
n=1

DIFER) = kR SO0 S, g S P e
EREN -

| sin n| S sin® na _ 1—cos2mc7 (14.3)

n i n 2n

RIES BB G S - (R MY OS2 mggve. §# DA
n=1 n=1
WL I TR = A0 R B 22 A A8

sin(2n + 1) — sinz
2sinzx

1

| cos2x + cosdx + - - - + cos2nx| = < — 7
| sin x|

HEATLAFAF I Dirichlet JUBIERNE Y o 2 krol, 08 Y <5200 gy a5
n=1

(14.3), TSGR Y S0 IL 5 b1ty — A — T A,

n=1

R . SRR B e s S R e o
n=1
ORI T 51401 IR S 2, A SR O T

Z3&

L BAH AR IR R 14.3: FHHH  Jun| B 4 v = wn+|un| Y,
n=1
FFI

0 < vy < 2Jupl|, up = vy, — Uy, Vn.

2. Leibniz REHRA — @4 F 2T MIEY, 524 RG]
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3. e TR AN E S, A SO R A A WS

(1)£+l_2_§+i+l_2_i+...;

1 1 1 1 1
(2)1—74-3—2—14'?—64'

(3)1—l—l+i—i—l+l—i— Lo kIR,

L

n=1

S (=" , o~ [sinn .. (sinn\].
(3) ;m (p > 0); (4) ;{n—%—sm (n—%)}
(5) i (n+ 1)Sin2n' (6) i (lnn)ﬁ .COS%T[

= n?—Inn ' = vn ’

© 1\ (fm (1)
GO ”Tf\i;jmo),vxe& © S

>~ cos(nlz) _ = sinn |
O) 2 e 10 > 5 ¥ oy
(11) i sinnz (Vz € R); (12) i sin(Try/n? 4+ 1);

n=1 n=1

o smﬁ Inlnn A © cosna_

18 2, — DY -

5. Zaﬁ) WMCSK, AIEHA: 2596>£U0)\UZQ" sk

6. W Znan Wesh, WEB: LR AN
n=1
Zanu Z NGn+m
n=1 n=1
Biesh, o m A IR

7. g an WS, IEH:
n=1
lim a1 +2as+ -+ nay

n— o0 n
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§14.4 WS BBATER

M §2.1.6 THIRTIAKITES BECRXT T RIURAIHE . AT AR AR
5RO T 395 AL BB A PR R, 05 e RSB S vk T | R T LA
TRIURA . R BX 5 FH s UL L2 — P 8o S IR

14.4.1 NS E1

XEMEERENES. N THERISKMNESERERIR, XRIETAEESR
FRITFFAEARINTE S B e E X, RIS AT E R T 6. R ER
TSRAIH AR L0 it

NN R LT, T REETLRICRA P FE5 A& m] CLBE = ).

BIRE 14.19 T MR RAL:
A-D)+1-1D)+1-1)+--=0+0+0+---=0,
HAWTEFEEBEIAN 0, ERAZSRA 0. EEHR LD LTS G, WARE:
1—14+1—141—1+---,
EREETCE (-1)" !, BREE. O

XA BN TP B . BRI TSR BOR L, 45 & HOL.

T 14.6 # Y a, W, WERINGE SR %8

n=1
(al+a2+...+an1)+(am+1+...+an2)+...
+(ank+1+ank+2+"'+ank+1)+"'
(1<n <ng <. <my <---) WS, BHAANZE.

iE SRS S RABIM BB Y b, K (ng = 0): by = an,_, 41 +
k=1

Gy 42+ +ap, VEk.
R E I R A {S, ), XA s S 5 B L ik 08 i 38 23 Fi ) A
{on}, Wt
op=bi+ - +bg=a1+ax+ - +an, =5,
Bt {on} & {Sn} BIT5, TG (S HEH 2.25). O
RAMERF LRSS LA M. T sl me at.
O X#tf §13.3.3 KA B BE 3 MABE BRI E.
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BIRR 14.20 UERH T AN RBUREL:

| S U SRR SNSRI SRR SR
V2-1 \f+1 V3—1 V341 vn—=1 n+l1
iE I 1 __ 2 UL, K TF AR B S, Mk

\/_—1 Vn+1 n—
BENREHRE. HEE 14.6 FIE S, _UJJ??EEI’JJ@& ERE. O

E BB A Ok TR A RO K B — IR (RO R 2.32), BLAERT LA
R A ER 14.6 1—IRNA. Xt 2R BN S T

1 1 1 1 1 1 1 1 1
1+7+(§+ZYW3+€+7+§)+W+(??¢T+”+?J+””

RS NIRRT % DRl BRI SR P A0 it X R A ).
FINE -5 1 75 464 It ) e B 2R S g Moo S, B el LR — ML

BIRE 14.21 BX D a, MIEBSHE D b, HP by = an 11+ any 12+

n=1 k=1

b, Yk, FhRng =0 <ny < <mg <o HHEEY b B BEA by

k=1
o0
I:F'quﬁ ank,1+1, ank,1+27 tte 7a/nk ﬁ%, mué&ﬁ Z Qg [‘&ﬁk

n=1

E CH Zan KBS AES A (S, ), NS5 )5 i 28 Zbk iNFEI

FEHN K {S,,, ). fi Jim S, =S, Mt ve >0, 3K, Vk > K |s,,k S| < e.
% ng = N, )JJX]LVn>N HlEk > K 83 n,+1<n < ngpr. HT
U415 Q42,7 > Ay, WS, B S, 26T S, 5 S, ZI, NI |S, -S| <
e. XFERUEN T BRI REARW ST/ —AF. O
E BT LR BRI an, 41, Qg 42,0 s Gny, RIS EISAFEGER
A (an, 1] +lan. 2l +- + lan, [) = 0,

ik (B2op2) ]

14.4.2 AR #efd

LN B 14.6 RIS — WAL A5 A, (BT 1 R B
SUREA — AT

IR 14.22 XT3 Leibniz 5
1 1 1 1 1 1 1
LT T S S LA

A IE ARG, W SA5 2] — Mg, (HEAARKAL.
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SR S, B AES R {S,}, WE A Euler #H0H AT

e (v e gy (b 45 )
_ 1, ... 1N _o(1Xr 1, ., 1
_(1+2+ +2n) 2(2+4+ +2n)

=In(2n) +v+o0(1) — (Inn+~v+o0(1)) =In2+0(1) — In2,
FRWE S =2 (AH Euler FEJ7vE NI 2.28 1 10.5.)
BUER SR BB 22— 8, BB ER —TOT 46, R B AN IETUS H— M i
T, AHANCAR IR 18] LK A3 T2 T8 ) S Y, Al 45 38— O 8
1 1 1 1 1

1+§—§+€+7—Z+“'.

BB A BT 5 RO IRBE Y (51}, 56T 3k TR A

O R U B | Ly (L,1 1

S3k_(1+3+5+7+ +4k—3+4k—1) (2+4+ +2k)
_ 1 oo, 1N_(rp 1 o, 1N_(1r 1, ., 1
_(1+2+ +4k) (2+4+ +4k) (2+4+ +2k)
_ 1 1y _ 1 1 A1y _ 1 1.,....1
_(1+2+ T A% 2(1+2+ +2k) 2(1+2+ +k)
= (In(4k) +7) = 5-(0(2k) +7) — 5 (nk+7) +0(1) = 3 2

' 1 1 1 N

51 {83} {Shhanh {Shren} WHCFFI— B, FEBARE] (5]} BT S m2. O
R W 7E T ST R AN, R B B R SR G, L B i A e
BN, R IRATEEE HI% T xS BOR B, I e B AR, B4
RAEDIE 14.22 RIS, TR T 4 AFRORBEOR B, SRR 5 ZE A &
2 AR () B ) S A .
AT AL, SE5INFFIE X

EX 144 BB an 55> al, AT AN, FH (o) R
(o) WEFH, B2 BRME

R 147 WYY o, MR, MEHAERE FAEAARSL, FLEH
IR, "
EORS a2 an f— i ER

n=1 n=1

KT Jal,| BEAA |af| + - + |al,|, FELE N, 473

n=1



614.4 KEBEKAGHR 207

{a/lv"' ,CL;Z} C {alv"' 7aN}- (144)
FSjlies]
lay[ + -+ lag| < laa| + -+ +[an].
m%TL:EZ]%Mwﬁ%ﬁ%ﬁﬁﬁﬂﬁiﬁvﬂTﬁﬁEE%ﬁﬁ}]%|

E}’J%ﬁn‘%ﬂéﬁwuﬂﬁiﬁ FId e @

AR5 BEE B X P A BB A8 4 0 W ST L RAR A 18] RO AL 3 I 2225 IR A
LB FIZ AR, BT R AR R IR AR, D b 1) b b T PR — o

FIF (14.4) TUEHE

{ar, - an} —{al, - an} C{al 1 an40, 0 ),
PR e S R
oo
Ay +ayt-ta <ard o fav+ Y lagl,
k=n-+1

ALBE—AFRBRLE D o), | K5 n ARIL R LERER D N A

n=1
M (14.4) FIZRIE B, A FHRUARW 2 ZAEERER. & N — oo, B
|

SRRV S Z ay, Wk, 7E LS n — oo, FIAIRI—EBT 0, HifGH
n=1

i ay, < i an;
n=1 n=1
XAEMUIE B 40 WS BBAE B P 2 Ja, LA . $RT b 304 14 i it w] LA
B T AL R P A3 IR, BRI ) AN SE S o, AT R BEARSE. O
F KBRS 2.19 TUEEL e KIPIANE XEMA R 4.
T T IS 8 2 A W SRR B SR 0 T . G ) 5 SRS o R T B 14,4
e
EE 14.8 AT HHKHREN Riemann FH) BHH D an KL
n=1
WX FHER o < B FHF AT —0o < a < B < +x0), —EFE—NEFHH
>, BRI AES] {5, } BAHER:

th/—oz< th/—ﬁ

n—oo
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E AN T o = HAFRERHE LS I #ZAEW, X T —BE S HHE
EﬁZE%Uﬂ'J WML of,a, WEHE 144 FHE X, Bl o} = max{a,,0},
a, = —min{an, 0}.

e RO Agf i 2 ] 0 AR SR, 3 B BRI J5R 4 5 4 — AR I 3 H IR —
R, XCEAFAFEL 53 IR BRI T 45 € L o

FEIE D, UJ?%EZP‘]&%JDEBZ.

MSEFE 14.4 F1E > " af = oo, BUR/NATRE M IERES my, AEAHH R E R

n=1

ai" -~—|—a;§“>a,

RIFFI Y~ a, = oo, BUR/NTREMI IEREHL pr, (A R E K

n=1

ai" -~—|—a;{11—a1_—~~—a;1<a,
KU AR ST
a<al-+al <a+a,
a—a, <af---+af, —ay - —a, <a

XHEE T EFP R ET ma + py B, T HERIEE my N FEEISE my + p
MR FMFFAEXE (o — a0+ af,) W.

) FH £ 2% 3 935 BT DAUE B 3K A 2 T DL BR E4T F &%, XFEsi e 7 —4
BIPRE. EHXE kBT A IEREEGL A my, B py, AT %05 R R AR
my, NI FNEENEE my, + pr MRS FIEAEXE (0 — a0+ af, ) AL

BT RGBS, FOETUR LT N E, Wi A o — 0 fla,; — 0 L. F
WA of, = 0May — 0, FHBIEY TEFEBHNET o. O

OB o= oo FTHIUERE 2R 3] .

14.4.3  FEFIAHR

BB SR B TR, R A2 U e AT TR RIAH 6, 1T 2 U R 75K 5 A BR
FUAH SRR (th 3t o) #E) B R FRIUR A L. Bk, Bt ks
BRI 2 AN e AR e iﬂﬂﬁ"%%’ﬁ%ﬁﬁ%mrﬂﬁ it T BRI 2 A SR AR SRR, 451
W (a4 4 am)(by + -+ by), FAERBHENGSEH. ZHBASTE, X mn
T a;b; (ISRAT ’E/A/rﬁiz%ﬁu {EIXTT%%J&%W%E% AP =P EEA

B A K Zan — Al Z by = B, iR % R BT

aib; FER AR . ﬁéﬁﬁ *A%%&)@Q Forp i B 2SR (G i) R, 2 A
WS i B, DA RS AR BT A - B IR kv R T TR BT e L
ot B G ISE T
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Wk 14.2 PR, ¥ A a:b; RICRBIAEFE GEFERLZR) 1977 I, K5
I LA IR AT AR B4 E AT TSR AN,

fER 14.2 B T EE R PIRSR AT 23 B (a) 77 AT BURR A 1
TiT7 3, RIS E & — A AR S RS P K — N IETT B N R BT A T, R
(a1 4 -+ an)(by + -+ by). 2B (b) #9757 AT AR A X AL TT X, I 3
*Hé&%ﬁlﬂlﬂﬁ@ﬁ;/l\%ﬂﬁﬁﬂ'l’%ﬁ%%* HIX A AL — D =M W BT A T, B

Z a;b; :Z Z a;b;.

i+j<n k=11i+j=k

a1br a1bs a1bs a1by

azbi  az2b2 | a2b3 | a2bs

a3b1 a3b2 a3b3 a3b4

a4b1 a4b2 a4b3 a4b4

(a) (b)
B 14.2: RARBEA R A KA T X
PR AR A XTSI, e AT RAR A B A B AR TR . Il A T T Y B

EHE 14.9 (REERNE Cauchy E-B) B NHE Z an 5 Z b, ¥R
S, AR EN A5 B, WAL R AT acb, AR B TR 5
W R A, LU A - B I,

W BRI aib; MITUHRIE LT EEOEA D ainbjny, Fobh

=
TR i(n) 5 (n) FBLERIEISA ST B8 0 ST a0 5 by
L. . o
ARSI TTATTEAE M > 0, S Jan] < M. S [ba] < M AL, fE
BUERHE N, 12 asnybynsn = L N BT FIRIEAGA N, #

N N’ N’
> laiebie| < (Z Ian|> <Z |an> < M?,
n=1 n=1 n=1

XFERRUE B T DME R SR 7 =5 4 P R R R U R X S5
T 4t % AT S5 2 5 R AN T AT 3 BE B AN 5 T R PRI A AR, BRIt ]
PARICan T ) B D7 B 77 sk (LB 14.2(a)):
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Z Ai(n)bj(n) = a1b1 + (azby + agbe + arbe) + - -,

n=1
N N
IHATRE S a, 5 S b, TR, FRRBEEOMMRE A-B. O
n=1 n=1

TR B 24 RN USSR B b AR e A X WA SICTR 100 B PR SRR A i) . A b
SEER, BT LA Cauchy & BEAERH H I IE 5 TR 2 46, 76 14.2(b) H X f £k
AR EENY. THEAEExRENX.

EX 14.5 (REERA Cauchy EX) X TR Z an Z by, Hi&
AU D

airb; + (albg + agbl) + .= Z ( Z aibj),

n=2 i+j=n

JeRRE R BRI NI Canchy TERI (FIFK Canchy T85).

MertensD B, %HF Cauchy FEBUK B, Cauchy 258 106 FH 7T BLHES H 1
RO AT,

EE 14.10 (Mertens EIB) HFHMH i an, i by, #RWLER, EATIHIAN
Y81 AR B, HICH g — A g, WS Cauchy T BOkdt,
ELBLAB H30A.

IR, Bl — 3 5. (BoH 55— 2 1 45 J 0 4,

S L o, — 0, JH S b, AL, W0

lim (ab, asbuy 4+ anby) = 0.
E I8 2, = a1by + agbp—1 + - + apby, WELEH lim 2, = 0.

n—oo

WAREAAFAE M > 0, 1543 |a,| < M Vn, WD [ba] < M. BREX Ve >0,
n=1

KA D |l < 555 FREA K, TEn > K B 2, 4700F:
k=K+1
|zn| <lanby + -+ + any1-kbx| + [an—xbr 1+ - - + a1byl, (14.5)

HApPHE—TNEXSNE K T
78 (14.5) AU & ] AbthA

lan—kbr1 + -+ aiby| < M - 55 £

2M 2
O BREENT (Franz Mertens, 1840-1927), f E$2# 5.
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Joflivt (14.5) HIAMIE I, MR EM an — 0, 3N, V0 > N, H |an| < 537
FRYn >N+ K, tfF

|anb1 +"'+an+1—KbK| < ﬁ Zl |bn| < %

AL EXT (14.5) GBI 2 B TE, FTILYS n > N+ K BFEROL |2, <e. O

S OXERTERRAE §2.2.4 FIUEH Cauchy fr KI5 .

Mertens FEXBAJIERR Ui s —NHE Z an ZEXTWSA.

n=1
‘5 H Cauchy FefR L E 13584 Fl:
Sn = a1b1 + (a1ba + a2b1) + (a1bs + azbs + asby)
+ -+ (a1by + azbp—1 + - + anby),

MR EAERE lim S, = AB.

NEEIE A Z b, FIRTGEA {r,}, WH

n=1
Sp=a1(by 4 4by) +ag(by +-+by1)+ -+ anby
=a1(B—ry)+ax(B—rp_1)+ - +an(B—r11)
=(a1+ -+ an)B — (a17n + a2rn_1+ -+ anr1).
ézo\on — oo, M EHi& G —XHEE — IR K AB, T — B+ dHT r, — 0,
> an ot ASIER AR 0. O

n=1
HEFRH, Mertens BHAE FHEX LS RERELS R, X2 REHEA
WS R HER A A AF S , WBATTY) Cauchy FRAR AT LU R HEL.
B > (_1)n
@ 14.23
1 nz::l 7
Cauchy AR £ 18 Ik

A Leibniz R4, HOWFAFISE, KE B3R, X

C, = (—1)"+1 1 1 RTINS S
=1) (\/1~n+\/2~(n—1)+ +\/n-1>
FIF PR, S k=01, ,n—1H /E+ Dn—k) < ”5%&[:7@

2
> [ SN
|Cnl = n e 2,

Al W, Cauchy FefA Z Cn KHL.
n=1
AR THEPA AR T EE SR, & ARSI E Cauchy Fefl
B S, TP FE T 25 T Cauchy FefR g Eh 2 Fl. X HL7E = AN FEER R
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A A T A To ZE AR 41, FF Ui B T Cauchy AR i B EE M (I 1] &
15.28).

%3 &
LR B 2 R 50O G SO A B i 0, AR5 R S5 RT VA 45 Dk AT i R ok

itig.

2 &Z T *”Z - % S, ELET b (an+b) # 0, TE: Z .

n=1 "1
45(4&
3. x| <1, [yl <1, WEHA: > 2™, Zy" Bigaxtiesh, BA

n=0
k, n—k | _ 1
Z<Z"” )‘ -2 -y)

4 (1) EWS: Y L XS o AL IS
n=0 ’
(2) ¥ EREE RN E(z), WEH: E(x +y) = E(z)E(y).

n 2n+1 0 ( )n 2

5. (1) UEWA: Z 2 IR ‘(12”)‘”’;’” ST AT S o AR
n=0

(2) J%Lﬁsﬂﬁ/\ﬁﬁtﬁ’ﬁu%ﬁﬂﬂﬁ S(z) 1 C(z), UEH: S(2x) = 25(2)C(x).
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§14.5 3R

T IR To 73 PR T U B BB IR B (93— 2B R . 5 —J7T, JE
J3 BB A BRIUKR AN, T I8 75 AR T & e A FRISUHE SR R4, T
A VR AMBIZ AL, T BLAT U R E A IR

14.5.1 K55 FR
[BlE$ 55 T 55 BB R R, B {2, ) FEEIUE A

Tn = (:En - $n,1) + (Infl - xn72) + -+ (5172 - Il) + 21,
By =21, Uk = Th1 — Tk VEk 2 2, XFERE o, = w1 +us + - + u,. TREEF)
{an} BISK IR B IH 2 T T0 55 8 Z SR B T . 24 ARTERIE ST S I 3RAT 14
KW RIS M 2%, *?%UE%TU%U%@?JE@E‘MH HR K5 i)

AL A TC T B JE MR T LB RSCR, T B 75 — R .
KA, FEFI IR —TAAE 0 FRTER T, AT LK {2, } AOTEITN R 05

. — Tn Tn—1 ( To ) "
= ) c(E2) gy
Tp—1 Tp—2 1 ’

RIEL 1 =21, ok = % VE > 2, AEUAT LR s e s i) U Ak D TE 55 AR

1 - oS . AR 7L 5 — B e BATH B R H RIS L b, X
n=1
BT A E B R B, HeAME R REAS i HAd 45 R (HIE 55 SRR W& X Al 77 VA 0 &R
gk

R FER LA (1) £ —ME T 0, WY 0; (2) HTRBH
AN THOKT 0, AT DL BOTHs 1) @ H 2 T T6 75 ZBET A

TR

(e o)
P1-Pp2- =H

R TCT Tt %Iﬁiﬁﬁﬂ’]%?%ﬂi%ﬁuﬁﬂ%/}\tﬂf)
B E A Jim " (B 2.3), EHAE pp = r Vn FITEFF RN, X
tn §2.2 gk 15 1 (1),(7 ) ( ) INBER R TC TS T . oz (1) B

2D
B p, = 1 — — Vo ITEFT A H Pn-
FEEIE Wallis A3 (AL §12.6.1 EF'H’J (12.18) BRHJLNFEMER), Xt
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2
lim (271)” ] 1 _ T

X HARATE R TR, Bl LA LM S 18R 2 Wallis A3

RN EE A TE T RN

: 2 2 2 e 2
(1 2) () ()= T 0 52) oo
F4 r = 1/2 MEAE_Lid Wallis A5 —F R
TeFFFA (14.6) 52 Euler B R HRINN. HAEDAE © = 0 B ] UESLEEH A
1, S PILMEE. ZIBREUMAERTAA v = £knVk € N, ALK E—AH
FAIFRN T 25 F AR LTV k € N. AR H MR — A n K E TR p(a),
BAHn MR a1, an, Hp0) =1, NEteT ISR

p(x):(l_ail) (1_%)...(1_%). (14.7)
AR Euler $2H1 (14.6) FOIKIR. 4ARIXARAEH.
Buler 3 — SRR LABIZH Y L R, B2 R—ARIEH

n=

1
WYL, FOh Basel M. SR EAE (14.7) ATt pla) 19— K IURECH
— () TR (4G M 1 - fa® + ola®), WAL 22 T
GES & e

1 1 1 1
ERERAE . . 2

FORT AKX (14.6) F1 (14.8) WIEBA A LLSE [25] F M4 13.4.3 Fs
16.2.2. Mk, ZEABRIE +75F Fourier A4 H (14.8) FIZ/AMIEH.

