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SSSNNN{{{000 ù�ÙÆSO�Ø½È©��
~^�{. 3 §9.1l¡ÈO�¯

KÚ\¦�ê$��_$�,=¦�¼ê�Ø½È©. §9.20�O�Ø½È©��

�{Ú©ÜÈ©{. §9.3JÑØ½È©��ÈVg,¿0�AaÄ���È¼êa

9ÙO��{.

§9.1 ¦¦¦���êêê���___$$$���

9.1.1 ­­­>>>FFF///���¡¡¡ÈÈÈOOO���¯̄̄KKK

�X�©Æ¥��êVg5gu¦$Ä�CzÇ (=�Ý)Ú­�����¯

K, È©Æå
u¦²¡ã/�¡ÈÚáN/N�NÈ�¯K. Ïd·�l¡ÈO

�¯K!å.

�,·�é@ÒÆ
�¡Èúª (±9�±�úª), �3Ð�êÆ¥Ã{�

Äd­��¤���²¡ã/ (�)�3S)�¡ÈO�¯K, éu�¡Èúª�

ØU�Ñî��y². ù
¯K�)ûI�k�#�g�Úóä,ùÒ´l�Ùm

©ÆS�È©Æ.

Xã 9.1¤«, �Ä­>F/�¡ÈO�¯K. �këY¼ê f ∈ C[a, b], �

f(x) > 0 ∀x ∈ [a, b]. Tã¥�­>F/Ò´de�:8½Â�²¡ã/:

{(x, y)
∣

∣ a 6 x 6 b, 0 6 y 6 f(x)}.

dué��²¡ã/�¡ÈVg��1nþ�­È©�Ù¥)û, 8ckb½ù

a­>F/�¡È´k¿Â�, ¿òÙ¡ÈP� S.

uuuuuuuur�tttt
t���

��:	!F
z/����

976432H/--*)(&%#! �������t0� tttt
tp�

ttp�� ttt�q�q�q�q�q�q�q�q�q�q�q�q�q�� ��
O

y

xa b

S(x)

x x+∆x

y = f(x)

ã 9.1: ¦­>F/¡È�i\{

3È©Æ¥��{´� x ∈ [a, b], L

: (x, 0)�²1u y¶���,��± [a, x]

�.>�­>F/

{(t, y)
∣

∣ a 6 t 6 x, 0 6 y 6 f(t)}.

w,, ù�­>F/�¡È´ x�¼ê, §

3«m [a, b]þk½Â, P� S(x). eU¦

Ñù�¼ê, K3Ù¥- x = bÒ���¯

K�) S = S(b).

þ¡¤`�Ò´�«i\{. �5�¯K�´¦± [a, b]�.>���­>F
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/�¡È, y3�¯K´¦± [a, x] (a 6 x 6 b)�.>�Ã¡õ�­>F/�¡

È. ù�Òò¦��A½ê��¯K=C¤¦��¼ê S(x), 3¦Ñù�¼ê��

(eý�U
¦Ñ�{), - x = b�\=�.

1�g�>�i\{�Öö�U¬@�ù«�{kò{ü¯KE,z�v¦.

Ù¢Ø,, éu­>F/¡È¯K5`, �Ï�ò��AÏ¯K���2����

µe¥�, l
�±Ú?Cþ, ò·�¯K=z�Ä�¯K, ¿éX�c¡®²Æ

L��©Æ�{5)û�¯K. �,, i\{´�«kéu5�g��{, ½ö`

´�«�Æ�{. ùp�­>F/¡È¯K�´§���A^¢~v
.

y3Xã 9.1¥¤«, Ó��Ä S(x), S(x + ∆x)±9§���. (ã¥�
(

½å�é ∆x��ê, ��,��±�Kê.) ù��±uy

∆S = S(x + ∆x) − S(x) ≈ f(x)∆x,

u´k
∆S
∆x

≈ f(x).

lãþØJßÿ�, e f ëY, KÒk�U¤á

dS
dx

= S′(x) = f(x). (9.1)

du¡È S(x)�½Â¯K�vk)û, Ïdî�y² (9.1)¤á�¯K��

e�Ù¥)û. ,
lO���Ý5w, ��«@ S(x)k¿Â, �«@ (9.1)¤á,

K¯KÒ8(�XÛ¦Ñ�¼ê�u f(x)�¼ê S(x). ùÒ´ù�Ù¥�0��

SN, =Ø½È©�O�¯K.

l�Ö1�þ�½n 7.12 (=¤¢Ø½È©Ä�½n)��, 3 f ëY�, ÷v

S′(x) = f(x)� S(x)e�3K�½Ø��, Ó�q�U´*d����~ê�¼

ê. Ù¥=��â´·�¤�¦�Q? lã 9.1��, ùÒ´÷v^� S(a) = 0�

@��. ù��¯K¥± [a, b]�.>�­>F/¡ÈÒ´ S = S(b).

~~~KKK 9.1 ¦d�Ô� y = x2, y = 0, x = 1¤�

¤�­>n�/�¡È S.

) Xã 9.2¤«, ^i\{½Â�¼ê S(x)´

ã¥^ÒK�xÑ�­>n�/¡È, 0 6 x 6 1. ¦

Ñ÷v S′(x) = x2 �¤k). �â½n 7.12��k

S(x) = 1
3

x3 + C, Ù¥ C �½. |^^� S(0) = 0�

½Ñ C = 0, u´¤¦¡È� S = S(1) = 1
3

. �

uuur�P���>�!B��<�"D
xtttp�0

�~/����|. ����y

O

�(1,1)

y = x2 tp0��
x 1

P P P P P P P �1 � 0 0� �� �0� p�� p� p�0�� t0� t�0� tp0�� ttp0�uurP�=LKIHFECB��>�=�;���898��
ã 9.2: �Ô� y = x2

(0 6 x 6 1)e�¡È

5 ù�,�´�{ü~f, �3�F1���k� Archimedesù��êÆ

[âU)ûùa¡È¯K, 
�¦��{�J±í2 [12, 15, 18].
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y3Þ��{ü�$ÄÆ¯K, Ù¥�¯K�­>F/¡È¯KlêÆþw

´�Ó�.

~~~KKK 9.2 �3/¡NC����:l,:m©±Ð� v0 3­å�^eR�

eá, ¦��� t�¤²L�´§ s = s(t).

) 3å©:?�R��e��I¶,P s0 = 0. �â�ÝÚ\�Ý�´§�

'Xk ds
dt

= v(t), dv
dt

= g, Ù¥ g�­å\�Ý~ê.

l
dv
dt

= g�� v(t) = gt + C, Ù¥ C ��½~ê. �â v(0) = v0 �(½~

ê C = v0, u´�� v(t) = gt + v0.

,�2l ds
dt

= v(t) = gt + v0 �±�� s(t) = 1
2

gt2 + v0t + C1, Ù¥ C1 �

�½~ê. l s(0) = s0 = 0�(½ C1 = 0, ÏdÒ�� s(t) = 1
2

gt2 + v0t. �

�( lc¡�?ØÚü�~K��¯KÒ´¦) (9.1). �±ò§w¤´'

u��¼ê S(x)����§. du3ù«�§¥Ñy�ê, Ïd¡��©�§.

(9.1)Ò´�{ü��©�§. �18Ù¦�ê¯K'�, ùp´�½�ê�¦�

5�¼ê, Ïd·�òù��O�¯K¡�¦�ê$��_$�. N´wÑù�_

$��18Ù¥�¦�úªÚ{K¬k��éX.

9.1.2 ���¼¼¼êêê���ØØØ½½½ÈÈÈ©©©

½½½ÂÂÂ 9.1 � f u«m I þ½Â. ek3 I þ½Â�¼ê F , §3«m I þ?

?÷v F ′(x) = f(x), K¡ F � f 3«m I þ����¼ê.

l��%¹ëY��, 3«mþ��¼ê7½´ëY¼ê.

'u�¼êkn�Ä�¯K.

1��¯K´�¼ê��35¯K, =éu3��«mþ�½�¼ê f , ´Ä

�3�¼ê?

ùØ´��é{ü�¯K, k��e�Ù¥2?Ø. ùp��Ñ, X1�þ�

½n 7.10¤«, e f 3��«mþk1�amä:, K§3ù�«mþØ�Uk�

¼ê. Ó�, ~K 7.11KL², 3��«mþk1�amä:�¼êE,�±3ù

�«mþk�¼ê.

1��¯K´:e�3�¼ê, K´Ä��? XØ��, K3���¼ê�mk

�o'X?

Xc¤`, ù�¯K®3½n 7.12¥��)û. 3@p·�Ò®²ò§¡�Ø

½È©Ä�½n. §w�·�, e F ´ f 3,�«mþ����¼ê, K F + C ´

f ��Ü�¼ê, Ù¥ C ´?¿~ê.
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lAÛþw, 8Ü F (x) + C Ò´ò,���¼ê F

�ã�3 y ¶���²1£Ä¤���­��N. éu

�½�gCþ,��­��éA:þ����Ç�� (ë

�ã 9.3).

ddJÑ±eVg.

½½½ÂÂÂ 9.2 ò¼ê f ��¼ê�N F + C P�∫
f(x) dx, =k ∫

f(x) dx = F (x) + C,

Ù¥ C �?¿~ê. ¡
∫
f(x) dx� f �Ø½È©, = f

��Ü�¼ê¤¤8Ü. ¡ f ��È¼ê, x�È©C

þ, f(x) dx��ÈL�ª.

uuuuu��>�!B��<�"D
xtttt

ttt�0��~/����|. ����y

O

�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0
:9:9::9�:9:9::9�:9:9::9�:9:9::9�:9:9::9�:9:9::9�:9:9::9��9:�<��B�HKMPRTULLJSROLJ�D�����;�9����9:�<��B�HKMPRTULLJSROLJ�D�����;�9����9:�<��B�HKMPRTULLJSROLJ�D�����;�9����9:�<��B�HKMPRTULLJSROLJ�D�����;�9����9:�<��B�HKMPRTULLJSROLJ�D�����;�9����9:�<��B�HKMPRTULLJSROLJ�D�����;�9����9:�<��B�HKMPRTULLJSROLJ�D�����;�9���

ã 9.3: Ø½È©´d

���¼ê²£��

�8Ü

5 1 Ø½È©PÒ
∫

f(x) dx�L��8Ü, = {F (x)
∣

∣ F ′(x) = f(x)}, S.

þP� F (x) + C, Ù¥ F (x)´ f ����¼ê. 8�eÓ��Ø½È©KÑyü

«�Y F1(x) + C Ú F2(x) + C, K F1(x)� F2(x)�±����~ê.

5 2 3½Â 9.2�Ø½È©PÒ¥, Ø
 f(x)�	�Ñy�© dx. l½Â5

wù´vk7��. ù�¯Kò3�¡¬)º, ùp��Ñ, ù��P{éuØ½

È©�O�¬�5é���B, Ïdl LeibnizME��Ò��÷^�8 [27].

'u�¼ê�1n�¯KÒ´XÛO�, ù´�Ù±e�Ì�SN.

9.1.3 ÄÄÄ���ØØØ½½½ÈÈÈ©©©LLL999ÙÙÙAAA^̂̂

|^Ð�¼ê¦�, Ò�±�ye�Ä�Ø½È©L��(5. ÖöAò§w

¤´Ø½È©O�¥�ÊÊL, ¿ÏL�KÔö±¦ÙöÝºÙ¥�z��úª.

1.
∫
dx = x + C;

2.
∫
xα dx = xα+1

α + 1
+ C (α 6= −1);

∫
dx
x

= ln |x| + C;

3.
∫
ax dx = 1

ln a
ax + C (0 < a 6= 1);

∫
ex dx = ex + C;

4.
∫
sin xdx = − cosx + C;

∫
cosxdx = sin x + C;
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5.
∫

dx
cos2 x

=
∫

sec2 xdx = tanx + C;
∫

dx
sin2 x

=
∫

csc2 xdx = − cotx + C;

6.
∫

dx
x2 + a2 = 1

a
arctan x

a
+ C;

∫
dx

x2 − a2 = 1
2a

∫
(

1
x − a

−
1

x + a

)

dx = 1
2a

ln
∣

∣

∣

x − a
x + a

∣

∣

∣
+ C;

7.
∫

dx√
a2 − x2

= arcsin x
a

+ C;

∫
dx√

x2 ± a2
= ln |x +

√

x2 ± a2| + C;

(3þã 4�úª¥Ñy�~ê aþ���ê)

8.
∫

dx
sin x

=
∫
csc xdx = ln

∣

∣ tan x
2

∣

∣ + C (ë�~K 6.13);
∫

dx
cosx

=
∫

secxdx = ln
∣

∣ tan( x
2

+ π
4

)
∣

∣ + C.

ïÆÖöÏLé�¼ê¦�$�5�yL¥z��È©úª��(5.

5 3Ä�Ø½È©L¥, úª 2¥k
∫

dx
x

= ln |x| + C, Ù¥ÑyýéÒ,

ùL²§¢Sþ´ØÓ«mþ�ü�úª:

� x > 0�k
∫

dx
x

= ln x + C,

� x < 0�k
∫

dx
x

= ln(−x) + C.

~~~KKK 9.3 e¡´|^ù
Ä�úª¤��1�1O�K:∫
x2 dx = 1

3
x3 + C,

∫
1√
x

dx =
∫

x
− 1

2 dx = 2x
1
2 + C,

∫
2−x dx =

∫
(

1
2

)x

dx = 1
ln(1/2)

(

1
2

)x

+ C = −
2−x

ln 2
+ C,

∫
dx

x2 + 2
= 1√

2
arctan x√

2
+ C,

∫
dx√

1 − x2
= arcsinx + C,

∫
dx√

x2 − 5
= ln |x +

√

x2 − 5| + C. �

~~~KKK 9.4 3Ø½È©O�¥, È©Òe�È©Cþ�±� x�	�Ù¦ÎÒ,

�7L�O�����¼ê�gCþ�ÎÒ�Ó. e¡´ù�¡�~f.
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∫
sin θ dθ = − cos θ + C,

∫
t3 dt = 1

4
t4 + C,

∫
du
u

= ln |u| + C,
∫

ey dy = ey + C. �

5 ¦Ø½È©  ØN´, ,
éu¤���(J��y§´Ä�(K'

�N´, �I�é(J¦�=�. du¦�$�´p�êÆ¥�N´�$�, Ïd

F"Öö��¤S., =ÏL¦�$�5u�Ø½È©O�´Ä�(.

9.1.4 ���555$$$���úúúªªª

Ø½È©��5$�úª´∫
[αf(x) + βg(x)] dx = α

∫
f(x) dx + β

∫
g(x) dx.

§5gu�êO���5{K (� §6.2.3�{K 1), ��í2�k���5|Ü�

�¹. e¡´^ù�úª�A�~f.

~~~KKK 9.5

∫
(x2 − 2x+3) dx =

∫
x2 dx− 2

∫
xdx+3

∫
dx = x3

3
−x2 +3x+C.

5 �,ù�K�O�´ÏLén�©O¦Ø½È©��\, ����Y¥

�����?¿~ê=�. ùlØ½È©´8Ü�*:5w´N´n)�.

~~~KKK 9.6

∫
x2

x2 + 1
dx =

∫
(

1 −
1

x2 + 1

)

dx = x − arctanx + C.

~~~KKK 9.7

∫
cos2 x

2
dx =

∫
1 + cosx

2
dx = x

2
+ 1

2
sin x + C.

9.1.5 ~~~KKK

~~~KKK 9.8 ùp0��«�{, =ek∫
f(u) du = F (u) + C,

KÒk ∫
f(ax + b) dx = 1

a
F (ax + b) + C.

^óª{KÒ��ù´¤á�. |^Ø½È©PÒ¥� dxÒ�±XePÁ:∫
f(ax + b) dx = 1

a

∫
f(ax + b) d(ax + b)

= 1
a

∫
f(u) du (P4Ù¥ u = ax + b)

= 1
a

F (u) + C (P4Ù¥ u = ax + b)

= 1
a

F (ax + b) + C. �
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e¡´A^ù��{�A�~f.

~~~KKK 9.9

∫
dx

x + 1
=

∫
1

x + 1
d(x + 1) = ln |x + 1| + C. �

~~~KKK 9.10

∫
sin 3xdx = 1

3

∫
sin 3xd(3x) = −

1
3

cos 3x + C. �

~~~KKK 9.11

∫
e
− x

2 dx = −2
∫
e
− x

2 d(− x
2

) = −2e
− x

2 + C. �

~~~KKK 9.12

∫
dx

x2 − 2x + 5
=

∫
dx

(x − 1)2 + 22 =
∫

d(x − 1)

(x − 1)2 + 22 .

= 1
2

arctan x − 1
2

+ C. �

~~~KKK 9.13

∫
dx

√

x(1 − x)

=
∫ d(x −

1
2

)
√

( 1
2

)2 − (x −
1
2

)2

= arcsin
x −

1
2

1
2

+ C = arcsin(2x − 1) + C. �

~~~KKK 9.14 O� I =
∫

x2 + 3
x(x + 1)(x + 2)

dx.

) 1 ù´¦kn©ª¼ê�Ø½È©���A~, Ù��5?Øò3 §9.3.2

¥?1, ùpkÏLù�A~0��«­��{, =©
{.

3©1�n��gÏf�¦È�, �±ò�È¼ê©
Xe, Ù¥¹n��½

~ê:
x2 + 3

x(x + 1)(x + 2)
= A

x
+ B

x + 1
+ C

x + 2
. (9.2)

òm>�n�©ªÏ©, ©f�

A(x + 1)(x + 2) + Bx(x + 2) + Cx(x + 1)

= (A + B + C)x2 + (3A + 2B + C)x + 2A,

òþª��u�>�©f x2 + 3, Ò��'u A, B, C ��5�ê�§|

A + B + C = 1, 3A + 2B + C = 0, 2A = 3,

,�)� A = 3
2

, B = −4, C = 7
2

. nØþ�±y²ù��)�½�3��.,


ù«�{I�¦)�5�ê�§|, O�þ�U��:.

��O�È©��
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I =
∫ (

3/2
x

+ −4
x + 1

+
7/2

x + 2

)

dx = 3
2

∫
dx
x

− 4
∫

dx
x + 1

+ 7
2

∫
dx

x + 2

= ln
|x|

3
2 |x + 2|

7
2

|x + 1|4
+ C. �

) 2 ùp0�¦�½~ê A, B, C �,�«�{. k`XÛ¦ A. òþã�

½�©)ª (9.2)�ü>¦± x, ,�- x → 0, ù�Ò�±uym>�u A, 
�

>Ò´�K©1¥�Ïf x�^ x = 0�\�(J. du�5�kn¼êu x = 0

vk½Â,Ïd^ x = 0�\�`¤´éü>¦ x�- x → 0. ù�Ò��A = 3
2

.

^Ó���{, 3 (9.2)�ü>¦± x + 1¿- x → −1, Ò�� B = −4. �

�, 23ü>¦± x + 2¿- x → −2, Ò�� C = 7
2

. ±eÈ©O�Ó) 1. �

5 3 (9.2)�ü>¦ x2- x → +∞, Ò��

A + B + C = 1,

l
�l A, B ¦Ñ C = 1 − A − B = 1 −
3
2

+ 4 = 7
2

. �,��±é�¦�½~

ê�Ù¦å», ùpké��(¹5.

ù«òkn©ª©
�{ü©ª��{3c¡®²õgÑy. ~X3Ä�Ø

½È©L¥¦
∫

dx
x2 − a2 �Ò´Xd. qX31�þ�~K 6.18¥, ép��ê

(

1
x(x − 1)

)(n)

�O�Ò´ÏL©)

1
x(x − 1)

= 1
x − 1

−
1
x


��)û�. d	, ~K 3.10Ú~K 8.34¥�Ñ´Xd.

~~~KKK 9.15 ¦ I =
∫
x(1 − 2x)99 dx.

) ùp�,Ø¨^��ª½nÐm (1 − 2x)99, 
A�ò 1 − 2xw¤���

¥mCþ u, ,�ò�È¼ê^ uLÑ:

x(1 − 2x)99 = (1 − 2x)100(− 1
2

) + 1
2

(1 − 2x)99.

,�O�Xe:

I = −
1
2

∫
(1 − 2x)100 dx + 1

2

∫
(1 − 2x)99 dx

= 1
4

∫
(1 − 2x)100 d(1 − 2x) − 1

4

∫
(1 − 2x)99 d(1 − 2x)

= 1
404

(1 − 2x)101 − 1
400

(1 − 2x)100 + C

= 1
4

(1 − 2x)100
(

1
101

(1 − 2x) − 1
100

)

+ C

= −(1 − 2x)100
(

1
202

x + 1
40400

)

+ C. �
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�( 3�¼êÚØ½È©�½Â¥Ø�9�4�$�, Ïd±þO��´

XÛ|^Ä�Ø½È©L.,
==Xd´rØ
õ��. XJ�È¼ê½3ò§

©
�A���, E,�Ø½È©L¥�?Û��úªÑéØþ, KXÛU
ßÿ

Ñ§��¼ê´�o? �dI�k¦Ø½È©�#�{. ùÒ´e¡ü!�SN.

öööSSSKKK

1. ¦e�Ø½È©:

(1)
∫
(a0x

n + a1x
n−1 + · · · + an−1x + an) dx;

(2)
∫
(2x+1 − cscx cotx + 4

x
+ 3 sec2 x + π

1 + x2 ) dx;

(3)
∫
(
√

x − 2ex + cosx
3

−
1√

1 − x2
) dx;

(4)
∫ (

2
x2 −

5
x

+ 1
3 4
√

x
− x3

√
x

)

dx;

(5)
∫
(

2x − x2 + tan2 x
)

dx;

(6)
∫ (

4√
1 − x2

−
x4

x2 + 1

)

dx;

(7)
∫ (

sin x
cosx

−

√

x
√

x

)

dx.

2. ¦e�Ø½È©:

(1)
∫
(x − 1)4 dx; (2)

∫
(1 − x2)3

x
dx;

(3)
∫
cos2 x

2
dx; (4)

∫
cos 2x

sin2 x cos2 x
dx;

(5)
∫
sin(x + 1) dx; (6)

∫
dx

x2 + x + 1
;

(7)
∫

5
√

2x − 3 dx; (8)
∫

xdx
(x + 1)(x + 2)

;

(9)
∫
sin ax sin bxdx; (10)

∫
x2 dx

(3x − 1)100
.
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§9.2 ������{{{ÚÚÚ©©©ÜÜÜÈÈÈ©©©{{{

ù�!0�O�Ø½È©�Ì��{, Ù¥kü«��{Ú©ÜÈ©{.

9.2.1 ������{{{ 1——nnn���©©©{{{

1�«��{´~K 9.8�í2. 3T~K¥, l F ′(u) = f(u)Ñu, éu

u = ax + bk ∫
f(ax + b) dx = 1

a
F (ax + b) + C.

y32uÐ�Ú, Ó�l F ′(u) = f(u)Ñu, �Ò´k
∫
f(u) du = F (u) + C,

Kéu��¼ê u = u(x)Òk∫
f(u(x))u′(x) dx = F (u(x)) + C.

dd��, ù¢SþÒ´��� u = u(x), 3/ªþ�±òÈ©��∫
f(u(x)) du(x), =

∫
f(u) du, 3§�Ø½È© F (u) + C ¥ò u = u(x) �\�

����Y.

ùp�5¿±eA::

(1)��{ 1��(55gu¦EÜ¼ê�ê�óª{K.

(2)3Ø½È©PÒ¥Ú\�© dxéu��{�¦^k�Ï. lþ¡��ª

��, ��{ 1Ò´�òÈ©Òe��ÈL�ªn¤�EÜ¼ê F (u(x))��©:

f(u(x))u′(x) dx = f(u(x)) du(x) = dF (u(x)),

Ïd�±ò��{ 1¡�n�©{.

3 §9.1.5¥®²��^ u(x) = ax + b�Nõ~K, §�Ñ´^��{ 1�{

ü�¹. e¡kw��­�~K.

~~~KKK 9.16 ek F ′(u) = f(u), K3 α 6= 0�k∫
f(xα)xα−1 dx = 1

α

∫
f(xα) d(xα) = 1

α
F (xα) + C,

Ù¥ u(x) = xα.

8�¡ u = xα ����, AO¡ u = x−1 ����. �±^ù
���~f

éõ, ~X α = −1�l F ′(u) = f(u)k∫
f

(

1
x

)

1
x2 dx = −

∫
f

(

1
x

)

d
(

1
x

)

= −F
(

1
x

)

+ C,

éu α = 2Kk ∫
f(x2)xdx = 1

2

∫
f(x2) d(x2) = 1

2
F (x2) + C.

d	, �±8\ù�a��k
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∫
f(lnx) dx

x
=

∫
f(lnx) d(ln x) = F (lnx) + C. �

e¡´^����~�~f.

~~~KKK 9.17 ¦ I =
∫

1
x2 sin 1

x
dx.

) I = −

∫
sin 1

x
d

(

1
x

)

= cos 1
x

+ C.

~~~KKK 9.18 ¦ I =
∫

dx

x
√

x2 + 1
.

) ùp�±^���:

I =
∫

xdx

x2
√

x2 + 1
= −

∫
x√

x2 + 1
d

(

1
x

)

= −

∫
1

√

1 +
(

1
x

)2
d

(

1
x

)

= − ln
∣

∣

∣

1
x

+

√

1 +
(

1
x

)2∣
∣

∣
+ C

= ln
∣

∣

∣

x

1 +
√

x2 + 1

∣

∣

∣
+ C. �

~~~KKK 9.19 ¦ I =
∫

dx√
x(1 + x)

.

) I =
∫

2
1 + (

√
x)2

d(
√

x) = 2 arctan(
√

x) + C. �

~~~KKK 9.20 ¦ I =
∫

dx
x(1 + xn)

, Ù¥ n���ê.

) '�3u�Ñ I =
∫

xn−1 dx
xn(1 + xn)

= 1
n

∫
d(xn)

xn(1 + xn)
, u´�±kO�Ñ

∫
du

u(1 + u)
=

∫
(

1
u

−
1

1 + u

)

du = ln
∣

∣

∣

u
1 + u

∣

∣

∣
+ C,

2- u = xn �\Ò�� I = 1
n

ln
∣

∣

∣

xn

1 + xn

∣

∣

∣
+ C. �

~~~KKK 9.21 ¦ I =
∫

dx
x ln x

.

) wÑ�^ u = ln x, Ò�� I = ln | ln x| + C. �

~~~KKK 9.22 ¦ I =
∫

dx
(x2 + 1)3/2

) 1 éù�~f0��«#�{. |^ (arctanx)′ = 1
x2 + 1

, � u =

arctanx, K du = dx
1 + x2 , x = tanu, u´k
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I =
∫

dx

(x2 + 1)
√

x2 + 1
=

∫
du√

tan2 u + 1
=

∫
du

sec u

=
∫

cosu du = sin u + C

= sin(arctanx) + C = x√
1 + x2

+ C. �

5 1 ù�){´n�¼ê3©ÛO�¥��«;.A^,¦+�5��È¼

êÚ����YÑØÑyn�¼ê. ù«�¹3Ø½È©O�¥´~��.

5 2 3��� u = arctanx�, �±�Ñmã¤«�

9Ïn�/, ùéu��ò sin u=z� x�¼ê´k^�.

éuÙ¦n����´Xd.
uuur 

1
tp�� x�00000000000000√

1 + x2�jlou
) 2 �K��±^���O�Xe:

I =
∫

dx

x3

(

1 + 1
x2

)3/2
=

∫
1
x2 ·

1
x

dx

(

1 + 1
x2

)3/2

= −

∫
u du

(1 + u2)3/2
(ùp� u = 1

x
)

= −
1
2

∫
d(1 + u2)

(1 + u2)3/2

= −
1
2

∫
v−3/2 dv (ùp� v = 1 + u2)

= −
1
2

· (−2)v−1/2 + C

= 1√
1 + u2

+ C = x√
1 + x2

+ C. �

9.2.2 nnn���¼¼¼êêêÈÈÈ©©©���~~~fff

±eÑ´n�©{�A^:∫
f(sinx) cos xdx =

∫
f(sin x) d sin x,

∫
f(cosx) sin xdx = −

∫
f(cosx) d cos x,

∫
f(tanx) dx

cos2 x
=

∫
f(tanx) sec2 xdx =

∫
f(tanx) d tanx,

∫
f(cotx) dx

sin2 x
=

∫
f(cotx) csc2 xdx = −

∫
f(cotx) d cotx.

d	�k ∫
f(tanx) dx =

∫
f(tanx) cos2 xd tanx

=
∫

f(tanx)

1 + tan2 x
d tanx,
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Ïd¯K8(�¦
∫

f(u)

1 + u2 du.

~~~KKK 9.23 ¦ I =
∫ √

sinx cosxdx.

) I =
∫ √

sin xd sin x = 2
3

(sin x)
3
2 + C. �

~~~KKK 9.24 ¦ I =
∫
tanxdx.

) 1 I =
∫

sinx
cosx

dx = −

∫
d cosx
cosx

= − ln | cosx| + C = ln | sec x| + C. �

) 2 |^ d tanx = (1 + tan2 x) dx,

I =
∫

tanx
1 + tan2 x

d tanx =
∫

u du
1 + u2 = 1

2

∫
d(1 + u2)

1 + u2

= 1
2

ln |1 + u2| + C = 1
2

ln sec2 x + C = ln | secx| + C. �

~~~KKK 9.25 ¦ I =
∫
sin3 xdx.

) 1 I =
∫

sin x(1 − cos2 x) dx =
∫
(cos2 x − 1) d cosx

= 1
3

cos3 x − cosx + C. �

) 2 ò sinn x½ cosn x����¼ê��êÚ  ´O�§��Ø½È©

��«k��{. ù���±^ Eulerúª��. é�K
ó, Kk

sin3 x = 1
2

(1 − cos 2x) sin x = 1
2

sin x −
1
4

(sin 3x − sin x)

= 3
4

sinx −
1
4

sin 3x,

,�Òk

I =
∫

(

3
4

sin x −
1
4

sin 3x
)

dx = −
3
4

cosx + 1
12

cos 3x + C. �

5 1 �Ñ

cos3 x = 1
2

(1 + cos 2x) cosx = 1
2

cosx + 1
4

(cos 3x + cosx)

= 1
4

cos 3x + 3
4

cosx,

�\) 1��Y¥, ���) 2��Y�Ó.

5 2 �±^ De MoivreúªÓ�O�Ñ cos 3xÚ sin 3x���úª. k�Ñ

cos 3θ + i sin 3θ = (cos θ + i sin θ)3

= cos3 θ + 3 i cos2 θ sin θ − 3 cos θ sin2 θ − i sin3 θ,

��ü>�¢Ü�JÜ, ÒÓ���:

cos 3θ = cos3 θ − 3 cos θ sin2 θ = 4 cos3 θ − 3 cos θ,

sin 3θ = 3 cos2 θ sin θ − sin3 θ = 3 sin θ − 4 sin3 θ.
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~~~KKK 9.26 ¦ I =
∫

dx
sin3 x cos x

.

) 1 ùa¯Ko�±z�kn©ª�¦Ø½È© (ë� §9.3.4).

I =
∫

cosxdx
sin3 x(1 − sin2 x)

=
∫

du
u3(1 − u2)

(u = sin x) (eudÒ�Ü©©ª©)KO�þ��)

= 1
2

∫
u du

u4(1 − u2)
= 1

2

∫
dv

v2(1 − v)
(v = u2).

,��©
 (ë�~K 9.14):

1
v2(1 − v)

= A
v

+ B
v2 + C

v − 1
,

ü>¦ v2, - v → 0�� B = 1; ü>¦ v − 1, - v → 1�� C = −1; ü>¦ v,

- v → +∞, �� A + C = 0, u´ A = 1.

��O�Ø½È©:

I = 1
2

(∫
dv
v

+
∫

dv
v2 −

dv
v − 1

)

= 1
2

ln
∣

∣

∣

v
v − 1

∣

∣

∣
−

1
2v

+ C

= 1
2

ln

∣

∣

∣

∣

sin2 x
cos2 x

∣

∣

∣

∣

−
1

2 sin2 x
+ C

= ln | tanx| − 1
2

csc2 x + C. �

) 2 ��|©��{´ò�È¼ê©f� 1Ã¥)k/�� cos2 x + sin2 x:

I =
∫

cos2 x + sin2 x
sin3 x cosx

dx =
∫

cosx
sin3 x

dx +
∫

dx
sin x cosx

=
∫
csc2 x cotxdx +

∫
sec2 xdx

tanx
= −

∫
cotxd cotx +

∫
d tanx
tanx

= −
1
2

cot2 x + ln | tanx| + C. �

5 3Xþ©
�ü��O��{éõ. ~XÙ¥1���XeO�∫
d sin x
sin3 x

= −
1
2

sin−2 x + C = −
1
2

csc2 x + C,

1�����^ §9.1.3¥�Ä�Ø½È©L¥�1 8|�1��úª��∫
d(2x)
sin 2x

= ln | tanx| + C.

) 3 ò) 2�Ã¥)k�{2uÐ�ÚKk

I =
∫

(sin2 x + cos2 x)2

sin3 x cos x
dx

=
∫
[tanx + 2 cotx + cotx(csc2 x − 1)]dx

= − ln | cosx| + ln | sin x| − 1
2

cot2 x + C. �
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~~~KKK 9.27 ¦ I =
∫

dx
A cos2 x + 2B cosx sin x + C sin2 x

, Ù¥� A 6= 0.

) |^ A 6= 0�^�, ò©f©1ÓØ± sin2 x, ¿- t = cotx, Ò��

I =
∫

csc2 xdx
A cot2 x + 2B cotx + C

= −

∫
dt

At2 + 2Bt + C
.

±eé�gn�ª At2 + 2Bt + C ���, ¿UØÓ�¹©O?n.

Äkk

I = −
1
A

∫
dt

(t + t0)
2 + β

,

Ù¥ t0 = B
A

, β = 1
A2 (AC − B2). u´�©OÈ©Xe:

(1) AC − B2 > 0, K

I = −
1
A

·
1√
β

arctan
cotx + t0√

β
+ C;

(2) AC − B2 = 0, K

I = 1
A

·
1

cotx + t0
+ C;

(3) AC − B2 < 0, K

I = −
1
A

·
1

2
√
−β

ln

∣

∣

∣

∣

cotx + t0 −
√
−β

cotx + t0 +
√
−β

∣

∣

∣

∣

+ C. �

9.2.3 ������{{{ 2——���\\\{{{

ò��{ 1�L5Ò����{ 2. §�Ä�g´é{ü, Ò´3�ÈL�ª

f(x) dx¥^��¼ê x = x(t)�\, ù�Ò��∫
f(x) dx =

∫
f(x(t))x′(t) dt,

em>�Ø½È©� F (t) + C, K^�¼ê t = t(x)�\, Ò���5�Ø½È©

� F (t(x)) + C.

e¡·�kÞ~`²XÛA^ù«#���{, ��éÙ�(5�Ñy².

~~~KKK 9.28 ¦ I =
∫

dx√
x2 + a2

. (= §9.1.3�Ä�Ø½È©L¥1 7|�1�

�úª¥��«�¹.)

) - x = a tan t, ¿|^Ä�Ø½È©L¥1 8|�1��úª, Òk

I =
∫

a sec2 t
a sec t

dt =
∫

dt
cos t

= ln
∣

∣

∣
tan

(

t
2

+ π
4

)∣

∣

∣
+ C.

�
òm>�� x�¼ê, �±|^ð�ª tan t
2

= 1 − cos t
sin t

, Òk
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I = ln

∣

∣

∣

∣

1 − cos(t + π/2)

sin(t + π/2)

∣

∣

∣

∣

+ C = ln
∣

∣

∣

1 + sin t
cos t

∣

∣

∣
+ C

= ln

∣

∣

∣

∣

∣

∣

1 + x√
x2 + a2

a√
x2 + a2

∣

∣

∣

∣

∣

∣

+ C = ln |x +
√

x2 + a2| + C. �

5 Ø@^È©L¥�úª�XeO�:∫
dt

cos t
=

∫
d sin t

1 − sin2 t
= −

1
2

ln
∣

∣

∣

1 − sin t
1 + sin t

∣

∣

∣
+ C = ln

∣

∣

∣

1 + sin t
cos t

∣

∣

∣
+ C.

e¡^��{ 25£�c¡�A�K.

(~K 9.18) ¦ I =
∫

dx

x
√

x2 + 1
.

) ��´^���¦), ewØÑù^´, K�±- x = tan t. u´

I =
∫

sec2 t dt
tan t sec t

=
∫

dt
sin t

= ln
∣

∣

∣
tan t

2

∣

∣

∣
+ C = ln

∣

∣

∣

sin t
1 + cos t

∣

∣

∣
+ C

= ln

∣

∣

∣

∣

x

1 +
√

x2 + 1

∣

∣

∣

∣

+ C. �

(~K 9.19) ¦ I =
∫

dx√
x(1 + x)

.

) -
√

x = t, = x = t2, u´

I =
∫

2t dt
t(1 + t2)

= 2
∫

dt
1 + t2

= 2 arctan t + C = 2 arctan
√

x + C. �

(~K 9.20) ¦ I =
∫

dx
x(1 + xn)

.

) - xn = t, = x = t1/n, ù�Òk

I =
∫ 1

n
t1/n−1 dt

t1/n(1 + t)
= 1

n

∫
dt

t(1 + t)

= 1
n

∫
(

1
t
−

1
t + 1

)

dt = 1
n

ln
∣

∣

∣

t
t + 1

∣

∣

∣
+ C

= 1
n

ln
∣

∣

∣

xn

xn + 1

∣

∣

∣
+ C. �

(~K 9.22) ¦ I =
∫

dx
(x2 + 1)3/2

.

) - x = tan t, Kk

I =
∫

sec2 t dt
sec3 x

=
∫

cos t dt = sin t + C = x√
x2 + 1

+ C. �

(~K 9.25) ¦ I =
∫

sin3 xdx.

) eØ^��úª, K�±- x = arcsin t, = t = sin x, u´
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I =
∫
t3 · dt√

1 − t2
= 1

2

∫
t2 d(t2)
√

1 − t2

= 1
2

∫
v dv√
1 − v

(Ù¥ v = t2)

= 1
2

∫
1 − (1 − v)
√

1 − v
dv = 1

2

∫
[(1 − v)−1/2 − (1 − v)1/2] dv

= −(1 − v)1/2 + 1
2

·
2
3

(1 − v)3/2 + C

= − cosx + 1
3

cos3 x + C. �

��·�5y²��{ 2��(5. lc¡�0�5w,ùpq��¦'��

{ 1p, = x = x(t)7Lk�¼ê. �¢Sþ�±�°�:.

½½½nnn 9.1 � f(x)3«m I þk�¼ê, x = x(t)��, q�3 t = t(x)÷v

x(t(x)) ≡ x, Kek ∫
f(x(t))x′(t) dt = F (t) + C,

Ò¤á ∫
f(x) dx = F (t(x)) + C.

y ¯K�´�y² [F (t(x))]′x = f(x).

l^���3 I þ�3 U(x)÷v U ′(x) = f(x), qk F ′(t) = f(x(t))x′(t).

|^EÜ¼ê¦��óª{K, k

dU(x(t))
dt

= f(x(t))x′(t) = F ′(t).

�â½n 7.12, U(x(t))� F (t)�����~ê, =´�3��~ê C0, ¦�

U(x(t)) = F (t) + C0.

^ t = t(x)�\¿|^^� x(t(x)) ≡ x, Òk

U(x(t(x)) = U(x) = F (t(x)) + C0,

ù�Òy²
 [F (t(x))]′x = U ′(x) = f(x), Ïd¤á∫
f(x) dx = F (t(x)) + C. �

9.2.4 ©©©ÜÜÜÈÈÈ©©©{{{

ù´¦Ø½È©�,��Ä��{, §�ü«��{�å¤�¦Ø½È©�

Ì�óä. lc¡w�ü«��{'��C, k��±Uì�< Ðk¤ÀJ, �

©ÜÈ©{K  ´��{ØU���óä.

��{�EÜ¼ê¦��óª{Kk��éX.©ÜÈ©{K5guü�¼

ê¦È�¦�{K.
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� u = u(x), v = v(x)Ñ´��¼ê, Kk (uv)′ = u′v + uv′, ÏdÒk∫
(u′v + uv′) dx =

∫
v du +

∫
u dv = uv + C,

u´Ò��©ÜÈ©úª ∫
u dv = uv −

∫
u dv. (9.3)

ùp�5¿A::

(1)3 (9.3)�m>�k��Ø½È©, ÏdØ72�?¿~ê C.

(2)�k3 (9.3)m>�Ø½È©
∫

u dv'�>�
∫

v duN´O��, Túªâ

éu�>È©�O�´k^�. ¢Sþ©ÜÈ©úª�Ì�g�Ò´w�·�,ù

ü�Ø½È©�Ú´®��, Ïd��U
¦ÑÙ¥��, K,���U��.

©ÜÈ©úª�ØL5gu��Ù��¦�úª (uv)′ = u′v + uv′, �%�~

k^,   �±)û��{)ûØ
�¯K.

~~~KKK 9.29 ¦ I =
∫
xex dx.

©Û ·�kÞÑA«Ø¤õ�}Á. ~X, ^��{, - ex = t, K x = ln t,

dx = 1
t

dt. u´

I =
∫
t ln t · 1

t
dt =

∫
ln t dt,

E,ÃleÃ. (Ù¢´kÂ¼�, =e�KU)û, KÒ���
∫

ln t dt.)

,���{, Ò´

I =
∫

exd( x2

2
) = x2

2
ex −

∫
x2

2
d(ex).

ùp�Ø��XÛ�e�. ��±*	�. �5�(JÒ3u�È¼êØ
 ex �

	õ
��Ïf x. ÏLþ¡�©ÜÈ©, ù�Ïfgê�
,p
. �����


. e�=��, ÒkF")û¯K. ùÒ´A^©ÜÈ©{��'�¯K, =XÛ

�(ÀJ u� v.

) Ó�^©ÜÈ©{, k

I =
∫

xd(ex) = xex −

∫
ex dx

= xex − ex + C = (x − 1)ex + C. �

y3£LÞ5)ûþ¡©Û¥���¦éê¼ê��¼ê¯K.§´^©Ü

È©{���;.~f, §��Y�²~k^.

~~~KKK 9.30 ¦ I =
∫
ln xdx.

) ^©ÜÈ©{:
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I = x ln x −

∫
xd(ln x)

= x ln x −

∫
x ·

1
x

dx

= x ln x −

∫
dx = x ln x − x + C. �

5 �y: l (x ln x − x)′ = ln x + x ·
1
x

− 1 = ln x��(J�(.

~~~KKK 9.31 ¦ I =
∫
x sin xdx.

) lþ�K�²���A�XÛ¦^©ÜÈ©{�Ø�È¼ê¥�Ïf x:

I =
∫

xd(− cosx) = −x cosx +
∫

cosxdx

= −x cosx + sin x + C. �

~~~KKK 9.32 ¦ I =
∫
x ln2 xdx.

) ùp�¯K´XÛ)ûÏf ln2 x, e¡��{Ò´Uìù�g´5��,

=kò ln2 x�gêl 2ü� 1, ,�ü� 0:

I = 1
2

∫
ln2 xd(x2) = x2

2
ln2 x −

∫
x2

2
d(ln2 x)

= x2

2
ln2 x −

∫
x ln xdx = x2

2
ln2 x −

1
2

∫
ln xd(x2)

= x2

2
ln2 x −

x2

2
ln x +

∫
x2

2
d(ln x)

= x2

2
ln2 x −

x2

2
ln x +

∫
x
2

dx

= x2

2
ln2 x −

x2

2
ln x + x2

4
+ C. �

~~~KKK 9.33 ¦ I =
∫
arctanxdx.

) ù�´^©ÜÈ©{�;.~K.

I = x arctanx −

∫
xd(arctanx)

= x arctanx −

∫
x ·

1
1 + x2 dx

= x arctanx −
1
2

ln(1 + x2) + C. �

~~~KKK 9.34 ¦ I =
∫
eax sin bxdx.

) 1 3dKO�¥Ñy
3¦Ø½È©L§¥²~u)�Ì�y�:
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I = 1
a

∫
sin bxd(eax) = 1

a
eax sin bx −

b
a

∫
eax cos bxdx

= 1
a

eax sin bx −
b
a2

∫
cos bxd(eax)

= 1
a

eax sin bx −
b
a2 eax cos bx + b

a2

∫
eax d(cos bx)

= 1
a

eax sin bx −
b
a2 eax cos bx −

b2

a2

∫
eax sin bxdx

= a2

a2 + b2 eax( 1
a

sin bx −
b
a2 cos bx) + C

= eax

a2 + b2 (a sin bx − b cos bx) + C. �

ùpÖ¿��SN. =|^EêO�óäé�K�Ñ��#), 
��±Ó�

O�Ñü�Ø½È©, Ù¥�ØI�©ÜÈ©{.

5¿:±eO���â5gué¢CE�¼ê u(x) + iv(x)��ê½Â�

(u(x) + iv(x))′ = u′(x) + iv′(x),

¿^�Ó�{½Â¢CE�¼ê��¼êÚØ½È©, ,�=��yúª (9.4)¤

á. ë�~K 6.17�) 2.

) 2 Äk|^ Eulerúªk∫
eax(cos bx + i sin bx) dx =

∫
e(a+ib)x dx

= 1
a + ib

e(a+ib)x + C.
(9.4)

,�©lÑ (9.4)m>1���¢Ü�JÜ, Òk

1
a + ib

· e(a+ib)x = a − ib
a2 + b2 · eax(cos bx + i sin bx)

= eax

a2 + b2 [(a cos bx + b sin bx) + i(−b cos bx + a sin bx)],

q�E~ê C = C1 + iC2, Ù¥ C1, C2 �¢~ê, ÒÓ���ü�Ø½È©:∫
eax cos bxdx = eax

a2 + b2 (a cos bx + b sin bx) + C1,
∫

eax sin bxdx = eax

a2 + b2 (−b cos bx + a sin bx) + C2. �

~~~KKK 9.35 ¦
∫

ln cosx
sin2 x

dx.

) |^ (cotx)′ = − csc2 x,

I =
∫
ln cosxd(− cotx) = − cotx ln cosx +

∫
cotxd(ln cosx)

= − cotx ln cosx +
∫

cotx ·
− sin x
cosx

dx

= − cotx ln cosx −

∫
dx = − cotx ln cosx − x + C. �
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~~~KKK 9.36 ¦ I =
∫ √

a2 − x2 dx, Ù¥ a > 0.

) (dK��±^��{).) ùp�u)Ì�y�.

I = x
√

a2 − x2 −

∫
xd(

√

a2 − x2)

= x
√

a2 − x2 −

∫
−x2

√
a2 − x2

dx

= x
√

a2 − x2 +
∫

a2 − (a2 − x2)
√

a2 − x2
dx

= x
√

a2 − x2 +
∫

a2 dx√
a2 − x2

−

∫
√

a2 − x2 dx

= 1
2

x
√

a2 − x2 + a2

2
arcsin x

a
+ C. �

©ÜÈ©{�´�ÑØ½È©�4íúª�Ì�óä.

~~~KKK 9.37 ¦ In =
∫

sinn xdx�4íúª.

) 3�È¼ê¥�Ñ��Ïf sin x� dx|¤ d(− cosx), ,�©ÜÈ©:

In =
∫

sinn−1 xd(− cosx)

= − sinn−1 x cos x +
∫

cosx · (n − 1) sinn−2 x cosxdx

= − sinn−1 x cos x + (n − 1)
∫
(1 − sin2 x) sinn−2 xdx

= − sinn−1 x cos x + (n − 1)In−2 − (n − 1)In

= −
1
n

sinn−1 x cosx + (1 −
1
n

)In−2.

~~~KKK 9.38 ¦ In =
∫

dx
sinn x

(=
∫
cscn xdx)�4íúª.

) |^n�ð�ª=��� (� n > 2):

In =
∫

sin2 x + cos2 x
sinn x

dx = In−2 +
∫

cos2 x
sinn x

dx

= In−2 +
∫

cosxd
(

sin1−n x
1 − n

)

= In−2 + cosx ·
sin1−n x
1 − n

+
∫

sin2−n x
1 − n

dx

= 1
1 − n

sin1−n x cos x + 2 − n
1 − n
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öööSSSKKK

1. éÑE¤±e¸Ø��Ï: ^n�©{k∫
2 sinx cosxdx =

∫
2 sinxd sin x = sin2 x + C,

∫
2 sinx cosxdx = −

∫
2 cosxd cos x = − cos2 x + C,

u´�� sin2 x + C = − cos2 x + C, ù��²w�¸Ø: sin2 x + cos2 x = 0.

2. ¦e�Ø½È©:

(1)
∫

dx√
4 − 5x2

; (2)
∫

x + 1
x(1 + xex)

dx;

(3)
∫
cotxdx; (4)

∫
sin2 x cos3 xdx;

(5)
∫
tan2 x sec5 xdx; (6)

∫
tan5 x sec2 xdx;

(7)
∫
tan5 x sec xdx; (8)

∫
tanx sec5 xdx;

(9)
∫
2x(x2 − 1)

√
2 dx; (10)

∫
dx√

1 + e2x
;

(11)
∫

2 dx
ex − e−x ; (12)

∫
2 dx

ex + e−x ;

(13)
∫

x2 3

√

1 + x3 dx; (14)
∫

sin x + cosx
3
√

sin x − cosx
dx;

(15)
∫

sinx cos x
1 + sin4 x

dx; (16)
∫

sin x cosx
1 + cos4 x

dx;

(17)
∫

x2 + 1
x4 + 1

dx; (18)
∫

x2 − 1
x4 + 1

dx;

(19)
∫

dx
x4 − 1

; (20)
∫

dx
x3 − 1

;

(21)
∫

eex+x dx; (22)
∫

ex2+ln x dx;

(23)
∫ √

ln(x +
√

1 + x2 )

1 + x2 dx; (24)
∫

x99

x100 + 1
dx

(25)
∫

sin3 x cos5 xdx; (26)
∫

sin5 x cos3 xdx;

(27)
∫

sin2 x cos2 xdx; (28)
∫

1 + cosx
x + sin x

dx;

(29)
∫

e
1
x

x3 dx; (30)
∫

x − 3√
x2 + 2x + 5

dx.
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3. ¦e�Ø½È©:

(1)
∫
arcsinx · ln xdx; (2)

∫
cos(

√
x + 1)

√
x

dx;

(3)
∫
x2 3

√
1 + x dx; (4)

∫
dx

(1 − x2)
3
2

;

(5)
∫ √

xdx
3
√

x − 1
; (6)

∫
x arctan

√
1 + x2

√
1 + x2

dx;

(7)
∫
e
√

x+1 dx; (8)
∫

(
√

x + 1)3

x
dx;

(9)
∫ √

1 + x − 1
√

1 + x + 1
dx; (10)

∫
x arctan

√
1 + x2

√
1 + x2

dx.

4. ¦e�Ø½È©

(1)
∫
(x + 1)3 ln xdx; (2)

∫
arcsinx

x2 dx;

(3)
∫

arctanx
x2 dx; (4)

∫
x5e−x2

dx;

(5)
∫
sec3 xdx; (6)

∫
(

ln(lnx) + 1
lnx

)

dx;

(7)
∫

ln x
x2 dx; (8)

∫
cos(ln x) dx;

(9)
∫ (

x
cos2 x

+ x sin2 x

)

dx; (10)
∫

arcsinx√
1 − x

dx;

(11)
∫

ln(x +
√

1 + x2) dx; (12)
∫
(arcsinx)2 dx;

(13)
∫ √

x ln2 xdx; (14)
∫

x7

(1 − x4)2
dx;

(15)
∫

x + sin x
1 + cosx

dx; (16)
∫

xex
√

1 + ex
dx.

5. ¦e�Ø½È©�4íúª:

(1)
∫
cosn xdx; (2)

∫
secn xdx;

(3)
∫
tann xdx; (4)

∫
lnn xdx.

6. ¦e�Ø½È©:

(1)
∫

xk
√

1 − x2
dx, k = 0, 1, 2, 3; (2)

∫
xk

x2 + 1
dx, k = 0, 1, 2, 3;

(3)
∫
cosk xdx, k = 1, 2, 3, 4; (4)

∫
dx

x(x100 + 1)k
, k = 1, 2, 3;

(5)
∫

xk

x4 − 1
dx, k = 1, 2, 3.
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§9.3 eeeZZZ���ÈÈÈ¼¼¼êêêaaa

9.3.1 ØØØ½½½ÈÈÈ©©©������ÈÈÈ555VVVggg

3cü!�Ä:þ·�®²U
¦ÑNõÐ�¼ê��¼ê (½Ø½È©),


�ù
�¼ê�Ñ´Ð�¼ê. y3�¯K´: ù��O�Urõ�? ´Ä¤k

Ð�¼êÑU
^,
E|O�Ñ§���¼ê (½Ø½È©)?

k�ã�m<�éu¦Ø½È©�~9%, u²
NõE|, ��
Nõ(J.

�´ù«�¹vk±YéÈ, Ï� Liouville➀Äky², Ð�¼ê��¼ê (½Ø

½È©)Ø�½´Ð�¼ê, �,Ø�U^þ�!¥��«E|½�E,�E|O

�Ñ5.

~Xe¡A�Ø½È©Ò´Xd:∫
ex

x
dx,

∫
dx
ln x

,
∫

sinx
x

dx,
∫

e−x2

dx
∫

sin x2 dx,
∫
√

1 − k2 sin2 xdx (0 < k < 1).
(9.5)

8�ò��Ð�¼ê�Ø½È©E´Ð�¼ê��¹¡��È, ¿gÒ´“È

�Ñ”, ��K¡�Ø�È, �Ò´“ÈØÑ”.

ù�¯¢��±���`{. � A´«mþÐ�¼ê�N¤¤8Ü,^ DL

«¦��f (=l��¼ê��Ù�¼ê�N�), ^ DAL«é A¥�z�Ð�

¼ê¦�����¼ê8Ü.

lÐ�¼ê�½Â (�1nÙ)Ú¦�ê$��oK$�{KÚóª{K�±

��, Ð�¼ê��¼êE,´Ð�¼ê, =k DA ⊂ A. Liouville�uyÒ´

DA $ A.

ùL²3�8 A − DA ¥�z�Ð�¼ê��¼ê (½Ø½È©) Ø´Ð�¼

ê. ~X3 (9.5)¥�Ø½È©��È¼ê ex

x
, 1

ln x
, sinx

x
, e−x2

�Ñáu�8

A − DA�¥, §���¼êØ´Ð�¼ê.

XÛy²±þ¤`� DA $ A, ½öéu±þÞÑ�A�äN¼ê (��)y

²§���¼êØ´Ð�¼ê? ù
¯K®²�ÑêÆ©Û�§���. ´Äk�

��{�±�½�o��Ð�¼ê�È½öØ�È? ���8c���vkù�

��{. ¤kù
D´“�©�ê”��¤ïÄ�SN,Ù¥�vk�3���Æ¥

¦^�á�.

�( Ð�¼ê��ê´Ð�¼ê, �Ð�¼ê��¼ê (½Ø½È©)�±

´�Ð�¼ê. éuù«�¹, ·�¡ù��Ð�¼ê�Ø½È©�Ø�È.

➀ 4�� (Joseph Liouville, 1809–1882), {IêÆ[, 3¼êØ!�©�§!êØ�

�¡kNõ�z.
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ùpI��Ñ, ùaØ�È�¹��3¿��o�¯. X (9.5)¥�Þ�~f

Ñ´3NõA^+�¥�~­���Ð�¼ê. ¢Sþ3êÆ©Û�§¥¬��

�)�Ð�¼ê�Nõå». Ð�¼ê�Ø�È��¼êÒ´Ù¥��➀.

duÐ�¼ê�Ø½È©Ø�È�y��þ�3, Ó�qvkk���{5

«©�È�Ø�È, Ïd3e¡·�òÌ�ÆSAa��Ä���È¼êa.

3¢Só�¥, éu¤���Ø½È©�±���d
?��Ø½È©L, ½

ö|^Mathematica, Maple�êÆÎÒO�^�5)û¯K.

9.3.2 kkknnn¼¼¼êêê���ØØØ½½½ÈÈÈ©©©OOO���

kn¼ê (½¡kn©ª¼ê)´�­���a�È¼ê.

ùp¤`�kn¼êÒ´�¢Xêkn©ª,=ü�¢Xêõ�ª�û. éu

b©ª, =©fgê�u�u©1gê��¹, �½�±©)���õ�ª���

ý©ª�Ú. duõ�ª´�È�, §�Ø½È©E,´õ�ª, Ïd¯KÒ8(

�XÛ¦ý©ª�Ø½È©.

��ý©ª, =©fgê�u©1gê��¹, du¢Xêõ�ª�½�±3

¢ê�SÏª©)�eZ��gÏªÚ�gÏª�¦È, Ïdý©ª�½�±©

)�e�ü«{ü©ª�Ú:

c
(x − a)k

(k > 1), Mx + N
(x2 + px + q)n (n > 1). (9.6)

Ù¥� c, a, M, N, p, qþ�¢ê. 8�¡ùüa©ª�Ü©©ª (partial fraction),


ò¢Xêkn©ª©)�Ü©©ª�L§¡�Ü©©ª©).

e¡��ê½n´Ü©©ª©)�nØÄ:.

Ü©©ª©)½n ¢Xêkný©ª�½U
±����ª©)�Ü©©

ª�Ú.

5 �±w�, ùpTÐ´©Û��ê�������®:. ^�ê�Ü©©

ª©)½n)ûkn©ª�Ø½È©¯K, Ó�3?1ù��ê©)�$�¥q

�U¬^�©Û�4�Ãã.

➀ ùp�±�·�@ÒÙG�$�Ú_$��µ45¯K�a'. ~X, 3��ê8

Ü NS�\{$�´µ4�, ùÒ´`ü���ê�\E,´��ê,�´\{�_$�3

��ê��S´Øµ4�. �d·�òêXl��ê*Ü��ê��,=l N*Ü� Z.

qX3 ZS�¦{$�´µ4�,�´Ù_$�Ø{´Øµ4�. �d·�ò Z*Ü�

knêX Q.

Xc¤`, 3Ð�¼ê8Ü Aþ�¦�ê$�´µ4�, �´§�_$�, =¦�¼ê,

3 A¥Øµ4. ù�Ò¦·�¤ïÄ�¼ê���ÑÐ�¼ê
�>��Ð�¼ê.
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e¡·�kÆSXÛ?1kn©ª�©), ±9XÛO�Ü©©ª�Ø½È

©, 
ò½n�y²�3e��!¥?1. 3c¡�~K 9.14Ú~K 9.26�) 2

Ò´ùa¯K¥'�{ü��¹. e¡�~K�´l{üm©.

~~~KKK 9.39 ¦ I =
∫

x2

1 + x
dx.

) kò�È¼êz�õ�ª�ý©ª�Ú, ,�=�ÈÑ:

I =
∫

(

x − 1 + 1
1 + x

)

dx = x2

2
− x + ln |1 + x| + C. �

~~~KKK 9.40 ¦ I =
∫

2x2 + 3x + 2
(x + 1)(2x + 1)2

dx.

) Äké�È¼ê�Ü©©ª©). �â©1��©)�/ª�

2x2 + 3x + 2
(x + 1)(2x + 1)2

=
C1

x + 1
+

C2

2x + 1
+

C3

(2x + 1)2
, (9.7)

Ù¥k 3��½~ê C1, C2, C3.

1�«�{Ò´ü>¦±�>�©1, ¦ü>Ñ¤�õ�ª, ,���ü>Ó

g���Xê, Ò��'u�½~ê��5�§|. dÜ©©ª©)½n�±íÑ

ù��5�§|�)�3��, ±eÒ�±UìIO�{?1O�. ù«�{nØ

þk�â, )KL§5�, �3��þ�ê�õ�O�þ�U��.

1�«�{´|^4�óä5)�ê¯K. ~K 9.14Ú~K 9.26�) 2¥�

�{Ò´Xd.

ò (9.7)ü>Ó¦ x + 1�- x → −1, m>Ò�� C1, 
�>�uò x = −1

�\�©1�KÏf (x + 1)���L�ª¥. ÏdÒ��:

C1 = 2x2 + 3x + 2
(2x + 1)2

∣

∣

∣

x=−1
= 1.

Ónü>¦± (2x + 1)2 �- x → −
1
2

, Òk

C3 = 2x2 + 3x + 2
x + 1

∣

∣

∣

x=− 1

2

= 2.

éu C2 ±þü«�{ØU��^. ùpkõ«�{�øÀJ. ~X, ò x = 0

�\ (9.7)¥�� 2 = C1 + C2 + C3, u´ C2 = 2 − C1 − C3 = −1.

2í�A«�{. ~X3 (9.7)ü>¦ x �- x → +∞, Ò�� 1
2

= C1 +

1
2

C2, dd��)� C2 = −1.

�,��±ò®²(½��£��>?1O�±¦Ñ����:

2x2 + 3x + 2
(x + 1)(2x + 1)2

−
1

x + 1
−

2
(2x + 1)2

=
2x2 + 3x + 2 − (2x + 1)2 − 2(x + 1)

(x + 1)(2x + 1)2

= −2x2 − 3x − 1
(x + 1)(2x + 1)2

=
−(x + 1)(2x + 1)

(x + 1)(2x + 1)2
= −

1
2x + 1

.
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���È©O�®²vk(J, ùÒ´

I =
∫ (

1
x + 1

+ −1
2x + 1

+ 2
(2x + 1)2

)

dx

= ln |x + 1| − 1
2

ln |2x + 1| − 1
2x + 1

. �

e¡w©1þk�gØ��Ïf�~f. 3Ù¥òXÚ¦^þ¡¤`���

�«�{, =z¦Ñ��Ò£��>�~. ù«�{�`:´¯k�±�½Ï©

��©f7Läk�o��Ïf, ÏdO�¥Xk�Ø¬gÄuy (=kg��A

5), l
'���. d	3O�¥�½´���{ü.

~~~KKK 9.41 ¦ I =
∫

−5x2 − 4
(x − 1)(x2 + 2)2

dx.

) �âÜ©©ª©)½n, k

−5x2 − 4
(x − 1)(x2 + 2)2

=
C1

x − 1
+

M1x + N1

x2 + 2
+

M2x + N2

(x2 + 2)2
. (9.8)

ü>¦± x − 1�- x → 1Ò�� C1 = −1. ,�O�

−5x2 − 4
(x − 1)(x2 + 2)2

+ 1
x − 1

=
−5x2 − 4 + (x2 + 2)2

(x − 1)(x2 + 2)2

= x4 − x2

(x − 1)(x2 + 2)2
=

x2(x + 1)

(x2 + 2)2
.

u´���knª�u (9.8)m>��ü��Ú, =k

x2(x + 1)

(x2 + 2)2
=

M1x + N1

x2 + 2
+

M2x + N2

(x2 + 2)2
.