14.5.2 EHFERFIE X

R TE 55 FBOHE, W E (— AT TR [ [ oo, B po JEIR, SIS T

n=1
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LT, = Hkan FRABEFEANEI] {p.) F {1, }. RIS E X

k=1

EX 14.6 ZHLIFH [ [ pn M RAESY {1, } BT IETALIR, W%
n=1

TFRBUL, FL5E B TR lim 1,; A TRBHS {1, )} Rk
F 0, MERIEH R [ [ pn KHL

n=1

AR i T, — 0 RSO [ po RHC(F 0), EUTH
A, TR BT AR B S AT R B
I 14.24 PIAARRKBEFTREBIT. 8 p, = L o, 1
H 3 = Jim 5 =0

n=1

S po =1+ 4 Vo, W

IIQ+ )_.mlz-in.”+1:1mmn+mz+m.D

BIRE 14.25 ¥ p, = cos 2% Vn, FIF=AE%ER

. __on » 4 4 4
sing = 2" cos 5 cos 57 - CcOS o sin DL
A o £ 0 A
o0 n s.
4 : ¥ 111
cos =— = lim cos —0— = lim ———F—
ng 2" n— o0 kgl 2k n— o0 2n Sln 2%‘371
i
= . .
— lim 2 — singp smgp7
n—00 Sln 2—n SD SO

¥ o =0 WEHZRE M p, = 1, HHEFTRPUESET 1. O
E AT RN §4.2 AR 12. £ ¢ = n HAFE] Viete A=

1 1,1 /1 1,1 /1,1 /1 _ 2
V2o 7+7\/7J7+7\/7+7\/5 """ -

'B5 Wallis A3 &2 5A 0tk f st B R AN E 7T RN 61 7, #AFE
FER R, R AR TH RS I8 A R A 5%, AR il
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14.5.3  Jo 75 ARG AN %

3ok BRL AR 7 AR AU 2, T A 55 B 45 T 95 . (R
TREBI p,, BOEL, BAER p, > 0. IXAERIH LG ?

oy SEBATI S SR S T 5T TRAR I — A S B4 AT. o TN, Bl
5h A5,

1 ETHFM ] oo B8 WA Lim p, = 1.

n=1

iE WS E X, TR [ [ pn BB H4 TR (.} 8K, T EL

n=1
HAABRASET 0. IXHEBLORIE 74— p,, # 0. K5 RABES IR A # 0,
)R

lim TI,

i OASED, XTI HEE AT TE 5T Sk T R AR OB AR BR A 0 (&
H 2.8). RN LI RS DB A, AR S KM (S B 14.24 1Y
BT, WA, ERE HE LI RAKET 0, W51 AN, K aRFRE
—I p,, = 0 FITCHERERG]. R Jim 1, =0 PIE A E B S 2 A B .

B 5B A5, —MSRTE S AR IR p, /D4 n AR —ESKT 0. X
BIAWSTG I3 et C 2 HERR T 3 —I p,, 55T 0 MUATBENE, Bl TIC 75 SR i) Sl vk
5 BRAMHE TR, EERAGHR ST H RRE - EE KT 0, FUH
BLRPAHTE PRIGED AT

T RAEGIHE 510 W 2 B, 1T DU 2k — Mtk 1ok O 55 e AR (1938 T p,, 250id 4
pn =1+ ay, TETLHRINE R N

[T+ o), (14.9)
HBHAH a, = oL). "~
L (14.9) o Bl 25 580 B4 15 5T TSI B e

EE 14.11 % p, =14+, >0Vn, N

[T+ an) B8 <= " In(1 + as) WSK. (14.10)
n=1 n=1
iE HTEA p, = 1+ a, > 0, BIEBUE H 55 T3 5 T B 5 57 2%
H 3R R Z TR 2 R
[1(1+aw) =exp[> (1 + ). (14.11)

k=1 k=1
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BRI, 5 (14.11) Z2i2 G55 FefR sk, WIARYE p, > 0 Vn BISAFFIESS
PRSI E X, Hn — oo B (14.11) ZEILHIM R KT 0. BIILEUT B EFI X5
BRBHE SRR ANIE (14.10) A IARITE ST Bk

RZ, WM (14.10) A 32 1 T6 55 B0 SR 5500k O JE 2 P N T8 (14.11) 19
K n — oo AWM, HAZ%T 0. XRW (14.10) ZBMEITFBUEL. O

i IHEEVF A IR BT TR 0 M5 Fi T RERS UL,
154 H pn = 0, WA PIFF AT RERE: 28— PPl etk —RE— DT p, = 0, AT

n=1
FHIE. B MR R R p, # 0, WATRUE XNt —Ef H Ipn| = 0. Xf
n=1
JE & I FARU £, AT WA

Zln|]9k| =1n (H |pk|> — —00 (n — 00),

k=1

BTG 55 8 Zm [Pl = —oo. BRMIKRIR L T LIE i 18 76 95 8 Zln |pn| T
wsmse. i
HRGEEL 1411, o TR OE ST AR e, BR T 42 LIRTE D DR R 7
MG Z A, RIS Zln (14 o) MISIECHE. X AR BB T3]
EACEYE R Y N ]:q) Hﬂ‘thiﬁaﬁ%. XA 3 T ) e
Eﬂ14m%ﬂm}ijﬁNVniﬁ&ﬂ%ﬁﬁmnﬁiﬁ
II1+an4£ﬂ¢=>§:mz sk
=l

n=1
iE w%%ﬁLuL%%%ﬁIﬂuﬂMWﬁ%ﬁ%%%ﬁﬁzymuﬂm
n=1 n=1
Wesh. FERBEART I, AR In(1 4+ ) ~ o, FEEYTEAIHIE R FXSE T 55

S a, e O
n=1

w$%%%ﬂ110—;5)[10+ :)u&wﬁﬁuMﬁz%%%ﬂ
n=2 n=1

KB TS LU 1 a2 sk

T AR, e T — 22 b i v — I 8 i Sl e
EANEER.

BIEE 14.26 B s 2 0 BSOS, Bl s £ 0,—1,—2,---, WAL TS
C #0, {15
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S(z) = Zun(x) Voel.
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CaWA WM. EEZEXEEEEMREAEA LR TTHFHEREAE N, X
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{Sn(x)}, M E St XA BB Sk, W S REM KRR —H (B
W B 2.7), Wi BB 5 1R R OB =2 A ).
SEAUR g ] B RSOOSR A B —FE P RS S, AR
Oy B R B HT
TR S T — B X IRIBX E 5, ] DO B — R 4 k.
EX 15.1 BWERHS {S,(v)} T I EAEX, AR v e THERR
nlirrgo Sp(x) = S(x),
TR { Sy, ()} #E T £ RASWESE R SWET S (x), FR S(x) 2 {Sn ()} KRR e %L
XIS ()} R BBOTEE D wn () IS A R HH, TIBRZ B0 SR A
n=1
I b sl i T A e £ S ().
SeBE— A EAR AT F(ELAN AT DL BV 25 1) ) L 24517
BIRE 15.1 £ 1 = [0,1] EHERES (2"}, Ui%
BRMITE T _E RS, AR R
0, 0Kz <1,
1
ER S(r) TR o =1 AZEMAES. 7T RAE T LESH
BRHCH AR PR R 5PT A AN S A
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(i), IHLBEAE RS S(r). O o7} AR HRHEK
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g T Bl b N VAP NI S @D A%
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n=2
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EX 15.2 FRKEF] {S,(x)} 7 T E—BUKSKTF S(x), #F X Ve > 0, IN,
Vn>N,Veel:
|Sn(z) — S(z)| < e.
FIXHT ) S, (o) 2 BREUM L Zun(:v) HIER o AR B, MIARZ BRI T 1

n=1

E—F ST AR S ().

RBBSHIL S —, S FFHILS = B —8st. T2 {Su(2)} £ 1 E—3
T S(z) TRTH S(z) = S(@), « € T 5 Sn() = S(a).

i ONEXATH, 35 {S,(2)} T I E—8SkT S(x), WL — & SSRET
S(z). #—FH e NBSX LI EBANE X, ST EH eI ZEm.

RARSUR R ERNGE—N e e [ H Su(r) — S(z). R TFHEM >0,
BN, Bn> NKEL S, (z) — S(2)| < e. XEM N MMUEBEE ¢ AT
M HEE Rz BR EMKBRCRTULER N = N(e, z).

M—B0e S X 15.2 77 W, B 5 SRS X NE T XA e > 0, ZSRAF
RS e HRIK N, B4 n > NI, |S,(x) — S(x)| < e WFTH = € I R
MU _ESRFE — B ST e AV 4.

B 15.2 Fios, B 1 = [a,b], MIXEER] € > 0
AR y = S(x) gk (TEE LR E
LRN) F—AN R 3

{(z,y) |a <z <b,S(x) —e <y < S(x)+c}.

—BRSMBEXAETAHEN = N@e), 5
BEn> N KLy = S,(z), a <z <,
SEAELE FIRTRIRX 2 Y.

7EE 15.2 AP RIX SN E T — 48 2 MRER A R ARERRE D y = Su(2).
ST H XN AT y B — AN ELBL, Bl o = 20, S(x0) — e <y < S(z0) + €.

XFHER x = 20 &I Sy (20) — S(z0) KU, HEN BBK, Hn> N K, &
(20, Sn(z0)) —EEVEELIRELBN. Xt s SRS LA R . X FARRK
20, N — M RARFR. KHRR A (2, S, () BRI SRS J5 7T AR —#E
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FHRIE . FEBH B VR SR S) .
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M, 9 0 ek BOE X ) A SR — Bog gt
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B 15.2 A\ —BOKSIE X AT L EHEE B LA F 4

(1) # {Sn(2)} 26 1 E—80K8H, J < 1, W {S,,(2)} e J E—Boksk;

(2) FERHI (S, } 76 T M J B4 51—S0less, Wete TuJ E—Buksk

(3) FHH K {S,} 7E [a,0) E—5lksk, XAEM o = b WS, W% HFI7E
[a, 0] E—B0ksk.

(4) WA (S} 16 [a,b] b AW, (0 — BOKSE, W% B 481 2
[a,b), (a,0], (a,b) LH#RAR—BUEKH.

FERLAR ANRALE— BRSO, 51 R BT Bt & 2 A .
X T _ERREL f, HAasoe Lo
If1l = Slér;lf(l“)l- (15.1)

BRI || f — gl| BAREBEANRE f 5 g Z IR (B EEem b riEs). m
lf —gll =0, T fF0 g7 I BIESE. XIE T4

FEE 15.1 W {S,(x)} & T LHRES, |- || 2 I Erfek, W
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FIEE 15.3 IEHEED S, (z) = —E— Vn R _E—2lsh
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WE ASESR R RR S S(z) = 0. LRV TEEL ||S, — S| T MG TR 3]
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‘ @ ‘_L. 2nje] 1
14+n222 1 2n 140222 ° 2n°
B2 o] = 1 BRI S . AR S, — SI| = 5. Bk {Sa(2)} — UKL O

DAEGR AT B 15.1 R IIE ] (F3EE 15.1).
BIER 15.4 IEBHRES] {27} 76 [0,1] EA—Bulksh.

IE1 fERTH AR THRMRERE S(z), ER T v =1 4K 1 ZHMb 55T
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a1, BEBCFE1< 5. O

F OB 15.1 RS ETL, 4
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X 15.3 # (S, (x)} TEHIE T WG — A F X ) E—Bokesn, miFk
(S (@)} 7E T _E Py IA— B0
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RFERIBITIRZ . SEHE B 15.4 KI4kLE.
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7 [a + 6,b) E—FulksL
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B I Sn(x) = nwe " Vn, A LLFEHIXNREIIE T = [0, +o0) L rizSHsk
T S(z) =0.
AT HERBI G T E—3st, |TEWHE S, -S| = Sgp{nfcefm}- A
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R 52, AN
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—na) — nfze
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(nze 1 —nax),
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= ne
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Fron, BRBHIF S — DN RETE 2 = 1/n I8 B[R
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PR EE,, BZERZE n, LREEET EH S
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ANEHL A EESE, RN AL A FAE, ZEANR] ) ) R AL B VA AN R
WEHH—MEZE, W— PN RARASNEHNSH, BEXHEE.

BIINTE T8 s S HE, SEbr LSRRI R —H, &% 2 e T1E
HBHL, MK n— oo B HIRKER.
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BHEHRSEX T REEEN.
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rn(z) = S(x) — Sp(x). (15.2)
AL AR T ) R BB AE T B —Bulesi T 0 CERA DI Ui 2 — Bl sk T1ESE T 0
FIHERE). k2, RIAE T _EAE SR 2R WIS NI R BOREBAE T ERS
sk, BT RIS EEA « #RICTT /B, BRI HT 5 B 51— Bl st 2
{rn(2)} —BUKSLT 0. M (15.2) AT LK {Sn(z)} —BHSLT S(z). O
T2 PN T

BIRE 15.9 7F = > 1 BHE X4 K Riemann zeta ERECH
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AR U, AR AT TR B BRI R, R A AR RO
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(4) }
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fu(x) = f(2), z € Ry

(2) BEKI ful2) = f(2), 2 € R, B f € C(R), W lim fulr+ 1) =
fx)VzeR.

(1) B {fulx)} RFEEXN I ERBEERKS, B—8CHR, W: EH#H
folz) =, 2 e I?

(2) WA gu(z) < falz) < hn(z) Vo € I,Yn, BEH go(z) =, 2 € I H
ha(z) =, @ € I, 1: BETHEH fo(2) =, 2 € I?

(3) WA vn(z) < up(z) < wy(z) Vo € I,Vn, HEH ZU" = zclH

n=1

an =, zel, bEjﬁEHﬂZun =, zel?

n=1

.&z&ﬁzun 7 1 E—FBolesk, s g 78 T AR, E: Zg

“® I FE— ﬁl‘l&ﬂ
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10.

11.

12.

13.

(1) EFHE N Rl r € (0,1) M |un(2)| <77 V0> NV € ILEW: > un(z)
7 T F—S0hcsn. "
(2) HAEAE N 13 |un(2)| < va(e) Yo > NVo e I, B> vu(z) 1 E—

n=1

OB, W ) un (2) 7E T LSOk

n=1

K BORGH ) Leibniz B FEHET BN FER—BURSU BN H, 5
HHIEBA.
(1) #FXF Ve € (0,a—b) B fu(z) = Va € [a,b—¢], BEFEF {£.(0)} &
S, A B HED fu(2) = 2 € [a,0)?
(2) EHOH fn(z) = Va € [a,b), BEF) {f.(b)} WL, [: GeBHEW f,.(x) =
x € [a,b]?
# fa(z) — f(x)Va € [a,b], BFAE L > 0 3L

|fn(@') = fu(2")| < Llz" — 2"|Va', 2" € [a, 0],V n,
UEH: £ (2) = f(x), € [a,b].
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§15.2 —BUk St HIx

S 151 KR BOE S T HTE SR T 0, (385
RAEHFSCA R 05 699 90— BB

BT, BTSN SBT3 R, 3 — S RERR e
A RIEEI] (S, ()} B BATER (BB PR RIER), 55— 25 K th 2L
B (o), R EOR I AR, AR A AT A0 R A5 B 481
in = 1S — S|, BRBAHSE 0, — 0 RFRLL.

BB LB BB M BB TR LTS T S o, R
WIIRIN T ZEROE, (—1,1) 10, B L — SR TR, 55 b o £ 1
W,

xz(z™ —1)
z—1

2= ,
DL B

SR IXFENTA] 451 1 SE B bR B AR I —. —BCRUEEE — 28, BIK S, (2) B
BRFEAXRMAT], & I, TR T RS EER) &, R
T BB E RN R H B IR 5, To 55 BBUR ] R R AR AL S () HIME— B 50
FKixAK. B S(z) — Sn(z) BRI ry(x). TR ro(x) JIRE—NTEHFREL
TRIAE 2 ZENGEAS B H R ITR B PR — Bl Stk

15.2.1 Cauchy —BUt SN
B FG I8 e BUR HAE B 52 T B BB ) Cauchy — SRS ).

EHE 15.3 (BRI Cauchy —BULSUEN]) K55 {S,(2)} £ T L —2
WS FE D B BRI Ve > 0, IN,Vn,m > N,Va €1 :|S,(x) — Sm(z)| <e.
(FHYEZN R Xt Ve >0, AN, Vn,m > N : ||S,(z) — S (2)]| < &)

iE EM REE (S, (o)} £ T E—BRSCERIET BT I E Sk,
WCHARR R A S(x), MARYE {S,(x)} 78 T L—BUKSTF S(x), HEXF Ve > 0,
AN, Vn2 N, Vzel:|S,(x)—S)| < % TRAn,m>NKNENTEzel
BAYA
150(2) = Sm(2)] < [Sn(@) = S(@)] +[8(2) = Sm(@)] < 5 + 5
FeotE MRIEEME, FVe>0,IN,Va,m> N, Va1 :|S,(z)—Sm(z)| <e.
[ z € I, WM Cauchy WCSKHERITT WAL {S, (z)} Mgk, ICHARBR A S(x), FEXT
A e TIXFE, BAIE {5, (2)} RAWSKTRIEEE S(2), x € 1.

= E&.
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FMHAE n,m>NFH N X2 e I FEHER, EAEX (S, (z) — Sn(z)| <eH4
m — oo, HAFE] |S,(z) — S(z)| <e. RBOERUEHT {Sn(z)} T I E—BulsiT
S(z). O

H G RT DL B e R SO BT Cauchy — 0B SHE ).

EHE 15.4 (BHREBM Cauchy —BUTHUEN) RBOUHEEL ) un(2) 7
I bSO A B BRAEIEA Ve > 0, TN, Vi > N, ¥peN, Va e I

1 () + 2 (@) + - + ()] < 2.

(FEHENA: Ve > 0,IN,Yn > NVp € N: |Jups1 + -+ unipll <e.)

15.2.2  BREINZE—BOK S EL LA vk
X ERE A —B st avE HEARES §11.3.1 ) X4 i
FINE LA K §14.2.1 o E A T 4% 50 ) B3R AU EAR [, BIVXT 45 5 B ek 400 2 450
iun(:ﬂ), r € I WB—I40HE, R FER—DEMFHECRESE. Bl
%;éierstrass (ELER) HIBE, BB RNIE, BB RNEESE.
BR $ TR E— B SR B BRI AR TN T R BRI 4K iun(:v), r € I W
n=1

—I [un(2)] San Vo eI, B an WS WY up(e) 76 T E—H0l8K

n=1 n=1
(P Z an AMEBEREHL.)
n=1
iE S ESEE D a, A Cauchy WSO, BIxt Ve > 0, 3N, Vn > N,
VpeN: "
0<any1+ - +anip <e.
R IRYE A A SR

[Unt1(z) + -+ + un+p($)| [unt1 (@) + -+ + |un+p($)|

<
<Gn+1+"'+an+p<5,

AT DL bR T R H Z up(z) 78 I E—3edh. O
n=1

L OAER SRR AT, I A — IR A ) BB  Jun ()| 7E T
n=1

LS B BATRR R BRSO > wn (w) 7E T _E— BRI

n=1
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LRI, 25— B BORBEL D wn () 76 T EA (hbAd) Zaxifesh, We e 1
n=1
ER A — BB 1R AN T B8 EL BRI R AR
E2 FBCUTERS, IR AT RERITE AT R A B 0, = sup |un (2)], 5
zTE

FOHS 0, ARG A EH, MR MR ST 1 S0kl 2%
AR, WA AR, B ECA AP
3 RBRBINL, B A REORGE S (x) 7 1 LSRR,
R T B W B A 5506 S0 B M B BRI T L, X445
BT, BRI I ETI S 0, RIS n 02 FAIRGR:
ap > sup IUZ:(;J)I,
T st A B T2 T R R, 0 e R SR — SR
B, 4 1= (0.1, b5 XA

o) x:lu

0, Hfh,
WA an > % B an —EREL RTBXE w1 (2) + -+ gy (2) REEp A
n=1
AR e = gy BT 0, T BAER 08— Lk p i
TR 0, FIHR RS
0 < upt1(x) + -+ upyp(z) < ﬁ’

ATRGEY  un(2) F[0,1] BBt fesh.

n=1

I B A Ay vl AR BI7E A 5 1 Fourier 03818 A FH1I4518:
GIRE 15.11 2 Z a, XTSI, W Z Gy, cosnx F Z a, sinnz #;ER L—
n=1 n=1 n=1

iE XA R RO D Jan| MEREBEIFT. O
n=1

15.2.3 BREIEE—BKS Abel-Dirichlet 35172
5§11.3.2, §14.3.3 —FF, X EWNH VB R BRI,
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(1) Abel —EHISHFIRE 3 R BN EL Zun ) fE T _E—2uless, mk

5l {on(2)} 5F n BWHMF n e NFoc I —EHR, )ﬂuzun (@) 7E 1 L
—B0figh. )

(2) Dirichlet —BB&FI B  # B SR %K Zun ) B0 43 il 55
{Su(@)) #Fn e NFie el —BH5, BHII {on(@)} T n 38 H— B0l 8F
0, wzun z) 7E I _E—3lkesh.

iE RN —BSAIRNE T RS {v, ()} XT n BHRE, G-
z € I, \\ Abel NER A
[Un11(2)Vn11(2) + -+ + Ungp(2)Vngp(2)]

< (na @] +onsp(@)) | max - u@) + -+ uno)]
KT x e TR EMF, 193]

Jtns10m11 + il < (omsal] + fonspl)  max g+ -+ ull (15.3)
n+1<Ii<m

<n+p

TXSRUE B PN 102 1 3[R B A
(1) 7E Abel FIHEH, BLM > 0815 ||v,|| < M Vn, J-JFXTZun ) H Cauchy

n=1

*ﬁuléwuﬁw BiXf Ve >0, 3N, Vn > N,Vp € N, BOL [upg1 4+ + tnipl| <

o, MR

lUnt1vngr + -+ un-i-p”ﬂ-i-p” < (lvngrll + an-i-p”) : ﬁ <é€,

AT %0 R B R B Z upvn T I _E—B0ksk.

n=1
(2) 7& Dirichlet #|5ikH, BUM > 0475 ||S, || < M Vn 3L, RJEX Ve > 0,
1o WA Vp e NH
€
[unt1Vn41 + -+ + UngpUnpl| < oM 'n+1<1l%7§<n+ [Sm — Si—1l
< 25\4 2M < g,

Tinﬁ_ﬁﬁzﬁé&ﬁZun (x) £ T E—Bulsh. O

iE ﬁé’ﬁﬁ’]#ﬂﬁﬂ/iﬁEPtafﬂT%Tﬁ’J B S, BB SBa A
P X5 R TR R BB S A, Tfﬁan% AR AR
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R RR B E ENTE IR FE R E X, BN A AR B AR
FE—/NMEH T A RBMILRAR. XTI B8 {S,(x)} R, #iE IM > 0,
Ve eI, VneN:|S,(z) < M. XENTHEETLRMES || S, || hBFEF.

BIRE 15.12 EWT: WEORZE Y SIL g (0,2m) by b Soksk
n=1

E A REXT 6 € (0,m), iﬁwﬁ@ﬁiﬁé&ﬁﬁ [6, 21— 0] _E—ulksk.
F AR C & A AL, BI7E sin = ;é 0 FH

COS Lx — COS M.@

2 2

2 sin lx

2

|sinz 4 -+ sinnz| =

|sin%x|
" WAE x € [§, 21— O] I
[sinz + - - -+ sinnz| < 1 ,

sin %5

ERYRFONEEL D sinna KESFERES {9, (2)} FEXA [, 2m— 5] L—BH

n=1

R S—ARTF L AT 0, A5 o B, WECER%T ¢ —5L M Dirichlet —
SCSCHI BT RSB, O

BiRR 15.13 iEHE: PREONSEL Z Sln% 7E (0,2m) bEAR—3kesh.
n=1

(SEFr L35 — B0k, WA B FEIHEELE (0,2r) LA H—BSLT. Xl Ti%
T = 0, 2 AL ERWL S, I EHE (0, 2m) _EAR—BUk SN T4 [0, 21 EA—
Hss.)

HE 0T Cauchy — S Sk R0, B8 HOM P EK Zun )AET EA

— BB R E LA Teg > 0, VN, In > N, IpeN, Tz e I H
[ny1(w0) + -+ + Ungp(z0)| = €0.

XBEEHOWRE co,n,p, o, ARAKRES T .
SCT AT I FE 97 G 500 Canchy oo ME B A 80 > L A FAEA
SHEMET, SR TEH 320 > 0, VN, 3n > N, Ipe N, &

1 1 1
e — = >
e e A e

SR WA, Wp = n, W ERZEYD > Jo = 2 ARM ey = &, VN, #IR
n=p= N, PR ER, R L RS
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PRAE B2 BRATT T 1 0 B 1) R, BB A ik 2
sin(n+ 1)z sin(n + 2)x sin(n + p)x
nt 1 nt2 T Ty
FIFEL p = n, XGRS RNTET 2n, 4 TRIEZRBM BRZEN
(n+ D)z, (n+ 2, 2na. Wag = - BAT MESAI#ELE (T, 0] 24, &

B Lk AR TAKT sin T = Y2 Wi 0 T2 A AT

Ll V2 V2

2n 2 4

FRAER = Y2, YN, Bn=p= N, Bao = & 0#
sin(n + 1)xg sin(2n)zo V2 1 1 V2o 0
Tt g > AR (G b gy ) > g =

TR T REg Y SO0 7 (0,2m) EA—Holesk. O
n=1

%33
1. WLVB;EWglﬁﬁé&ﬁﬁ?ﬁ‘%@lﬂi%ﬁ*ﬁq&ﬂ;
(1) Z r"cosnz (0 <r<1), R; (2) Ze_"zw2 sinnz, R;
nozol 2 nO:Ol (_1)71
(3) ,;1 (arctan T +n2) , [0, +00); (4) ; e R;
o~ (D) (L—e ) . S n .
(5) nz::l S [0.+0): (6) ;(1_@;@ , [0,1);
(1) S -2, 0,1 ®) 3 e, [0,1];
n=1 n=1
o~ (—)ran , o~ (=D)"a (1 —x) ,
(9) ;ma (0,1); (10) ;W7 (0,1);
L . -~ s .
(11) ;sm%sﬂﬁ e () (12) nd%, [0, 5 ;
= ei% COS NT - COS%H
(13) > 2 nir [a,+00) (a>0); (14) ; NeEwrk R;
(15) nglhl <1 + T 1)ln2(n ) > ,  [—a,al;

(16) Y2 smgn%, (i) (0, +00), (i) [8,+00) (5 > 0).
n=1
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FTEF HHALKES TR

10.

. (1) {EBH: Ezwn )| F T B30k, )JJZun YF T E—Bullsk. X

[ }izﬁnﬁ‘?
(2) 256 BiHd: BIAE Zun ) T I E—8ulkest, BizgT I _Eabsbdaxti

n 1

0 ARLIBIE S ()] T 1 E—S0ldh

n=1

BRH Zun fE x = a,b AL, B u,(x) #BAE [a, b] LK)

PRIE, UEBH: Z un () 7E [a, b] L—20lksk.
n=1

W {fu(z)} AT EREREES, B f.(z) = f(z), z €, iEH: (1) fET L
B (2) {fo} £ T E—BEG 3) /@) =z ef@ z el
W A{fn(x)}, {gn(@)} & I LRI E R RES), B 1 E—B0lsL, iE:
W f1 € Rla,b], FFHEPAHE X fri1(z) = Jz fu(t)dt Vo, IEH: f,(z) =
0, z € [a,b].
# {fn(x)} A [a,b] ERIFTRRES, 1 [a,b] b —B08K, kM-

r fat)dt =, z € [a, b].

(Bendixon H|7¥%) % Z uy (z) 1E [a,b] LHESK, BAFAE K > 0, 15
‘Zuk ‘<KVx€[ab]V
UEBH: Zun la, b] L—Buksk.

B an 0,3 Vil — ano| WS, BAHE K > 0, (408

1
- uk(x)‘<
< KVz €la,b|,Vn,
\; o la,b]

UEB: Z anun(z) =, = € [a,b)].
n=1

WEW: fr(z) = f(x), z € T KR DEFRMR: XV {z,} CT:
nhjrgo[fn(xn) - f(xn)] =0.
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§15.3 —HM AR B R

15.3.1 [N
WAE x € I B WS RR BT 3
Zun(:v) = S(x),
n=1

M= 4T MR E S(x). 5 E AV EFRE, Mg THREX, S S(a)
MTLIFEB RN, REMRZERIEFEGH. HREZHNHELADRE, XHEARH
S(x) NRMIERE, T LTI RBUR R E X S(x) KFRE.

A LAERAR, X T X AR R S (x), B BRI E R, shFEEE T
FIRBORBAT . WSS BE A e R BRI T8 S i) R, Sk T A0 R R M BN e T
TREHP LA,

LT e AR A B =AM 0 38, BURTEREL S (o) MIELEE . WA AR M, AT L
Pt LT i) .

(1) BB I w, (x) #R T ERESRE, MBI R RS S(2) —2EH
K& T ERES R KR, ﬁﬁﬁﬁﬂ‘]%@?ﬁ%?ﬁ%ﬁ?%ﬁ@ﬁﬂ@%U:?

S FRB WFE T EARREL S(2) =D un(z), MARBAE A 20 R ELEN
AETLRAN 7 .

S(xo) = Z un () = Z mli{lmlo un(x) = wli_)rgo Z Up(z)?
n=1 n=1 n=1

K2 v — zo BIARBRIE AR5 GER AR5 ) A8 45 5P (1) i 2.
XFREF {S,(z)} MR, WHAE T ERRRERECH S(x), WELER 2o
ST IESEY ) ] LRI N
S(zg) = lim lim S,(z) = lim lim S,(x)?

T LR e A A AR R 1 A 80 5 e i) .

AT B — AN, BRI 15.1 RS {2} (2 € [0,1]) KHE, 7T
UL R SWSRAE B, AT DIE, & FRBEBAMN S HsL, 27 I E—3
W ShER 2R /b A P — B i, I T <A 3t P A S P 3.

(2) BE— 2D B PRBCEIR w, () 78 T LRI, W0FE ] itk BE A 15325 3 A1 b 4
£? THEBATSHE, £ K& TR RRRLE. A, X EIEW KBk
AN B8 ) PRI A T L 2 ER BT S(a) I, R EREBHZETR T
7T R AN R B 5, B
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1= i D) = 3 T

n=1

Ktk R HOR AT L 'i&éj(:k%ﬂ BN i 7.
T ERES {Sn(2)} BRI, BIHAE T _ERIRRRECY S(x), MEREF
1) AT LR
das _ ihrmS()—lim

dx dx n—00

TX BLR] AR PR A FR PO S4B I
(3) ZE TR 1) R b, A4 2 A B8 LRAIE B RN Bk BT AR ? ZE AT AR L
Xi‘%ﬁﬁfU\ﬁﬁé&ﬁﬁlﬁ*fﬁﬂ%ﬁ%ﬁ@ﬁ%ﬁﬁ? X REEMN N E. BGEE
H BN FE [a,b] ERITESE FE Zun(x), WHTE [a,b] ERIFRECH S(x), &
n=1
wH

JZ x)da = J Z up(z)de = i Jb Up () da?

n=1"%

Xt {Sn(x)} Hjﬂsﬁﬂlﬂz. WIHAE [a, 0] ERIRIREEN S(x), WERT

AR TR AT LA
Jb S(z)dx = Jb nh—{r;o Sp(z)dx = nh_)rrgo Jb Sp(x) da?

TX BL R P A FR PO A 43 I

AT DA [ 5% T EE S B8 A, 0T T R T AR ) R, 2 41 3 B A
i) rUASWSIUR A BEAR YIX L8 ) LY. IR FAT T 2 30 BE kS W SR B i — 2K
WSS T H R

BIRE 15.14 (A AT P A FE BB 15.1) BR 8 {2} 4 —T04E [0,1] 1i%E
SR, SR e AR R BR H R
0, 0<z<1,
s~
1., z=1
FER L AES, YRERALTTRT. O

3 3

{n, 0<:1c<l

" Ay
0, %<x<Lx=&

PASRH HAR PR ek %L S(2) = 0V € 0,1]. EBs b, W F 2 =0, 4 S,(0) =0,
AR S(0) = 0. %F zo € (0,1], FFEE N, 48 < < 20, WA n > N B,
S (wo) = 0, BIHARBR S(x0) = 0.

FHRRAMEEX AN RFFIZE [0,1) EREBR 1 — oo AR He.

B 15.15 &7 [0,1] EXFEANn 4 S, (z) =
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KRR E RS 0 J; Sul@)de=n-L -1 R Jl S(z)dz = 0, B

1
1= lim J Sy (x) dz
0

n—oo

e
s
2
&
jol
8
I
S
O

15.3.2 HE&H e

EE 15.5 (EEMER) (1) WKES {S,(2)} 1E [a,b] LS, 7E [a,b] L—
BT S(x), W S(x) 1E [a,b] L.

(2) BRBOREH Y un(2) WE—TEXA [a, 0] LHELE, 7E [a, 0] L—H0k

n=1

8%, MIHAEEL S(x) 7E [a, b] LIELE.

S RAE (1) BT
B, 10 € [a,b], 4 |S(2) — S(wo)| AHFAIF (1B 3¢ IVEER S Irik):

15(z) = S(wo)| < |5(2) = Sn(@)] + [Sn(x) = Sn(20)| + [Sn(z0) = S(wo)|.  (15.4)

SFHEER e >0, IN, ¥Vn = N, Vo € [a,b] : |Sn(z) — S(2)| <e. FRAE
n > N, (15.4) AIAKHE BB = E2 5N T e

H TR ALK IR 2%, HAE n UK TET N IERANTH,
K AE TLREZAXFER n. BUE n = N, XFEHE ]

|S(z) — S(zo)| < 2e+ |Sn(z) — Sn(xo)]. (15.5)

FIH Sy (z) € Cla,b], FFLES > 0, Kz € Os(m0)N[a, b] B, L[Sy (z) — SN (z0)| <
e. KB (15.5) AL, 24 2 € Os(xo) N [a, b] BHEELE |S(x) — S(xo)| < 3e. XAERL
UEBI T S(x) FEM xo HEE. BT xo ATLARE] I = [a, 0] KE—A 5, B ELUEY]
S(z) £ I = [a,b] Bi#ELE. O

SEHE 15.5 HP I — B RIE TR 44, BRI, XTI T A2
A S X A HABKE B0, A A — Bl e 2. Xl R TR,

it (1) WERES {S,(x)) #EX A T EiEsE, HiZm$I7E I _ERm—2uk
AT S(x), W S(x) £ Iojo:ligi’

(2) BREIRGH D (o) WA —TAEX A T 1%, HRHAE T ERp—

=1

S, MICAER S S () 75 T EES:

SE - RRF (1) FE AR,

%t wo € I FELER RARI [c, d], 54 20 € [e,d) C I 35 20 5 T 1P A, MiE
ATLMBE] ¢ < 2o < d. BIFEEI {S,(2)} F T F A A — B, B [, d) £—
sk, MR 15.5 MIEM R, S(z) fER zo S O
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1 OXEEE BRI R AR, BRSNS, ELAR
JEt A AN SR P D B, SRR AR ) LS 15,5 ikt
P A — B O ) K.

SE O R S 0 28 A D R O R R R,
SR R ST B SRR, T — G2 R4 P — Bl 8. B [0, 1]
) {an} BRI, TG 151 Bo ST D BB 15.4 1045,

BIEE 15.16 MBI 15.12 01 > SUAL 75 (0, 2m) b iy 1 —BoKes, Rkt
=1

FIpRE S(x) 76 (0,2m) LiEZL:. O

E BT EREET 2« =0, 2k BARBELT 0, T B —TER A 2m e
, Ktk S(z) 78 (—o0, +00) At FHE X, HARM 2n AR E. WNEHAE
WBEFR), XANFRE S (z) BB AR S 0, 2n7EN I 2k (k € Z) AESE.

BIEE 1517 MT ((2) = > =, CAMEIR (1, +00), WHEHELEYE

n=1

R X FUSER (1, +oo) HINAE FMAIXE [c,d], RIHTE 2 € [c,d] EROL
% < #, Kl It F Weierstrasss A 5l v5 518 R EAE [c,d] E—Bls. BT
[e,d] C (1,400) KRR, FILEEAE (1, +00) E A —ledt. TR SN
EHFE ((r) € O(1,+00). O

E LR EXEARA - HFEGANE BRSO ER. R Va, €
(1,+00), Bl e, d HR 1 < ¢ < xo < d, 5 W1 LT —FEUE B ZHAE [c,d] b—
Bole sk, AT R BOAE B o 3L, BIT 2o > 1 BEENE, IEEE.

A5 PR B $ SR bR 5 038 M s B (0 S BN RO, R T — M

FiRR 15.18 & 7E [0,1] L Sp(x) = nz™(1 — x) Vn, WA CLE H %R 8 2
S(x) =0Vaz € [0,1]. ERTLHEH _FRREFIZE [0,1] EA—Blksk.

iE M REE sup]|5n(:17)—5(:1:)| = max S, (z), BT HMS¥I72

z€l0,1 z€[0,1]

St mT DL E A SR
Sp(z) = na™(1 —x) =n"*! (%) (1—-x)

nal 1 n+17( n )’n,+1
sn (n—i—l) T \n+1 ’

BAATTAE], B tm S, - S| =+, MRSk O
EOBBEE XL TA 0 M S, (2) 75 0, 1] LEE, XERS KIS E
15.3 KBNS, AT IO TR — B0l S i B .
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SR R T A PR PR K5 (BRI B ) RSk 2 A, o T 4 pr 0 P m b 3R
Y O TSR BT AN AR5 ), BEAT DA — SOl 8. X3 Dini R H.

EM 15.6 (Dini &) (1) ¥ {Sn(v)} 12 [a,b] LHZELRES], BXT n A
BIRFES, HARPR R S (x) 7E [a, b] _L3ESE, MIZRBBILE [a,b] L—BUEL.

(2) 8 S un(e) RIEK A [0, 0] EAR-5 6065 8 BTGB, HMEAH S(2) 7
n=1
[a,b] E3ESE, WIZ R BOIREBAE [a, b] £—BSL

it (ABERBETE) HikW (1).

ARG © € [a,b], {Sn(z)} KT n HHRPDES, BIF S, (x) | S(z).
LN BRATERE [a, 0] FI— MRS, HSIE 15.4.

WEHE e > 0. fFH 29 € [a,b],
WM S (x0) | S(wo), F4E N, 45 S(wo) +e ~-1iS@) te

S(wo) < Sy (x0) < S(xo) + & gj(vgfff) = ?(V;)fv)

MM Sy (x) FAKFR B8 # S(x) #AE !
zo WEHESE, FFIES > 0, i3 Mz € '

Zo N——
05(170) n [CL, b] ﬁﬁkj Os(z0)
S(x) < Sy(z) < S(z) +e. Bl 15.4: Dini Z32IiE9 698 £ 4 Rt

XEERAARE T 2o — MBI O5(x0), BAFTE S ZALEXS K —N AR N.
HT AR, 2 n > N, |z — 20| < 6 B, L S(z) < Sp(z) < Sn(z) <
S(z) +e. 7EE 15.4 FRi2%AE N AR A:

{(z,y) | x € Os(x0), S(z) <y < Sn(2)}.

X T AR 20 € [a,b] EXAEA, AT [o,0] —DNIFER. HAERESR
EH (ENEH 2.29), 7 LR B R P AR R TERS, Adh O, - ,0,, B
MIEBRET [a,b]. FERENIDANNT FFF Ny, - N, iR Vi e {1,---,p},
Yo € Oy, AL

S(z) < Sn,(x) < S(z) +e.

BJE, N = max{Ny,--- ,N,}, WX n > N B, XfG— z € [a,b], FAAEHR:

i, i8] 2 € O;, NITFE
S(z) < Sp(z) < S, (x) < S(x) + ¢,
K2 S, (z) — S(x)| < e, NTTBIER T {S,(2)} 7E [a,b) E—BSAT S(z). O

i #EK Dini @B A HIXA] [a, b] SO HARKRI X E] 1, W QB Z080Ch
7E 1 _E A —B SR AT 8 TR SRS H .

O %kJE (Ulisse Dini, 1845-1918), & KFIF#K.
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15.3.3 T4t PR e 2
SEgE X E] [a, b] b AIFR 535 A% PR ERR RN A2 He e 2.
EH] 15.7 (1) (oK REE) ZHRES) {S,(2)} T |a,b] LiESE H—30ksk
T S(z), WAL
b b
J S(zr)dx = limJ Sp(x) de.

n—oo

(2) (BT 5 52 B0) BEoRBORGHL D () IR8F—THRLE ] [a, 0] Lk,
n=1

BEHBAE [a,b] E—Besk, WkarEs
b

sz (gun(w)) de = iJ tn(2) da.

n=1"¢%

iE R H (1) BAEH. XIFAERE 15.5 4108 S(z) € Cla,b]. HEEMTH
Jb Sp(x)de — Jb S(z)dx Jb |Sn(z) — S(z)|dx

< max |Sp(z) — S(z)|-|b—q]
z€la,b]

<

=[|Sn =S| - [b—al.

FIH {Sn(2)} F [a,b] L—8B0KSTF S(z), Bt EXADL Y n — oo ST 0. O

DAE% e LR B — S BT RMX I T E, RN RECA 0,2 €
I, Btz [, o B0 BRE, XA DA FCR IR %51 (B ) @l o4
SR K R 50 (BREEK).

Wit (1) BRSNS, (x)} T I s, WHA—BUSET S(x), M xo,zel,
W) R ST
lim r Sp(t)dt = r S(t)dt,

n—oo x0 )

&@w}ﬁltwm—ﬁ&ﬁ

a@ﬁﬂ{r

(2) T ERELIN R EL Zun(:v) HI4F—IERLEX 0] T BIESE, RBAE T ENH—
n=1
BURSK, B xo,x € I, ML

ﬁfﬁhmg&=§ﬂzw@&

n=1"%0

HE R PR BOREAE T g P — B0k
iE R%&uﬁ%@iEBﬁhmﬂi%%@wzﬁﬁggjx&@&:

o

J“sma.%{r:%ma}%mﬁfiﬁﬁﬂm%@ﬁﬂ,magmwzﬁf

xo



§15.3 —BUKMS BRI HER 245

AT J © S dt.

BUZER [e,d) C 1, B W55 3 i 56 5051 {J S () dt} % e,d c I E—%
WS R (e, d] RREF, B 20 € [e,d], TR o € (¢, d] A
LO S(t)dt — L S(t) dt‘ < max S0 (1) = S(0)] - |d — e,

HAFHT [x0,2] C [e,d]. M {Sn(2)} T [c,d] L—3ulks, /T W EXALH
n — oo RELTF 0. O

BT 15.19 K Z —tan— 7E (-1 m) _ERIATRR S

M0 > 20, M (o < T, [2/27) < T4, BEEHOL Y b s
n=2
MIAE (=1 1) _E—8lesh. iR f(z), Xz € (—mm) HZEIMA S e, F

! N S B 3 Z
Jo f@)de = ZJ g tan 5 —dt = lencos o

n=1

n—oo

. x . x
= —nlin;o21ncos2—k = — lim 1n(cosicosz COS2_n)

= — lim lanx —ln( lim Lﬂcx)

n—oo  2™gin - n—oo 2" sin =4

2 2
Z
—ln( lim Sz 2" ) — ]y Sinz
n— 00 T sin £ T
271

—R Y 2 = 0 WEFY HARIRE 0. RJGHE 0 # |2 < X o« KT, iAe3)

. / .
f(z) = (—ln s1n:1:) __ <cosx _ s1r12:1:> —cotx — L
x sinz x x x

T fAE (—mom) BiEgE, FIE ERREX TR 2 — 0 A2 £(0) = 0 (MR
ROEHHL 2 — 0H7F). O
E ERBIEAEL T BRI, B BORER, RE RS

15.3.4 K5 H PR e 2
X B H RS — X (] T RAUA e .

EH 15.8 (1) (RSWRERE) WS {S, (x)} FEXE I _EAFFEESH TR
B, BOFER— Kz € TS, ORTIERRES {S), ()} £ T LA HA—20lk
S, WREPR R HL S (2) = lim Sy (2) 76 1 EAFAEIELRH T oA, HOL
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S'(z) = lim S (x).

TLHOO

(2) (BIR T B B o BT K Zun ) A un(z) FRME T LA
SN G A, EOER— R € T AR, ST G RS B BB
Zu ) 75 T b py b —Boliesl, WA S (2 Zun ) 15 T BRSNS
W, A

dS(z . d > dun ()
d:C T dx g nzl dr
iE HEH (1) BER.
FIRM R R EL S (2) FERL zo DEF E X, A Newton-Leibniz A3, 33|

Su(@) = Su(wo) + | S(0) (15.6)
R {S),(6)} 7 [ro, 2] L BOBBUNZAF, KIBIRIAGE D T S,(1) = T(t),
H4 n — oo, MAEH 15.7 B (15.6) 53]

S(x) = lim S, (z) = S(:co)—i—r T(t) dt. (15.7)
EFEFUEH TR RS S(2) 76 1 AL = . BT T(t) %L, B (15.7) 5t
53
S'(x)=T(x) = 1Lm Sl(z). O
T OEEERESWHEACHEAEARZ L. T 15.8 PR EELMFRINES R
HE R R E S (BOETK T 515 20 R B A ) b, BIESRE A P — B0k, Xy
TIRRBI R ES) (BREIR R E) W R BRI —AN s RSt s 7. fildn, Jyim Wil

n;l Slnnn(E , (158)
BT E AL WS, 7E (0, 2m) P9 —BSL. (BB TR T 5 R R

00
E cos nx,
n=1

AT LU BT e @ R B8, A0SR0 BITA S 2 R 95/ e, BB AR A R I
BREDT T AT (15.8) IS GHORTOR SRR TREM. MREIHAER (15.8) 1
MBS, R RRE 5 (2) = — 76 (0,210 LAARHOT, FURARTHEF 528
15.8 K 5/ ().
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2 ]
(1) BFHAE (a,0) ERIESLERET {fu(2)}, ERESWSKTHRBERE f
C(a,b), B f.(z) & f(x), z € (a,b).

(2) ZHAE R EALAELLRRES {fo(2)}, HEH fo(2) = f(z), z € R,
H feCR).

) f(x) = Z 2" sin 3,1% , x € (0,400), B AIESL R
n=1

(B §15.2 (%> /8 1(16).)

P TI o D
- SRARPBR: wh_}ml; -

L KFRIT (=} v € [0,+00),

(1) sk H AR B 6 4

(2) A: EREBILE [0, +00) R —Boliesh?

B {fol)} R [0 b BRI RS, BLAE [a,b] E—BUKT f(x), iE:
J”” fat)dt = r F(6)dt, € [a,b].