òþªü>¦± (x2 + 2)2 �- x → i
√

2, Ò��

−2(1 + i
√

2) = i
√

2M2 + N2,,

��ü>�¢ÜÚJÜ, Ò��M2 = N2 = −2. ù�Ò�Þ¦Ñ
ü��½~ê,

LyÑEêO��{�A:.

2�~{, =k

x2(x + 1)

(x2 + 2)2
+ 2x + 2

(x2 + 2)2
= x3 + x2 + 2x + 2

(x2 + 2)2
= x + 1

x2 + 2
,

=kM1 = N1 = 1. (ùp©f�½kÏf x2 + 2, ÄKÒ´O�Ñ�
.)➀

þ¡´�ê©)O�, e¡â´O�Ø½È©, =I�©O¦n�Ø½È©.

I =
∫

−1
x − 1

dx +
∫

x + 1
x2 + 2

dx +
∫

−2x − 2
(x2 + 2)2

dx.

kòN´O��¦ÑXe:

➀ du/ª (9.8)®²(½, Ïd3¦Ñ C1 ���ØJ��nÑ¤I�©):

x2(x + 1)

(x2 + 2)2
=

x(x2 + 2) + (x2 + 2) − (2x + 2)

(x2 + 2)2
= x + 1

x2 + 2
−

2(x + 1)

(x2 + 2)2
.
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I = − ln |x − 1| + 1
2

ln |x2 + 2| + 1√
2

arctan x√
2

+ 1
x2 + 2

− 2
∫

dx
(x2 + 2)2

.

éuþª�����O�, �±l®²¬¦�È©
∫

dx
x2 + 2

m©, ^©ÜÈ

©{,p©1�gê:∫
dx

x2 + 2
= x

x2 + 2
+

∫
2x2 dx

(x2 + 2)2
= x

x2 + 2
+ 2

∫
dx

x2 + 2
− 4

∫
dx

(x2 + 2)2
,

ù�Ò�� ∫
dx

(x2 + 2)2
= 1

4
√

2
arctan x√

2
+ x

4(x2 + 2)
+ C.

Ü¿±þ(JÒ��

I = − ln |x − 1| + 1
2

ln |x2 + 2| + 1√
2

arctan x√
2

+ 1
x2 + 2

−
x

2(x2 + 2)
−

1

2
√

2
arctan x√

2
+ C

= ln

√
x2 + 2
|x − 1|

+ −x + 2
2(x2 + 2)

+ 1

2
√

2
arctan x√

2
+ C. �

3~K 9.41¥���Ú�O��{�±^uO� Mx + N
(x2 + px + q)n (n > 2)�

Ø½È©. ù�´Ü©©ª©)�3e�È©¯K.

du�gn�ª x2 + px + q 3¢ê�Ø��, ÏdÙ�Oª p2 − 4q < 0, l


�½�±ÏL��Ú²£ò¯K{z�O� n > 2��Ø½È©

In =
∫

dx
(x2 + a2)n , (9.9)

Ù¥� a > 0.

éu (9.9)�O�0�ü«�{.

k0�4í{. §Ò´3~K 9.41¥O�
∫

dx
(x2 + 2)2

�¤^��{. �Ol

In ÑuXÛò nü$, 
´�L5ò n,pXe:

In−1 =
∫

dx
(x2 + a2)n−1 = x

(x2 + a2)n−1 +
∫

x · (n − 1) · 2x

(x2 + a2)n dx

= x
(x2 + a2)n−1 + 2(n − 1)

∫
(x2 + a2) − a2

(x2 + a2)n dx

= x
(x2 + a2)n−1 + 2(n − 1)In−1 − 2(n − 1)a2In.

�n���¤¦�4íúª:

In = 1
2a2(n − 1)

·
x

(x2 + a2)n−1 + 2n − 3
2a2(n − 1)

· In−1.

�,��ØI�P4ùaúª, 
´�Æ¬^þã�{, ½ößÑ§�/ª,

�^�½Xê{. ~X, éu~K 9.41¥���È©, �Ñ�½��ª∫
dx

(x2 + 2)2
= Ax

x2 + 2
+ λ

∫
dx

x2 + 2
,
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Ù¥ A, λ´�½~ê.

ü>¦���

1
(x2 + 2)2

= A
x2 + 2

−
2Ax2

(x2 + 2)2
+ λ

x2 + 2
=

(A + λ)(x2 + 2) − 2Ax2

(x2 + 2)2
,

��ü>©f�Ógê���Xê, Ò��

λ − A = 0, λ + A = 1
2

,

¿)� A = λ = 1
4

. u´�±���c¡�Ó�(J:
∫

dx
(x2 + 2)2

= x
4(x2 + 2)

+ 1
4

∫
dx

x2 + 2

= x
4(x2 + 2)

+ 1

4
√

2
arctan x√

2
+ C.

O� (9.9)�,�«�{´�n��� x = a tan θ, K dx = a sec2 θ, Ïdk

In =
∫

a sec2 θ dθ
a2n sec2n θ

= 1
a2n−1

∫
cos2n−2 θdθ,

ù�Ò�±^ De Moivreúªò�È¼êz���¼ê¦È. �,��±�Ñ4

íúª (��öSK).

~X, é~K 9.41¥���È©�±2gO�Xe, Ù¥��� x =
√

2 tan θ:∫
dx

(x2 + 2)2
=

√
2

4

∫
cos2 θ dθ = 1

4
√

2

∫
(1 + cos 2θ) dθ

= 1

4
√

2
(θ + 1

2
sin 2θ) + C

= 1

4
√

2
arctan x√

2
+ 1

4
√

2
·

x
√

2
x2 + 2

+ C.

2O���~��Ø½È©.

~~~KKK 9.42 ¦ I =
∫

dx
1 + x4 .

) 1 UìIO�{kò©1�Ïª©), ��

x4 + 1 = (x4 + 2x2 + 1) − 2x2 = (x2 + 1)2 − (
√

2x)2

= (x2 +
√

2x + 1)(x2 −
√

2x + 1).

u´kÜ©©ª©)

1
x4 + 1

= ax + b

x2 +
√

2x + 1
+ cx + d

x2 −
√

2x + 1
.

- x = 0�\�� b + d = 1. ¦± x�- x → +∞�� a + c = 0. 2- x = i

�\��
1
2

= a − c√
2

+ b − d

i
√

2
.

��ü>�¢Ü�JÜ�� a − c = 1/
√

2, b = d. �c¡�(JéÜ=�(½

a = −c =

√
2

4
, b = d = 1

2
.
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��O�Ø½È©Xe:

I =
∫

√
2

4
x + 1

2

x2 +
√

2x + 1
dx +

∫ −

√
2

4
x −

1
2

x2 +
√

2x + 1
dx

=

√
2

8

∫
2x +

√
2

x2 +
√

2x + 1
dx + 1

4

∫
dx

x2 +
√

2x + 1
−

√
2

8

∫
2x −

√
2

x2 −
√

2x + 1
dx

+ 1
4

∫
dx

x2 −
√

2x + 1

=

√
2

8
ln

∣

∣

∣

∣

x2 +
√

2x + 1

x2 −
√

2x + 1

∣

∣

∣

∣

+ 1

2
√

2
arctan(

√
2x + 1)

+ 1

2
√

2
arctan(

√
2x − 1) + C. �

) 2 )�K'�|©��{´�é{:

I = 1
2

∫
x2 + 1
x4 + 1

dx −
1
2

∫
x2 − 1
x4 + 1

dx = 1
2

∫ 1 + 1
x2

x2 + 1
x2

dx −
1
2

∫ 1 −
1
x2

x2 + 1
x2

dx

= 1
2

∫ d(x −
1
x

)

(x −
1
x

)2 + 2
−

1
2

∫ d(x + 1
x

)

(x + 1
x

)2 − 2

= 1

2
√

2
arctan

x −
1
x

√
2

−
1

4
√

2
ln

∣

∣

∣

∣

∣

∣

x + 1
x

−
√

2

x + 1
x

+
√

2

∣

∣

∣

∣

∣

∣

+ C. �

9.3.3 ÜÜÜ©©©©©©ªªª©©©)))½½½nnn���yyy²²²

��Bå�­#Qã½nXe.

Ü©©ª©)½n ¢Xêýkn©ª�±���ª©)�Ü©©ª�Ú.

y �k¢Xêýkn©ª
Q(x)

R(x)
, ©f�©1�Ø���õ�ª, K�±©

�±eAÚ5y.

(1)�©1�

R(x) = anxn + an−1x
n−1 + · · · + a1x + a0,

Ù¥¤kXêÑ´¢ê, � an 6= 0. |^�êÄ�½n, R(x)3Eê� C¥�½k

� (½ö`k":). XJ´¢�, P� a, K R(x)�±� x − a�Ø. XJ´E�,

òù��P� z, ¿^ zL« z��ÝEê, Kéu

R(z) = anzn + an−1z
n−1 + · · · + a1z + a0 = 0

��Ý��Òk

R(z) = anzn + an−1z
n−1 + · · · + a1zx + a0 = R(z) = 0,
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�� z �´ R(x)��. Ïd f ��½ö´¢�, ½ö±�é�ÝE�Ñy. u´

R(x)�±� (x − z)(x − z)¤�Ø. ù���gn�ª

(x − z)(x − z) = x2 − (z + z)x + z · z

3¢ê�þØ��. l R(x)¥3�®��Ïf�2UYe�, ù�²Lk�Ú�

Ò�±¢y¤��©), ¿Ó�y²
 ng�êõ�ªTk n��, Ù¥k­��

�O\��­ê.

dõ�ª3¢ê�þ�Ïª©)���'X��ù��©)´���.

(2)�ýkn©ª
Q(x)

R(x)
�©1 R(x) = f(x) · g(x), Ù¥ f(x)Ú g(x)�p�

�õ�ª, K�±y²�3����éõ�ª u(x)Ú v(x), ¦�¤á

Q(x)

R(x)
=

u(x)

f(x)
+

v(x)

g(x)
,

�m>�ü�©ªÑ´ý©ª.

ky²�35.

�â�êÆ¥�½n���3õ�ª u1(x)Ú v1(x), ¦�¤á

u1(x)g(x) + v1(x)f(x) = 1.

¦± Q(x)/R(x)¿|^ R(x) = f(x)g(x), Ò��

Q(x)

R(x)
=

Q(x)u1(x)

f(x)
+

Q(x)v1(x)

g(x)
,

òm>1��©ª�©fØ± f(x), ��

Q(x)u1(x) = h(x)f(x) + u(x),

Ù¥ u(x)´{�, gê$u f(x)�gê.

ù�Ò�±òþªU��

Q(x)

R(x)
=

u(x)

f(x)
+

h(x)g(x) + Q(x)v1(x)

g(x)
,

P v(x) = h(x)g(x) + Q(x)v1(x), Kduþª�>Úm>1��©ªÑ´ý©ª,

Ïd v(x)/g(x)�´ý©ª.

y3y²ù�� u(x), v(x)´���. ^�y{. e�3÷v^��,�éõ

�ª u(x), v(x), KÒk

u(x)

f(x)
+

v(x)

g(x)
=

u(x)

f(x)
+

v(x)

g(x)
,

U��

u(x) − u(x) =
f(x) · (v(x) − v(x))

g(x)
,

K�>�õ�ª, m>du f(x), g(x)p�, 
 v(x)− v(x)�gê�u©1 g(x)�

gê, ÏdØ¬´õ�ª. Ø� u(x) − u(x)Ú v(x) − v(x)Ñ´"õ�ª, ÄKÒ

¬ÚÑgñ.
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|^1 (1)Ú¥éu©1 R(x)�Ïª©), 2 (�E)|^ (2)�(J, Ò�

±òý©ª
Q(x)

R(x)
±����ª©)�A�ý©ª�Ú, §��©1þØ�Ó,

��kü«a., ½ö´ (x − a)k, k > 1, ½ö´ (x2 + px + q)k′

, k′ > 1, Ù¥�

x2 + px + q�¢ê�þ�Ø��õ�ª.

(3)òþã©)��� x − aÚ x2 + px + qÚP� p(x), Kéu k > 1��¹

k?�Ú�©):
v(x)

pk(x)
=

u1(x)

p(x)
+

u2(x)

p2(x)
+ · · · +

uk(x)

pk(x)
,

Ù¥©f u1(x), u2(x), · · · , uk(x)�gêþ$u p(x)�gê.

ò v(x)^ p(x)Ø, ¤��{�P� uk(x), ò¤��û2^ p(x)Ø, ¤��{

�P� uk−1(x), XdUY, Ò��

v(x) = u1(x)pk−1(x) + u2(x)pk−2(x) + · · · + uk−1(x)p(x) + uk(x).

(½ö��±ò v(x)^ pk−1(x)Ø�� u1(x)�2�e�.) lþãL§��z�

ui(x)�gêÑ$u p(x)�gê, ,�Ø± pk(x)=�¤��©)ª. ��5�y

²K��u3 v(x)�"õ�ª�, ¤��z� ui(x)Ñ´"õ�ª.

u´é R(x) = (x − a)kR1(x), R1(a) 6= 0��¹, 3Ü©©ª©)¥Òk

c1

x − a
+ · · · +

ck

(x − a)k
,


� R(x) = (x2 + px + q)kR2(x), R2(x)� x2 + px + q p���¹, 3Ü©©ª

©)¥Òk

M1x + N1

x2 + px + q
+ · · · +

Mkx + Nk

(x2 + px + q)k
. �

5 õêêÆ©ÛÖ¥Ø�ÑÜ©©ª©)½n�y²
�Ööw�ê��

Ö½EC¼êØ���Ö. �Ñy²�©Û�áõêæ^ [8]��{. (�TÖ�1

�ò� 274�!, P�� 262�!.)

9.3.4 kkknnnnnn���¼¼¼êêê���ÈÈÈ©©©

n�¼ê sin x, cosx, tanx, cotx, sec x, cscx �knªÑ�±=z�sin x Ú

cosx�knª, Ïd���ÄXÛ¦È

I =
∫

R(cosx, sin x) dx,

Ù¥ R(u, v)´ u, v�kn¼ê.

éùaÈ©k�U�� (½�U��) t = tan x
2

, §�±òþãÈ©=z�k

n¼ê�È©, l
�½�È.
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�U���¤±k�´Ï�§�±ò sinx, cos xÚ dxÓ�knz:

sin x = 2 sin x
2

cos x
2

= 2 tan x
2

cos2 x
2

= 2t
1 + t2

,

cosx = cos2 x
2

− sin2 x
2

=
1 − tan2 x

2

sec2 x
2

= 1 − t2

1 + t2
,

dx = d(2 arctan t) = 2
1 + t2

dt,

uuur 
1 − t2

tp�� 2t�000000000000001 + t2�jlo x
ù�Ò�±òÈ©8(�kn¼ê�Ø½È©:

I =
∫

R(cosx, sin x) dx =
∫
R

(

1 − t2

1 + t2
, 2t

1 + t2

)

·
2

1 + t2
dt.

e¡Þ�
~f.

~~~KKK 9.43 ¦ I =
∫

dx
sin x

(=Ä�Ø½È©L¥���|�1��È©).

) 1 - t = tan x
2

, KÒk

I =
∫ 2

1 + t2
dt

2t
1 + t2

=
∫

dt
t

= ln |t| + C = ln | tan x
2
| + C. �

��K�kõ«Ù¦){.

) 2 Ø^�U���±Xe¦):

I =
∫

dx
2 sin x

2
cos x

2

=
∫

dx
2 tan x

2
cos2 x

2

=
∫ sec2 x

2

tan x
2

d
(

x
2

)

= ln | tan x
2
| + C. �

) 3 ��±Ø^��úª
¦ÈXe.

I =
∫

sin x
sin2 x

dx =
∫

d cosx
cos2 x − 1

= 1
2

ln
∣

∣

∣

cosx − 1
cosx + 1

∣

∣

∣
+ C. �

5 �K��Y��±k±e�«ØÓ/ª:∫
dx

sin x
= ln

∣

∣

∣

sin x
1 + cosx

∣

∣

∣
+ C

= ln
∣

∣

∣

1 − cosx
sin x

∣

∣

∣
+ C

= ln | cscx − cotx| + C.

~~~KKK 9.44 ¦ I =
∫

dθ
1 − 2r cos θ + r2 , Ù¥ 0 6 r < 1.
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) ^�U�� t = tan θ
2
=�O�Xe:

I =
∫ 2

1 + t2
dt

1 + r2 − 2r · 1 − t2

1 + t2

=
∫

2 dt
(1 + r2)(1 + t2) − 2r(1 − t2)

=
∫

2 dt
(1 + r)2t2 + (1 − r)2

= 2
(1 + r)2

·
1 + r
1 − r

· arctan
(

1 + r
1 − r

· t
)

+ C

= 2
(1 − r)2

· arctan
(

1 + r
1 − r

· tan θ
2

)

+ C. �

�U���":´���¤��kn¼ê�©1gê�U�p, l
Úå�

E�O�. ùp�Ñéu±en«�¹�±Ø7^�U��.

1. e R(− sinx, cosx) = −R(sinx, cos x), K�^ t = cosx (ÙA~Ò´

R(cosx) sin x) ;

2. e R(sin x,− cosx) = −R(sinx, cosx), K�^ t = sin x (ÙA~Ò´

R(sin x) cos x) ;

3. e R(− sinx,− cosx) = R(sin x, cosx), K�^ t = tanx (ÙA~Ò´

R(tanx)) .

5 ùp�±� §9.2.2n�¼êÈ©�~f�'�. �,3@p��È¼ê

Ø�uknn�¼ê.

e¡Þ�
~f.

~~~KKK 9.45 ¦ I =
∫

dx
a + b tanx

, Ù¥ b 6= 0.

) 1 ��� t = tanx, K�� I =
∫

dt
(1 + t2)(a + bt)

.

�Ü©©ª©)

1
(1 + t2)(a + bt)

= c
a + bt

+ At + B
1 + t2

,

K3ü>¦± a + bt�- t → −
a
b
Ò�� c = b2

a2 + b2 . ,�£�O�

1
(1 + t2)(a + bt)

−
b2

a2 + b2 ·
1

a + bt
= 1

(1 + t2)(a + bt)
(1 −

b2

a2 + b2 (1 + t2))

= 1
(1 + t2)(a + bt)

·
1

a2 + b2 · (a2 − b2t2)

= 1
1 + t2

·
a − bt
a2 + b2 .

��O�Ø½È©Xe

版
权
所
有
，
请
勿
复
制
！



§9.3 eZ�È¼êa 35

I = b
a2 + b2 ln |a + bt| − b

2(a2 + b2)
ln(1 + t2) + a

a2 + b2 arctan t + C

= a
a2 + b2 x + b

(a2 + b2)
ln

∣

∣

∣

a + bt√
1 + t2

∣

∣

∣
+ C

= a
a2 + b2 x + b

(a2 + b2)
ln

∣

∣

∣

a + b tanx
secx

∣

∣

∣
+ C

= a
a2 + b2 x + b

(a2 + b2)
ln |a cosx + b sinx| + C. �

) 2 ùq´�^�é{)û¯K���~f.

I =
∫

cosx
a cosx + b sinx

dx

= A
∫
−a sinx + b cosx
a cosx + b sin x

dx + B
∫

a cosx + b sinx
a cosx + b sinx

dx

= A ln |a cosx + b sinx| + Bx + C,

Ù¥�~ê÷v�§

bA + aB = 1, −aA + bB = 0,

ùÒ)Ñ A = b
a2 + b2 , B = a

a2 + b2 . �

9.3.5 ���±±±kkknnnzzz���ÃÃÃnnn¼¼¼êêê���ØØØ½½½ÈÈÈ©©©

�c¡��^ R(u, v)L«ü�C��kn¼ê, e¡�Ä¹k�ª�Ãn¼

ê�Ø½È©, Ù¥0�ü«~���Èa..

�.
∫

R

(

x, n

√

ax + b
cx + d

)

dx.

Ù¥� ad − bc 6= 0 (ÄKXÛ?). ���

t = n

√

ax + b
cx + d

,

Ò�±)Ñ x� t�kn¼ê:

x = g(t) = b − dtn

ctn − a
,

u´Ò�½�±knz:∫
R

(

x, n

√

ax + b
cx + d

)

dx =
∫

R(g(t), t)g′(t) dt.

d	,
∫

R(x, n

√
ax + b) dx�áuù�a., ��- t = n

√
ax + bÒ�knz.

~~~KKK 9.46 ¦ I =
∫

dx

(1 − x) 3

√

(1 − x)2(1 + x)
.

) L¡þwq�Øáuþãa., Ù¢��òng�ª�XeU�=�:

3

√

(1 − x)2(1 + x) = (1 − x) 3

√

1 + x
1 − x

,
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- t = 3

√

1 + x
1 − x

, K x = 1 − t3

1 + t3
, 1 − x = 2t3

1 + t3
, dx = −

6t2

(1 + t3)2
dt, u´��

I = −

∫
t ·

(1 + t3)2

4t6
·

6t2

(1 + t3)2
dt = −

3
2

∫
dt
t3

= 3
4
·

1
t2

+ C

= 3
4

·
3

√

(

1 − x
1 + x

)2

+ C. �

�.
∫

R(x,
√

ax2 + bx + c) dx.

Ù¥� a 6= 0, b2 − 4ac 6= 0 (ÄKXÛ?)

^n���Ò�±y²ùaØ½È©��½´�È�. 'uùaÈ©�O�

�{kéõSN, ~X Euler��Ú4í�{� [8], ùpØ�0�. e¡Þü�~

f. Ù¥^n�����{�7�¯$.

~~~KKK 9.47 ¦ I =
∫ √

x2 + a2 dx, Ù¥ a > 0.

) 1 ^©ÜÈ©{, �± (�~K 9.36�O�aq)Xe¦Ñ�Y:

I = x
√

x2 + a2 −

∫
x2

√
x2 + a2

dx

= x
√

x2 + a2 −

∫
√

x2 + a2 dx + a2
∫

dx√
x2 + a2

= 1
2

x
√

x2 + a2 + a2

2
ln(x +

√

x2 + a2) + C. �

) 2 - x = a tan t, K
√

x2 + a2 = a sec t, dx = a sec2 t dt, u´k

I =
∫
a2 sec3 t dt = a2

∫
sec t d tan t = a2 tan t sec t − a2

∫
sec t tan2 t dt

= a2 tan t sec t − a2
∫

sec t(sec2 t − 1) dt = a2

2
tan t sec t + a2

2

∫
dt

cos t

= a2

2
tan t sec t + a2

2
ln | tan( t

2
+ π

4
)| + C.

��I�òþª=z� x�¼ê. N´wÑÙ1��Ò´ 1
2

x
√

a2 + x2. |^

tan( t
2

+ π
4

) =
1 − cos(t + π

2
)

sin(t + π
2

)
= 1 + sin t

cos t
= sec t + tan t,

��1��Ò´ a2

2
ln

(

x
a

+

√
x2 + a2

a

)

, �Y�) 1�Ó. �

~~~KKK 9.48 ¦ I =
∫
x2

√
x2 + a2 dx, Ù¥ a > 0.

) 1 - x2 = u, Kk
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I =
∫

u
√

u + a2 ·
du

2
√

u
= 1

2

∫
√

u2 + a2udu

= 1
2

∫ √

(u + a2

2
)2 − 1

4
a4 du.

- u + a2

2
= t, qP b = 1

4
a4, ,�|^©ÜÈ©{, Òk

I = 1
2

∫
√

t2 − b dt

= 1
2

t
√

t2 − b − 1
2

∫
t · t√
t2 − b

dt

= 1
2

t
√

t2 − b − 1
2

∫
t2 − b + b√

t2 − b
dt

= 1
2

t
√

t2 − b − 1
2

∫
√

t2 − b dt + b
2

∫
dt√

t2 − b

= 1
4

t
√

t2 − b + b
4

ln |t +
√

t2 − b| + C

= 1
4

(x2 + a2

2
)
√

x4 + a2x2 −
a4

16
ln(x2 + a2

2
+

√

x4 + a2x2) + C

= 1
4

(x3 + a2

2
x)

√

x2 + a2 −
a4

8
ln |x +

√

x2 + a2| + C. �

) 2 ��� x = a tan t, Kk

I =
∫

a2 tan2 t · a sec t · a sec2 t dt = a4
∫

sin2 t dt
cos5 t

= a4
∫

sin2 t d sin t
(1 − sin2 t)3

,

2- u = sin t, Ò¤�kn¼ê�È©:

I = a4
∫

u2 du
(1 − u)3(1 + u)3

.

�ÑÜ©©ª©)

u2

(1 − u)3(1 + u)3
=

C1

1 − u
+

C2

(1 − u)2
+

C3

(1 − u)3

+
C4

1 + u
+

C5

(1 + u)2
+

C6

(1 + u)3
,

ü>¦± (1 − u)3 �- u → 1�� C3 = 1/8. Ó{�� C6 = 1/8. £�O�

u2

(1 − u)3(1 + u)3
−

1
8

( 1
(1 − u)3

+ 1
(1 + u)3

)

= u2

(1 − u)3(1 + u)3
−

1
8
·

2 + 6u2

(1 − u)3(1 + u)3

= 1
4

·
u2 − 1

(1 − u)3(1 + u)3
= −

1
4
·

1
(1 − u)2(1 + u)2

=
C1

1 − u
+

C2

(1 − u)2
+

C4

1 + u
+

C5

(1 + u)2
.

dd�±(½C2 = C5 = −
1
16

. q-u = 0�\ü>��C1+C2+C4+C5 = −
1
4

,

Ïd C1 + C4 = −
1
8

. ��ü>¦± u �- u → +∞, �� C1 = C4. u´
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C1 = C4 = −
1
16

.

±e´Ø½È©�O�:

I = a4

16

(

− ln
∣

∣

∣

1 + u
1 − u

∣

∣

∣
−

1
1 − u

+ 1
1 + u

+ 1
(1 − u)2

−
1

(1 + u)2

)

+ C

= −
a4

16
ln

∣

∣

∣

1 + u
1 − u

∣

∣

∣
+ a4

8
·

u + u3

(1 − u2)2
+ C

= −
a4

16
ln 1 + sin t

1 − sin t
+ a4

8
sin t(1 + sin2 t)

cos4 t
+ C

= −
a4

8
ln | tan t + sec t| + a4

8
(sec t tan t + 2 sec t tan3 t) + C

= −
a4

8
ln |x +

√

x2 + a2| + 1
8

(2x3 + xa2)
√

x2 + a2 + C. �

��0�Í¶��©��ª�Ø½È©. ùÒ´e�/ª�È©:∫
xm(bxn + a)p dx,

Ù¥ m, n, pÑ´knê, ���k��Ø´�ê. Chebyshev➀y²: �©��ª

�Ø½È©�È�¿©7�^�´±en�knê

p, m + 1
n

, p + m + 1
n

�¥��k��´�ê [8].

öööSSSKKK

1. ¦e�Ø½È©:

(1)
∫

dx
x3 + 1

; (2)
∫

dx
x3 − 1

;

(3)
∫

x2 + 1
x2 − 3x + 4

dx; (4)
∫

x7

x2 − 1
dx;

(5)
∫

dx
(x + 1)(x + 2)2

; (6)
∫

x2 + x
x6 + 1

dx;

(7)
∫

x9 dx
(x10 + 2x5 + 2)2

; (8)
∫

x3

(x − 1)100
dx;

(9)
∫

dx
x4 + x2 + 1

; (10)
∫

1 − x5

x(1 + x5)
dx;

(11)
∫

dx
(x − 1)(x2 + 1)2

; (12)
∫

dx
(x2 + 2)(x2 + 3)

;

(13)
∫

x2 + 1
(x2 − 1)(x + 1)

dx; (14)
∫

x4 − x3 − x2 − 3x
(x2 − 1)(x2 + 1)2

dx.

➀ �'ÈÅ (Pafnutiĭ Lávoviq Qebyxev, 1821–1894), �IêÆ[!nØå

Æ[, *��êÆÆ��CÄ<.
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2. ¦e�Ø½È©:

(1)
∫

sin x cosx
1 + tan4 x

dx; (2)
∫

dx
sin x + 2 cosx + 3

;

(3)
∫

cosx√
2 + cos 2x

dx; (4)
∫
(tan2 x + tan3 x) dx;

(5)
∫
(tan2 x + tan4 x) dx; (6)

∫
sin2 x

1 + sin2 x
dx;

(7)
∫

dx
(2 + cosx) sin x

; (8)
∫

dx
(2 + cosx) sin2 x

;

(9)
∫

dx
1 + tanx

; (10)
∫

sin5 x cos4 xdx;

(11)
∫

sin x√
2 + cos 2x

dx; (12)
∫

(

1
1 + ε cosx

−
1

1 − ε cosx

)

dx.

(3K (12)¥� 0 < ε < 1)

3. ¦e�Ø½È©:

(1)
∫

1
x

√

x − 1
x + 1

dx; (2)
∫

dx

(x + 1) 3
√

x2 + 2x
;

(3)
∫

dx
4

√

x3(1 − x)
; (4)

∫
xdx√

x2 − 3x + 4
;

(5)
∫

dx

x
√

x2 − 3x + 4
; (6)

∫
x
√

x2 − 3x + 4dx;

(7)
∫

dx√
x(1 + 4

√
x)

; (8)
∫

dx
(2 − 3x)4

;

(9)
∫

(2x + 1) dx
√
−4x2 + 12x + 27

; (10)
∫

dx

1 +
√

x2 + 4x + 5
.
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SSSNNN{{{000 ù�Ù´��È©Æ�Ø%. §10.1l¡ÈO�¯KÚ\ Riemann

È©�½Â, ¿y²�È©Ä�½n. ùØ=�«Ñ�ê�È©ü�Vg���'

X, Ó���þ�Ù�Ø½È©½ . §10.2?Ø�È5, �Ñ
�È�¿�^�,

y²
na¼ê�È, �Ú\"ÿÝ8ÚA�??ëY¼ê, ÏL Lebesgue½n

�.)û
�È5¯K. §10.3�½È©�5�, Ù¥�)ü�È©¥�½n,¿)

û
�¼ê��35¯K. §10.48¥0�O��{, Ù¥�)�þ�ÙéA��

�{Ú©ÜÈ©{, �0�
|^é¡5O�,
½È©��{.

§10.1 ½½½ÈÈÈ©©©������ÈÈÈ©©©ÄÄÄ���½½½nnn

10.1.1 ¡¡¡ÈÈÈOOO������###���{{{

31ÊÙm©�7¡ÈO�¯K�éuª?Ø (ë�ã 9.1)¦·�w�¦

�ê$��_$��­�5. ,
Ù¥3e
A�­�¯Kvk)û, Äk´

�Ø��XÛ�Ñ­>F/¡È S(x) �½Â, ,�´XÛy²§��, �¤á

S′(x) = f(x). Ón��, 3~K 9.1¥éu�Ô� y = x2 (0 6 x 6 1)e�­>F

/¡ÈO���3Ó��¯K. �
)ûù
¯K·�I��#�g�Ú�{.

l��{ü~fm©, ùÒ´~K 9.1¥�@�­>F/�¡ÈO�¯K,�

òæ���ØÓ��{. e¡·�(Üã 10.150�ùp�#�{.

uuuuur ���>�!B��<�"Dtttt
tp��~/����|. ����

x1

y = x2

P P P P P P P P P P P P P  �y

1 P
O

� 0� �0� p�� tttt
t

tttt
�

tp�� tt�0�
i−1
n

i

n

rp0�r �
(a)

P<:L42.F*&BA ?���<������������ uuuuur ���>�!B��<�"Dtttt
tp��~/����|.����

x1

y = x2

P P P P P P P P P P P P P  �y

1 P
O

�r0�r �0�rp��rt�rtp��rtt�0�rttt0�rtttt
�r

tttt
t�

(b)

P<:L42.F*&BA ?���<������������ uuuuur ���>�!B��<�"Dtttt
tp��~/����|.����

x1

y = x2

P P P P P P P P P P P P P  �y

1 P
O

�r0�r �0�rp��rt�rtp��rtt�0�rttt0�rtttt
�rr�0�pr���pr�pr�0pr�pr�0�r���r�r�0r tttt

t�
(c)

P<:L42.F*&BA ?���<������������
ã 10.1: O�­>F/¡È�%C�{

Xã 10.1¤«, �Äd y = x2, y = 0Ú x = 1�¤�­>F/ (¢Sþ´�

�­>n�/)�¡È. ùp���ã 9.2¤J«��{'�.
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3©ã (a)¥, ò«m [0, 1]� n�©, ù��¤k©:Ú«m�à:��k

n + 1�, Uì���±ü��

0 < 1
n

< 2
n

< · · · < n − 1
n

< n
n

= 1.

ù�Òò�5�­>F/y©� n�d��­>F/. §��.>�ÝÑ´ 1/n.

X©ã (a) ¤«, éuÙ¥1 i �­>F/, §�¹��.>�Ó
p�
(i − 1)2

n2 �S�Ý/. Ó�q�±�Ñk�Ó.>
p� i2

n2 �	�Ý/, §�¹

1 i�­>F/.

k�Ä¤k�S�Ý/, =éu i = 1, · · · , n�:8

{(x, y)
∣

∣

i − 1
n

6 x 6
i
n

, 0 6 y 6 ( i − 1
n

)2},

ù�Ò��©ã (b). ØJO�Ñ¤kS�Ý/¡È�Ú�

Sn = 1
n

· 0 + 1
n

(

1
n

)2

+ · · · + 1
n

(

n − 1
n

)2

= 1
n3

n−1
∑

i=1

i2

= 1
n3 ·

n(n − 1)(2n − 1)
6

=
(n − 1)(2n − 1)

6n2 .

- n → ∞Ò��4���

lim
n→∞

Sn = 1
3

.

¯K:z��d��­>F/�þãÝ/�m�k�����­>n�/, �

nªuÃ¡��, ù
n�/��ê�ªuÃ¡�, 
z��n�/�¡Èªu 0,

u´§��¡È�ÚÒ´ 0 · ∞.�Ø½ª. Ù4�´Ä´ 0? XJØ´ 0, Kþ¡

�O�(JÒ�7´�5�­>F/�¡È.

y3æ^Y%�{, =éz��.>�Ý� 1/n�d��­>F/, Ó��Ä

�¹§�	�Ý/, =²¡:8

{(x, y)
∣

∣

i − 1
n

6 x 6
i
n

, 0 6 y 6 ( i
n

)2},

Ù¥ i = 1, · · · , n. 2O�¤k	�Ý/¡È�Ú, P� S′
n, =k

S′
n = 1

n

(

1
n

)2

+ 1
n

(

2
n

)2

+ · · · + 1
n

(

n
n

)2

= 1
n3

n
∑

i=1

i2

= 1
n3 ·

n(n + 1)(2n + 1)
6

=
(n + 1)(2n + 1)

6n2 .

dd��k

lim
n→∞

S′
n = 1

3
.

ùÓ��y²
 lim
n→∞

(S′
n − Sn) = 0, =c¡� 0 · ∞.�Ø½ª�4��U´ 0.

�,·�¿vkéu­>F/¡È�Ñ½Â, �lþ¡�O��±wÑ, ÃØ

XÛ½Â­>F/�¡È S, ��ù�½ÂÜn, KoAT÷vØ�ª
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Sn 6 S 6 S′
n,

Ïd�U�� S = 1
3

. ùpY3¥m�Ø´ê�, ÏdØU^y¤�Y%½n. ,


Y%�g�E,k�.

3ù�~f�±þO�¥TÐ�±|^ n���ê�²�Úúª. ùkó,

5. éuÙ¦���¼êÒØ��XÛ�
. ,
le¡��, þã~f¥¤Ny

Ñ5�Nõ#g�´�È©ÆnØ��k'�. ùÒ´�Ö�0�� RiemannÈ

©. �,§�5quÐ¤� LebesgueÈ©, �·�@�3���êÆ©Û¥�´

A�± RiemannÈ©�Ì50�È©Æ.

10.1.2 RiemannÈÈÈ©©©���½½½ÂÂÂ

ÄkI�éXÛy©«m, XÛ�xy©�5�[��Ñ½ÂÚ·��PÒ.

�d3e¡�g�Ñ©yÚ RiemannÚ�½Â.

½½½ÂÂÂ 10.1 (©©©yyy���½½½ÂÂÂ) éuk.4«m [a, b], ¡©:�8Ü

P = {x0, x1, · · · , xn}

� [a, b]���©y (Partition), Ù¥÷v x0 = a < x1 < · · · < xn = b. P ò [a, b]

©¤ n�4f«m [xi−1, xi], i = 1, · · · , n. Pù
f«m�Ý�∆xi = xi − xi−1,

i = 1, · · · , n, ½Â©y P �[Ý�ù
f«m�Ý¥���ê:

‖P‖ = max{∆x1, · · · , ∆xn}.

(©y��¡�©�½y©, ©y�[Ý�¡��½�Ý.)

3©y¥�{ü�´�åy©, = ∆x1 = · · · = ∆xn = b − a
n

= ‖P‖. ù�

n → ∞Ò´ ‖P‖ → 0.

½½½ÂÂÂ 10.2 (RiemannÚÚÚ���½½½ÂÂÂ) � f u [a, b]þk½Â.

?� [a, b]���©y P = {x0, x1, · · · , xn}, qéud P )¤

�z�f«m?���0: ξi ∈ [xi−1, xi], i = 1, · · · , n, ,�

�Ñ��k�Úª
n
∑

i=1

f(ξi)∆xi,

ò§¡� f ��� RiemannÚ, ½ö�(�/`´d©y P

�0:8 ξ = {ξ1, ξ2, · · · , ξn}�Ó(½��� RiemannÚ.

3ã 10.2¥�Ñ
3 [xi−1, xi]þ�­>F/�	�Ý/

ÚS�Ý/. f(ξi)∆xi Ò´.>� ∆xi Úp� f(ξi)�Ý/¡

È, §Ø�u	�Ý/¡È, �Ø�uS�Ý/¡È.

tttt
ttt0��ru

0tttt
ttt

uuur 
xi−1 xi

0�0�0�0�0�0�0�0�0�0�0
�0�0�0�0�0�0���

ξi

y = f(x)ur��ur��7520.,D)&B# ���=�
ã 10.2: 0:

�¿Â
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±þ½Â�âÑA:´kü�?¿5. Ø=©y?¿, 
��#N3z�f

«m¥?¿À�0: ξi. ��oØ{ü/ò ξi ��à: xi−1 ½ö xi? 3@Ï

d CauchyJÑ�È©½Â¥Ò´Xd. 8U�òù��Úª¤���È©¡�

CauchyÈ©. �´�5uy Riemann�È©½Âkéõ`:, Ïd��y3Ø2

^ CauchyÈ©½Â
. ù��¬�5�`:·�ØÈÒ¬w�.

y3�±ù�o´ RiemannÈ©
.

½½½ÂÂÂ 10.3 (RiemannÈÈÈ©©©���½½½ÂÂÂ) �½ [a, b]þ�¼ê f , e�3ê I, éu

∀ ε > 0, ∃ δ > 0, ∀P (‖P‖ < δ), ∀ ξ (ξi ∈ [xi−1, xi] ∀ i) (=0:8 ξ�©y P �N):
∣

∣

∣

∣

n
∑

i=1

f(ξi)∆xi − I

∣

∣

∣

∣

< ε,

K¡ f u [a, b]þ Riemann�È (½ö` (R)�È, ½{¡�È➀), ¿ò I ¡� f

3 [a, b]þ� RiemannÈ©½ (R)È©, P�

I =
∫b

a
f(x) dx,

½È©PÒ�Ø½È©aq, Ù¥Ó�k�È¼ê, �ÈL�ªÚÈ©Cþ.

§�ØÓ�?´3È©Ò�þe�ÑykÎÒ a, b. 8�¡ a�È©e�, b¡�

�È©þ�. q¡ [a, b]�È©«m.

½Â 10.3¥�½È©´�«#.�4�, ~��

lim
‖P‖→0

n
∑

i=1

f(ξi)∆xi =
∫ b

a
f(x) dx.

§�L��ê�4�Ú¼ê4�ÑØ�Ó.

�±c�', 3ê�4�¥é�½� ε�½ N ��, ÷v n > N � n�´Ã

¡õ�, � n�½��Ò(½
 xn. éu¼ê4�5`, �¹�´aq�. 8c�

RiemannÚ�4�K�E,�õ. éu�½� ε�½ δ��, ÷v ‖P‖ < δ�©y

P �,kÃ¡õ�, 
�½��©y P ��, ÷v ξi ∈ [xi−1, xi] ∀ i�0:8�k

Ã¡õ�, 
�¦d§�(½� RiemannÚÑ÷v

∣

∣

∣

∣

n
∑

i=1

f(ξi)∆xi − I

∣

∣

∣

∣

< ε.

e¡Qã¿y²k' RiemannÈ©�1��½n. §´½È©���Ä�5

�, Ó���NÑ RiemannÚ�½Â 10.2¥0:8�±?¿À��­�5.

½½½nnn 10.1 (R)�È�¼ê�½´k.¼ê.

y � f u [a, b]þ (R)�È, �ÙÈ©�� I, �y² f u [a, b]þk..

➀ ùp��È5�1ÊÙ §9.3¥Ø½È©��È5��´ü£¯. ùp��È´�

RiemannÚk4�, 
Ø½È©��È´��¼ê�Ð�¼ê.
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�â½Â, é ε0 = 1, �3 δ > 0, ��©y P �[Ý�u δ, Kéu� P �N

�?Û0:8 ξ, ¤á

∣

∣

∣

∣

n
∑

i=1

f(ξi)∆xi − I

∣

∣

∣

∣

< 1, �Ò´

I − 1 <

n
∑

i=1

f(ξi)∆xi < I + 1.

�½©y P , q�½ ξ2, · · · , ξn, KÒ��

1
∆x1

(

I − 1 −

n
∑

i=2

f(ξi)∆xi

)

< f(ξ1) < 1
∆x1

(

I + 1 −

n
∑

i=2

f(ξi)∆xi

)

.

du ξ1 ∈ [a, x1]�±?�, �� f u1��f«m [a, x1]þk.. Ón�� f 3Ù

{ n − 1�f«mþ�Ñk., Ïd f 3 [a, b]þk.. �

5 dd��3 RiemannÈ©½Â¥Ú\0:8��^. �d���´, 3

CauchyÈ©½Â¥ÒØUl�È5íÑ¼êk..

e¡Þ���{ü�~f`²XÛn)½È©�½Â.§��uê�4�¥

�~�ê�.

~~~KKK 10.1 � f ´ [a, b]þð�u c�~�¼ê, Kk
n
∑

i=1

f(ξi)∆xi = c
n
∑

i=1

∆xi = c(b − a),

��� P �[Ýªu 0� RiemannÚ�4�Ò´ c(b − a), =��∫ b

a
c dx = c(b − a). �

N´n)Uì½Â 10.35O�½È©��´�~(J�. l §10.1.1¥ y = x2

�~f®²w�, 3ò0:8���f«m�à:��¹e, ��´I�|^c n

���ê�²�ÚúªâU¤õ. Ïd·�I�kO�½È©�k��{. ùÒ´

e¡��È©Ä�½n, Ù¥�úª¡� Newton–Leibnizúª.

10.1.3 ���ÈÈÈ©©©ÄÄÄ���½½½nnn

NewtonÚ Leibniz3êÆþ�­��z��´uy
e�½n. §�«Ñ�

©ÚÈ©�m��_éX, ����#�êÆÆ���)C½
Ä: [3, 5, 21].

½½½nnn 10.2 (���ÈÈÈ©©©ÄÄÄ���½½½nnn) �¼ê f 3 [a, b]þ (R)�È, Ó� f 3 [a, b]

þ�3�¼ê F , K¤áe�� Newton–Leibnizúª∫ b

a
f(x) dx = F (b) − F (a)

(

= F (x)
∣

∣

∣

b

a

)

. (10.1)

y �â f ��È^�, ½È©
∫ b

a
f(x) dxk¿Â. ¯K�´y²úª�ü>

��. � [a, b]�©y P = {x0, x1, · · · , xn}, u´�±ò (10.1)�m>U��
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F (b) − F (a) = F (xn) − F (x0) =
n
∑

i=1

[F (xi) − F (xi−1)].

,�3z��f«m [xi−1, xi] þéu F ^ Lagrange�©¥�½n, �3

ξi ∈ (xi−1, xi), ¦�

F (xi) − F (xi−1) = F ′(ξi)∆xi = f(ξi)∆xi,

u´Òk

F (b) − F (a) =

n
∑

i=1

f(ξi)∆xi,

- ‖P‖ → 0, |^ f �È, Ò��m>Úª�4��
∫ b

a
f(x) dx. �

5 1 ù��~'��½nU
Xd{á/��y²�6uü�Ï�:�´|

^
 Lagrange¥�½n, =�©Æ¥�kå�óä��, �´|^
 RiemannÈ

©½Â¥0:8�?¿5, l
�±¤õ/ò F (b) − F (a)�� RiemannÚ.

5 2 þã½n¥�3�¼ê�^���±�°��32Â��¼ê. ùÒ

´ F ∈ C[a, b], 
�ª F ′(x) = f(x)�±#N3«m [a, b]�k��:þ�7¤á.

ù� Newton–LeibnizúªE,¤á. y²��{�é{ü, ��3�5�y²¥

�©y P �, ò¤k~	:áÂ�©:=�.½ö��±ò«m [a, b]^k��~

	:©¤eZf«m, éz��f«m�Ñ Newton-Leibnizúª, ,��\=�.

(3'u�¼ê�½n 7.12¥®²�Ä�ù«�U5.)

~~~KKK 10.2 �, F (x) = |x|3 x = 0?Ø��, �e�O�éu a < 0 < bE

,´�(�: ∫ b

a
sgnxdx = |x|

∣

∣

∣

b

a
= |b| − |a|,

ù´Ï�2Â�¼ê |x|3�êØ�3�: x = 0?ëY. �

~~~KKK 10.3 |^ Newton–LeibnizúªÒN´O�ÑXeA�{ü�½È©:∫1

0
xdx = x2

2

∣

∣

∣

1

0
= 1

2
,

∫1

0
x2 dx = x3

3

∣

∣

∣

1

0
= 1

3
,

Ù¥�1��Ò´~K 9.1Ú3 §10.1.1¥?Ø�¯K. �

~~~KKK 10.4 Ó�N´��∫ π
2

0
sin xdx = − cosx

∣

∣

∣

π
2

0
= 1,

§L²d y = sin xÚ y = 0, x = π
2
�¤�­>n�/�

¡ÈTÐ´ 1 (�ã 10.3). �,��±��∫ π
2

0
cosxdx = sin x

∣

∣

∣

π
2

0
= 1. �

uuuu ���>�!B��<�"D
xttt�~/����|. ����y

O π
2

1

1

y = sin x P P P P P P P�P !"$&DE,H2K8NO�uur�� tp��
ã 10.3: ¡È�

u 1�­>F/
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d±þ~K��, 3�È¼ê��¼êN´¦Ñ�cJe, ·���ØI�U

ì½È©�½Â�O�4�, ��^ Newton–LeibnizúªÒ

. ù¦�½È©

�O�C��~N´. ��ù�¡���A^,k�·�¬ò,
ê�w¤�,�

¼ê� RiemannÚ, l
ò¦ê�4��,
¯K8(�½È©O�5)û.

~~~KKK 10.5 ¦4�: I = lim
n→∞

(

1
n + 1

+ 1
n + 2

+ · · · + 1
n + n

)

.

) (31�Ù�~K 2.28Ú~K 2.29�5 2¥éþã¯K®²�
ü�),

�ÑéJí2�����¯Kþ�.) òê�Ï�P� xn, U��

xn = 1
n

(

1

1 + 1
n

+ 1

1 + 2
n

+ · · · + 1
1 + n

n

)

,

Ò�±ò xn w¤�«m [0, 1]þ�¼ê f(x) = 1
1 + x

��� RiemannÚ, Ù¥

æ^ n�©��å©y, ¿òz��«m�mà:��0:. Ïd4��

I = lim
n→∞

xn =
∫1

0

dx
1 + x

= ln(1 + x)
∣

∣

∣

1

0
= ln 2. �

~~~KKK 10.6 ¦4� I = lim
n→∞

1
n

n

√

n(n + 1) · · · (2n − 1).

) Pê�Ï�� xn, Kk

ln xn = 1
n

(

ln 1 + ln(1 + 1
n

) + · · · + ln(1 + n − 1
n

)
)

,

��ù´ [0, 1]þ�¼ê f(x) = ln(1 + x)��� RiemannÚ, Ù¥æ^ n�©�

�å©y, 3z�f«mþ��à:�0:. l lim
n→∞

ln xn = ln I ��k

ln I =
∫1

0
ln(1 + x) dx = [(1 + x) ln(1 + x) − x]

∣

∣

∣

1

0
= 2 ln 2 − 1 = ln 4

e
,

Ïd¤¦�4�� I = 4
e

. �

�,±þAK�O�ÑkØî�?, =vk�yk'�¼ê3�A�«mþ

� (R)�È5, 
ù´A^ Newton–LeibnizúªcI�)û�¯K. @oXÛ5

u�¼ê� (R)�È5Q? �OéNõäN¯K�Ø�Ù����?Ø, ·�ò3

e�!¥Ú�)ûA�a¼ê��È5¯K.

d	, éu­>F/�¡È38cÒ^È©5½Â.äN5`, éu [a, b]þ�

�K¼ê y = f(x), e f 3 [a, b]þ Riemann�È, KÒò­>F/

{(x, y)
∣

∣ a 6 x 6 b, 0 6 y 6 f(x)}

�¡È½Â�È©�
∫b

a
f(x) dx. ù«�{�,ké��Û�5. éu��²¡ã

/�¡È½Â¯Kò31nþ¥?Ø.

Ø
�È5�	, �
|^�È©Ä�½n, = Newton–Leibnizúª (10.1),

�I����o��¼ê�3�¼ê. ù�´31ÊÙ¥vk?ØL�¯K,3@

p·��ÆS
O��{, 
ò�¼ê��353�ù�Ù?n.
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öööSSSKKK

1. ò §10.1.1¥«m [0, 1]þ�¼ê y = x2 U� y = ex, (1)é«m [0, 1]��å

©y, ,�^T�!¥�%C�{¦Ñ­>F/ S = {(x, y)
∣

∣ 0 6 x 6 1, 0 6

y 6 ex}�¡È; (2)^ Newton–Leibnizúª (10.1)2O�T¡È.

2. ^�½�ª�Ñ RiemannÈ©½Â�Ä½`{, ¿y² Dirichlet¼ê D(x)

(�1�þ~K 3.8)3«m [0, 1]þØ�È.

3. CauchyQ²±e��ªØ¤á�~`²3¦^ Newton–Leibnizúª��y

^��­�5:∫ 3π
4

0

sin x
1 + cos2 x

dx = arctan(sec x)
∣

∣

∣

3π
4

0
= − arctan

√
2 −

π
4

.

�£�:þª��oØ¤á? éTÈ©A�XÛO�?

4. ¦e�½È© (b½È©Ñ�3):

(1)
∫1

0
x3 dx; (2)

∫2

−1
sgnxdx;

(3)
∫1

−1

dx
1 + x2 ; (4)

∫2

1
ln xdx;

(5)
∫1

0
ex+1 dx; (6)

∫1

0

√
3x + 1 dx;

(7)
∫9

0
x(x −

√
x) dx; (8)

∫π

0
sin 4x sin 6xdx.

5. Á^½È©O�e�ê�4�:

(1) lim
n→∞

n

n
∑

k=1

1
n2 + k2 ; (2) lim

n→∞

n
∑

k=1

1√
n2 + k2

;

(3) lim
n→∞

n
∑

k=1

(−1)k−1

n + k
; (4) lim

n→∞
sin π

n

n
∑

k=1

sin kπ
n

;

(5) lim
n→∞

n
∑

k=1

2
k
n

n + 1
k

; (6) lim
n→∞

[

n
∏

k=1

(

1 + k
n

) ]

1
n

;

(7) lim
n→∞

1
n2

n
∑

k=1

√

(nx + k)(nx + k − 1), x > 0 (dK�ë�½n 10.8).
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§10.2 ���ÈÈÈ555������ÈÈÈ¼¼¼êêêaaa

31ÊÙ�Ä:þ, k
 Newton-Leibnizúª��, Ò�±)ûNõäN�½

È©O�¯K. ,
Túª¤áI�ü�^�, =�È¼ê��È5��¼ê��

35. c��¯Kò3�!)û, ���¯KéuNõäN~f5`Ø¤¯K, �

´Ù�35���5?Øò3 §10.3)û.

10.2.1 Riemann���ÈÈÈ���¿¿¿©©©777���^̂̂���

du3½È©½Â¥Qk?¿©y, qk?¿À��0:8, Ïdl½ÂÑu

5u�¼ê´Ä�È´(J�. �d·�0� Darboux��{, §Ò´Ny3ã

10.1¥�Y%g�. ù¦�·��±{ø0:8�?¿5
�I��Ä©y.

�½©y P = {x0, x1, · · · , xn}, éu i = 1, · · · , n ^Mi Ú mi P f 31 i�

f«mþ�þ(.Úe(.:

Mi = sup{f(x)
∣

∣ xi−1 6 x 6 xi}, mi = inf{f(x)
∣

∣ xi−1 6 x 6 xi},

,�©O¦± ∆xi é i¦Ú, ��ü�#�Úª, �ò RiemannÚY3¥m:

SP =

n
∑

i=1

mi∆xi 6

n
∑

i=1

f(ξi)∆xi 6

n
∑

i=1

Mi∆xi = SP . (10.2)

¡�>� SP � DarbouxeÚ, m>� SP � DarbouxþÚ. §�����©y P

k', 3Øu)· ��òeI�Ñ.

Ø�ª (10.2)¦·�{ø
éu0:8 ξ��6, 
�±^þÚ�eÚ5?1

�O. 2£� §10.1.1¥�~f f(x) = x2, 0 6 x 6 1, Ù¥� Sn Ú S′
n Ò´�å©

y�� DarbouxeÚ� DarbouxþÚ.

qé i = 1, · · ·nÚ\PÒ ωi (i = 1, · · · , n)L«¼ê f 3f«m [xi−1, xi]þ

��Ì, =

ωi = Mi − mi.

ùp5¿¤k� ωiÚ ∆xi Ñ´�Kê. y3òÚª
n
∑

i=1

ωi∆xi = SP − SP

¡��©y P éA��Ì¡È. §k²w�AÛ¿Â. £�ã 10.1, ���Ù¥�

¼êÚ©yéA��Ì¡ÈÒ´©ã (c)þ�Nõ�Ý/¡È�Ú.

5¿:éu [a, b]þ�k.¼ê, ¤kMi, mi, ωiÚ�Ì¡ÈÑ´k�ê. ��,

XJ�Ì¡È�k�ê, K¼ê��½k.. ('u�ÌVg�±£�1�Ù�½

Â 1.8, ~K 1.3Ú1ÊÙ�½Â 5.1�SN.)

y3Qã��!�Ì�½nXe.
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½½½nnn 10.3 éu3 [a, b]þ½Â�¼ê f , ±en�^��d:

(1)¼ê f u [a, b]þ Riemann�È;

(2) (�È1�¿�^�) lim
‖P‖→0

n
∑

i=1

ωi∆xi = 0;

(3) (�È1�¿�^�)é ∀ ε > 0, ∃P , ¦�¤á

n
∑

i=1

ωi∆xi < ε.

5 3½n� (2)¥Ñy�4�� RiemannÚ�4� (�½Â 10.39Ù5)á

uÓ�a.�4�, ^ ε–δ�ó�ÑÒ´

lim
‖P‖→0

n
∑

i=1

ωi∆xi = 0 ⇐⇒ ∀ ε > 0, ∃ δ > 0, ∀P (‖P‖ < δ) :
n
∑

i=1

ωi∆xi < ε.

�½Â 10.3'�, þã4�¥ØÑy0:8, Ïd�{ü�
.

e¡·�é½n 10.3�y²Ú½´

(1) =⇒ (2) =⇒ (3) =⇒ (1),

Ù¥1�ÚØJ, 1�ÚéN´, 1nÚK��J, ��´3ù�Úy²¥¿©�

N
½È©�Ä�g�ÚE|.

½n 10.3�cüÚy²

(1) =⇒ (2). l f � (R) �È�½Â��, é ∀ ε > 0, �3 δ > 0, é[Ý

‖P‖ < δ �z��©y P = {x0, x1, · · · , xn}Ú� P �N�z��0:8 ξ, ¤á

Ø�ª
∣

∣

∣

∣

n
∑

i=1

f(ξi)∆xi − I

∣

∣

∣

∣

< ε,

�Ò´

I − ε <

n
∑

i=1

f(ξi)∆xi < I + ε,

Ù¥ I =
∫ b

a
f(x) dx.

|^0:8�?¿5, 3þãØ�ª¥é RiemannÚ�þe(., Ò��

I − ε 6 SP =
n
∑

i=1

mi∆xi 6

n
∑

i=1

Mi∆xi = SP 6 I + ε.

Ïd, �� ‖P‖ < δ, Ò¤á

0 6

n
∑

i=1

ωi∆xi 6 (I + ε) − (I − ε) = 2ε,

ùÒy²
 (2).

(2) =⇒ (3). ù´N´�. Ï� (3)¥���3��©y P Ò

. (ùL²

(3)´�¦�$�^�, Ï
  Ò´�Ð^�^�.)
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e¡´���Ú, = (3) =⇒ (1). ù´�J��Ú.�dI�k�O�ó�, =

ïá'u DarbouxÚ�ü�Ún.

Ún 1 � |f(x)| 6 M ∀x ∈ [a, b], ©y P �þÚ�eÚ� S � S, q�� P

õ\��©:�éA�þÚ�eÚ� S
′
� S′, K¤á

S 6 S′
6 S

′
6 S,

=\\#©:�þÚØO\, eÚØ~�, 
��k±e�O:

|S − S
′
| 6 2M‖P‖, |S − S′| 6 2M‖P‖.

tttp���ru�ptttuuur 
xi−1 xi

y = f(x)7520.,D)&B# ���=�
(a)

ttp�0�u p0rP ��ptttuuur 
xi−1 xi

tttp�
x′

i

y = f(x)0�0� P P P 7520.,D)&B# ���=�
tt0��ur����0ttt���

xi−1 xi

uuur 
y = f(x)7520.,D)&B# ���=�

(b)

tt0��u p0�rP �p0�ptttuuur tt0��
xi−1 xix′

i

y = f(x)P P 7520.,D)&B# ���=�
ã 10.4: (a)þÚ\©:�ØO\; (b)eÚ\©:�Ø~�

y kwþÚ (ë�ã 10.4(a)). �#©:÷v x′
i ∈ (xi−1, xi), =\3d©

y P )¤�1 i �f«mS. ù�Òò�5���f«m©¤
ü�. P f 3

[xi−1, x
′
i]Ú [x′

i, xi]þ�þ(.©O�M ′
i , M

′′
i , K¤áØ�ª

M ′
i , M

′′
i 6 Mi.

'�þÚ S �#�þÚ S
′
, KØ
�Ó��	, k

Mi∆xi = Mi∆x′
i + Mi∆x′′

i > M ′
i∆x′

i + M ′′
i ∆x′′

i ,

Ù¥ ∆x′
i = x′

i − xi−1, ∆x′′
i = xi − x′

i, �� S > S
′
¤á. 2�O§���:

|S − S
′
| = |Mi∆xi − M ′

i∆x′
i − M ′′

i ∆x′′
i | 6 M∆xi + M(∆x′

i + ∆x′′
i )

= 2M∆xi 6 2M‖P‖.

éueÚ S, �±^�Ó��{��¤���A(Ø (ë�ã 10.4(b)). �

Ún 2 ?Û©y�þÚØ�u?

Û©y�eÚ.

y � P1, P2 �?¿ü�©y, Ó

�q�ÄÜ¿§��¤k©:��©

y, P� P1 ∪ P2, KlÚn 1 (ë�m>

�ã 10.5), ÒkØ�ª

SP1
> SP1∪P2

> SP1∪P2
> SP2

. �

uuur tt0��r�Pp�ur��tp��r�Pt0��
��pttt
ttt���ur��tt0��ur���0�0�0�0�0�0 �0�0�0�0�0�0�0�0�0�0 �0�0�0�0�0�0�0�0/-*(&$�!��������; uuur 0�0�0�0�0�0� P P  � ��0� P P P P P 0�0�0�0��� � P P 0�0�0��0�0�0�0�0�0�0�0�0�0�0�0�0�0�0��0�0�0�0� P P P P P�0�0�0�0�0��� � P P P P �0�0�0�0�0�0 �0�0�0�0�0�0�0�0�0�0 �0�0�0�0�0�0�0�0tt0��r�Pp�r�Pp��r�Ptr�Pt0��

��pttt
ttr�Pp��r�Ptr�Pt0��r�P/-*(&$�!��������;

ã 10.5: ©yÜ¿éþeÚ�K�
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5 1 éã 10.5I���:`². 3Ù�©ã¥�Ñ
ü�©y P1 Ú P2, Ó

��Ñ
 SP1
Ú SP2

. �{üå�, d P1 �)¤ 2�f«m, d P2 �)¤ 3�f

«m. m©ãK´òü�©yÜ¿, ù�k 4�f«m. 3m©ã¥��Ñ
Ø�

ª SP1
> SP1∪P2

> SP1∪P2
> SP2

�«¿ã.

5 2 ü�Ún©ONy
éu©y�±�1ü«Ãâ: (1)O\©:, (2)ò

ü�©yÜ¿. ù´'u©y�Ä�$�.

e¡Ú\ DarbouxþÈ©ÚeÈ©�½Â.

½½½ÂÂÂ 10.4 éu3 [a, b]þ½Â�¼ê f , Ú\PÒ

I = inf
P

S =
∫ b

a
f(x) dx, I = sup

P
S =

∫ b

a

f(x) dx, (10.3)

¿©O¡� f 3«m [a, b]þ� DarbouxþÈ©�eÈ©.

du(.�±´Ã¡�, Ïd DarbouxþÈ©ÚeÈ©��3ØI��o^

�. �éuk.¼ê5`, � |f(x)| 6 M ∀x ∈ [a, b], K?Û©yéA�þÚ�e

ÚÑá3�� [−M(b − a), M(b − a)]�¥. Ïd DarbouxþÈ©ÚeÈ©Ñ´k

�ê. ql½Â��é?Û©y P �½¤áØ�ª

SP 6 I 6 I 6 SP .

5¿: DarbouxþÈ©� DarbouxeÈ©�±Ø��. e¡Ò´��~f.

~~~KKK 10.7 éu [0, 1]þ� Dirichlet¼ê5`, du?Ûf«m¥Qkkn

ê, qkÃnê, ÏdØØ�o©y P , DarbouxþÚ�eÚo´©O�u 1Ú 0.

Ïd��Ù DarbouxþÈ©�u 1, eÈ©�u 0. �

y35�¤½n 10.3����Ú�y².