B {fol)} B [0 b EITTRERSG, XA f,g € Rla,b), BA

Jim [ (7.0 = F0)2at =0,

WY [ ()t = [ F (gt 2 € [ab]

a

IS T ST K LT — Bk st
W {575+ (0.+00)

r+n

@) { TTnia } 0, 1;

(3) {tan” =}, (i) [0, %], (ii) [0, 7;

1

(4) {(Sinx)g}v (1) [O,T[], (ii) [6,7'[— 5]7 EEF‘ (NS (07 %)7

() {2 b () 0.1 -8], Hsh 0 < 5 < 1, (i) [L—6,1+0], 0 <5 < 1,
(iii) [1 + &, 4+00), HH 6> 0.
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7E [0, a] E—2lesh, Kb a > 0;

2) W : iliﬂlZ 3—1—90 :; n3T—L|—1'

9. ¥HH Z ne” " 7E (0, +oo) LIFIRRELA S(z). MEMBETE (0, +00) FAb
n=1
e, Ik | " () de.

In2

10. UEBATE |r| < 1 KRR F155:

- 1—12
1 2 & = 9
+ Zr cosm 1 —2rcosz + 12

n=1
FH-FH'BIF 1 Poisson A A F:

T 1—T2
J 2dgc=2TL
nl—2rcosz+r

X la): ReTE FH HoAh 772 skX AN @ AR 40
11. #EM: Riemann zeta BR%L (= Z L X H (1, +00) HHEEM FRE.

o0

12. (1) flz) = Y m z € R, (i)iFM f € O(R), (i) IFHI X
n=1

o j f“’ ) da B, (iif) sk H b3 SRS I

o0

(2)k g(@) =Y % z €R, KISH.

n=1
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§15.4 BEH
BUETT IR P R B I PR B R — 2K R BT AE K
o AU EINER: S
AT )
Z an(z — 2)" (15.9)
n=0

AU xo A ORIREE, MPRRRE. R (15.9) FHRKAZMN n = 0 TR,
AT AEHEE LS T LR P ¢ = o — a0, FH ¢ 00 2, TS REEHITE N
> ana, (15.10)

BILL g — 0 Jrbob UG, DL F A R & PR M T2 T L (15.10)
AT, AR I TR B BT S R
BN n REE 0 25T 0, MFLBH (15.9) REZTR, % ay = ¥n

R, MRABJUTEE D o, BB F MG 2.10. BEAh, BIE 2.11 B

n=0

Z na" WRARHE.
n=1

15.4.1 BB

eSO 55 2 AR

SR BRI (15.9) RIE S an(o — a0)" —5E1E 2 = 2o AT T a0,
TR (15.10) RERLHON— 75 o — 0 Lk,

T B S B AE B 254 A2 91 3.

EI 15.9 (Abel F—FH) (1) HRHEH i anx™ TE R 1 # 0 Zbiesk, M
RHTEL 2] < o] B o AR

() BRBHS 0™ R 1 £ 0 BRI, WERIELERE |a] > 1] 05
v RAHE "

AT (1) B (2), B R ARED (1).

WIEES” ot BT, T ana? = 0, RTTAEHE M > 0, B ana?]| <

=

M V. BAEXN FEAA SR  ana™| FIBITAT LS AR

n=0
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n n
| = e || < 0|

PR o] < [or| BREATLUAMEIOLAT S S M| | fEo0 g
w (1) o, O i

MR Abel S5 MERER R BRI 0,07 < [anet], T8
ATV R I 2 P PR S it WSk, (F AT & R 7 2L
PR A M TR 53R A 1

{1 Abel 85— ST Ll RS OURIRSAE. AT A — .

EE 15.10 (FRBESERMEEEE) W ) g R0 £ 04

n=0
Wesh, NAEF — R zo RE, MAFE—NIES r > 0, R XBRBAET AW
lz| < r W o AbUSk, TAEFT AW (2| > r B o b REL.

IE ART 21, w0 BISAFFN Abel 55— & BRI ANEUER
A={z>0]| Zanxn sk}, B={z>0] Zanx" KA,

n=0 n=0
#WAE=, HVa € A,Vy € B, oLz < y.

SR ES B 5 8V e AVyeBa<r<y. Fr>0.
AR W L o

o WAL |of < r. ERYECT o REG WM [2] < 5 (lo] +7) < 7 FI Abel
R A RMIE A (ol + r) AR, WA 2R 5 B B 5
Vye B:r <y XE. BEHEHL |z <r i 2 408 TREE R,

FIREBE o WL (o] > v, TIRSHT o AL M 7 < L(lal +7) < [of B
Abel 55— 52 B URGREAE R (o] + r) AbHs, TS SR F R A, (X
HvreA:z<r A BFLHE [z > r 102 SRR FEEMES0R. O

1 B T S TR PRSI 2 AR

EX 15.4 (1) FERYH S ane” 7 o £ 0 HALREL MRS,
B 0; i
(2) BREH S ana” XWHA o B, WZRIRIBECER W +oo;
n=0

O XEAT §2.1 FSBRESERE. SR W] DU 5 & S0 1 i S A7 78 el
FoAt 5 BEA € IEH r BIAFAE I 58 BAE .
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(3) M FHALNEL, FRIEB r > 0 WRHED ~ ana™ HIKSCERR, 3 RETER
n=0
R |z| <r BTA o WS, fEH 2 2] > r BITR = AR HEL

AT 40, Z anz" FISISE =Mre: (1) EREEIUNES 2 =0
n=0
AW S, WSk A Bt 4k {0}

(2) ZRRBAE AW, WEOF 2 (—o0, +00);

(3) ZREHA EWSCER r, T = +r TR BSE KL B &l fig
WA KA, FHWSUEAE 4 FATRE: (—r,r), (—=r, 7], [=r,7) ® [—r,7]. ATLLH—
MRFERIE S (—r, r) REBERELAWALA—FF. B8 2 = £r AW F BN —
T EEBHE.

SRR — M T 45 R AV RSO Cauchy-Hadamard D A3, 3
I ES N P EHE. e HEH Abel —EH 4518

EE 15.11 (W ¥ 28 Cauchy-Hadamard 23) X THHH Z anx"
n=0
s r it E AR

- 1 (15.11)

E—m Vlan| 7
BZe: HHAHKDEER 400, W r=0; HEFRSER 0, N r = +00.

iE 38 un = apa” Vn, F §14.2.4 ) Cauchy HEHIRNE, T
T Vel = T ] ol
LA, 35 Tim Ylan| = +oo, MBEEE AT = = 0 sk, B r = 0; 3
Tim Ylan] = 0, WBELEIHFEA = WL, B r = +oo. DRI B AP 20 58 T
MFARTHIRS, B Tim V]an) HHEFRIES, M Cauchy HREHIBIERT W, 4

|z| < r RTREHBSL, 4 |:v| > r BPRGEUREL. RIS r gl e X 15.4
ek O

M Abel 55— EHEEH Cauchy M MIVEEEAT US| F S BEE AL,
W BRI ane” MRECERNE R r > 0, W |of < r FREHE
n=0
Lot SR, T4 (o] > r IPREGBBIUR R I FT /M. (A Abel 55— < 2 i iE B
AT I I BB — R T )

O BTk D (Jacques—Salomon Hadamard, 1865-1963), V4 E (24 5.
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BIRE 15.20 5k > L HUMCICER r MBS,
n=1

n

R HEIH

Jm Vla] = lim T\L/%_ (1im1’{”/ﬁ)s =h

HABARA 1, FISCER r = 1.0 RTFHZ SRS, X« = £1 RN
FBUE B RRSL.

7E s < 0B, o = 1 BFRFEUREL. Flesosnh (-1, 1).

0 <s <1, o =1KREEEE, Te=—1K%EH Leibniz B, KL,
M H A A TR (-1, 1).

7 s > 1, WSl [—1,1). e AR R At si. O

E XA T 3R T LR i A R 4 A M SHORN Sk S % T T
HARAELEN.

BIE 15.21 % 3 nt (L) MBCHCEER RS
n=1 n

1 i, = ”'(x_;)n 32 B MO 56 D’ Alembert B 5 3 109 (1
§14.2.3), WA

lim

n—oo

n 2
:JLﬁ(ﬂ—i—l)x?Mw - %
HIER LY (o) < /e BFRESE, T2 2| > e WREURRL WalkERz r = (e

XFF g, W o = /e, WM Stirling AFEIE u, ~ 2, BEEAET 0,

WHHEE MTF 2 = — /o IR BRKSURA (—v6, Vo). O

B2 ORI Canchy IRECHHIE (L §14.2.4), %W g/, = o2 L0
ALY L T S# LR, O

AR ARSI TR T RGO, IR % R
B TR L.

iR 3 MENFEETLLH Cauchy-Hadamard AR, B LR € X5 H
RAHOE R

Up+1
Un

)

Ty PATH5E

. k/7] 1/2
T o] = i o] = g () = 2

n—
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ARSICEREA Ve, HeLME L. O
o RXABIBER I DU &R R gk v R4, TA—%E M Cauchy-

Hadamard A 3.

BIEE 15.22 K 3w MHCSCE BRI,

n=1

WU b —AMB R P B = D5 VA AT AR B4R - = 0 ISR, RIS
SEETTEE {0}, 40715 MRS,

BIEE 15.23 K ) Cra™ MRSCERRARSOR, o RRAE AL, 1)
n=0

_ oe(a—l)-~|(oz—n—|—1)

a#0,1,2,---, 88 Cn

i XEEEM D Alembert ARNERITE: CEEBEEICL u,, WH

Up+1 7}04—71
Up, n+1

A =10 KT £1 ARSI THEIRAR 5. — AN BT [ 7V H
FUFBIE 14.27 458, B2 s £0,-1,-2, - I, FEAEARZH B C £ 0, 3L
s(s+1)---(s+n) ~Cn’n! (n — o0). (15.12)
DEHEE o = 1ARMIZE > Ol s, & HBISE RIFFA (15.12), #i43
n=0
:

|12l = lal,

03 =y S e

XEERAS R T REHE v = 1 ISt &5
(1) 4 o < —1 BEBEETAET 0, FIHEERHL
(2) # o > 0, ML
(3) 4 —1 < o < 0 M AATHEGEL, EIHET 0, B
n _ n |a _ n| n
|Ca+l|_|Ca|' n+1 <|Ca|7

Kl JE Leibniz BIKE. FHHER 0 < 1+ a < 1, WAL

RIGH%E = —1 EE ZCQ(—l)" PISKECE. ATREWX 2 = 1 4R

n=0

(1),(2) IR AL, (EAEH (3) WIAIF. X FE I Y n 7850 KRS, HEN
T%,ﬂﬁ0<a+l<l, EbE#. O

S5 TT AR I, R L3151 LK 3 e B SECREC PR B R A
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a<—-1]| -1<a<0 a>0
r=1 R ZAFlesh | daxiiesk
r=-1 KHEL R RN 6
ZCZCEn H‘J'&ﬁﬁjﬁ (_171) (_131] [_131]
n=0

o oa=—-1WCY, = (=) BB 1L -2 +2% -+ (=) +---. I
SEA (—1,1).

15.4.2 RBREK 3Pt
AR AT, o2 T R RS Y B — BRI .

EH 15.12 (Abel EEHR) &R Z anz™ BBSCEER v, WA
n=0

(1) FHEY  lana™| 16 (—r,r) ERHA—B08L;

n=0
(2) TR Z anz™ TEWCSIOER P I —Buliesh.
n=0
iE (1) R V6 € (0,7), B lana™| 7E [—r + 6,7 — 6] E—Bulsk.
M Abel 2—wEH (5, CauchnyadarI?a:r?i AXBUER) $118, Yo =r — 6 B
B LAWK, B Z lan (r — &)™ W8 M

n=0

lana™| < lan(r —0)"|Va € [—r+§,r — 4],
P — S0 S BB BT A
(2) ZUGIIFE (—r, ), MATE 5.
Tt 2 = r WERGHOE, WAL S e ek, RATIAEW ERIET [0, ]
E—BOR. GRARRE T T (—r, ] b H—B0l)
5 (1) RRRAET S anr FRARHESC (LBHE 15.21,15.23 %), KRR
§15.2.3 f] Abel —ﬁtlﬁzé%z%%ﬂﬁs.

0 46 anr” BTN ana” F [0,r] bSO, 53 W HEHRM

n=0 n=0

LA Y~ anr™ BARAIFIICS, SR A — B LA .
n=0
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BB Z anx” PRI YRN apa™ = apr™ - (%)n, el a,r™ il

TG ES, B o o, B AFETFLE 0 < o < r BET n i, A—5h
58, LB Abel —BOBe8CH I 3 15 453

FIRE, 2 0 — —r WQKRT, T BLIEWIRE G [, 0] E—B0hcdk, 43P
Bk, O

76 Abel 55— 5 AL 35T LR Y 1 4 I B 7
L G R e A A A AT,

EHE 15.13 BREH D ana” MUSCERA r, W8N 1, WHAEHCH
n=0

S(x), WA LATF 4
(1) S(x) F I LAhbabizSE,
(2) S(z) T (—r,r) LIERKATF, HAIZEBKS:

S'(xz) = Z na,z" 1
n=1
(3) X V& eI 7L [0, z] LBIKA:

z _OO z n _OO An _  , n+l
JOS(t)dt_ZJ ant dt_zn+1 a" L

n=0 n=0
BEAN, 75 (2),(3) i 2 ISk T R 2 SR AR A9 2 1 75 A8 ) T R W s A2 4TS
RET .

iE (1) 38 Abel 55 2 B (BD e 15.12) 2 (2), WREE LSRR
VA — S0 S, FEA A R B0 8 sl v e L (RIE 3 15.5(2)) R (2) BPAS.
HE, HAREETAmS = r AWk, W S(z) T o = r A ZEEEEE. XT e i
r=—r WERLLGER.

(2) X B YR T R BN A B TR T8 B, A SEEIE B R TR F 5 15
BIHRERIAE (—r,r) A —B0 8. W HRE na, B Cauchy-Hadamard
AR, WLRSCER IR r, BIULT Abel 328 2 (2) HIfE.

(3) MBI 7 2 BRI W], H A8 pr s Km0 7e 1 sk, Bp
HIRSERAS/NTF r. BRIEZEHBH Cauchy-Hadamard 220 AT DLKNIE 2 TR
SR EIRRBRSCE R TS T . O

0 XEMTIHREXRTEWBH—ALE10: & {z,} AIERSEF, sz

lim (znyn) = lim x, - lim yn.
n—o0 n—oo n—oo

SR FREBM 2 = YA A § = EREEH T .
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E DA EZUZS 3 PR A R R A A, o T At R I £ R AR
BT Bl Es {an} MSOE R (—1,1), BIFARLE (-1,1] Ly —2uksy, i
HEELE (—1,1) B —Bled. sebr b, XA R B E0 T R B gk

1+ Z(xn - In_l)a
n=1
HEARRHE.
XF TR REOR VB TR ARFIB K T B AEH G v TR, T2 —k
5.

0 _1\n—1,.n
B 15.24 KRz Y L wams s(o).
n=1

i JeH Cauchy-Hadamard AN ATTHE HSICER r = 1, R 5 BB
FACHI S, e SO (—1,1]. XELRFEREL S (2) e .
7E (=1, 1) X FRBE TR F A

S/(:E) — Z(_l)n—lxn—l — 1ix 7

n=1
XA 5(0) =0, BILTE (—-1,1) L4533
S(z) = Jz ld——zt =In(1+ z).

HF S(x) F (-1,1] FPAEEX, B+ » =1 A&, FHikigz
S(1) = 1ir{17 In(l4+2)=m2 0O

SEOXHIEER, EH 1513 SR, T AERSE kS E— 4
WAL TT LB TSR S, 17 LA B TS AR M R (R B S . A3 AN T op
S(z) = In(1 + o) MTEGREL, BIEURA RS, 76 (—1,1) Lksh, M SEH
S§'(x) = 1%@ FIREGHON RLE (—1,1) sl DRI ARk B ST Bt sk B 5
g R A A

BIEE 15.25 5k S(z) = > na®.
n=1

R ESRHBRESERE N r = 1, NATEREET v = +1 A KEL, BIless,
Wt S(x) Mg, A (—-1,1).
WMELE (227) = 2na® L A

o0 o0 li /
n— n 1
S = 3 Y2t =5 () =5 (1)
n=0 n=0

2
2 (1—22)?2 B (1—2%)%"

€T 2T - T
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EOEES % =y, ICHRECY yzny”*, RIG AR &,

n=1

KA HBORFECKANG Abel 7. BT D a,, FERSUWRTIR T, SIAG

n=1

G ana”. WIS r > 1, B2 = LI, FERES(2) T 2 = 1 b —
n=1
SEFEESE. I RE R SR (—1,1) B/ S(z), BT LAE 3]

Zan— lim S(x

r—1—

BIRR 15.26 K TFHEINLE 2 F
1,1 (=)

1_§+g_...+ 5 R
i JH Abel ik, R T IIRREBZ A
S - ZCS ZCS (_1)n71x2n71
(CL‘)—.’L‘—T-FT—""‘FT-F'“.

BRFRAT H R S(1). BT AR B — Pl AR
Wi Z A SOEh (-1, 1). 78 (-1,1) EETR $E 5

S'r)y=1—224+z* -+ (=) lp?n=2 4 ... = 1+1$2'
A SO) =0, M#E -1<2z<1EH
S(z) = Jz dt 5 = arctant f_ arctan .
o 1+t 0
BT S(zx) T o =17/%EsE HNtEERE
S(1) = mlir{l* S(x) = mli)nl{ arctanx = arctan1 = % O

g 15.27 K S(x Z%

BRI u, = L WM \ Unt1 \ :\ L] g o A, B
r = 400. (%%EE{ETUJﬂ Cauchnyadamar /A:c D) TRMEE S(x) doibf

KE X . BIR G JE A

o0

S'(x) = Z % = S(x).

n=1
ERRTARIEE S () BI—BrHEM TR, — M RBETTERNTTIE S (2) - S (2) =
0 bl e, IXFEAFH]
e " (8"(z) = S(z)) = (e7"5(x))" =0,



258 FHEF IEAEHEEREHK

R e R O S8, TR oS(x) = O, Horh O WA B, SRR
5] S(x) = Co, FRABAHTR S'(x) — S(z) = 0 WM. FIF S(0) = 1, ATHRE i
C =1, HILRJEAEE S(2) = . O

E 4o —1, s

_ 1 1 IR
e=1+1+grtodtorto=) 0

e B 2.19, AT LAZERIE 7.9 14 n — oo 133,

BIEE 15.28 [F1 §14.4.3 ri 36 T 99 JOSOHI e B ORI, BLAE T LU
0, BEABRII S any S bay S o LS, FAHE GO 0 AT

n=0 n=0 n=0

Cn = aObn + albn—l +---+ anb()u

n=0

W) 37 A =

0o 00 0o
E an E b, = E Cn-
n=0 n=0 n=0

S e HIMESEARE >

n

E I AR R B = AN R A Z anz”, anx” F1
n=0

AT 1, B2 [0,1) LW Hxhi 2L,
TR 4R HEAH Fe i) Cauchy & B (BP & B 14.9), 8L Mertens & B (Rl & B
14.10), 7€ [0, 1) LR r =

Z anx” Z bpx™ = Z cnx”.

n=0 n=0 n=0
EHHBT {c.} 5 {an}, {bn} ZHRIRER, BRIET EXA U IR LD H
$01) Cauchy TR H.

HTFEANEE R R © = 1 M#EAES:, £ RGN WiLL 2 — 1 BIE
k. O

oo
=0

33
1 BEEAT R ML TIE S, TR — A EEGHS  wn(r), (A28
B SIUBRAA 725 T e 7 .
2. WRHEH .
Z an(z—1)"
n=0
15 5 = —2 Rledl, 1: BB & = 3+ /B AR A
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(Abel HERE) B S e BECER r > 0, EHAEECH 5(2), WEY:
T 2 — v BB T S (VT o — —r HRBIGR):
DES anr e, W S(e) A 2 = v 2SR

(izézﬂgﬁfi 15.13(1) freu )
2 %S nayr 1 WS, MHAGIE S(o) A r WEMSH S (r):
(E%EE%EE 15.13(2) K4 RAER X T« = » KAL)
%EZWL_“lfiMEﬂﬁ%ﬂS@&.

(XK EH 15.13(3) KL RN X T« = r KAL)
. ER: Jl D29 4o Z 1

. Wby = o(an), UEH: L Z (an +by)z" 5 Zanx BAHFE SRR,

n=0 n=0

. (DFEIN,Yn = N |a,| < |bl, UEHA: Zanx” FICSE 2 AT anx”

n=0 n=0
Sl e/ S
(2) L4 Z anz”™ FISCERHR v, RO BB IS 2
n=0

Z:O na_cl " Znan ) z::oafx", z::oana:m”,

Hrm HIEEE
R IR .
(1) Z:l o1 @3 —Sig]f 2"
Z q" a" (q > 0); Z "z (g > 0);
n nTt

2n+(_1)n oo 2 SIHT o
(5) n; (@ +1) (6) 2% z";
(7) 3 arcsin(e™")a"; (8) > - (w—2)"
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8. KT IS

(1) Y &ty 2) 3 sin L (x - 1)
25 > sing
3) > arctan(QLn)xn, (4) Y 5 }r o

n=0 n=0

n=1 n=1
> " i ( 1)71 1,.2n
(3) ngl nn+1)’ (4) ; ni2n—1) ’

10. &Zan J AR SRR, LB lim ot = 0, GEH:

Z ana™ HLSCH RN 1.

11. RTH)) SCRFE RSk )

0y ()" @ 3 (1) e

n=1 n=1

12. IEZ ”,ﬁEE f"(z) — xf'(x) — f(z) = 0.

13. B4 k B Bessel N

oo

Z n'n—i—k (g

)2n+k
3

WER: 220 (z) + 2] (z) + (2 — k?)Jg(z) = 0.
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§15.5 ERWERMEH

15.5.1 i\ @R H

HFREED  an(e —z0)" FEBTUY IR, HIHUEURZZIE ST

n=0
CLE, FHHAFEREI] Sn(x) = ar(e — xo)" B n KBTI, 3FHH504E

S5 8. TR A4 T O T R BBy — A T3 R

XEER W, BYSEREUR AR — AN B A 8. [ §3.2.5 H 2
AYIFEREL, BT AR EEREIEN M2 T R 4, BRIV AR
Bl a®, Inz, sinx, arcsinz FEHH AT ZREHILS. L TAKG AR FRA
W AT X R B & TS SRR, R AR S
S RBATAT AT E S ENL EARHE it H e, K E 5 LS HEH%
PIRIBR R,

HAEMWEE, HAtE R v eI A mA L, 83U, AR REA ]
RE R E IR R L. YR A RTINS R BB T N ST R, X5 LER
Taylor B2 RIERA—F. BAIZEMBERTE FHMSE 2.

B, R f7E 2o = 0 MHT R RIT AR HE M E B 784 0 BHE—/48
S VAl s 00
fl@) =" ana™, (15.13)

=0

HIRFEFI (15.13) BAL VG N 24 7E A A R RSO A . i TR BB AT B

BAE (—r,r) EIBRKAT T, AT AT EIBRH f A2 0 mUBIE b ZHEBRIK AT 2. 1X

MR FERIER. TR, W f(x) = |of BIREMERE, 7£ = 0 MR RERIT A"
MZBTR T2, EM k IRBETK SRR T 515

f® () = Z nn—1)---(n—k+ 1)a,z"*.

n=~k

Lz =0RN, BBEE fP0) = klap. BILHCEKFRBRBEHEHRKT:

(k)
i k|(0) Vk=0,1,--.