½n 10.3¥� (3) =⇒ (1)�y²

d (3)¤á®²�±íÑ¼ê f 3 [a, b]þk., ÄK��¬k��f«mþ

��Ì´Ã¡�, l
�Ì¡È�´Ã¡�.

�M ¦� |f(x)| 6 M ∀x ∈ [a, b]¤á, u´dz�©y(½�þÚ S ÷v

|S| 6 M(b − a). � I ´3½Â 10.4¥d (10.3)½Â�þÈ©, ·�5y²: 3^

� (3)¤á�, f 3 [a, b]þ�½È©Ò�u I.

|^^� (3)¤á, é�½� ε > 0, �3��©y P1, ÷vØ�ª

SP1
− SP1

=

n
∑

i=1

ωi∆xi < ε
2

.

��Bå�, ò©y P1 ¥Øà: a, b�	�©:�êP� n1.

lÚn 2Ú'u I �½Â (10.3), ��ù�¤áØ�ª (ë�ã 10.6(a))

SP1
6 I 6 SP1

. (10.4)
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y3�¯K´éu?¿��©y P , §

�[Ý���o§Ý�âU�y SP −SP <

ε? Ñu:´®²k
þã©y P1.

Ü¿ P Ú P1 �� P ∪ P1. du§´ P1

�\[, lÚn 1k (ë�ã 10.6(b))

SP1
6 SP∪P1

6 I 6 SP∪P1
6 SP1

,

¿�±l SP1
− SP1

< ε
2
��

SP∪P1
− SP∪P1

< ε
2

.

qò©y P ∪ P1 w¤´ P �\[, ¤O\

�:��ê�õ� n1, Ò�±2^Ún 1�

O��:

(a) uuuuuuuP� 0�0�S
P1

SP1I

(b) uuuuuuuP� 0�0�S
P1

SP1I���
S

P∪P1

���
SP∪P1

(c) uuuuuuuP� 0�0�S
P SPI���

S
P∪P1

���
SP∪P1

u�P r�P
ã 10.6: 'uþeÚ����O

0 6 SP − SP∪P1
6 2n1M‖P‖,

0 6 SP∪P1
− SP 6 2n1M‖P‖.

(ùÒ´éã 10.6(c)¥ü�oç�ã��Ý��O.)

ò±þüª�\¿�n���

SP − SP 6 SP∪P1
− SP∪P1

+ 4n1M‖P‖ < ε
2

+ 4n1M‖P‖.

u´�
¦�þª���� < ε
2
��� δ = ε

8n1M
, Ò�±¦�� ‖P‖ < δ�¤

á SP − SP < ε.

XÚ\ DarbouxþÚ�eÚ�¤« (� (10.2)), � P éA� RiemannÚ, Ã

ØÙ¥� P �N�0:8XÛ�, Ñ¤áØ�ª SP 6

n
∑

i=1

f(ξi)∆xi 6 SP , Ó�q

¤á� (10.4)aq�Ø�ª SP 6 I 6 SP .

nÜ±þÒk
∣

∣

∣

∣

n
∑

i=1

f(ξi)∆xi − I

∣

∣

∣

∣

< ε,

= f 3 [a, b]þ Riemann�È, u´ (1)¤á.

nÜ±þÒ�� (1) ⇐⇒ (2) ⇐⇒ (3). �

5 1 þãy²L²3 [a, b] þ�¼ê f � Riemann �È�ÙÈ©��u

DarbouxþÈ©. ��é¡/��ù�È©���u DarbouxeÈ©. Ïd�È

��½k I = I. ´�ù�´7��. ¢Sþ�±��y²ù´ f � Riemann�È

�¿©^�, 3�öSK.

5 2 ½n 10.3��È1�¿�^�AO{ü, ��éu�½�z�� εé�
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��©y=�. u´·��¯, ù´��o? 3L�¤Æ�ê�4�Ú¼ê4�¥

´Ä�kaq�(J?

�±�Ñ, '�3u,«üN5. Ún 1¤`�Ò´ù«üN5. ©y�N¤

¤8Ü�A53c¡®²w�, �,ü�©yJ±��'�, �æ�\[ÚÜ¿�

{, �±wÑéA�þÚ�eÚ�äk,«“üN5”. ùÒ´�È�1�¿�^�

���¤3.

�déA, 3L��üNê�ÚüN¼ê¥�(¢�3aq�(Ø. ~X��

üNê� {xn}Âñu 0�¿©7�^�Ò�±{ü/Qã�: é ∀ ε > 0, �3�

� N , ¦� xN < ε (3�öSK).

10.2.2 AAAaaa­­­���������ÈÈÈ¼¼¼êêê

éuk.4«m [a, b], ò3T«mþ¤k Riemann�È¼ê�N¤¤8ÜP

� R[a, b]. e¡·�^È©1�¿©7�^��ÑêÆ©Û¥�~��na�È

¼ê.

êÆ©Û¥�­���È¼êa´ëY¼êa, =k C[a, b] ⊂ R[a, b].

½½½nnn 10.4 e f ∈ C[a, b], K f ∈ R[a, b].

y � f u [a, b] þëY, Kl Cantor ½n�� f u [a, b] þ��ëY. é

∀ ε > 0, �3 δ > 0, ∀x′, x′′ ∈ [a, b], �� |x′ − x′′| < δ, Ò¤á |f(x′) − f(x′′)| <
ε

b − a
.

y�÷v ‖P‖ < δ���y©. �âk.4«mþëY¼ê���½n (½�

�½n), f 3z�f«mþ��gC�þ(.�e(.. ����:Ú���:©

O� x′
i � x′′

i , K�Ì÷v�O

ωi = Mi − mi = f(x′
i) − f(x′′

i ) < ε
b − a

.

Ïd©y P ��Ì¡È�±�O�
n
∑

i=1

ωi∆xi < ε
b − a

n
∑

i=1

∆xi = ε,

�â½n 10.3¥��È1�¿�^��� f 3 [a, b]þ�È. �

e¡´êÆ©Û¥1��­���È¼êa, =üN¼êa.

½½½nnn 10.5 � f � [a, b]þ�üN¼ê, K f ∈ R[a, b].

y Ø��?ØüNO\�¹. � f 3 [a, b]þüNO\, Ké ∀ ε > 0, �[

Ý�u ε���©y P = {x0, x1, · · · , xn}, Kéz� i = 1, · · · , nÒk

0 < ∆xi 6 ‖P‖ < ε, ωi = f(xi) − f(xi−1),
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ÏdÒ�±�OÑù�©y P éA��Ì¡È�
n
∑

i=1

ωi∆xi < ε
n
∑

i=1

[f(xi) − f(xi−1) = ε[f(b) − f(a)],

�� f ∈ R[a, b]. �

1n��È¼êa´mä:�êk��k.¼êa.

½½½nnn 10.6 � f 3 [a, b] þk., 3 [a, b] þØ�k��:	??ëY, K

f ∈ R[a, b].

y �{²å�, �é f 3 [a, b]þ=k��mä: c ∈ (a, b)��¹�Ñy

². éu c�à:½ f 3 [a, b]kõu���k��mä:��¹�y²´aq�.

� |f(x)| 6 M ∀x ∈ [a, b]. é�½� ε > 0, � δ 6 ε, �¦� Oδ(c) ⊂ (a, b).

u´ f 3ù���þ��ÌØ�L 2M .

3«m [a, c − δ]Ú [c + δ, b]þ f ??ëY, l½n 10.4��©O�3ùü�

«m�©y P1 Ú P2, ¦�§�éA��Ì¡È©O�u ε.

du P1 ���©:� c − δ, P2 ���©:� c + δ, Ïdò§�Ü¿Ò��

[a, b]���©y, P� P . �±wÑ P éA��Ì¡È�u

2ε + 4δM 6 (2 + 4M)ε,

�� f ∈ R[a, b]. �

±eÞÑ�A�~K, Ù¥�±^�È1�¿©7�^�½c¡®²ïá�

½n5)û.

~~~KKK 10.8 [a, b]þ� sgn x, [x]Ñ�kk��mä:, Ïd�È. �

~~~KKK 10.9 [0, 1]þ½Â f(x) =







1
x

, x 6= 0

1, x = 0
,§�k��mä:,�Ã., Ï

dl½n 10.1��§Ø�È. �

~~~KKK 10.10 ¼ê f(x) =







0, x = 0,

1
n

, 1
n + 1

< x 6
1
n

, n ∈ N,
´ [0, 1]þ�üN

O\¼ê, Ïd�È. �

~~~KKK 10.11 2£�3~K 10.7¥�Dirichlet¼ê. ®�§??ØëY (ë�

~K 3.8Ú~K 5.6). N´y²§3?Û«m [a, b]þØ�È. ù�±l§3z��

Ý�"�«mþ��Ìo´�u 1wÑ, Ï�ØØ�o©y P , éA��Ì¡Èo

´�u«m [a, b]��Ý b − a. �
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���Ñ, ��!|^È©1�¿©7�^��
´Þ/��
na�È¼

ê. ��È¼ê¿��kùna. @o�o´�x�È¼ê�¿©7�^�Q?�


��)ûù�¯K,I�Ú\"ÿÝ8ÜÚA�??ëY¼ê�#Vg. ùÒ´

e��!�SN.

10.2.3 """ÿÿÿÝÝÝ888���AAA���??????ëëëYYY¼¼¼êêê

ÿÝ, = measure, Ò´Ýþ. éu Rþ�ê8, ÿÝÒ´k.«m�Ý�í

2. §���5uÐÒ¤�“ÿÝØ”.ù´¢C¼êØ�§¥�SN.e¡�ù�

ÑÿÝ� 0�8Ü�½Â. ùéu8c®²v
.

±eéuk.«m I, ^PÒ |I|L«§��Ý.

½½½ÂÂÂ 10.5 �ê8 A ⊂ R. eé ∀ ε > 0, �3�õ���m«m {In}
➀, ¦�

A ⊂

∞
⋃

i=1

Ii (= A� {In}CX), Ó�

∞
∑

i=1

|Ii| < ε, K¡ A�"ÿÝ8, ½` A�ÿ

Ý�".

~~~KKK 10.12 k�:8´"ÿÝ8.

y � A = {a1, a2, · · · , an}, é�½� ε > 0, -

Ii = (ai −
ε
3n

, ai + ε
3n

), i = 1, · · · , n,

K

n
∑

i=1

|Ii| = 2
3

ε < ε. �

�,k�:8�"ÿÝ8q��²�
, �´e��~KÒéØ²�.

~~~KKK 10.13 ��:8´"ÿÝ8.

y (ùp�^�1�Ù���8Ú1�Ù¥�Ã¡?ê�Vg.)

�k��:8 A = {a1, a2, · · · , an, · · · }. é�½� ε > 0, �E«m

Ii = (ai −
ε

2i+2 , ai + ε
2i+2 ) ∀ i ∈ N,

K |I1| = ε
4

, |I2| = ε
8

, · · · , |Ii| = ε
2i+1

, · · · , ��Ã¡?ê
∞
∑

i=1

|Ii|Âñ, �ÙÚ�

∞
∑

i=1

|Ii| = lim
n→∞

n
∑

i=1

|Ii| = lim
n→∞

ε( 1
4

+ 1
8

+ · · · ) = ε
2

< ε. �

5 u´�� R¥�kn:�N¤¤8Ü�"ÿÝ8, �,?Ûk.«m¥

�kn:�N�´"ÿÝ8. ù�kn:�È�5q�gñ, �(¢üöÑ´é

➀ e3½Â¥òm«m��4«m, ½·Ü¦^m«mÚ4«m, $�òz��:�

4«m, ¤½Â�"ÿÝ8E,�Ó. Ïdk�Ò�`«m
.
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�. dd��, ©Û�k
SNØ´Ñ�±ÏLAÛ�*5n)�. d	, ��3

Ø���"ÿÝ8, lÑ.

~~~KKK 10.14 � A1, A2 Ñ´"ÿÝ8, K¿8 A1 ∪ A2 �´"ÿÝ8.

y ù� A1 ��õ���m«m (½x) {In}CX,
∑

i |Ii| < ε
2

, Ó� A2 �

�õ���m«m {Jn}CX,
∑

i |Ji| < ε
2

, u´ A1 ∪ A2 ��õ���m«m

{In, Jn}¤CX, 
�§���Ý�Ú�u ε. �

½½½ÂÂÂ 10.6 � f 3 [a, b]þ½Â, Ùmä:8�"ÿÝ8, K¡ f �A�??

ëY�¼ê. (A�??ëY��� a. e.ëY, Ù¥ a. e.� almost everywhere� 

�.)

5 ±þ�ó��±í2Ù¦^��. ~X, e,�¼ê3Ø���"ÿÝ8

	??� 0, ·�Ò`T¼êA�??�u 0.

10.2.4 Lebesgue½½½nnn

Lebesgue½n��)û
�o��¼êâ´ Riemann�È¼ê�¯K. 3y

²¥�Ì�óä´1�Ù�k�CX½n (= §2.6�½n 2.29)ÚëY5�1n½

Â (�1ÊÙ�½Â 5.1).

k
 Lebesgue½n��,�,�á=íÑk'�È¼êa�cn�½n,
�

��±��kÃ�õ�mä:��üN¼ê��U Riemann�È. ~X, Riemann

¼ê (ë�~K 3.9Ú 5.9)Ò´Xd.

½½½nnn 10.7 (Lebesgue½½½nnn) f ∈ R[a, b]�¿©7�^�´ f 3 [a, b]þÓ�

k.ÚA�??ëY.

y 7�5 (=⇒). � f ∈ R[a, b], Kl½n 10.1�� f 3 [a, b]þk.. y3

ò f 3 [a, b]þ�mä:�N¤¤8ÜP� D, ·��y² D�"ÿÝ8.

l½Â 5.1��, z�mä:? f ��Ì�u 0. �½���ê δ > 0, �Ä D

¥�Ì�u�u δ�mä:¤¤�f8, ¿P�

Dδ = {x0 ∈ D
∣

∣ ωf (x0) > δ}.

é�½� ε > 0,l�È1�¿�^����3��©yP = {x0, x1, · · · , xn},

¦� P ¤éA��Ì¡È
n
∑

i=1

ωi∆xi < εδ.

ò n�f«mUì f ��Ì��©¤ ωi < δÚ ωi > δ�üa, Kk
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δ
∑

ωi>δ

∆xi 6
∑

ωi>δ

ωi∆xi < εδ,

dd��
∑

ωi>δ

∆xi < ε, =�Ì�u�u δ�f«m�Ý�Ú�u ε.

éuz�: x0 ∈ Dδ, 3�¹ x0 �S:�?Ûf«mþ f ��Ì�u�u δ.

Ïd Dδ ¥�:Ø�U´ ωi < δ�f«m�S:, ù�Ò�Uk➀

Dδ ⊂
(

⋃

ωi>δ

[xi−1, xi]
)

⋃

{x0, x1, · · · , xn},

ù�Ò��é Dδ �CX (5¿ùp�^k��4«mÒCX
Dδ), Ù¥«m�

�Ý�Ú�u ε. du ε > 0�?¿�, Ïd Dδ �"ÿÝ8.

du f �z�mä:7½áu,� D 1

n

, �� n¿©�, Ïdk

D =

∞
⋃

n=1

D 1

n

.

é ∀ ε > 0, ^�Ý�u ε/2�k��«mCXD1, ^�Ý�u ε/4�k��«m

CX D 1

2

, XdUYe�, Ò��
CX D ����«m, §���ÝoÚ�u ε,

Ïd D�"ÿÝ8.

¿©5 (⇐=). l f k.��kM > 0, ¦� |f(x)| < M ∀x ∈ [a, b].

éu�½� ε > 0, du f �mä:8 D�"ÿÝ8, Ïd�3o�ÝØ�L

ε��õ���m«mCX D. òù��m«m¡�1�am«m.

éuëY: x, �3�» δx > 0��� Oδx
(x), ��Ì ωf (x, δx) < ε. éz�

ëY:Xd�, Ò��CX¤këY:�m«mx, òXd���m«m¡�1�

am«m.

Ü¿±þ¤küam«m, §��¿CX
 [a, b]. �âk�CX½n��Ù¥

�3k��m«m, §��¿E,CX [a, b].

òùk��m«mU±e�ªl��m\±?Ò➁. ÄkòCX�à: a�,

��m«mP� ∆1. §XØCXmà: b, K�½�3CX§�mà:���m«

m, P�∆2. XdUYe���CX b��. ù�e�kõ{�m«mK�±ï�,

{e�E,´ [a, b]�k�mCX, P� ∆1, · · · , ∆n.

� x0 = a, x1 ∈ ∆1 ∩ ∆2, · · · , xn−1 ∈ ∆n−1 ∩ ∆n, xn = b, l
����©

y P = {x0, x1, · · · , xn}. 5¿ù�l xi−1 ∈ ∆i−1 ∩ ∆i Ú xi ∈ ∆i ∩ ∆i+1 ��

[xi−1, xi] ⊂ ∆i éz� i = 1, · · · , n¤á.

Uì ωi > εÚ ωi < εò n�f«m©¤üa.

➀ ùp�w�, Dδ ¥�:Ø¬´ ωi < δ �f«m�S:, �E,k�U´,
f«

m�à:.

➁ ù�½n 5.5�y 3¥��{���Ó.
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éu ωi > ε�1�af«m [xi−1, xi], du§�U�1�am«m¤CX, Ï

d§���ÝoÚ�u ε. Ó�ok ωi 6 2M .

éu ωi < ε�1�af«m [xi−1, xi], K§���ÝoÚØ¬�L«m [a, b]

��Ý b − a.

u´Ò�±éu©y P ��Ì¡È�Ñ�O:
n
∑

i=1

ωi∆xi =
(

∑

ωi>ε

+
∑

ωi<ε

)

ωi∆xi 6 2Mε + (b − a)ε = (2M + b − a)ε.

Ïd�â Riemann�È1�¿�^��� f ∈ R[a, b]. �

ò Lebesgue½n�½n 10.3��È1�¿�^��', 3)ûäN¯K�,

cö�6ué f �mä:8���©Û, �öK�6u�EAÏ�©yÏd´'

�m��Ãã. ~X, e¡íØ¥���(Ø, ^ Lebesgue½n5y²ÒN´�

õ. �,��^È©1�¿©7�^�½Ù¦�{5y².

íØ � f, g ∈ R[a, b], α´ê, K f ± g, αg, fg, f/g (� |g(x)| > δ3 [a, b]þ

??¤á, δ´��ê)Ú |f |Ñ3 [a, b]þ�È.

qXéue¡ü�~K¥�¯K, ^ Lebesgue½n���B�õ.

~~~KKK 10.15 Riemann¼ê3?Û [a, b]þ�È.

y l~K 5.9 �� Riemann¼ê�ØëY:8Ò´kn:�N¤¤8Ü

Q. du Q��, 3?Û [a, b]S�kn:8���, l
�½´"ÿÝ8, Ïd

Riemann¼êA�??ëY, l
�È. �

~~~KKK 10.16 (1)�¼ê g3 [a, b]þØk�:	Ñk g(x) = 0,y² g ∈ R[a, b],

�ÙÈ©� 0.

(2)� f 3 [a, b]þk½Â,y3UC f 3 [a, b]¥�k�õ�:þ�¼ê�,¯:

ù�´Ä¬UC f � (R)�È5? qe�È5ØC�{, K f �È©�
∫ b

a
f(x) dx

´Ä¬u)UC?

) (1)�� g�mä:�õk�, Ïd�È. é©y P 5`, ��0:;mþ

ãk��~	:, K RiemannÚo´ 0. - ‖P‖ → 0, ��
∫ b

a
g(x) dx = 0.

(2)^ Lebesgue½n��, e�5� f 3 [a, b]þA�??ëY, K�
þã

UC�E,A�??ëY, Ïd�È5Ø¬UC.

� f �È, ¿ò�þãUC����¼êP� g, Kdu g �È, é©y P ,

��0:;mþãk�:, üö� Riemann ÚÒ�Ó, Ïd��
∫ b

a
f(x) dx =

∫ b

a
g(x) dx. �
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5 l~K 10.162uÐ�Ú, Ò�±�Ä3«m�k��:þvk½Â�¼

ê��È5. lT~K��, 3ùk�:?Uì?Û�ªÖ¿½Â���¼ê�o

þ�È, �oþØ�È. Ïd=¦ØÖ¿½Â��±`T¼ê�È½Ø�È.

ù«�¹38�´~��. ~X�±éu3 (a, b), (a, b], [a, b)þ½Â�¼ê?

Ø§´Ä�È. l Lebesgue½n5w, ùéw,, Ï�¼ê�k.5ÚA�??ë

Y5Ñ�k��:þ´Äk½Â±9XÛ½ÂÃ'.

�´±þ'u3k��:þUC¼ê½ÂØK��È5,±93�È�¹Ø

K�È©��¯¢ØUí2����:þ�. ~X, «m [0, 1]þ� Riemann¼ê

Ú Dirichlet¼ê, §�3à:Ú¤kÃn:þ��Ó�, 
3 (0, 1)S�¤kkn

:þ�ØÓ�, �cö�È, 
�öØ�È.

öööSSSKKK

1. e3 RiemannÈ©�½Â (=½Â 10.3)¥ò©y P ����¦^«m��

å©y, Ù{�±ØÄ, K¼ê��È5´ÄkCz?

2. � f(x) =















a, 0 6 x 6 1

b, 1 < x < 2

c, 2 6 x 6 5

, y²: f ∈ R[0, 5], ¿¦
∫5

0
f(x) dx.

3. éu«m [a, b]þ�k.¼ê f , y²

lim
‖P‖→0

SP =
∫ b

a
f(x) dx, lim

‖P‖→0
SP =

∫ b

a

f(x) dx,

4. éu«m [a, b]þ�k.¼ê f , y² f ∈ R[a, b]�¿©7�^�´
∫ b

a
f(x) dx =

∫b

a

f(x) dx.

5. � f 3 [0, 1]þk., Ùmä:8� {
1
n

∣

∣ n ∈ N}, y² f ∈ R[0, 1].

6. � f(x) =

{ sgn(sin π
x

), x ∈ (0, 1]

0, x = 0
, Á?Ø f 3 [ε, 1] þ��È5, Ù¥

ε ∈ R(0, 1). q¯: f ∈ [0, 1]´Ä¤á?

7. �¼ê f 3«m [a, b]þk., �éuz��ê ε ∈ (0, b − a), f ∈ R[a, b − ε],

¯:´Äk f ∈ R[a, b].

8. � f ∈ R[a, b], g(x) = f(b − x)∀x ∈ [0, b − a], y²: g ∈ R[0, b − a].

版
权
所
有
，
请
勿
复
制
！



60 1�Ù ½È©

9. � f ∈ R[a, b], [c, d] ⊂ [a, b], y²: f ∈ R[c, d].

10. Á©O^½n 10.3¥��È1�¿�^�Ú Lebesgue½ny² §10.2.4¥

�íØ: � f, g ∈ R[a, b], α´~ê, K f ± g, αg, fg, f/g (� |g(x)| > m3

[a, b]þ??¤á, m > 0)Ú |f |Ñ3 [a, b]þ�È.

11. � f � [a, b]þ��K�È¼ê, y²
√

f ∈ R[a, b].

12. � |f | ∈ R[a, b], ¯: f ∈ R[a, b]´Ä�½¤á?

13. � |f ′| ∈ R[a, b], y²: f ′ ∈ R[a, b].

14. � f ∈ R[A, B], g ∈ R[a, b], �� R(g) ⊂ [A, B], ¯:EÜ¼ê f ◦ g ∈ R[a, b]

´Ä�½¤á? qe f ∈ C[A, B]KXÛ?

15. � f ∈ R[A, B], g 3 [a, b]þëY����êØ�u 0, �� R(g) ⊂ [A, B],

y²:EÜ¼ê f ◦g ∈ R[a, b].

16. P Lip[a, b]� [a, b]þ÷v Lipschitz^� (�1�þ p.172)�¼êa, qP

D[a, b]� [a, b]þ���¼êa, ?Ø R[a, b], C[a, b], Lip[a, b], D[a, b]�m�

'X.

17. ©OÞÑ÷v±e^��äN¼ê~f.

(1)3 [a, b]þk., � ‖P‖ → 0�,

n
∑

i=1

ωi → +∞.

(2)3 [a, b]þ�È, � ‖P‖ → 0�,

n
∑

i=1

ωi → +∞.

(3)3 [a, b]þüN, �kÃ�õ�mä:.

(4)3 [a, b]þ�È, 3 [a, b]�?Û��f«mþÑØüN, �kÃ�õ�m

ä:.

18. y²:"ÿÝ8�?Ûf8�´"ÿÝ8.

19. y²:���"ÿÝ8�¿8�´"ÿÝ8.

20. �«m [a, b]þ�ü�¼ê f Ú g 3��"ÿÝ8 S ⊂ [a, b]�	??��,

¯: f � g ´ÄÓ�3 [a, b]þ Riemann�È½Ø�È? q¯:e®�§�Ó

�3 [a, b]þ�È, KÈ©´Ä��?
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§10.3 ½½½ÈÈÈ©©©���555���

8��{²å�, 3Øu)· ��¹e, ~ò
∫b

a
f(x) dx{P�

∫ b

a
f . du

½È©�´��ê�, 3ÙPÒ¥^�oÎÒ�È©Cþ´Ã';��, ~X∫ b

a
f(x) dx =

∫ b

a
f(t) dt =

∫ b

a
f(s) ds

o´¤á�. 3ù�:þ½È©�Ø½È©��ØÓ. ¼ê f(x)��¼ê7L´ x

�¼ê, Ø½È©¥�z���¼ê�,�´Xd.

10.3.1 ÄÄÄ���$$$���555���

Äk0�'uÈ©�ü���Ä��5�: 'u�È¼ê��55�Ú'u

È©«m��\5.

5� 1 (È©��55�) � f, g ∈ R[a, b], Ké~ê α, β k∫b

a
(αf + βg) = α

∫ b

a
f + β

∫b

a
g.

y ù�5�
gu RiemannÚ��55�, =éu©y P Ú���N�0

:8 ξ, o´¤ák
n
∑

i=1

(αf + βg)(ξi)∆xi = α

n
∑

i=1

f(ξi)∆xi + β

n
∑

i=1

g(ξi)∆xi,

,�- ‖P‖ → 0=�. �

5� 2 (éuÈ©«m��\5) e f ∈ R[a, b], � c ∈ (a, b), K¤á∫ b

a
f =

∫c

a
f +

∫ b

c
f .

y l�È1�¿�^�½ Lebesgue½nÑ�±y²

f ∈ R[a, b] =⇒ f ∈ R[a, c], f ∈ R[c, b],

[!�ÖöÖ¿ (=þ�!�öSK 9.)

�Ñ f 3 [a, b]þ� RiemannÚ, 
��¦©y P 7L¹k c�Ù©:, Kl

P Ò©O)¤ f 3«m [a, c]Ú [c, b]þ�ü�©y, P� P ′Ú P ′′. �A/�±ò

f 3 [a, b]þ� RiemannÚ©
�ü�:
n
∑

i=1

f(ξi)∆xi =
∑′

f(ξi)∆xi +
∑′′

f(ξi)∆xi,

Ù¥
∑′
�
∑′′
©O� f 3«m [a, c], [c, b]þ�©y P ′, P ′′ éA� RiemannÚ.

- ‖P‖ → 0, 5¿�ù��k ‖P ′‖ → 0Ú ‖P ′′‖ → 0, ÏdÒ��¤¦��ª. �

5 �d��, 3½È©PÒ
∫ b

a
f ¥ob½ a < b. �8�¬uy3Nõ|Ü

¥3 a > b��¹e¦^PÒ
∫ b

a
f ´�~k^�, �d�Ñ½ÂXe:
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∫a

a
f = 0, 3 a > b�-

∫ b

a
f = −

∫a

b
f .

3k
ù��Ö¿½Â��, 5� 2 éu?Ûn: a, c, b Ñ¤á, 
Ø7�

½�¦ a < c < b. �´35� 2 ¥�^�A�?U�: f 3���U�«m

[min{a, b, c}, max{a, b, c}]þ�È. ~X, ek a < b < c, f 3 [a, c]þ�È, K�â

5� 2k ∫c

a
f =

∫ b

a
f +

∫c

b
f ,

,�U���5� 2�/ª���q��ª:∫ b

a
f =

∫c

a
f −

∫c

b
f =

∫c

a
f +

∫ b

c
f .

±þü�{ü5�3O�½È©�´~^�óä.

~~~KKK 10.17 ¦ I =
∫1

0
(x2 −

1
2

x + 3) dx.

) dK��±Ø^�55�5�, �^
�����B. Ï�·�Ø7��

��Ä�Èõ�ª��¼ê, 
�I�©Ong¦Xê� 1�ü�ª��¼ê=

�. ùp�g��ª´Ø���:

I =
∫1

0
x2 dx −

1
2

∫1

0
xdx + 3

∫1

0
dx = 1

3
−

1
4

+ 3 = 3 1
12

. �

~~~KKK 10.18 ¦d x = ±1, y = 0Ú f(x) =







2 − x2, x 6 0

1 − x, x > 0
�¤�­>F

/�¡È S.

) é©ã½Â¼ê^5� 2´�~Ü·�:

I =
∫0

−1
(2 − x2) dx +

∫1

0
(1 − x) dx

= (2x −
x3

3
)
∣

∣

∣

0

−1
+ (x −

x2

2
)
∣

∣

∣

1

0

= 0 − (−2 + 1
3

) + 1
2

= 5
3

+ 1
2

= 2 1
6

. �

uuuuu� ���>�!B��<�"D
xtttt

t���~/����|. ����y

tp��
−1 O 1

1

2����=���ACEHILN�sss`�
ã 10.7: ©ã½Â¼ê

~~~KKK 10.19 ¦ I =
∫2π

0
| sin x| dx.

) ò«m©
� [0, π]Ú [π, 2π]Ò�±�Ñý

é�Ò�5�(J:

uuuuu� ���>�!B��<�"D
x

t�0�~/����|. ����y

O π 2π
p0�� p0��y = | sin x|!$EGILORTWY\℄^`!$EGILORTWY\℄^`

ã 10.8: y = | sin x|

I =
∫π

0
sinxdx +

∫2π

π
(− sinx) dx = (− cosx)

∣

∣

∣

π

0
+ (cosx)

∣

∣

∣

2π

π
= 4.. �
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5 |^é¡5, lã 10.3Úã 10.8Ò���Y´ 4.

5� 3 (È©�'�5�) � f, g ∈ R[a, b], a 6 b, �3 [a, b] þ??¤á

g(x) 6 f(x), K¤á
∫ b

a
g 6

∫ b

a
f .

y �Ñ f, g � RiemannÚ, ÒkØ�ª

n
∑

i=1

g(ξi)∆xi 6

n
∑

i=1

f(ξi)∆xi, 5¿

Ù¥ü>´d�Ó�©yÚ0:8(½� RiemannÚ, 2- ‖P‖ → 0=�. �

5 ùp a 6 b´7L�. e a > b, KØ�ª��. �;�· å�, ·��

½, 8�3ØN\`²���o@�½È©PÒ
∫ b

a
f ¥¤á a 6 b.

íØ 1 � f ∈ R[a, b], K¤á
∣

∣

∣

∣

∫ b

a
f

∣

∣

∣

∣

6

∣

∣

∣

∣

∫ b

a
|f |

∣

∣

∣

∣

.

(e a < b, Km>�	�ýéÒ´Ø7��.)

y |^Ø�ª −|f(x)| 6 f(x) 6 |f(x)| ∀x ∈ [a, b], 2^'�5�=�. �

5 5¿ùp�^���Ä�¯¢, =3þ�!� Lebesgue½n��íØ¥

�Ü©SN:

f ∈ R[a, b] =⇒ |f | ∈ R[a, b],

d	, l |f | ∈ R[a, b]��ØUíÑ f ∈ R[a, b]. (ù
Ñ´þ�!¥�öSK.)

'�5��2�A^uÈ©�O. Ù¥��Ä���OXe: � a < b, 3 [a, b]

þ??¤ám 6 f(x) 6 M , Ù¥m, M ´ü�~ê, KÒk

m(b − a) 6

∫ b

a
f 6 M(b − a).

AO� f 3 [a, b]þ??k f(x) > 0�, =k
∫b

a
f > 0.

ØJy²ü��È¼ê�¦ÈE,�È. (ù�´þ¡J��íØ¥�SN, Ó

��®²��þ!�öSK.) d	, �déX�k±ek^�(J. §L²3,


�¹e�±¦^' RiemannÚ�����Úª5¦4�.

½½½nnn 10.8 e f, g ∈ R[a, b], �0:8 ξÚ ξ′ þ�©y P �N, K¤á

lim
‖P‖→0

n
∑

k=1

f(ξk)g(ξ′k)∆xk =
∫ b

a
f(x)g(x) dx.

y du fg ∈ R[a, b], �d��y²þãÚª� fg � RiemannÚ���©

y�[Ýªu 0��4�� 0=�. PM ´ |f |3 [a, b]þ�þ., qP ωk ´ g3

©y P (½�f«m [xk−1, xk]þ��Ì, k = 1, · · · , n, KÒk
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∣

∣

∣

n
∑

k=1

f(ξk)g(ξ′k)∆xk −

n
∑

k=1

f(ξk)g(ξk)∆xk

∣

∣

∣
6

n
∑

k=1

|f(ξk)| · |g(ξ′k) − g(ξk)|∆xk

6 M

n
∑

k=1

ωk∆xk,

du g ∈ R[a, b], - ‖P‖ → 0=�. �

10.3.2 ÈÈÈ©©©111���¥¥¥���½½½nnn

3È©Æ¥kü�¥�½n. k0�1��¥�½n.

½½½nnn 10.9 (ÈÈÈ©©©111���¥¥¥���½½½nnn) � f, g ∈ R[a, b], g 3 [a, b] þØCÒ, m 6

f(x) 6 M ∀x ∈ [a, b], K�3 µ ∈ [m, M ], ¤á∫ b

a
fg = µ

∫ b

a
g; (10.5)

AO� f ∈ C[a, b]�, K�3 ξ ∈ [a, b], ¦� (10.5)¤�∫b

a
fg = f(ξ)

∫ b

a
g. (10.6)

y �éu g(x) > 0 ∀x ∈ [a, b] Ú a < b ��¹�Ñy². ù�lØ�ª

m 6 f(x) 6 M ∀x ∈ [a, b]ÑuÒ��

mg(x) 6 f(x)g(x) 6 Mg(x) ∀x ∈ [a, b].

du a < b, éù�Ø�ªl a� bÈ©, Ò��

m
∫ b

a
g 6

∫ b

a
fg 6 M

∫ b

a
g.

e
∫ b

a
g = 0, Kdþª���k

∫ b

a
fg = 0, u´ (10.5)é?¿ µ¤á. ÄK, -

µ =

∫b

a
fg

∫ b

a
g

,

Ò��m 6 µ 6 M , �¦� (10.5)¤á.

e f ∈ C[a, b], K�� m, M � f ����Ú���, �k f([a, b]) = [m, M ].

Ïdl µ ∈ [m, M ]���3 ξ ∈ [a, b], ¦ f(ξ) = µ, l
¦ (10.6)¤á. �

5 1 d1ÔÙ��3�©¥�½n¥k ξ ∈ (a, b), 
þãÈ©¥�½n3 f

ëY�3 (10.6)¥� ξ ∈ [a, b]. ¢Sþùp��±U?� ξ ∈ (a, b), �ØI�2O

\^�. ù�y²�ë� [25]�~K 10.2.2.

5 2 éuÈ©1�¥�½nI�rN�Ñ, ¼ê g 3 [a, b]þ��Ò^�´

ØU"��, ÄKúª (10.5)Ú (10.6)Ñ�UØ¤á. �dÞ��~f. 3«m

[−1, 1]þ- f(x) = g(x) = x, K (10.5) (½ (10.6))��>´
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∫1

−1
x · xdx = x3

3

∣

∣

∣

1

−1
= 2

3
,

�m>�È©%´
∫1

−1
xdx = x2

2

∣

∣

∣

1

−1
= 0, Ïd�ªØ�U¤á. ¯KÒÑ3

g(x) = x3«m [−1, 1]þØ´�Ò¼ê.

5¿È©1�¥�½n���AÏ�¹, =� g(x) ≡ 1�, K (10.5)¤�∫b

a
f(x) dx = µ(b − a),

Ù¥ µ ∈ [m, M ]; 
� f ∈ C[a, b]�K�3 ξ ∈ [a, b], (10.6)¤�∫ b

a
f(x) dx = f(ξ)(b − a).

·�¡Ù¥� f(ξ)´ f 3 [a, b]þ�È©²þ�. 5¿

�È©Ò´�«¦Ú, ÏdÈ©²þ��¶¡´Ün�.

§k²w�AÛ¿Â. Xã 10.9¤«, d [a, b]þ�ëY

¼ê f )¤�­>F/�¡ÈTÐ�u±,: ξ�¼ê

� f(ξ)�p�Ó.Ý/�¡È.

uuuuu� �
a b

tttp0� ttp�0�ttp�0�
ξ

uuur �p �0p �0p ��p �p p �0� ��� � �0 � � 0� �� �0�� p0 p�� t t�
f(ξ)

GHIJLNPYT[X\`dd*i

ã 10.9: È©²þ�

�¿Â

e¡´|^È©1�¥�½n�OÈ©���~f.

~~~KKK 10.20 lÈ©1�¥�½n���3 ξ ∈ [0, 2π], ¦�¤á

I =
∫2π

0

sin t
t2 + 4π2 dt = sin ξ

∫2π

0

dt
t2 + 4π2 = 1

8
sin ξ,

Ïd��

|I| =

∣

∣

∣

∣

∫2π

0

sin t
t2 + 4π2 dt

∣

∣

∣

∣

6
1
8

.

½öq�±Xe�Ñ�Ð�:��O:

|I| 6

∫2π

0

| sin x|

t2 + 4π2 dt 6
1

4π2

∫2π

0
| sin t| dt = 1

π2 . �

10.3.3 ������ÈÈÈ©©©���¼¼¼êêê���½½½ÈÈÈ©©©

y3Ú\CÄÈ©�, l
¦�½È©¤�È©��¼ê.

� f ∈ R[a, b], Kéu x ∈ [a, b], È©
∫x

a
f(t) dto´k¿Â�. ù�Ò��±

CÄþ� x�gCþ���#.�¼ê. Ó��±Ú\±CÄe��gCþ�¼

ê
∫ b

x
f(t) dt. ùp�5¿, �È©��Cþ x�, È©CþØU2^ÎÒ x, 
A�

á=U^Ù¦ÎÒ.

¢Sþù«�{31ÊÙ�m©®²�� (ë�ã 9.1), =Ú\Cþ x�¡È

¼ê S(x).

'uùa¼êkü�Ä�(J. Äk0�e¡�½n.

版
权
所
有
，
请
勿
复
制
！



66 1�Ù ½È©

½½½nnn 10.10 e f ∈ R[a, b], K±eü�¼ê

F (x) =
∫x

a
f(t) dt, G(x) =

∫ b

x
f(t) dt

Ñ´ [a, b]þ�ëY¼ê.

y l f ∈ R[a, b]�� f k., = ∃M > 0, ∀x ∈ [a, b] : |f(t)| 6 M . u´�

x, x + ∆x ∈ [a, b]�, Òk

|F (x + ∆x) − F (x)| =

∣

∣

∣

∣

∫x+∆x

a
f(t) dt −

∫x

a
f(t) dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫x+∆x

x
f(t) dt

∣

∣

∣

∣

6

∣

∣

∣

∣

∫x+∆x

x
|f(t)| dt

∣

∣

∣

∣

6 M |∆x|,

�� F 3 [a, b]þ??ëY. é¼ê G��Ó�í�, ½öò§��

G(x) =
∫ b

x
f(t) dt = −

∫x

b
f(t) dt,

l
�±Ø72?Ø. �

5 l |F (x + ∆x) − F (x)| 6 M |∆x|��, ½È©��CÄÈ©��¼ê, F

Ú GØ=´ëY¼ê, 
�äk�Ð�5�, =´÷v Lipschitz^��¼ê. (ë

� §5.2�SK 19�~K 7.12.)

e¡´½È©��CÄÈ©��¼ê�1��Ä�(J.§�c¡��È©

Ä�½n (=½n 10.2)��, �«Ñ¦�$�ÚÈ©$��m�p_'X, Ïd�

¡��©/ª��È©Ä�½n. �
«©å�, �±òc¡�½n 10.2¡�È©

/ª��È©Ä�½n.

½½½nnn 10.11 (���©©©///ªªª������ÈÈÈ©©©ÄÄÄ���½½½nnn) � f ∈ R[a, b], F (x) =
∫x

a
f(t) dt,

a 6 x 6 b, � f u: x0 ∈ [a, b]?ëY, Kk

F ′(x0) =

(

d
dx

∫x

a
f(t) dt

)

∣

∣

∣

x=x0

= f(x0).

y du f u: x0 ëY, é ∀ ε > 0, ∃ δ > 0, ∀x ∈ Oδ(x0) ∩ [a, b], ¤á

|f(x) − f(x0)| < ε.

u´Òk
∣

∣

∣

∣

F (x) − F (x0)
x − x0

− f(x0)

∣

∣

∣

∣

=

∣

∣

∣

∣

1
∆x

(∫x

a
f(t) dt −

∫x0

a
f(t) dt

)

− f(x0)

∣

∣

∣

∣

=

∣

∣

∣

∣

1
∆x

∫x

x0

(f(t) − f(x0)) dt

∣

∣

∣

∣

6

∣

∣

∣

∣

1
∆x

∫x

x0

|f(t) − f(x0)| dt

∣

∣

∣

∣

< ε,

ùÒy²
 F ′(x0) = f(x0). �

5 e f ∈ C[a, b], K F 3 [a, b]þ��, �k
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d
dx

∫x

a
f(t) dt = f(x).

ùp�¦�{K�~{ü, Ò´��òþ�� x�\�È¼ê=�.

þã(JN´í2�éCÄ�e�¦�, ��±e¦�{K:

d
dx

∫ b

x
f(t) dt = −

d
dx

∫x

b
f(t) dt = −f(x)

ùpb½ f 3: xëY.

?�Ú�±ò±þ¦�úªí2�È©þe�´ x���¼ê��¹.

� f ∈ C[a, b], α(x), β(x)Ñ´��¼ê, §����Ø�Ñ [a, b], K�±�½

: c ∈ [a, b], ¿^EÜ¼ê¦�úª (=óª{K)Òk

d
dx

∫β(x)

α(x)
f(t) dt = d

dx

(∫c

α(x)
f(t) dt +

∫β(x)

c
f(t) dt

)

= −f(α(x))α′(x) + f(β(x))β′(x).

y3·��±Qã¿y²�Ì�����¼ê�3½n,ù´1ÊÙ�m©

¢3e5�¯K.

½½½nnn 10.12 (ëëëYYY¼¼¼êêê������¼¼¼êêê���333½½½nnn) � I ´«m, f ∈ C(I), K f 3«

m I þ�3�¼ê, �Ò´�3Ø½È©
∫
f(x) dx.

y ?��: x0 ∈ I, ½Â

F (x) =
∫x

x0

f(t) dt ∀x ∈ I,

lcü�½n�� F ∈ C(I), �k F ′(x) = f(x) ∀x ∈ I, Ïd F Ò´ f 3«m I

þ����¼ê, l
Ø½È©
∫

f(x) dx�3, ��±�Ñ∫
f(x) dx =

∫x

x0

f(t) dt + C. �

~~~KKK 10.21 � F (x) =
∫x

0
sin 1

t
dt, 3 x 6= 0�¦ F ′(x).

) du sin 1
x
3 x 6= 0�ëY, Ïd�^½n 10.11Jø�¦�{K��

F ′(x) = d
dx

∫x

0
sin 1

t
dt = sin 1

x
. �

5 du sin 1
x
3 x = 0 �k1�amä, ÏdØU^��!�½n5¦

F ′(0). �ù¿Ø´` F 3 x = 0�½Ø�3�ê. ¢Sþ�K�¼ê F 3 x = 0

?��, §�O�ò3�¡�~K 10.30¥)û.

~~~KKK 10.22 O�e�CÈ©�¼ê��ê:
(∫x2

ex

dt
(1 + t2)2

)′

x

= 1
(1 + t2)2

∣

∣

∣

t=x2

· (x2)′ − 1
(1 + t2)2

∣

∣

∣

t=ex

· (ex)′

= 2x
(1 + x4)2

−
ex

(1 + e2x)2
. �
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~~~KKK 10.23 O�4�

I = lim
x→+∞

1
x

∫1

1/x

cos 2t
4t2

dt.

) ù´ ∗
∞
.�4�¯K, ^ L’Hospital{K�O�Xe:

I = lim
x→+∞

(∫1

1/x

cos 2t
4t2

dt

)′

x

= − lim
x→+∞

x2

4
· cos 2

x
·
(

1
x

)′
= 1

4
. �

10.3.4 AbelCCC������ÈÈÈ©©©111���¥¥¥���½½½nnn

AbelC�´^uk�Úª

n
∑

i=1

aibi �C�E|. §3êÆ©Û¥�k'¯K

¥å­��^.

- S0 = 0, Sk =
k
∑

i=1

ai, k = 1, · · · , n, KÒ�±� AbelC�Xe:

n
∑

i=1

aibi =
n
∑

i=1

bi(Si − Si−1) =
n
∑

i=1

biSi −

n−1
∑

i=1

bi+1Si

= bnSn +
n−1
∑

i=1

(bi − bi+1)Si.

(10.7)

3ã 10.10¥éu n = 4,3 ai, bi (i = 1, 2, 3, 4)Ñ´�ê,�k b1 > b2 > b3 >

b4 > 0�N\^�e, �Ñ
 AbelC��«¿ã. §L² AbelC�3ùp��u

b1
b2

b3
b4

a1 a2 a2 a4
tttt
t���ur��0�pur��0�pur��0�pr�P�0ptt� Puuuuuu�0�tttt �pttt �0ptt

(a)

S4

S3

S2

S1

b1 − b2

b2 − b3

b3 − b4

b4tttt
t���ur��0�pur��0�pur��0�pr�P�0ptt� Puuuuuu
��ru ruuu� �uuuuu

(b)

ã 10.10: AbelC��«¿ã

ò©ã (a)¥� 4�Ý/¡È�Ú

4
∑

i=1

aibiC��©ã (b)¥�#� 4�Ý/¡È

�Ú, =ØÓ�¦Ú�ª. �,ã¥�N\^�é AbelC���´Ø7��.

± AbelC��óä�±Xey²È©Æ¥�1��¥�½n.

½½½nnn 10.13 (ÈÈÈ©©©111���¥¥¥���½½½nnn) � a < b, 3 [a, b]þ f üN, g �È, K�

3 ξ ∈ [a, b], ¦�¤á
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∫ b

a
f(x)g(x) dx = f(a)

∫ξ

a
g(x) dx + f(b)

∫b

ξ
g(x) dx (10.8)

y k?Ø�«�{ü��¹. ùÒ´ f 3 [a, b]þ�üN~���K¼ê.

ù��±y²�3 ξ ∈ [a, b], ¦¤á∫ b

a
f(x)g(x) dx = f(a)

∫ξ

a
g(x) dx. (10.9)

�©y P = {x0, x1, · · · , xn}, òþª�>�È©U�Xe:

I =
∫ b

a
f(x)g(x) dx =

n
∑

i=1

∫xi

xi−1

f(x)g(x) dx

=

n
∑

i=1

f(xi−1)
∫xi

xi−1

g(x) dx +

n
∑

i=1

∫xi

xi−1

[f(x) − f(xi−1)]g(x) dx. (10.10)

�{²å�, òþª�ü�Úª©OP�
∑′
Ú
∑′′

, =k

I =
∑′ +

∑′′.

Äk�±y², 1��Úª
∑′′
�©y�[Ýªu 0��4�� 0. �dPM

´ |g|3 [a, b]þ���þ., qP ωi ´ f 3 [xi−1, xi]þ��Ì, K�±ò1��

Úª
∑′′
�ýé��OXe:
∣

∣

∣

∑′′ ∣
∣

∣
6

n
∑

i=1

∫xi

xi−1

|f(x) − f(xi−1)| · |g(x)| dx 6 M

n
∑

i=1

ωi∆xi,

ù�Ò�� lim
‖P‖→0

∑′′
= 0.

dd��È© I =
∑′

+
∑′′
�Ì�Ü©´1��Úª, �®²��

lim
‖P‖→0

∑′
= I.

�
é
∑′
^ AbelC�, Ú\¼ê G(x) =

∫x

a
g(t) dt, ¿ò

∑′
U�Xe:

∑′
=

n
∑

i=1

f(xi−1)[G(xi) − G(xi−1)].

édÚª^ AbelC� (10.7), 5¿� G(a) = 0, Ò��

∑′
=

n
∑

i=1

f(xi−1)[G(xi) − G(xi−1)] =

n
∑

i=1

f(xi−1)G(xi) −

n−1
∑

i=1

f(xi)G(xi)

= f(xn−1)G(b) +

n−1
∑

i=1

[f(xi−1) − f(xi)]G(xi).

d½n 10.10�� G ∈ C[a, b]. P G3 [a, b]þ���êÚ��ê�m, M , q|^

f �KüN~�, u´Òk

f(xn−1) +

n−1
∑

i=1

[f(xi−1) − f(xi)] = f(a),

¿��e��O:
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mf(a) 6
∑′

6 Mf(a).

��- ‖P‖ → 0Ò��

mf(a) 6 I 6 Mf(a).

dd���3 µ ∈ [m, M ], ¦� I = µf(a). dëY¼ê G �0�5�, �3

ξ ∈ [a, b]¦� µ = G(ξ), ����¤¦y� (10.9):

I = f(a)G(ξ) = f(a)
∫ξ

a
g(x) dx.

^aq��{�±y²� f ��KüNO\�, �3 ξ ∈ [a, b], ¦��O

(10.9)¤á ∫ b

a
f(x)g(x) dx = f(b)

∫ b

ξ
g(x) dx. (10.11)

��£����¹, K� f üN~��, ��é f(x) − f(b)^ (10.9)=��

�¤�¦y��ª (10.8):∫b

a
f(x)g(x) dx =

∫ b

a
[f(x) − f(b)]g(x) dx + f(b)

∫ b

a
g(x) dx

= [f(a) − f(b)]
∫ξ

a
g(x) dx + f(b)

∫ b

a
g(x) dx

= f(a)
∫ξ

a
g(x) dx + f(b)

∫b

ξ
g(x) dx.

éu f üNO\, K�±é f(x) − f(a)^ (10.11)�Ñ (10.8), lÑ. �

5 l��úª (10.8) Ñu, éu f üN�K�¹�±���Ñ (10.9) ½

(10.11). ~Xéu f üN~���K, K3 f(b) > 0��±­#½Â f(b) = 0, ù

ØK�È©�Ú f �KüN~��^�, ÏdÒl (10.8)�Ñ (10.9).

dd��, È©1�¥�½n���/ª (10.8)Ú\�K^���AÏ/ª

(10.9)½ (10.11)Ñ´�d�.

5¿È©1�¥�½n���AÏ�¹, � f 3

[a, b]þüN~��K, g(x) ≡ 1, ù� (10.8)C�∫ b

a
f(x) d = f(a)

∫ξ

a
dx = f(a)(ξ − a),

�È©1�¥�½n�ã 10.9aq/�±�Ñm>�

ã 10.11, §L²�3�� ξ ∈ [a, b], ¦�± [a, ξ]�.Ú

± f(a)�p�Ý/¡ÈTÐ�ud [a, b]þ y = f(x))

¤�­>F/�¡È.

uuuuu� �
a b

tttp0� t�0�tttp0� �ruu
ξ

� �� 0 0� � �� �0 �0� p� p0 p0�� p�� p�0� t�� t� ��tt ��tt �0�pt �0ptf(ξ)

GHIJLNPYT[X\`dd*i

ã 10.11: 1�¥�½

n�AÛ¿Â

10.3.5 ~~~KKK

e¡�~f´éuÈ©��O.
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~~~KKK 10.24 y²Ø�ª 1
e

6

∫1

0
e−x2

6 1.

y 3«m [0, 1]þ¤á e−1 6 e−x2

6 1, é xl 0È©� 1=�. �

c¡®�� a < b�, �K�È¼ê f �½È©
∫ b

a
f > 0. e¡�ÑTÈ©î

��u 0���~^�¿©^�.

~~~KKK 10.25 � f ´ [a, b]þ��K�È¼ê, ���3,��ëY: c?k

f(c) > 0, K
∫ b

a
f > 0.

y k�Ñ c� [a, b]�S:�¹�y².

lëY¼ê�ÛÜ�Ò5 (½n 5.1), �3 δ > 0, ¦� Oδ(c) ⊂ [a, b], �3d

��þ f(x) >
f(c)
2

. ,�Òk

∫b

a
f =

∫c−δ

a
f +

∫c+δ

c−δ
f +

∫ b

c+δ
f >

∫c+δ

c−δ

f(c)
2

dx = f(c)δ > 0.,

Ù¥^�È©éÈ©«m��\5, ò�5�È©
¤n�È©, ,�©O^'�

5�.

éu c = a½ c = b�y²´aq�, lÑ. �

e��~KI�^�A�??ëY¼êÚ Lebesgue½n.

~~~KKK 10.26 � f ´ [a, b]þ��K�È¼ê, KÈ©
∫ b

a
f = 0�¿�^�´

f 3 [a, b]þA�??�u".

y 7�5 (=⇒). du f ??�K, lÈ©
∫ b

a
f = 0Ú~K 10.25�� f 3

z�ëY:?7L� 0. ^ Lebesgue½n�� f 3 [a, b]þA�??ëY, Ïd

f(x) = 0A�??¤á.

¿©5 (⇐=). éuz�©y P = {x0, x1, · · · , xn}�� f �ëY:�0:,

K RiemannÚ

n
∑

i=1

f(ξi)∆xi = 0. du f 3 [a, b]þ�È, Ïd- ‖P‖ → 0�ù�

� RiemannÚ�4��uÈ©�
∫ b

a
f , ��TÈ©�u 0. �

5 3·K¥ f ��È5´cJ. 5¿: 3��«mþA�??�u"�¼ê

�±´Ø�È�, ~X Dirichlet¼ê; ��±´�È�, ~X Riemann¼ê. §T

ÐÒ´÷v~K¥��Ü^�
q3Ã��:þØ�u 0���äN~f.版
权
所
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~~~KKK 10.27 ¦4� lim
n→∞

∫ π
2

0
sinn xdx = 0.

©Û ù´ê�4�¯K, �ØLê��z��Ñ

´È©. ù�È©´�±O�Ñ5�, �¦ÑÈ©�2

¦4��Ø���B. Û¹NõÓa.¯K¥�È©�

�ÈØÑ5. Ïdùp0�¦ùa4��#�{.

Xm>�ã 10.12 ¤«, � n ¿©��, 3­�

sinn x e�­>F/¡Èªu 0. duØØ�õ�� n

�T­�o´²L: ( π
2

, 1), Ïdæ�©
£���{.

ùÒ´^.>�Ý����þ δ Úp� 1 �Ý/CX

[ π
2

− δ, π
2

]þ�­>F/, ù��Ý/¡È�´ δ. �u

3«m [0, π
2

− δ]þ�{eÜ©´N´?n�. ù�Ò

�±éu n¿©��� [0, π
2

]þ�­>F/¡È�Ñk

���O.

uuuuu��>�!B��<�"D
xttt�0~ /����| .����y y = sinn x

n = 1, 2, 4, 8, 16, 320tt
O

 P P P P P P P P P1

π
2

 !!#$&E*F.26L:O �OMLIHGE&B�! "$DEGHJLM ��?=MLJGFDB�?>����ADG�L u>:JHDA��:�����>�G� ur>NKH�����:�8�

Æ8�������uuONK����:���6��5
	
�8��
uuuuu��>�!B��<�"D

xttt�0~ /����| .����y �0ptt
O

 P P P P P P P P P  Pr1

π
2

ttp0� δrP ���>�!B��<�"D � Pr>��B!�<��D"�rP rP rP rP rP rP rP rP rP rP rP uuONK����:���6��5
	
�8��
ã 10.12: y = sinn x

�ã�

y éu�½� ε > 0, Ø�� δ = min{ ε
2

, π
4
}, ,�éÈ©�Xe�O:

∫ π
2

0
sinn xdx =

∫ π
2
−δ

0
sinn xdx +

∫ π
2

π
2
−δ

sinn xdx

6
π
2

sinn( π
2

− δ) + δ 6
π
2

cosn δ + ε
2

.

du 0 < cos δ < 1, Ïd�3N , �� n > N , þªm>1��Ò�u ε/2, Ïd�

Ò¦� 0 6

∫ π
2

0
sinn xdx < ε. ùÒL²ê�

{
∫ π

2

0
sinn xdx

}

�4�� 0. �

e¡´���~��È©Ø�ª,= Cauchy–Schwarz–BuniankowskiØ�ª,

8�¡� SchwarzØ�ª. §3nØÚA^�¡Ñ´­��. §�lÑ�¹Ò´

§1.5.2¥� CauchyØ�ª.

éù�Ø�ª·�ÞÑA«y²�{.

~~~KKK 10.28 � f, g ∈ R[a, b], a 6 b, y²:
(∫ b

a
f(x)g(x) dx

)2

6

∫ b

a
f2(x) dx ·

∫ b

a
g2(x) dx.

y 1 l f, g�È�� fg, f2, g2Ñ�È.Ú\¢ëê λ,Kl a 6 bÚ (λf(x)−

g(x))2 > 0 ∀x ∈ [a, b]��∫ b

a
(λf − g)2 = λ2

∫ b

a
f2 − 2λ

∫ b

a
fg +

∫ b

a
g2 > 0.

e
∫b

a
f2 = 0, Kl~K 10.26�� f u [a, b]þA�??� 0, l
 fg�´Xd, �

�k
∫ b

a
fg = 0, Ïd¤�¦y�Ø�ª®²¤á.
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e
∫ b

a
f2 6= 0, Kl'u λ��gn�ª�K��Ù�Oª∆ 6 0, ù�Ò��

(∫ b

a
f · g

)2

−

∫ b

a
f2 ·

∫ b

a
g2 6 0,

�n�Ò��¤�y�Ø�ª. �

y 2 (��½n 1.8�y{) k�Ñé¤k x, y ∈ [a, b]Ñ¤á�Ø�ª

(f(x)g(y) − f(y)g(x))2 > 0.

ò xw¤gCþ, yw¤ëê, òþªéu xl aÈ©� b, ��

g2(y)
∫ b

a
f2 − 2f(y)g(y)

∫b

a
fg + f2(y)

∫ b

a
g2 > 0.

2òþªéu yl aÈ©� b, ��

2
∫b

a
g2

∫ b

a
f2 − 2

(∫b

a
fg

)2

> 0,

�n=�. �

y 3 ò [a, b] � n �©��å©y, q�0: ξi = xi = a + i
n

(b − a),

i = 1, · · · , n, A^'uk�ê| f(xi), g(xi), i = 1, · · · , n� CauchyØ�ª (�½

n 1.8), Ø± n2 ¿òz�Úª�¤ RiemannÚ, Ò��
(

1
n

n
∑

i=1

f(xi)g(xi)

)2

6
1
n

n
∑

i=1

f2(xi) ·
1
n

n
∑

i=1

g2(xi).

- n → ∞, l fg, f2, g2þ� (R)�È=�¤�¦y�È©Ø�ª. �

5 e¡5)û-SchwarzØ�ª¤á�Ò�¿�^�.

�
∫ b

a
f2 > 0, eØ�ª¤á�Ò, �Ò´y 1¥'u λ��gn�ª��Oª

�u 0, Ïd�3���¢�, P� λ0, l
��∫ b

a
(λ0f − g)2 = 0.

du�È¼ê�K, 
È©�u 0, Ïdd~K 10.26�� λ0f − gA�??�u 0.

��, ù�^�éu
∫ b

a
(λ0f − g)2 = 0�´¿©�.

±þ´3
∫ b

a
f2 > 0����^�. e

∫ b

a
g2 > 0, ?Ø´aq�. éuùü

�È©Ñ�u 0��¹, Ò�� f, g Ñ´A�??�"��¹. o(å5Ò��

Cauchy-SchwarzÈ©Ø�ª¤á�Ò�7�^�´�3ØÓ��u 0�ü�~ê

λ, µ, ¦� λf + µg3 [a, b]þA�??�u 0. ���±wÑù�´¿©^�.
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öööSSSKKK

1. ÞÑ÷ve�^��~f: f, g ∈ R[a, b],
∫ b

a
fg 6=

∫b

a
f

∫ b

a
g.

2. ÁÞÑ [a, b]þ�néØ�È¼ê fi, gi, i = 1, 2, 3, ©O÷ve��¦:

(1) f1 + g1 ∈ R[a, b]; (2) f2g2 ∈ R[a, b]; (3) f3 ◦ g3 ∈ R[a, b].

3. ?Ø«m [a, b]þ f(x), |f(x)|, f2(x)��È5�m�'X.

4. Á^È©1�¥�½ny²:e
a0

n + 1
+

a1

n
+ · · ·+

an−1

2
+ an = 0, K�§

a0x
n + a1x

n−1 + · · · + an−1x + an = 0

3 [0, 1]þk�. (ùÒ´1�þ §7.1�K 7(2).)

5. (1)e f ∈ R[0, 1], y²:

(∫1

0
f

)2

6

∫1

0
f2.

(2)e f ′ ∈ R[0, 1], f(1) − f(0) = 1, y²:
∫1

0
(f ′)2 > 1.

6. � f ∈ R[a, b], f(x) > 0 ∀x ∈ [a, b], �
∫b

a
f = 1, y²:

(1)
∫ b

a
x2f(x) dx >

(∫ b

a
xf(x) dx

)2

;

(2)

(∫ b

a
f(x) cos kxdx

)2

+

(∫ b

a
f(x) sin kxdx

)2

6 1, Ù¥ k�?Û��ê.

7. � f ∈ R[a, b], f(x) > m > 0 ∀x ∈ [a, b], y²: ln f ∈ R[a, b], �¤á

ln

(

1
b − a

∫ b

a
f(x) dx

)

>
1

b − a

∫ b

a
ln f(x) dx.

8. � f ∈ R[a, b], y²: ef(x), e−f(x) ∈ R[a, b], �¤á∫ b

a
ef(x) dx

∫ b

a
e−f(x) dx > (b − a)2.

9. Á'�e��éÈ©���:

(1)
∫1

0

xdx
1 + sin x

�
∫1

0

x2 dx
1 + sinx

;

(2)
∫2

1
e−x 3

√

2 +
√

xdx �
∫2

1
e−x2

3

√

2 +
√

xdx;

(3)
∫1

0.1

dx√
x
�

∫1

0.1

dx
3
√

x
.

10. (1)e f ∈ C[a, b],
∫ b

a
f2 = 0, y²: f(x) ≡ 0.