BT ap = f(0) R RERRFIME.

O [EB §13.3.3 IS #6530 56 T — S o > 0 il b 58 SIRH o®, BAT LLERAR
EATHTH R AR .
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TREAEANMIEZE LUK f(2) 7 2 = 0 L RIT AR LR, C&B 3
(LR

(1) FHREEIF, W] f BIEDLE © = 0 BI— AW TCBR K AT 4

(2) HReRRIF, MIXANFHE— e M—, T H AR’

" (n) 0 (n)
@) =10+ Oz + L2 oy SO S SO
n=0

FRATAN f(z) 7ER x = 0 &M Taylor 203, KUHL AT LS H B3 f () 2R 2o &b
H Taylor Z ¥ 40T
f(xo) + f'(zo)(x — x0) + %(m —x0)? -+ f(";(!xo) (x —x0)" +---

1E 2o = 0 BB _Bid B #FR b Maclaurin 2251

R, RE f1ER zo TRIRAI, BT LS B ) Taylor 8%, ¥ FREIPIA
H AR ) i R A

(1) BEREH EWRSCERE?

(2) HEAWSCEE r > 0, WREIEHWSUE LRI L f(x) AR E?

AT T T 3K P AN B ) ) El%ﬂ%‘ﬂ%%*%oz.

L (1) FERRED: TFFE—ARIH anle — 20)", —EAFAET & 20

n=0
A TCRRIRFT AR R f (), FEARIXANRREAG T 2 f ER xo B Taylor Z#. T2,
B MR 0 KRS, #—E—FEABREL f 1) Taylor 3
XF IR (2), RS T B 6.19 (LA K 6.9), HArmEch

1

f(w)={e foert
0, x=0.

EZEBEHEEIEN f T 2 =0 BFTEN FEET 0. XHE—FK, XN REAE S
z = 0 1) Taylor ZEHR RIS T 0 MIRLE, & SRS, BT r = 400
ERBT E =024k, f 24K TF 0, Bk f(2) 5B K Taylor FEERAAHLE.

T 5 R B R R T R R AR TR, X B kR R b
H3eT Taylor BIFRAIRTA. 11 §7.2.2 5 §7.2.4 FAEEE X R A

n.of(k)
k=0

T

O RXAERTUALEL TR F R, RO E AT RERE, REEHXNMEREN
VO RIE S, “RBHREREVRIT AP —A R, (CEeAamai) | 1964 48 55 10 3,
38-40 (A2 . [25, firfll 14.4.2]).
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110) 2 SO0 Z s

f(x) = £(0) + f/(0)x + o
AT AL B RS AR BH Tim r, (2) = 07 ﬁlﬁiﬂ‘zﬁﬁﬁo i« K7
FEL, BB £ AEOE R RO

RHEEF LR, f R o B RIT N RHRE, W ERKTIMS 5%+ U=
i §14.1.1 5 HERITE ST BB R T &2 — 2.

g AL EF KT Taylor EIT KR IR LA R N A# R Taylor 0K
HIAREEET f(x) B

15.5.2 Taylor XK E R

EFELER §7.2 ELFE A RIN, Bl Peano BRI Lagrange B4R T, H
FRHTE AN AT B A TSI B IR R, TR S R AN R, RS L T b R
A, BIEA/NT BN BEE SRS BRI AR RIPAHILHE” ¢

EHE 15.14 ¥ f A 0 FENERIR O0) EF n+ 1 &L SR, WAEXKT
Taylor IR r,, (z) P REXWTT:

@) .
2) — Z fli'(o) o =L JO FOD(8) (2 — )™ dt. (15.14)

IE R AGNES HE .

XFn=0,Mr(z)=f(z)— f(0)= Jz f/(t) dt, #tZ Newton-Leibniz A .

B n =k B (15.14) BLEOL, W8 n = k4 1. XM fAEA 0 E
NN F k+ 2 s T HoaERmEfE

(k+1)
rhe1(2) = ri(z) — f(ki 1()0!) ah

1 J FOEHD @) (2 — )R dt — fFE+HD(0) s

R (k+1)!
_ (a(:k__z)l)l f(k-l—l)( ) - +J'z (flék_j)f;l FE+2) (t) dt — f((::_l)l()()') !
_ ﬁj FED (@) (2 — a0

F HETARK (15.14) AR R BT HET (2 — )" 7E [0, 2] EARS, FA]
UM S — e (WEH 10.8), F71E € € [0, 2], 75
ral@) = 2 fE) [ — oy
0

n.

t= (n+1)
- <n+ /O =] = @Tﬁ

REEHMARBRIUT T H-EE K Lagrange BRI (W §7.2.4).
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15.5.3 FEAYIEREM Taylor KRR

AN IR E R BAE x = 0 1 Taylor I, W2 Maclaurin 2%
IR,

BEEARARX 1 F58EE e £ © = 0 i) Maclaurin Z2350E T

e” = +$+T+-.-+W+---,—oo<:v<+00-

XHRER BRGNS 7.8 4 REIT, X2 Lagrange BRI Maclaurin
JEFFR

2 n Oz ,.n+1
rn(z) =¥ — (1+1‘+%+"'+%> = ?nf_:)! ,
|z]| ) |n+1
ﬁ¢0<o<Lﬁ%wamun<%§§m—mm%n—mnwwmﬁmW%
B R I,
BEARARX 2 EZEE sinz 7F = = 0 B Maclaurin 22508 T
3 5 o g2nt

sinx:x—%—i—%—--- 4+, —oc0 <z < +o00.

+(=1) (2n +1)!

XEFEEZRE f(z) =sinz £z = 0 KITE SN SEME. AT 5 HA,
MEFEENSEHRER. BT (sine)™ BAE £sine, +cosx Z [AVEAY 4
PEER, I AXHERANET 1. XE LU Lagrange BRI, 7] LA B4R
. S E Al

(@) < | [l o ar] <
B bk sicE
BEEARAX 3 RZHEE cosz 7E = = 0 B Maclaurin ¥ =

x|n+1

o — 0 (n — o),

2 4 2n
cosle—%—l—%—---—i—(—l)”%—i—---,—oo<:v<+oo.

UEB S sinz FIELREL, B Lagrange B4 I LB 7.8.
EEXRARN 4 XK E (14 2)* £ 2 = 0 1 Maclaurin HEEFF R (HHp
B o RREAEf D).
O XEREREBTH {r.(z)} BImSES. XEHFRT n &HI 2, FETFERLE
JETEIN_E (n — co) LLARTIR IR

O o KaAEsEson T AR oz, RAE AR Z I, B2 B2 B — 5k
JETTEH.
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ala—1)
2!
J I AR U R W Sk b .

K (14 2)* IR FERE S W, XFERA S AU Maclaurin 88 %
BRSO B 15.23 Aad e, (BAnwiTE BT i, AT BRARHE )
WSO I W R B Taylor R IFALEAT ATEH _ESSL, b M0k 2 ERF R I
PUFSEIE Y |z| < 1B, RINY n — oo WSLT 0.

# 5t Lagrange T R I

- S la
Hbo<o<1,WHlae (L0 HBFnRISKHFa-—n-1<0, BHF
(1 + Oz)—n=1 Fevflivh. BRI RRZ AR 2 B R T

ala—1)---(a—n+1)

n:

1+z)*=1+azx+ R

(1 4 ex)afnflanrl

3

HHR R RIN
ralz) = 2 J: afa—1)--(a—n)(1+ )"z — )" dt,
SRIEVEI AT
ra)] < 222 1o )l J;(l + o)t 2L dt} . (15.15)

W ERAUB B TR AR T [ LL e g R R
ze(=1,1) B telo,a] i, ”1”—3 e M
sty —(+H-(@—1) _1-g4
(1+t) B (1+1¢)? C (1+1)? <0
AR t € [0, x] BRI RE, Emt T X T—30 ¢ € [0, 2] BRI T vt
’ZC—t <max{’x_0 x—x’}:m
I+t1™ 14011142

BT (15.15) ARG S5 FHRE—ART (1+t)* 1z e (—1,1) Fl ¢ € [0, 2]
BEG, 5 n Gk (HATLAARH), B BIX R — 57X
)] < 1=V @ ]y | L DE 21
AR WA L XGRS n BRE TR
_ |O‘(a _ 1)'(a _n)| . |I|n
n.

Cn

5
n —n—1|-
CCII - e Z+1| ] <1 (n— o0),
XEERASE] ¢, — 0 (Bt WA 2.26). FRMIEH T 2| < 1K lim 7, (2) =0,
BI (14 2)* 7 (—1,1) £ Maclaurin 23R I pAL.
AT iRz = £1 RFFXEE KL, RERZFEEE S (1 + 2)

%8 SCEAE LEBRIAT . i Rt WA R h
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a<—1 -1<a<0 a>0
> Cram SR | (-1,1) (—1,1] [-1,1]
n=0
(1+2) FEIR | (—1,400) | (=1,400) | (—00,+00)

T BB (1 + o)™ 76 [ T e XU s, T8 i R R 507E 1 S e $iosk b
L, Rk RS A SO, b B T gk P

EOMTF a< —1, “IREH (1 +2)° 76« = 1 (588, RITRGSAE v = 1
KRB, BRI RO, Bl f(z) = 1%; F o =1 B2

B o BUR AL FT LA B 22 45 51 9 DL 42 3 DL PR FF X

= — 1 = —_— 2—.». _— n LN DRI _— .
a= -1, l—l—x_l T+ +(-D)"2" 4+ —l<z <
o= -2, (1_:$)2:1—2x+3x2+-~'+(—1)"(n+1):cn—|—~-~,—1<:17<1;
1 1 1 3, (2n — )N non
== =1- = e ST b Ay G | o —l<a <1
CTTY Ara PR o Y v

1 B 11, (2n — 3)!
@=g Vite=ltgrmgat et T

BEEXRARX 5 NEEE In(1 + 2) 7E = = 0 {) Maclaurin HEEFF:

(=) 2"+ 1< < 1.

z? 3 n—12"
In(l+2z)=2 5 + 3 +(-1) " 4+, -1l<ax <1

EA AN B o = —1 IR TF, BIJUAH 8, BR8], WA
HII R 15.24.
XHEFARTES S —MEH. NEhrSEEi

w_ (= D=1
(1 +2))) = g o —

BT LLS H Maclaurin 03 (H# 2 Lagrange BRI, M N SFE —1 < 2 < 0 B
BE R, kT E AR BRI 8 7S I R B0 B T R 2L, (R E R
L BRI TR
ra@)l = |y |} e (= 1) d]
o (

m 1 +t)n+l

"dt}

1 x—1t
= JO T+t |1+t
<" - [In(1 + z)].
FRIE 2| < 1 RBFREL. WF 2 =1, FIHFEREE » = 1 sk, LR+
=170 48E, MEE In(1 + z) Bantk, 77 EFF WAL

HIZEA R IT A 5 X453 BT 3 A R T X
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I RN A L :
—In(l—-z)=z+ >ttt -+ 1<z <
It o2 2!
1=z tH g Tt o
HEEXBFRX 6 RIEVEH arctanz T 2 = 0 [ Maclaurin ZEEFRWT:

3 5 2n—1
arctanxz:v—%—i—%—---—i—( nH"- 1%4— ,=-1<e <.

XA 15.26 FREGR, ZHAFH o = -1 N =N m R,
Fe A o #0084 22 RIEZ IR BIAT. 3B NR DRI N FEH arctanz 175
Mr 3R RE R, ki E.

EEXBAKX 7 KRIEFZEE arcsinz 7E 2 = 0 ) Maclaurin ZERFAXWT:

1,3, 3 .5 @n =DM onpr
arcsinx = x + 6:0 + 40:17 4+ 4 (2n)!!(2n—|—1)x + ,

%ln 4+ -l<e <.

-1<z<1.

SETBM o = — 1 B SRGBUN R, T I 2 Hh —2%, WHEE)
1 3 (2n — DI .
VERGTEM M ¢ = 1 &b, BRSO~ L R
VT

16 |2 < 11, M arcsinz = JO \/ff_t EIRS BRAS BT JEFF X

B, B Toylor BT & — 13600 0 (L= ). msAsn i
MR arcsine T o = £1 WS, KIRIFATE £1 AL FRAEBRT
5, BRI RS S BRI —1 < 2 < 1.

, —l<z <l

15.5.4 8

BIE 15.29 % FHIREETF R Maclaurin 43, 3002 1EH 46 B Eor R
=

02 6 :
(1) 51n2 X, (2) m, (3) ln(l — T — fE2 + CE3).
fE LUR Resthinfrf, RE HEmE .

(1) M sin® 2 = %(1 —cos2z) BRI 5 H.

X -2 -2 _ -2 1 -
(2)M( D@+2) 2-1 z2+2 1-2 14 RIRTE .

Bl
(3) MIn[(1 —2)?(1 +2)] =2In(1 — ) + In(1 + x) BIAT G H.

Bl 15.30 K y = In(x + V1 + 22) ) Maclaurin EFF .
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1
B ORSAER Y = 2 —(1+2%) 7, AR REUR IR EE

it
y’:l—%Q—i-%fl—i--“—i-(—l)"% Mg
FIUR (14 0)" 2 MRFFRT ¢ — 1 fr, a1 LREFRT o — +1 FHRT. T2
IR AT
y:x—%ﬁ—|—4—?6x5+-~'+(—1)"%x2"“+-~,

HF -1<e <1WpL. O

BIEE 15.31 ¥ f(0) = + IR LN FERIOET R (1) Ho—1
RIRRTT, (2) % L1 WRETF

r+1
B ()& t=o-1, WHE
1 _ 1 4 2 (1
il el Sl + (=1)"" +

=l-(@z-D+@-1)2 =+ ()" (z-1)"+--,
HAE |z — 1| < 1 BROL, BEER 0 < 2 < 2.
A -1 g

1 _1—t_ 2
T+t 1+¢

=2(1—t+t* =+ (=1)"" 4 ) =1

1 r—1 rx—1 2_.” iy fx—1 n
=1 2(:c+1)+2(x+1) +2(-1) (:c—i—l) T

B[S L) <1 AR, BURN&RES « > 0 %0 O

Pl 15.32 sj‘z%ﬁﬁx+%2+%+---+ 2n“’i1 + - FIFIRREL

MR SRRSO (-1, 1), WHRECh S(2).
UEMEM « = > RABH TR B IR $ 5%, XA 2

9 y3 y2n—l
S) =S )=yly+ 5+ + 5=+ )
1 1+y
==yl , 0<y <1,
2Ty y

XEFHA In(1+y) 7 y = 0 ) Maclaurin ZEUR T HAHRER 2. BERAy = /7,

ﬁﬁﬁ0<x<lﬁm%%%3@y_%¢an1té§

T LE R 2 < 0 REA, FIF 2 < 0 BERBITIHE.
Sx=—12, A
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S(I):S(_tQ):_t(t_%4_...4_%4_...)

= —tarctant, 0 <t < 1,

EFHA -1 <2 <OMMERN S(z) = —/—rarctan/—z. O

B 15.33 Kb FHIHEVIE R
F(z) = Lj sint gy,

 « = 0 B Maclaurin B2

R HBEUTERE F TS =0 MIAE a0 SERAES M, e RIT
2L P Y0 R o 3 8 3 5 R ) PRI, R b P T e Al
BHTE (—o0, +00) EIESZEEH Maclaurin 2R X

3 2n+1
Sint:t—t—+...+(_1)n t

6 CIES
FE ¢ # 0 BFRREL ¢, AT LI
sint _ o, _ 2 gyt
Pl (D G (15.16)

t =0 MR 2L ) R BCESEESR 0 1, MILL_E&FS U (—oo, +00) AL, 7E [0, 2] L
BRI 132

_(*sint o, @ n x2ntl
F(x)_Jo kA T 2n+ D20+ 1)

XA BT K Maclaurin ZEEIFR, BF (oo, +o0) EEL. O
E TR (15.16) PR AILAE ¢ = 0 ELLIEIRE IR EGCA f(¢), WAL RE
TR fAER ¢ = 0 KT = S 5E:

_l’_...,

0, n=2k—1,
F(0) = { (—1)*(2k)!

2k+1 7
XL ERCATHE S SR E XN F/(2) = f(x) TSR FfE2 =0
KPR = SEUE (S B 7.7 A EJTVE).

3 Taylor By /Mt

(1) Taylor HECURRFRE. RZNEELUEH, F—NELH—E 2HEA
PRI Taylor %K.

(2) X T — A BB ZE 7€ 1 o, B0 AT DLKHZ IR BT 1 o RIF N RS,
XA S BB FE ) Taylor RIFXAHVIBCR, 7T LAULAEF AR, 17 HaxX B2
JEFF AR AL A R e B TR E RN RIS, 78 §15.5.2 M4 TR
R, MtE EEFLERRIGESAME, REEH TS TA.

n = 2k.
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(3) B TERR AL, UAREARIBE R PP Taylor BIFXPIARZ 4L, LLAIRE.
R Z A DU JLEAR: B EER RIS H R, X B2 T657 RE; a8 Bxf
RREUE Sk LR A BRIR AT, XU KA T 2B (77 Lagrange BRI
) JE I 2XAE ok B0 2 4 AR IS Bl N AR RO, X N BEAR IR RIUR B T 0 A4 REffl
JE.

A PdfE—AME R . X ETE (—oo, +oo) ETRIRAT FHIREL f(z) =
Tlxw BTE x =0 Taylor HE 1 — 2® + 2t — -+ (1) 2 + .- RIEWSIL
—l<z<1WEHENYS f(x) H5%.

(4) THEREH) Taylor ZERFIF XM ITESELEREL, BT OHIEHHEE
EZAh, REH B AT 2 H . BT R LB K S ME IR R,
P UM TREE LESR/ET.

(5) FELEAUR YT W15 B B R I 0l /L, T BRI AW 45 ek NG )
TH.

38
L SR AIR B R RBURTTEC (RN GBI B0 A 20 = 0):
x ) L .
(Umv (2) === (@ #0);
(3) cos®x + 1; (4) (1 —2)In(1 4+ 2);
1+, 2
(5) ln ﬁ’ (6) \/H‘—CE )
(7) e te™ "'26_1 : (8) sin(a + bxz);
1 , 1 :
O Tz WO T a2
(1)L, o =15 (12) Inz, 2o = 2.

2. A Lagrange B4R TN F In(1 + z) B Maclaurin B X FE [0, 1) FIKALS
HHIEBA.

3. & f#E (a,0) MAERHATE, HIK >0,V € (a,b), Vo : |f(2)] < K, i
H:Va, 20 € (a,b) :

x () (y
flay =30 L00) (o
n=0

(Bl e®, sin x, cos z BAZUILL.)
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1+ Z cha"
BR7SGEUR) ﬁ KEHRIUEHT 2 € (—1,1) BRI
14+x)*=1+ ZCZI"

n=1

x2
_dt # Maclaurin BIFE] 210 IR,

.ﬁﬁﬂmzL Wiz
. WAEE TR 4 A SR TRk

W [F V=P - (z ()’ e ) <1

n=

5 dr _m S M:% -
(2)J0 m_2<;( @)l ) >=||<1'




272 F+E2FE RBRAHKEFAK

i HEIFXESE Euler A3X

ABLERTHCEZ KN Euler A FE H7, 4056 T 1EZFIR 5% iR 5L
FIE SHEARMSE (B 6.17 FIf# 2), e cosbx Fl e sin bx FIANEF 3 HH
(/8 9.34 B 2), LLEGXPIANBREATE [0, +o0) BRI SCRMHE (B 11.21). 2R
TR A XA I A ) Euler 2 WANER, —ERA UIEE. A HIRA TR F)
ARR T HRAERZANMF X Euler ARG H M EMNA. ZWNTF—EHM2
A RIAL. (R R 28 JUAME R DA B 52 5 77 VA8 25057 3 v FR A 2 .

AR S B SR SR BT BB BR R T N S s . MR — BB ER | By
REE 3 Cauchy WSHAEN], #AT LLPAT M) 28 Hodirp, RS - K | 2|
R LH o MZERHE || BIAT. X EART ERAFRIAR. X T §15.4 FFUR KRR AL
Wk, #x

oo

g cn 2

n=0

A (Bhz =0 mHh0) EREE, KPR e, n=0,1,---, AR, » BEX
B, XFRTREREFARSFZM A Cauchy -Hadamard AR &R EAL. #
WS A R r > 0, AT RUIE B SRR L r A2 1 T 18 A Ak b Wi 8, 72
|z| = r MR L — e H KB,

XH 615.5 i %, sinx, cos z B Maclaurin 8 H K « #4 2 J5, #itef LA

K AT =AE REL:
z = " : - (_1)71 n S (_1)71 n
e :;%, smz:nz:;) (2n+1)!Z2 1 cosz:nz:;J @) 22",

HAT DAE B H A ) = AN BRI SRR A 400, BIFER P _LARKEWSL. ¥4
BRI S A R B B E ZEUR 8T UL B0 SGEH A E =48
BRI B A 5 1 2 © A AR B ST F AR R 0V 2 A =KL
fE IR e iz AR 2, GBI =AM AR A
el? = cos z +isin z.
XK = BRI A SEH 2, Wt 2]

e =cosx +isinx,

ElinpaysEl
cosSx = %(eix + e*ix% sing = %(eiz _ efiz),
DL JUANA SAERFR A BEuler 23K,
DL A2 28451

BIRR 15.34 FAEHTETE e cosz B Maclaurin 2251
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i AT R

e” cosz = Ree!™% = Re Z a j;'l) z"

nTt

1n/4 > 2 El oS ——
—rey WOy D o
BIRR 15.35 HEHTEWHE f(2) = zsina > [ Maclaurin 2085, H
1—2zcosa+x
Hzl <1, ja| <
M1 ERESEHER [ — o, TRAEMFIHE:
zsina _ rsina _ Im( (cosa —x) —isina )
1 —2zxcosa + 22 (cosa — x)% +sina (cosa — )2 +sin’a
1 —ia n _lna
— —zTm— B
@ lm ——— 2 Tm ( Zx

oo
=1Im E (—z"tlemintlay — E x" sin na.
n=0 n=1

M2 [FFEFHADEER [ — o, MU ARBEE. L 2 = o, W

2241 . 22
9, 0 Sma= T

cosa =

AN 35 BT AR 23 23 303
Fa) = =2 1) _L< 1 )
21 —2z)(z —2z) 21 \1—-22z 1—2z71 )"
FIH |zz| = |z27 Y = |=| < 1, BEATEABIF A
f(x)—%(Zx" Z:z:" _") :Zx"sinna.
n=0 n=0

E O EBEENRETT « %ﬁ)ﬁ’j‘ﬁ, Mk o BHREZR, WHE T —EFH
Fourier 2%

n

BISE 15.36 ¥ n N IEEH, HERS D, J 2 sinna g,
0

sSmx

& FH Euler 2,

inx —inx

sinnr _ "™ —e
Sinx - eiw _ e—iLE
— ei(n—l);ﬂ + ei(n—3)w 4ot e—i(n—l);ﬂ' (1517)
XEMATEER
a” —b = a2 L,
a—b

PAF 242 I n 35 BORMER B A L 0l o 5.
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Mo HEFH2k — 1, (15.17) 8 n T, HPIR—DT0h 1, KRS TREP 1

(n—1),(n—3), - 2AMHE, HXT 0 XA, FH
el2kr o712k — 9 o5 2k
2 [0, 7] LB 0, TTILH
Dag—1 = g

2 N EEL 2k B, W) (15.17)F A n T, HAH (n — 1) 8 0FH, XF 0

RN FR . FH
Jg i(2k—1)z | A—i(2k—1)z _ _ 2(=1)F !
(e +e )dx—QJ cos(2k — Dz dz =
0

0 2%k—1
AT LIS 2]

[SE]

_ 1,1 (=D*!
D2k—2(1—§+€_"'+m. O

@ 15.37 & |r| # 1, W5 Poisson 4 I(r) = TTJ In(1+7%—2rcosx)dz.
0

R X IJCEREBIE X, BE2MUE T DU AHH Riemann f1
KFE T, P RERBIE MR
TIHAFE 2 1 =08 T £1 HMEZAN, BH 2n — 2 MEH

cosk—:lzlsmﬂ,kzl,2,~-~,n—l.
n n
XA AR R AR SRR
[r—(cosﬂ—i—lsm kn)] [r—(cos%—isin%)] 2rcosﬂ+1
Bl A5 2
n—1
20 _ k
Tr2—1 :H(l—i—r —27°cos—n)
k=1
B Bamia
1y kg 1 (o1 2
nzm(l—i-r — 2r cos n)_nln<r2—1 (7‘+1)>
7i 2n ’f'+1
=L (2 - ZEL)
A

& n — oo, 153

2In|r], |r| > 1,
0, Irl] <1. O



F+73EF Fourier FH

RAEB/ N Fourier FHOE LI Z HMO R — R EE M REINHEEL. §16.1 5]
A Fourier 2280 & X 53HHE 7L, §16.2 & Fourier 2R3t WSt B, §16.3 /v
28 Fourier ZEUKITEIR. §16.4 F Fourier 244045 T HAF W 4L B M — BUEIL 2 #.

§16.1 Fourier ZHHEXFIHE

FEBRFH, APBLE R LK. EY AR e IR IR 3h, I3 114 mt
FEPE P HARBSANTT . ik A B S (40 ok B 2 P 0 ek 4

T RIS B AT, WBEOFAEE. B, BRBATH IEZXMRIZR
HAE (—o0, +00) LI Taylor ZHEIFX, (EAE LK ERTF A A F BT 5
HORFAWR L. W AR MRS T AR =A%H. el gEh

% + Zl(an cos nwzx + by, sin nwx). (16.1)

AT LU AR 7 R (16.1). XIS IC 19— RIS E A cos(wt + ), TR
g%, B S XREN A . — MR R B AL R, TR i = A Rh
T A FE. R IR 5 28 B LR R AR — R B B R, R B R
f =g = 5= . NERUFEIM IR KEN 20 ~ 2 x 10 Ha. B M
6 [ PR AR P, 1T 20 Hoz (0 PR YR 7 . B3 BT UK 7 R 2 ph
TR,

W B, (16.1) IRERS (BRI T = 21 mpmes. &
A HE o 5 — TR Sk BT (7 Fh o AR BLUEIR), R eR = 1 TSR —
W, n = 2 BITIRR B e 2, F57E (16.1) AR LA AR,
WAH=ME IR, Fourier DGR —IAFRRIN = AP, Ho5E SUBAE F T4 .

16.1.1 Fourier ZE K€ X
AR B BT LR (16.1) FIISH w BN 1. X LB FHE

O {&HEM (Jean-Baptiste Joseph Fourier, 1768-1830), ¥k E 2~ K. MhAE#HE R HIE
SRR TR RER I A = A S AF B, T RS SR UK RS
1) R A B R
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o0
a .
TO + E (an cosnz + by, sinnx)

n=1

Horh g — IR L 2me o B4, BR AR WSRO e R BR St R AL 30 2 ) BRI AL
FREA RS IR R H ) 51 ek F e &, B
{1,cosx,sinx, - ,cosnz,sinnz,- -}, (16.2)
HEMRER.

MR RRBERN 1, 2,22, 2", (BFE 1, (x—20), (x—20)%, -+, (w—
zo)", -+ ) MEMEA &, W =M HBUR 2 = AR BRI R B &4 & . IR A%
e Stk A AR, AT RAE AR [~ ) BRI BOY B Ze i AR E], AR — AN
BEBAZZ B —NTC (—A ), IR BRI E PR InE ok, B
SRIXA AR BRYERY, (8 A PR A= (8] H i VF 22 MRS AT 88 W DAHET 3106 PR 4 =
)b 2. X B SR A ARAEAT 1.

Z‘E’ﬁﬁﬁéﬁ%l‘ﬁ"ﬂ*‘%l)\Vﬂ*HZE?ﬁI%%XW%E‘JIE&'Eh HARKYL, XT3 n
YRR a = (a1, an) Bb = (by,- ,by), FH D aib; =0, WA &R

a5b1ER, i a Lb. -
ST 58 XAE [ 7] LB@TI*[Z:%( f, g, EAIERE Riemann AR RREL, AT LUK f
il g BIRASE X (f, ) = J, Fo. ¥ £ L g BN £ A1 g AT, 52NN

(f,9) = [nf(:c)g(:c) dz = 0.

A [—mo ) EWER =M BRER (16.2), HRA LR IEAMEE X, WE k]
DAV

T 1 . L Tt . 1 L
J 1-cosnxdr = —sinnz| =0, J 1-sinnzdr = =(—cosnz)| =0.
Y n —TT T n —T

RRM=ARER (16.2) FRHE AL, BHESET 1 WHEERE, Miz=5
BRHCR A I PT A HAR B BUESZ. AR5 AT BAHA

T 1L
J sinnz cosma dx = % J [sin(n 4+ m)z + sin(n — m)z]dx = 0,
—T —Tt
1L 1 1L
J cosnzcosmrdr = 5 J [cos(n + m)x + cos(n — m)zx] dx = Tldnm,
_n —T
Tt 1 Tt
J sin nx sinmz dz = 5 J [cos(n — m)x — cos(n + m)z] dz = Tdnm,
—Tt —Tt
sz 0, n#m
HAH T Kronecker =55 8, = )
1, n=m

EAERATHEH TE=MARER (16.2) PEMPHENREAHEIER. 4 EHRIX
O w2 AN (Leopold Kronecker, 1823-1891), i E ¥4 5.
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i ELRBREXTHIFEREIMNMESERESEEH. XMEE=ARER
(16.2) B, BT " 12de = 22 4h, HAb %S B GAHRETE [—m ) R 445
EFn

TS =M — N A R, B an SR —AN A 2m i) R S Re s R T A
=LA, BIFE (—oo, +o0) FEALLITFER
flx) = % + Zl(an cosnx + by sinnx) (16.3)
BOL, MBEFF AU R a,, b, SRE f BHABKR? B BAATARYE f kit
XEER K
Xt R R R R KU, M f(2) = Zan(:c —z)" A —EH a, =
n=0

) v, g R R B TR = AR T
(16.5) K, W se .

DAEM ¥ (16.3) P ALMBEEA 1< v < mbh—Bledh (X% T
(—00, +00) E—B$), MM §15.3 MUEEAIE, (16.3) ZELRORIERSL £ e, T
ELATUFIR BB SRS R SRSy 7E [ LR S 51

TU > U
J f(x)dxzmo—FZJ (an, cosnx + by, sinnx) de = Tay,
-n n=1"""1

FRHEE T RIS (16.3) 45— RH ao WA
ap = L Ji{ f(z)da.

Tt
BT f AR 2 B B AR AT LIS E [0, 2 BAEFTHCRE R 2m X (8]
Bnl:F a0
ERIF (16.3) BiLFLL cosma. T T 55 HEH Cauchy — B ScvHE
AL, St — S S 2 K it g — 3R DA IR] — N 5 Bk 0TS TR — Bl BRI AT
AEE S R R v 5, R IR = A R BCR A IE AT, XAl AT LA 2]
Jn nf(:z:) cosmzdr = % Jn ncos ma dx + Z Jn n(an cosnx + by, sinna) cos ma dx

n=1""
= T,
R m B0dh n, RESARIRETRX (16.3) P RE a, (n > 1) BFIHHE AR

1 Tt
an = — J f(z) cosnzx dz.
mn —T

THA BN n =0 WA EEE ao. GXE¥ (16.3) HIHHTHE A % (38
Bz —.) e A RRER T 8 AT LR RN n > 1 BSIET b, B EAR:

1 TU
by = — J f(z) sinnz dz.
n —T
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DUES AT 1 3 25E X
EX 16.1 BRI 2R £ 4E [—ror] BATBURIaxt R, 4
an, = % Jinf(x) cosnxdx, Vn>=0,
- (16.4)
by, = % Jinf(ac) sinnzdz, Vn>1,
FREATA f 1 Fourier K%L, FREH LIS B =M FEL
% + Zl(an cos nx + by, sin nx)
HERE f H) Fourier 23%, 324
f(z) ~ % + ;(an cosnx + by, sinnx). (16.5)

NFRVHH Fourier REAI A (16.4) 4 Euler-Fourier AR

1 X EEERAE Fourier FEEERH M LHILT ~ FEX. (16.5) (NNE
INAAR = A BB FE L R f 1 Fourier 208, a2 YA i R EUZ @ Xt 42
R EL f H Euler—Fourier A 7HE13 2|1 Fourier R34, Rtz M2 HEH UL.
XEAEE (16.5) A 1AM FEISEE, AZ BIEISN M ERE R 4E
FHBEE f A% AR REUE. 78 (16.5) T A7 &5 i ) BLE) §16.2 fif k.

F2 e~ BRUESE, BRRFREEEME. X2, HHAER
B f, g 53 B C W Fourier 30, WK PN ZBAH kS 2] f + g B Fourier 2%
. XK f 1 Fourier AR — IR LLH 2L c 53 2] of W) Fourier 4%

i£3 Fourier ZHRBR=ARE T —R. EAZGEHESEHET, HHEMA
SEFFAEA S Fourier AU =R EL.

7E5E X 16.1 F1#) Fourier REA LN TRIFK (16.3) AL M—B sk
PR B HAR RN, R 78X 16.1 250 LU BRI RS
—NEHL

EH 16.1 7E (—oo, +00) (B [t 1)) E—Blesir) =Mt — e 2 H AR5
i) Fourier 2R

O @F f A SR, BIE SO RIAR T LR U 3. 3% SO Rl ATAR —
SELRT IR, R ZAN—RE AL, TS T SR R, Haxt AT AR — R ATAR, [ Z AN — %€ L.
DR b 7 A B P 0 B U R B R I R AR S 86 mT AR, e, i T BRI 2 ) J 3 e
B f 7 [—m ) ERIARE 4 aT AR &R0 T f AT S X BT AR S ganar AR, 78
ARFE LR Mot e 21 JA 39T R 850 mT AR B 2400T T BRI S A SR O BELAR.
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TR GHERADEFTH =/ 20K, B

a :
70 + ;(ak cos kx + by sin kx),

W BB BN TS RN DR — B, IS 3] T IS, CAR T DUE
R X 16.1 X H#ERAE HIEER.)

it =AZ20—2%2 B85 Fourier &%

i OBEEHE 16.1 WA, F AN EALKEAZ Fourier 8, MI'EAE 2 —2lkL
STH. HEAh, M §16.2 ARSI & B AT 4N, Fourier 2% 40 & B0 1) T A2 15 LA
HIESME e B (BIEH 15.5) WL, XA RECAR A2 2 — BRI,

AT FZER ROy 1k, F i F BRI

1, 0<z<m
Bl 16.1 WM 2n IR TE (—v ) BN f(2) = { A

0, —n<z<O
f ) Fourier L. (4 5 UEH A Fourier HAE « AET K EH S A
MREFSEEST f(2).)

g AR H

L[ 1"
ao:_J flx)dr =1, an:—J cosnzdr =0VYn > 1,

T _ o o

2

B 1 ny ﬁ7 n%“a
= - (1m=
0, n1A.

1

1 (. _ 1
b, = = | sinnxdr = ———cosnx
Tt ntt

0 0

TR P RKS R A
2 sin(2n — 1)x
Z 51— U
iE %Hﬁﬁﬁ’ﬁ}ﬁﬂﬁ_ﬁ%Jﬁéﬁlﬁﬁ%ﬂ?%ﬂﬁﬁ@ﬁﬁi*fﬁﬂﬂiﬁ%‘ﬁ*ﬁ.iX
R — N B IRRBN i VF 2 T IE SRS LN, eI 16.1 BT SERR_E Rt
FEX T 16.1 I FR TR AE A 2 A Eﬁ@*ﬁﬁ*ﬂ%%%T f( ) T ARE AT

W, RN R f H Fourier 28R IR A, B L 5 T F sinz, R H
TR 5 — A s .

Ti\L\i\

—3m —2m z

K 16.1: R kG iEI N TER
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MBI 16.1 () T S8 7T LUE H BR B S BR P E Fourier ZR &0 iet. A
Euler-Fourier A3 (BP (16.4)) AI W, % f AFERBIE a, =0, & f AEEKE
WA b, = 0. ZEBIE 16.1 ) f BEART R, BARMBERE, HATLUE H
f(@) = 5 WAERAL, K ERHRRAE ORI  E I, A R
¥ R BN R . X T AH AT RN E R a, =0Vn > 1.

BEAh, FEZBE R HIFTE bon = 0 Vo WRANFRIER R, B §10.4.3, R
FAE[0,10 EXTF o = /2 WiBEE, WH

f(mt—2)sin2n(m— z) = — f(z) sin 2nz,
B f(x) sin 2na 76 0,7 35T & /2 B, WITH (S 0528 10.15)
J;[f(x) sin 2nx dz = 0.

XTTHIERT LS E I BRI 10.37, BHZKR T Fourier REK— il

BIRR 16.2 WM 2 REL f 76 [0,2) LT o, HH f 1 Fourier %1
(7ER 16.2 R T f EE, WTRAFRCh PR,

B omT fRAN RS Xa

Y
T 7E [0,210 bR, A  som
H7E R K K 1) B R A (A // 7y

B 10.30), 7€ 5 Fourier 7 % i st 7] LA S om0 am am @
# BEuler-Fourier 2 3 # ) #3 4 X 8] A4
[0, 2m Kit5E. FRA B 16.2: #aue~EH
2m 2m
aozij xdx:LxQ = 2T,
T, 2m o
1 2T 1 21 1 21
an:—J rcosnxdr = ——zsinnx ——J sinnzdx =0,
T, nT 0o nm,
1 (2 1 A 2
bn:—J rsinnrdr = ———=x cosnx —l——J cosnrdr = —=.
T, nT 0o | N, n
XHEEHEE

fla) ~m—2y S0z g
n=1

E ORI T T C ARG R BN Z % 7E51# 16.6 F1 §16.2
n=1
HORER, 7E = AR 2 KRB TR b, IANFEH ST f ().
Bl 16.3 W o #0, K f(z) = e, —t< z < T Fourier &L

2 HSRrPiA T AR, ARG REXE [-nm EgE RS Hh
2 WA L% & TH B I Fourier 287 X IX SRR FAT #2148 90 100 7
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VEH L B R B R (— o0, +o0) bR oK R B, ELAROR B, BISY v €
(—00, +00), FAEME—H k € Z, 148 2 — 2kme [-mm), REM f(z) = f(z — 2k
5E XTE (—00, 400) ERI—ANEREL f. B Fourier B A E [—-mm) LR EE
BRI, o fe W L, (7K 3% ) F R BT b f. #EFE 16.3 sh R T S8R (1
1% (EH%E o > 0).

Yy
BT B
_ 1 Jn ax // /
ag = — e dx
0 ). /
_ 1 ax 1 jom_ _—am . L O] .
Tant nT an(e ™. —3m —Tt‘ m 3m 7

X T AL R BT, KRN AR HHE

W (BB TR I 16.3: [T k69 55 208

i
FIHREAR (16.4) F1 Buler A e"* = cosna + isinna, A LATFHELIT:
ap, + ib, = 1 Jn e (cosnz + isinnz) dx = L Jn elotinz qg
. T
i. 1 .(ochin)zT[ l a—in [n0T_q\n _ —allf_ 1\n
W a+in ¢ T g D e (1)
QT _ g—aTt n )
=& —C  (—1)"(a—in).
e - (1) i)

RHEMFENRET an A1 b, BJ5HTRE] Fourier HH

f(x) ~ M . (L + i(_l)n a.cosnxr — nsinne ) O
=1

Tt 2« o’ +n?

16.1.2 IE3XEBRRZEE

M an, =0Vn > 0K Fourier ZEUN IESXRE, XFR b, =0V n > 1 Fourier
WA RZHE. WHTHTR, B R HA R E0 Fourier 20800 IETZ 085, 18 A B sk £t
Fourier A RILHE.

/N EBEAEFAUAE [0, 10 L45 R, i e B A IE5Z R 3
EUARSEAHAL. INER R A BB IEIR. (X LB RS 16.3 IRRE.)

1, O0<z<h

%ﬂl&4%i@ﬁﬂm={ CH 0 < < T R ERES
0, h<ax<T
B2

Rl 16.4 AR, EIEH £ RO (—Tom) ERVIE RS XN R A A
x =0, +h, +AEHEEBA 2 X. WETHTH, XA Fourier KRBT, KRG
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FHE IR 20 R (—o0, +o0) LRIEMIRREL. AR, 1R f R e

BT fOAERE, BIHTE b, = 0. y
KT an Vn >0 WH 1
aozlrf(x)d:vz%r;dx:%, : ;

O Q)
o -n—h O h M T
2 M 2
an = Jo cosnrdr = P sinnh. 16.4: 3+ (0,7) L4692 HAM1B3E 36
XA

:1|®

2 - sin nh
FZ cosnx. [

16.1.3 —MAHRET Fourier &3
BB B f () RAE (—o0, +oo) LFANN T MRS S, HAE [0, 7] LRS54
FTRL K PR 2m 0= A R R B AE. SHMATFIRHE, R R
fffer = Lot ¢ 0 HME 2, @ BEAN O W] T, KRB f BIbEA R
FRBUREBIMRECE N () = £ (2L, SRR AN 2m KRBT SRR T L
LHT VR R o(¢) 1 Fourier 445
o(t) ~ % + Z(an cosnt + by, sinnt),

n=1

WIEHEEIEE o, A

21
T 2 + by, sin <10% T x).

0 + E ancos

BT, A T E’J}ﬂﬁﬂﬁ_ﬁﬁt B I = B BCR S B B A2

21 21T 2T . 2T

{1,COST$C smT:v +, €08 S, sin S5 Xyt
ISR w = 20 REFE L, W= fHERR
{1, coswz, sinwz, - - - , cos nwx, sin nwz, - - - }.

FIMLEE R BB A R L, XA
21T T
a =5 | ewdr= 4 jo 7 (g) di= 7 s@)d

_ 1 1 (LTt _ 2 (T 2T
ap = E JO (p(t) cosntdt = E JO f (ﬁ) cosntdt = T JO f(fl?) COS —T dZC,
_ 1 : _ 1 Tt 2 (T . 2Tz
b, = o Jo o(t)sinnt dt = o Jo f ( 2T[) sinntdt = T Jo f(z)sin T dz.
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Bl 16.5 5 f(z) = |z, -1 <2 < Y
1 #] Fourier 231 !

—:3 —:10I 1 3 x
P 16.5 % [-1,1] B f(z) = Bl 16.5: 4% [~1,1] L8 f(z) = ||
|£L‘| *ﬁﬂﬁ}%/ﬁﬁ2f/ﬁ}%§ﬁﬂ*ﬁ BAH 2 itis

FEV SRR, S FARIA @ B A S, Sk A BB A T
FREMAR (16.4) (777, LERE—A 7.

feasifesr = Lo = £ (L) = L ncr<n mmminm 63—
FF, SRR 2rOE 4000 R R e 5

PAETH I Fourier REL HT ¢ RABEREL PTA b, = 0, WA ZIH a,:

aozljnidtzl,
), T
o — 2 [Ttcosnt 4, 2 (tsinnt |1 (Mo 0,
" T |, Tt ™ n 0 n Jo
2 L BT
=53 cosnto— o [(—1)™ —1]
{_n24_r[25 TL%“,
0, n1H.
SR
1 < 1
@(t)wg—n:1m(30s(2n_l)t

RJERIEI RN =, A

f(x) ~ % - Z mcos@n— Dme. O

EOKEREANEEE, BT R AE NI A 75 2K Fourier 80, MU
A b, =0, MHEHH az, = 0.

n=1

16.1.4 BEH I T K Fourier 3

M Euler A e'? = cosf +isinf HKH

i6 —i60 i _ ,—if
cos@z%, sing = £ 2ie
FEHHS 0 = ne, A
inx —inz inr _ ,—inz
cosnx:%, sinnz:%

B EAMRN Fourier ZE @I, WIFH
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an COSNT + by sinne = ¢, e™* + ¢,e” "7,
Hrp e 2 c MILE A
tn = 2 (an —iby), o = £ (an +iby).
FINIET ¢ = %, Cop = Cpn, MR BIREOEAN) Fourier JHL:

oo —+oo
f(ac) ~ co + Z(cneinz _’_C_nefinm) — Z Cneirmc’
n=1 n=-—oo
Horpfg Jg — NIk S UH AR g A PR

n
lim E cpeF®.
n—oo

k=—n
WA LEES HE R E AR
Cn = %(an —ib,) = % Jn f(x)e " de =c_,,.

i 2R, BT REOHRAE VI E N U5, Rk R HOY K Fourier ZAEVF
2 N AU AR B2 A .

%3 &
LB f R R A 2m (R ATR 4 TR R R,

a .
f(z) ~ 70 4 Z(an cosnz + by, sinnc),

n=1
SKECAR B3 Fourier 44
(1) f(=x); (2) =f(x); (3) flz+h), FeA h AHEL.
2. (1) UEH: {1, cosx, cos 2z, - - - ,cosnx,--- } Fl {sinz,sin2z,--- ,sinnz,--- } #F
2 [0, _ERIEAT R,

(2) UEBH: {1, cos z,sin z, cos 2z, sin 2z, - - - , cos nx,sinnw, - - - } A& [0, 70 L
IEAT R H3.
3. W f AJH on (AR S 4 T AR pR A, UE B X FAE R SR ¢ oL
1 421

FJ f(z)cosnxdr =a, Vn >0,

c+211
EJ f(z)sinnzdz =b, Vn > 1.

4. B f 52 R 2m R AR 40 T AR pR K,
() #F flz+m) = f(x), IEH: agn—1 =ban—1 =0Vn > 1;
2)#F flx+m =—Ff(2), IEEW: ap = agn = b, =010 > 1.
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5.4 f & [-rn_EMRIREE W 0, = O(1), b, = O(D).

6. # f7E (0,21 HEYHRD, GER: b, = %rnf(x) sinnzdz > 0Vn > 1.
0

7.4 fAE(0,21) BN, ER: g, = %rnf(x)cosnxdx >0Vn>1.
0

8. R TFH k%) Fourier 23

r, —TNi<z<O0,
(1) f(z) = (2) f(z) =e®, —TM< z < T
0, 0<x<TL

(3) f(z) =2% —M<z <TC (4) f(z) =2*0< 2 < 2m

(5) f(z) =|sinz|,-M< 2z < T (6) f(z) = %x,o <z < 21(h > 0);
0, —%<x<o, 0, —%§x<0,

(7) f(a) = ) ) = ;
Esinwz, O§x<7; E, O<x<7.