(2)e f ∈ C[a, b], �éu÷v^� g(a) = g(b) = 0�z�� g ∈ C[a, b]Ñk∫ b

a
fg = 0, y²: f(x) ≡ 0.
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11. O�±e4�:

(1) lim
n→∞

∫1

0

xn dx
1 + x

; (2) lim
n→∞

(n + 1)
∫1

0
xnf(x) dx (f ∈ C[0, 1]);

(3) lim
x→+∞

∫x

2

dt
ln t
x

ln x

; (4) lim
x→0

∫ sin x

0
tan t dt

∫ tan x

0
sin t dt

;

(5) lim
x→+∞

∫x+a

x

sin t
t

dt (a > 0); (6) lim
x→+∞

∫x

0
t2et2 dt

xex2
.

12. e f ∈ C(R), �
∫x+1

x
f(t) dt = 0 ∀x ∈ R, y² f ´±Ï 1�±Ï¼ê.

13. (1)e f ∈ C[a, b], f(x) > 0 ∀x ∈ [a, b], y² F (x) =
∫x

a
f(t) dt´ [a, b]þ�

î�üNO\¼ê.

(2)e f ∈ C[0, +∞), f(+∞) = A, y²: lim
x→+∞

∫+∞

0
f(t) dt

x
= A.

(3)e f ∈ C[a, b], ��üNO\¼ê, y²: F (x) =

∫x

a
f(t) dt

x − a
´3 (a, b)þ

�üNO\¼ê.

14. e f ′ ∈ C[0, 1], f(0) = 0, y²:
∫1

0
|f(x)f ′(x)| dx 6

1
2

∫1

0
(f ′(x))2 dx.

15. (1) e f ´«m [1, +∞) þ�üN~��K¼ê, P an =
n
∑

k=1

f(k) −

∫n

1
f(x) dx, y²: {an}�Âñê�.

(2) P cn =
n
∑

k=1

1
k

− ln n, y²: {cn} �Âñê�. (ùÒ´1�þ�~K

2.29.)

(4)y²Ø�ª: 2(
√

n + 1 − 1) <

n
∑

k=1

1√
k

6 2
√

n − 1.

(5)e f ′ ∈ R[0, 1], y²:

lim
n→∞

(

n
∑

k=1

f( k
n

) − n
∫1

0
f(x) dx

)

=
f(1) − f(0)

2
.

16. � f ∈ R[a, b], y²: F (x) =
∫ b

a
|x − t| · |f(t)| dt´ [a, b]þ�eà¼ê.

17. e f ′ ∈ R[0, a], y²: |f(0)| 6
1
a

∫a

0
|f | +

∫a

0
|f ′|.

18. e f ′ ∈ R[0, 1], y²:
∫1

0
|f | 6 max

(∫1

0
|f ′|,

∣

∣

∣

∫1

0
f
∣

∣

∣

)

.
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§10.4 ½½½ÈÈÈ©©©���OOO������{{{

ù�!;�?Ø½È©�O�. �,c¡®²k
 Newton–Leibnizúª, �

·�¬uy3éõ�¹e�´òØ½È©¥���{Ú©ÜÈ©{£��½È©

O�¥5���B. d	, �0�XÛ|^é¡5)û,
½È©�O�¯K, Ù

¥��¼ê�U´ÈØÑ5�.

10.4.1 ������{{{

½½½nnn 10.14 �¼ê u(x)3«m [a, b]þkëY�¼ê, f(u)3¼ê u = u(x)

��� (7½´«m)þëY, K¤á∫ b

a
f(u(x))u′(x) dx =

∫u(b)

u(a)
f(u) du. (10.12)

y �9Ï¼ê

F (t) =
∫ t

a
f(u(x))u′(x) dx −

∫u(t)

u(a)
f(u) du, a 6 t 6 b,

K F (a) = 0, �éuz� t ∈ [a, b]k

F ′(t) = f(u(t))u′(t) − f(u(t))u′(t) = 0,

Ïd F (t)3 a 6 t 6 bþ�~�¼ê, l
k F (b) = F (a) = 0. ùÒ´�¦y�

úª (10.12). �

5 1 3Ø½È©¥·�ÆS
ü«��{. Ù¢lúª (10.12)5w, e�O

��´�>, KÒk du(x) = u′(x) dx, ÏdÒ´^n�©{ (=1�«��{)ò

�>z�m>. ��, lm>z��>Ò´1�«��{. �Ø½È©ØÓ�?´,

3é½È©^��{�7L5¿È©���A�C�.

d	, �Ø½È©��¹aq, �±ò (10.12)�>� u′(x) dxw¤� du, Ï

d3½È©PÒ¥��©ÎÒ dxéuO��´k�Ï�.

5 2 ½n 10.14 ¥�^��±~f, �ÖlÑ. �,��¡ùpØ�¦

u = u(x)´l [a, b]� [u(a), u(b)]���N�, ^�'�°t.

~~~KKK 10.29 ¦ I =
∫ π

2

0
sinn x cos xdx.

) ^n�©{, - u = sin x, K xl 0� π
2
éAu ul 0� 1, ÏdÒk

I =
∫1

0
un du = 1

n + 1
. �

5 ùp�±wÑ, duÈ©��½�½È©�´��ê, Ïdé½È©^

��{�, ��Ø72¡E��5�È©Cþ, Ïd'^Ø½È©���{\þ
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Newton–Leibnizúª5��B. ù´Ø½È©���{�½È©���{�m�

q���O.

~~~KKK 10.30 ¦� x2 + y2 6 R2�¡È.

) ��¦Ñ1����¡È2¦ 4=�, Ïdk S = 4
∫R

0

√
R2 − x2 dx.

��� x = R sin t, K� tl 0� π
2
� xl 0� R. u´k

S = 4
∫ π

2

0
R cos t d(R sin t) =

∫ π
2

0
R2 cos2 t dt

= 4R2
∫ π

2

0

1 + cos 2t
2

dt

= 4R2( π
4

+ 1
4

sin 2t
∣

∣

∣

π
2

0
) = πR2. �

e¡´k'±Ï¼êÈ©���Ä�(J.

~~~KKK 10.31 � f ´3 (−∞, +∞)þ±Ï� T �±Ï¼ê, �3?Ûk.«

mþ (R)�È, y² f 3�Ý�±Ï T �z�«mþ�È©�Ñ�Ó, �Ò´`é

z� a¤á: ∫a+T

a
f(x) dx =

∫T

0
f(x) dx.

y |^½È©'u«m��\5�Ñ∫a+T

a
f =

∫0

a
f +

∫T

0
f +

∫a+T

T
f ,

,�éum>1n�È©
∫a+T

a
f(x) dx��� x = t + T , K� xl T � a + T �

tl 0� T , Ïd��∫a+T

T
f(x) dx =

∫a

0
f(t + T ) dt =

∫a

0
f(t) dt = −

∫0

a
f(t) dt,

�\cª=�. �

5 e�K¥ f �^�\r�ëY¼ê, K�±^éÈ©�¦���{5y

². ½Â F (a) =
∫a+T

a
f(x) dx, Ù¥ a�gCþ. du f ëY, ÏdÒk

F ′(a) = f(a + T )− f(a) = 0,

�� F (a)'u a�~�¼ê. ¤�¦y��ªÒ´ F (a) = F (0).

10.4.2 ©©©ÜÜÜÈÈÈ©©©{{{

½½½nnn 10.15 �¼ê u, v��¼ê u′, v′ ∈ R[a, b], K¤áXe�©ÜÈ©úª∫b

a
u(x)v′(x) dx = u(x)v(x)

∣

∣

∣

b

a
−

∫b

a
v(x)u′(x) dx.
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y l Newton–Leibnizúªk∫b

a
(u(x)v(x))′ dx = u(x)v(x)

∣

∣

∣

b

a
.

|^ (uv)′ = uv′ + u′vÒ��∫ b

a
u(x)v′(x) dx +

∫ b

a
u′(x)v(x) dx =

∫ b

a
(u(x)v(x))′ dx = u(x)v(x)

∣

∣

∣

b

a
,

£�=�. �

5 |^½È©PÒ¥��© dx, ©ÜÈ©úª�P�éu¦^���B�

e�/ª: ∫ b

a
u dv = uv

∣

∣

∣

b

a
−

∫b

a
v du.

d	, |^ Newton–Leibnizúª�í2 (�½n 10.2�5), þã©ÜÈ©úª�

k�A�í2. ùÒ´#N u, v��¼ê u′, v′ 3k��:þØ�½�3, ���

u, vëY, � u′, v′ ∈ R[a, b], KúªE,¤á.

~~~KKK 10.32 ¦ I =
∫a

0

√
x2 + a2 dx, Ù¥ a > 0.

) ùK�Ø½È©®3~K 9.47¥^©ÜÈ©{¦Ñ, Ïd��é@p�

(J^ Newton–Leibnizúª=�. e¡^�Ó�{���O�½È©.

I = x
√

x2 + a2
∣

∣

∣

a

0
−

∫a

0

x2
√

x2 + a2
dx

=
√

2a2 −

∫a

0

√

x2 + a2 dx + a2
∫a

0

dx√
x2 + a2

=

√
2

2
a2 + a2

2
ln(x +

√

x2 + a2)
∣

∣

∣

a

0

= a2

2
(
√

2 + ln(1 +
√

2)). �

~~~KKK 10.33 ¦ In =
∫ π

2

0
sinn xdx =

∫ π
2

0
cosn xdx.

) é1��È©^�� x = π
2

− t=���§�u1��È©. éu1�

�È©^©ÜÈ©{��4íúªXe, Ù¥� n > 2:

In =
∫ π

2

0
sinn−1 xd(− cosx)

= − sinn−1 x cos x
∣

∣

∣

π
2

0
+

∫ π
2

0
cosxd(sinn−1 x)

= (n − 1)
∫ π

2

0
sinn−2 x cos2 xdx = (n − 1)In−2 − (n − 1)In,

u´��4íúª

In = n − 1
n

In−2.

版
权
所
有
，
请
勿
复
制
！



§10.4 ½È©�O��{ 79

|^ I0 = π
2
Ú I1 = 1, Ò�±8B��

In =











(n − 1)!!
n!!

, nÛ,

(n − 1)!!
n!!

·
π
2

, nó.
�

ù�~K¤¦��úª3NõO�¥Ñ¬^�,ÏdI�P4. ~X, eUP

�ù�úª=����Ñ∫ π
2

0
cos2 xdx =

∫ π
2

0
sin2 xdx = 1

2
·

π
2

= π
4

,

∫ π
2

0
cos2 x sin2 xdx = π

2
·

1
2

(

1 −
3
4

)

= π
16

,

∫ π
2

0
sin7 xdx = 6 · 4 · 2

7 · 5 · 3
= 16

35
.

~~~KKK 10.34 éu¼ê F (x) =
∫x

0
sin 1

t
dtO� F ′(0).

) 3c¡�~K 10.21¥®²^½n 10.11¦Ñ
 x 6= 0���ê F ′(x).

�K�J?3uÈ©Òe��È¼ê3 t = 0?Ø�vk½Â, 
�´1�amä

:, ÏdØU^ëYòÿ�n5)û¯K.

^©ÜÈ©{�±�Ñù�(J. '�3u�Ñ F �#�L�ª:

F (x) =
∫x

0
t2 d(cos 1

t
) = t2 cos 1

t

∣

∣

∣

x

0+

−

∫x

0
cos 1

t
dt2

= x2 cos 1
x

−

∫x

0
2t cos 1

t
dt.

®� F (0) = 0. òþªm>�1��ëYòÿ� x = 0, 
1����È¼ê3

x = 0?��±ëYòÿ, ù�Ò�±éü�©O¦�, duùü��êÑ´ 0, Ï

d�� F ′(0) = 0. �

5 ±e´3©ÜÈ©�Ø^ëYòÿ�y²�{. Äkl F �½Âk

F (0) = 0. ,�3�þã©ÜÈ©���Uì�ê�½Â5O��û�4�:

F ′(0) = lim
x→0

F (x) − F (0)
x − 0

= lim
x→0

(x cos 1
x

) − lim
x→0

∫x

0
2t cos 1

t
dt

x
.

m>1���4�²w� 0, 
1��K�±^ L’Hospital{K, =k

lim
x→0

∫x

0
2t cos 1

t
dt

x
= lim

x→0
2x cos 1

x
= 0.

e��~f´©ÜÈ©{3È©�O (½È©Ø�ª)¥�A^.

~~~KKK 10.35 � f 3 [0, 1]þkëY�¼ê, f(0) = f(1) = 0, y²
∣

∣

∣

∣

∫1

0
f(x) dx

∣

∣

∣

∣

6
1
2

∫1

0
|f ′(x)| dx.
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y éu�>�È©5`�|^ f ′ ∈ C[0, 1]�^�, �,I��©ÜÈ©.

�==Xd, K�Uk ∫1

0
f(x) dx = xf(x)

∣

∣

∣

1

0
−

∫1

0
xf ′(x) dx

�ØU��8�.

ùpI�|^��E|, =3©ÜÈ©¥ò dxw¤� d(x −
1
2

), òþã©Ü

È©L§U��∫1

0
f(x) d(x −

1
2

) = (x −
1
2

)f(x)
∣

∣

∣

1

0
−

∫1

0
(x −

1
2

)f ′(x) dx,

K3 f(0) = f(1) = 1�^�eÒk
∣

∣

∣

∣

∫1

0
f(x) dx

∣

∣

∣

∣

6

∫1

0
|x −

1
2
| · |f ′(x)| dx 6

1
2

∫1

0
|f ′(x)| dx. �

10.4.3 ééé¡¡¡555333ÈÈÈ©©©OOO���¥¥¥���AAA^̂̂

�È©«m'u�:é¡, ~X� [−a, a] (a > 0), KN´��, ��È¼ê f

´Û¼ê, =Ùã�'u�:�¥%é¡�, Òk
∫a

−a
f(x) dx = 0; 
� f �ó¼

ê, =Ùã�'u y¶�é¡�, Òk
∫a

−a
f(x) dx = 2

∫a

0
f(x) dx.

XJò±þ�é¡5?�Úí2,Kéu,
È©�O�´ékÐ?�. e¡

·�¬w�|^é¡5�±O�Ñ�È¼êvkÐ��¼ê�,
½È©.

Äk�±5¿�, 3«m [a, b]þk½Â�?¿¼ê f(x), XJògCþ��

a + b − x���¼êP� g(x) = f(a + b − x), Küö�ã�'u«m [a, b]�¥

: a + b
2
Òäké¡5:

g(x) = f(a + b − x) = f( a + b
2

+ ( a + b
2

− x)).

3 f ∈ R[a, b]�ØJy²∫ b

a
f(x) dx =

∫ b

a
f(a + b − x) dx. (10.13)

¢Sþ��éum>�È©��� t = a + b − x, ¿��ò t2P� x=�:∫ b

a
f(a + b − x) dx = −

∫a

b
f(t) dt =

∫ b

a
f(x) dx.

e¡·�Ì�'%3«m [0, a]þk½Â�¼ê�é¡5. lþ¡�(J��,

e f ∈ R[0, a], Kk ∫a

0
f(x) dx =

∫a

0
f(a − x) dx. (10.14)

|^ (10.14)ÒØJ��±eü�(J.
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½½½nnn 10.16 �¼ê f 3«m [0, a]þ�È, �'u«m¥: a/2�Û¼ê, =

k f(x) = −f(a − x) ∀x ∈ [0, a], K¤á∫a

0
f(x) dx = 0.

½½½nnn 10.17 �¼ê f 3«m [0, a]þ�È, �'u x = a/2�ó¼ê, =k

f(x) = f(a − x) ∀x ∈ [0, a], K¤á∫a

0
f(x) dx = 2

∫a/2

0
f(x) dx.

y ò [0, a]þ�È©
�
∫a

0
f(x) dx =

∫a/2

0
f(x) dx +

∫a

a/2
f(x) dx, ,�ém

>1��È©��� x = a − t, ¿|^^� f(t) = f(a − t)Ò��∫a

0
f(x) dx =

∫a/2

0
f(x) dx −

∫0

a/2
f(a − t) dt = 2

∫a/2

0
f(x) dx. �

éu3 [0, a]þØ�½äkþãü«é¡5��È¼ê, �±^±e�{)¤

3 [0, a]þ'u�� x = a/2�ó¼ê. ùéu,
È©�O�´k^�.

½½½nnn 10.18 � f 3 [0, a]þ�È, K¤á∫a

0
f(x) dx =

∫a/2

0
[f(x) + f(a − x)] dx. (10.15)

y du g(x) = f(x) + f(a − x)'u: a/2�ó¼ê, Ïd��éÜ¦^�

ª (10.14)Ú½n 10.17=�k∫a

0
f(x) dx = 1

2

(∫a

0
f(x) dx +

∫a

0
f(a − x) dx

)

=
∫a/2

0
[f(x) + f(a − x)] dx. �

5 ¢Sþ½n 10.18Úúª (10.15)®²CX
cü�½n�(Ø. d	, �

,��±ò (10.15)í2�����«mþ, ��
∫b

a
f(x) dx =

∫ a+b

2

a
[f(x) + f(a + b − x)] dx.

~~~KKK 10.36 O� I =
∫π

0

x sin x
1 + cos2 x

dx.

) �â (10.15)kO�Ù¥��È¼ê

sinx
1 + cos2 x

+
(π − x) sin(π − x)

1 + cos2(π − x)
= π sin x

1 + cos2 x
,

ÏdÒk

I = π
∫ π

2

0

sin xdx
1 + cos2 x

= −π arctan(cos x)
∣

∣

∣

π/2

0
= π2

4
. �

e��~K38�� FourierXêO�¥k^.
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~~~KKK 10.37 � f ∈ R[−π, π]�ó¼ê, �3 [0, π]þ'u: π/2�Û¼ê, y

²: éz���êk

I =
∫π

−π
f(x) cos 2nxdx = 0.

y du�È¼ê f(x) cos 2nx´ó¼ê, Ïd I = 2
∫π

0
f(x) cos 2nxdx. 3«

m [0, π]þKl

f(π − x) cos 2n(π − x) = −f(x) cos 2nx

���È¼ê'u: π/2´Û¼ê. ^½n 10.16=�¤��(Ø. �

5 ��y²K���� t = π − xXe:∫π

0
f(x) cos 2nxdx =

∫0

π
f(π − t) cos 2n(π − t) d(π − t)

=
∫π

0
(−f(t)) cos 2nt dt = −

∫π

0
f(x) cos 2nxdx,

��TÈ©�u 0.

~~~KKK 10.38 O� I =
∫1

0

ln(1 + x)

1 + x2 dx.

) ��� x = tan t, dx = sec2 t dt, Ò��

I =
∫1

0

ln(1 + x)

1 + x2 dx =
∫ π

4

0
ln (1 + tan t) dt.

^úª (10.15)O�þªm>�È©. kO�Ù�È¼ê�

ln(1 + tan t) + ln[1 + tan( π
4

− t)]

= ln(1 + tan t) + ln
(

1 + 1 − tan t
1 + tan t

)

= ln(1 + tan t) + ln 2
1 + tan t

= ln 2.

dd���

I =
∫ π

8

0
ln 2 dx = π

8
ln 2. �

e¡�~K¥�È©¥k��ëê α, �ÙÈ©�%´��~ê.

~~~KKK 10.39 y²: é?¿¢ê a¤áð�ª∫ π
2

0

dx
1 + tana x

≡

∫ π
2

0

dx
1 + cota x

≡
π
4

.

y N´y²ü�È©��, Ïd�O�1��È©. lúª (10.15)kO�

1
1 + tana x

+ 1
1 + cota x

= 1
1 + tana x

+ tana x
1 + tana x

= 1,

§3 [0, π/4]þ�È©Ò´ π
4

. �
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öööSSSKKK

1. O�e�½È©:

(1)
∫1

0

1 − x2

1 + x2 dx; (2)
∫2

0
x(1 − x2)3 dx;

(3)
∫1

0

(

x − 1
x + 1

)4

dx; (4)
∫1

0

1
2

(ex − e−x) dx;

(5)
∫1

0

2 dx
ex + e−x ; (6)

∫4

0
e
√

x dx;

(7)
∫ π

2

0
ex sink xdx (k = 1, 2); (8)

∫ π
4

0
tank xdx (k = 1, 2);

(9)
∫ π

2

0
xk sinxdx (k = 1, 2); (10)

∫ π
2

0
x sink xdx (k = 1, 2);

(11)
∫1

0
arcsinxdx; (12)

∫e3

e

dx
x ln x

;

(13)
∫ 1

5

− 1

5

x
√

2 − 5xdx; (14)
∫3

0

xdx
1 +

√
1 + x

;

(15)
∫0

−1
(x + 1)

√

1 − x − x2 dx; (16)
∫1

0

dx
(x2 − x + 1)3/2

;

(17)
∫a

0
x2
√

a2 − x2 dx (a > 0); (18)
∫a

0
x2

√

a − x
a + x

dx (a > 0);

(19)
∫ π

2

0
cos4 x sin 2xdx; (20)

∫ π
2

0

cosx
cosx + sin x

dx;

(21)
∫π

−π
sin(mx) sin(nx) dx (m, n ∈ N); (22)

∫ π
3

π
6

cos2 x
x(π − 2x)

dx;

(23)
∫e

e−1

| ln x| dx; (24)
∫1

0
sgn(x − x2) dx;

(25)
∫1

0
x|x − a| dx (0 < a < 1); (26)

∫2

0
[ex] dx.

2. y²:
∫1

0
xm(1 − x)n dx =

∫1

0
xn(1 − x)m dx, Ù¥m, n ∈ N.

3. � f ∈ C[0, +∞), f(+∞) = A, ¦ lim
n→∞

∫1

0
f(nx) dx.

4. � f ∈ C[0, 1], �
∫1

0
f(xt) dt = 0 ∀x ∈ [0, 1], y² f(x) ≡ 0.

5. e f ∈ R[a, b], y²:
∫b

a
f(x) dx = (b − a)

∫1

0
f(a + (b − a)x) dx.

6. e f(sinx) ∈ R[0, π], y²:

(1)
∫ π

2

0
f(sinx) dx =

∫ π
2

0
f(cosx) dx; (2)

∫π

0
xf(sin x) dx = π

2

∫π

0
f(sin x) dx;
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¿¦
∫π

0
x sin4 xdx.

7. e f ′′ ∈ R[a, b], Áy:∫ b

a
xf ′′(x) dx = (bf ′(b) − f(b)) − (af ′(a) − f(a)).

8. e f ∈ R[a, b], y²�3 [a, b]þ�¼êS� {fn(x)}, ¦�¤á

lim
n→∞

∫b

a
|f(x) − fn(x)| dx = 0,

Ù¥ {fn(x)}´:

(1)ò�¼ê�; (2)�F¼ê�;

(3)ëY¼ê�; (4)ëY��¼ê�.

9. e f ∈ R[a, b], g′ ∈ R[a, b], y²:∫ b

a
f(x)g(x) dx = g(a)

∫ b

a
f(x) dx +

∫b

a
g′(x)

(∫ b

x
f(t) dt

)

dx.

10. e f ´ R þ±Ï� T �±Ï¼ê, �3?Ûk.«m [a, b] þ�È, y²:∫x

0
f(t) dt´���5¼ê���±Ï¼ê�Ú.
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SSSNNN{{{000 2ÂÈ©´þ�Ù�½È©3ü���þ�í2, =#NÈ©«

mÃ., q#N¼êÃ.. §11.1´üa2ÂÈ©�½ÂÚÄ�5�. §11.2´2Â

È©�O�. §11.3´2ÂÈ©�ñÑ5�O{.

§11.1 222ÂÂÂÈÈÈ©©©���½½½ÂÂÂÚÚÚ555���

11.1.1 ½½½ÈÈÈ©©©���ííí222

l1�Ù¥�½È©½ÂÚ½n 10.1��, ½È©�Uék.«mþ�k.

¼êâ�Uk¿Â. ,
NõnØ¯KÚA^¯K¥ÑI�â»ùü�¡���,

l
�)
½È©�í2, =2ÂÈ© (�¡��~È©). �
«Oå�, 8�¡

1�Ù¥�½È©�~ÂÈ© (½�~È©).

kÞ��~f, §g,Ú��2ÂÈ©. ùÒ´¦1��»�Ý, =¦ÔNø

l/¥Úå¤I���$�Ð©�Ý, P� v2
➀.

�l/¡�þR�u�ÔN. 3l/¡pÝ� x?ÔN¤

É�/¥Úå�

F (x) = GMm
(x + R)2

,

Ù¥ G�Úå~ê, M �/¥�þ, R�/¥�», m�ÔN

�þ. ùp®²òÔN{z����:.

¯K´O��:l/¡�Ã¡�?�Ñ­å¤��õW .

�dkO�Ñl/¡�pÝ x�¤��õ W (x), ,��4�.

�{´k¦ÑW (x)�CzÇ, =�êW ′(x), ,�2È©. Ä

k, ¦�:lpÝ x� x + ∆x¤��õ�

∆W = F (x)∆x = GMm
(x + R)2

∆x,

u´Ò��

W ′(x) = lim
∆x→0

∆W
∆x

= F (x).

tttt
tttt
p�0�
~/����|. ���� v2

u�
u�ttt0�/~� ���.|� ���

ttt0�~/����|.����
x �

�
�R013�Æ:;>�A�FGH6:OBRTUVWZ[&'`)dntlm~onm ljiged`(\[XWVUSRQ>:K2FE�A�<;976532 1�

ã 11.1: 1��

»�Ý�O�

➀ ¥ÆÔn¥±Ð� v R��þ�ÔN¤���pÝ÷vúª 1
2

mv2 = mgh. ùp

�cJ´�3/¡NC, Ïd­å F = mgØC. ù�O�1��»�Ý�¯K��ØÓ.
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|^ F (0) = mg, Òk GMm
R2 = mg, Ïd�±�� G �� W ′(x) =

mgR2

(x + R)2
. lW ′(x)�L�ª¦Ù�¼ê��

W (x) = −
mgR2

x + R
+ C,

Ù¥ C ´�½~ê. du x = 0�W (0) = 0, �½Ñ C = mgR, Ïd

W (x) = mgR −
mgR2

x + R
,

,�- x → +∞, ��W = W (+∞) = mgR. ùÒ´�ò/¡þ�ÔNx�Ã¡

�?¤I���õ.

��l�§ 1
2

mv2
2 = mgR ��� v2 =

√
2gR. |^ g = 9.8�/¦2, R =

6.38 × 106�, K�� v2 ≈ 11.2úp/¦➀.

£�±þO�¿ò§�¤È©/ª, Òk

lim
x→+∞

W (x) = lim
x→+∞

∫x

0
F (t) dt = lim

x→+∞

∫x

0

mgR2

(t + R)2
dt.

ò���L�ªP� ∫+∞

0

mgR2

(t + R)2
dt,

ùÒ´«m [0, +∞)þ�2ÂÈ©.

�( þã2ÂÈ©Ò´3 RiemannÈ©�Ä:þéÈ©��4����,

Ïd´kk�gS��g4��(J. 1�g´ Riemann Ú�4�, 1�g´

x → +∞�¼ê4�.

2Þ��~f. l

lim
x→1−

∫x

0

dt√
1 − t2

= lim
x→1−

arcsinx = π
2

,

�±Ú\È©«mk.��È¼êÃ.�1�«2ÂÈ©, =∫1

0

dt√
1 − t2

.

5 �½È©�AÛ¿Âaq, éu2ÂÈ©��±lA

Ûþ�±)º. þã~fÒ�±)º¤�d y = 1√
1 − x2

Ú

x = 0, 1, y = 0¤���Ã.«�´Ääkk�ê��¡È

(�ã 11.2). lÈ©O���Ù¡È� π/2.

uuu���>�!B��<�"Dtttt
t���~/����|. ����

x

y

O 1

1
π
2 0�0�0�0�0�0�0�0�0�0�0

�0�0�>MKJI�D���<��� ��6���� ��2��2�2��2���
ã 11.2: Ã.

«��¡È

➀ 1��»�Ý, =¦�ÔNØá�/¡¤I��Ý, ^Ð��{=�¦Ñ. �

d��¦��%\�Ý�­å\�Ý��, l
mv2

1

R
= mg �� v1 =

√
gR, �Ò´k

v1 =

√
2

2
v2 ≈ 7.9úp/¦.
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11.1.2 222ÂÂÂÈÈÈ©©©���½½½ÂÂÂ

kò«mÃ.Ú¼êÃ.ü�Ï�©m, ©O½Âüa�Ä��2ÂÈ©.

½½½ÂÂÂ 11.1 (ÃÃÃ...«««mmmþþþ���222ÂÂÂÈÈÈ©©©) � f 3«m [a, +∞)þk½Â, �éz

� A > a, f 3«m [a, A]þ Riemann�È, K½Â f 3 [a, +∞)þ�2ÂÈ©�∫+∞

a
f(x) dx = lim

A→+∞

∫A

a
f(x) dx,

XJù�4��3�{. ù��¡T2ÂÈ©Âñ. ��, eþã4�Ø�3, K

¡T2ÂÈ©uÑ. ¡ +∞�ù�2ÂÈ©�Û:. aq/�±½Â f 3 (−∞, a]

þ�2ÂÈ©. q½Â3 (−∞, +∞)þ�2ÂÈ©�∫+∞

−∞
f(x) dx =

∫a

−∞
f(x) dx +

∫+∞

a
f(x) dx,

em>ü�2ÂÈ©©O�3. (�±y²Ù¥�©: aØK��>�2ÂÈ©�

ñÑ5.)

���Ó/�±�Ñk.«mþÃ.¼ê�2ÂÈ©�½Â.

½½½ÂÂÂ 11.2 (kkk...«««mmmþþþÃÃÃ...¼¼¼êêê���222ÂÂÂÈÈÈ©©©) � f 3k.«m [a, b)þk½

Â, 3: b?ÛÜÃ.➀, �éuz� b′ ∈ (a, b), f 3 [a, b′]þ Riemann�È, K½

Â f 3 [a, b]þ�2ÂÈ©➁�e�4�∫ b

a
f(x) dx = lim

b′→b−

∫ b′

a
f(x) dx,

XJm>�4��3�{. ù��¡T2ÂÈ©Âñ. ��, eþã4�Ø�3,

K¡T2ÂÈ©uÑ. ¡ b�ù�2ÂÈ©���Û:.

aq/� f 3: aÛÜÃ.�¡ a�Û:. � a���Û:��±aq/½

Â2ÂÈ©
∫ b

a
f(x) dx. q� f 3 [a, b]¥k��Û: c ∈ (a, b)�½Â2ÂÈ©

∫ b

a
f(x) dx =

∫c

a
f(x) dx +

∫ b

c
f(x) dx,

=�m>�ü�2ÂÈ©ÑÂñ�¡
∫ b

a
f(x) dxÂñ, ÄK¡T2ÂÈ©uÑ.

5 1 f 3Û: b?´Äk½Â´Ã';��, f 3 b?ÛÜÃ.�^�´�

��, eò§�¤ f 3 [a, b)þk., KXþ�Ù~K 10.169Ù5¤«, �U��

f ∈ R[a, b]�²�(Ø.

5 2 éukõ�Û:�2ÂÈ©�½Â, æ^þã½Â¥®²æ^��{,

=k3/ªþò2ÂÈ©©
�õ�2ÂÈ©�Ú, ¦�z�2ÂÈ©�¹��

➀ ÛÜÃ.´ÛÜk.5��Ä½,=é ∀ δ ∈ (0, b− a), ¼ê f 3 (b− δ, b]þÃ..

➁ 3Ü©��Ö¥òùp�k.«mþÃ.¼ê�2ÂÈ©¡�×È©. �{²å�

�ÖéüaØÓ�2ÂÈ©^Ú�¶¡.
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Û:. ,�½Â=�z�2ÂÈ©Âñ�â¡�5�2ÂÈ©Âñ,��u��2

ÂÈ©�Ú.

'u2ÂÈ©½Â��( d±þü�½Â��2ÂÈ©´�«kk�gS

��g4�, 1�g´ RiemannÚ�4�, ,�éuCÄ�È©� (þ�½e�)

2�4�. Xþ�Ù�½n 10.10Ú 10.11¤«, ��È©��¼ê��´ëY¼

ê, 
��È¼êëY��´��¼ê. dd��, 2ÂÈ©�1�þ�¼ê4�

k��éX. Âñ�2ÂÈ©�½È©��´��ê, uÑ�2ÂÈ©K�´��

ÎÒ. �k���U´ ±∞, =¤¢��~4� (ë� §2.1.5� §4.1.4).

±e�Ñ2ÂÈ©Âñ��Ä���OOK. dþã©Û��§��6u

§4.2.7'u¼ê4���3½n. �{²å�, 3�U�éüa2ÂÈ©æ^Ú�

�PÒ.

�¼ê f 3«m [a, b)þ½Â, Ù¥ b´��Û:, §�±´k�ê, ��±´

b = +∞. 5¿ù�·�o´b�éz�� b′ ∈ [a, b), f 3 [a, b′]þ Riemann�È.

e b�k�ê, K f 3 bÛÜÃ..

éu�Ò¼ê�2ÂÈ©ù�6uüN¼ê�4��3½n. e¡��Ñé

u�K¼ê�(Ø.

½½½nnn 11.1 � f ´3«m [a, b)þk½Â��K¼ê, Ù¥ b½ö´�u a�

k�ê, ½ö´ +∞, 
�´���Û:, K2ÂÈ©
∫ b

a
f �½k¿Â, =½öÂ

ñ, ½öuÑu +∞.

y �d��½Â¼ê

F (x) =
∫x

a
f(t) dt, a 6 x < b,

du f �K, Ïd F ´üNO\¼ê, �� lim
x→b−

F (x)�½k¿Â, Ù¥�4�L

§ x → b−3 b = +∞�Òn)¤� x → +∞. A^'uüN¼ê�4��3½n

(ëw½n 4.11) Ò��¤��(Ø. �

éu���¹��È¼ê, K�,�6u¼ê4�� CauchyÂñOK.

½½½nnn 11.2 (222ÂÂÂÈÈÈ©©©��� Cauchy ÂÂÂñññOOOKKK) � f 3 [a, b) þ± b ���Û

:, K2ÂÈ©
∫ b

a
f(x) dx Âñ�¿©7�^�´: é ∀ ε > 0, ∃ b0 ∈ (a, b),

∀ b′, b′′ ∈ (b0, b) :

∣

∣

∣

∣

∫ b′′

b′
f(x) dx

∣

∣

∣

∣

< ε.

y �â2ÂÈ©Âñ�½Â�∫ b

a
f(x) dx = lim

b′→b−

∫ b′

a
f(x) dx,
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XJm>�4��3�{ (� b = +∞� b′ → b−n)� b → +∞). òm>�È©

w¤�gCþ b′�¼ê, P� F (b′), é§^¼ê4�� CauchyÂñOK (ëw½

n 4.12)Ò��¤��(Ø. �

e¡�
{ü~KÑ����A^2ÂÈ©�½Â=�.

~~~KKK 11.1 ^½Â 11.1=k∫+∞

1

dx
x2 = lim

A→+∞

∫A

1

dx
x2

= lim
A→+∞

(

−
1
x

) ∣

∣

∣

A

1
= lim

A→+∞
(1 −

1
A

) = 1

�

~~~KKK 11.2 ��uÑ�2ÂÈ©�~f:∫+∞

1

dx
x

= lim
A→+∞

∫A

1

dx
x

= lim
A→+∞

ln x
∣

∣

∣

A

1
= lim

A→+∞
ln A = +∞

�

þãü�~K�´e¡�këê�2ÂÈ©�A~.

~~~KKK 11.3 ?Ø�k�ëê p > 0�2ÂÈ©
∫+∞

1

dx
xp �ñÑ5:

) Û:� +∞. 3 p 6= 1��XeO�∫A

1
x−p dx = 1

1 − p
x1−p

∣

∣

∣

A

1
= 1

1 − p
(A1−p − 1),

- A → +∞, ��þª� p > 1�Âñu 1
p − 1

, 
� 0 < p < 1´uÑu +∞.

é p = 1�±Ú^~K 11.2�(J.

Ü¿±þ��: (1) p > 1�2ÂÈ©Âñ, (2) 0 < p 6 1�2ÂÈ©uÑ. �

e¡´Ó���È¼ê3ØÓ«mþ�2ÂÈ©.

~~~KKK 11.4 ?Ø
∫1

0

dx
xp �ñÑ5, Ù¥ p > 0.

) Û:� x = 0. �â½Â3 p 6= 1�ké 0 < a′ < 1O�e�È©:∫1

a′

x−p dx = 1
1 − p

x1−p
∣

∣

∣

1

a′

= 1
1 − p

(1 − (a′)1−p),

,�- a′ → 1+, ��3 0 < p < 1�2ÂÈ©Âñ, �k
∫1

0

dx
xp = 1

1 − p
, 3

p > 1�2ÂÈ©uÑu +∞. éu p = 1, KI,1O�Xe:∫1

a′

dx
x

= ln x
∣

∣

∣

1

a′

= − lna′,

���´uÑ�. �
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5 ò~K 11.4 �~K 11.3 �(Ü, A

Ûþ�±)º�31����2Â���V

­� y = 1/xp (p > 0)Úü^�I¶¤�¤�

Ã.«��¡È´ +∞. eò§^ x = 1©¤

ü¬Ã.«�, KØ
 p = 1�ü¬�¡ÈÑ

´Ã¡��	, ok�¬´k�ê, ,�¬´

Ã¡�. Xm>�ã 11.2¤«, Ù¥�Ñ
n

^­�, = y = 1
x2 , y = 1

x
, y = 1√

x
. n�

¼êÚn^­��m�éA'X�±lþ¡

ü�~K�(Ø��wÑ.

uuuuuuurP���>�!B��<�"Dtttt
tttp��
~/����|. ����

x

y

O

�tp��
1

(1,1)P P P P P 1

y = 1
x2 ,

y = 1
x

,

y = 1
√

x
.

~~ }~}}|}|{{{yyxvurpf+*+)*)(_^\TPWLJIHFFFDECDCCCBCB �
~ ~}~}~}}||}{{{zzxxvush+,f+db(_\[YXNJIGEEDCCCBBABAAA

���~�~~~}}||{zxwtih,fd*b_℄[ZYXNVJIHGFFEEDDCCDBCCBBBQ
ã 11.3: y = 1/xp �2ÂÈ©

5¿: ùü�~K´2ÂÈ©¥�­�~f,38��2ÂÈ©ñÑ5�O¥

å­��^.

ée¡A�~K¥�2ÂÈ©��±�Ä§�éA�AÛ¿Â.

~~~KKK 11.5 ?Ø
∫+∞

2

dx
x lnq x

dx�ñÑ5, Ù¥ q > 0.

) Û:� +∞. éu q 6= 1, k∫A

2

dx
x lnq x

= 1
1 − q

ln1−q x
∣

∣

∣

A

2
= 1

q − 1
(ln1−q 2 − ln1−q A),

��� q > 1�È©Âñ, 
� 0 < q < 1�È©uÑ.

éu q = 1Kl
∫A

2

dx
x ln x

= ln ln x
∣

∣

∣

A

2
= ln ln A − ln ln 2��È©uÑ. �

~~~KKK 11.6 ¦ I =
∫1

0
ln(1 − x) dx.

) Û:� x = 1. �â½Â�±O�Xe:

I = lim
b′→1−

∫ b′

0
ln(1 − x) d(x − 1)

= lim
b′→1−

[(x − 1) ln(1 − x) − x]
∣

∣

∣

b′

0
= −1, .

Ù¥��^�4� lim
t→0+

t ln t = 0. �

~~~KKK 11.7 ¦ I =
∫+∞

−∞

dx
1 + x2 .

) kü�Û: −∞Ú +∞. Uì½Â©�ü�È©5�. k�©
∫+∞

−∞

dx
1 + x2 =

∫0

−∞

dx
1 + x2 +

∫+∞

0

dx
1 + x2 .

,�Òk
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∫0

−∞

dx
1 + x2 = lim

A′→−∞

∫0

A′

dx
1 + x2

= lim
A′→−∞

arctanx
∣

∣

∣

0

A′

= lim
A′→−∞

(− arctanA′) = π
2

.

Ó�k
∫+∞

0

dx
1 + x2 = π

2
. Ïd�5�2ÂÈ©Âñ, I = π. �

~~~KKK 11.8 ¦ I =
∫1

−1

1
x2 · e

1
x dx.

) ���Û:� x = 0, k©
�ü�È©:

I =

(∫0

−1
+

∫1

0

)

1
x2 · e

1
x dx.

,�©OO�Xe (Ù¥1��´~ÂÈ©):∫0

−1

1
x2 e

1
x dx = lim

b′→0−

∫ b′

−1
e

1
x d

(

−
1
x

)

= lim
b′→0−

(−e
1
x )
∣

∣

∣

b′

−1
= lim

b′→0−

(e−1 − e
1
b′ ) = e−1,

∫1

0

1
x2 e

1
x dx = lim

a′→0+

∫1

a′

e
1
x d

(

−
1
x

)

= lim
a′→0+

(−e
1
x )
∣

∣

∣

1

a′

= lim
a′→0+

(−e + e
1
a′ ) = +∞.

Ïd2ÂÈ©uÑ, I = +∞. �

11.1.3 ���555$$$���úúúªªª

du2ÂÈ©´3½È©�Ä:þÏL¼ê4�L§5½Â�, Ïdég,

éu�È¼êäk�55�, y²lÑ.

�5$�úª �2ÂÈ©
∫ b

a
f Ú

∫ b

a
gÑÂñ, α, β ´ü�¢ê, KÒk

∫b

a
(αf + βg) = α

∫ b

a
f + β

∫b

a
g.

5 þãúª¥� a, b�±´k�ê, ��±´ a = −∞, b = +∞. d	�#

N�3õ�Û:��¹.

~~~KKK 11.9 ¦ I =
∫+∞

−∞

dx
(x2 + 1)(x2 + 2)

.

) ^�5$�úª=k

I =
∫+∞

−∞

(

1
x2 + 1

−
1

x2 + 2

)

dx

= arctanx
∣

∣

∣

+∞

−∞
−

1√
2

arctan x√
2

∣

∣

∣

+∞

−∞

= (1 −
1√
2

)π. �
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5 3^�5$�úª�7L5¿^�´Ä÷v. ~Xe��ª∫+∞

1

dx
x(x + 1)

=
∫+∞

1

(

1
x

−
1

x + 1

)

dx =
∫+∞

1

dx
x

−

∫+∞

1

dx
x + 1

ÒØU¤á. m>ü�Ñ´uÑ�2ÂÈ©, 
�>�2ÂÈ©¢Sþ´Âñ�,

ù�±Uì½Â��O�Xe:∫+∞

1

(

1
x

−
1

x + 1

)

dx = lim
A→+∞

∫A

1

(

1
x

−
1

x + 1

)

dx

= lim
A→+∞

[ln x − ln(x + 1)]
∣

∣

∣

A

1

= lim
A→+∞

(ln A
A + 1

+ ln 2) = ln 2.

11.1.4 222ÂÂÂ Newton–Leibnizúúúªªª

½½½nnn 11.3 � a < b, e¼ê f 3 (k.½Ã.)«m (a, b)þ�kk��Û:,

3Ø¹Û:�z�k.4«mþ~Â�È,q3 (a, b)þ�3�¼ê F , K¤á2

Â Newton–Leibnizúª:∫ b

a
f(x) dx = F (x)

∣

∣

∣

b−

a+

= F (b−) − F (a+),

em>�4��3�{. ÄK, �>�È©uÑ.

5 ùpéu a = −∞ Ú b = +∞ ��¹, ò F (a+)Ú F (b−)©On)�

F (−∞)Ú F (+∞). d	, ùp��¼ê F �½n 10.2�5¥�Ó, �#N�2Â

n), = F 3 (a, b)þëY, �Ø�k��:	þ÷v F ′(x) = f(x). ù�¡�2

Â�¼ê.

y Ø��é a, b�=k�k�Û:�¹�Ñy². � [a′, b′] ⊂ (a, b), K3

[a′, b′]þ�±^~ÂÈ©� Newton–Leibnizúª��∫ b′

a′

f(x) dx = F (b′) − F (a′),

- a′ → a+, b′ → b− =�. �

~~~KKK 11.10 ^2Â Newton–Leibnizúª�±�XeO�:∫1

−1

dx√
1 − x2

= arcsinx
∣

∣

∣

1

−1
= arcsin 1 − arcsin(−1) = π.

¯¢þ, �êúª (arcsinx)′ = 1√
1 − x2

�3 (−1, 1)�¤á, 3ü�à: (�

Ò´Û:) ?Ø¤á. du�¼ê arcsinx3 [−1, 1]þëY, ÏdþãO�¥^

x = ±1�\Ú�4�´���. �
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éu2Â�¼ê5`, §�ëY5´­��. (ùp�±£�~K 10.2, Ù¥

®²¦^
2Â�¼ê.) e¡Ò´duØ÷vëY5^�
�Ø¦^ Newton–

Leibnizúª�~f.

~~~KKK 11.11 �Ñe�O�¥��Ø:∫+∞

−∞

dx
1 + x2 = − arctan 1

x

∣

∣

∣

+∞

−∞
= 0 − 0 = 0

) 3 x 6= 0�(¢k

(− arctan 1
x

)′ = −
1

1 + 1
x2

·

(

−
1
x2

)

= 1
1 + x2 ,

�´¼ê − arctan 1
x
3�:ØëY, Ïd§ØU3«m (−∞, +∞)þ��2Â�

¼ê5¦^. �

11.1.5 ÃÃÃ...«««mmmþþþ222ÂÂÂÈÈÈ©©©ÂÂÂñññ������ÈÈÈ¼¼¼êêê���ìììCCC555���

31�Ù� §2.1.6�Ã¡?ê0�¥, ½n 2.8w�·�, e

∞
∑

n=1

un Âñ, K

�½k lim
n→∞

un = 0. òÃ¡?ê�2ÂÈ©a', ù��!�¯K´: � f 3Ã.

«m [a, +∞)þ½Â, �2ÂÈ© ∫+∞

a
f(x) dx

Âñ, K´Ä�½�±íÑ f(+∞) = 0?

lc¡Nõ�9�Ã.«mþ�2ÂÈ©~K5w, ù�íØq�Ñ´¤á

� (�~K 11.1,11.3,11.6,11.7�). �e¡��~fL², ù�(ØØU¤á. (é

u2ÂÈ©
∫ b

−∞
f(x) dxÚ f(−∞)��3Ó��¯K.)

~~~KKK 11.12 3«m [0, +∞)þ½Â¼

ê f(x) =







n, n −
1

n · 2n 6 x 6 n

0, Ù¦
, ¦

I =
∫+∞

0
f(x) dx.

) du f �K, Ïdl½n 11.1�

�T2ÂÈ©�½k¿Â, ½öÂñ, ½ö

��Ã¡�. �d��3 [0, n]þO�¼ê

f �½È©, ,�*	� n → ∞�´Äk

.=�. le�O���k

uuuuuuurP���>�!B��<�"D
xtttt

ttt�0��~/����|. ����y

O
qqqqqqqqqqqqqq�

· · · · · ·

y = x

p�0�P 0�p
1

tp��P��pt
2

ttp0�� �0ptt
3

tttt
t���
���tttt
t
n

tttt
tt0��
��0tttt
tt

ã 11.4: 2 Â È © Â ñ �

f(+∞)uÑ�~f
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F (n) =
∫n

0
f(x) dx = 1

2
+ 1

4
+ · · · + 1

2n = 1 −
1
2n ,

u´�� lim
n→∞

F (n) = 1. Ïd2ÂÈ©Âñ, I = 1. �

�
?�Ú?Øþã¯K, ÄkI�é¼ê f \±·���. �½È©¥�~

K 10.16aq, ~XUC f 3 xn = n (n > a)þ����¼ê�, Ø¬UC
∫+∞

a
f

Âñ5, �´%�UUC4� f(+∞)��35. ��'�Ün�ÀJ´3±e?

Ø¥b� f ∈ C[a, +∞)¤á.

e¡´ù�¡�ü�Ä�(J.

~~~KKK 11.13 e f ∈ C[a, +∞), �
∫+∞

a
f(x) dx Âñ, K�3ê� {xn} ⊂

[a, +∞), xn ↑ +∞, ¦� lim
n→∞

f(xn) = 0.

y Pþã2ÂÈ©�� I, Kl¼ê4�� Heine8(�n��k

lim
n→∞

∫n

a
f(x) dx = I.

u´�k

lim
n→∞

∫n+1

n
f(x) dx = 0.

�âÈ©1�¥�½n, éz� n, �3 xn ∈ [n, n + 1], ¦¤á f(xn) =∫n+1

n
f(x) dx. ù�ê� {xn}Ò÷v½n¥��¦. �

5 dd��, 3
∫+∞

a
f(x) dxÂñ�, XJ�34� f(+∞), Kù�4��

U�u 0. e¡´�y f(+∞) = 0���~^^�.

~~~KKK 11.14 � f ∈ C[a, +∞), �
∫+∞

a
f(x) dxÂñ, K

f(+∞) = 0 ⇐⇒ f 3 [a, +∞)þ��ëY.

y 1 f ∈ C[a, +∞)����34

� f(+∞)Ò�y f 3 [a, +∞)þ��

ëY, Ïd7�5´²�� (ë�~K

5.14). ùpØI�2ÂÈ©Âñ^�.

e¡y²¿©5. ^�y{. �

f(+∞) = 0 Ø¤á. ^ §1.4�éó{

K, ���3 ε0 > 0, ∀A > a, ∃x0 >

A : |f(x0)| > ε0 (ë�ã 11.5).

uuuuuuuuur�P ���>�!B��<�"D
xtttp�0

�~/����|. ����y

O
0�
a

0�
A

uurP�uurP�p�0 p�0�(x0, |f(x0)|)� tp��/~� ���.|� ���~/����|.����/~� ���.|� ��� ε0

2

~/����|.���� ε0

2

�0�0�0�0�0�0p�0 p�0 p�0 p�0 p�0 p�0 p�0 p�0 p�0 p�0 p�0ur��ur��ur��ur��
︸ ︷︷ ︸
Oδ(x0)

�:<���C��L S#$\()�*ef+g,
ã 11.5: ~K 11.14y 1«¿ã

|^ f 3 [a, +∞)þ��ëY, éþã ε0, ∃ δ > 0, ∀x′, x′′ ∈ [a, +∞) (|x′ −

x′′| < δ) : |f(x′) − f(x′′)| < ε0/2. u´� x ∈ Oδ(x0)�Òk

|f(x)| > |f(x0)| − |f(x0) − f(x)| >
ε0

2
,
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� f(x)� f(x0)ÓÒ. u´ÒkÈ©�O
∣

∣

∣

∣

∫x0+δ

x0−δ
f(x) dx

∣

∣

∣

∣

>
ε0

2

∫x0+δ

x0−δ
dx = ε0δ.

du x0 ��?¿�, ���Ø�ª�2ÂÈ©� CauchyÂñOK (=½n 11.2)

�gñ. �

y 2 e¡´éu¿©5�Ø^�y{�y².

éu�½� ε > 0, �â��ëY^�, �3 δ > 0, � x′, x′′ ∈ [a, +∞), �÷

v |x′ − x′′| < δ, Òk |f(x′) − f(x′′)| < ε.

P F (x) =
∫x

a
f(t) dt, Kdu�34� F (+∞), l CauchyÂñOK (�½n

4.12)���3M > a, ¦�� x > M �,

|F (x + δ) − F (x)| =

∣

∣

∣

∣

∫x+δ

x
f(t) dt

∣

∣

∣

∣

< εδ.

u´Òk

|f(x)δ| 6

∣

∣

∣

∣

f(x)δ −

∫x+δ

x
f(t) dt

∣

∣

∣

∣

+

∣

∣

∣

∣

∫x+δ

x
f(t) dt

∣

∣

∣

∣

6

∣

∣

∣

∣

∫x+δ

x
|f(x) − f(t)| dt

∣

∣

∣

∣

+ εδ 6 2εδ,

��� x > M �Òk |f(x)| < 2ε. ùy²
 f(+∞) = 0. �

öööSSSKKK

1. Áy3½Â 11.1¥2ÂÈ©
∫+∞

−∞
f(x) dx�ñÑ5�©: a�À�Ã'.

2. � g(x) 6 f(x) 6 h(x) ∀x ∈ [a, +∞),

(1)e®�
∫+∞

a
g(x) dxÚ

∫+∞

a
h(x) dxþÂñ, y²:

∫+∞

a
f(x) dxÂñ.

(2)e���
∫+∞

a
g(x) dx =

∫+∞

a
h(x) dx = I, y²:

∫+∞

a
f(x) dx = I.

3. U½ÂO�e�2ÂÈ©:

(1)
∫+∞

0
xe−x2

dx; (2)
∫+∞

1

dx
ex+1 + e3−x . ;

(3)
∫1

0
ln xdx; (4)

∫2

1

√

x − 1
2 − x

dx.

4. ¦e�ê�4�:

(1) lim
n→∞

n2

∑

k=1

n
n2 + k2 ; (2) lim

n→∞

1√
n

n
∑

k=1

1√
k

.
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5. e
∫+∞

a
f2(x) dxÂñ, K¡ f 3 [a, +∞)þ²��È.

(1)?Ø f 3 [a, +∞)þ�È!ýé�ÈÚ²��È�m�'X;

(2)�
∫+∞

a
f2Ú

∫+∞

a
g2Âñ, ?Ø fgÚ (f + g)2 3 [a, +∞)þ��È5.

6. �k�ê b´ [a, b)þ� f ���Û:, ?Ø f 3 [a, b)þ�È!ýé�ÈÚ

²��È�m�'X.

7. y²:

(1)�3 ξ ∈ [0, 1]¦�
∫200

100

sin πx
x

dx =
ξ

100π ;

(2)�3 |ξ| 6 1, ¦�
∫200

100

sin πx
x

dx = 1
200π +

4ξ

106π3 .
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§11.2 222ÂÂÂÈÈÈ©©©���OOO���

3þ�!l2ÂÈ©½ÂÑu, �6�5$�{KÚ Newton–Leibnizúª®

²)û
�
'�{ü�2ÂÈ©O�¯K. ,
�~ÂÈ©�¹aq, ù
óä

�´��Ø
�. �!0��O��{�w¤´~ÂÈ©O��{�í2,Ïd�

§10.4�SNk��éX. d	, �
{²å�, 3e¡�Qã¥3�U��¹eé

üa2ÂÈ©æ^Ú��PÒ. ÏdPÒ
∫ b

a
f ¥� a, bØ�½´k�ê.

11.2.1 ©©©ÜÜÜÈÈÈ©©©{{{

½½½nnn 11.4 (©©©ÜÜÜÈÈÈ©©©{{{) � u(x), v(x)3 (k.½Ã.)«m (a, b)þëY,e

�4�

u(x)v(x)
∣

∣

∣

b−

a+

= u(b−)v(b−) − u(a+)v(a+)

�3,qØ��õk��:	,�ê u′(x), v′(x)�3�ëY,KÈ©
∫ b

a
v(x)u′(x) dx

Ú
∫ b

a
u(x)v′(x) dxÓñÑ, �3Âñ�¤áe�©ÜÈ©úª

∫ b

a
u(x)v′(x) dx = u(x)v(x)

∣

∣

∣

b−

a+

−

∫ b

a
v(x)u′(x) dx.

(�~ÂÈ©�¹aq�òþãúª{��
∫ b

a
u dv = uv

∣

∣

∣

b−

a+

−

∫ b

a
v du.)

y l2Â Newton–Leibnizúªk∫ b

a
(u(x)v(x))′ dx = u(x)v(x)

∣

∣

∣

b−

a+

,

�â½n¥�^���þª�>�È©Âñ, §�±´~ÂÈ©½2ÂÈ©.

e u′, v′3 (a, b)þ??�3�ëY, Kk (uv)′ = uv′ + u′v, Ïdk∫ b

a
u(x)v′(x) dx +

∫b

a
u′(x)v(x) dx =

∫b

a
(u(x)v(x))′ dx = u(x)v(x)

∣

∣

∣

b−

a+

,

dd��þª�>ü�È©¥��k��Âñ, K,���Âñ.

e u′, v′ u (a, b)¥�,�: c?Ø��3, K�±3 (a, c)Ú (c, b)þ©O�

Ñþª,��\=�. �

~~~KKK 11.15 Á^ØÓ�{O�2ÂÈ©
∫1

0
ln xdx, ¿©Û§���É.

) Äk�±l2ÂÈ©½ÂÑuO�. ù� x = 0´��Û:, ÏdÒk∫1

0
ln xdx = lim

η→0+

∫1

η
ln xdx = lim

η→0+

(x ln x − x)
∣

∣

∣

1

η

= lim
η→0+

(−1 − η ln η + η) = −1.
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Ùg�±^2Â� Newton–Leibnizúª5O�:∫1

0
ln xdx = (x ln x − x)

∣

∣

∣

1

0+

= −1.

±þü��{��Ó:´�6u ln x��¼ê� x ln x − x.

��^©ÜÈ©{5O�, §ØI�¯k¦Ñþã�¼ê:∫1

0
ln xdx = x ln x

∣

∣

∣

1

0+

−

∫1

0
x ·

1
x

dx = −1. �

~~~KKK 11.16 �ëê s > 0, y²éuz��K�ê n¤á

In =
∫+∞

0
e−sttn dt = n!

sn+1 .

y � n = 0�k

I0 =
∫+∞

0
e−st dt = −

1
s

e−st
∣

∣

∣

+∞

0
= 1

s
.

� n > 1�K�±^©ÜÈ©{¦Ñ4íúª

In = −
1
s
· e−sttn

∣

∣

∣

+∞

0
+ 1

s

∫+∞

0
e−st · ntn−1 dt = n

s
In−1,

ÏdÒ��

In = n
s

·
n − 1

s
· · ·

1
s
· I0 = n!

sn+1 . �

5 eò In �úªü>¦± sn+1, ¿òÈ©Òe� st­#P� t, Ò��∫+∞

0
e−ttn dt = n!.

òÈ©¥��K�ê n U�ëYëê x − 1, Ò��¹ëCþ�2ÂÈ©, =

Gamma¼ê (x > 0):

Γ(x) =
∫+∞

0
tx−1e−t dt.

l Γ(n + 1) = n!��§¢y
�¦ {n!}�ëYz. Γ(x)´��­��AÏ¼ê,

ò31nþ¥¹ëCþÈ©�Ù¥�;�0�.

e¡0�^©ÜÈ©{����E|,§31�Ù�~K 10.35¥®²^L,

ùÒ´�±ò©ÜÈ©úªU��∫ b

a
u dv =

∫ b

a
u d(v ± c) = u(v ± c)

∣

∣

∣

b−

a+

−

∫b

a
(v ± c) du,

Ù¥� c�±�âI�
gdÀJ. e¡Ò´��~f.

~~~KKK 11.17 ¦
∫1

0
ln(1 − x) dx.

) e^©ÜÈ©{Xe:∫1

0
ln(1 − x) dx = x ln(1 − x)

∣

∣

∣

1−

0
−

∫1

0
xd(ln(1 − x)),

Km>1��Ø´k�ê, Ïd��½n 11.4�Ä�^�. �d�Xe?U=�.
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∫1

0
ln(1 − x) dx =

∫1

0
ln(1 − x) d(x − 1)

= (x − 1) ln(1 − x)
∣

∣

∣

1−

0
−

∫1

0
(x − 1) d(ln(1 − x))

=
∫1

0
(−1) dx = −1. �

11.2.2 ������{{{

½½½nnn 11.5 (222ÂÂÂÈÈÈ©©©������{{{) �¼ê u = u(x) u (k.½Ã.) «m (a, b)

þüN�ëY��, ¼ê f(u) 3 u(x) ���þëY, a < b, K2ÂÈ©∫ b

a
f(u(x))u′(x) dx�

∫u(b−)

u(a+)
f(u) duÓñÑ, 3Âñ�¤á�ª

∫b

a
f(u(x))u′(x) dx =

∫u(b−)

u(a+)
f(u) du. (11.1)

e¡kÞ~`²^{, ,�2�Ñy².

~~~KKK 11.18 ¦ I =
∫−1

−∞

dx

x
√

1 + x2
.

) 1 3 x < 0�,�ÈL�ª dx

x
√

1 + x2
= dx

−x2

√

1 + 1
x2

=
d(1/x)

√

1 + (1/x)2
,

Ïd���� u = 1/x, �k u(−1) = −1, u(−∞) = 0, ù�Ò��

I =
∫−1

0

du√
1 + u2

= ln(u +
√

1 + u2)
∣

∣

∣

−1

0
= ln(

√
2 − 1). �

) 2 ��� x = tan t, � x l −∞ � −1 � t l −π/2 � −π/4, ù�
dx

x
√

1 + x2
= dt

sin t
u´

I =
∫− π

4

− π
2

dt
sin t

= ln | tan t
2
|

∣

∣

∣

− π
4

− π
2

= ln tan π
8

,

��^n�¼ê���úª�±O�Ñ tan π
8

=
√

2 − 1. �

~~~KKK 11.19 ¦ I =
∫1

−1

x2 + 1
x4 + 1

dx.

) ù´~ÂÈ©, Xe^n�©{,

I =
∫1

−1

1 + 1
x2

x2 + 1
x2

dx =
∫1

−1

d(x −
1
x

)

(x −
1
x

)2 + 2
,

u´��Ä^�� u(x) = x −
1
x

. �ùpk�². � xl −1� 1�, ul 0� 0,


þe����È©� 0. ù´Ø�U�.
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¯K3u^þã���, u(x)3: x = 0?k1�amä:, Ø�U3T?ë

Yòÿ. (Öö�±l u(x)�ã�5n)ù�:.) Ïd±þ��´Ø1�.

|^È© I �«m� [−1, 1], 
�È¼ê�ó¼ê, ÏdÒ�±Xe���


=z���2ÂÈ©5O�:

I = 2
∫1

0

x2 + 1
x4 + 1

dx = 2
∫1

0

d(x −
1
x

)

(x −
1
x

)2 + 2

= 2
∫0

−∞

du
u2 + 2

= 2 ·
1√
2

arctan u√
2

∣

∣

∣

0

−∞
= π√

2
. �

~~~KKK 11.20 ¦ I =
∫1

−1

4xdx
2x2 − 1

.

) l©1k": ±

√
2

2
∈ (−1, 1)��kü�Û:. �â2ÂÈ©�½Â,

�Xe©
:

I =

(∫−√

2

2

−1
+

∫0

−
√

2

2

+
∫ √

2

2

0
+

∫1

√

2

2

)

4xdx
2x2 − 1

,

�=�Ù¥z��È©Âñ� I �k�ê.

¢Sþù 4�2ÂÈ©Ñ´uÑ�. wÙ¥1��, ��� u(x) = 2x2 − 1, K

� xl −1� −

√
2

2
�, ul 1� 0, Òk

∫−√

2

2

−1

4xdx
2x2 − 1

=
∫0

1

du
u

= −

∫1

0

du
u

= −∞.

dd��Ø72wÙ¦n�È©Ò���K�2ÂÈ©uÑ. �

���Ñ½n 11.5�y².