((6),(7),(8) I f () R WHITEIAB . B BB TT B )

9. AR HE 16.6 B~ i) = SR B ISR B8 S RIE B

Y Y

1 e
ol Al r oz 0O z T
4 2 2 2

Kl 16.6: =8k 54 K

10. 45%€ f € R|0, g], R EEHR N (- m) ERIRE, 88 Fourier ZH0CH

(1) Z agn—1cos(2n — )z, x € (-1, T);

n=1

(2) i ban—1sin(2n — 1)z, z € (—T, ).

n=1

11. % f(z) = ||, z € [~ 1, EFFK Fourier H M E HEA.
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§16.2 Fourier &AWt

16.2.1 Riemann 5|

— AR, LR 532 Fourier R ERH LA G| 2.

EHE 16.2 (Riemann 5|8) % f TXH [a,b) L[RG5, He o v]
PAFE oo, T
lim Jb f(z)cosprdz =0, lim Jb f(z)sinpzdx = 0.

p—0o0 p—0o0

iE A AR RER, X3 Do y=J@)
p — o0, WHRIFH p — +oo. HAMHH RS ’ N
L. (T ANER 16.7 SRERAR S AR X i A A i
56 [a,b) AT, B f € Rla,b). o« \‘/ \‘/b v
X FEE RSO, B f(z) = ¢ IHEAERE, W i \I V/, -\
JZCCOprdI’ - ‘%sinpx Z < %’ Kl 16.7: Riemann 3| 32 & JU{T
AL p — +oo IHARER A 0. FX(LF f(z) >0, p=25)

H f € Rla,b] B FSE —REL&M (LEH 10.3(3)), XA EM e > 0, FAESD
8 P = (a0, ), A ERGEHRTTR S wihe; < 5. BB FRAT
SUEIRE -

b
J f(z) cosprdx

n

Z f(z) le cos pz dz

i=1 Ti-1

Z rl f(z) — f(xs)] cosprdz| +

= i=1

SRR TEEANT <2, T4k P EARUE, B AR
S o) FEBISE S, WTTERE po > 0. % p > po IBRAESS T T <2, 42
B (4

<<+

g _
2 T35

Jb f(z) cospzdx

XHERIE T pggloo Jb f(z)cosprdz = 0.
T f A [a,0) BRI XA G B0, b fi] SRS LB b R ME— A R, T
TR AR A e WS R B 4, X E M e > 0, FAEY € (a,b), 15
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JZ (@) dar < S 3 f 2 (o, ] L% TR, BUARSRTTIRGERS, 7£4E po > 0,
2 p > po B, BAL Jb/ f(x)cosprdz| < %, TREHA

a

JZ f(z) cospxd:z:’ < ij(x) cospxdx’ —I—le |f(z)|dx <e. O

i Riemann 5|PE401E Fourier R¥— &€ BH LU IR,
Wit & an, b, BEN 16.1 1) Fourier %%, M) li_)m ay =0, llm b, = 0.
PAF AN B2 Riemann 5 B EEMN H.

B 16.6 Kk > S0 @R ().
n=1

R AEBIE 14.18 CHIMREL S(x) KA EX. BT S(0) =0, S(z) B 2y
JAR, REALE (0,2m) b5k S(x) BT
X0 <o < 2m i H RIS T

Sn(x) = Z % = ZJO cosktdt = Jo (Z cos kt) dt
k=1 k=1

k=1
sin(n + l)t sin(n + L)t
N 2 1 di — z 2 d T
=\ )i oo Yy
0 2sin 5 0 2sin 5

R MBS RE 25in L~ 1, 10 L 22 (0,2) LRGBS R HL B
REXTIXMRZr H Riemann 5] #.
ST o =10 A S,(10) = 0, BHAAZHESR (Hr b # UBA):
: 1
T +5)
Jiﬁi—%th:g. (16.6)
0 2sin 5
SXAMES R FR Y Dirichlet B0, WAL Y coskt 72 [0, 7 _ERIBUY HHEK

k=1
. A ERAMEFEX TR S, () HEH

o sin(n + %)t

z %m%

dt.

S () = T[;,T _J

XF 2 € (0,2m), R . 1 7 ZEDX (8] [z, 10 _BH AR, 4 n — oo, A Riemann
sin -
2

LA A R AR A
O (16.6) MBS ¢ = 0 FHATLLE A ¢ — 0 MIOHRE n + 5. K5ERAT

n
Z cos kt + % =,
k=1
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S(z) = lim S, (z) = T[;:c’ O<zx<2om O

E1 R 16.2 HHHEFH]
) ~T— 2; smnn:c 7
HA A 2 R f () 7E [0, 2m) BT 2. FIHILS ~ RS HE MR, Fik
At AT DA H AR5 R e ) = A B0 S () 1 Fourier 2045

-2 g<z<om

Zsmnx :{ 2 7 £ F T
0, z=0,2m1

F2 0,2 k S(z)
K 16.8 FHEH T S(z) HEHE. EE%S Y FEFTA 20Tt (n € Z) WS EANESE, W

\\}\\\
N (PN

@um:i%ﬁﬁi:@%ﬁﬁﬁéﬁ

vIE

LAY DA S e B (B B 15.5) FO IS Ay R H R B0 8 Z sinmf 1

VI EERIELL i, B LA EATT Ok S R R AR AT X ) AN — ﬁUI&Ui’I ﬁﬂiﬂ’@%
0,27, (0, 270, (0, 70, [T, 210) 2%, (FEBIRE 15.13 1 B4 Cauchy — 0l SvE NIIE B

BB (0,2m) EA—Blss.)

E3 Ao =12, HEBAERE 15.26 H 4R

S D o O
1 3+ + o —1 + =

i
n
BITE 16.7 18 XA J :‘” SINT g (g HuH W Dirichlet B,

o sin(n + %)
JOW = T UM Y o, 8
1117

i FIH (16.6), B
2

Jn sin(n + §) dg — J

0 xT

o sin(n + %)x -
do + J sin(n + 5):0 .

A
0 2sin = 0
2

Ssin(n 3o (- o)
+ | sin(ln+ =)z (= — dx.
Jo ( 2) x 2sin%

vo|5
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AR B TR T (3 — 5l ) 6 0.7 L SCTHL B Riemann

FIEFE 2 n — oo WK 0, XFEHSE

o sin(n 4+ l)96

i [ 2 g1
n—oo 0
&5, HZRERRE .
Jn sin ¥ 9)r J<n+%>n sin g,
0 € 0 €

TS S [ AL qa el (R 11.29), HAEA Heine IR TR

oo g o e
SIBT Gz = lim ST Gz = lim ST g, = g
0 X n—-+oo 0 T 2

16.2.2 Fourier ZEW SN 731 &

W fO R en AR, 1R [-nn] BRI ARSZaxt AR, WRTRASK O
Fourier 244t A THFFUZZEIWSAME, AT ZEEI T AR EL S, () HK.

BB, BT SR SISO, AR T 2 S0k zo, EIERE
MR AT R RETHETEX — AN R 2o A0 {S,, (o) } IS

W E S Sy (z0), K H A Fourier REH (16.4) RN, R J5FIH = k1

1 n sin(n 4+ %)6‘
R ARUBAEER 5+ coshd) = —————, &FERH
=1 2sin &
2

Sn(xo) = % + Z(ak cos kxo + by sin kxo)

Jn {% + ) cosk(t— xo)} f@e)de
k

—T -

sin(n + %)(t —x0)

=1 J" () dt (16.7)
M) n 2sint——$0
3
1 sin(n + %)u
%] S ass

2
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: 1
1 sin(n + §)u

T[Jo 2sin%

X RIS RS L EE . (16.8) M (16.7) 1F £ = 20 +u ISR
FRHA BN, HASMR [ 245 [—Tt— o, TO— a0, SATIRIFH £ 2 E 20 0 A iR
H, (16.8) PIOBBRE RN, FEATLSBUNK W IAIY (- (206
@1mm.%ﬁ—ﬁ%%uﬁ&%ﬂﬁﬁﬁﬁj +J,%EE%—¢ﬂﬁ¢¢ﬁ

ey — —u, SR IAEN (0,70, I4 uy RO u, 4IFAFAEE (16.9).
A0 AR A A4 S AT

lim Sn(xo) = f(x0)? (16.10)

1T Fourier REUEMIE AR (16.4) BB, WELE K 20 ALK

f (o) MIE, W Fourier ZHMARFAEMSAL. BUILFT I, HIR lim S, (z0) HEFF
75, BA—E B2 f(20).

TRBEMNAEZE IR (16.10), 2K {Sn(zo)} WML S,
JEE lim S, () = S FEAF QST AL

FFAR (16.9) # Dirichlet F4) (16.6), AT LB H

o sin(n + l)u

[f(@o +u) + f(zo — )] du. (16.9)

-1 27 o(w)du ,
Sulwo) =5 = [ UL (16.11)
Hr
o(u) = f(xo +u) + f(xo — u) — 28. (16.12)

NI (16.11) FEPE I, B F2E HIEH R EZE 24 4.
(D) #5 (16.11) FE 7B w AR IFAG T BB R 2ZE (KB 16.7 F 1

IE). M
. 1 1) _
ili%(gsin% _U)_O

R, LB~ — - 72 (0,70 LW TR MR £ fE [T R

2sin
2
XTATAR, H(16.12) & XHIERE o(u) 76 [0, 10 AT 4a Xt nf#E. AR $E Riemann
SIH, a3

lim Jnsin(n + l)u ( 1 Tl L) ~p(u)du = 0.

n—o0 Jo 2 2sin o u
FRM (16.11) 193]

o sin(n 4+ %)u

Sp(xg) =S = %J cp(u)du + o(1) (n — o0).

0 u
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(I1) BUE & € (0,1, # EXPE a4 IA (0,6 F [0, BRI NS, HH
XM Riemann 5| ¥ 15 )
. 1
s +5
lim J M ~(u)du = 0.
n—oo | § u
AT I, BUE 0 € (0,1 2 )5, BtF

1 sin(n + %)u
Sp(xg) — S = £ Pra— o(u)du+ o(1) (n — o). (16.13)
(16.13) HYFIRAT, Fourier IAE M xo HISIHUE 78 IR T BREL o(u) FEu =0

AR HIPE . MR B e X (16.12) FTBUE H, IXAANER ST RR L f 765 2o 201
HIPE . XFES 2] T Fourier KK Rt & 3, ‘B & Riemann B %6 K I,

HAFR A Riemann 5EH.

EH 16.3 (Fourier R AIEEBHEETRE) REL f 1 Fourier ETE 1 zo 401
Sk, P RAEWS AR R =2 AT A, IS f 1R R 2o B —AMER /DB 1)
PEA K.

R 24328, BT Fourier REEMNRD R EIK), BIBLEEAE R 2o FISHLNE
5 f(zo) JoKk. U B3 REREE BRI, SR T f 7R 2o FER AR
JRFRPER, X ARAEF AR — 4.

wWE 16.9 Frw, REEARE f,g9 75 y

o (1N NSRS e AR L, (ELZE ARSI I
ZETHRER. XK f, g B Fourier %] PASE 4 /,g/(’:;5 ixoi )
ANE. R R e, XWANE EETLRH O‘ 2 o~ T
Fourier 4HTE /L o MISICELTE N 582 AH F).

B8k, MIEATEE = o BYGHR AR B 169 Bt R EE

AR, SR E B Fourier BFRIL T HIRIEARL R, ©EFRAT, BAREE
RBCEARIE B — N KR ER S E 1), B s S 2 il

¥ Fourier UM SGHIE R AR A, (HESHE TEERRE. T2
Hf AR SR LI T AE.

1876 & Du Bois ReymondD BB T UHERTE f iES s b, f 1Y Fourier
PEAT LUR L. XRS5 = A 2 BARIIE Fourier ZHUSIK).

1930 4, Kolmogorov 2% HflF, —ANAIFR B4 %60 nT AR R £ Fourier Z#kbib
RHL.

O #t - fB—HZ (Paul David Gustav Du Bois—Reymond, 1831-1889), f&#[E #({*%.
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1966 4, CarlesonD iFB: SF 5 AT BB $Y Fourier 2%t — 5 /LA A8, 3%
24 R A 8 45 B B AE Y

16.2.3 Dini H 5

M (16.13) FTLLS S0 SIBIVE, S PRI B2 — ) Dini BRI, B 7 %
JEIH 2m T AR S X mI AR BR B, o(u) = f(wo +u) + f(zo — u) — 28.

Dini #1135 £ 6 > 0, HAFS Jj 12Ul qu e, w1 89 Fousier 2%
15 2o ROHCBCT S,

iE Bl (16.13):

Sp(x)— S = % JZ sin(n 4+ %)u . (pglu) du + o(1) (n — o00),

HRIE LA Riemann 5BEIE. O

i EFiR, 78 Riemann 531 (16.13) F%EEAE b, Dini AIANERA S MER T .
BEMH BIEARTE, P HEEEIRERAN S B4, THESH & LK —LF5R
fE24 Dini HIHERHER.

FUHEHRE R (1) £ 788 w0 AIELE, (2) F BLA mo hSB—2RIMW 5. BT
)3 [R] U B AR PR SRR B, SR )5 HL

8 = LIfa) + Fla3))- (16.14)

M f T g BT S = f(xo). HSEM o(u) FIE X (16.12) F1 Dini H]517EH HIFR
SIS AT L, XA _E P AMEBLR UL (16.14) T S R ME— T BERILFE.

Dini #IZEREIL 1 &H 0 > 0, (FHRE f 75 R xo LRI LW T 1Fa4L
H o K1) X Lipschitz 4644

|f(zo £ u) — f(x§)| < Lu®, 0<u<d,

HFPL>0,0<a<l (Fa>1NAREFEMERE), W f 1 Fourier ZET 1 xo
AT (16.14) & X S.

IE A o(u) KIEX (16.12) AT WA uli)n‘gl+ o(u) = 0. EXB N FFIAEL

lo(w)] _ 1f(xo +u) = f@g)| +|f(@o —u) = flwo)| _ 2L

u = U = ulfac

O K% (Lennart Carleson, 1928-), Hij L 2~5.

O fEXBEEATAINIEHHAUL Fourier AR M —NREARLER: 37 20 2 f K&
S B — 2K (R W, HAREAR R Jim Sn(wo), MIXNKIR R GER f(zo) BL %[f(mar) +
flxg)]. AEARBRIELHRAEAHRZAEER, EEFEM (16.8) Bl (16.9) LU T HHIHEHAR
RIEXNERMTE S TITH. HIEE I (25, ar 15.2.2].
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FIO<1—a<1, FFBS Jj du_ yeor A7 Dini FIBIER AR L. O

ul—a
Dini FIBIERMER 2 & f 7R zo WIAELE T3 SCEM 32

i S @0 £ 1) — f(ai) 7 (16.15)

u—0t u

M f ¥ Fourier 40T 5l o WS T (16.14) & X S.

e 1 o= Lo, st [ 2L g opm s, ©

BT RHER w0 TR R, KM (16.15) AP s 7
7 (FASE), PR B $ TS 41 L, Fourier S — T £ 16205 M.

5 J7 A BRI, AR T 4K B LB B Fourier I8
B A EH A 45 0 B B A O 2 BOG TR K.

Dini #1513 B%E 3 WAMIRE [ ERANE KR LR L R LA R AL,
UEAAFERE S0 A, TAEREABISR AL, SR [ BBt SRR 17 AEAE A
BURRER, W £ B9 Fourier SEUMMMESCT S [/ (™) + f(27)).

FAE SR BUIRBAER f/ (2 ), WA L'Hospital VAN 543 £
i J@FW @) e

u—0t u

XFERUER T f 78 20 BOAMIAEAE) X X ZEMARERZRUE. O
E MBI S6IE 8.12 DU S HAR MR B (B 7.9) 582K

BiIRE 16.8 X TAZH 5 MBI Fourier 8. Hise HEMM, 5 f1E
ELER.

i B 16.1 (30K 16.1).
1, 0<z<™m

Horp A 2n MR f 78 (-1 T _I:%J{ , VD9 R 2me [ B

0, —m<z<0
B, A nmt(n € Z) W RO SE—RENW . BT f 2 BOBiE RS, BI'e i Fourier
HHAE WS M (16.14) BT WAE A T8 W sl BB m Rk %, mEHATA S b
FEIAE A, XM ZBE M E 161 BRIEFFEN. £ -n<r <k
i) Fourier 2R HIA1 A

0, —1m<z<O,
1 2 x=sin@2n—1)z L0
7+FZ_:1W_ PSS
"= % =041

Bl 16.2 (3 0. 16.2).
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HA R on IR f 76 [0,21) L5 T 2. FERIFET R AT A HAE (0,20 B
Fourier BRI 4

0 .
.’.[_22 SIn NT :{
n
n=1

Bl 16.3 (2 WK 16.3).
HASEAE [~ ) RATE f(2) = e, a # 0, RIG/ERM 2n M54, AT ILFTE
(2n+)n(n € Z) MRCAE—KEBH. T2F

_ 00 . e x| <
et _ g—am 1 n acosnxy —nsinne \ _ ’
7'(54_2(_1) )_{1

n=1

z, 0<ax<?2m

m z=02m

n O[2 + TL2 i[ean‘F efaTlL xr = :l:T[.
Bl 16.4 (3 0. 16.4).
1, O0<zxz<h
bt (0,10 445 f(z) = { 0 < < L R
0, h<z<m

i, TR on . XBTTA nm 2nmid b (n € Z) #R B — KR M. mTeL
5 i Fourier ZHAE [0, 1) _LHIATA

1, 0<zxz<h,

200 sin nh _J1 _
—i—nZl n o cosna =4 =, x =h,

0, h<z<T
Hrz =0, bR f®F e . fEE LRI R B on st 0 5 B 18R 2 nT
KA, BRI (16.14) AN EAIZEZ AL 5> 34 1 A1 0.

Bl 16.5 (2 WK 16.5).

Htg f2) = [af, -1 < o < DIEMAM 2 46, IXIAT DU TS 19 A
PREAC AR S, TEPT A B EUG AT R, (EAFAE P S0 S 4L, DR mT LA AT 7E
[—1,1] £ Fourier ZEULAWSET f(x) = |z|, BIF:
%—ZWCOS(?H—]JT@Z x|, -1<2<1l. O

n=1

=l

E 1 #8 16.6 (W 16.7) 571 5 ME AR, Z&%EH Riemann 5[ H 3K H
oy SO g s, SRR MBI 16.2 AT LU HZ = AGEORE S(2) 1

n=1
Fourier Z&%. 4Rt A LLE ] Euler Fourier A3\ 16.4 SRIIFX 4516, T B
FETE [0, 210 - FIZEURIAT R K
m—x

oo . _

Z sinnr 2 7
n

n=1

0, =z=0,2m

0<ax<2m
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2 VERTERE Fourier SUEHUFIER MW, IR AR B, B0 FAE
TR AR E B PIASAR L, AT H E A, A B .
Bt (— 0T b ST R B, RS R 10 Fourier ZUHUIAIBRHE (10 1Y
PO SXHE (—Tom) LGSR S T f M, (7 AL RAR — 5. A
F) # f(-T00), MIZEHS [ AR R am MBS, A - RS . T
Fourier SHUMABRHTE A TR BEKSLT L[£(1) + F(—0H)].

Z3&

1. RERHEMEM f € Rla,b] FHBAEH Riemann 5] #:
lim Jb f(z)sinpzrdr =0, lim Jb f(z)cospxrdx = 0.
p—oo Jq

p—0o0 Jq
2. W f N [0,400) ERIHREREL, H f(4+00) =0, UEHH:
lim J+m f(z)sinpzrdr =0, lim J+OO f(z) cosprdz = 0.
0

|
p—oo Jg p—00

3. & f' € Rl-m 1, iE#H: lim na, = 0.

X sin(n + %)x 1 n ‘
4. id Dirichlet # D,,(z) = W( =5+ ;cos k:v), UE
L
lim J xDp(z)dx =0,
n—oo 0
I E SR H BLUT PN B A
Sin% 2 -
5. 30 Fejér ¥ F,(z) = i( _ 2 ) , ﬁEEﬁ:J Fp(z)da = 1.
ni sin 5- 0

6. & f € R[-1 1, Sp(x) & f I Fourier AR Fl ek %k, 1ERA:
Sp(xz) = O(Inn).
7. W f REAEREIT A Fourier 80 AT 21 i) R ST BR 4, E 9
fa+m)— fa) =% J" F(£) cos(2n + 1)(t — z) dt.
n=0" T
8. WAE (-1 m) bR
f(z) = % + Z(an cosnx + by, sinnx),

n=1
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Ia): 2% % + 2_:1 an cosnx Zl by sin na FETWCEL? WS R B AT
K " "
9. # f € R[a,b], iEH:
b . 2 (b
plg{)lo L f(z)|sinpz|da = o L f(z)da.
(WA JUR vk, Hpz —2&H §16.1 23178 8(5) HY | sin z| B Fourier 2%
I
10. #45E §16.1 FZR>J8 8 5 9 &/ Fourier 241 SHUG L.
11.

W =AZ KN T, (z) = % + Z(ak coskx + by sinkx), D, (z) [FH 4,
k=1
UER:

() Ta(e) = & | Tolw)Du(u - o) dus

=

< n? :
(2) _max [T, (2)| <n” max |Tn(x)]

3
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§16.3 Fourier HEHIMEKR

16.3.1 FEFHEIR

W R o AME S, B [~ APl
XM= AL

Un(z) = % + Z(O‘k coskx + B sin kz) (16.16)

ST £, 5 IR BT T (577) 8RR L, B
(16.16) I 2n + 1 NERE, o VE=0,1,--- ,n f B VEk =1,--- ,n, 5
|" 7@ - vs@)? aa (16.17)
prIE =N
PUF B 1)ie 5 S ar i AH R, Bl
f~ % + i(an cosnx + by, sinnx),

=
SHEBEARIEN Sule) = 2+ 3 (or coske + by sn k).
FEEA-BAR AR REL U, (2) = S, (2).
IR 16.4 ¥ [ RN oA, F7E [ ERBLSTOrATRL i
min [ [f(z) = Un(@))? dz = [ [F(@) = S0 (@) do.

—TT —

W EHEEBEVE (16.17) F A, IR T Fourier Z%1¥) Euler—Fourier
A3 (16.4) FI=F BREBR M IEAS

Tt

2y T
[t [ e e[

T n 2 n
— J £ = Tagag — 2y _(apa + bify) + T[go +1> (0 + B7)-
- k=1 k=1
WRJa BT 3458 2
[" vt =" 1+ oo — a0 + WY l(on = an)? + (5 — b))
—T —Tt =1
— gap— Ty _(af +0}),
k=1

O XiF fR2%XATH, SR g & f 2] AR, MAASENX [f(z)] <

2
LS Gy, e IR I LS AR R AR T, AR 7 R Bt 45t

AR
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XEEBANITE Y a0 = a0, o = ag, Bk = br, k= 1,--- ,n B _EXZED IR MMEIEE]
B/, BRI 25 /MEA

win [* (/=02 = " (F=82= [ P~ Fai—my_(af +0}). O
n —TT - k=1

FUF 3k s BAE B B J5 — 30, AT LA/S 32 4 (1) BesselD A%, BATHE
B R 5 2.