2ÂÈ©��úª (11.1) �y² �éu�«AÏ�¹�Ñy², ùÒ´

b = +∞���Û:, u(x)î�üNO\, � u(+∞) = A�k�ê��¹. éÙ¦

�¹�y²Ñ´aq�. ù��ª (11.1)¤�∫+∞

a
f(u(x))u′(x) dx =

∫u(+∞)

u(a)
f(u) du. (11.2)

�¦y²þªü>�È©Ó�Âñ½uÑ,�3Âñ�¹�¤á�ª. ��`¤þ

ã�ª���>ÂñÒ¤á.

� b′ > a, Kl~ÂÈ©���úªÒk (ùpØI� u(x)�üN5):∫ b′

a
f(u(x))u′(x) dx =

∫u(b′)

u(a)
f(u) du. (11.3)

±e©ü«�¹.

(i) � (11.2)�m>Âñ (§�U´~ÂÈ©��U´2ÂÈ©), =®k∫A

u(a)
f(u) du = lim

u′→A−

∫u′

u(a)
f(u) du
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Âñ, PÙ4�� I. Ké ∀ ε > 0, ∃ δ > 0, ∀u′ ∈ (A − δ, A), ¤á
∣

∣

∣

∫u′

u(a)
f(u) du − I

∣

∣

∣
< ε.

du u(x) ↑ A (x → +∞), éþã δ > 0, �3 M , �� b′ > M , Òk u(b′) ∈

(A − δ, A). 2|^ (11.3)Ò��� b′ > M �¤á
∣

∣

∣

∫b′

a
f(u(x))u′(x) dx − I

∣

∣

∣
< ε.

ù�Òy²
 (11.2)�>�2ÂÈ©�Âñu I.

(ii) ��, XJ (11.2)�>�2ÂÈ©Âñ, �PÙ4�� I, Ké ε > 0, ∃M ,

∀ b′ > M , ¤á
∣

∣

∣

∫b′

a
f(u(x))u′(x) dx − I

∣

∣

∣
< ε.

|^ u = u(x) î�üNO\ªu A, éu u(M) < u′ < A¥� u′, �3���

b′ > M , ¦� u′ = u(b′). 2|^ (11.3)Ò��� u(M) < u′ < A�, ¤á
∣

∣

∣

∫u′

u(a)
f(u) du − I

∣

∣

∣
< ε.

ù�Òy²
 (11.2)m>�È©�Âñu I. �

5 Ú\¼ê

G(u) =
∫u

u(a)
f(t) dt,

Kúª (11.3)m>Ò´ G(u(b′)), Ó� (11.2)Ò¤�

lim
b′→+∞

G(u(b′)) = lim
u→A−

G(u). (11.4)

òù�1oÙ� (4.17)'�, ��ùÒ´EÜ¼ê4�¯K, �ØLUÄ
@p�

PÒ, Ó��y²�´ (11.2)��k�>Âñ=¤á�ª.

®²w�, 3~ÂÈ©��úª, = (11.3), ¤á�cJe, éuî�üN�C

þ��y²´ØJ�. ùp�õ«�¹�±8B�e�Ún.

Ún e�� y = g(x)�î�üN¼ê, qòüý4�� x → ±∞ÚP�

lim, Ke�L�ª
lim f(g(x)) = f(lim g(x)) (11.5)

��k�>ÂñÒ¤á�ª.

5 Ún�y²¿Ø(J, ®�� §4.2 �öSK 6. Ù¥kõ«�U5:

y = g(x)�üN5k 2«, limk 4«, lim g(x)�k 3« (=k�êÚ ±∞).

11.2.3 ~~~KKK

e��~K�(J3Nõ¯K¥k^. §�O��±3~K 9.34�Ä:þ^

Newton–Leibnizúª��, �ÕáO�K��{ü.
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~~~KKK 11.21 ¦ I =
∫+∞

0
e−ax sin bxdx, Ù¥� a > 0.

) 1 �¦Ø½È©aq/u)Ì�y�:

I = −
1
a

∫+∞

0
sin bxd(e−ax) = −

1
a

e−ax sin bx
∣

∣

∣

+∞

0
+ b

a

∫+∞

0
e−ax cos bxdx

= −
b
a2 e−ax cos bx

∣

∣

∣

+∞

0
+ b

a2

∫+∞

0
e−ax d(cos bx)

= b
a2 −

b2

a2 I = b
a2 + b2 . �

) 2 �~K 9.34�) 2aq�±^ EulerúªO�Xe.∫+∞

0
e−ax(cos bx + i sin bx) dx =

∫+∞

0
e(−a+ib)x dx

= 1
−a + ib

· e(−a+ib)x
∣

∣

∣

+∞

0

= 1
a − ib

= a + ib
a2 + b2 .

�ü>�JÜÒ���) 1�Ó��Y. eq�ü>�¢Ü, KÓ���,��È

©��Y: ∫+∞

0
e−ax cos bxdx = a

a2 + b2 . �

e¡´^��{���y²K.

~~~KKK 11.22 � a > 0, f ∈ C(R), y²±e�ª3�>È©Âñ�¤á:∫+∞

0
f
(

a
x

+ x
a

)

ln x
x

dx = ln a
∫+∞

0
f
(

a
x

+ x
a

)

dx
x

.

y ùpkü�Û: x = 0, +∞, �^��úªKØ7©¤ü�È©5?n.

P�>�È©� I, ¿��� x
a

= a
u

, Kk

I =
∫0

+∞
f
(

u
a

+ a
u

)

·
(2 ln a − ln u)u

a2 · (− a2

u2 ) du

=
∫+∞

0
f
(

u
a

+ a
u

)

·
(

2 ln a
u

−
ln u
u

)

du

= −I + 2 lna
∫+∞

0
f
(

u
a

+ a
u

)

du
u

.

��� I �k�ê�,�>�2ÂÈ©�Âñ, �¤á¤¦��ª. �

~~~KKK 11.23 ¦ I =
∫+∞

0

dx
1 + x4 .

) 1 |^Ü©©ª©)�{½�é{¦Ñ�¼ê (�~K 9.42), ,�^

Newton–Leibnizúª¦��Y. lÑ.

) 2 ��� u = 1/x, K� xl 0� +∞�, ul +∞� 0. u´k
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I =
∫0

+∞

−
1
u2 du

1 + 1
u4

=
∫+∞

0

u2 du
u4 + 1

(ò u2UP� x)

= 1
2

∫+∞

0

x2 + 1
x4 + 1

dx = 1
2

∫+∞

0

d(x −
1
x

)

(x −
1
x

)2 + 2
(- v = x −

1
x

)

= 1
2

∫+∞

−∞

dv
v2 + 2

=
∫+∞

0

dv
v2 + 2

= 1√
2

arctan v√
2

∣

∣

∣

+∞

0
= π

2
√

2
. �

�þ�~Kaq, e�~K¥��¼ê3~K 9.44¥®²^�UC�¦Ñ, �

3O�½È©�ØX��O���B.

~~~KKK 11.24 ¦ I =
∫2π

0

dθ
1 − 2r cos θ + r2 , Ù¥ 0 6 r < 1.

) ^�UC� t = tan θ
2

, K� θl 0� 2π�, t(θ)3 θ = π?k1�am
ä:. ÏdI�©¤ü�È©5?n. ,
|^È© I ��È¼ê´±Ï 2π�±
Ï¼ê, Ïd�±òÈ©«m�� [−π, π]5O� (ëw~K 10.31), ù�q�±|

^é¡5, Ï�È¼ê�ó¼ê, u´Ò�XeO�, Ù¥^�UC� t = tan θ
2

:

I = 2
∫π

0

dθ
1 − 2r cos θ + r2

= 2
∫+∞

0

2 dt
(1 + r)2t2 + (1 − r)2

= 4
1 − r2 arctan

(

1 + r
1 − r

· t
)
∣

∣

∣

+∞

0
= 2π

1 − r2 . �

e¡´32ÂÈ©O�¥|^é¡5���~f (ë�½n 10.18):

~~~KKK 11.25 (Euler ÈÈÈ©©©) ¦ I =
∫ π

2

0
ln sin xdx.

) ^�� t = π
2

− xÒ�±�� (ë�úª (10.15))

I =
∫ π

4

0
(ln sin x + ln cosx) dx =

∫ π
4

0
ln sin 2xdx −

π
4

ln 2,

é���ª¥�È©��� 2x = t, Ò��

I = 1
2

∫ π
2

0
ln sin t dt − π

4
ln 2 = 1

2
I −

π
4

ln 2,

Ïd I = −
π
2

ln 2. �

5 EulerÈ©´ØU^ Newton–Leibnizúª¦Ñ�;.~f, §3Nõ¯

K¥±�«ØÓ/ªÑy. (ë� [25] §12.3�öSK 3� 8��K.)

e¡´éu2ÂÈ©��O.
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~~~KKK 11.26 Áy²e��O:

(1) 1 −
1

n + 1
<

∫+∞

0
e−xn

dx < 1 + 1
ne

; (2)
∫2

1.9

e−x

4
√

2 + x − x2
dx < 0.03.

y (1)|^3«m [0, 1]þk 1 − xn 6 e−xn

6 1, È©���

1 −
1

n + 1
<

∫1

0
e−xn

dx < 1.

3 [1, +∞)þKk

0 <
∫+∞

1
e−xn

dx < 1
n

∫+∞

1
nxn−1e−xn

dx = 1
ne

,

ò±þüª�\=�.

(2)ò�È¼ê©)�ü�Ïf��OXe:∫2

1.9

e−x

4
√

1 + x
·

1
4
√

2 − x
dx < e−1.9

4
√

2.9
·

4
3

(0.1)
3
4 < 0.027176. �

����~f¥I�^È©1�¥�½n (=½n 10.13).

~~~KKK 11.27 �OÈ© I =
∫+∞

0

cos 100x
1 + x2 dx.

©Û e{ü/ò�È¼ê�ýé���� 1
1 + x2 , K�U�� |I| 6

π
2

.

¢Sþ�È¼ê�ã�´3 y = ±
1

1 + x2 �mpª���­�, È©� I �~�.

) du 1
1 + x2 3 x > 0 ��KüN~�, 3 x = 0 ��u 1, Ïdéu

A > 0, l1�¥�½n���3 ξ ∈ [0, A], ¦�¤á∫A

0

cos 100x
1 + x2 dx =

∫ξ

0
cos 100xdx,

u´�±�O��
∣

∣

∣

∣

∫A

0

cos 100x
1 + x2 dx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ξ

0
cos 100xdx

∣

∣

∣

∣

=

∣

∣

∣

∣

sin 100x
100

∣

∣

∣

ξ

0

∣

∣

∣

∣

6
1

100
.

- A → +∞Ò�� |I| 6
1

100
. �

5 1 ùp^�´È©1�¥�½n�e�/ª:
∫ b

a
fg = g(a)

∫ξ

a
f , Ù¥ g3

[a, b]þüN~���K. ��·�Ò´ky²ù�(J, ,�d§íÑÈ©1�¥

�½n���/ª.

5 2 �K��±^©ÜÈ©{��Ó���O. ~Xk^©ÜÈ©��

I = sin 100x
100

·
1

1 + x2

∣

∣

∣

+∞

0
+

∫+∞

0

sin 100x
100

·
2x

(1 + x2)2
dx,

dum>�1��� 0, ÏdÒk

|I| 6
1

100

∫+∞

0

2x
(1 + x2)2

dx = 1
50

(

−
1

2(1 + x2)

)∣

∣

∣

+∞

0
= 1

100
.

��±wÑ, XØ´{ü/ò�È¼ê¥�Ïf sin 100x^ 1��, 
´UY^©

ÜÈ©{, Kk�U���Ð��O.
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öööSSSKKK

1. O�e�2ÂÈ©:

(1)
∫+∞

−∞

dx
(x2 + 1)(x2 + 2)

; (2)
∫+∞

1

dx
x2(1 + x)

;

(3)
∫+∞

−∞

dx
x2 + 2x + 5

; (4)
∫+∞

0

dx
(1 + x2)3/2

;

(5)
∫2

√
2

dx

(x − 1)
√

x2 − 2
; (6)

∫1

0

xn dx√
1 − x

;

(7)
∫+∞

1

√
xdx

(1 + x)2
; (8)

∫+∞

0

dx

(1 + x2)(1 + x
√

2)
;

(9)
∫1

0
(lnx)n dx; (10)

∫ π
2

0

dx√
tanx

.

2. O�e�2ÂÈ©:

(1)
∫ π

2

0

xdx
tanx

; (2)
∫ π

2

0
ln cosxdx;

(3)
∫π

0
x ln sin xdx; (4)

∫+∞

0

ln x
1 + x2 dx;

(5)
∫1

0

ln x√
1 − x2

dx; (6)
∫π

0

x sin x
1 − cosx

dx;

(7)
∫+∞

0

dx
a2ex + b2e−x (ab 6= 0); (8)

∫+∞

0
e−x| sin x| dx;

(9)
∫0

−∞
eax cos bxdx (a > 0); (10)

∫+∞

0

sin x sin 3x
x

dx;

(11)
∫+∞

0

b sinax − a sin bx
x2 dx (ab > 0).

3. y²ée�2ÂÈ©��O:

(1) 1
29

<
∫+∞

1

x30 + 1
x60 + 1

dx < 1
29

+ 1
59

;

(2) π
10

<
∫2

0

dx

(4 +
√

sin x)
√

4 − x2
< π

8
;

(3) 1
30

<
∫+∞

2

√
x3 − x2 + 3x
x5 + x2 + 1

dx <

√
2

20
;

(4)
∣

∣

∣

∫+∞

2
e−x4

cos
√

xdx
∣

∣

∣
6 2−5e−16;

(5)
∫+∞

x
sin t2 dt = cosx2

2x
+ O( 1

x3 ) (x → +∞);

(6)
∫+∞

0

e−x

x + 100
dx = 1

100
−

ξ
10000

, ξ ∈ [0, 1];

(7)
∫1

0

dx
√

(1 − x2)(1 − k2x2)
∼

1
2

ln 1
1 − k

(k → 1−).
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§11.3 222ÂÂÂÈÈÈ©©©���ñññÑÑÑ555���OOO{{{

2ÂÈ©�ñÑ5�O´��Ä�¯K.éuþü!¥�Nõ~K¥�2Â

È©5`, ·���{´3O��Ó���§�´Âñ�. ,
ñÑ5�XÛO�

½UØUO�ªÄØ´�£¯. �!ò0��½2ÂÈ©�ñÑ5�A«~^�

O{. §��Ä:´½n 11.1Ú½n 11.2.

�{²å�, ^Ú��PÒÓ�QãéüaÄ�2ÂÈ©�aq�O{.

11.3.1 222ÂÂÂÈÈÈ©©©���ýýýéééÂÂÂñññ555���OOO{{{

Äk��Ñ, 2ÂÈ©kü«ØÓ�Âñ5, §�3�X��¡äk���É.

�dÚ\e�Vg.

½½½ÂÂÂ 11.3 � f 3 [a, b)þ± b���Û:. e2ÂÈ©
∫ b

a
|f(x)| dxÂñ, K

¡2ÂÈ©
∫ b

a
f(x) dxýéÂñ, �¡ f 3 [a, b)þýé�È.

e2ÂÈ©
∫b

a
f(x) dxÂñ,�

∫b

a
|f(x)| dxuÑ,K¡

∫ b

a
f(x) dx�^�Âñ,

�¡ f 3 [a, b)þ^��È.

�,éu�Ò¼ê5`, Ù2ÂÈ©ÂñÚýéÂñvk«O. ��¡ò¬w

�, (¢�3Âñ
ØýéÂñ�2ÂÈ©.

Äkïáù�¡��Ä�¯¢.

½½½nnn 11.6 ýéÂñ�2ÂÈ©�½Âñ.

y � b���Û:. l
∫ b

a
f(x) dxýéÂñÑu, �â CauchyÂñOK�

7�5, é ∀ ε > 0, ∃ b0, ∀ b′, b′′ ∈ (b0, b) :

∣

∣

∣

∣

∫ b′′

b′
|f(x)| dx

∣

∣

∣

∣

< ε. u´Ó�Òk

∣

∣

∣

∣

∫b′′

b′
f(x) dx

∣

∣

∣

∣

6

∣

∣

∣

∣

∫ b′′

b′
|f(x)| dx

∣

∣

∣

∣

< ε,

2�â CauchyÂñOK�¿©5, �� f 3 [a, b)þ�2ÂÈ©Âñ. �

5 Xc¤`, é2ÂÈ©5`, f �È�Ø�½ýé�È. ,
éu~ÂÈ

©5`, f �ÈK�½ýé�È (�1�Ù Lebesgue½n��íØ). ùL²^�

Âñ�´2ÂÈ©¥k^�Vg, Ó�3�ÈÚýé�È�'Xþ, 2ÂÈ©�~

ÂÈ©TT��.

éu3½Â«mþ�Ò�¼ê, Ù¥�)�K¼êÚ��¼ê, §��2ÂÈ

©ÂñÚýéÂñ�d. Ïde¡'uýéÂñ��O{Ó��´�Ò¼ê�2

ÂÈ©Âñ�O{, �3Âñ�ØI�2?ØT2ÂÈ©´Ä^�Âñ.
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2ÂÈ©�'��O{ �ü�¼ê f, g 3 [a, b) þ± b ���Û:, �

|f(x)| 6 |g(x)| ∀x ∈ [a, b), Kl
∫ b

a
g ýéÂñ�íÑ

∫ b

a
f ýéÂñ, ��, l

∫ b

a
|f |uÑ�íÑ

∫b

a
|g|uÑ.

y 1 yc��=�. �
∫ b

a
|g|Âñ, Kl CauchyÂñOK, é ε > 0, ∃ b0 ∈

(a, b), ∀ b′, b′′ ∈ (b, b0) :

∣

∣

∣

∣

∫ b′′

b′
|g|

∣

∣

∣

∣

< ε. ù�Òk
∣

∣

∣

∣

∫b′′

b′
|f |

∣

∣

∣

∣

6

∣

∣

∣

∣

∫ b′′

b′
|g|

∣

∣

∣

∣

< ε,

Ïd�â CauchyÂñOK�� |f |3 [a, b)þ�È. �

l½n 11.1��, �K¼ê�2ÂÈ©�ñÑ5Ø^ CauchyÂñOK��±

)û. ùÒ´e��y²�SN.

y 2 l½n 11.1��, 3 |g|�È�, ��È©þ� b′ �¼ê
∫b′

a
|g|´ [a, b)

þ�üNO\kþ.�¼ê. Ïdl∫ b′

a
|f | 6

∫b′

a
|g|

��, �>�È©�� b′�¼ê�´Xd, Ïd� b′ → b−�Âñ. �

~~~KKK 11.28 y²
∫+∞

0

sin x
1 + x2 dxýéÂñ.

y ��Û:� +∞. |^Ø�ª
∣

∣

∣

sin x
1 + x2

∣

∣

∣
6

1
1 + x2 ∀x¤á, 
2ÂÈ©

∫+∞

0

dx
1 + x2 = π

2
�Âñ5´®��, Ïd¤¦y�(Ø¤á. �

~~~KKK 11.29 y²
∫1

0

ln sinx√
x

dxýéÂñ.

©Û x = 0���Û:. ¯K´XÛ?n ln sin x.

ùpN´���«�Ø´: l 0 < sinx < x ∀ 0 < x < 1Ñu�Ñ | ln sin x| 6

| ln x|. �´¢SþTT��, �U�� | ln sin x| > | ln x|. Ïdù��´�Ø�.

y ^ L’Hospital{K�±�� ln sin x ∼ ln x (x → 0+), Ïd�3 C > 1, ¦

� | ln sin x| 6 C| ln x|3 [0, 1]þ¤á. ,�|^éê¼ê y = ln x3 x = 0mý�

Ã¡�þ, ���¼ê 1/xε (ε > 0)� x → 0+ ��Ã¡�þ�', %´Ã¡�þ,

=k

ln x = o( 1
xε ) (x → 0+), �Ò´ lim

x→0+

xε ln x = 0,

Ù¥ ε > 0�±´?¿���ê. du�K��È¼ê ln sin x√
x
�©1 x1/2 ��

êlm 1�k 1/2�{/, Ïd�� ε = 1/4, ∃x0 ∈ (0, 1), ∀x ∈ (0, x0), ¤á
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| ln x| < 1
x1/4

∀x ∈ (0, x0).

ù�Ò3 (0, x0)þ¤á�Oª
∣

∣

∣

∣

ln sin x√
x

∣

∣

∣

∣

6
C| ln x|
√

x
< C

x1/2
·

1
x1/4

= C
x3/4

,

|^
∫1

0

dx
x3/4

Âñ, ���K�2ÂÈ©Âñ. �

5 ùp�w�, éu�K¥�k��Û: x = 0�2ÂÈ©5`, ��é,

� x0 ∈ (0, 1), y² [0, x0]þ�2ÂÈ©ÂñÒv

. Ï�3 [x0, 1]þ�È©�

´~ÂÈ©, §�Âñ5vk¯K.

þ��~K¥¢Sþ®²^
�dþ�{, ù3éõ�¹e�'Ïé'��

O{¥�Ø�ª'X��B�
. ùÒ´e¡��dþ�O{�SN, y²lÑ.

2ÂÈ©��dþ�O{ � f, gu [a, b)þþ± b���Û:, �k�dþ

'X:

|f(x)| ∼ |g(x)| (x → b−),

K
∫ b

a
|f |�

∫ b

a
|g|ÓñÑ.

~~~KKK 11.30 ?ØÈ©
∫+∞

0

ya−1

|y − 1|a+b
dy�ñÑ5, Ù¥ a, b�ëê.

) ùpk 3�Û:: x = 0, 1, +∞➀. é§�©O^�dþ�O{=�. e¡

��â´~K 11.3Ú 11.4¥�®�(Ø.

ò�È¼êP� f(y), l�dþ'X

|f(y)| ∼ ya−1 (y → 0+)

��éuÛ: x = 0
ó, � a > 0�Âñ.

l�dþ'X

|f(y)| ∼ 1
|y − 1|a+b

(y → 1)

��éuÛ: 1
ó, � a + b < 1�Âñ.

l�dþ'X

|f(y)| ∼ 1
yb+1

(y → +∞)

��éuÛ: +∞
ó, � b > 0�Âñ.

Ü¿±þ?Ø��� a > 0, b > 0, a + b < 1�T2ÂÈ©Âñ, ÄKuÑ. �

5 �K��È¼ê�K, éu�K¼ê�2ÂÈ©5`, ÂñÒ´ýéÂñ.

➀ 3?Ø�5¿, éuëê�ØÓ��, Û:�ê�UØÓ. ~X�k� a < 1 �

x = 0â´Û:.
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11.3.2 222ÂÂÂÈÈÈ©©©��� Abel–Dirichlet���OOO{{{

éuCÒ��È¼ê, Ù2ÂÈ©qØýéÂñ��¹, Kþ�!¥��{�

�. ù��~^�óä´ Abel–Dirichlet�O{. §�6uò�È¼ê©)¤÷v

�½^��ü�¼ê�¦È.

(1) Abel���OOO{{{ � f, gu [a, b)þ± b���Û:, �®�
∫ b

a
f Âñ, gü

Nk., K
∫ b

a
fgÂñ.

(2) Dirichlet ���OOO{{{ � f, g u [a, b)þ± b���Û:, �®�
∫ b′

a
f ��

gCþ b′�¼ê, 3 b′ ∈ [a, b)þk., güN� lim
x→b−

g(x) = 0, K
∫b

a
fgÂñ.

y 3ü��O{¥� g þ�üN, Ïd3 a 6 b′ < b′′ < b�, 3«m [b′, b′′]

þ�±éuÈ©
∫ b′′

b′
fg^È©1�¥�½n, ��k ξ ∈ [b′, b′′]¦�¤á

∫ b′′

b′
f(x)g(x) dx = g(b′)

∫ξ

b′
f(x) dx + g(b′′)

∫ b′′

ξ
f(x) dx. (11.6)

ù´y²ü��O{��ÓÄ:. ±e©O?Ø.

(1) ù�k M > 0, ¦� |g(x)| < M ∀x ∈ [a, b]. du2ÂÈ©
∫b

a
f Âñ,

�â CauchyÂñOK�7�5, é ∀ ε > 0, ∃ b0 ∈ (a, b), ∀ b′, b′′ ∈ (b0, b), ¤á
∣

∣

∣

∣

∫ b′′

b′
f(x) dx

∣

∣

∣

∣

< ε
2M

. u´l (11.6)�±�O��

∣

∣

∣

∣

∫b′′

b′
f(x)g(x) dx

∣

∣

∣

∣

6 2M ·
ε

2M
= ε,

2�â CauchyÂñOK�¿©5��
∫ b

a
fgÂñ.

(2) lÈ©
∫ b′

a
f(x) dx 3 a 6 b′ < b �k.�^���3 M > 0, ¦�é

∀ b′ ∈ [a, b), ¤áØ�ª

∣

∣

∣

∣

∫b′

a
f(x) dx

∣

∣

∣

∣

< M . ù�éu b′, b′′ ∈ [a, b), Òk

∣

∣

∣

∣

∫b′′

b′
f(x) dx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ b′′

a
f(x) dx −

∫ b′

a
f(x) dx

∣

∣

∣

∣

< 2M .

q|^ g(b−) = 0�^�, é ∀ ε > 0, ∃ b0 ∈ [a, b), ∀x ∈ [b0, b) : |g(x)| < ε
4M

.

u´�±l (11.6)�O��
∣

∣

∣

∣

∫ b′′

b′
f(x)g(x) dx

∣

∣

∣

∣

6 2 ·
ε

4M
· 2M = ε,

2�â CauchyÂñOK�¿©5��
∫ b

a
fgÂñ. �

5 �«~��Ø)´±�^ Abel–Dirichlet�O{�½,�2ÂÈ©Âñ

�, TÈ©Ò�½´^�Âñ�. ù´�Ø�. Abel–Dirichlet�O{�´2ÂÈ
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©Âñ5��«¿©5�O{. éuCÒ¼ê5`, \ýé�Ò��2ÂÈ©´Ä

Âñ��´,��¯K, I�­#?Ø.

e¡´��­�~f, Ù¥y²2ÂÈ©Âñ�ØýéÂñ�üÚÑ´)û

Óa¯K¥�;.�{.

~~~KKK 11.31 y²2ÂÈ©
∫+∞

0

sinx
x

dx^�Âñ.

y l
∣

∣

∣

∫A

0
sin xdx

∣

∣

∣
=
∣

∣

∣
− cosx

∣

∣

∣

A

0

∣

∣

∣
6 2 Ú 1

x
↓ 0 (x → +∞) ����^

Dirichlet�O{Ò��T2ÂÈ©Âñ.

e¡·�5y²T2ÂÈ©ØýéÂñ. �Ñ±eØ�ª:
| sinx|

x
>

sin2 x
x

= 1 − cos 2x
2x

.

du
∫+∞

0

1
x

dxuÑ, 
éu
∫+∞

0

cos 2x
x

dx�±2�g^ Dirichlet�O{��

§Âñ, Ïd2ÂÈ©
∫+∞

0

sin2 x
x

dxuÑ. ��^'��O{, Ò���K�2

ÂÈ©ØýéÂñ. �

~~~KKK 11.32 ?Ø I =
∫∞
0

sinx2 dx�ñÑ5.

) �Cþ�� x2 = t, Kk

I =
∫+∞

0

sin t
2
√

t
dt,

|^ 1√
t
↓ 0 (t → +∞), ^ Dirichlet�O{=�È©Âñ. |^~K 11.31��

{, k

| sin t|
√

t
>

sin2 t√
t

= 1 − cos 2t

2
√

t
,

Ò�±y²�~K¥�2ÂÈ©Âñ�Ø´ýéÂñ. �

~~~KKK 11.33 ?Ø2ÂÈ©
∫+∞

1

sinx arctanx
xλ dx�ñÑ5, Ù¥ëê λ > 0.

y duÈ©e�� 1, Ïd�k��Û: +∞.

kwýéÂñ��U5. P�È¼ê� f , K� x > 1 �k | sinx| 6 1 Ú

arctanx < π
2
¤á, ��k |f(x)| 6

π
2xλ , Ïd λ > 1�2ÂÈ©ýéÂñ.

éu 0 < λ 6 1, �±^ Dirichlet�O{u
∫+∞

1

sinx
xλ dx, ��§Âñ. ,�

2|^ arctanx3 [1, +∞)þüNk., l
2^ Abel�O{���K�2ÂÈ

©Âñ.

���I�?Ø� 0 < λ 6 1�È©´ýéÂñ�´^�Âñ. 2g^~K

11.31¥��{, �ÑØ�ª
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|f(x)| >
sin2 x arctanx

xλ =
(1 − cos 2x) arctanx

2xλ ,

Ò�±©Oy²� 0 < λ 6 1�,
∫+∞

1

arctanx
xλ dxuÑ,

∫+∞

1

cos 2x arctanx
xλ dx

Âñ, l
��� 0 < λ 6 1��K�2ÂÈ©�^�Âñ. �

11.3.3 ���KKK¼¼¼êêê���222ÂÂÂÈÈÈ©©©���???êêê���éééXXX

ù�¡�0�'uÃ.«mþ2ÂÈ©���(J.

½½½nnn 11.7 � f 3 [a, +∞)þ�K, �± +∞���Û:, ê� {bn}´üN

O\�Ã¡�þ, b1 = a, K

2ÂÈ©
∫+∞

a
f(x) dxÂñ⇐⇒Ã¡?ê

∞
∑

n=1

∫ bn+1

bn

f(x) dxÂñ.

�3Âñ�2ÂÈ©���Ã¡?ê�Ú��.

y Ø�� b1 = a. - F (A) =
∫A

a
f(x) dx, Kdu�È¼ê f �K, F ´3

[a, +∞)þ�üNO\¼ê. 2ÂÈ©
∫+∞

a
f Âñ�du¼ê F kþ..

qPm>�Ã¡?êÜ©Úê��

Sn =
n
∑

k=1

∫ bk+1

bk

f(x) dx =
∫ bn+1

a
f(x) dx,

KÓ�du f �K��þãÃ¡?ê´�K�?ê (� §2.3.4), ÏdÜ©Úê�

{Sn}üNO\. ù�Ã¡?êÂñ�du {Sn}kþ. (�½n 2.18).

d f �K��, e F 3 [a, +∞)þkþ.M , K�k Sn 6 M ∀n. ,��¡,

e {Sn}kþ.M ,Kéz�A > a,�3 n,¦�A 6 bn+1,l
F (A) 6 Sn 6 M ,

= F �±M �þ.. ù�Òy²
2ÂÈ©ÚÃ¡?êÓñÑ.

3Âñ�¹�ö�4�Ñ�u§��þ(.. du§��þ.8Ü�Ó,Ïd

½n¥�2ÂÈ©��Ò�uÃ¡?ê�Ú. �

5 ½n¥l�>í�m>¢Sþ�´1oÙ¥'u x → +∞� Heine8(

�n�íØ.

e¡ÞA�~f, Ù¥�2ÂÈ©ñÑ5´^Ã¡?ê5)û�.

~~~KKK 11.34 ­#y²~K 11.31¥����, =È©
∫+∞

0

| sin x|
x

dxuÑ.

y � bn = nπ ∀n, K¤?Ø�2ÂÈ©�ñÑ5���Ã¡?ê

∞
∑

n=0

un �

ñÑ5�Ó, Ù¥
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un =
∫ (n+1)π

nπ

| sin x|
x

dx >
1

(n + 1)π

∫ (n+1)π

nπ
| sin x| dx = 2

(n + 1)π .

|^NÚ?êuÑ (�~K 2.32), ��2ÂÈ©
∫+∞

0

| sinx|
x

dxuÑ. �

5 ùp|^
¼ê | sin x|´±Ï� π�±Ï¼ê, Ïd3 [nπ, (n + 1)π]þ

�È©��3 [0, π]þ�È©���, ,�q|^ sin x3 [0, π]þ'u x = π
2
�ó

¼ê, ÏdÒ��
∫ (n+1)π

nπ
| sin x| dx = 2. �,��±ÏLÈ©�Cþ����ù

�(J. d	, 3e��~K¥�kaq�?, =¼ê sin2 x�´±Ï π�±Ï¼
ê, 3 [0, π]þ'u x = π

2
�´ó¼ê, l
¦�k'�È©�OC�N´
.

~~~KKK 11.35 ?Ø2ÂÈ©
∫+∞

0

xdx
1 + x6 sin2 x

�ñÑ5.

) � bn = nπ ∀n, ¤?Ø�2ÂÈ©�ñÑ5�Ã¡?ê

∞
∑

n=0

un �Ó, Ù

¥�Ï� un ��OXe:

un =
∫ (n+1)π

nπ

xdx
1 + x6 sin2 x

6 (n + 1)π
∫ (n+1)π

nπ

dx
1 + (nπ)6 sin2 x

= 2(n + 1)π
∫ π

2

0

dx
1 + (nπ)6 sin2 x

(,�|^~K 8.17� JordanØ�ª)

6 2(n + 1)π
∫ π

2

0

dx
1 + (nπ)6(4/π2)x2

= 2(n + 1)π
∫ π

2

0

dx
1 + 4n6π4x2 (��� θ = 2n3π2x¿òÈ©þ��°� +∞)

<
2(n + 1)π

2n3π2

∫+∞

0

dθ
1 + θ2

= n + 1
n3π

·
π
2

6
1
n2 .

��|^Ã¡?ê

∞
∑

n=1

1
n2 Âñ, ���K�2ÂÈ©Âñ. �

5 òù�~K¥��È¼êP� f(x), K��3 [0, +∞)þ 0 6 f(x) 6 x,

f(nπ) = nπ ∀n ∈ N. Ïd y = f(x)�ã��~K 11.12¥��È¼êã� (�ã

11.4)�~�q. �ùp� f Ø�ëY, 
���. l~K 11.14��, f 3 [0, +∞)

þØ´��ëY¼ê. �,�N´��y²ù�:. (�Öö�Ñ f �ã�.)
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öööSSSKKK

1. �Oe�2ÂÈ©�ñÑ5, éuÂñ��¹��«©§´ýéÂñ�´^

�Âñ.

(1)
∫+∞

0

dx
3
√

x2 + 100
; (2)

∫+∞

0

xm dx
xn + 1

(m, n ∈ N);

(3)
∫+∞

0

arctanx
xp + 1

dx (p > 0); (4)
∫+∞

1

(e
1
x − 1)p

lnq(1 + 1
x

)
dx;

(5)
∫+∞

1

ln(1 + x)
xp dx (p > 0); (6)

∫+∞

3

dx
x ln(lnx)

;

(7)
∫+∞

1

cosx
xp dx (p > 0); (8)

∫+∞

2

sin x ln ln x
ln x

dx;

(9)
∫+∞

0

sin(sinx)

x2 + 1
dx; (10)

∫+∞

1

esin x sin(2x)
xp dx (p > 0);

(11)
∫+∞

1

xp sinx
xq + 1

dx (p, q > 0); (12)
∫+∞

2
(cos 2

x
− 1) dx;

(13)
∫+∞

1
ln(1 + e

1
x − 1
2

) dx; (14)
∫+∞

2

epx

(x − 1)p ln x
dx;

(15)
∫+∞

0

xdx
1 + x2 sin2 x

; (16)
∫+∞

0
cosx2 dx;

(17)
∫+∞

−
√

π
(sin x)

1
3 dx; (18)

∫+∞

π

sinx√
x − sin x

dx.

2. �Oe�2ÂÈ©�ñÑ5, éuÂñ��¹��«©§´ýéÂñ�´^

�Âñ.

(1)
∫1

0

xdx
ln x

; (2)
∫1

0
xp ln xdx;

(3)
∫2

0

arctanx√
8 − x2

dx; (4)
∫2

0

√
x dx

esin x − 1
;

(5)
∫1

−1

e
1
x

x3 dx; (6)
∫1

0
xp−1(1 − x)q−1 dx;

(7)
∫1

0

dx√
x + arctanx

; (8)
∫ π

4

0

sin x + cosx
3
√

sin x − cosx
dx;

(9)
∫ π

2

0

√
e2 + x2 − ecos x

xp dx (p > 0); (10)
∫1

−1

(

1 + x
1 − x

)p

ln(2 + x) dx;

(11)
∫1

0
ln(tanx) e− sin x dx; (12)

∫1

0

sin(x + 1
x

)

xp dx.

3. �
∫+∞

1
xf(x) dxÂñ, y²:

∫+∞

1
f(x) dxÂñ.
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4. � f ´ R þ�±Ï¼ê, ±Ï� T > 0, �
∫a+T

a
f(x) dx = 0, q� g ´

[a, +∞)þ�üN¼ê, � g(+∞) = 0, y²:
∫+∞

a
f(x)g(x) dxÂñ.

5. �Oe�2ÂÈ©�ñÑ5, éuÂñ��¹��«©§´ýéÂñ�´^

�Âñ.

(1)
∫+∞

0

esin x sin 2x
xp (p > 0); (2)

∫+∞

0
xp−1e−x ln xdx;

(3)
∫+∞

0

dx
5

√

(x − 1)(x − 2)2(x − 3)3
; (4)

∫+∞

0

dx
xp + xq .

6. (1)� f ∈ C[0, +∞), f(+∞) = A, a, b > 0, y²:∫+∞

0

f(ax) − f(bx)
x

dx = [f(0) − A] ln b
a

;

(2)eò (1)¥�^� f(+∞) = AU�é,� c > 0, È©
∫+∞

c

f(x)
x

dxÂ

ñ, y²: ∫+∞

0

f(ax) − f(bx)
x

dx = f(0) ln b
a

;

(3)� a, b > 0, ¦
∫+∞

0

e−ax − e−bx

x
dx,

∫+∞

0

cos ax − cos bx
x

dx.

7. � f ∈ C[0, 1], ¦

lim
x→0+

x
∫1

x
f(t) dt

t2
.

8. |^ ln sin x3 (0, π
2

]þ�Ò, y²:2ÂÈ©
∫ π

2

0
ln sinxdxÂñ.
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SSSNNN{{{000 ù�Ù0�È©Æ�õ�¡A^. §12.1�²¡ã/�¡ÈO�.

§12.2�­�l��½Â9ÙO�, Ù¥�)­Ç�Vg. §12.3�^=N�NÈÚ

ý¡ÈO�. §12.4�È©Æ3Ôn¥�A�A^. §12.5�È©�CqO�. §12.6

y²WallisúªÚ Stirlingúª. �Ù�k��N¹, 0��ÆuÐ¤þ�Þ��

¯: Newton^�È©óäl Kepler1($Än½Æí�Ñ�kÚå½Æ.

§12.1 ²²²¡¡¡ããã///���¡¡¡ÈÈÈOOO���

12.1.1 ddd f(x), g(x)���¤¤¤���²²²¡¡¡ããã///¡¡¡ÈÈÈOOO���

l1ÊÙm©®²?Ø
d [a, b] þ��K¼ê y = f(x) �ã�Ú y = 0,

x = a, x = b�¤�­>F/. Uì8c�½Â, §�¡ÈÒ´
∫ b

a
f(x) dx.

�´� f 3 [a, b]þCÒ�, È©
∫ b

a
f(x) dx�AÛ¿Â¢Sþ´ã/3 x¶

þ��Ü©¡È~�ã/3 x¶e��Ü©¡È. AO� f(x) < 0 ∀x ∈ [a, b]�,

È©�
∫ b

a
f(x) dx < 0. dd��, e�½¡È�u 0, KÒA�O�ò¼ê f �ý

é���È©. ~X3ã 12.1¥�
¦ 4¬¡È�ÚÒI�O�
∫ b

a
|f(x)| dx.

uuuuuuurP���>�!B��<�"D
xtttt

tt0��~/����|. ����y

O
�0�� ��p+

a
b

−

+

−

�����>�����!#%�)eh,t-kvwxyxyxyxxwu,-,*��	�����7�54�3������������
����8��
�,Æ -l.mzz|{|||}|||||{{yl.,Æ����5�3������

ã 12.1: f(x)CÒ�¹�­>F/

uuuuuuurP���>�!B��<�"D
xtttt

tt0��~/����|. ����y

O

p0�0� tt�0�
a b

f(x)

g(x)

EEDQPOMLJHGE((HJ� S#Z'`fb_&%" �����<�;������!
�ppommji
b)`(^℄[YXVUSQPO8IHGECB���=����9�
ã 12.2: d f(x) > g(x)�¤�ã/

u´d [a, b]þ�ü�¼ê f(x), g(x)�ã��¤�ã/¡È´

S =
∫ b

a
|f(x) − g(x)| dx.

XJ3 [a, b]þ??¤á f(x) > g(x), K�,3È©ÒeØ7�ýé�. ù��u

ã/�þ>.� f(x), e>.� g(x)��¹. 3ã 12.2¥Ò´Xd.
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~~~KKK 12.1 ¦3 [0, 2π]þd�u­� y =

sin xÚ{u­� y = cosx¤�¤�¡È.

) 1 ù��¡È�e�È©:

S =
∫2π

0
| sin x − cosx| dx,

,�Xã 12.3¤«, �±k¦Ñü^­���

:, ò S ©¤ 3�È©O�Xe:

uuuuuuuP��>�!B��<�"D
xtttp�0

�~/����|. ����y

O
p�0π
2π

0�0� �0�05π
4

π
4

 ABCEFHJMNQSUWY[Z__`^℄\[XWTSPMLIHFD$A���QSVXY[℄^^`_^℄\ZXVU!QNLKHFECBA !"CEFHJMN�
ã 12.3: 3 [0, 2π] þ d

sin x, cos x�¤�¡È

S =

( ∫ π
4

0
+

∫2π

5π
4

)

(cosx − sin x) dx +
∫ 5π

4

π
4

(sin x − cosx) dx

= 2
∫ 5π

4

π
4

(sin x − cosx) dx = 2(− cosx − sin x)
∣

∣

∣

5π
4

π
4

= 2
(

√
2

2
+

√
2

2
+

√
2

2
+

√
2

2

)

= 4
√

2. �

5 3) 1¥|^
n�¼ê�5�wÑ¡È S �u3«m [ π
4

, 5π
4

]þ�¡

È�ü�, l
¢Sþ�IO���È©2¦± 2Ò

. e¡��{�|©�:.

) 2 |^n�¼ê�Ú��úª,q|^±Ï¼ê3±Ï�Ý«mþÈ©�

��¯¢ (�~K 10.31), K�O�Xe (��ë�~K 10.19):

S =
∫2π

0
| sinx − cosx| dx =

√
2

∫2π

0
| sin(x −

π
4

)| dx

=
√

2
∫2π− π

4

− π
4

| sin t| dt =
√

2
∫2π

0
| sin t| dt = 4

√
2. �

~~~KKK 12.2 �d y = sin x, x = 0, x = π
2

Ú y = t (0 6 t 6 1)¤�¤�ã/¡È� S(t)

(ë�ã 12.4), ¦Ù���Ú���.

) 1 O�Ñ3 [0, 1]þ�¼êL�ª

S(t) =
∫ π

2

0
|t − sinx| dx

=
∫arcsin t

0
(t − sin x) dx +

∫ π
2

arcsin t
(sin x − t) dx

= 2t arcsin t + 2
√

1 − t2 − π
2

t − 1,

uuuuuuurP���>�!B��<�"D
xtttt

p��~/����|. ����y P P P P P P P P P P P P P P P 0�0�0�0π
2

1

t

O

uuuuur �t�q!!!##$&'(*,-/1457:<> �tt��ACFHJLNPRTUXXZ[℄℄^__s(�
ã 12.4: ü¬¡È�Ú����

�¯K

,�¦�, �� S′(t) = 0��� t =

√
2

2
, �l S′(t)kK��, ��½Ù����

:. ���� S(

√
2

2
) =

√
2 − 1. 3à:? S(0) = 1, S(1) = π

2
− 1, �����

´ 1, u t = 0��. �
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) 2 dKk|©�Ð�){, §��±l�ê�AÛ¿Â��)º. *	ü

¬¡È3 tO\��CzÇ, =�ê. lã 12.4þ���ÖÑ§���ê©O´

arcsin tÚ −( π
2

− arcsin t), �\�¦ −1�� π
2

− 2 arcsin t, AÛþT´ y = t�

y = sin xÚ y = cosx¤�e�¥m�ã��Ý. ùÒ��e�Ð�AÛ){.

3ã 12.4þ^[��Ñ9Ï­� y = cosx, �wÑ S(t)�Óue�ü�ã/

�¡È�Ú, Ù¥1��ã/�:

S1 = {(x, y)
∣

∣ 0 6 x 6
π
2

, sin x 6 y 6 cosx}

§� tÃ'. 1��ã/´ y = tÚ sinx, cos x�¤���n�/. l
�k�ù

�n�/òz��:�¡È����. ùÒ´� t� sin xÚ cosx��:�p�I√
2

2
. ���:��ddwÑ� t = 0. �

uuur�P���>�!B��<�"D
xttt�~/����|. ����y

O

c

ηξ

A
B 0�0�0�0���0�0�0�0���uuuP ������;<��?B�H�O!#Y&(d
f+hrsuwvx.

ã 12.5: ¦ü¬«�

¡È���ëê� c

~~~KKK 12.3 Xã 12.5¤«, Y²�� y = c�ng­

� y = 2x − 3x3 �u1���. ¦¦�«� A�«� B

�¡È��� c�.

) P�:¥���� η, Kk
∫η

0
(2x− 3x3 − c) dx =

0. ù�� η −
3
4

η3 − c = 0. 2éÜ 2η − 3η3 = c, =)�

c = 4
9

. �

12.1.2 ëëëêêê���§§§///ªªªeee���¡¡¡ÈÈÈúúúªªª

ùp?Øü«�¹.

1�«�¹´¼ê'X y = y(x), a 6 x 6 b, ´dëê�§ x = x(t), y = y(t),

α 6 t 6 β �½�. ùÒ´`½övk y(x)�wªL�ª, ½ö�k�¦^Ø�B,


ëê�§L�ª%'�{ü. ùp�±£�18Ù §6.3.4m©��)`, =¼ê

�gCþE,´ x, ÏCþE,´ y, t¤å�´¥0�^, =3 y = y(t(x))¥�¥

mCþ.

�d�,I�U
l x = x(t) ½Ñ�¼ê t = t(x), l
�� y = y(t(x)).

Ó� t�«m [α, β] �ü�à:� x�«m [a, b]��éA. ùpkü«�U, =

x = x(t)�î�üNO\Úî�üN~��ü«�¹.

ù��¡ÈO�¢SþÒ´é
∫ b

a
y(x) dx^��{.

éu x(t)î�üNO\��¹, K x(α) = a, x(β) = b, u´

S =
∫ b

a
y(x) dx =

∫β

α
y(x(t))x′(t) dt =

∫β

α
y(t) dx(t). (12.1)

��, éu x(t)î�üN~���¹, Kk x(α) = b, x(β) = a, ��
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S =
∫ b

a
y(x) dx =

∫α

β
y(x(t))x′(t) dt = −

∫β

α
y(t) dx(t). (12.2)

~~~KKK 12.4 ¦^Ó��ÿ� x¶���¡È. ^Ó��§�

x = a(t − sin t), y = a(1 − cos t), 0 6 t 6 2π.

Xã 12.6¤«, ^Ó�´�»� a��±þ��½:3�±EÄ�£Ñ�;

,. 3Tã¥��m©��±þ�ù�:� �3�:?, ,��±�mEÄ. �

±EÄ�±¤��^Ó�¡��ÿ. ã¥£Ñ�±EÄ��Ý� t�� �. dd

=��ÑK¥�^Ó��ëê�§.

) ��^úª (12.1)=k

S =
∫2π

0
y(t) dx(t)

=
∫2π

0
a2(1 − cos t)2 dt

= a2
(

2π +
∫2π

0
cos2 t dt

)

= 3a2π. �

uuuuuuu����>�!B��<�"D
xttt�~/����|. ����y

O 2πa

0258<�����KL�QRUW%^)*+,jlonlif)^%XVRQNLIF��<853��:;:N0�p2a

at

a
.*
�#"�

t

P P P P P P P P����6 �8�;=?�B��EFGH268:N>�QDFHUVNRZ\&^`(
e+,+jÆl��
ã 12.6: ^Ó���ÿ

1�«�¹´�Ädëê�§L«�µ4­�¤�ã/�¡È.

�{üå�, ��Ä÷v±e^��µ4­�, =²1u y¶����T4­

��õ�uü:.

ò­�þ x �I��� (��) :

P� A, x�I��� (��):P� B,

q�­�þ�:l A� B 2£� A�

éA�ëê tl α� γ 2� β, 
�´

÷_����. (���
A�`¤:3

c?��C�­�SÜ�:©ª3Ù�

ý.) ëê t = αÚ t = β éAuÓ�:

A. � A� B éAu x = aÚ x = b,

uuuuuuuur�P���>�!B��<�"D
xtttt

t���~/��� �|.����y

O

f2(x)

f1(x)

B(t = γ)

A
(t = α)

(t = β)

�� �0�0�0�0�0�0�0�0�0�0�0�0�0�0�0
ba

66?��98�==�66��?�89�==/j,
(\%X#VUFRQ�><M8K42.*CB�><;98765��� ��56789;<>�BC*.24K8M<>�QRFUV#X%\(
,j/�
ã 12.7: ëê�§/ª�µ4­�

q�3 x ∈ (a, b)�, µ4­�þ�ü�:�p�I©O� y2(x)Ú y1(x), ù

Ò´µ4­�¤���²¡ã/�þ>.Úe>.. ��� x = x(t), ¿A^

(12.1)Ú (12.2), Ò�±O�¡ÈXe:

S =
∫ b

a
[f2(x)−f1(x)] dx = −

∫β

γ
y(t) dx(t)−

∫γ

α
y(t) dx(t) = −

∫β

α
y(t) dx(t). (12.3)

éþãúª^©ÜÈ©{�±��,��úª:

S = −y(t)x(t)
∣

∣

∣

β

α
+

∫β

α
x(t) dy(t) =

∫β

α
x(t) dy(t). (12.4)
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òùü�úª�\Ø 2K��1n�úª, �´^��õ�úª:

S = 1
2

∫β

α
(x(t) dy(t) − y(t) dx(t)). (12.5)

5 ¦^±þúª�éµ4­�����±�°, d	ëê��å: (ª:)

��±?�. ù
ò3õ��È©�­�È©nØ¥�Ñy², ùplÑ.

~~~KKK 12.5 ¦ý� x2

a2 +
y2

b2 = 1¤��¡È.

) édKòÞÑA«�{5?1'�.

Ú\ëê�§ x = a cos t, y = b sin t, ^úª (12.3)Kk

S = −

∫2π

0
y dx = −

∫2π

0
ab(− sin2 t) dt = πab.

^úª (12.4)Kk

S =
∫2π

0
xdy =

∫2π

0
ab(cos2 t) dt = πab.

^úª (12.5)Kk

S = 1
2

∫2π

0
xdy − y dx = 1

2

∫2π

0
ab(cos2 t + sin2 t) dt = πab.

��^���I�§O�Kk

S = 4
∫a

0
b

√

1 −
x2

a2 dx (^�� x = a cos t)

= 4ab
∫ π

2

0
sin2 t dt = πab. �

5 ±þA�){`²^ëê�§?1O��U¬'^���I�B,úª

(12.5)��U¬'cü�úª�Ð.

~~~KKK 12.6 ¦ Descartes�/� x3 + y3 = xy 31�����/�¤�¡È

(ë�1�þã 8.25).

) 3~K 8.37¥Ú\�ëê�§éuùp�O�´�~Ü·�. d y = tx

Ú\ëê, =±: (x, y)��:�ë����Ç��ëê t, ù�Ò��

x(t) = t
1 + t3

, y(t) = t2

1 + t3
,

¿O���:

x′(t) = 1 − 2t3

(1 + t3)2
, y′(t) = 2t − t4

(1 + t3)2
,

lëê�AÛ¿ÂwÑ� tl 0O\� +∞�: (x(t), y(t))£Ñ1�����/.

Ïd^úª (12.5)Ò�±¦Ñ¡È�

S = 1
2

∫+∞

0
(x(t)y′(t) − y(t)x′(t)) dt = 1

2

∫+∞

0

t2

(1 + t3)2
dt

= 1
2

·
(

−
1

3(1 + t3)

∣

∣

∣

+∞

0

)

= 1
6

.
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5 ùp�,Ñy2ÂÈ©, �nØþvk¯K. ¢Sþl2ÂÈ©���{

O��±wÑ, 3��L§¥, 2ÂÈ©�±C�~ÂÈ©, ~ÂÈ©��±C�

2ÂÈ©. �,N´n), �K�¡ÈJ±3���IeO�, ���±^e��

!�4�I±;�2ÂÈ© (� [9, §143]), �´O��E,�:.

12.1.3 444���III///ªªªeee���¡¡¡ÈÈÈOOO���

�­��4�I�§ r = r(θ), α 6 θ 6 β, �¦dT­��ü^�� θ = α,

θ = β �¤�²¡ã/�¡È. (ùpb�©ª÷v r(θ) > 0.)

�,�±ò­��§�¤ëê�§�/ª: x = r(θ) cos θ, y = r(θ) sin θ, �ù

�´ã/>.��Ü©, �ØU��|^c¡�úª. '��B��{´��^

RiemannÈ©�½Âu4�Ie�ã/➀.

éu«m [α, β]�©y P = {θ0, θ1, · · · , θn}, P

∆θi = θi − θi−1, Ò�±òþ¡¤`�ã/©y¤�

n�÷/. Xã 12.8¤«, Ù¥�Xã 10.1@�òþ

ãz��÷/^ü��÷/Y3Ù¥.

,��±3z�f«m¥�0: ξi ∈ [θi−1, θi],

i = 1, · · · , n, ^�»� r(ξi)��÷/5Cqz��

÷/, ù�Ò�� RiemannÚ:

1
2

n
∑

i=1

r2(ξi)∆θi.

uuuu�P ��>�!B��<�"D
xO

����������������
��9�

787878778787L��00100010000100��'('('('(''('('(����������������
�

����������������
��9�rv rjv*elh 
jfo�'`ae'_`afT[X^YZWX^

�.} θ0

��Æ65���0�hruvx{|~
ã 12.8: 4�I­�

�eÚ�þÚ

dd���� r = r(θ)3 [α, β]þëY, �©y�[Ýªu 0�Òk4�, ·

�Òò§��ã/�¡È. lþã RiemannÚ��ù�4�Ò´e�È©

S = 1
2

∫β

α
r2(θ) dθ.

�,ùp3nØþk�:¯K. =dù�úª¤O����¡ÈÚc¡éu­>

F/�¡È½Â´Ä��? ù´�±y²�. 3�öS.

~~~KKK 12.7 ¦dVÝ� r2 = a2 cos 2θ¤�ã/�¡È.

ùpÄk�´��ã, (½Ñ§�ã/�ÒØJ����ò [0, π
4

]þ�¡È

¦ 4=�^úªO� (VÝ��ã��1�þã 8.24(4)). ùÒ´

S = 4 ·
1
2

∫ π
4

0
a2 cos 2θ dθ = a2

∫ π
2

0
cos t dt = a2. �

➀ A��Ñ�@�Ñù��{�´ Kepler. ¦3uy1($Ä1�½Æ�I�O�

�d�Ó�¯K, æ^
�ã 12.8aq�©y�{.
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~~~KKK 12.8 ¦e�n���ú�Ü©�

¡È: x2 + y2 6 4, (x− 2)2 + y2 6 4, x2 +

(y − 2)2 6 4.

) Xã 12.9 ¤«, �O��´±

O, A, B �º:���­>n�/�¡È, 3

ã¥^oç�IÑ.

N´O�Ñ: A, B � O�ë��ò1�

�����TÐn�©, Ïd�l˜AB éA�

�÷/¡ÈÒ´�»� 2��� 1/12, = π/3.

uuuuuuu����>�!B��<�"D
xtttt

ttt0~/����|. ����y

O
����567�:;<>�ACE,HI48M<OPBQGHVNYT\^_a
dlhrvlzn�
ARFTJNXT\℄_abdlgrjxyo~�><8KJI0FEDB�?=;�87�� 3�10�BQGHVNYT\^_a
dlhrvlzn���F.-.-.-.-.� �:��������� A

B

2

2 $V℄_`bdk��1� 3��789�=?�BD+� O<M84IHG*CA�><�
ã 12.9: n�ú�Ü©�¡È

O�

{e=I�O�ü��ü/�¡È. du§���, Ïd���Ñ���¡È

¦± 2=�. �l˜OA�4�I�§�±lÙ���I�§ x2 + (y − 2)2 = 4¦Ñ

� r = 4 sin θ, 0 6 θ 6 π/6, Ïdü�ü/�¡È�Ú�∫ π
6

0
16 sin2 θ dθ = 8

∫ π
6

0
(1 − cos 2θ) dθ = 4

3
π − 2

√
3,

����Y´ S = 5π
3

− 2
√

3. �

öööSSSKKK

1. ®�d y = cosx, y = 0, x = 0¤�ã/�­� y = a sin x©¤¡È���

üÜ©, ¦ a.

2. ®� y2 = 2pxÚ x2 + y2 = 2Rx�uO, A, Bn:, ¦ p, ¦�d y2 = 2px�

u AB ¤�ã/�¡È����, ¿¦Ù���.

3. ¦e�­�¤�ã/�¡È:

(1) y = x2, y = 2 − x2; (2) y = | ln x|, x = e−1, x = e, y = 0;

(3) y2 = 2px (p > 0)Ú§3: (
p
2

, p)?�{�;

(4)
√

x
a

+
√ y

b
= 1 (a, b > 0), x = 0, y = 0.

4. ¦d (x2 + y2)2 = a2(x2 − y2)¤�ã/3� x2 + y2 = a2

2
	Ü�¡È.

5. � y = xòý� x2 + 3y2 6 6y©¤¡È� A, B�üÜ© (A > B), ¦ A/B.

6. �²¡ π1 Ú²¡ π2 �Y�� α (0 6 α 6 π), ¦ π1 þ¡È� S �ã/3 π2

þR�ÝK¤��ã/�¡È.
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§12.2 ­­­������lll���

12.2.1 ­­­������lll���VVVggg

��!�¯K´XÛ½ÂÚO�­��l�. ­�l����A~Ò´�±

�, ½�l�, �3¥ÆêÆ¥¿vké§�ÑêÆþ�î�½Â, Ïd·��?

ØI�lÞm©. Ù¥�)­�´Ä�¦�Ñ´¯K.

8�²~òdëê�§ x(t), y(t), t ∈ [α, β], �½�²¡­��¤��þ/ª:

r = r(t) = (x(t), y(t)), α 6 t 6 β.

b�þã¼ê x(t), y(t) Ñ´ [α, β] þ�ëY¼ê, ù� r(t) �ëY­�. qe

x(t), y(t) 3 [α, β] þkëY��¼ê, �©ª¤á x′2(t) + y′2(t) 6= 0, K¡­�

r(t)�1w­�➀.

� [α, β] �©y P = {t0, t1, · · · , tn}, ��­�

þ� n + 1 �: (e�µ4­�K� n �:) Mi =

(x(ti), y(ti)), i = 0, 1, · · · , n. ò§�^g^��ã

ë�Ò���^ò�, ¡�­��S�ò� (ë�ã

12.10).

Xò©y P \[, KS�ò���ÝØ¬~�.

éuü�ØÓ�©y P1 Ú P2, �±ò§�Ü¿�

P1 ∪ P2, §Ó�´ P1 Ú P2 �\[.

y3�Ñl��½Â.

0�2�
67�;<>�CDEG26M<�DSJVXYZ\^`b
lhitln|mlkjihgfd
`^'��� � � � � � �jkjkjn~~}~��
�� �#"#�55J�rP �RQRQR
ooonh
M0

M1

M2

Mi−1 Mi

Mn

ã 12.10: ^ò�%C­

�

½½½ÂÂÂ 12.1 e­��S�ò���Ýkþ., K¡T­��¦�, ¿òS�ò

��þ(.½Â�­���Ý.

e¡ò�y², 3­��§ r = (x(t), y(t))÷v�½^�e, ­��½�¦�,

�ïáO�­�l��È©úª.

12.2.2 lll������OOO���úúúªªª

½½½nnn 12.1 � x(t), y(t) 3 [α, β] þ����ê x′(t), y′(t) ∈ R[α, β], K­�

r(t) = (x(t), y(t)), α 6 t 6 β �¦�, Ùl��

s =
∫β

α

√

x′2(t) + y′2(t) dt =
∫β

α

√

dx2 + dy2. (12.6)

➀ l1�þ�Darboux½n (=½n 7.8)Ú §6.3.4�ëê�§¦�{K��,1w­

�eÃg�:, K3z�: (x(t), y(t))��C�±ò­�^¼ê y = y(x)½ x = x(y)5£

ã, ��3�A���.
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y ky²­��¦�. � P = {t0, t1, · · · , tn}´ [α, β]�©y, KS�ò�

��Ý�:
n
∑

i=1

Mi−1Mi,

Ù¥Mi−1Mi =
√

(x(ti−1) − x(ti))2 + (y(ti−1) − y(ti))2. Ï x(t), y(t)��, ^�

©¥�½nÒk ξi, ηi ∈ [ti−1, ti], ¦�

Mi−1Mi =
√

x′2(ξi) + y′2(ηi)∆ti.

qÏ x′, y′ ∈ R[α, β], Ïdþk.. u´�3�©yÃ'�~ê C > 0, ¦�

Mi−1Mi 6 C∆ti. u´S�ò���ÝØ¬�L C(β − α). Ïd­��¦�.

Ùg, y²�©y P �[Ýªu 0�S�ò���ÝÂñu½n¥�È©.

duc¡^�©¥�½n�¤��� ξi � ηi �7�Ó, ÏdS�ò��Ú�

Ø´¼ê
√

x′2(t) + y′2(t)� RiemannÚ. ,
l^���e�4�¤á:

lim
‖P‖→0

n
∑

i=1

√

x′2(ti) + y′2(ti)∆ti =
∫β

α

√

x′2(t) + y′2(t) dt.

e¡�I�y²S�ò��Ú�éA©ye�þã

RiemannÚ��ªu 0=�. ò©: ti éA�­�þ�

:P�Mi = (x(ti), y(ti)), i = 0, 1, · · · , n, K�±|^

Ø�ª (�ã 12.11)

|
√

a2 + b2 −
√

c2 + d2| 6
√

(a − c)2 + (b − d)2

6 |a − c| + |b − d|,

uuuu ���>�!B��<�"D
xttt�~/����|. ����y

O
��������5655655655K� P�up�0TTTTTZ�
 (a, b)

(c, d)

ã 12.11: ü�Ð�

Ø�ª�AÛ¿Â

�O��

∆ ≡

∣

∣

∣

n
∑

i=1

Mi−1Mi −

n
∑

i=1

√

x′2(ti) + y′2(ti)∆ti

∣

∣

∣

6

n
∑

i=1

∣

∣

∣

√

(x(ti−1) − x(ti))2 + (y(ti−1) − y(ti))2 −
√

x′2(ti) + y′2(ti)∆ti

∣

∣

∣

6

n
∑

i=1

∣

∣

∣
x(ti) − x(ti−1) − x′(ti)∆ti

∣

∣

∣
+

n
∑

i=1

∣

∣

∣
y(ti) − y(ti−1) − y′(ti)∆ti

∣

∣

∣

6

n
∑

i=1

ω′
i∆ti +

n
∑

i=1

ω′′
i ∆ti,

Ù¥���Ú¦^
�©¥�½n, ¿^ ω′
i, ω

′′
i P�¼ê x′(t), y′(t)3 [ti−1, ti]þ

��Ì. dd�� lim
‖P‖→0

∆ = 0, �Ò´¤á

lim
‖P‖→0

n
∑

i=1

Mi−1Mi =
∫β

α

√

x′2(t) + y′2(t) dt.
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��, ·�5y²þãÈ©�Ò´S�ò��Ý�þ(.. PÈ©�� I, S

�ò��Ý�þ(.� s, KduS�ò��ÝØ¬�L s, Ïd�k I 6 s.

�y² I = s, ^�y{. e I < s, P ε = s − I, K�3 δ > 0, ¦��

‖P‖ < δ �, éA�S�ò��Ý�½á3«m (I −
ε
2

, I + ε
2

)S, =Ø¬�L

I + ε
2

= s − ε
2

.

du s´S�ò��Ý�þ(., Ïd�3,�©y P , ¦�éA�S�ò�

�Ýá3«m (s −
ε
2

, s]S. XJù�©y�[ÝØ�u δ, K�±\[¦�÷v

ù��¦. duS�ò��Ý3©y\[�Ø¬~�, qØ¬�Lþ(., ÏdE

,3«m (s − ε
2

, s]�S. ùÒÚÑgñ. Ïd�U´ I = s. �

5 du­�l��½Â 12.1�­�L«�ªÃ', Ïd^ØÓ�­��§

O��¦�­��l���ØC, ���u½È©O�¥�Cþ��.

e¡´l½n 12.1�±���n«ØÓ/ª�l�úª.

(1)� y = y(x)u [a, b]þ��, y′(x) ∈ R[a, b], Kò xw¤�ëê�Ò�±l

½n 12.1�Ñl�úª

s =
∫ b

a

√

1 + y′2(x) dx.

(2)�­�d4�I r = r(θ), α 6 θ 6 β �Ñ, K± θ �ëê�­��§�

r(t) = (r(θ) cos θ, r(θ) sin θ). Ïd3l�úª (12.6)��ÈL�ª��ªe�

(r′(θ) cos θ − r(θ) sin θ)2 + (r′(θ) sin θ + r(θ) cos θ)2 = r′2(θ) + r2(θ),

u´��

s =
∫β

α

√

r′2(θ) + r2(θ) dθ.

(3)l��½ÂÚO�úª�±í2�n��m­� r(t) = (x(t), y(t), z(t)),

α 6 t 6 β, ��

s =
∫β

α

√

x′2(t) + y′2(t) + z′2(t) dt.

y3ÞA�~K.

~~~KKK 12.9 ¦�»� R��±�.

) 1 3���IXe�, �Ñ�±��§ x2 + y2 = R2, |^é¡5, ��O

�1����l�. ù�¼ê'X� y =
√

R2 − x2, 0 6 x 6 R, Òk

s = 4
∫R

0

√

1 + y′2(x) dx = 4
∫R

0

√

1 +
(

−x√
R2 − x2

)2

dx

= 4R
∫R

0

dx√
R2 − x2

= 4R arcsin x
R

∣

∣

∣

R−

0
= 4R ·

π
2

= 2πR.

5¿ùpÑy2ÂÈ©. �,��^n��� x = R sin t¦�O��{ü. �
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) 2 ò�±^ëê�§ x = R cos t, y = R sin t, 0 6 t 6 2π5£ã, Kk

s =
∫2π

0

√

(−R sin t)2 + (R cos t)2 dt =
∫2π

0
R dt = 2πR. �

) 3 ^4�I, K r = R�~�¼ê, 0 6 θ < 2π. u´k

s =
∫2π

0

√
R2 + 02 dθ = 2πR. �

~~~KKK 12.10 ¦�Ô� y = 1
2

x2, 0 6 x 6 1, �l�.

) ll�úª���O�È©

s =
∫1

0

√
1 + x2 dx.

^©ÜÈ©{Òk (ë�~K 9.47Ú 10.32):

s = x
√

1 + x2
∣

∣

∣

1

0
−

∫1

0
x ·

x√
1 + x2

dx =
√

2 − s +
∫1

0

dx√
1 + x2

= 1
2

(
√

2 + ln(x +
√

1 + x2)
∣

∣

∣

1

0
= 1

2
(
√

2 + ln(1 +
√

2)). �

5 N´���±^n��� x = tan t, z�¦

s =
∫ π

4

0

√
1 + tan2 t sec2 t dt =

∫ π
4

0

dt
cos3 t

,

�¢SO��uy¿Ø��B�:.

~~~KKK 12.11 ¦ý� x2

a2 +
y2

b2 = 1 (0 < a < b)�l�.

) ^ëê�§ x = a cos t, y = b sin t (0 6 t 6 2π), q|^é¡5, Òk

s = 4
∫ π

2

0

√

a2 sin2 t + b2 cos2 t dt,

�±y²Ù¥�È¼ê��¼êØ´Ð�¼ê, ÏdØ�U^ Newton-Leibnizú

ª5O� (��[8, §8.5]). ùp�9�¡�ý�¼ê�AaAÏ¼ê. ý�l��

IOz�{´

s = 4
∫ π

2

0

√

b2 − (b2 − a2) sin2 tdt = 4b
∫ π

2

0

√

1 − ε2 sin2 t dt,

Ù¥ëê ε =

√
b2 − a2

b
∈ (0, 1)=ý��l%Ç. ��¡þãÈ©�1�a�ý

�È©, P� E(ε). 1�aý�È©´
∫ π

2

0

1
√

1 − ε2 sin2 t
dt, Ù¥ëê ε ∈ (0, 1).

�d~k'��kéuý�±��Cqúª,�Ò´ý�È©�CqO��{. �

ë� [25]�eþ p.108.
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12.2.3 lll���������©©©ÚÚÚ­­­������ggg,,,ëëëêêê���§§§

�­�dëê�§�Ñ: x = x(t), y = y(t), α 6 t 6 β. 3 x(t), y(t)ëY��

^�e, ­�þl: (x(α), y(α))�6Ä: (x(t), y(t))�l�� t�¼ê. òù�

¼êP�

s(t) =
∫ t

α

√

x′2(τ) + y′2(τ) dτ .

du�È¼êëY, Ïd s(t) é t ��, �k s′(t) =
√

x′2(t) + y′2(t) (�½n

10.11). u´·��±�Ñ s(t)��©�

ds =
√

x′2(t) + y′2(t) dt =
√

dx2 + dy2.

ù�Òé18Ùã 6.15¥£ã��©n�/Jø
î���â.

éu y = y(x)(½�­�, �±ò xw¤ëê, l


Òk

ds =
√

1 + y′2(x) dx =
√

dx2 + dy2,

3ã 12.12þ�Ñ
ù«�¹��©n�/.

éu4�I�§ r = r(θ)�Ñ�­�Kk

ds =
√

r2(θ) + r′2(θ) dθ,

�k�A��©n�/. éun��¹kaq�í2.

uur� �tt0��(((((((((((p�
dy

dx = ∆x

ds t/~� ���.|� ���t~/����|.����
∆y

y = f(x)P P P P P  �P P P P P  �*)(&&$#"! ������>�
ã 12.12: �©n�/

�«¿ã

l1w­��^���k ds
dt

=
√

x′2(t) + y′2(t) > 0, Ïd s = s(t)´ t�î

�üNO\¼ê. �,ùé�*, l,�:m©O�l�, K�XëêO�éA�

l��½î�O\.

dd��, �3�¼ê t = t(s), ùL²�±�l� s ��ëê, =k x =

x(s), y = y(s). ò­��ù«L«�ª x = x(s), y = y(s)¡�­��g,ëê�

§. l

s =
∫s

0

√

x′2(τ) + y′2(τ) dτ

ü>é s¦�, Ò��

1 =
√

x′2(s) + y′2(s).

ùL²d (x′(s), y′(s))û½��þ�½´ü �Ý��þ, =ü �þ.

3éõ¯K¥éuÙ¥�­�æ^l��ëê�g,ëê�§AOk|. þ

¡y²
éu1w­�ùo´�U�.

ùpN��Ñ, éuëê�§L«�1w­�, du3 x′(t), y′(t)¥��k�

�Ø´ 0, Ïd�½�±3T:�����S�� y = y(x)½ x = x(y)�/ª. ~

Xéuc�«�¹, �����ÇÒ´
dy
dx

. l�©Vg��ùÒ´ dy : dx, 
l

ëê�§¦�{K@Ò��ù�'�Ò´ y′(t) : x′(t). AO´�æ^l��ëê

�, (x′(s), y′(s))Ò´ü ��þ, §���´l��O\��.
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12.2.4 ²²²¡¡¡­­­������­­­ÇÇÇ

��!�?ØXÛ�x­���­§Ý.Ó�^­�3ØÓ:þ��­§Ý

�±Ø��, Ø�´�½��. l'�ØÓ�»��l��§���­§Ý´ØÓ

�. éu���­�5`, ��:?��­§Ý��U´Ø���.

XÛÝþ­���­§Ý? ·�æ���{´^��þ����­���, ,

�*	3­�þ²L�Ól��¹e­����Cz���. Ïdù�´�«C

zÇ¯K (£Á18ÙlCzÇÚ\�ê�L§).

äN5`, �±l��ëê�1w­��§�

r(s) = (x(s), y(s)), §���d r′(s) = (x′(s), y′(s))

(½. �­�l: r(s)Cz� r(s + ∆s)�, ­��

��l r′(s)Cz� r′(s + ∆s). Xã 12.13¤«, ò

���CzP� ∆ϕ. d��¯KÒ��ê�½Â�

��Ó, ùÒ´k�Ñ²þCzÇ, ,��4�.

��45�Æ8�;<=?�ACDEFGH2J68M<>AQD�� �()f-l∆φ

r(s)

r(s + ∆s)�;;;;;;;;;;;;;:;;;;;;;����������������
��

∆s

ã 12.13: ­Ç½Â�d5

½½½ÂÂÂ 12.2 1w­� r(s)3,�:?�­Ç�

K = lim
∆s→0

∆ϕ
∆s

=

∣

∣

∣

∣

dϕ
ds

∣

∣

∣

∣

,

Ù¥ ϕ´��þ r′(s) = (x′(s), y′(s))����.

~~~KKK 12.12 ¦�»� R��±�­ÇK.

) N´wÑ, �l��Oþ ∆s éA� ∆ϕ �u ∆s éA��%�, =k

∆ϕ = ∆s
R

, Ïd

K = lim
∆s→0

∆ϕ
∆s

= lim
∆s→0

∆s
R
∆s

= 1
R

. �

±þ(Ø��*´�����, =�±þ��:�­Ç�Ó, 
�»��, �

l��­§Ý��, �»��, K�l�´²", =�­§Ý��. 4à�¹´�

�, §�±w¤´�»Ã¡���l.

e¡0�­Ç�äNO�úª.

(1) ­�d���I�§ y = y(x)�Ñ. ù� ϕ = arctan y′, ds
dx

=
√

1 + y′2,

u´k (± x�ëê�O�úª)

dϕ
ds

=

dϕ
dx
ds
dx

=
y′′

1 + y′2 ·
1

√

1 + y′2
=

y′′

(1 + y′2)
3
2

,

�ýé�Ò��¤¦�­Çúª:

K =
|y′′|

(1 + y′2)
3
2

.
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5 éþãO���:)º. ϕ��l� s�¼ê, �§�qÑ´­�ëê�

¼ê. éud y = y(x)�Ñ�­�5`, ëêÒ´ x. u´k ϕ = ϕ(x), s = s(x).

du s(x) �½î�üNO\, Ïd�3�¼ê x = x(s). l
ïáå¼ê'X

ϕ(x(s)). Ïd¦�{K� §6.3.4¥�{K����.

(2)­�d x = x(t), y = y(t)�Ñ. ù���ò

dy
dx

=
y′

t

x′
t

,
d2y

dx2 =

(

y′
t

x′
t

)′

t

· t′x =
y′′

t x′
t − x′′

t y′
t

x′3
t

�\c¡�úª=���

K =
|y′′

t x′
t − x′′

t y′
t|

(x′2
t + y′2

t )
3
2

.

éu­�d4�I�§�Ñ�­Çúª3��öSK.

3­ÇVg�Ä:þe¡�Ñ­Ç�!­Ç�»Ú­Ç¥%�½Â,§�éu

n)­ÇVgJø
�~äN�AÛ¿Â. �{üå�, 3ã 12.14¥éu^oç

�L«�­� y = y(x)3: (x0, y0) (y0 = y(x0))?�Ñ
­�3T:�­Ç�,

Ù¥�­�3: (x0, y0)�­Ç�K.

½½½ÂÂÂ 12.3 L: (x0, y0) ��­� y =

y(x) 3T:äk�Ó���Ú���ê��

(X−a)2 +(Y −b)2 = R2¡�­�3T:�­

Ç�, ­Ç���% (a, b)¡�­� y = y(x)

þ: (x0, y0)�­Ç¥%, R¡�­Ç�».

du­��­ÇK �d��Ú���ê

û½, Ïdl½Â��, ­Ç�3T:�­Ç

��U´ K. l~K 12.12����­Ç??

�uÙ�»��ê, ÏdÒk R = 1
K

.

�� ><;�Æ5��10D*G0I468M<=?�CEFHULNXYZ[\℄^bdefghtx mno��2�4
��9:�>?ABD*G046LM<>�QDSHUVNPZ[\℄_`b
jnhijvlz|�n|zvtihgldd`^℄VRXWVJHSRB�>N:LK42.*CB�?=<;:987�
����
ZYZYZZYZYZZYZY'����������������

�=�
(a, b)

y = y(x)

(x0, y0)

1
K

= R

ã 12.14: ­Ç�!­Ç¥%

Ú­Ç�»

d	, du­�Ú­Ç�3T:���Ó, Ïd­Ç¥%�½3T:�{�þ.

ql y′′(x)�ÎÒ�±(½� y′′(x) > 0�, ­Ç¥%3: (x, y(x))�þ�, 
�

y′′(x) < 0�K3Ùe�. ù�:|^ §8.4¥�à¼ê�£ÒN´n). l½Â�

�, ­�3: (x, y(x))�à5�­Ç�3T:�à57L�Ó. q|^þ���þ

à, 
e���eà, ��­Ç��½ u¤`���þ.

~~~KKK 12.13 éuý� x(t) = 10 cos t, y(t) = 8 sin t, 0 6 t 6 2πþdëê�
t0 = π/4(½�:O�Ù­Ç���»Ú¥%.

) ùp�: (x0, y0)� (5
√

2, 4
√

2). d­ÇúªK =
|x′′y′ − x′y′′|

(x′2 + y′2)3/2
�±O
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�Ñ3T:�­Ç K = 80
(82)3/2

, Ïd R = 1/K ≈ 9.28. ¦Ñý�3T:��

ê� −0.8, ,�LT:�Ñ{� Y − y0 = 1.25(X − x0), Ò�±O�Ñ­Ç¥%

(a, b), §��Cq�� a ≈ 1.273, b ≈ −1.591. �

5 ~K¥�êâÒ´�ã 12.14��â.

ò­Ç�'��Jø
�õ�&E. §Ø=Jø
����, �Jø
­�3

T:��­§ÝÚXÛ�­. du���ê� NewtonåÆ1�½Æ�éX, ­Ç

3Nõ¯K¥Ñ´ØUØ�Ä�Ï�. e¡Þ��~f.

~~~KKK 12.14 ­ÇVg�A^��´Á�

c;�éu���é�¯K. e{ü/ò��

Ú�lé�, Kdu�%\�Ý�â,Cz,

éu´Ä!c;Ú<Ñ4ÙØ|. lêÆ�Ý

5w, Ò´�¦�­ÇCzk��1w�LÞ.

·I��æ^ 3g­�LÞ.

äN5`, Xm>�«¿ã¥@�, �c

;����� x¶�K�¶, l����:�

m©�$�. �¦c?�� x0 ��­Ç�»

���½�ê� r (~X 600�). æ^LÞ­

�� kx3, �¦O�Ñ k. cJ´ kx3
0 ≪ x0, =

kx2
0 ≪ 1.

Æ
glmmmmlmmmmlmmmmlmmmmlmmuuuuuur ���>�!B��<�"D
x

.,*)C$"��<���9�ur�� r� �
(x0, kx3

0)

O
P P P� O� N� M� L� K� I� G�

ã 12.15: LÞ;�¯K«¿ã

) 3­Ç�»úª R = 1
K

=
(1 + y′2)

3
2

|y′′|
¥^ y = kx3, x = x0, R = r�

\, ¿|^ kx3
0 ≪ x0 �cJ^�, Kk

r =
(1 + 9k2x4

0)
3
2

6kx0
≈

1
6kx0

.

Ó�LÞ;���Ý l =
∫x0

0

√

1 + y′2 dx ≈ x0, Ïd���úª� k = 1
6rl

. dd

�±½ÑLÞ;���/;��(Ü: �.

~X, �� r = 600�, l = 100�, K

kx3
0 ≈

1
6 × 600 × 100

· (100)3 = 100
36

≈ 2.77,

=�C 3�. ùL²c? 100���� = 3�Ò¢y
­Çl 0� 1/600�LÞ,

,�Ò�±²w/��»� 600���­;�é�
. �

g�K O�ng­� y = x3 �­Ç�»�Cz5Æ.

5 l8c©z5w (Ø�uc;Á�¯K), éuLÞ;�½�Ú­��¯

K�ïÄéõ, kNõÆâØ©. ¢Sþ�´�òü^ØÓ;�ë��Ñk��X

ÛLÞ�¯K. ±þ�±`´�{ü��a¯K.
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öööSSSKKK

1. ¦e�­��l�:

(1) y = ln(1 − x2), 0 6 x 6
1
2

;

(2) y =
∫x

− π
2

√
cos t dt, − π

2
6 x 6

π
2

.

2. y²:^Ó� x = a(t−sin t), y = a(1−cos t) (a > 0), 0 6 t 6 2πþ t ∈ (0, π)

�éA: P �º: (πa, 2a)�l�� s = 4a sin θ, Ù¥ θ´^Ó�3: P �

��� Ox¶�Y�. (ë�ã 12.6¥�^Ó�.)

3. �½­� r = a(sin θ
3

)3 (a > 0), 0 6 θ 6 2π, y²: §3 [0, π
2

], [ π
2

, π],

[π, 3π
2

]þ�l�¤��ê�, ¿¦­����.

4. y²:�m­� l :

{

x2 + y2 + z2 = R2

x2 + y2 = Rx
�l��u�¶�

√
2R
l%Ç�

√
2

2
�ý��±�.

5. ¦e�­�3�½:�­Ç:

(1) y = sin x, ( π
2

, 1);

(2) y =
∫x

0
(2t + 1) dt, (1, 2);

(3) x = a cos3 t, y = a sin3 t (a > 0), (

√
2a
4

,

√
2a
4

);

(4) r = aeλθ (a > 0, λ > 0), θ = 1
λ éA�:.

6. P�Ô� y = ax2 + bx+ c (a 6= 0)þ?¿:�­Ç�»�R, T:�l� (±

,½:�å:)� s, y²:

3R ·
d2R
ds2 −

(

dR
ds

)2

= 9.

7. ¦­� l : y = exþ­Ç�����:.

8. ®�ý��ëê�§�:

{

x = 2 cos t

y = sin t
, 0 6 t 6 2π, k<^Xe�{¦Ù¡È:

r2 = x2 + y2 = 4 cos2 t + sin2 t,

S = 1
2

∫2π

0
r2 dt = 2

∫ π
2

0
(4 cos2 t + sin2 t) dt = 5π

2
,


¢Sþý��¡È´ 2π. ¯:�3Û??
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§12.3 ^̂̂===NNN���NNNÈÈÈÚÚÚýýý¡¡¡ÈÈÈOOO���

12.3.1 ������NNNÈÈÈúúúªªª

'uNÈ���5½ÂÚO��{ò3õ��È©¥)û. �k�«{ü�

¹K�±^��¼ê�½È©5O�.

�k��AÛNY3n����

IX�üÜ²¡ x = a Ú x = b �m

(a < b). eéuz�� x ∈ [a, b], ^²

¡ X = x��TAÛN, ¤����¡

¡È´U
O�Ñ5�,P� S = S(x).

K·�Ò�±òTAÛN�NÈ½Â�

V =
∫ b

a
S(x) dx,

XJTÈ©Âñ�{.

x DDDDDDDDDD	!DDDD
b

a

S(x) � B	"F���	"I x$$#$$$#$DDEEEEEFFFFFFGGFGGHGGHGHGp�������� ������
�����		�Æ:����� #%�*fhj-.-l.xz{{|}}~~~~��������������������	�

�8�������������������
 �7��
�����QCBA�>>=<;:9988766655444333

B� A� B� B !R!R!R!R!R!R!R!R!R!S!R!R!R!R!R!R!R!R!R�	! B� A� B� B�R! R R! R! Q! Q! Q! R Q Q P! Q P! Q Q Q Q P! P 
�!# h, k- l / m/ n. o/ o/ o� o� o� 0/�0�!$�
 j. l/ n / n/ o/ o/o� �0#(Æ
 k. m / n/ o/ o� 0/0/

ã 12.16: � x¶��R���¡¡È®�

ùp�g��²¡ã/¡È�½Â���Ó. Äk^Nõ²1u yz �I²

¡�²¡��Tn�AÛN, ùéAu [a, b]���©y P , ,�é0uüÜ²¡

�m�AÛNCq/w¤�1�²1u x ¶�ÎN, l
§�NÈCq/�u

S(ξi)∆xi, Ù¥ ξi ∈ [xi−1, xi]. é i¦Ú�� RiemannÚ, 2- ‖P‖ → 0Ò��½

È©➀.

±e^A�{ü~f�yþãÈ©úª�Ün5.

~~~KKK 12.15 ¦.¡È S p� h��INNÈ.

) Xã 12.17¤«, ò�IN�º:���:,

ò�.¡R������ z ¶, ò.¡S�3Y²

²¡ z = h þ. éu 0 6 z 6 h, ²1u.¡�²

¡ Z = z ��I����¡��, §��»� z ¤

'~, Ïd�¡¡È S(z)� kz2, Ù¥�Xê k�±

l^� kh2 = S ¦Ñ� k = S
h2 , u´�¡¡È�

S(z) = S
h2 z2, l
NÈ�

V =
∫h

0

S
h2 z2 dz = 1

3
Sh. �

$$  �(����+yDDDDDDDDDDDDDDDEDDR�� B	"F���	"I xtttt
p0�~/����|. ����z

h
SDDDDDDDDDDDDDDDER�$$#$$$��REDDDDDDDDDDDDDDD�$$$#$$BBABBG F F G G F F G G F F G G F F F G ��6 5 6 6 5 6 6 5 6 6 5 6 ���$&USQOOMI�� S(z)--,---,---,--F�����������6� CB�>=;9KJ�H������������F�49;<>�BCDS"T#UW$�
&(+--*(&XWVHF!��*&�$	#UFRQ�O<M���H

ã 12.17: �����I

N

➀ ùp�±£�ã 10.1±93 (10.2)¥½Â� DarbouxþÚ�eÚ, l
�±y²,

3 S(x)� Riemann�È�, ��þãAÛN�NÈ���ê��U´È©
∫

b

a
S(x) dx.
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~~~KKK 12.16 ¦.¡È� S, p� h�ÎN�NÈ.

) UìÏ~¤���{, �±ò§Y3ü�Y²²¡ z = 0� z = h�m,


�¡¡È S(z) = S ´~ê, u´Òk V =
∫h

0
S(z) dz = Sh. �

5 3þ¡ü�~K¥��·�®²���ÎNÚ�IN�NÈúª, Ù¥

�ÎN�±´�ÎN, =Ù1�Ú.¡Ø7R�, Ó�, Xã 12.17¤«, �IN�

�±´��IN. ùÒ´`, ü��p�AÛN, ��3¤k�p?�Y²�¡¡

È��, K§��NÈ��. ù3¥I��êÆ¥¡�y3�n➀.

~~~KKK 12.17 ¦ý¥ x2

a2 +
y2

b2 + z2

c2 6 1�NÈ (a, b, c > 0).

) ^²1u XoY �I²¡�²¡ Z = z, −c 6 z 6 c��ý¥, K�¡´

ý�, �^e��§£ã:

x2

a2 +
y2

b2 6 1 −
z2

c2 .

òm>Ø��>¿�¤IO/ª, Ò�±¦Ñ§���¶Úá�¶, ù�Ò���

¡¡È�

S(z) = πab
(

1 −
z2

c2

)

.

u´Ò�±O���

V =
∫c

−c
S(z) dz = 2πab

∫c

0

(

1 −
z2

c2

)

dz

= 2πab
(

c − c3

3c2

)

= 4
3

πabc. �

12.3.2 ^̂̂===NNN���NNNÈÈÈOOO���

�±B\þãµe��aAÛNÒ´^=

N. Xm>�ã 12.18¤«�AÛNÒ´d­>

F/ {(x, y)
∣

∣ a 6 x 6 b, 0 6 y 6 y(x)}�7 x

¶^=�±���^=N. ù��T x¶R��

²¡�AÛN������¡´�. ÏdÒ�

�^=NNÈúª�

V =
∫ b

a
πy2(x) dx.

tp��
ba

r� ur� �0�
x

��>�!B��<�"D
x

P P P P P P P P P P P P P P P P P  ���� �� 3 1 10onnk�*Æ��� 3 1om
�00��y = y(x)�1�35����|.Æ.
Æ�
 �� 23���8�����}{xj,*�
	 �������6�4�3�1� ��"%�
Æ+,-jx{|} ����1�3�4 �6��������}|{xj-,+Æ
�%">MLKJI0G-,,.0I6LM>QRSTL#BSTUVWPYSTTRPWJTSBONML4� �02�����, �n/lÆ���4�m9
ã 12.18: d­>F/)¤

�^=N

^=N�NÈO��,{ü, ��´kI�5¿�/�.

➀ y3 (ú� 5–6­V), ¥IH��àù���êÆ[!U©Æ[.
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5 S.þk�`d,^­��7,^��^=
)¤^=N.ùØþ�. ­

�^=�U)¤^=­¡. µ4�^=­¡�¤�/Nâ´^=N.u´î�5`

A�´,�²¡ã/�7Ø²LÙSÜ���^=
��^=N. ù'ã 12.18¥

d­>F/�7Ù.>���^=N��2�:. d	��5¿, ù��^=¶R

��²¡�^=N��¡Ø�½´�, ��U´��, ½ö§��¿. �,ù��

�¡¡ÈE,´N´O��.

~~~KKK 12.18 �d�Ô� y = 2x2, 0 6 x 6 1 û½ü�­>F/:

Ax = {(x, y)
∣

∣ 0 6 x 6 1, 0 6 y 6 2x2},

Ay = {(x, y)
∣

∣ 0 6 y 6 2, 0 6 x 6

√ y
2
},

¦Ñ Ax Ú Ay ©O7 x¶Ú y ¶^=¤�)�^=N�NÈ

Vx Ú Vy (ëwã 12.19).

) kO�Ñ�A^=N��¡¡È, Ò�O���

Vx =
∫1

0
πy2 dx = π

∫1

0
4x4 dx = 4π

5
,

Vy =
∫2

0
πx2 dy = π

∫1

0

y
2

dy = π. �

uuuP ��>�!B��<�"D
xtttt

p��~/����|. ����y

O

Ax

(1, 2)
2

1

Ay���N

"	RP �L��!T

MY �02 �����,�n/l Æ���4�m9N�G���<:���8�Æ
���
			���ur��tttp���ru�pttt
ã 12.19: d

�Ô� y = x2

)¤�ü�­

>F/

~~~KKK 12.19 ¦��Í)��NÈ, ÙS�»

� d1, 	�»� d2 (ë�ã 12.20).

) Í)��d�7�	���^=)¤. l

K¿��d���»� r =
d2 − d1

4
, 
�%�

^=¶�ål� R =
d2 + d1

4
> r. Xã 12.20

¤«, òd)¤�¥%�3: (0, R) ?, Kéu

−r 6 x 6 r ¥�z� x, X = x)¤��¡´�

���, 	�»ÚS�»©O´ R +
√

r2 − x2 Ú

R −
√

r2 − x2. u´k

uuuuuur ���>�!B��<�"D
xtttt

ttp��~/����|. ����y

O
p��pd1/2/ ~� ���.|� ���~/��� �|.����tt����t

t
d2/2/~� ���.|� ���

~/����|.���� pttpR/~� ���.|� ���~/����|.����
x

�����<�hhhhhd*r

r �02��� ��,�n/lÆ ���4�m9
013�Æ:;>�A�FGH6:OBRTUVWZ[&'`)dntlm~onm ljiged`(\[XWVUSRQ>:K2FE�A�<;976532 1�ttp���PPPPPP PPPPPPPPPP� P P P P P P P P P P  �00000000�00000000000000 00000000000000

−r r

ã 12.20: Í)��)¤

V =
∫r

−r
π[(R +

√

r2 − x2)2 − (R −
√

r2 − x2)2] dx

= 8πR
∫r

0

√

r2 − x2 dx = 8πRr2 ·
π
4

= 2π2Rr2

= π2

32
(d2 + d1)(d2 − d1)

2. �

5 ���NÈT�u 2πR × πr2, =/%7^=¶�±�±�¦þÍ)��

�¡¡È. ù´�¡�0�� Guldin½n�A~.
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12.3.3 ^̂̂===­­­¡¡¡���¡¡¡ÈÈÈ

�3 [a, b]þk­� y = y(x) > 0, ò§�7 x¶^=�±, Ò��^=­¡.

é­>F/)¤�^=N
ó, ¡ù�^=­¡�^=N�ý¡È.

du­¡¡È½Â��õ��È©¥Æ, ùpéu^=­¡¡È�Xe½

Â. � y(x)3 [a, b]þkëY��¼ê. ò [a, b]�©yP� P = {x0, x1, · · · , xn}.

Xã 12.21(a)¤«, l­�þ�:Mi−1 = (xi−1, yi−1)?�­����, ò§�

x = xi ��:P� Ai. 5¿��5`§�:Mi = (xi, yi)ØÓ. é i = 1, · · · , n

Ñù��. ,�ò¤k��ãMi−1Ai �7 x^=�±���¡È¦Ú. XJ�

‖P‖ → 0�TÚªk4�, KÒ��^=­¡�¡È.ù¢SþÒ´^Nõ���

ý¡È�Ú�%C^=­¡�¡È.

uuuuuuuuu�P ��>�!B��<�"D
x

�02�����,�n/lÆ���4 �m9tttt
ttp��~/����|. ����y

O a xi−1 xi b

yi−1
yitttt
�0�

tttt tttt
�0

tt���
Mi−1 Mi

Ai�0�-.--.--.--G���� ABCD*.0468:<>rBCCCCDCR
(a)

��������JL:>�BFTU$X&�),/-+�&ZV#HDBPO<MLJ�H������������J��NOPQST#	$&)Æ/*&$
#TD�NL��������uvuuvu�
��
� 3HGEDB�=<:987
43���

efhrklzo
42.,(BA�>�;��Æ�54����

�)
defnptvxz}�####A�
u�r�

l

x
c c′

r′

r000000000000000 k j k k j k k j k565565565 A A A B B B B
(b)

ã 12.21: (a)^��ý¡È�Ú%C^=­¡¡È, (b)���ý¡ÈO�

ùpI������ý¡Èúª. Xã 12.21(b) ¤«, ����þ.¡

´�» r ��, e.¡´�» r′ ��, 1�� l, Kkúª (Ùy²�.5➀ )

S��ý = πl(r′ + r).

P y′
i−1 = y′(xi−1). 3 Mi−1Ai 7 x ¶^=�±)¤���¥, r = yi−1,

r′ = yi−1 + y′
i−1∆xi, l =

√

1 + y′2
i−1∆xi. u´ù����ý¡È�

∆Si = π
√

1 + y′2
i−1∆xi(2yi−1 + y′

i−1∆xi)

= 2πyi−1

√

1 + y′2
i−1∆xi + πy′

i−1

√

1 + y′2
i−1∆x2

i .

5¿Ù¥m>�1���Oþ��g�.

➀ ��ý¡Èúª®´¥ÆêÆ�7?SN.��BÖöå�, òúªí�N3e¡.

Xã 12.21(b) ¤«, ò���1�ò� x ����IN, ¿ò§�ý¡Ðm. ±��

�þe.¡�.��ü��I�ý¡È©O� 1
2

xcÚ 1
2

xc′ (Ù¥ cÚ c′ ´ü�.��

±�), �Ò´ πxr Ú π(x + l)r′. ��ý¡ÈÒ´§��� πlr′ + πx(r′ − r). |^'~

r′ : r = (l + x) : xÒ�±íÑ x(r′ − r) = lr, ���� S��ý = πl(r′ + r).
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òþã�m>1��é il 1� n�\, ¿-©y�[Ýªu 0, du y′ëY,

ÏdÒ��

S =
∫ b

a
2πy(x)

√

1 + y′2(x) dx. (12.7)

{e�¯K´y²∆Si�1��\å5�4�� 0, l
þãÈ©Ò´^=­¡�

¡ÈO�úª.

duz�1��Ñ´´Oþ��g�, Ïd§��Ú�Xe�O. du�¼ê

y′(x)u [a, b]þëY, �3M > 0, ¦� |y′(x)| 6 M ∀x ∈ [a, b], u´�±�OÑ
∣

∣

∣

∣

∣

n
∑

i=1

πy′
i−1

√

1 + y′2
i−1∆x2

i

∣

∣

∣

∣

∣

6 πM
√

1 + M2

n
∑

i=1

∆x2
i

6 πM
√

1 + M2(b − a)‖P‖ = o(1) (‖P‖ → 0),

��
∑

∆Si�4�(¢Ò´ (12.7)¥�È©.

|^l��© ds =
√

1 + y′2(x) dx, �ò^=­¡¡Èúª (12.7)UP�

S = 2π
∫ b

a
y ds. (12.8)

,���±òù�úª2uÐ�Ú. ùp�¯K´XÛ?n²1u y¶���ã7

x¶^=���¡È. ~X� 0 < c < d, l: (a, c)� (a, d)���ã7 x¶^=,

K�������¡È� π(d2 − c2). �±wÑ§�u 2π
∫d

c
y dy. ù�� dy = ds,

Ïdþãý¡ÈúªE,¤á.

nÜ±þ©Û, Ò�±éu?u x¶þ��?¿/G�1w­� (�)µ4­

�)7 x¶���­¡¡È (Ø�u^=N�ý¡È)úªÚ��:

S = 2π
∫ l

0
y ds, (12.9)

Ù¥±l� s�gCþ, l´�^­��l�.

5 1 3Ø���Ö¥í�^=­¡¡Èúª�æ^e��{. Äk (3ã

12.21(a)¥)é�:Mi−1 ÚMi, ,�ò��ãMi−1Mi�7 x¶^=�����

ý¡Èé i¦Ú, ��ò©y�[Ýªu 0��4�½Â�^=­¡¡È. �±y

²ù�4�� (12.7)�Ó.

5 2 3^=­¡¡Èúª�¡�5¿þãn�úª��Ó:´Ù¥l��

©åØ%�^. ��~��Ø´3úª (12.8)¥ò ds�¿�� dx. ¯K��
�

´é��ý¡Èúª�n). @pÑy� l´���1��Ý, §�þe.¡�m

�ål´ØÓ�. (ëw'u S��ý�.5¥�í�L§.)

~~~KKK 12.20 ¦�»� r�¥¡¡È.

) ò¥¡w¤� x¶þ���� y =
√

r2 − x2 7 x¶^=���^=­¡,

K^úª (12.7)=k

版
权
所
有
，
请
勿
复
制
！



136 1��Ù È©Æ�A^

S = 2π
∫r

−r
y
√

1 + y′2 dx = 2π
∫r

−r

√
r2 − x2 ·

r√
r2 − x2

dx = 4πr2. �

5 ��^ s�gCþ, ù�l (r, 0):m©k y = r sin s
r

, l = πr, u´�^

úª (12.9)�XeO�

S = 2π
∫πr

0
y ds = 2π

∫πr

0
r sin s

r
ds = 2π(−r2 cos s

r
)
∣

∣

∣

πr

0
= 4πr2.

~~~KKK 12.21 ¦~K 12.19¥�Í)��L¡È. ^úª (12.9), ù�k y =

R + r sin s
r

, l� l = 2πr, u´Ò�±��{ü/O�Xe:

S = 2π
∫2πr

0
y ds = 2π

∫2πr

0
(R + r sin s

r
) ds = 2πR × 2πr = 4π2Rr. �

öööSSSKKK

1. ¦d z = x2

a2 +
y2

b2 , z = h¤��NÈ V , Ù¥ a, b, h > 0.

2. ¦�ÎN x2 + y2 6 R2Ú y2 + z2 6 R2�ú�Ü©�NÈ.

3. ¦de�­�^=¤)¤­¡¤���NÈ:

(1) y = e−x, y = 0, 0 6 x < +∞, (a)7 x¶, (b)7 y¶.

(2) x =
√

y, x2 + y2 = 2, y = 0, 7 y¶.

(3) x = 4y − y2, x = 0, 7 x¶.

4. y²:^4�IL«�²¡ã/ {(r, θ)
∣

∣ 0 6 r 6 r(θ), 0 6 α 6 θ 6 β 6 π}7
4¶^=�^=NNÈ�

V = 2π
3

∫β

α
r3(θ) sin θ dθ.

5. ¦e�^=­¡�¡È:

(1) y = sin x, 0 6 x 6 π, 7 x¶;

(2) x2

a2 +
y2

b2 = 1, 0 < a < b, 7 y¶;

(3) x = a(t − sin t), y = a(1 − cos t), 0 6 t 6 2π, 7 x¶;

(4) r2 = a2 cos 2ϕ, (a)74¶, (b)7 ϕ = π
2

, (c)7 ϕ = π
4

;

(5)¦ y = a
2

· (e
x
a + e

− x
a ), |x| 6 b7 x¶^=�±¤�)�^=N�¡È.版

权
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§12.4 ÔÔÔnnnAAA^̂̂

l Riemann�e�µØÒ�±wÑÔnÆ��È©�'X, =

“�k3�È©u²��, ÔnÆâ¤����Æ.”

ù�!·��UÞA�~f. 31nþ�õ�È©Æ¥�¬w��È©�ÔnÆ

��õéX. Ó�3ù�!��ùü�Ñ± Guldin➀·¶�½n.

12.4.1 ���þþþ

�NÈO���, ùp��ÄU^��¼ê�½È©5O���¹. ùÒ´�

þ©Ù�3,���� (~X x¶���)kCz, 
Ù¦���þ!©Ù��¹.

�3 [a, b]þk�þuÙ. �
O�Ùo�þÄk�k�þ�Ý�Vg. P�

Ý¼ê� ρ(x), a 6 x 6 b, §´l x� x + ∆xþ��þ�²þ�Ý ∆m
∆x

�4�

����. u´�þÒ´M =
∫b

a
ρ(x) dx.

12.4.2 ���%%%

kllÑ�¹m©. �²¡þk n ��: pi(xi, yi), §���þ©O� mi,

i = 1, · · · , n, Kù��:XÚ��%��I�{P�

xc =

∑

mixi
∑

mi
, yc =

∑

miyi
∑

mi
.

ùp��Ñ, l�%O�úª�±y²�%¤äk�e�A5. eò���:

XÚ©¤A�fXÚ, ©OO�Ñ§���%, ¿òz�fXÚ��þ8¥3�g

��%, ,�2¦Ñ��XÚ��%, K(JØC. ~X, ©¤ü�fXÚ�, Ò�

±le�í���wÑù�(Ø¤á:

xc =

∑

mx
∑

m
=

∑′
mx +

∑′′
mx

∑′
m +

∑′′
m

=
M1 ·

∑′
mx

M1
+ M2 ·

∑′′
mx

M2

M1 + M2
.

e¡·�òõg|^�%�±þA5.

3lÑXÚ��%úª�Ä:þ, |^�È©Ò�±í2��þëY©Ù�

ÔN��%O�. �du8c��k��¼ê�È©�£, Ïd�´�U)û��

©Ù�¹��%O�.

�3 [a, b]þ�þ��Ý¼ê� ρ(x), a 6 x 6 b, K�±é«m [a, b]k�©y,

,�3z�f«m [xi−1, xi]þò�þCq/P� ρ(xi)∆xi (½ ρ(ξi)∆xi), �òÙ

 �w¤8¥3 xi ?, KÒ�±@^þ¡�lÑ©Ù�:��%úª, ��

➀ ��¶ (Paul Guldin, 1577–1643), a¬êÆ[.
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xc ≈

∑

xiρ(xi)∆xi
∑

ρ(xi)∆xi
,

,�-©y�[Ýªu 0, Ò��úª

xc =

∫ b

a
xρ(x) dx

∫ b

a
ρ(x) dx

.

©1Ò´o�þ.

~~~KKK 12.22 �3 [0, 1]þ©Ùk�Ý� ρ(x) = hx��þ, K�%�I�

xc =

∫1

0
hx2 dx

∫1

0
hxdx

=

1
3
1
2

= 2
3

.

12.4.3 ²²²¡¡¡ããã///���///%%%

�,·�8cvkõ­È©��£, ØU)û²¡ã/½AÛN�Nõ¯K,

�%�±)û²¡ã/�/% �O�¯K. ¢Sþ¤¢/%, Ò´��þþ!©

Ù�¹e��% �. ù��Ý¼ê�~�¼ê, ÏdÃØl=����5wÑ�

±����¯K)û.

y3í�/%�O�úª. �{üå�, ��Ý¼ê ρ ≡ 1. ù�­���Ý

Ú²¡ã/�¡È�Ò´§���þ.

Xã 12.22¤«, �Äd

{(x, y)
∣

∣ a 6 x 6 b, 0 6 y1(x) 6 y 6 y2(x)}

½Â�²¡ã/.

é [a, b] �©y P , �A/ò²¡ã/y

©�Nõ²1u y¶�[�^. òz��[�

^��þ (=¡È)8¥�[�^�¥%, éu

[xi−1, xi]þ�[�^5`, ù�¥%� �C

qu (xi,
y1(xi) + y2(xi)

2
). �A��þCq

u [y2(xi) − y1(xi)]∆xi. éuù�lÑ��:

XÚ�Ñ§�/%úª, ,�- P �[Ýªu

0, ù�Ò��¤¦�/%úª:

uuuuuuuu��>�!B��<�"D
xtttt

t���~/��� �|.����y

O

y2(x)

y1(x)

�0�0�0�0�0�0�0�0�0�0�0�0�0�0�0
ba

p0t0��tp��tt�ttp0�ttp�0��ttt0ttt0�ttt0ttp�0��ttp0�tt�tp��t0��p0/j,
(\%X#VUFRQ�><M8K42.*CB�><;98765����123 4567��?�&EF.2J6L:<N�BRSTUVXZ&'(*+jn
ã 12.22: ¦²¡ã//% �

�{�«¿ã

xc =

∫ b

a
x[y2(x) − y1(x)] dx

S
, yc =

1
2

∫ b

a
[y2

2(x) − y2
1(x)] dx

S
. (12.10)

|^/%�p�I yc �O�úªÒ�±��e��½n.
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½½½nnn 12.2 ('''uuu^̂̂===NNN��� Guldin½½½nnn) ²¡ã/�7ØBLÙSÜ�¶

^=���^=NNÈ�udã/�¡È¦±ã//%^=����±�.

y Ø��ã/3 x¶þ�, ¿7Ù^=, Kl (12.10)¥'u yc �úª��

2πycS = π
∫b

a
[y2

2(x) − y2
1(x)] dx, (12.11)

£� §12.3.2¥'u^=N�NÈ?Ø, �±wÑþªm>Ò´²¡ã/�7 x¶

^=���^=N�NÈ Vx. �

5 |^þã/%�í��{�±éu Vx �Ñ��#�O�úª. Äk5¿

�lþã Guldin½nÓ���� Vy = 2πxcS, ùp Vy ´²¡ã/�7 y^=�

��^=NNÈ. 5¿�ü�NÈúªéØ�Ó, q�Ä� xÚ y�é¡5, Ïd,

q�±�� Vx �1��úª:

Vx = 2π
∫d

c
ys(y) dy, (12.12)

Ù¥b�ã 12.22¥�²¡ã/��±L«�

{(x, y)
∣

∣ c 6 y 6 d, x1(y) 6 x 6 x2(y)},

,�� s(y) = x2(y) − x1(y). N´wÑ, ù�^=NNÈúª�k²w�AÛ¿

Â, �� §12.3.2¥�g���ØÓ. ùp�,k��¯K,=XÛlêÆþy²þ

ãü�úª(¢�ÑÓ�� Vx. ù�±�õ�È©Æ¥)û.

~~~KKK 12.23 ¦þ�� {(x, y)
∣

∣ x2 + y2 6 R2, y > 0}�/%.

) dé¡5� xc = 0. �¦ yc �±|^'u^=NNÈ� Guldin½n. d

uã/7 x¶�^=NÒ´�» R�¥N, ÏdÒk

V = 4
3

πR3 = 2πyc ×
1
2

πR2 = π2ycR
2,

dd=��� yc = 4R
3π . �

5 ù´3NÈ®��^ Guldin½n¦/% �, ��, 3/%®��K�

|^ Guldin½n¦NÈ. ~X~K 12.19 (=¦Í)��NÈ), Ò�l/%¦ÑN

È V = πr2 × 2πR = 2π2Rr2.

12.4.4 ²²²¡¡¡­­­������///%%%

e¡´¦­��/%O�úª, ±9�A� Guldin½n.

�k�Ý�~� (u´� ρ ≡ 1)��þ©Ù3�^²¡­�þ, ù��¡Ù�

%�­��/%. ò­� Γ©¤�ã, ò�þ8¥3z�ãþ, ¦þ�I�¦Ú, 2

Ø±o��þ, �Ò´­��Ý l, ���4�Ò��

xc =

∫ l

0
x(s) ds

l
, yc =

∫ l

0
y(s) ds

l
. (12.13)
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ù��k�A� Guldin½n.

½½½nnn 12.3 ('''uuu^̂̂===­­­¡¡¡��� Guldin½½½nnn) ²¡­��7Ø�Ù���¶

^=���^=­¡¡È�u²¡­��l�¦±­��/%^=����±�.

y �­� Γ?uþ�²¡, /%� (xc, yc), 7 x¶^=, Kl (12.13)¥'

u yc�úªÒk

2πycl = 2π
∫ l

0
y(s) ds.

£�^=­¡¡Èúª (12.9), þªm>Ò´­�7 x¶^=)¤�­¡¡È. �

~~~KKK 12.24 ¦þ��± {(x, y)
∣

∣ x2 + y2 = R2, y > 0}�/% �.

) dé¡5� xc = 0. duù��^=­¡Ò´¥¡, ­��Ý� πR, ^'

u^=­¡� Guldin½n, Kk 2πyc × πR = 4πR2, Ïd�� yc = 2R
π . �

5 Ó��±£�~K 12.21¥'uÍ)�L¡È�O�, §TÐ�u 2πR ×

2πr, ùp 2πRÒ´/%7 x¶�±��Ý, 
 2πrÒ´­��Ý.

öööSSSKKK

1. 3�m�1w­� r = (x(t), y(t), z(t)), t0 6 t 6 t1 þ©ÙX��Ý�

ρ = ρ(x, y, z)��þ. y²T­���%�I (xc, yc, zc)�O�úªXe:

xc = 1
M

∫ t1

t0

ρx
√

x′2 + y′2 + z′2 dt,

yc = 1
M

∫ t1

t0

ρy
√

x′2 + y′2 + z′2 dt,

zc = 1
M

∫ t1

t0

ρz
√

x′2 + y′2 + z′2 dt,

Ù¥o�þM =
∫ t1

t0

ρ
√

x′2 + y′2 + z′2 dt.

2. ­� Γd x2 + y2 = R2, y > 0Ú y = 0, −R 6 x 6 R|¤. ¦ Γ�/%.

3. ¦­� x2 + (y − R)2 = r2 (R > r)�7 x¶^=�±¤�)�¡È.

4. ¦ x2

a2 +
y2

b2 6 1, x > 0�/%.
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§12.5 ½½½ÈÈÈ©©©���CCCqqqOOO���

duÐ�¼ê��¼ê�7´Ð�¼ê (� §9.3.1), ÏdU
^ Newton–

Leibniz úª5O��½È©ék�. ù�Ò7LuÐé½È©�CqO��{.

ù�¡��þSNáu�êÆ��Æ, �!�´0�Ù¥�A«�ÐÚ��{9

ÙØ��O.

12.5.1 ÝÝÝ///{{{

ùÒ´^Ý/¡È5%C­>F/¡È. lÈ©1

�¥�½n��, � f ëY�, �½�3��Ý/, §�

¡È�­>F/¡È�� (ë�ã 10.9). du¥���,

Ò^ f( a + b
2

)(b − a)5%C
∫ b

a
f(x) dx. �,==ù�

��Ø�¢^.

U?��{´é«m [a, b]^�å©y, P©y[Ý

h = b − a
n

, xi = a + ih, i = 0, 1, · · · , n. éz�f«m

[xi−1, xi]þ^þãúª (�ã 12.23), Ò��

Rn = b − a
n

n
∑

i=1

f
( xi−1 + xi

2

)

.

uuuuu� �
xi−1 xixi−1+xi

2

y = f(x)

tttt
p�

tttt
ttp��<<<;<;::975HFC���9����5������2 �

0000000000000000
0000uuur �

ã 12.23: Ý/È©ú

ª«¿ã

du Rn ´ f 3 [a, b]þ� RiemannÚ, �� f ∈ R[a, b], � n → ∞�Ù4�

Ò´È©
∫ b

a
f(x) dx. ¯K´Âñ�ÝXÛ, ùÒI��Ø�©Û.

Äk3«m [0, 1]þïÄ. �3 [0, 1]þ�¼ê F ��ëY��, 3: 1/2?Ð

m��� Lagrange.{�� Taylorúª:

F (t) = F ( 1
2

) + F ′( 1
2

)(t − 1
2

) + 1
2

F ′′(ξ)(t − 1
2

)2.

,�é tl 0� 1È©, |^ t − 1
2
'u«m¥: 1

2
�Û¼ê, Òk

∫1

0
F (t) dt = F ( 1

2
) + 1

2

∫1

0
F ′′(ξ)(t − 1

2
)2 dt.

éum>�1��, XÈ©1�¥�½n¤«, |^1��Ïf (t − 1
2

)2 �Ò,

F ∈ C[0, 1], =���3 η ∈ [0, 1], ��∫1

0
F (t) dt − F ( 1

2
) = 1

2
F ′′(η)

∫1

0
(t − 1

2
)2 dt

= 1
2

F ′′(η) · 1
3

(t − 1
2

)3
∣

∣

∣

1

0
= 1

24
F ′′(η).

e�Ú, éu [a, b]þ���ëY��¼ê f(x), - F (t) = f(a + (b − a)t), =

��� x − a
b − a

= t, Òk F ′′(t) = (b − a)2f ′′(a + (b − a)t), u´k ξ ∈ [a, b], ¦�
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¤á ∫ b

a
f(x) dx = (b − a)

∫1

0
F (t) dt = (b − a)f( a + b

2
) + 1

24
(b − a)3f ′′(ξ).

��, éu [a, b]� n�å©y, 3f«m [xi−1, xi]þÒk∫xi

xi−1

f(x) dx = hf(
xi−1 + xi

2
) + 1

24
h3f ′′(ξi).

é il 1� n¦Ú, Ò��
∫ b

a
f(x) dx = Rn + nh3

24

(

1
n

n
∑

i=1

f ′′(ξi)

)

,

Ù¥ nh3 =
(b − a)3

n2 . l f ′′ ∈ C[a, b], ∃ ξ ∈ [a, b] : f ′′(ξ) = 1
n

n
∑

i=1

f ′′(ξi). ù�Ò

��¤��Ø��O�∫ b

a
f(x) dx − Rn =

(b − a)3

24n2 f ′′(ξ) = O
(

1
n2

)

.

12.5.2 FFF///{{{

ùÒ´^��F/%C­>F/. éu [a, b] þ�

f(x), =^ b − a
2

· [f(a) + f(b)]5%C
∫ b

a
f(x) dx.

�,3¢S¦^��´éu [a, b] ^�å n ©y,

h = b − a
n

, xi = a + ih, i = 0, 1, · · · , n, ,�éz�

[xi−1, xi]þ�­>F/^��F/�O, ��

Tn = b − a
n

n
∑

i=1

1
2
· [f(xi−1) + f(xi)].

¢Sþù��±n)�^é�¤k (xi, f(xi)) (i =

0, 1, · · · , n) �ò�5%C y = f(x), 
 Tn Ò´dd

ò�)¤�­>F/�¡È, Ïd�¡�ò�úª.

uuuuu� �
xi−1 xi

y = f(x)

tttt
p�

tttt
ttp��<<<;<;::975HFC���9����5������2 �.-.-.-.-..-.-.�

ã 12.24: F/úª«

¿ã

e¡Ó�?1Ø�©Û, ·�w´Ä'Ý/úªkU?.

k3 [0, 1]þy², e F 3 [0, 1]þ��ëY��, K�3 ξ ∈ [0, 1], ¦�∫1

0
F (t) dt = 1

2
[F (0) + F (1)] − 1

12
F ′′(ξ).

y²�{´�9Ï¼ê

ϕ(x) = F (x) − [F (0) + x(F (1) − F (0))].

ù� ϕ′′(x) = F ′′(x), ϕ(0) = ϕ(1) = 0. u´k∫1

0
ϕ(x) dx =

∫1

0
F (x) dx −

1
2

[F (0) + F (1)].

,��¡k
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∫1

0
ϕ(x) dx =

∫1

0
ϕ(x) d(x −

1
2

) = ϕ(x)(x −
1
2

)
∣

∣

∣

1

0
−

∫1

0
ϕ′(x)(x −

1
2

) dx

= −

∫1

0
ϕ′(x) d( 1

2
x2 −

1
2

x)

= −ϕ′(x)( 1
2

x2 −
1
2

x)
∣

∣

∣

1

0
+

∫1

0
ϕ′′(x)( 1

2
x2 −

1
2

x) dx

= 1
2

F ′′(ξ)
(

1
3
−

1
2

)

= −
1
12

F ′′(ξ).

±d�Ä:Ò�±Xc¡����±e(J:∫ b

a
f(x) dx = 1

2
(b − a)[f(a) + f(b)] − 1

12
(b − a)3f ′′(ζ),

∫xi

xi−1

f(x) dx = h
2

[f(xi−1) + f(xi)] −
h3

12
f ′′(ζi), i = 1, · · · , n,

∫ b

a
f(x) dx − Tn = −

1
12

·
(b − a)3

n2 f ′′(ζ) = O
(

1
n2

)

.

dd��, F/{�Ý/{vkõ��O.

12.5.3 ���ÔÔÔ���{{{

e¡0��Ô�úª, �¡� Simpson➀úª.

éu [a, b] þ� f(x), ^²LÙã�þn:

(a, f(a)),
( a + b

2
, f( a + b

2
)
)

, (b, f(b)) ��gõ�ª (=

�Ô�)5�O f(x), ùÒ´�Ô��{�g�.£�c

¡�Ý/úª, Ò´^²L: ( a + b
2

, f( a + b
2

))�~�

¼ê (= 0gõ�ª)�O f(x), 
F/úªÒ´^²L

ü: (a, f(a)), (b, f(b))��gõ�ª�O f(x).

�,�´I�é [a, b]�©y. du�n:û½�g

n�ª, Ïdæ��å 2n©y, = h = (b − a)/2n, xi =

a + ih, i = 0, 1, · · · , 2n, ,�3z�f«m [x2i−2, x2i]

þ^�Ô��{. �âe¡���Ún, �±y²3�

Ô�e�¡È�:

uuuuu� �
x2i−2 x2ix2i−1

y = f(x)

tttt
p�

tttt
ttp��<<<;<;::975HFC���9����5������2 �GDP>M8J2.F($A��=�<;

0000000000000000
0000

ã 12.25: �Ô�ú

ª«¿ã

1
6

[f(x2i−2) + 4f(x2i−1) + f(x2i)] ×
b − a

n
,

,�é il 1\� n, Ò��

S2n = b − a
6n

n
∑

i=1

[f(x2i−2) + 4f(x2i−1) + f(x2i)].

�
)ºþ¡úª¥�Xê 1/6, 4/6, 1/6´XÛ5�, ·�ky²e¡���

{ü
k��Ún. §¦�·�Ø7¦Ñã 12.25¥��Ô��§Ò�±���Ñ

➀ "ÊÜ (Thomas Simpson, 1710–1761), =IêÆ[.
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�Ô�e�¡È.

Ún � f ´Ø�L 3g�õ�ª, Kk∫b

a
f(x) dx = 1

6
[f(a) + 4f( a + b

2
) + f(b)](b − a).

y Ø��é [0, 1]þ� f(t)�Ñy², ,�^�� x = a + (b− a)t����

�¹�(Ø. qduü>'u F Ñ´�5$�Ïd�I�éu f(t)� 1, t, t2, t3 ù

4�ü�ª5u��ª¤áÒ

. 
ù´N´O��:∫1

0
dt = 1

6
(1 + 4 + 1) = 1,

∫1

0
t dt = 1

6
(0 + 4 ·

1
2

+ 1) = 1
2

,

∫1

0
t2 dt = 1

6
(0 + 4 ·

1
4

+ 1) = 1
3

,

∫1

0
t3 dt = 1

6
(0 + 4 ·

1
8

+ 1) = 1
4

.

dd��Ún�ý. �

5 ù�Ún¥�úªk��¶¡:“�Uúª”, §�±^u¦NõAÛN�

NÈ. ¦^�{´¦Ñþ.¡!¥�¡Úe.¡�¡È, ¦±�­Xê 1, 4, 1��

\, 2¦pØ 6=�. ~X, éu�» r�¥, Kk

V = 2r
6

(0 + 4 · πr2 + 0) = 4
3

πr3.

d	, �Uúª��±^uO�cÎ!cI!c�!�Î!�IÚ���NÈ. §�

�±^uO�²¡ã/�¡È, ~X²1o>/!F/Ún�/�. ��Jéu�

¡ÈKØU�ÑO((J.

du�Ô�úª�Ø��O'�E,, ò§;���e��!.

12.5.4 ���ÔÔÔ���úúúªªª���ØØØ������OOO

XÓéuÝ/úªÚF/úª�Ø��O@�, Ì�ó�3uy²e¡½n

¥�(Ø, ,�Ò�±í���.

½½½nnn 12.4 � f ∈ C4[−1, 1], K�3 ξ ∈ [−1, 1], ¦�¤á∫1

−1
f(x) dx = 1

3
[f(−1) + 4f(0) + f(1)] −

f (4)(ξ)
90

. (12.14)

y ©±eAÚ5y².

(i)Ú\�gõ�ª p(x), ¦� p(−1) = f(−1), p(0) = f(0), p(1) = f(1), ù�

lÚnk ∫1

−1
p(x) dx = 1

3
[f(−1) + 4f(0) + f(1)].
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,��E9Ï¼ê➀

ϕ(x) = f(x) − p(x) + (f ′(0) − p′(0))(x3 − x).

K ϕ(−1) = ϕ(0) = ϕ(1) = ϕ′(0) = 0. � ϕ(4)(x) = f (4)(x). ù�k∫1

−1
[f(x) − p(x)] dx =

∫1

−1
ϕ(x) dx. (12.15)

u´¯K8(�XÛ�Om>�È©.

(ii)|^�©¥�½nA^¥��½~ê{ (ë�1�þ 242�.5), ·�5

y²: éz� x ∈ [−1, 1], �3 ζ ∈ (−1, 1), ¦�

ϕ(x) =
f (4)(ζ)

4!
· x2(x2 − 1). (12.16)

e x = ±1, 0, K ζ �?�. ÄK, -

λ = 4! ·
ϕ(x)

x2(x2 − 1)
,

½Â9Ï¼ê

F (t) = ϕ(t) − λ ·
t2(t2 − 1)

4!
, t ∈ [−1, 1],

ù�k F (0) = F (−1) = F (1) = F (x) = 0, F ′(0) = 0. �EA^ Rolle½n���

3 ζ ∈ (−1, 1), ¦� F (4)(ζ) = 0, = ϕ(4)(ζ) = λ, ùÒ´ (12.16).

(iii)ò (12.16)�\ (12.15)�m>, ¿|^�¼ê f (4) ∈ C[−1, 1], Ò�±X

È©1�¥�½n¤«�3 ξ ∈ [−1, 1], ¦�¤á∫1

−1
[f(x) − p(x)] dx =

∫1

−1
ϕ(x) dx

=
f (4)(ξ)

4!

∫1

−1
x2(x2 − 1) dx

= −
f (4)(ξ)

90
. �

e�Ú´�Ä���«m [a, b]. ��� x = a + b
2

+ b − a
2

t, Òk

∫ b

a
f(x) dx = b − a

2

∫1

−1
f( a + b

2
+ b − a

2
t) dt

= b − a
6

[f(a) + 4f( a + b
2

) + f(b)] −
f (4)(ξ)

90
·
(

b − a
2

)5

.

ù�Ò�±éuc¡¤���å 2n ©y, = h = (b − a)/2n, xi = a + ih,

i = 0, 1, · · · , 2n, é i = 0, 1, · · · , n − 1k

➀ l (12.15)��, Ú\ ϕ(x) = f(x)− p(x)´��g,�. ,
ù�e�¬uy^È

©1�¥�½n��Ò5^�ØU¤á. ÏdI�39Ï¼ê¥O\��, §´ x3 − x�

�ê. duù´Û¼ê, 3 [−1, 1]þÈ©� 0, ÏdØK� (12.15)�¤á. ,��¡, |^

Xê f ′(0) − p′(0)�±¦� ϕ′(0) = 0, l
¦� (12.16)¥Ñy��ê� 4�.
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∫x2i+2

x2i

f(x) dx = 1
6

[f(x2i) + 4f(x2i+1) + f(x2i+2)] ×
b − a

n
+ ri,

Ù¥

ri = −
f (4)(ξi)

90
·
(

b − a
2n

)5

.