EE 16.5 (Bessel AEX) WA o R EL f 75 (-] LRSI
W, BA f(z) ~ 20 + Z (an, cosnx + by, sinnx), WEALANE

1 - 1 ("
a3+ Y (af +0}) < FLTfQ' (16.18)

4 n — oo MR EIFTERMAENR. O
FOATRUEER, 9265 BAEARSER (16.18) HRSLAE S, Xt 2 Parseval D4R
—a0+z 2 1 02) = %Jn 2 (16.19)

HTFHREELZH TR, @Cﬂ]/[%ﬁ_l: a4 HE R,
B, X (0, 2m) L Fourier R FF =

0 .
—x Z sinnx
n 3
n=1

H Parseval 255t ] Wﬁ%ﬁﬂ

KRS Y = %
n=1

"Fﬁ?iéﬂ‘iﬂ BR B0 [ PR 0 A /N4 0 10 A, BRAEAS (16.17) S/ MU ]
A, UL 16.4 45 M5, 1R LIRS,
MBI A BERE, U, R=MAEER

{1,cosz,sinx,--- ,cosnz,sinnx,---}

O IZER (Friedrich Wilhelm Bessel, 1784-1846), 8K %K $2 %K.
O WK (Marc Antoine Parseval, 1755-1836), 15 B2 5.
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PRT o0 + 1 A BBS A S F L, oI IKRE U, BT S, e R
AR 200 B O 5 . 7 AT TSR, 73
ﬁm@ﬁ?ﬁ¢§m4ﬁm=JQMW%fﬂg%W%L%NﬁM%Wﬁ%OW%

T

£ 5 g EACHE . BIERATAABEIA £ BT &

171= VN =] .

WISRFTLAR || f — gl k3w £ 5 g s

TRANE IR, W TSR f, 75 T2 (B S Pm) 10, +
W—A TG f B BEE? ZERE A 16.10 Fp A E S O P #E R L, %% f
SETAME—AN ] AR

B 16.4 FINHHRY: S, RIEET
1 TL, "R f TG, 2 R e A 2N
SFRATURE R
1f = Sull® = I£1% = 11Sall?,
(F = Sn, Sn) = 0, 16.10:  (16.17) 4 I 18 89 L

s &L

16.3.2 Fourier Z&H K —BUbe Stk

M_E—F5 ) Dini B 5075 FF 2 BARE] 7 AT LASNIE, Fourier 2450 F1 & £0mT DL
BHE—RAIW . ARBOREEELL M e B (BRI 15.5) &N, IXI ) Fourier
LA RE— B S RIS HARIE Fourier 30— B S 7 o PE 4. s2fr 1
HET E— - BOGH A i i EIESE A% T

A JETI R JTER R, Sk —N g B

SIER % f R o gLk R g, HAaBORW, N f ) Fourier RECH
{an}nz0, {bn}nz1, [ B Fourier REN {a, }nzo, {07 }nz1, WA

ay =0, al, =nb,, b, =-na,Yn.
IE EHRERTE fABOGENSMET, SR ERAPKERNXE 22 R
TEA PR R X, IR L) A i Z 8] () X B) RSk, H AR X (6] A B4 A7 7

O [EBAE §15.1.2 Hh i B 25 ATEEBCRZ) B R 8 1B E, 3 T — Bl stk it i
e, T AR R BCE R T LA AN FE S Sehr EAR R VeSO N T AR sk, 75X
B GNP I7 P3O N TP 07 F WS, B R S WSO — Bl sk A T ik i sl
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B, B3 OB . S S R03— A Fourier R AU £(—m) = £(1),
WA
ay= 5 [ fl@)de= L7 - f(-m] =0.

BT XA AR (e 10.14 FIVE), ST DR BT ER AR
a =L J’in J'()cosnede = L f(aycosna|” +L J’in f(z)nsinnz do
- Ji‘n f(2)sinnz dz = nby,
b= Jin f(e)sinne dz = L f(2) sinna :— L Jin F(@)ncosnz dz

f(z)cosnzdx = —na,. O

I

|
=1
%
| =
=]

EE 16.6 W f 2 AY on LR, HaoBOoti, W f § Fourier 7L
(=00, +o0) L—BUHT f ().

HE A Dini FIHIE (KR 3) A1 f KEELNERNE, f K Fourier ALKk
T fz), EHEHH

flz) = % + Zl(an cosnx + by, sinnx). (16.20)
¥ f' 1 Fourier REGEN {a), } o A {b), }n>1, NEIERFIPIEARE K AT LA 2
b/ , / /
fanl +lonf = Lol g 1l L L pary iy
BT f’ AR %?ﬁ_ﬁﬁ, Ilﬁiﬂfﬁi’ﬂt? f' B Fourier &%) Bessel A5, %
Z ) WSH, XA R H B

oo
Z |an| 4 [bn| < +o0,

n=1

XET f ) Fourier 08— 2daxtes. O

16.3.3 HEWRoEH

S 5-F SRR R (W 15.7(2)) 564 R, AR R
WS, I S RS R,

T 16.7 (Fourier ZHMETMSTIB) W f N AY on (04 BE L&
U, 78 (0,2 AR S 4 ATAL BB

O ATiEWfEREN, XENT 2BES 4. HLFXAN&M42 GBI e
48R 1L, IE W I [8).
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f(z) ~ % 4 Z(an cosnz + by, sinnx),

n=1
-
(1) S e e,
n=1
(2)Va,z0 €R: r f@)de = Jw % dt + ZJI (ap, cosnt + by, sinnt) dt.
xo zo ne14 %o

W X (2) RFEXNTF 20 = 0 VEHIEB R AT,
=N EH F(a) = JO (f(t) - %) atd, M
F(2m) — F(0) = Jz" (£ - %) ar= F"f(t) dt — agm= 0,

0
L F R 2m SR R
FE f Aoy BoES HRH B —REIW AT, THE f B8R F = f,
U F R0 BOGH RIELER S T2 F # Fourier AL AANSAT B &, B

F(x) = % + Z(An cosnz + By, sinnx),

n=1
HApfiaoh F ) Fourier 8. M0 70 #AL 73 5L AT LU T BT IE25 n 1521
_ 1 21 _ 1 . 2m 1 21 . B bn
A, = o ,[0 F(z)cosnxdr = ﬁF(x) sinnz| - ,[0 f(z)sinnzdx = -
B, =1 2T[F(gc) sinna dx = —LF(x) cosnx 2n—|— L an(x) cosnz dz = 2
R 1 nit o N, n

(XEHR T R AR, e 10.14 FE.)
fE F ) Fourier B H = = 00N, #7523

0= F(0)= 40 13 4, = Ay ba
n=1 n=1
BOREMLER) T SEB0 (1), ELATIH 8 R 420

7E F ] Fourier HEEFFH, # Ag/2 #h — Z A, RNBIFIH, BA L
EASI A, B, liss, as) i

O M om i s f sz(t)dt—%ﬁuﬁﬁ@ﬂa—ﬁ\éﬂ%ﬁ&ﬁaz%ﬂ—ﬁ\
21

JE 390 27 B B8 %2 A (R §10.4 % 5) 0 10), R a = %J fyde = 9 FR
0

J’” f(tydt — 40 g = J v ( £(t) — %) dt BRSBTS KRR F(x) K.
0 0
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F(z) = JO (f(t) - %) dt = i[An(cos nz — 1) + By, sinna]
n=1
= 3 bn (g _ nT I Ginna
_;(n(l cosn) + s )

o0
— Z r (ay, cosnt + b, sinnt) dt.
0
n=1

TR I J 4 BRABEEFK. O

E1 JXA%@E'J ANEPE iR A LR BIA 2 Fourier 81 = AR EL. #

LR T = A o0

sinne. (16.21)

Inn ’
n=2

5 TRATT I 1 B Z STt 15 ) Dirichlet B33 A8 B4 (16.21)
ReAbWESR. 1H T8k Z — JH, AR 16.7(1) 038 (16.21) SR =%

HOATRESZ Fourier J’lﬁ
E 2 MBI A SR AN (R AW ) Fourier 25152
B Fourier 244, 1 H &2 WS, F 2 — A 7.

fiIRE 16.9 7£ 0,210 b,

— X ~ ; smnn:v

(SEFr EBAIFE (0,21) EMOLEES), Bz € (0,21, BIRAS 3] (BRI & B
) 2 SR A BRI, (FX B R BREL 2 € (0,21, KA o B [0, 210 B 2530 ) R 4K
RIEKAIER):

n=1
= i (—# cosnt z) = 2 #(1 — cosnx)
:i#—i cosn,

1
n?
BAE (0,210 b, R CAM50 Y 5 = T
JORIFR, BIZE (0,2 LR
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H gy L = TR Parseval S (16.19) B~ R T
n=1
(16.19) 7T LB AL, IR TZE LB th— AL IER.
W4 & = TR EEESRBEE MR, R cosnt= (—1)", #A

g 1 1
U o1+ L +... ).
I (+32+ T oTE T )

SR S L ARy A, WA

n:ln
(1L 1 D) (L L
A_<1+32+ +(2n_1)2+ >+<22+42+ +(2n>2+ )
T 1
=<5+ 14

RERE ] A = %2

16.3.4 Bk SEH

REWAEME - LEPRZELR T EH (HEH 15.8(2)), 1 ZHH
Fourier 243 H & HI%F iR HE.
B 2 iR f FTAR BT, B
fz) ~ % + Z(an cosnx + by, sinnx),

n=1

I R AE AT A 44 T AT LR TR 45 2

a : .
f(z) ~ (70)/ + Z(an cosnz + by, sinnx)’ = Z(nbn COSNT — nay sinnz).

n=1 n=1

BHER, BhEERE f TR, 22 HEEARA S BN, B TS 4y ii.
Hk, NI f FI5E—A Fourier R&ET 0, X2

|" reae=rm—s-m=o.
T f IR A 2r YRR SR A A5 AN RIS, WIANAT BER TR .
R TBCE T HIER.

EHE 16.8 (Fourier ZBWHIERTIKFER) W f 2 enWiEL %, A

o0

f(z) ~ % 4 Z(an cosnz + by, sinnx),

n=1

NP f o BOtH, WA

fl(x™) —; f'(at) _ i(a" cosnx + by, sinnz)’.

n=1
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W BT SRE S BOLH, WS4, i f # Fourier RECA
{al }nz0, {0, }nx1. H §16.3.2 IGIHL, A
ag =0, a, =nb,, b, =—na,VYn.

NH f 4B, M Dini ABIERHER 3 5018 4b ik s sr

1( — 1( ot 0
f );f (=) = Zl(a;lcosn:c—i-b;sinn:r).
G ELR, v B R Z(an cosnx + by sinnz)’. O

n=1

i FHRIEIEEE (0,2m) bR Fourier 2R T
T[;,T _ il sinnn:r ,
ZE IR R EAE (0,2m) W SEEST —%, {2 FiZ R BN e s ¥ A I 2m 3%
SRR, AN AT REXS B 1 Fourier KBRS . FH5L b, A ETUK S G52
A A R — A = R EL: Zcosnx.
n=1

% 3 &
L% f 48 [~ EARSEIAR, AF

a .
f(z) ~ 70 4 Z(an cosnz + by, sinnx),

n=1

id S, (z) = % + Z(ak cos kx + by sin k), i
=1

k
| 1£@) ~ Sw@PPdr < [* [f(@) - Su(e) ao.
(H §16.3.1 FHBEF A || f — Snsall < IIf = Sall)

2. ¥ f I Fourier X% % + Z(an cosnx + by sinnx) 7E [—10 1 _E—Blsk,
n=1

fIEHR Parseval Az

N[
S
+
M

@ +82) =5 [ Flaan
3. % fecCl-nm, f(—m) = f(n), f & [~ Lo Bokstk, IE
1 1

ap, = o(ﬁ), b, = o(ﬁ).

4. # f e Cl-mym, f(-m) = f(m), BEH f KT Fourier REERET 0, IEH:
f(z)=0.
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5. (1) iE#H
o sinna 1 3 T2, T
T 12 1Tt m0sesin
@R, o
n=1
(T 1):10, o<a<l, N
6. (1) 32 f(x) = 2 B T AR R IF AR
n—z 1 <
5 <z <

o .
fz) = Z Sl% sin na;
n
n=1

) . 9 ) . 9
(2) 2‘—(‘ Z S~ n Z SIin™ n
n=1 n2 7 n=1 7’L4

7. (1) & % + Z(an cosnx + by, sin nx) FIRECH L &4
n=1

1 1
an:O(—), bn:O(W)v

n2+5
UEB: = AR — B SL, BRI REOELE ]
(2) #F f 2SI o WA AREL, f7 € R[-m ], UEHH: f i Fourier & —%
KoK
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§16.4 AZHMA—BUBIEEZERE

16.4.1 Weierstrass —BUEIIT EH

Weierstrass (] —SBUBIL & BA AL, 20 BIFR A 26— 81 B — 18l
SE B, BIAEAT S P DX TR b At 34 48 o — s AT DU 22 T s = 22 T X — BUE T 21
HIEIRERER MR, LA RZ, WTS% [25] [ §16.3.

KT ESE B 16.6 K MEERIE DL, BT AT IR RN, BA1S
ML ERIE .

513 W op(x) 2R 2n B B M S %, W o(x) H) Fourier 24—
WELT ().

iE 5t _

o(x) ~ % + Z(an cosnx + by, sinnx).

n=1

WRIE7> BRI 5, FEDR {20, 21, 2w}, 0o = —TM< 21 < -+ <
T = T, E] o FERAD TN [z, 2] EALYERE, REH () = ki (0 =

1,---,m). & M =max{|ki|, -, [km|}.
B ¢ B Fourier RE:
lan| = ir tp(a:)cosna:d:c}
LY

n 1 Mm 5
- —J ¢ (z) sin na dx
—Tt

= ch(x) sin na

nTt -7 nit

m
1 R
=|— E k; sinnz dz
nT .
i=1 i-1

%%%_o(ﬁg.ﬁﬁmﬂ&ﬁm_o(ﬁa.ﬁﬁﬁﬁ%?wmmmmﬁ
Boh—soled, O

2mM
n2m

<

EI 16.9 (Weierstrass F—iELEM) & f & - ERELRE, H
f(=m) = f(m), WxF Ve > 0, FAE=MLZIA
T(x) =ap + Z(ak cos kx + (O sin kx),
k=1
{13 AL
()~ T@) < eV € [~ .

O X o I5BOLIE RS R L, HiE Fourier At ab sk, BT K B E#:EH

Fourier 22— E s, M AUNZEX B Dini H51%.
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iE M feCl—mm "4 fAE [ B —8uELE, kst e > 0, FFLE 6 > 0,
Vol o € [~ REE o' — o <6, A | () - f2)] < 5
XFX () [, 1) BRI P = {xo, 21, , @}, ERHME ||P|| < 6, REEFD
FXE 21 <z < 2y e MR EL
o(@) = flai_1) + f(@i) = f(wiz1)

Ti — Ti—1
Tr; — X r— T;—1
= €XTi_ . + €T:) —mM—
Jom) iy @) =5
TRAE 1 <o < WA

lp(@) — f(@)] < | f(@im) = f(@)] - == [ ) = f(2)] - ——

Ti — Ti—1 Ti — Ti—1

<£< Ti— X +I—$i1>_£.
2 \z;— o1 Ty — Ti—1 2
AT HLIRFEAE H 8 7 B2t BB o T f M —BUBIERERE /N T /2.

HF ox;) = f(a;) AN =0,1,--- ,n ML, M 29 = —T, 2, =T, f(—T0) =
f(), BIEHA o(—11) = o(m).

B o A 2m SEH R (—o0, +o00) b, IXFEELIS R T I om0 4 B2 M pR
. NMHTIE, o 1) Fourier L —BUET . Btk RERUR WS KI)IEEE N, 3t
ATLMEAREE (-1 b o(x) H5H Fourier ZHHIFR A Sy (x) Z ZHIZEXHE—BUD
T e/2:

. (I — xi*l)

)

(o(@) — Sx(a)] < § Vo€ [ (16.22
AN AR AR AEZE X [) [—70 1) B RfaZ
|f (@) = Sn (@) < |f(2) = p()| +|p(z) = Sn(2)| < 5 +5 = O
EH 16.10 (Weierstrass FZBIEER) W f 2B HHXH [a, 0] _ER)ESE
BRI, MIXT Ve > 0, FAEZ TR p(z), AL
|f(z) —p(z)| <eVx € [a,b.

W BRA AR MEAR e — e T LUK SCX TR 503224 [0, T, 1 B2 e e AR
BT ZHR, Fik—FHRAY R o =0,b=1

¥ f B h (-] ERERE, XN (-1 = (). NS ETEE,
FAEZMAZIN T (x) (NZE BIIERALE T (x) 7R RZERE), AL

[f(@) = T(2)| < 5 Vo € [~ .

BT IE 3% B 305 4 3% B8 56 Maclaurin 22 80HTCSRE R R = 400, BIILTE

[0, 70 E—Fliedl, Mt T L =MZ IR T (x), FFAEL TR p(x), MRRL
IT(x) = p(a)| < 5 Vo € (0,7, (16.23)
FRFENE V€ [0,10 :
f(@) = p(2) < |f(2) = T(@)| +|T(x) - p2)| < 2- 5 =e. O
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16.4.2 Parseval 23 KJiF B

FIF Weierstrass H)3&T € B A MEUE A FT I Parseval 53X (16.19). K77
B, EHREIT.

EME 16.11 WAM 2k E f 7 - LRGP, BF f(z) ~
% + Z(an cosna + by, sin na), MWELE

n=1

> U
Ta3+ > (aF +17) = %J e (16.24)
2 .

—

iE M Bessel AER (16.18) 4niE_E A0 I8k, id
bu =" f2 - Fag -y (o} 1)),
- k=1

) 7 IR A lim 4§, =0. AN, MERE 16.4 BIUEBHSNIE 6, B R AR

S =min | (F =027 = " (/=827 =1 =Sl = 111" = |Sal%, (16.25)
He S, & f B Fourier & HI#E3A0.
CLR 23 LA ey AR .
() B feCl-mm H f(—m) = f(m). Ve >0, HEBLER, FEHE
WK T (2), 13
(@) = T@)| <[5 Vo€ [T,
TRHA
Jnn[f(x) —T(x)?dx < e.
BT T(x) REMZTR, B (16.25) 418, 776 N, #1824 0 > N i,
O =If =Sl <IIf =TI <e.
XHEAIER T 6, — 0.
(ii) X FHAOKGOL f, PEEDSF f = f+ (7, KRILET f, [ WA E
B DIURAE K B B — S AR, B f, 7 B BLFK) Fourier 2% 5 H#8 43 Al
A S, WS WA S, = S), + S5 AL 6, = ||/ = SplI%, 6 = |17 = Syy1?, WA
(@) = Sa(@)] < [f'(2) = S (2)] + 1" (2) = S ()], BF
[f (@) = Sn(@)]* < 2[f"(@) = S, @) + [f" (@) = SE ()]},
A 21
8 <2000, + 6. (16.26)
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(iil) BAEW [ € R[-mm. XK f A, &H M >0, fifd |f(z)]| < MV €
[—T[,T[].

FeiAR f RN AINAE, 18 F(—1) = (). XA £ TR R ME.

T Ve > 0, FFAEXE -] WK P = {xo,x1,- -, an}, XN KHR

e T AR ZwiA:Ci < ﬁ SRG R IE T B BR L (), W p(a;) = fla) Vi =

0,1, m, THHEREA TR [0y, 0] EWBAERE (KBTS —IBIE R T Y
BRI EL, HIX EAR—BUEIR.)
MR f=—-p) +e, FHBf=Ff—o [ =0¢
BTN TXE (2,0, 2] £, [f(x) — o(z)| < wi (3R —IBIEEHIIE
), IXFER AT LAAE T B 4
Jin[f(x) —p(x))?dx < ZW?A%‘ < 2MZwZ—A:17i < %

i=1 i=1

SHTF = f— W6, \TUFIA (16.25), &
G <IFIP=1f-el? < %

WF 7 = o, MBATFEE o(z) FE () PRIS&ME, RGFEEN, V> N6 <

T TRM (16.26) HiH
6 < 2060, + 07 < 2(

XFEHHAE T 5, — 0.

(iv) mJEHIE f 18 [—rm B2 SCP TR AL, AR R, £I8 f EX
AKX E R HE— 7 A 2 = TIE L.

R4S LRGSR s S, T Ve > 0, £#7E n > 0, fif3

Jn f2(z)dz < %
m—n
WY& n 4% f = f + f7, HF
f(z), zel[-mm—n], { 0, z€[-mm—rn,
f(z)

£
4

P ={ (@) =
0, ze€ (Tm—n,T;
XIFXTT 67 AT AR (16.25) 1531
o< IF17 <
MET f BT (i) BER, F7E N, Vn> N:§, < %. 2 A A
O <200, +07) <2(7 + ) =e.

4
EEHHMARE T 5, — 0. O
H Parseval &R gt 2 B a] DAHEH, 25 — AR o 3B SR 3 f 5= AR
% {1,cosz,sinz --- ,cosnx,sinnz, -} FHEGE—DREAE - LIER, WA
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e f(z) = 0 Va € (—oo,+00). XAKAFAK Fourier REEET 0, Bk M
Parseval 2355 J" F2(x)de = 0, T f RASESET 0.

Wb, ¥ RAE [~ RS R, T £ = A
RGN -] IEA, WA LAY f 78 [mr) EJLPRRE. R
[ BRATN T E X R B 5ESET 0 R B

BATE LR FELR A =ZMAREAR {1,cosz,sinz -+, cosnx,sinnz, -} 7E
(- BRI E RS E R R S e RTREMENE
AT AR = 4 Euclid 2508, HAEM=MHEERNIEZ R EARTER, HD
FEARAEIEAR R EUNREATERN. T2 =M KRR 582 MR R0 N R
HoE A e TR AR b 2 R R, i H & — AN R BT U e Stk 4 A
KRR, XANRRBZ Fourier 241

g TE -] BRI ARG SO TR s O A R, 5N AR FIAE R
JaEUS, AT Fourier AU 2 R LA =M R R AR M IEAZ R IFA. XH
Parseval R BLRIX NI g MR A e 2.

&3 @
1. % f € Clab], BXHG—AESES 0 G r 2" (@) dz = 0, W f(z) =0,

2. (1) % f € R[a,b], iEBH: X Ve > 0, FFEEZ TR P(z), 8L
[ @) - P@)ae] < =

b

(2) WEB: XA — N EER S n, B plin;oj x" sinpr dz = 0;

(3) XF f € Rla,b] iFBA plingo Jb f(z)sinnzdz = 0;
b

(4) W) XAy Jb |f(z)| dz WSk, HEHA plir{:oj f(z)sinnzdz = 0.

a

(BA E—4BE B 45 T Riemann 5| BEKER.)

3. (1) #HZ WA RES] {P,(z)} 7E (—o0, +00) E—Flsf, WIFHAK R sk % A gE
RZIR;
(2) BeT5 K Weierstrass —EUEUT & B 2] (—oo, +00) EE?
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