éu i¦Ú�ÒkØ��O�

r =
∫ b

a
f(x) dx − S2n

= r0 + r1 + · · · + rn−1

= −
1
90

[f (4)(ξ0) + · · · + f (4)(ξn−1)] ·
(

b − a
2n

)5

.

��2|^ f (4) �0�5, Ò�3 ξ ∈ [a, b], ¦�

r = −
1
90

· nf (4)(ξ) ·
(

b − a
2n

)5

= −
f (4)(ξ)(b − a)5

4!120 n4 = O
(

1
n4

)

.

dd��, �Ô�{�'Ý/{ÚF/{Ð�õ, ´�«'�¢^�ê�È©

�{. 3k�O�ìþ�È©O�Ò´^ù«�{5?�§S�.

12.5.5 Gauss¦¦¦ÈÈÈ{{{

Gauss➀¦È{�g��c¡�Ý/{!F/{Ú�Ô�{ØÓ,��þ��

!¥�Ún%k�q�?. §�8I´�¦úªéu¤kØ�L,g�õ�ªÑ

U
Jø°((J. ØÓ�?3uØ
�ÀJz���Xê�	, Ó���Ä3�

o:þO��È¼ê��.

ùp�0� Gauss¦È{���A~. ©ÛL², éuØ�L 3g�õ�ª,

��O�ü�:þ��Ò

. �3 [−1, 1]þéu¤kØ�L 3gõ�ª�¦°

(¤á±e¦Èúª: ∫1

−1
f(t) dt = w1f(t1) + w2f(t2),

¯:XÛ� w1, w2, t1, t2.

�Ún�y²�{�Ó, ^ f � 1, t, t2, t3 �\, ���§

2 = w1 + w2, 0 = w1t1 + w2t2,

2
3

= w1t
2
1 + w2t

2
2, 0 = w1t

3
1 + w2t

3
2.

lm>ü��§�íÑ t1 = −t2, w1 = w2. 2éÜ1���§�� w1 = w2 = 1.

��¦Ñ t21 = t22 = 1
3

. ù�Ò�� Gaussúª:

➀ pd (Carl Friedrich Gauss, 1777–1855), �IêÆ[, � ArchimedesÚ Newton

�å�@�´k¤±5�z���n êÆ[��. ¦éU©Æ!ÿ/ÆÚ>^Æ�k­�

�z.
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∫1

−1
f(t) dt = f(− 1√

3
) + f( 1√

3
).

e- x = a + b
2

+ b − a
2

t, K� tl −1� 1�, xÒl a� b. u´Òk
∫ b

a
f(x) dx =

∫1

−1
f( a + b

2
+ b − a

2
t) · b − a

2
dt

= b − a
2

[

f( a + b
2

−
b − a

2
√

3
) + f( a + b

2
+ b − a

2
√

3
)

]

,

§éu¤kØ�L 3g�õ�ª�Ñ°((J.

'u Gauss¦È{���50�9ÙØ�©Û�±3O�êÆ�Ö¥é�.

öööSSSKKK

1. ò [0, 1] 10�©, ©O^F/úªÚ�Ô�úªO�
∫1

0

sinx
x

dx�Cq�,

¿�Ù 6 k�� 0.946083�'�.

2. e f ∈ R[a, b], y²:

lim
n→∞

Mn = lim
n→∞

Tn = lim
n→∞

S2n =
∫ b

a
f(x) dx.

3. � f ′′ ∈ C[a, b], y²: �3 ξ ∈ [a, b], ¦�¤á∫ b

a
f(x) dx =

f(a) + f(b)
2

· (b − a) −
f ′′(ξ)

12
· (b − a)3.

4. e f ′′ ∈ C[a, b], f ′′(x) 6 0 ∀x ∈ [a, b], y²:

Tn −

∫ b

a
f(x) dx 6 0.

5. y²:� n > 2�¤áe�Ø�ª:

3n + 1
2n + 2

<

n
∑

k=1

(

k
n

)n

< 1.6.
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§12.6 Wallisúúúªªª��� Stirlingúúúªªª

12.6.1 Wallisúúúªªª

Ñu:´½È© In =
∫ π

2

0
sinn xdx =

∫ π
2

0
cosn xdx (�~K 10.33). ®�k

In =















(2k − 1)!!

(2k)!!
·

π
2

, n = 2k,

(2k)!!

(2k + 1)!!
, n = 2k + 1.

ùpé n�ÛêÚóê�úªéØ��, q�éÛ%. ��±y²

lim
n→∞

I2n+1

I2n
= 1. (12.17)

e¡¬w�ùÒ´Wallisúª.

l [0, π
2

]þ�Ø�ª

sin2n+2 x 6 sin2n+1 x 6 sin2n x

Ñu, �� I2n+2 < I2n+1 < I2n. ddÒk

I2n+2 = 2n + 1
2n + 2

I2n < I2n+1 < I2n,

Ø± I2n, ¿- n → ∞, ^Y%½nÒ�� (12.17).

ò (12.17)¥� I2n, I2n+1 ^c¡�½È©(J�\, Ò��Wallisúª.

lim
n→∞

1
2n + 1

·

(

(2n)!!

(2n − 1)!!

)2

·
2
π = 1. (12.18)

5¿: Wallisúª�±kõ«/ªÑy. ~X±eA�Ñ´Wallisúª, �±

�âØÓ|ÜÀ^:

(2n)!!

(2n − 1)!!
∼

√
πn, (12.19)

In =
∫ π

2

0
sinn xdx ∼

√

π
2n

, (12.20)

Cn
2n =

(2n)!

(n!)2
∼

22n
√

πn
. (12.21)

12.6.2 Stirlingúúúªªª

3L�®²k'u n!�Nõ(J. lÃ¡�þ5w, ®²��éu?Û a > 1,

k an ≪ n! ≪ nn. (�~K 4.20ÚÙ¥¤Ú1�Ù¥�öSK.) StirlingúªK�

Ñ
 n!�(�£ã, =

n! ∼
(

n
e

)n √
2πn. (12.22)
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Stirlingúúúªªª���yyy²²² l nn

n!
�e�©)m©:

nn

n!
= nn−1

(n − 1)!
=
(

2
1

)(

3
2

)2 ( 4
3

)3

· · ·
(

n
n − 1

)n−1

,

�éê, ��

n ln n − ln n! =

n−1
∑

k=1

k ln
(

1 + 1
k

)

. (12.23)

|^éê¼ê f(x) = ln(1 + x) �� Lagrange .{�� Maclaurin Ðmª, l

f ′(x) = 1
1 + x

, f ′′(x) = −
1

(1 + x)2
, f ′′′(x) = 2

(1 + x)3
, ��

ln(1 + x) = x −
x2

2
+ x3

3(1 + θx)3
(0 < θ < 1),

Ù¥� θ� xk'. 5¿: � x > 0� 1 + θx > 1.

éu x = 1
k

, ò��éA� 1
(1 + θ/k)3

P� θk ∈ (0, 1), Òk

ln(1 + 1
k

) = 1
k

−
1

2k2 +
θk

3k3 (0 < θk < 1).

- k = 1, · · · , n − 1, ¿ò§��\ (12.23)Ò��

n ln n − ln n! =
n−1
∑

k=1

(

1 −
1
2k

+
θk

3k2

)

= n − 1 −
1
2

ln n −
1
2

(

n−1
∑

k=1

1
k

− ln n

)

+
n−1
∑

k=1

θk

3k2 .

|^1�Ù¥'u Euler~ê�~K 2.29, ¿ë�~K 2.41, ��þª��ü��

n → ∞�ÑÂñ. ù�Ò��

ln n! − n ln n + n −
1
2

ln n = C + o(1),

2U��

lim
n→∞

n!
(

n
e

)n √
n

= eC = S > 0.

{e�¯KÒ´O�Ñ4� S �ê�. ^Wallisúª=�)ûXe:
√

π = lim
n→∞

(2n)!!

(2n − 1)!!
√

n
= lim

n→∞

22n(n!)2

(2n)!
√

n
(e¡|^�dþ���{)

= lim
n→∞

22n
[

S
(

n
e

)n √
n
]2

S
(

2n
e

)2n √
2n

√
n

= S√
2

,

Ïd S =
√

2π. �

5 ~K 2.31¥� n

√
n! ∼ n

e
�±l StirlingúªíÑ, �±`´ Stirlingú

ª�f/ª.
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NNN¹¹¹ lll Keplernnn���½½½ÆÆÆ������kkkÚÚÚååå½½½ÆÆÆ

3ù�N¹¥·�0��È©3�Æ¤þ�1�gk­�¿Â�A^, ùÒ

´XÛl Kepler�1($Än�½ÆÏL�È©í�Ñ�kÚå½Æ. ù�ïÄ

´d Newton�¤�, u 1687cuLu¦�y��Í� [21]¥.

du Newton��È©3��´^AÛ�óL��, Ø´n), �8U�êÆ

©Û�å��, e¡�ùã�^y��ó5?1 [21].

l Kepler'u1($Ä�1�½Æm©.

Kepler 111���½½½ÆÆÆ 1(7���$Ä;,´ý�, �� uý�����

:þ.

N´n)3ùpæ^���Ie�IO�§ x2

a2 +
y2

b2 = 1´ØÜ·�. ·�

ò�� (�����:)� ����:, òý�^4�I�§L«�

r =
p

1 − ε cos θ
, (N1)

Ù¥�ý��ü��¶�� 0 < b < a,  %Ç ε =

√
a2 − b2

a
, �ëê p = b2

a
.

,
�§ (N1)��´1($Ä�;,, 1(3ý�þ�ý¢$Ä´d1�½

Æ5£ã�. ùÒ´

Kepler 111���½½½ÆÆÆ (���¡¡¡ÈÈÈ½½½ÆÆÆ) l���1(�é�3����mS¤×

L�¡È��.

XÛ�«3ù^½Æ�����¹Â, ´��4�'��¯K. Newton^¦

Ak��{uyþã1�½ÆÒL²��é1(��^��%�Úå. e¡·�

^�È©5�.

�dÄkI�±�m t�ëê5£ã²¡þ�­�$Ä. æ^4�I¿���

þ�¼ê

r(t) = r(t) cos θ(t) i + r(t) sin θ(t)j,

Ù¥m�� r(t) Ú θ(t) Ñ´�m t �Iþ¼ê. ò r(t)é t ¦�üg, ��\�

Ý�þ�

a(t) = d2r

dt2
= (r̈ cos θ − 2ṙθ̇ sin θ − rθ̇2 cos θ − rθ̈ sin θ) i

+ (r̈ sin θ + 2ṙθ̇ cos θ − rθ̇2 sin θ + rθ̈ cos θ) j.

ù�L�ªwþ�'�E,, �éN´{z. �dÚ\ü�ü �þ, =¥»��

�ü �þÚ�����ü �þ,

er = cos θ i + sin θ j, en = − sin θ i + cos θ j,

l
Ò�±òþã\�Ý�þL«�

a(t) = (r̈ − rθ̇2)er + (2ṙθ̇ + rθ̈)en. (N2)
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y3£� Kepler 1�½Æ, =l���1(�¥»3����mS×L�¡È�

�. P¥»l�Ý�"m©��Ý� θ �¤×L�¡È� A(θ), �â4�Ie�

¡Èúªk

A(θ) = 1
2

∫θ

0
r2(τ) dτ .

�â�¡È½Æ, òþªé t ¦�A��~ê. ^¦��óª{K��

dA
dt

= dA
dθ

·
dθ
dt

= 1
2

r2θ̇ =~ê. (N3)

é�����ª2¦��g, ò~ê��, ¿����Ïf r, Ò��

ṙθ̇ + 1
2

rθ̈ = 0. (N4)

òù�'X�\\�Ýúª (N2)¥, Ò��

a(t) = (r̈ − rθ̇2)er.

ù�Òy²
\�Ý a �¥» r �����.

A^ Newton �åÆ1�½Æ, ����é1(��^å�

F = ma = m(r̈ − rθ̇2)er. (N5)

e¡�¯KÒ´�(½ (N5)¥Xê r̈ − rθ̇2 �ÎÒÚ����ok'.

�dkòý��4�I�§ (N1) U��

p = r(1 − ε cos θ),

¦�üg��

0 = r̈(1 − ε cos θ) + 2εṙθ̇ sin θ + rεθ̇2 cos θ + rεθ̈ sin θ.

|^'Xª (N4) ��þªm>1���1o��Ú� 0, Ïd��

r̈ = −
rεθ̇2 cos θ
1 − ε cos θ

.

ù�Ò�±O�Ñ

r̈ − rθ̇2 = −rεθ̇2 cos θ − rθ̇2 + rεθ̇2 cos θ
1 − ε cos θ

= −
rθ̇2

1 − ε cos θ

= −
r2θ̇2

p
= −

a
b2 r2θ̇2.

òù�(J�\å F �L�ª (N5) ¥, ��

F = −
ma
b2 r2θ̇2 er.

dd����éu1(��^å´�%å. �
wÑm>�Xê��ok',2g

|^ (N3), = r2θ̇ =~ê, Ò�±òå F �þãL�ªU��

F = −
ma
b2r2 (r2θ̇)2er = −

m
r2 ·

a
b2 (r2θ̇)2 er. (N6)

dd��, 1(3;�þ¤É�Úå(¢�ål²�¤�'. �Ù¥�'~~êd

�oû½? §´Ä�1(k'? �d�Ø�Ù.
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ù� Kepler 1n½ÆÒåXØ�O���^
.

Kepler 111nnn½½½ÆÆÆ 1(7���±¤^��m�²��1(����²þ

ål�ng�¤�'.

�â Kepler1�½Æ��, ùp�²þålÒ´ý����¶ a, u´Ò�±

�Ñ Kepler 1n½Æ�êÆ/ª�

T 2
1

a3
1

=
T 2

2

a3
2

= · · · = k, (N7)

Ù¥ Ti Ú ai ´1 i �1(�±ÏÚ��¶, k 3��XS�~ê.

|^ý��¡È A = πab, q®� dA
dt

= 1
2

r2θ̇ = const, Ò�±O�Ñ±Ï�

T = πab
dA
dt

= πab
1
2

r2θ̇
.

�\ (N7)ª, ��

k = T 2

a3 = π2a2b2

1
4

(r2 θ̇)2
·

1
a3 = 4π2b2

a(r2 θ̇)2
. (N8)

òù
(J�\å F �L�ª (N6) ¥, Ò��:

F = − m

(

a
b2 (r2θ̇)2

)

1
r2 er

= − m ·
4π2

k
·

1
r2 er.

(N9)

u´Òy²
31(7���$Ä¥��é1(��^å��%å, Ù���å

l²�¤�', Ù¥�Xê�1(��þ¤�', ù�·�¤���kÚå½Æ®

²'��C
.

Newtonq|^¦�LkÕM5�åÆ$Ä1n½Æ, =�^å���^å½

Æ, wÑ3��áÚ1(�Ó�, 1(��½±�����åáÚ��. Q,ù�

å�1(��þm ¤�', @4§�A�Ó����þM ¤�'. ù�Òl (N9)

��
�·�¤ÙG�/ª

F = −
GMm

r2 er, (N10)

Ù¥ G ¡��kÚå~ê.

�L5 NewtonqlþãÚå½Æí�Ñ Kepler�n�1($Ä½Æ, ù�

Òò KeplerlÃêgU©*ÿo(Ñ5�²�½Æþ,¤�kî�êÆÄ:��

ÆnØ. Newtonq^¤��Úå½Æu/�$ÄÚ/¡þÔN�$Ä��X�¯

K, l
¦¦(& (N10)´�^Ê·�g,5Æ.

Newton�ù�ó�\w
 CopernicusF%`����|. 3ù±cØ=m

�.r��éF%`, Ò´3�Æ.¥��k� Kepler@��j½�|±ö. 3

Newton�ó����¹��U*. vk?Ûkn��<2�éF%`. ù´Ï�

ù�Æ`k
�È©�|±, §´�±^êÆ5y²�! <a?\
n5��.
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SSSNNN{{{000 �Ù´éu1�þ¥�4�nØÚ¢êX�Ö¿. §13.10�ê�

�þ4�Úe4�. §13.2´A�A^, �)Ø N��nÚ Newton¦�{. §13.3

l¢êXÄ�½n�d5m©, éu¢êXlúnz�Ý�0�, ¿3N¹¥0�

�E¢êX�.�A«~^�{.

§13.1 þþþ444���ÚÚÚeee444���

��ê�Ø�½Âñ, =Ø�½k4�, �´�½kþ4�Úe4�.

þ4�Úe4�´1�Ù�ê�4�nØ�Ö¿Ú�õ. �!�äNSN�

§2.5�f�Vgk��éX, AO´±eA:: k.ê�7kÂñf� (=½n

2.28); e: ξ �z����¥Ñ¹k {xn}¥�Ã�õ�, K ξ 7´Tê��,�

Âñf��4� (§2.5öSK 12); §��¡�¤á.

13.1.1 þþþ444���ÚÚÚeee444������½½½ÂÂÂ

eê� {xn}uÑ, K�½�3f� {xnk
}, ¦� lim

k→∞
xnk
k¿Â. ¢Sþ, e

{xn}k., K�^và½n���3Âñ�f�. e {xn}Ãþ., K�3uÑu

+∞�f�, e {xn}Ãe., K�3uÑu −∞�f�. 8�, ¡¤kù
�¹�

lim
k→∞

xnk
= a�ê� {xn}�4�:, Ù¥ a�±´k�ê, ��±´ +∞Ú −∞.

�«Oå�, ¡ a�k�ê��¹��~4�:, 
ò a = ±∞¡���~4�:.

3I�'��) ±∞3S�4�:����, ·��½: +∞�u?Ûk�

ê, −∞�u?Ûk�ê.

~~~KKK 13.1 ÞA�~f.

(1)ê� {(−1)n}�Âñf��kÃ�õ�, �4�:�kü�: −1� 1;

(2)ê� {n(−1)n}�4�:��kü�: −∞� +∞;

(3)ê� {n(−1)n

}�4�:´ 0Ú +∞;

(4)1�þ1�ÙoöSK¥K 10�Ñ�ê�kÃ¡õ�4�:, §���N

TÐÒ´4«m [0, 1]. �

34�:Vg�Ä:þ, �Ñþ4�Úe4��½ÂÚPÒ:
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½½½ÂÂÂ 13.1 ê� {xn}�þ4��e4�´Tê����4�:���4�

:, ¿©OP� lim
n→∞

xn � lim
n→∞

xn
➀.

�,, ù�½Â��´Äk¿ÂKÄk�6uþ4�Úe4���35.

½½½nnn 13.1 ê��þ4�Úe4��½�3���.

y l��êÚ��ê�½Â����eþ4�Úe4��3K7��.Ï

d±e�Iy²�35. �{²å��y²�3þ4�.

��½ê� {xn}, kwü�AÏ�¹.

(1)eTê�Ãþ., K�3����~4�: +∞, §�,Ò´���4�

:. ���¤á. Ïd

ê�Ãþ.⇐⇒ lim
n→∞

xn = +∞.

(2)���4�:� −∞�´�U�. w,ù�Ø#N�3Ù¦4�:, Ïd

�U´ lim
n→∞

xn = −∞, = {xn}�KÃ¡�þ. ù�Òk

lim
n→∞

xn = −∞ ⇐⇒ lim
n→∞

xn = −∞.

(3)y3�Ä{e��¹, �´�Ì���¹. ù�� {xn}kþ., �qØ´

KÃ¡�þ. ù�Ò���3��k�4�:. ò {xn}�¤k4�:¤¤8ÜP

� L, K L´��kþ.ê8. �â(.½n (½n 1.5), Lkþ(., ò§P� β.

·�5y²: β �½´ê� {xn}���4�:, l
Ò´��4�:, =þ4�.

¢Sþé ∀ ε > 0, lþ(.� (1�)½Â (�½Â 1.6), 3 (β − ε, β]¥�½

kê8 L¥�,�ê l. du l´ê� {xn}�4�:, Ïd3§�z����¥�

½kê� {xn}¥�Ã¡õ�. ù�Ò®²y², 3 β �z���� Oε(β)¥�3

ê� {xn}�Ã¡õ�. ù®²v±�y β ´ {xn}�4�:.

éue4�, ·��Ñ�A�n«�¹
Ñ�y²L§:

(1)′ e4�� −∞�Uu)Xe:

ê�Ãe.⇐⇒ lim
n→∞

xn = −∞.

(2)′ e4�� +∞�Uu)Xe:

lim
n→∞

xn = +∞ ⇐⇒ lim
n→∞

xn = +∞.

(3)′ éu{e��¹, =ê� {xn}ke., Ó�qØ´�Ã¡�þ, Ke4�

�k�ê, §Ò´ê��4�:8�e(., �´��ê. �

➀ lim sup
n→∞

xn Ú lim inf
n→∞

xn �´þ4�Úe4��~^PÒ.
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13.1.2 þþþ444���ÚÚÚeee444������ÄÄÄ���555���

l½n 13.1��, þ4�Úe4��Ã¡���¹´{ü�. e¡·�y²,

3þ4�Úe4��k�ê�, §��±^L�ÙG��ó5£ã, Ù¥�)^

ε–N �ó�£ã, §�±��þ4�Úe4��1�½Â.ù
Ñ�ê�4��Ä

�½Â 2.1�~�q, ùp��±òe¡�Nã 13.1�1�Ù¥�½n 2.3Úã

2.3�'�.

½½½nnn 13.2 �±e� β Ú αÑ´k�¢ê.

(I) β �ê� {xn}�þ4��¿©7�^�´: éuz���½� ε > 0,

(1)ê� {xn}¥�õ�kk�õ� > β + ε;

(2)ê� {xn}¥kÃ�õ�á3 Oε(β)¥.

(II) α�ê� {xn}�e4��¿©7�^�´: éuz���½� ε > 0,

(1)ê� {xn}¥�õ�kk�õ� 6 α − ε;

(2)ê� {xn}¥kÃ�õ�á3 Oε(α)¥.

e¡´½n 13.2�AÛL«:uuuuuuuuur��� =	 C��:	!F
+∞

�
β

( )
β − ε β + ε

�� ∈Oε(β)
︷ ︸︸ ︷

{xn} ��� �� >β+ε

︷ ︸︸ ︷

����
(a)

uuuuuuuuur��� =	 C��:	!F
−∞

�
α

( )
α − ε α + ε

�� ∈Oε(α)
︷ ︸︸ ︷

{xn} ����� 6α−ε

︷ ︸︸ ︷

����
(b)

ã 13.1: þ4�Úe4��AÛ¿Â

e^ ε–N �ó�Ñ, K�±ò½n 13.2U��

(I) β = lim
n→∞

xn ⇐⇒







(1) ∀ ε > 0, ∃N, ∀n > N : xn < β + ε;

(2) ∀ ε > 0, ∀N ′, ∃n′ > N ′ : β − ε < xn′ < β + ε.

(II) α = lim
n→∞

xn ⇐⇒







(1) ∀ ε > 0, ∃N, ∀n > N : α − ε < xn;

(2) ∀ ε > 0, ∀N ′, ∃n′ > N ′ : α − ε < xn′ < α + ε.

½n 13.2�y² ��Ñ'uþ4��y².

7�5 ek�ê β = lim
n→∞

xn, Kdu β ´4�:, Ïdé ∀ ε > 0, ê�

{xn}7kÃ�õ�3 Oε(β)¥. d	, 3T���	�mý, e�kê�¥�Ã�

õ�, KÙ¥Ò¬kÂñf�, §�4�: > β + ε > β. ù�þ4� β ���4�

:gñ (ëwã 13.1(a)).
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¿©5 éz� ε > 0¤á^� (2)Ò�y
 β ´ê����4�:. e�k

' β ��4�:, P� β′ > β. K� ε = (β′ − β)/2, Ò¬3 Oε(β
′) ⊂ [β + ε, +∞)

¥�3ê�¥�Ã�õ�, ù�^� (1)gñ. �

e¡�½n�Ñ
þ4�Úe4��L�ª, §�3þ4�Úe4��O�

Ú?Ø¥k^. d	, ��ò§���þ4�Úe4�� (1n)½Â.

½½½nnn 13.3 ê� {xn}�þ4�Úe4�ke�L�ª:

lim
n→∞

xn = lim
n→∞

sup{xn, xn+1, · · · }, (13.1)

lim
n→∞

xn = lim
n→∞

inf{xn, xn+1, · · · }, (13.2)

Ù¥� {xn}Ãþ.�, (13.1)�m>n)�+∞; � {xn}Ãe.�, (13.2)�m>

n)� −∞.

y ��Ñ'uþ4��L�ª (13.1)�y². ±eP β = lim
n→∞

xn, qP

bn = sup{xn, xn+1, · · · } ∀n. lÙ½Â�� {bn}üN~�, Ïd b = lim
n→∞

bn �½

k¿Â.

(1)e β = +∞, K {xn}Ãþ., Ïdz� bn = +∞. ù� (13.1)m>�U�

½� +∞.

(2)e β = −∞, K xn → −∞, Ïd ∀G > 0, ∃N , ∀n > N : xn 6 −G. u´

�k bn 6 −G, ùL² (13.1)m>� lim
n→∞

bn = −∞.

(3)e β �k�ê, Kl½n 13.2� (I)(1), éu ε > 0, ∃N , ∀n > N : xn <

β + ε. u´�k bn 6 β + ε. - n → ∞�� b 6 β + ε. |^ ε > 0�?¿5, ��

b 6 β.

ek b < β, Kéu ε = (β − b)/2, ∃N , ∀n > N : bn < b + ε = β − ε. ù�

l bn = sup{xn, xn+1, · · · }���k xn < β − ε. ù��
½n 13.2� (I)(2), =

Oε(β)¥¹ê� {xn}¥�Ã�õ�. ���U b = β. �

13.1.3 þþþ444���ÚÚÚeee444������444������'''XXX

½½½nnn 13.4 ê� {xn}k4� (�)��~4�)�¿©7�^�´Ùþ4�

Úe4���, �3���¤á

lim
n→∞

xn = lim
n→∞

xn = lim
n→∞

xn.

y 7�5 e lim
n→∞

xnk¿Â,ò§P� a,K {xn}�z�f�Ñªu a (ë

�½n 2.259Ù5), �� a´Ù���4�:, Ïdþ4�Úe4�Ñ�u a.

¿©5 ù�þ4�Úe4���, P� a, K�k��4�: a. e¡é a�

k�êÚ ±∞�n«�¹©Oy² lim
n→∞

xn = a.
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e a = −∞, Kl½n 13.1��, lim
n→∞

xn = −∞Ò´ lim
n→∞

xn = −∞.

e a = +∞, Kl½n 13.1��, lim
n→∞

xn = +∞Ò´ lim
n→∞

xn = +∞.

��?Ø a�k�ê��¹. Ó�|^½n 13.2¥� (I)(1)Ú (II)(1), Ò�

�, ∀ ε > 0, ∃N , ∀n > N , ¤á a − ε < xn < a + ε, = lim
n→∞

xn = a. �

��þ4�Úe4����A^,e¡±~K�/ª�ÑCauchyÂñOK�

¿©5Ü©�y².

~~~KKK 13.2 e {xn}´Ä�ê�, K�½Âñ.

y � {xn}´Ä�ê�,K ∀ ε > 0, ∃N , ∀n > N , ∀ p ∈ N,¤á |xn−xn+p| <

ε. ò���ªU��

xn − ε < xn+p < xn + ε,

�½ n, ¿- p → +∞, K��

xn − ε 6 lim
n→∞

xn 6 lim
n→∞

xn 6 xn + ε.

dd��, k

0 6 lim
n→∞

xn − lim
n→∞

xn 6 2ε.

du ε > 0���?¿�, Ïd�U´ lim
n→∞

xn = lim
n→∞

xn. �â½n 13.4, ��Ä

�ê� {xn}Âñ. �

13.1.4 þþþ444���ÚÚÚeee444������$$$���

�4�$�÷v�oK$�{KØÓ,þ4�Úe4��$�{K�E,�


. ùp�±~K�/ªù��\{5K.

~~~KKK 13.3 y²:

(1)3eªm>Ø´Ø½ª�¤áØ�ª:

lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn;

(2)3 {xn}Âñ�K¤á�ª:

lim
n→∞

(xn + yn) = lim
n→∞

xn + lim
n→∞

yn.

y (1)�y²�±^þ4�L�ª (13.1)Xeí���:

lim
n→∞

(xn + yn) = lim
n→∞

sup
k>n

{xk + yk} 6 lim
n→∞

(sup
k>n

{xk} + sup
k>n

{yk})

= lim
n→∞

sup
k>n

{xk} + lim
n→∞

sup
k>n

{yk} = lim
n→∞

xn + lim
n→∞

yn.

ùp3���ª¥�ü�þ4�þ�k�ê�¤á.
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éuÙ¥ÑyÃ¡���¹, ØX��?Ø. dé¡5����?Ø lim
n→∞

xn

�Ã¡���¹.

� lim
n→∞

xn = +∞, � lim
n→∞

yn Ø´ −∞, Km>´ +∞, ÏdÃØ�>XÛØ

�ªo´¤á�.

� lim
n→∞

xn = −∞,� lim
n→∞

ynØ´+∞. ù�l½n 13.1�� lim
n→∞

xn = −∞,


ê� {yn}kþ.. ù� {xn + yn}�´KÃ¡�þ, ÏdØ�ªü>��.

(2)lþã (1)¥�Ø�ªÒk

lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn.

,�k

lim
n→∞

yn = lim
n→∞

[xn + yn + (−xn)]

6 lim
n→∞

(xn + yn) + lim
n→∞

(−xn)

= lim
n→∞

(xn + yn) − lim
n→∞

xn,

òm>����£��>¿�c¡�Ø�ªÜ¿=�. �

5 ��±^þ4�Úe4��½Â½½n 13.25y²k'þ4�Úe4�

��«5�, e¡Ò´é~K 13.3¥� (1)�ØÓy{.

������lllþþþ444���½½½ÂÂÂyyy²²²~~~KKK 13.3��� (1) �?Øm>ü�þ�k�ê��

¹. duü�ê�ù�Ñkþ., Ïd�>�´k�ê.

ù��3f� {xnk
+ ynk

}, ¦�

lim
k→∞

(xnk
+ ynk

) = lim
n→∞

(xn + yn).

l {xnk
}¥�f� {xnk

j

}, ¦� lim
j→∞

xnk
j

k¿Â. ù� lim
j→∞

ynk
j

�k¿Â. �{

²å�, Ø�� lim
k→∞

xnk
Ú lim

k→∞
ynk
®²k¿Â. u´��

lim
n→∞

(xn + yn) = lim
k→∞

xnk
+ lim

k→∞
ynk

6 lim
n→∞

xn + lim
n→∞

yn. �

^̂̂½½½nnn 13.2yyy²²²~~~KKK 13.3��� (1) ��éum>ü�þk���¹�Ñy

². lþ4��5��� ∀ ε > 0, ∃N , ∀n > N :

xn < lim
n→∞

xn + ε
2

, yn < lim
n→∞

yn + ε
2

,

u´� ∀n > N ��k

xn + yn < lim
n→∞

xn + lim
n→∞

yn + ε.

ùL²

lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn + ε.

duùéz�� ε > 0¤á, ÏdÒ��¤¦y�Ø�ª. �

e¡´�þ4�Úe4�k'���kõ�¡A^�­�~K.
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~~~KKK 13.4 ��ê� {an}÷v^� an+m 6 anam ∀n, m ∈ N, Kk

lim
n→∞

ln an

n
= inf

n>1

{

ln an

n

}

.

y ò�ªm>P� α, K��k

α 6 lim
n→∞

ln an

n
. (13.3)

ql α�e(.��, é ∀ ε > 0, ∃N , ¦�

ln aN

N
< α + ε.

�½ù� N , �±òz�g,ê n�� n = mN + k, Ù¥ 0 6 k < N . lK�^

�kØ�ª

an = amN+k 6 am
Nak,

�éê��±��

ln an

n
6

m
n

ln aN + 1
n

ln ak 6
mN
n

(α + ε) + 1
n

ln ak.

3ù�Ø�ªü>-n → ∞. m>1���4�� α + ε, 
1��¥� ak �õ�

� N ØÓ�, Ïd4�� 0. Ïê��m�Ø�ª3�þ4��E�±§=k

lim
n→∞

ln an

n
6 α + ε.

du ε > 0�?¿5, Ò��

lim
n→∞

ln an

n
6 α.

òù�Ø�ª� (13.3)Ü¿, �� lim
n→∞

ln an

n
�½k¿Â, ��u α. �

5 ~K¥� αØ�½´k�ê. � α �k�ê�ê�
{

ln an

n

}

Âñ, 
�

α = −∞�, ù�ê��½´KÃ¡�þ. d	, dù�~K��, 3�ê�÷v^

� an+m 6 anam ∀n, m ∈ N�, 4� lim
n→∞

n

√
an �½�3.

���Ñ, éu1oÙ¥�z�«¼ê4�, Ó��±½Âþ4�Úe4�,

ù�Ò�±éu4�Ø�3��¼ê5��Ñ?�Ú��x. ~X

lim
x→0

sin 1
x

= 1, lim
x→0

sin 1
x

= −1;

lim
x→+∞

sin x = 1, lim
x→+∞

sin x = −1;

lim
x→+∞

x
1 + x6 sin2 x

= +∞, lim
x→+∞

x
1 + x6 sin2 x

= 0.

Ù¥����~fÒ´~K 11.34¥��È¼ê, §3 [0, +∞)þ�2ÂÈ©Âñ.版
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öööSSSKKK

1. ¦e���ê��þ4�Úe4�:

(1) {n(−1)n

}; (2) {sin( nπ
3

)}; (3)
{ n sin( nπ

3
)

n + 1

}

;

(4) {sin nπ
3

+ sin 3
nπ }; (5) {[1 + (−1)n]n}; (6) {nn(−1)

n

};

(7) {rn} ({rn}´ (0, 1)¥�knê�Nü¤�ê�).

2. éu?Ûê� {xn}Ú§�?Ûf� {xnk
}, y²:

lim
n→∞

xn 6 lim
k→∞

xnk
6 lim

k→∞
xnk

6 lim
n→∞

xn.

3. � {xn}, {yn}þk., � xn 6 yn ∀n, y²:

lim
n→∞

xn 6 lim
k→∞

yn, lim
k→∞

xn 6 lim
n→∞

yn.

4. (Y%½n�í2)� {xn}, {yn}, {zn}þk., ÷v yn 6 xn 6 zn ∀n, �k

lim
n→∞

yn > lim
n→∞

zn, y²ùn�ê�ÑÂñ, �k�Ó4�:

lim
n→∞

yn = lim
n→∞

xn = lim
n→∞

zn.

5. éuk.ê� {xn}, {yn}y²:

lim
n→∞

xn + lim
n→∞

yn 6 lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn

6 lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn.

(Ù¥����Ø�ªÒ´~K 13.3(1).)

6. � {xn}�k.ê�, �éu?ÛÙ¦k.ê� {yn}¤á

lim
n→∞

(xn + yn) = lim
n→∞

xn + lim
n→∞

yn,

y²: {xn}Âñ.

7. � {xn}Âñu�4�, {yn}k., y²:

lim
n→∞

xnyn = lim
n→∞

xn lim
n→∞

yn.

8. éu {xn}- Sn =
x1 + · · · + xn

n
∀n½Âê� {Sn}, y²

lim
n→∞

xn 6 lim
n→∞

Sn 6 lim
n→∞

Sn 6 lim
n→∞

xn.

9. eéuê� {xn}�z��f� {xnk
}Ñ¤á lim

j→∞

xn1
+ · · · + xnj

j
= a, y

²: {xn}Âñ�± a�4�.

10. éu�ê� {xn}, y²: lim
n→∞

( x1 + xn+1

xn

)n

> e.

(��±y²m>��Z~ê.)
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§13.2 êêê���444������AAA���AAA^̂̂

�!0��Ø N��nÚ Newton¦�{Ñ´ê��­�A^, AO´�

§2.3.5�S�)¤ê���k', �,�I�Ù¦óä��Ü.

13.2.1 ØØØ   NNN������nnn

31�Ù0�S�ê��Ú\
ØÄ:Vg (�½Â 2.13). d�q3Nõ¯

K¥w�¦�§ f(x) = 0��Ú¦ g(x) = x − f(x)�ØÄ:´�d�. (ë�1

ÊÙoöSK�K 6ÚK 7.) ù��!ò?ØXÛ¦ØÄ:, ½��¦ÙCq�.

kÚ\Ø N��Vg.

½½½ÂÂÂ 13.2 �¼ê ϕ 3 [a, b] þ½Â, ��3~ê k, 0 6 k < 1, ¦�é

∀x, y ∈ [a, b], ¤á |ϕ(x) − ϕ(y)| 6 k|x − y|, K¡ ϕ´ [a, b]þ�Ø N�.

½½½nnn 13.5 (ØØØ   NNN������nnn) � ϕ´ [a, b]þ�Ø N�, Ó��3S�ê�

{xn} ⊂ [a, b], xn+1 = ϕ(xn) ∀n, K ϕ 3 [a, b] ¥�3���ØÄ: ξ, �¤á

lim
n→∞

xn = ξ.

y lN��Ø 5�±ky²ØÄ:e�3K�½��. �k ϕ(ξ1) = ξ1,

qk ϕ(ξ2) = ξ2, K

|ξ1 − ξ2| = |ϕ(ξ1) − ϕ(ξ2)| 6 k|ξ1 − ξ2|,

du 0 6 k < 1, Ïd�Uk ξ1 = ξ2.

duØ N��½ëY➀, Ïd��U
y²S�ê� {xn}Âñ, 3S�úª

xn+1 = ϕ(xn)¥- n → ∞, Ò�±��Ù4� ξ÷v ξ = ϕ(ξ), =´ ϕ�ØÄ:.

{e�¯K´y² {xn}Âñ.

�déu��ê nÚ p, �O xn � xn+p ��Xe:

|xn − xn+p| = |ϕ(xn−1) − ϕ(xn+p−1)| 6 k|xn−1 − xn+p−1|

6 k2|xn−2 − xn+p−2| 6 · · · · · · 6 kn|x0 − xp| 6 kn(b − a).

��éu�½� ε > 0, du 0 6 k < 1, �3N , � n > N �Òk |xn − xn+p| < ε.


�ù� p Ã'. ù�Òy²
Ø N�e�S�ê��½´Ä�ê�. �â

CauchyÂñOK, {xn}Âñ. �

~~~KKK 13.5 y²: Kepler�§ x = ε sinx + buëê |ε| < 1��3��¢�.

➀ 3 §5.2 �öSK 19 ¥Ú\
÷v Lipschitz ^��¼ê. Ø N��´÷v

Lipschitz~ê�¼ê, �´Ù Lipschitz~ê�u 1.
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y P ϕ(x) = ε sin x + b, K�±l

| sin x − sin y| = 2
∣

∣

∣
cos

x + y
2

sin
x − y

2

∣

∣

∣
6 |x − y|,

½ö^ Lagrange�©¥�½n, ��

|ϕ(x) − ϕ(y)| 6 |ε| · |x − y| ∀x, y ∈ R,

�� ϕ(x)3 Rþ´Ø N�. du Kepler�§��Ò´ ϕ�ØÄ:, Ïd®²�

� Kepler�§ek�K�½��.

{e�¯K´I�½Ñ��k.«m, ¦�S�ê� {xn}á3Ù¥.

l |ϕ(x)| 6 |ε|+ |b| = a > 0��, ϕ���Ø�Ñ [−a, a],u´ØØÐ� x0X

Û,l x1m©�¤k xn ∈ [−a, a]. ^Ø N��nÒ��Kepler�§�3�. �

5 X §3.2�öSK 3¤«, �K��±^ f(x) = x − ε sin x3 |ε| < 1��

î�üN5Ú�¼ê�3½n5)û. ù�du f ���� (−∞, +∞), Ïdéz

�� b, �§ f(x) = b�)�3��.

'�±þü�ØÓ�y²�{, ^Ø N��n�`:��´§Ó��Ñ


¢SO���U5, 
��±éS�L§¥�Ø��Ñ�O. e¡éd�Ñ)º.

l±e�O

|xn − ξ| = |ϕ(xn−1) − ϕ(ξ)| 6 k|xn−1 − ξ|

6 k(|xn−1 − xn| + |xn − ξ|),

Ò�±)Ñ

|xn − ξ| 6
k

1 − k
· |xn − xn−1| (13.4)

ùÒ´¤¢�¯��O. =3S�L§¥, zS��g, Ò�±lcg� xn−1 Úù

g� xn �OÑ�cØ���.

3 (13.4)�m>2�E^Ø ^�, q�±��¤¢�¯c�O:

|xn − ξ| 6
kn

1 − k
· |x1 − x0| (13.5)

§�m>¦·��±3�m©Ò^ x0, x1 ÚØ Xê k�OÑ�
���½�°

Ý, ��I��õ�gS�O�.

���Ñ, Ø N��n���é��`:´N´í2�p��m$�Ã¡

��m¥�, 
 §2.3.5¥�AÛ�{�U^u��¯K.

e¡´ NewtonQ²�ÄL�~f.

~~~KKK 13.6 Á^Ø N��n¦�§ x3 − 2x − 5 = 03 x = 2NC��, �

¦Ø�Ø�L 10−4.

) l�§�>�õ�ª3 x = 2, 3�ÉÒ���§3 [2, 3]Sk�. ±ek

òþã�§�¦�¯K=z�¦,�¼ê�ØÄ:¯K. ùpkõ«ÀJ, ~X

x = 3
√

2x + 5, x =

√

2 + 5
x

, x = 1
2

(x3 − 5)�.
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�±wÑ^ g(x) = 3
√

2x + 5÷v g([2, 3]) ⊂ [2, 3]. qÏL¦��Ok

max
26x63

|g′(x)| = 2

3 3

√

(2x + 5)2
6 g′(2) = 2

9 3
√

3
≈ 0.154080,

Ïd�±l x0 = 2m©�S�O�, ��

x1 = g(x0) = 2.080084, x2 = g(x1) = 2.092351, x3 = g(x2) = 2.094217,

x4 = g(x3) = 2.094501, x5 = g(x4) = 2.094544.

�±y²ùp��ê�c 4 Ñ´�(� (3�öSK). �

13.2.2 Newton¦¦¦���{{{

lO�êÆ�¢^�Ý5w, XÛJpê�Âñ��Ý�~­�, 
���S

�ê�, �)dØ N�)¤�3S, Âñ�ÝØ�½é¯. Newton¦�{Ò´|

^�©Æ¤J���p�Ç�{, �kõ�¡�uÐÚA^. ~X, Newton¦�{

�±í2�p��m
¤���a�{�Ä:.

� f 3 [a, b]þ��, f(a)f(b) < 0, f ′ vk": (l
 f î�üN), u´ f 3

(a, b)Sk��¢�, P� ξ. �®²k����Cq� xn, XÛ¦e���Ð�C

q�? ùpÒÑy
S�g�, =l xn ¦Ñ xn+1
➀.

Newton�{�¡���{, ã 13.2�

±)º��okù��¶¡. �·��´

kØ|^§�AÛ¿Â
�Xe©Ûí�.

|^Ã¡�Oþúª (�18Ù §6.4

½ (7.5)ª), �Ñ

f(ξ) = f(xn) + f ′(xn)(ξ − xn) + o(ξ − xn),

ï�{�, q|^ f(ξ) = 0, Òk

ξ − xn ≈ −
f(xn)

f ′(xn)
,

uuuuuur���>�!B��<�"D
xtttt

ttt0~ /����| .����y

O xn+1 xnξ

(xn, f(xn))�
����������������

�������������00000000000000�=;L6JI0GF*C&B ��������������
����7�

ã 13.2: Newton¦�{�AÛ)º

m>Ò´?�þ. u´�eg�Cq��

xn+1 = xn −
f(xn)

f ′(xn)
. (13.6)

ùÒ´ Newton¦�{�S�úª.

lAÛþw, 3ã 13.2¥L­�þ�: (xn, f(xn))���

Y − f(xn) = f ′(xn)(X − xn),

§� x¶��:�î�IÒ´úª (13.6)�m>L�ª. 3þ¡�í�¥Ø^A

Û�{�Ð?´§�±A��µØÄ/í2�p��m¥� Newton¦�{.

➀ 3��¥IêÆ¥®²Ñy
�X�^S�O���{,Ù¥�)¦)�5�§|

���{, O��±Ç�S��{Ú)�gØ½�§��û¦�â� [18].
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lã 13.2�±wÑ, XJl xn+1 O�Ñ f(xn+1), L: (xn+1, f(xn+1))2�

��� x¶��, KÒ�U�� ξ���C
. ùJ«·�, Newton¦�{�U¬

k�Ð�Âñ�Ý.

I��Ñ, Newton¦�{�I��½�^�âU¤õ. Xã 13.3¤«, ê�

{xn}ØÂñ, ½ö,�Ú��S�úª�Ñ� xn+1 �Ñ¼ê�½Â�, ù
Ñk

�Uu). 'uù�¡�©Û�ë� [8]�.uuuuuuuuur��L88888888888888888888888888888888888888888888888888888888Lxn = xn+2

xn+1

ξ998877655330/,(CBA �AB�CD�EFGH�0I4IKJ66K8K8LM8M99:M��0000000 0000000
(a)

uuuuuuuuL88888888888888888888888888886��:��3��=��?

xnξ

a
bGE�E&" "$DEF�.023456778898:9:M�0000000000� 00000000�

(b)

ã 13.3: Newton¦�{�U�}��¹

'u Newton ¦�{�Âñ�Ý�Xeí�. k|^� Lagrange.{��

Taylorúª:

0 = f(ξ) = f(xn) + f ′(xn)(ξ − xn) +
f ′′(θn)

2
(ξ − xn)2,

Ù¥ θn ∈ (ξ, xn). ù�|^S�úª (13.6)Ò��

xn+1 − ξ = xn −
f(xn)

f ′(xn)
− ξ =

−f(xn) − f ′(xn)(ξ − xn)

f ′(xn)

=
f ′′(θn)(ξ − xn)2

2f ′(xn)
,

q|^ lim
n→∞

f ′′(θn) = f ′′(ξ), lim
n→∞

f ′(xn) = f ′(ξ) 6= 0, ���3M > 0, ¦�� n

¿©��¤á

|xn+1 − ξ| 6 M |xn − ξ|2.

ùÒ´¤¢���Âñ�Ý. oÑ/`, =zS��g�±òk� êO\��.

~XÁ^ Newton¦�{O� A > 0�²��. ùÒ´�¦�g�§ f(x) =

x2 − A = 0���. NewtonS�úª�

xn+1 = xn −
x2

n − A
2xn

= 1
2

(

xn + A
xn

)

.

± A = 2�~, =

xn+1 = 1
2

(

xn + 2
xn

)

=
xn

2
+ 1

xn
.

� x0 = 1, Kk

x1 = 1.5, x2 = 0.75 + 0.6̇ = 1.416̇, x3 = 1.414215986 · · · ,

x4 = 1.414213562 · · · .

Ù¥ x4 �Ñ���k�êi. l¥����Âñ�Ý�A�´²w�.
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5 ù«¦��{®�u��¥À/«�{¢Ø��æ�Y�¥. Ø�Ù�

�XÛu²ù���{.. ��±��, éu
√

A 
ó, eÙCq� x <
√

A, K
A
x

>
√

A, ��, e x >
√

A, K A
x

<
√

A. Ïd§���â²þ� 1
2

(

x + A
x

)

k�U´�Ð�Cq� [18].

öööSSSKKK

1. é~K 13.6^úª (13.4)Ú (13.5)�O��Cq� x5 �Ø�.

2. 3~K 13.6 ¥´Ä�±3«m [2, 3] þéu g2(x) =

√

2 + 5
x
½ g3(x) =

1
2

(x3 − 5)^Ø N��n¦)?

3. ?�¢ê x0, ,�^ xn = cos(xn−1) ∀n��S�ê� {xn}, y²:Tê�Â

ñu g(x) = cosx���ØÄ:.

4. ^ Newton¦�{­�~K 13.6¥�¯K, ¿��5�){�'�.

5. ^ Newton¦�{¦�§ x3 − 2x2 − 4x − 7 = 03 [3, 4]�m���Cq�,

°(� 10−4.

6. ^ Newton¦�{¦�§ sin x = 1 − x���Cq�, °(� 10−4.

7. � f 3 [0, 1]þ��, � 0 < f(x) < 1, f ′(x) 6= 1 ∀x ∈ [0, 1], y² f 3 [0, 1]

¥k���ØÄ:.

8. � f 3 [0, 1]þ����, f(0) = g(1), f(x) ∈ [0, 1] ∀x ∈ [0, 1], � |f ′′(x)| <

2 ∀x ∈ [0, 1], y² f 3 [0, 1]¥k���ØÄ:.

9. e f ´ [a, b]þ�üNO\¼ê, a 6 f(a) 6 f(b) 6 b, y²: f 3 [a, b]þk

ØÄ:.

10. y²:Ø�3��¢¼ê f , §÷v^� (f ◦f)(x) ≡ −x3 + x2 + 1.
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§13.3 ¢¢¢êêêXXXnnnØØØ{{{000

ù�!ké1�þ¥� 6�¢êXÄ�½n (ë� §2.6���5)��d5�

Ö¿, ,�lúnz�Ýé¢êXnØ�{Ñ�0�, 3N¹¥ùã�E¢êX�

.�A«~^�{.

13.3.1 ¢¢¢êêêXXXÄÄÄ���½½½nnn������ddd555

31�þ¥0�
¢êX¥� 6�Ä�½n:

(1)(.�3½n (½n 1.5), ��^ §1.2�¢êXëY5�n�Ñ
y².

(2)üNk.ê�Âñ½n (½n 2.18), ^ (1)y².

(3)4«m@½n (½n 2.22), ^ (2)y².

(4) CauchyÂñOK (½n 2.23), ^ (3)y², �5q^e¡� (5)�Ñ1�

�y². �C3~K 13.2¥q�Ñ
1n�y² (3Ù���´^� (5)).

(5) Bolzano-Weierstrassvà½n (½n 2.28), ^ (2)y². �5q^e¡�

(6)�Ñ1��y².

(6) Heine-Borelk�mCX½n (½n 2.29), ^ (3)Ú (5)�Ñ
ü�y².

X §2.6���5¥�Ñ, ù 6�½n´*d�d�. ÏdlÙ¥?Û��Ñu

�±y²Ù¦ 5�½n¥�?Û��. ù�Ò�±�Ñ 30�·K, Ù¥k�'�

N´, k�Ø�N´. d	, Ù¥z�·K�y²��Ukõ��{.

u�þ¡���½n9Ùy², ����2y² (4) =⇒ (1)Ú (6) =⇒ (1),

Ò�¤
 6�¢êXÄ�½n��d5y².

e¡±~K�/ª�Ñùü�y².

~~~KKK 13.7 ^ CauchyÂñOKy²(.�3½n.

y �y²kþ.���ê87kþ(..

� A���ê8, �kþ.. �ê s ∈ A, e sÒ´ A�þ., K sÒ´ A�

��ê, �Ò´þ(., ÏdØ72?Ø.

±e�ê s ∈ A, �Ø´ A�þ.. ù��3,�ê t > s, t´ A�þ..

é��ê n, �Äê8 {s + k
n

∣

∣ k ∈ N}. K�3��ê k0
➀, ¦� s +

k0 − 1
n

Ø´ A�þ., � s +
k0

n
´ A�þ.. òù�þ.P� xn = s +

k0

n
.

éz� nÑù��, ��ê� {xn}. §�z��kü�A5: (1) xn ´ A�þ

., (2) xn −
1
n
Ø´ A�þ..

➀ ùp�^� Archimedes�n, �1�þ §1.2�öSK 4.
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ky²ê� {xn}´Ä�ê�.

?� xn, xm, du xm ´ A�þ., 
 xn −
1
n
Ø´ A�þ., Ïdk

xn −
1
n

< xm ⇐⇒ xn − xm < 1
n

.

UC n, m�/ , Òk

xm −
1
m

< xn ⇐⇒ xm − xn < 1
m

.

Ü¿±þü�Ø�ªÒk

−
1
n

< xm − xn < 1
m

⇐⇒ |xn − xm| < max
{ 1

n
, 1

m

}

.

��é ∀ ε > 0, ��� N > 1
ε

, K� n, m > N �, Òk |xn − xm| < ε. ùÒy²


 {xn}´Ä�ê�. é {xn}^ CauchyÂñOK, � {xn}Âñ, PÙ4�� β.

y3y² β ´ê8 A�þ., 
�´��þ..

é ∀x ∈ A, du xn ´ A�þ., Ø�ª x 6 xn éz� n¤á. - n → ∞,

Òk x 6 β. ù�Òy²
 β ´ A�þ..

?� ε > 0, Kdu {xn −
1
n
}�Âñu β, Ïdk N , ¦�¤á

β − ε < xN −
1
N

< β.

du β ´ A�þ., 
 xN −
1
N
Ø´ A�þ., Ïd�3,�� x ∈ A, ¦�

β − ε < xN −
1
N

< x < β,

ù�Òy²
 β ´ê8 A���þ.. �

~~~KKK 13.8 ^k�CX½ny²(.�3½n.

y ��Ñkþ.��ê8kþ(.�y². �ê s ∈ A, �Ø´ê8 A�þ

., q� A���þ.�ê t. ù��,k s < t.

·�5y² A7k��þ., =þ(.. �,§A�á3«m [s, t]¥.

^�y{. � Avk��þ..

� x0 ∈ [s, t], K x0 ½ö´ A�þ., ½öØ´ A�þ., �ö7ØÙ�.

e x0 ´ A�þ., Kdu Avk��þ., Ïd�k' x0 ��þ. t0. �

δ = x0 − t0, Ò�3�� Oδ(x0)¥�z�êÑ´ A�þ..

e x0 Ø´ A�þ. (u´ x0 < t), K�3,� s0 ∈ A, ¦� x0 < s0. u´�

�� δ = s0 − x0, Ò��3�� Oδ(x0)¥�z�êÑØ´ A�þ..

éz� x0 Ñù��, Ò�� [s, t]���mCX. 3ù�mCX¥�z���

(=m«m)½ö��d A�þ.|¤, ½öÙ¥Ø¹k A�?Û��þ..

^k�mCX½nuþãmCX, ����fCX, =k����, §��¿

CX
 [s, t], Ó�z����¥�:½öÑ´ A�þ., ½öÑØ´ A�þ..
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l��méùk����?1?Ò➀. Äk�CX: s������O1. du

sØ´ A�þ., ÏdO1 ¥z�êÑØ´ A�þ.. ,��Ä O1 �mà:. §Ø

�U�u t, Ï� t´ A�þ.. u´�3CX O1 �mà:�����, P� O2.

du O1 ∩ O2 ��, Ïd O2 ¥z�ê�Ø´ A�þ.. XdUYe�, k�g�

Ò��CX [s, t]�k����, Ù¥�z���ÑØ¹k A�þ.. ù� t´ A

�þ.�gñ. �

���Ñ, 3 §1.2¥Ú\�¢êXëY5�n¢Sþ�±þ��¢êXÄ�

½n�´�d�. du(.�3½n (=½n 1.5)��´^¢êXëY5�ny²

�, Ïd���¤e�~K¥�y²=���þã�d5¤á.

~~~KKK 13.9 ^(.�3½ny²¢êXëY5�n.

y �kü���¢ê8 AÚ B, �é ∀x ∈ A, ∀ y ∈ B, ¤á x < y. ù� B

¥�z�êÑ´ A�þ.. é A^(.�3½n, �� Akþ(., P� β. ·�

òy²ù�ê β Ò´ëY5�n¥� c (= ∀x ∈ A, y ∈ B : x 6 c 6 y).

du β ´ A�þ(., Ïd ∀x ∈ A¤á x 6 β. qdu B ¥�z�êÑ´ A

�þ., 
þ(. β ´ A���þ., Ïd ∀ y ∈ B ¤á β 6 y. �

13.3.2 ���ooo´́́¢¢¢êêê?

lþ¡'u¢êXÄ�½n��d5?Ø��, ²LXd�õ�y²��, ·

��ØU`Ù¥?Û��½n´Ä¤á. �õ�U`, XJÙ¥k��¤á, K§

�Ñ¤á. ��, ��k��Ø¤á, K§�ÑØ¤á.

�¹(¢Xd. ~X, Ù¥z��½n3knêX Q ¥Ñ´Ø¤á�, ½

ö`´�Ø�. �d��w��½nÒ

. ~X, 3 §1.2 ¥ÞÑ���ê8

A = {x ∈ Q
∣

∣ x > 0, x2 < 2}. §3 Q¥E,´kþ.���ê8, �Ø�U3 Q

¥kþ(. (�y²). XJù�:U
(½, Òv±�½¤k¢êXÄ�½n3 Q

¥ÑØ¤á.

�
²x¢êXÄ�½nÄ¾´Ä¤á, ÒØ�U£;�o´¢êù�¯K.

l,��¡`, êÆ©Û�§lm©�d�SNL², éu¢êX5`, ��

«@�^�~{ü�ëY5�n, Ù¦��3Ü6þ�Ñ¤á. l~K 13.9qw

�, Ù¢��«@ 6�¢êXÄ�½n¥�,��½n¤á�´���. Ïd, �

±`êÆ©Û¥ý�I��´¢êX�ëY5, 
Ø´¢ê��. ��Ï�Xd,

·�ò�o´¢êù�¯Kö��ùp5?Ø, 
�le¡��, ��´�Ñ��

{Ñ��Y. éuI�
)Ù�¡SN�Öö, ò�Ñ­��ë�]�ø�Ö. ù

➀ ù��{3½n 5.5�y 3Ú Lebesgue½n (=½n 10.7)�y²¥Ñ^L.
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�����nd3u, �â·��@£, `êÆ©Û�Ä:´¢êX, ùvk�. �

k3 RþâU
ïáåÜn�4�nØ, 
êÆ©Û�Ø%VgÒ´4�. �¢ê

XnØ���¿�´êÆ©Û, 
�±`´áu�ê½êØ��Æ. Ïd3�Ö¥

ÒØO�����0�
.

�,�A��Ñ, Ø=4�nØI�3¢êX¥âUïá, Ò´¥ÆêÆ¥�

NõÐ�¼ê, Ø
õ�ªÚkn©ª�	, vk¢ê�´Ã{�Ñ½Â�. òÃ

�ØÌ��ê½Â�Ãnê´N´�Æ)�É�, �3ù�½Â�¢êXSoK

$�XÛ?1, �´��Ø�Ù�, 
�¢Sþ�Ø´{ü�. �u�ê ab, éê

loga b, �Ù¥� a, bÑ´¢ê�A�XÛ½ÂÒ�(J
. dd��, =¦�
é

Ð�¼ê�Ñî��½Â, �I�£��o´¢êù���¯K. �,ùØ´¥Æ

êÆ�«ú�?Ö.

äN5`, 3e��!¥lúnz�{��Ý�Ñ¢êX�£ã, 
ò�E¢

êX�.��«�{�¤��!���N¹øë�.

13.3.3 ¢¢¢êêêXXX���úúúnnnzzz���{{{

¤¢únz�{, å
u�F1êÆ[ Euclid➀ �5AÛ��6. 3TÖ¥é

uAÛÆJÑ
�êý��A^ún, ,�^Ü6ín��{��¤kÙ¦½n,

l
ò��AÛÆï¤���²x´Ãq�~î��Ü6NX. ��únØ�, K

¤k���½n�ýn5�Òvk¯K. ùp�¤¢ún, få5q�Ä�, ¢S

þÒ´��[ÑU
�É, é§���(5vk¦¯�A�¯¢.

¤¢¢êX�únz�{�´Xd, ·�ògC%8¥¢êA�äk�¦�

U��Õá5��Ñ5��ún, ¦�Ù¦5�Ñ�±dúníÑ5, ùÒï¤


��únzXÚ.

��Ùå�, ò¢êX�ún©¤A|©�Xe. Ù¥¢êX RÒ´¢ê�8

Ü, ±e� a, b, c�LÙ¥�?¿¢ê.

I. �ún 3 R¥�3ü«$�, ©O¡�\{Ú¦{. éu?Û x, y ∈ R, ^

x + y L«§�ÏL\{���¢ê, ¡�Ú, q^ x · y½ (3Ø¬u)· 

�) xyL«§�ÏL¦{���¢ê, ¡�È. ùü«$�÷v±eún:

• ún 1 (��Æ) a + b = b + a, ab = ba.

• ún 2 ((ÜÆ) a + (b + c) = (a + b) + c, a(bc) = (ab)c.

• ún 3 (©�Æ) a(b + c) = ab + ac.

➀ îAp� (Euclid, ?∼�ú�c 275c), �F1êÆ[. ¦3ú�c 300c�m�

¤5��6, ¦AÛÆ¤���Õá�!üÌ��Æ.TÖ�¥È�½¶�5AÛ��6.
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• ún 4 (\{�_5) é?¿�½� a, b, �§ a + x = bk���¢ê

) x, ¿P� x = b − a. ò a − aP� 0 (�y²§� aÃ'). ò 0 − a

P� −a, ¿¡§´ a���ê.

• ún 5 (¦{�_5) ���3��¢ê a 6= 0. é?¿�½� a, b , �

a 6= 0, �§ ax = bk���¢ê) x, ¿P� x = b/a. ò a/aP� 1

(�y²§� aÃ'). ¡ 1/a´ a��ê.

II. Sún 3 R¥�3�«'X <, ¦�3¢ê�mk��^S, �÷v±e

ún:

• ún 6 (nÜ5½��5) é?¿ a, b, 'X a < b, a = b, a > bnök

��k��¤á. ('X a < b� b > a�Ó.)

• ún 7 (S�D45) e a < b, b < c, K a < c.

• ún 8 (\{��S5) e a < b, Ké?¿ ck a + c < b + c.

• ún 9 (¦�ê��S5) e a < b, Ké?¿ c > 0k ac < bc.

III. Archimedesúúúnnn éz�é�ê a, b ∈ R, �3��ê n, ¦� na > b.

�ùp·�k6�Ê�e, wwÄ¾�

�o. Äk, þ¡�n|ún�Ø

L´ò·�l�Æm©ÒÙG�SN��ún. �,Ø´¤kL��5KÑ�?

�
. �d±þúnÑu, Ò�±�Ñ¤k3¥�Æ�§¥®²ÙG��ªÚØ�

ª�$�5K. 'X a 6 bKn)� a < b½ a = b, a 6 b� b > a�Ó. ùp�[

!lÑ.

Ùg, þãn|ún3knêX Q¥��Ü¤á. ù�¥ÆêÆù�¢ê��

Vg�����, @Ò´3����§¥é¢êvkJÑ?Û��þ�#�$�

'X. Ïd�8c���n|ún¥, �vk�x¢ê�knê«O�ún. e¡

òw�, ù��ún�I��^.

ùpN´éX�3þ��!¥¤?Ø�SN. ¢êX�ëY5�n, ½ö�§

�d�,��Ä�½n,ÒA������ún. �âúnA�¦�U���pÕ

á��K, ��Ò

. ùp��{Ø´���, 3�«êÆ©Û��ÖÚë�Ö

¥kõ«ÀJ. �Ä�3 6�¢êXÄ�½n¥, 3Qãz��½n�cÑ7LÚ

\��k'�Vg. �
¦�U{ü, �ÖÀJ3 §1.2¥JÑ�ëY5�n���

��^ún (ùpë�
 [20, 29]��{).

IV. ëY5ún �kü�¢ê8 AÚ B, �éu ∀x ∈ A, ∀ y ∈ B, ¤á x < y,

K�½�3¢ê c, ¦�éu ∀x ∈ A, ∀ y ∈ B, ¤á x 6 c 6 y.

��únzXÚ�öS, e¡ò±~K�/ªé1�þ §1.2�A�öSK

�Ñ�Y. ùA�~K¥�SNÑ´²�²~¦^�¯¢, Ó���¹
'u

Archimedesún�?Ø.
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~~~KKK 13.10 l¢êX�ëY5�ny²��ê8 Nvkþ..

y ^�y{. e Nkþ., Kù�þ.Ø¬´��ê. ò N�¤kþ.�N

¤¤8ÜP� B, KÒÎÜ ∀n ∈ N, ∀ y ∈ B : n < y. Ïd�âëY5ún, �3

¢ê c, ¦� ∀n ∈ N, ∀ y ∈ B : n 6 c 6 y.

ùL² c´ N���þ., Ïd c − 1Ø¬´ N�þ.. u´�½�3���

�ê n0, ¦�¤á c − 1 < n0. �ù�� c < n0 + 1, 
 n0 + 1E,´��ê, ù�

c� N�þ.gñ. �

~~~KKK 13.11 lëY5�ny² Archimedes�n (�¡� Archimedesún):

éz�é�ê a, b ∈ R, �3��ê n, ¦� na > b.

y �Ä¢ê b
a

. lþ��~K��§Ø�U´ N�þ., Ïd�3���

�ê n, ¦� b
a

< n, ù�Ò´ b < na. �

5 Archimedesún´·�²�²~¦^���5�, �ùpk�
¯KI

�)º.

·�ò÷v�ún�8Ü¡��, qòÓ�÷v�únÚSún�8Ü¡�

kS�. 3kS�¥÷v Archimedesún�¡� ArchimedeskS�, ÄK¡��

ArchimedeskS�. du�±�EÑ� ArchimedeskS��äN~f [24], Ïd

Òy²
 ArchimedesúnÕáu�únÚSún.

~K 13.11L², e3¢êX¥Xc¡@�Ú\ëY5ún, K Archimedesú

n�±�K.

�ùpk��é�©�¯K, =�ëY5�n�d� 6�¢êXÄ�½n¥,

¿Ø´z��ÑU
íÑ Archimedesún�. äN5`, CauchyÂñOKÚ4«

m@½nÒ´Xd, 
Ù{ 4�Ä�½nK�±íÑ Archimedesún. £�~K

13.7, 3^ CauchyOKy²(.�3½n�, Òõg^�
 Archimedesún. Ï

d3æ^ CauchyÂñOK��¢êX�ún� (ù���¡§���5ún), K

Archimedesún7L�3.

e��~K¥�SN´·�²~¦^�¯¢, §��6u Archimedesún.

~~~KKK 13.12 y²knêÚÃnêÑ3¢êX¥??È�, �Ò´`, �½?

Ûü�¢ê a < b, 3 (a, b)¥�½Qkknê, �kÃnê.

y �I�kéu 0 < a < b��¹�Ñy², ,�Ò�±í����¹.

l Archimedesún, �3��ê n, ¦� n(b − a) > 1, ù�Òk 1
n

< b − a.

2^ Archimedesún, �3��ê m, ¦� na < m. ·��÷vù��¦�

�����ê, EP�m. ù�Òkm − 1 6 na. u´Ò��
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m − 1
n

6 a < m
n

= m − 1
n

+ 1
n

< a + (b − a) = b,

u´ m
n
Ò´÷v�¦�knê.

éu a′ = a√
2
Ú b′ = b√

2
­E±þL§, Ò����knê m′

n′ ∈ (a′, b′),

ù��Ò��÷v�¦�Ãnê m′

n′ ·
√

2:

a < m′

n′ ·
√

2 < b. �

|^±þA�~K¥�Ó��{, Ò�±l¢êX�únzXÚÑu)ûc

¡¤J���X�Ä�¯K (äN[!�ë� [8, XØ]�©z).

(1)� a�?¿�¢ê, n���ê, K�3���¢ê x, ÷v xn = a. u´

�±ò§½Â� a
1
n . ,�3dÄ:þ�±½Â±?¿knê r��ê�� ar, ¿

y²§÷v'u��Ï~$�5K.

(2)3 (1)�Ä:þ�±½Â±?¿¢ê b��ê�� ab, ¿y²§÷v'u

��Ï~$�5K. Ó�3ùp�±y²�ê¼ê�î�üN5, =� a > 1�, l

x < x′�� ax < ax′

, 
� 0 < a < 1�, l x < x′�� ax > ax′➀.

(3)3 (2)�Ä:þ�±éu?¿¢ê 0 < a 6= 1Ú x, ½Â± a�.�éê

loga x, ¿y²éê¼ê�î�üNO\5.

(4)y²z��¢ê aÑ�±^,��ê\þ���?��Ã��êL«Ñ

5, �Ù¥Ø
± 0Ú 9Ì���¹�	, ù«L«�ªéz�¢ê´���.

➀ 3¥ÆêÆÚ�Ö1�þ¥3e�aq�¯Kéõ,§�ÑI�3¢êX¥âU�

�)û. ù¢Sþ´N´n)�. X�¼ê!�ê¼ê!éê¼ê�, §��½ÂÑlØm¢

ê, Ïd§��Ä�5���ky3âUî�y².
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NNN¹¹¹ ���EEE¢¢¢êêêXXX���...������{{{

únz�{�x
·�¤I��¢êXÄ¾´�o��,§)û
¥ÆêÆ

¥k'¢ê�Nõ¢3¯K, �y
1�þ¥� 6�¢êXÄ�½n�Ü¤á, �

êÆ©Û�4�nØ�ÐmJø
7��Í�. @o�k�o¯K�?ØQ?

1��¯K´�35, =´Ä�3÷v¤kþãún���¢êX?

1��¯K´��5, =XJ�3ù��¢êX, §´Ä��?

·�òw�, �35¯K´ÏL�E5¢y�. �Ò´�Ñ)¤¢êX�äN

�{, Ó�y²3Ù¥÷vúnz�{¥�Ñ�¤kún.

)¤¢êX��{kõ«. 3ù�N¹¥�U{á/èA�e3©z¥�E

¢êX��~��n��{.

I. Dedekind������������{{{

ù��{��5gu¢ê�AÛ�*L«.

Xã 13.4¤«, ��^k�����, 3��þ�½�:���: O, q�½

��ü �Ý, ¡ù�����ê¶. ù�Ò�±òz��¢ê�ù^��þ�:

éAå5. ùÒ´)ÛAÛ�Ä:5b�, �´3êÆ©Û¥?1/�g���â.

~X3�Öm©±5�NõLã�ª¥, Ò²~ò¢ê�ê¶þ�:Ø\«©.uuuuuuuuuuuuuuuuur��� =	 C��:	!F
x

0� 0� 0� 0� 0� 0� 0� 0� 0�
O

��t}�� ����/z���−2.5 �t}�� ����/z���√

2

−4
�

−3 −2 −1 1 2 3 4

ã 13.4: ¢ê�AÛL«

y3JÑ��¯K: XJ��Äê¶þéAuknê�@
:, K¬u)�o

¯�? du?Ûü�knê�m�kknê, Ïd3ã 13.4�ê¶þéAukn

ê�:Ø=kÃ¡õ�, 
�??È�. Ïd·��ú«Ø�Uuyknê�N|

¤�AÛ/���5�ê¶k?Û«O.

,
ú«wØ��¯�%�±d·��%�5uy.

Äk·�wã 13.5�©ã (a), Ù¥3ê¶þ^���%��IÑ¢ê
√

2�

 �. 3T:�>�\o�ã�L¤k�u
√

2�knê8Ü, P� Sq; 
3T:

m>�\o�ãK�L¤k�u
√

2�knê8Ü, P� Tq. u´·�uy3ê¶

þ�ùü�knê8Ü�m�3dÃnê
√

2¤�L�mY. (ù3 §1.2¥®²�

ÑL.)

^8ÜØ�ó�±ò©ã (a)¤�«�¯¢(�/L�Ñ5. ùÒ´òknê

8Ü Q©¤ü���8 Sq Ú Tq, ¦÷v^�

Q = Sq ∪ Tq, Sq ∩ Tq = ∅,
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uuuuu� � uuuuu� �y ��:	!F� =	 C ��:	!F� =	 C ��:	!F� =	 Cuuu�P ur uuur � ur ��Sq Tq S T S T
√

2
√

2
√

2

��pt�/z���}�� ��� ��pt�/z���}�� ��� ��pt�/z� ��}�� � ��
(a) (b) (c)

ã 13.5: ¢êëY5�«¿ã

¿�¦�÷v^� s ∈ Sq, t ∈ Tq �z�éknê s, t, o´¤á s < t. ù�¡ Sq

�e8, Tq �þ8. ©ã (a)L²k�UÑye8 Sq ¥vk��ê, Ó�þ8 Tq

¥vk��ê��¹. ù¢Sþ®²3 §1.2¥y²L, �´���8Ü A�ùp

�e8Ø����. ùp^8ÜPÒÒ´

Sq = {x ∈ Q
∣

∣ x < 0½ö x2 < 2}, Tq = Q − Sq.

·�¡ù�� Sq Ú Tq ´éuknê8 Q�����. §L²3ê¶þ�k

nê8 Q´kmY (½�Y)�, �Ò´ØëY�. �,ù�´��~f. ��±y

², 3ê¶þ�knê�N�,kÃ�õ, 
�È�, �3?Ûü�knê�mÑ

kmY, �Ò´`�3Ã¡õ�mY. Ïd·�`knê8Ü3ê¶þ´ØëY�.

N´��, ê¶þ�ù
mY, �Ò´ÃnêA�Ók� �. XJòù
mYW

÷, @oê¶ÒëY
. ù´�«�*��.

Dedekind➀��{Ò´�Äéu Q�¤k�U��� (3=�¥Ò´ cut). ä

N5`, Ò´ò Q©¤ü�Ø�����8 S Ú T , ÷v^�:

(i) Q = S ∪ T, S ∩ T = ∅,

(ii) éu÷v s ∈ S, t ∈ T �z�éknê s, t, ¤á s < t.

^PÒ S | T Pù����, ¡ S ����e8, T ����þ8. c¡� Sq | Tq

Ò´��äN���.

N´wÑ��3e�na��:

1. 3e8 S ¥k��ê, 3þ8 T ¥vk��ê.

2. 3e8 S ¥vk��ê, 3þ8 T ¥k��ê.

3. 3e8 S ¥vk��ê, Ó�3þ8 T ¥�vk��ê.

ù´Ï�Ø�UÑye8 S k��ê�Ó�þ8 T k��ê���.

cüa��´²��,¯¢þlz��½�knêÑ�±½ÂÑ©áu1�a

Ú1�a�ü���. �1na��K�5
#¿. ã 13.5�©ã(a)¥� Sq | Tq

Ò´1na�����äN~f. §TÐ�«Ñ3ê��þ�knê8¥�mY.

Dedekind�ÃnêÒ´1na��.

➀ ��7 (Richard Dedekind, 1831–1916), �IêÆ[, y�¢ênØ�CÄ<��.
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½½½ÂÂÂ 13.3 (Dedekind) ¡knê8 Q¥�1na���Ãnê.

u´ã 13.5(a)¥��� Sq | Tq Ò´Ãnê
√

2.

éuÐg��þã½Â�·�5`, ùq�k:Ø�gÆ. ��XÛ¬´ê?

ÃnêÒ´��? v�, Dedekind�½ÂÒ´Xd. Ø�Xd, �
)ûÃnêÚ

knê�Ø²�/ ,¦�òknê�Óuþã1�a½1�a��. u´§�Ñ

´��, / ²�
. ��½Â¢ê�N¤¤8Ü RÒ´¤kù
���8Ü.

�d·�I�êÆþ�Ó�Vg. Ò¢êX
ó, �ü�8ÜÑ÷v�Ó�ú

nzXÚ, q3§�����m�3��éA, 
�3ù«éAe¤k$�ÚS

'XE,�±�{, ·�Ò`§�´¢êX�ü�Ó���., 3¦^¥Ø\«

©. Ïd3�.¥�äN��´�o¿Ø­�. äN5`, ·�Ø7�8c�Ãn

ê!knêÚ¢ê´��
ØS.

3ù�½Â�Ä:þ, ÒØJy²3ù� R¥c¡�¤kún�Ü¤á. Ù¥

AO­��´y3�±y²e�Ä�½n (� [8]).

Dedekind ½½½nnn �kü���¢ê8 S Ú T , ÷v±eü�^�: (1)

R = S ∪ T , (2) ∀x ∈ S, ∀ y ∈ T : x < y, K½ö S k��ê, ½ö T k��ê.

5 ùÒ´`, � Q¥����', 3¢êX R¥����küa, vk1n

a. ã 13.5�©ã (b)Ú (c)Ò´^5L², 3Ú\Ãnê��, é¢ê8 R�?

Û��ÑØ¬ÑymY, = R´ëY�.

e¡±íØ�/ª�Ñ^ Dedekind½ny²ëY5ún�L§.

íØ 3 Dedekind�¢êX R¥ëY5ún (= §1.2¥�ëY5�n)¤á.

y ekü���ê8 A, B, ¦� ∀x ∈ A, ∀ y ∈ B : x < y, K�±½Â

S = {x ∈ R
∣

∣ x < y ∀ y ∈ B}, T = R − S.

ù�k A ⊂ S, B ⊂ T . u´ S ���ê½ö T ���êÒ´ëY5�n¥¤�¦

�ê c. �

5 ùpk��N´Úå· �¯KI�)º.

§1.2�ëY5�n3 §13.3.3¥�æ^���ún, =ëY5ún. ún´Ø

I��Ø�Uy²�. ��o3þãíØ¥·�U
y²únQ? ¢Sþù´Ñu

:ØÓÚå�¯K. £� Dedekind� R, �±uy, §´3knêXQ�Ä:þ�

�«�E. Ù¥�±y² Dedekind½n, 
ëY5ún3L¡þ'§��{ü, �

,�±����íØ��
. ��, 3Ø�Ä�.�únzXÚ¥, �,!Øþy

²ún
. ~X, 3Ø���Ö�únzXÚ¥, Ò��òþã DedekindÄ�½n

�SN��ëY5ún, ù��,�vkI�y²�¯K
. ù�Ò´ Dedekind

½nk��¡� Dedekindún��Ï.
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©znã 'u Dedekind���{3k'êÆ©Û�Í�¥õk0�. ²;

5�QãK´ Landau➀A/�d
���Ö5©ÛÄ:6 [17], TÖ�BIKÒ

´“�ê!knê!¢ê!Eê�$�”. �,Ù¥��ê, Ø�“©Û”.

3c�é�êÆ©Û�á¥é Dedekind�{���Qã�Äídnò|¤

�²;5�á5�È©Æ�§6 [8]�XØ, §��ÖC½
O��Ä:§d	�

�±ë� [1], [14]�1�ù, [19]�N¹ I, [10]�N¹ II�.

3Ü��á¥, [23]3m©�^üÙ�[0�
êX�ún, 3Ö"2^n

ÙùXÛ�E¢ê. �{á�Qã� [22]�1�Ù9ÙN¹�. ùü«�á¥é

Dedekind��kUÄ, ò¢ê½Â�÷v±e 3�^��¤kknê8 α:

(1) α ⊂ Q, � α 6= ∅, α 6= Q,

(2) e x ∈ α, y ∈ Q, y < x, K y ∈ α,

(3) α¥Ã��ê, = ∀x ∈ α, ∃ y ∈ α : x < y.

£�c¡���, N´wÑ, éu�ÃnêéA�1na��, ���Ùe8, Ò�

�ÎÜþã^�� α, 
éuknê, K��ÙéA�1�a���e8=�. l

êÆ¤��ùÄ�þÒ´ Russell➁JÑ�¢ê½Â�{ [3].

���. Cantor���ÄÄÄ���êêê������{{{

XJ` Dedekind��{äkr��AÛ�µÚ�êA�, K Cantor��{

�±`´©Û5��, �,ù¿Ø´`Ù¥�±¦^4�Vg.

£�¢êXÄ�½n¥�CauchyÂñOK (�1�þ� §2.4), ·���§3

knêX¥´Ø¤á�. XÛ*ÜknêX¦� CauchyÂñOK¤á, ùÒ´

Cantor�{�Ø%SN.

ù� Dedekind�ëY5·KéØ��. ��ò Cantor�{¤)û�¯K¡

���5 (½��5)¯K. ùp�O §13.3.3¥�ëY5ún�´:

IV′ (��5ún)3 R¥�Ä�ê�7k4�.

Cantor�{�äN�{��~�* (�,Ø´AÛ�*), ùÒ´|^Ãnê

�±^knêÃ�%C�¯¢, �qØUÚ\4�Vg, ±�ÑyÌ�½Â.

½½½ÂÂÂ 13.4 � {an}´knê|¤�ê�. eéuz��½��knê ε, �

3��ê N , ¦�� n, m > N �, ¤á

|am − an| < ε,

K¡ {an}�knê�¤�Ä�ê�.

➀ =� (E. G. H. Landau, 1877–1938), �IêÆ[, Í¶êØ;[.

➁ Û� (B. A. W. Russell, 1872–1970), =IêÆ[!Ü6Æ[!óÆ[!�Ø�[Ú

�¬¹Ä[, ¦´3êÆÄ:ïÄ¥�Ü6ÌÂÆ���L<Ô.
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l4�nØ¥� CauchyÂñOK��, �´k4��knê�Ñ´Ä�ê

�. ~X, Ãnê
√

2�ØvCq� 1, 1.4, 1.41, 1.414, · · · �¤�ê��,Ò´Ä�

ê�. 8cÃnê�vk½Â,@o��oØ�±Ò^Ä�ê���Ãnê�½Â

Q? ù=´ Cantor�{�SN.

ùp�w�, ÂñuÓ��Ãnê�Ä�ê�kÃ�õ�, ÏdØU{ü/ò

z��Ä�ê�éAu��Ãnê. 3ùpêÆ¥��daVgå­��^.

äN5`, ¡ü�Ä�ê� {an}Ú {bn}�d, XJéuz��½��knê

ε, �3��ê N , ¦�� n > N �o¤á |an − bn| < ε.

y3u¤kÄ�ê��8Ü¥, |^�d'Xòù�8Ü©)��da�8

Ü, 3z���da¥�?Ûü�Ä�ê�Ñ´�d�. ,�½Âz��da��

�¢ê. XJ3���da¥k��~�knê�

a, a, · · · , a, · · ·,

KÒ@�ù��daÒ´knê, 
d	��daÒ´Ãnê. ùÒ´ Cantor�

{¥½Â�¢ê.

±e�¯KÒ´y²ù�½Â�¢êX÷v 13.3.3¥�c 3|únÚþ¡�

Ñ�ún IV′. ,�lún I,II,III,IV′ ÑuÒ�±y² §13.3.3¥�ëY5ún IV

¤á. ù�y²�~K 13.7Ú 13.9���Ó. �´��Ñ, Ù¥Ø�;�/�¦^

Archimedesún. Ïd3^ún IV′ �¢êXúnzXÚ¥7L�3ún III.

lknêX*Ü�¢êX�, d¢ê|¤�Ä�S��½Âñ, �Ò´`lÄ

�S�ÑuØ�U2*Ü
. ùÒ´��5 (½��5)�¹Â.

ùp�±£� Cauchy3ù�¡����Ø. �, Cauchy3�êÆ©Ûïá

î�Ä:�¡�Ñ
­��z,©�
3¦�c�Nõ·ÏÚ�
�?. �¦�d

c�NõêÆ[��, �´òÃnêw¤�knê|¤�Ä�S��4�, vk5

¿�Ù¥�Ü6Ì��Ø. ~X,�k�knê� 1, 1.4, 1.41, 1.414, · · · Âñ�·�

âU`§�4�´
√

2, �ê�Âñ�½Â´±�34��cJ� (ë�1�þ¥

�½Â 2.1Ú 2.3). u´é
√

2�½ÂI�±g���3�cJ, ¤
ÓÂ�E. �

±wÑ, Cauchy¢Sþ@�Âñê��½k4�, vkU
@£�kïá¢êX

�7�5. ÑuÓ���Ï, Cauchy��ØU
y²8U±¦·¶�ÂñOK�

¿©5.

Cantor��{�±`´÷X Cauchy���¤õ/)û
¢êX�ïá¯K,

;�
Ñy�5Ì�, Ó��éu CauchyÂñOK�Ñ
y².

A��Ñ, �éu Dedekind�{5`, Cantor�{k���~âÑ�`:.

ùÒ´l�ê�Ý5w, Cantor�{é���kS�Ñ·^ [24], 
lÝþ��Ý

5w, �±A��µØÄ/^u2��õ��m¥�, äN5`Ò´�±��ê

Ã'/y²z�Ýþ�mÑ�±��z, =�åi\������m¥�, ¦�
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CauchyÂñOK3Ù¥¤á. ù3ÿÀÆÚ�¼©Û¥ÑäkÄ��­�5. �

�, ±ê¶�AÛ�*�Ä:� Dedekind�{ÒÃ{í2�pu���¯K¥�.

©znã ù�¡�SN�±ë� [13]�1oÙ, [24]� §68, [26]�1ÊÙ,

[30]�1�Ù, [10]�1���N¹ II�.

nnn.lll���???������êêêLLL«««ÑÑÑuuu������{{{

ù«�{�cü��{ØÓ, ØI�Ú\#�êÆé���Ãnê, 
´l¥

ÆêÆ®k�½ÂÑu, =«@�?�k��êÚÃ�Ì��ê´knê, 
�?

�Ã��Ì��êK´Ãnê. ù�Ò'�N´�¥Æ)¤�É.Ïd�¡�¥Æ

)�¢ênØ.

��o´�?�Ã��Ì��ê? ùpØ�;�/�9�4�¯K. X1�þ

§2.4�öSK 2¤«, 3k
 CauchyÂñOK��, ·��±lê�4�½Ã¡

?ê�Ú5n)�?�Ã��Ì��ê. �3ïá¢êX�c´ØUXdn)�,

ÄKÒ�{¤þ� Cauchy�Ó���Ø
.

Ïd, �
;�Ü6þ�Ì�½Â, 3ò�?�Ã��Ì��ê½Â�Ãnê

�, �m©Ø�Uò§w¤´��Ã¡?ê�Ú, 
�´ò§w¤��X{�PÒ,

���Ø�Ùk�o¿Â�êÆé�. ,�3¤k�?��ê�N|¤�8ÜS

Ú\\{!¦{$�, ¿5½Ù¥?Ûü��ê�m�S, ¿�y§÷v §13.3.3¥

¤k� 4|ún. �,ùpI�²LéõÚ½�íØ. ¯¢þ, @�ù��«PÒ

�L¢ê�´�«êÆ�Ä�,
�ù�´ëY5ún�,�«�d/ª. {¤þ

Wallisu 1696còknê�Ì��ê�Ó, 
 StolzKu 1886cJÑò�?�Ã

��Ì��ê��Ãnê�½Â [15], �E�ïáå��÷¿�¢ênØ.

l�?��êm©ù¢ê��áéõ, ~X�±ë� [2, 7, 11]�. 3 [28]�1

�Ù¥'��[/ù)
3�?��ê¥Ú\oK$��î��{.

�±8\ù^å»��k�«�{, Ò´Ú?±knê�à:�4«m@�

n��ëY5ún��«O�Ô. §Q'��*, Ó�q;m
�?�Ã��Ì�

�êùa�m©J±`�Ù�é�, Ïd�´�«Ð�{. � [4, 7, 16]�.

ooo.¢¢¢êêêXXX���������555

Äk�²xùp���5�(�¹Â. Xc¤`, ù´3Ó�¿Âþ���5.

äN5`, Ò´y²�´÷v §13.3.3¥�Üún�¢êX�.Ñ´Ó��.

ù�¡·���Ñ©zøë�.

UìDedekind�{ïá¢êX�éÙ3Ó�¿Âe��5�?Ø� [23]��

��Ù “¢ê���5”. Uì Cantor�{ïá¢êX����5?Ø�±w [26]

�1ÊÙ���Ü©�y². ùp�k��¯KI�5¿,ùÒ´c¡®²õgJ
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�� Archimedesún. XJ� §13.3.3¥@�, ò §1.2�ëY5�n��ëY5ú

n, Kl~K 13.11��, �±lúnzXÚ¥�K Archimedesún. �3 Cantor

�{¥, 3y²
¤�E�¢êX¥��5ún¤á��ØUíÑ Archimedesú

n¤á. ÏdÒØUØò§���^ún. Ó�e^4«m@½n��¢êX�ë

Y5ún, K Archimedesún�´ØU"��.

ÊÊÊ.{{{¤¤¤���£££���

l±þ�èA��, XJ`knêX´·�L�®²ÙG�é�, K¢êX

ÒØ´Xd{ü
. l±þÃØ@«�{5w, ÃnêÑäk���Ä�5. 3

Dedekind�{¥, ¢ê´��. 3 Cantor�{¥, ¢ê´knêÄ�S���d

a. 3ò¢ê½Â��?��ê��{¥,L¡þ�¥ÆêÆ�knê�£���

C, �¢SþI�lXÛò§��\Ú�¦m©?1�E. w,ùpÑlØmÃ�

5�5�(J. Þ~5`, XJ�½�ò
√

2^Ã��?�ê5L«, @o��8U

�vk<w�L���
√

2.

�±l£�êÆ©Û�uÐ{¤5*	ù�¯K. ¯¤±�, ©Û����Õ

á�êÆ�£´3 17­Ve��/¤�. l�m©åÒ²x, ©Û�kX�På


��â!AÛ!�ê���ØÓ�?´: ©Û´�74�Vg
Ðm�. 
l8

U�@££�Ké�Ù/��,vk¢ênØ´Ø�Uïáî��4�nØ�. �

�@£�ù�:¿ïáå¢ênØ´�~ØN´�,�d���Ñ��¯Ò

.

ùÒ´���È©Ä:�¢ênØ´3�È©M©��²L 200õc�ãåâ�

�)û. 3ù��Öá�¥0��cü«�{, = Dedekind����{Ú Cantor

�Ä�S��{, Ø�
Ó/uLu 1872c. ù´©ÛÆ���¤Ù�p§
I

�. �Ï±5k'4�!�ê!Ã¡�þ��È©Ä�Vg�¡�(¾�d�ÑH

A
). �È©�Ä:ï�ªu�¤
➀.

XJl<aéuÃnê�@£5£�{¤, l�F1êÆ[1�g¡é
√

2�

1872c�¤¢êX�ï�, �m�ªÝ®²�L
 2000õc. ù¿©L²·�¤

¡é�¯K, =é¢êX�ÆS, ´õo�ØN´.

➀ 3êÆ¤þòd�È©�Ä:¯KÚå�ØÔ¡�1�gêÆ�Å.k'�¹�±

w'u�È©{¤�Í� [3, 5, 6]Ú'uêÆ¤���5Í� [12, 15, 18]�.
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SSSNNN{{{000 ù´Ã¡?ê�1�Ù, 0�?ê���nØ. §14.1´Ã¡?ê

�Ä�Vg, Ù¥£�
1�Ù¥'uÃ¡?ê�SN. §14.2´�K�?ê�ñ

Ñ5�O{. §14.3´���?ê�ñÑ5�O{. §14.4?ØÂñ?ê�5�.

§14.5´Ã¡¦È0�.

§14.1 ÄÄÄ���VVVggg���ñññÑÑÑ555

14.1.1 ÄÄÄ���VVVggg£££���

31�Ù� §2.1.6, §2.3.4�?®²éÃ¡?ê�
ÐÚ0�. ±e�ÞTü

�!�Ì�SN, ,��·�Ö¿.

1. Ã¡?ê�½ÂÚÄ�Vg, Ù¥�)Ï�!Ü©Ú!Ü©Úê�!?ê�

Âñ�uÑ, ±9Âñ?ê�Ú�.

2. é�½�ê�, �±�E��Ã¡?ê, ¦�§�Ü©Úê�Ò´�½�ê

�. ù`², ïÄê�Ú?ê3��þ´�£¯.

3. ?ê

∞
∑

n=1

un Âñ=⇒ lim
n→∞

un = 0 (½n 2.8).

4. éu�K�?ê, ÙÜ©Úê�üNO\, Ïd�kü«�U5, =?ê�

Ú�k�ê½� +∞ (½n 2.18).

5. ÏLé?ê�Ü©Úê�^ CauchyÂñOK, ��
Ã¡?ê� Cauchy

ÂñOK (½n 2.24). ��Bå�, 3ùp­#�ÑXe.

½½½nnn 14.1 (ÃÃÃ¡¡¡???êêê��� Cauchy ÂÂÂñññOOOKKK) Ã¡?ê

∞
∑

n=1

un Âñ�¿©7

�^�´é ∀ ε > 0, ∃N , ∀n > N , ∀ p ∈ N :

|un+1 + · · · + un+p| < ε.

6. ®²?Ø
A�äN�?ê, Ù¥AO­��k

(1) AÛ?ê 1 + x + · · · + xn + · · · Âñ�¿©7�^�´ |x| < 1, ù�?ê�

Ú� 1
1 − x

(~K 2.10);

(2) NÚ?ê 1 + 1
2

+ · · · + 1
n

+ · · · uÑ (~K 2.32);

(3) ê e�Ã¡?êÐm: e = 1+ 1
1!

+ 1
2!

+ · · ·+ 1
n!

+ · · · (½n 2.19,~K 7.9).
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±eÖ¿A:. l?ê�ê��éXÒN´y²±eA�(Ø,§�38�Ñ

¬²~^�.

7. eü�?ê

∞
∑

n=1

an Ú

∞
∑

n=1

bnÑÂñ�, K?ê

∞
∑

n=1

(an + bn)Âñ, �

∞
∑

n=1

(an + bn) =

∞
∑

n=1

an +

∞
∑

n=1

bn.

qe

∞
∑

n=1

an Âñ, c�~ê, K?ê

∞
∑

n=1

can �Âñ, �

∞
∑

n=1

can = c

∞
∑

n=1

an.

8. e?ê

∞
∑

n=1

an Ú

∞
∑

n=1

bn¥��Âñ, ��uÑ, K?ê

∞
∑

n=1

(an + bn)uÑ.

9. ò?ê

∞
∑

n=1

an UC½�Kck���ÙñÑ5ØC. Ïd8�3�O��

Ã¡?ê�ñÑ5�, �±Ø�c¡�k�õ�, 
��Äl,��m©�¤k�

äk�o5�. ùéue¡��O{AO­�.

òþã���:\±Ú�, ·�Ú\Ã¡?ê�{�Vg.

½½½ÂÂÂ 14.1 éuÂñ?ê

∞
∑

n=1

un, ¡ rn =
∞
∑

k=n+1

uk �?ê�1 n�{�.

5 duz� rn Ñ´��Ã¡?ê�Ú, §´l�5�?ê�Kc n���

��?ê, Ïd�k�T?êÂñ�{�âk¿Â. l½Â��k

rn = lim
k→∞

(Sn+k − Sn) = S − Sn.

XJ´ÏLO�Ü©Ú5¦?êÚ�Cq�, Ké{���OÒk�U(½Ø�

���.

c¡®²w��?ê

∞
∑

n=1

un k'�kü�ê�, =dÙÏ�|¤�ê� {un}

Ú?ê�Ü©Úê� {Sn}. y3qk�?êk'�1n�ê�, =d{�|¤�

ê� {rn}, �§�éuÂñê�k¿Â, ��½k rn = o(1).

��ES, ·�we¡�~f, ¿ÞÑA�ØÓ){, Ù¥�cü�){Ñ3

1�þ�L. §�´?�ÚuÐ�«�{�å:.

~~~KKK 14.1 y²

∞
∑

n=1

1
n2 Âñ.

y 1 (�~K 2.33)duù´�K�?ê, Ïd��y²ÙÜ©Úê�kþ

.. |^ 1
n2 < 1

(n − 1)n
∀n > 2, Ò�±�OXe:
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Sn = 1 + 1
22 + 1

32 + · · · + 1
n2

< 1 + 1
1 · 2

+ 1
2 · 3

+ · · · + 1
(n − 1)n

= 2 −
1
n

< 2,

��?êÂñ, ���ÙÚØ�L 2. �

5 8�¬y²ù�?ê�Ú� π2

6
≈ 1.6449,ù´��k^�(J.

y 2 (�~K 2.40)^ CauchyÂñOK, l
∣

∣

∣

1
(n + 1)2

+ · · · + 1
(n + p)2

∣

∣

∣
< 1

n(n + 1)
+ · · · + 1

(n + p − 1)(n + p)

< 1
n

−
1

n + p
< 1

n
,

��é ∀ ε > 0, ��� N > 1
ε

, Ò�yéz� n > N Úz���ê p, þª�u

ε, Ïd?êÂñ. �

y 3 éu n > 1, kØ�ª

1
n2 <

∫n

n−1

dx
x2 ,

Ïd�±^È©�OÑÜ©Úê�kþ.:

Sn < 1 +
∫n

1

dx
x2 = 1 +

(

−
1
x

)

∣

∣

∣

n

1
= 2 −

1
n

< 2. �

�{�'� 1��y²�{ü, ��6u n2 > n(n− 1). ùp­��´ë£

��{, =XJUk 0 6 un 6 vn+1 − vn ∀n, � {vn}kþ., K?ê

∞
∑

n=1

un Âñ.

1��y²´^ CauchyÂñOK. §´Âñ�¿�^�, �¦^'�E, (�

£� §2.4.2).

1n�y²|^È©. þ¡��O�6u2ÂÈ©
∫+∞

1

dx
x2 Âñ. ùòuÐ

¤� §14.2.5¥� CauchyÈ©�O{.

14.1.2 p???êêê

e¡?Ø¹këê p�Ã¡?ê, �¡� p?ê. � p = 1�Ò´NÚ?ê,

� p = 2�Ò´~K 14.1. 'u p?ê�ñÑ5(Ø´8��Ä��£.

~~~KKK 14.2 (p???êêê) y²:± p�ëê�Ã¡?ê
∞
∑

n=1

1
np = 1 + 1

2p + · · · + 1
np + · · ·

� p 6 1�uÑ, 
� p > 1�Âñ.

y 1 e p 6 0, K?êÏ�Ø´Ã¡�þ, ÏduÑ. éu 0 < p 6 1, |^

p = 1��NÚ?êuÑÚ 1
np >

1
n
¤á, ��?ê�Ü©Úê�Ãþ., Ïdu

Ñ. e¡��éu p > 1��Âñ5�Ñy².
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��y²NÚ?êuÑ��{ (ë�~K 2.32), �Ñ

S3 = 1 + 1
2p + 1

3p < 1 + 2 ·
(

1
2p

)

= 1 + 1
2p−1 ,

S7 = S3 + 1
4p + 1

5p + 1
6p + 1

7p < S3 + 4 ·
(

1
4p

)

< 1 + 1
2p−1 + 1

4p−1 ,

· · · · · · · · ·

Ò�±ßÿk±eØ�ª:

S2k+1−1 < 1 + r + r2 + · · · + rk. (14.1)

Ù¥ r = 1
2p−1 . ^êÆ8B{5y²ù�Ø�ª. éu k = 1, 2§®²¤á. e�

é k¤á, Kéu k + 1Òk

S2k+2−1 = S2k+1−1 + 1
(2k+1)p

+ 1
(2k+1 + 1)p

+ · · · + 1
(2k+2 − 1)p

< S2k+1−1 + 2k+1 ·

(

1
(2k+1)p

)

= S2k+1−1 + 1
(2p−1)k+1

= S2k+1−1 + rk+1,

�� (14.1)¤á.

du p > 1, r = 1
2p−1 < 1, Ïdl (14.1)��éuz� n¤áØ�ª

Sn < 1
1 − r

,

l
 {Sn}kþ., =� p > 1�� p?êÂñ. �

±eéu p > 12�ÑA�y².

y 2 ^ë£��{,=�Ïékþ.� {vn},¦¤á 0 6 un 6 vn+1−vn ∀n.

3«m [n, n + 1]þé¼ê x1−p ^ Lagrange�©¥�½n, �3 0 < θ < 1, ¦�

¤áØ�ª

1
np−1 −

1
(n + 1)p−1 =

p − 1
(n + θ)p >

p − 1
(n + 1)p ,

ù�Ò�±é p > 1�?êÜ©Ú�OÙþ.:
N
∑

n=1

1
np < 1 + 1

p − 1

[(

1 −
1

2p−1

)

+ · · · +
(

1
(N − 1)p−1 −

1
Np−1

)]

= 1 + 1
p − 1

(

1 −
1

Np−1

)

<
p

p − 1
. �

y 3 |^y 2¥�Ø�ª=��Ñ
∣

∣

∣

1
(n + 1)p + · · · + 1

(n + p)p

∣

∣

∣

< 1
p − 1

[(

1
np−1 −

1
(n + 1)p−1

)

+ · · · +
(

1
(n + p − 1)p−1 −

1
(n + p)p−1

)]

= 1
p − 1

(

1
np−1 −

1
(n + p)p−1

)

< 1
p − 1

·
1

np−1 ,
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ù�Ò�±^ CauchyÂñOK�¤y². �

5 XL��~K 2.41¤«, þãy 3�,�y 24Ù�q, �y 3��{�

±^±y²

∞
∑

n=1

bn

np Âñ, Ù¥ p > 1, ê� {bn}��k.Ò1, 
y 2��{K�

U^u {bn}��Kk.ê���¹.

y 4 �~K 14.1�y 3aq, |^ n > 1��Ø�ª

1
np <

∫n

n−1

dx
xp ,

Ò�±�O��
n
∑

k=1

1
kp < 1 +

∫n

1

dx
xp = 1 + 1

1 − p
· x1−p

∣

∣

∣

n

1
< 1 + 1

p − 1
. �

öööSSSKKK

1. y²:Ã¡?ê

∞
∑

n=1

un�ñÑ53e��«CÄeØC:

(1)?¿�\k��; (2)?¿í�k��; (3)?¿UÄk��; (4)?¿UC

k���^S.

2. �kn�?ê

∞
∑

n=1

vn,

∞
∑

n=1

unÚ

∞
∑

n=1

wn, �� n¿©��¤á vn 6 un 6 wn,

qb�

∞
∑

n=1

vn,

∞
∑

n=1

wn ÑÂñ, y²:

∞
∑

n=1

un Âñ. q�ò�K�ê��Y%

½n (�1�þ½n 2.12)�'�, éÑ§���Ó?ÚØÓ?.

3. UìÃ¡?ê� CauchyÂñOK, ^�½Qã�ª�ÑÃ¡?êuÑ�¿

©7�^�.

4. �~K 14.2¥é p > 1�¹�õ«y²�{, éu p = 1��NÚ?êuÑ

�ÑA«y².

5. (1)e
∞
∑

n=1

un Âñ, y²:éz���ê p, k

lim
n→∞

(un+1 + · · · + un+p) = 0;

(2)Þ~`² (1)Ø´?ê

∞
∑

n=1

un Âñ�¿©^�;

(3)éÑ (1)� CauchyÂñOK¥�^���O.
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6. ?Øe�?ê�ñÑ5, ¿3Âñ�¦Ñ?êÚ:

(1)

∞
∑

n=1

1
(3n− 1)(3n + 2)

; (2)

∞
∑

n=1

( 1
2n −

1
3n );

(3)

∞
∑

n=1

2n + 1
(n2 + 1)((n + 1)2 + 1)

; (4)

∞
∑

n=1

arctan 1
n2 + n + 1

;

(5)

∞
∑

n=1

cos π
n

; (6)

∞
∑

n=1

(−1)n+1

4n ;

(7)

∞
∑

n=1

ln 2n2 + n
2n2 + n − 1

; (8)

∞
∑

n=1

n!
x(x + 1) · · · (x + n)

(∀x > 2).

7. ?Øe�?ê�ñÑ5:

(1)

∞
∑

n=1

1√
n2 + n + 1

; (2)

∞
∑

n=1

arctan 3
n2 ;

(3)

∞
∑

n=1

qn cosnx, (∀ |q| < 1); (4)

∞
∑

n=1

sinnx − sin(n + 1)x
n

.

8. (½¦�e�?êÂñ� x���, ¿¦Ñd��?êÚ:

(1)

∞
∑

n=1

(1 + 3x)n; (2)

∞
∑

n=1

sinn x;

(3)

∞
∑

n=1

(

1 − x
1 + x

)n

; (4)

∞
∑

n=1

nxn.

9. e?ê
∞
∑

n=1

un�Ï� un → 0 (n → ∞), �?ê�Ü©Úê� {Sn}k., ¯:

?ê´ÄÂñ?

10. (1)ÁÞÑ f ∈ C[1, +∞), ¦

∞
∑

n=1

f(n)uÑ, �2ÂÈ©
∫+∞

1
f(x) dxÂñ;

(2) ÁÞÑ f ∈ C[1, +∞), ¦

∞
∑

n=1

f(n)Âñ, �2ÂÈ©
∫+∞

1
f(x) dxuÑ.
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§14.2 ���KKK���???êêê���ñññÑÑÑ555���OOO{{{

òz��ÓÒ�?ê¡��Ò?ê. w,�I�?Øz���K�?ê=�.

ùÒ´3 §2.3.4®²m©?Ø��K�?ê. qez���u 0, K¡���?ê.

(3�ÖÙ¦Ö7��5¿, Ø���Ö¥¤`���?ê¢Sþ´�K�?ê.)

dþ�!�?Ø��, �!éu�K�?ê��«ñÑ5�O{��±^u

l,��m©�z���K�?ê. ù�:3e¡QãÚy²ù
�O{�Ø2

­E.

14.2.1 '''������OOO{{{

l�K�?êÂñ�¿�^� (�½n 2.18)Ñu, �Ä���O{Ò´'�

�O{. §�A^�6uÏé,��Ü·�?ê�'�. 8�¡§�'�?ê.

'��O{ e 0 6 an 6 bn ∀n, Kk

(1)

∞
∑

n=1

bn Âñ=⇒

∞
∑

n=1

an Âñ,

(2)

∞
∑

n=1

bn uÑ⇐=

∞
∑

n=1

an uÑ.

y duü�?êÑ´�K�?ê,Ïd��lÜ©Ú´Äk.Ò�±�½ñ

Ñ5. l?ê

∞
∑

n=1

bn Âñ, �� ∃M > 0, ∀n :

n
∑

k=1

bk 6 M . |^^� an 6 bn ∀n

���k ∀n :

n
∑

k=1

ak 6 M , Ïd?ê

∞
∑

n=1

an Âñ. ùÒ´ (1). 
 (2)�´ (1)�

_Ä·K. �

~~~KKK 14.3 �O�K�?ê

∞
∑

n=1

ln n

n
3
2

�Âñ5.

y |^~K 14.2¥'u p ?ê�ñÑ5(Ø, q|^ ln x = o(xε) (x →

+∞)éz� ε > 0¤á, � ε = 1/4,K�3N , � n > N �, ln n 6 n
1
4 , ÏdÒk

0 6
ln n
n3/2

6
1

n5/4
,

l
�±^ p = 5/4�� p?ê��'�?êíÑ�K��K�?êÂñ. �

~~~KKK 14.4 ?Ø

∞
∑

n=0

n
n2 + 1

�ñÑ5.

) P an = n
n2 + 1

, Kk
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an >
n

n2 + n2 = 1
2n

,

ÏdlNÚ?êuÑ��

∞
∑

n=0

an uÑ. �

14.2.2 ���dddþþþ���OOO{{{

y²Ø�ª  ØX¦4���B, ù�Òl'��O{�Ñe��O{.

�dþ�O{ e bn > 0, an > 0 ∀n, � lim
n→∞

bn

an
= 1, K?ê

∞
∑

n=1

an Ú

∞
∑

n=1

bn ÓñÑ.

y l lim
n→∞

bn

an
= 1���3 N , � n > N �k 1

2
<

bn

an
< 2.

l bn < 2an��
∞
∑

n=1

an Âñ=⇒

∞
∑

n=1

bn Âñ,


l bn > 1
2

an ��

∞
∑

n=1

bn Âñ=⇒

∞
∑

n=1

an Âñ. �

5 �2�:�´'��O{�e�4�/ª. Ùy²3�öSK.

'��O{�4�/ª e bn > 0, an > 0 ∀n, � lim
n→∞

bn

an
= l, K

(1)3 0 < l < +∞�

∞
∑

n=1

an Ú

∞
∑

n=1

bnÓñÑ;

(2)3 l = 0��l

∞
∑

n=1

an ÂñíÑ

∞
∑

n=1

bn�Âñ;

(3)3 l = +∞��l

∞
∑

n=1

an uÑíÑ

∞
∑

n=1

bn�uÑ.

~~~KKK 14.5 ?Ø

∞
∑

n=1

1
(n2 + 3n− 2)x �ñÑ5, Ù¥ëê x > 0.

) l an ∼
1

n2x ��, � x > 1
2
�, ?êÂñ. Ó�q��, � x 6

1
2
�,

?êuÑ. �

~~~KKK 14.6 ?Ø

∞
∑

n=2

ln
(

1 −
1
n

)

�ñÑ5.
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) ù´K�?ê, =z���u 0. |^ ln(1 + x) ∼ x (x → 0), ��?ê�
∞
∑

n=1

(

−
1
n

)

ÓñÑ, ÏduÑ. �

14.2.3 D’Alembert'''������OOO{{{

�
?Ø���½?ê�ñÑ5, þü�!�'��O{�ÑI�Ïé,�

�'�?ê. ùp�0�� D’Alembert➀ �O{KÃIXd. ùÃ¦´��`:.

§�k�4�/ª�4�/ª, �{²å���Ñ��«.

D’Alembert'''������OOO{{{ éu��?ê

∞
∑

n=1

an, e�34�

lim
n→∞

an+1

an
= l,

K� l < 1�, ?êÂñ, 
� l > 1�, K?êuÑ.

y e l < 1, K�� r¦� l < r < 1. l^���3 N , � n > N �, k
an+1

an
< r.

u´� n > N + 1�¤á

0 < an < ran−1 < r2an−2 < · · · < rn−NaN =
aN

rN
· rn,

ù�Ò����Âñ�AÛ?ê:
∞
∑

n=N+1

rn−NaN =
aN

rN

∞
∑

n=N+1

rn,

ò§��'�?ê, d'��O{��?ê

∞
∑

n=1

an Âñ.

e l > 1, K�3 N , � n > N �
an+1

an
> 1, Ïd an > an−1 > · · · > aN >

0 ∀n > N + 1. ùL²Ï�ê� {an}Ø´Ã¡�þ, Ïd?ê

∞
∑

n=1

anuÑ. �

5 1 e l = 1, K D’Alembert�O{��, ØU��?Û(Ø. ~X p?ê,

^ D’Alembert�O{o´ l = 1, ÃØ p´�oÑ´Xd.

5 2 ly²�±wÑD’Alembert�O{¢Sþ�6uòAÛ?ê��'�

?ê. e��!����O{�´Xd.

~~~KKK 14.7 ?Ø

∞
∑

n=1

1
n!
�ñÑ5.

) l
an+1

an
= 1

n + 1
, ��4�� l = 0. Ïd?êÂñ. �

➀ �K�� (Jean le Rond d’Alembert, 1717–1783), {IêÆ[!åÆ[, 18­V{

Ié�$Ä�#Ñ�L.
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14.2.4 Cauchy���������OOO{{{

ùpI�þ4��Vg, §�y
�O{¥�O�� l3?Û�¹ek¿Â.

Cauchy ���������OOO{{{ �k�K�?ê

∞
∑

n=1

an, �P

lim
n→∞

n

√
an = l,

K� l < 1�T?êÂñ, 
� l > 1�?êuÑ.

y e l < 1, � r ÷v l < r < 1, Klþ4��5���, �u�u r �
n

√

|an|�õ�kk�õ� (�½n 13.2(I)(1)),Ïd�3N ,� n > N �, n

√
an < r.

ù�� 0 6 an < rn, l'��O{��?ê

∞
∑

n=1

an Âñ.

e l > 1, KÓ�dþ4��5��� (�½n 13.2(I)(2)), �3Ã�õ� n, ÷

v n

√
an > 1, ùÒ´ an > 1, Ïd {an}Ø´Ã¡�þ, l
?ê

∞
∑

n=1

an uÑ. �

5 1 Ó�l p?ê��, 3 Cauchy���O{¥� l = 1��O{��.

5 2 3 §2.2�öSK 19(5)¥®²y², e xn > 0 ∀n, K

lim
n→∞

xn+1

xn
= l =⇒ lim

n→∞
n

√
xn = l.

Ïde����?ê�Âñ5U^ D’Alembert'��O{)û, K��½�^

Cauchy���O{)û. ,��¡, �±ÞÑ~f`²��ØU¤á.

~~~KKK 14.8 ?Ø

∞
∑

n=1

xn
(

1 + 1
n

)n �ñÑ5, Ù¥ëê x > 0.

) du

lim
n→∞

n

√
an = lim

n→∞

x

1 + 1
n

= x,

�� x > 1�?êuÑ, 0 < x < 1�?êÂñ. � x = 1�, ?êÏ� an →
1
e

,

Ïd?êuÑ. �

~~~KKK 14.9 ?Ø

∞
∑

n=1

1 + (−1)n

n
lnn x�ñÑ5, Ù¥ëê x > 0.

) PÏ�� an, � n�Ûê� an = 0, 
� n�óê� an > 0. Ïd�^

���O{. du

lim
n→∞

n

√
an = | ln x|,

Ïd� | ln x| < 1 �, = 1
e

< x < e �?êÂñ. � | ln x| > 1 �, = x > e ½

0 < x < 1
e
�?êuÑ.
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� x = e½ x = 1
e

, K an =
1 + (−1)n

n
, = a2n−1 = 0, a2n = 1

n
. lNÚ?

êuÑ��?ê

∞
∑

n=1

an uÑ. �

5 1 duù�?ê�Ûê�o´ 0, ÏdØU��^ D’Alembert�O{.

5 2 ��5`'��4��'���4�N´¦, AO���¦�´Xd.

�ù�  �±^ Stirlingúª. ~Xéue�?ê
∞
∑

n=1

n!
(

3
n

)n

,

'�4�O�Xe:
an+1

an
= 3

(

n
n + 1

)n

→
3
e

,


��4�O�Xe:

n

√
n!
(

3
n

)

∼
(

n
e

)

2n

√
2πn

(

3
n

)

→
3
e

.

ùpe^~K 2.31�®�(J, =
n

√
n!

n
∼

1
e

, K���B.

14.2.5 CauchyÈÈÈ©©©���OOO{{{

ù«�{®Ñy3~K 14.1Ú 14.2¥, y3QãÙ��/ª. §5gu^½

È©L«�­>F/¡È���?êÜ©Ú�Ý/¡È�Ú�'�, �ã 14.1.

uuuuuuuuuuuuu��>�!B��<�"D
xtttt

p��~/����|. ����y

O
tttt
��rP �

��ttttu�P �tttu�P ��0�ttrP �
1 2 3 4

tp0rP �0ptrP �
k k + 1

f(k) f(k + 1) t0�rP ��y = f(x) t0rP �0t
n· · · · · · · · ·

k,j-pgf+db)(_℄\[ZYPNLJIIGGGFEEEDDDCDCCCCBCBBCBBBABBBABABA!�
ã 14.1: CauchyÈ©�O{�AÛ¿Â

Cauchy ÈÈÈ©©©���OOO{{{ e¼ê f 3«m [1, +∞)þ�KüN~�, KÃ¡?

ê

∞
∑

n=1

f(n)�2ÂÈ©
∫+∞

1
f(x) dxÓñÑ.

y l f üN~���éuz���ê k > 1ke�Ø�ª

f(k + 1) 6

∫k+1

k
f(x) dx 6 f(k).

� k = 1� n − 1¿�\, Ò�� (ë�ã 14.1):
n
∑

k=2

f(k) 6

∫n

1
f(x) dx 6

n−1
∑

k=1

f(k). (14.2)
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e2ÂÈ©
∫+∞

1
f(x) dxÂñ, K (14.2)ª¥m�È©kþ., 
�>�Ø�

ªL²�K�?ê

∞
∑

k=1

f(k)�Ü©Úê�kþ., Ïd?êÂñ.

e�K�?ê

∞
∑

k=1

f(k)Âñ, KÙÜ©Úê�kþ., 
 (14.2)�m>�Ø�

ªL²CÄþ� A (> 1)�È©∫A

1
f(x) dx 6

∫ [A]+1

1
f(x) dx

´ A�üNO\kþ.¼ê, Ïd2ÂÈ©
∫+∞

1
f(x) dxÂñ. �

5 duÃ¡?ê�ñÑ53�K?ê�k����±ØC,Ïd�c¡�

�«�O{��, CauchyÈ©�O{¥�^��±�°. ùÒ´��é,���

�ê N , ¼ê f 3«m [N, +∞)þ�KüN~�, Òv±�y:

Ã¡?ê

∞
∑

n=1

f(n)�2ÂÈ©
∫+∞

N
f(x) dxÓñÑ.

~~~KKK 14.10 ^ CauchyÈ©�O{?Ø p?ê

∞
∑

n=1

1
np �ñÑ5, Ù¥ p > 0.

) ùÒ´~K 14.2�) 4, �´y3�±��^2ÂÈ©�~K 11.3, =∫+∞

1

dx
xp u 0 < p 6 1�uÑ, u p > 1�Âñ, u´ p?ê�´Xd. �

5 5¿c¡®²J�, D’Alembert'��O{Ú Cauchy���O{éu p

?ê�ñÑ5�½¯KÑ��. e��~K�´Xd.

~~~KKK 14.11 ?Ø?ê

∞
∑

n=2

1
n lnq n

�ñÑ5, Ù¥ q > 0.

) f(x) = 1
x lnq x

3 x > 2þ�KüN~�. du
∫+∞

2

dx
x lnq x

u0 < q 6 1

�uÑ, 
u q > 1�Âñ (ë�~K 11.5), Ïd�K�Ã¡?ê�´Xd. �

����~K´Ï�üN~���K�?ê3Âñ�ÙÏ�¤äk�ìC5

�, �¡� Abel➀–Pringsheim➁½n.

~~~KKK 14.12 � {an}´üN~���Kê�, �?ê

∞
∑

n=1

an Âñ, K¤á

an = o
( 1

n

)

(= lim
n→∞

nan = 0).

➀ C�� (Niels Henrik Abel, 1802–1829), é%êÆ[, C�êÆuÐ�k°.

➁ Ê�d°0 (Alfred Pringsheim, 1850–1941), �IêÆ[.
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y l CauchyÂñOK, é ∀ ε > 0, ∃N , ∀n > N , ¤á

an+1 + · · · + a2n < ε
2

.

(ùÒ´3 CauchyÂñOK¥� p = n.) du an ↓, Ïdk

na2n 6 an+1 + · · · + a2n < ε
2

,

u´k 2na2n < ε. Ïdê� {nan}�óê�f�Âñu 0.

Ó�qk

(2n − 1)a2n−1 6 (2n − 1)a2n−2 = (2n − 2)a2n−2 + a2n−2,

du���ª�ü�� n → ∞�ÑÂñu 0, Ïdê� {nan}�Ûê�f��Â

ñu 0. ùÒy²
¤��(Ø. �

5 ùp an ↓�^�´­��, ÄK(ØØU¤á. ~X, -

an =







1
n

, n´²�ê,

0, nØ´²�ê,

K?ê

∞
∑

n=1

an Âñ, �%k lim
n→∞

nan = 1, lim
n→∞

nan = 0.

öööSSSKKK

1. �l�K�ê� {un}¥í�¤k"�¿�±Ù{��^S��ê� {u′
n},

¯:?ê

∞
∑

n=1

unÚ

∞
∑

n=1

u′
n�ñÑ5´Ä�Ó?

2. Þ~`²é�K�?ê
∞
∑

n=1

unek lim
n→∞

n

√
un < 1, K?ê�7Âñ.

3. y²: ^þ4�Úe4��ò��?ê� D’Alembert�O{í2Xe:

(1)e lim
n→∞

un+1

un
= r < 1, K?ê

∞
∑

n=1

Âñ;

(2)e lim
n→∞

un+1

un
= r > 1, K?ê

∞
∑

n=1

uÑ.

4. y²:éu��ê� {un}k

lim
n→∞

un+1

un
6 lim

n→∞

n

√
un 6 lim

n→∞
n

√
un 6 lim

n→∞

un+1

un
,

¿ddíÑ���O{�''��O{r.
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5. ?Ø±e?ê�ñÑ5:

(1)

∞
∑

n=1

(

2n2 + 1
3n2 − 1

)n

n3; (2)

∞
∑

n=1

ln n · arcsin 1
n

n
;

(3)

∞
∑

n=1

(e
1
n − 1) arctan 1

n
; (4)

∞
∑

n=1

(

1 −
ln n
n

)2n

;

(5)

∞
∑

n=1

√
n100 + 1

2n ; (6)

∞
∑

n=1

10n

n!
;

(7)

∞
∑

n=1

ln 1

cos 1
n

; (8)

∞
∑

n=1

nn

n!
;

(9)

∞
∑

n=2

1
(lnn)n ; (10)

∞
∑

n=3

1
(ln lnn)ln n

;

(11)
∞
∑

n=1

[

e −
(

1 + 1
n

)n ]p

n
; (12)

∞
∑

n=1

n
en ;

(13)

∞
∑

n=1

ann!
nn (a > 0); (14)

∞
∑

n=1

(2n − 1)!!
n!

;

(15)

∞
∑

n=1

2n
(

n
n + 1

)n2

; (16)

∞
∑

n=1

sin2
(

nπ
3

)

2n(
√

n + 1 −
√

n)2
;

(17)

∞
∑

n=1

n3(
√

2 + (−1)n)n

3n ; (18)

∞
∑

n=1

an2

bn (a, b > 0);

(19)

∞
∑

n=1

e−
√

n; (20)

∞
∑

n=3

ln

(

1 +
(3 + (−1)n) arctann

n

)

ln2 n − ln ln n
;

(21)
∞
∑

n=1

ln(1 + lnn)
3
√

n3 − 2 · ln3(n + 2)
; (22)

∞
∑

n=1

( n

√
n − 1);

(23)

∞
∑

n=1

( 1

n sin 1
n

− cos 1
n

); (24)

∞
∑

n=1

(e
− 1

2n2

− cos 1
n

);

(25)

∞
∑

n=1

(

n
∑

k=1

k!
(n + 3)!

)

; (26)

∞
∑

n=3

(ln lnn)100

ln n ln n!
.

6. ��K�?ê
∞
∑

n=1

unÚ

∞
∑

n=1

vn ÓñÑ, Á?Ø±eü�?ê�ñÑ5:

∞
∑

n=1

max{un, vn},

∞
∑

n=1

min{un, vn}.
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7. ?Ø±e?ê�ñÑ5:

(1)

∞
∑

n=1

∫ π
n

0

x sin2 x
1 + x2 dx; (2)

∞
∑

n=1

∫+∞

0

dx
1 + n2x2 ;

(3)

∞
∑

n=1

∫ (n+1)π

nπ

cos4 x
x

dx; (4)

∞
∑

n=1

1
L.C.M.(1, 2, · · · , n)

;

(5)

∞
∑

n=1

ln[n(n + 1)a(n + 2)b]; (6)

∞
∑

n=1

(2a
1
n − b

1
n − c

1
n ) (a, b, c > 0);

(7)

∞
∑

n=1

| sin n|
n

; (8)

∞
∑

n=1

cos4 n
n

;

(9)

∞
∑

n=1

1
nan

, Ù¥ an → 1.01,q¯:e an → 1KXÛ?

8. e?ê

∞
∑

n=2

|an − an−1|Âñ, y²:ê� {an}Âñ. q¯:��XÛ?

9. e�K�?ê

∞
∑

n=1

unÂñ, y²±e?êþÂñ:

(1)

∞
∑

n=1

u2
n; (2)

∞
∑

n=1

√
un

np (p > 1
2

);

(3)
∞
∑

n=1

√
unun+1; (4)

∞
∑

n=1

ln(1 + un).

q©O£�:±þ 4«�¹�_´Ä¤á?

10. �

∞
∑

n=1

un ´�K�?ê, é§?¿\)Ò����?êP�

∞
∑

n=1

u′
n, y²:ù

ü�?ê�ñÑ5�Ó, �3Âñ�äk�Ó�Ú.

11. ?ê�?Ø²~I�ê���£. �k���±^?ê�£5)ûê�¥�

¯K. Á^?êÂñ�7�^�y²:

(1) lim
n→∞

nn

(n!)2
= 0; (2) lim

n→∞

(2n)!

2n!
= 0.

12. y²±e�O¤á:

(1) ∃C, ∀n :
n
∑

k=1

√
k 6 Cn

3
2 ; (2) 1.5 6

∞
∑

n=1

1
n2 6 1.75.版

权
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§14.3 ???¿¿¿���???êêê���ñññÑÑÑ555���OOO{{{

e3��Ã¡?ê¥�kk���u 0½�u 0, KÙñÑ5Ñ�±^�K�

?ê�ñÑ5�O{�?Ø. Ïd�!�¤¢?¿�?ê¥Ò�¹
QkÃ¡õ

���qkÃ¡õ�K��?ê. 8�¡ùa?ê�CÒ?ê.

14.3.1 Leibniz...???êêê

Äk0�3?¿�?ê¥��aäkAÏ/G�Âñ?ê——Leibniz.?

ê. §�±`´��Ò?ê����a~��Ã¡?ê,~X±eü�k¶�Ã¡

?êÑ´ Leibniz.?ê:
∞
∑

n=1

(−1)n−1

n
= 1 −

1
2

+ 1
3
−

1
4

+ · · · + (−1)n−1 1
n

+ · · · = ln 2,

∞
∑

n=1

(−1)n−1

2n − 1
= 1 −

1
3

+ 1
5
−

1
7

+ · · · + (−1)n−1 1
2n − 1

+ · · · = π
4

.

½½½ÂÂÂ 14.2 ¡Ã¡?ê

∞
∑

n=1

un � Leibniz.?ê, XJ÷v±e 3�^�:

(1) un = (−1)n−1bn, Ù¥ bn > 0; (2) {bn}�üN~�ê�; (3) lim
n→∞

bn = 0.

5 ÷v^� (1)�?ê¡���?ê. §´�«AÏa.�CÒ?ê. ��

Bå��1���u 0. �ü�^��Ü¿�� bn ↓ 0, ½ö |un| ↓ 0. Ïd Leibniz

.?êÒ´Ï�ýé�üNªu 0���?ê.

½½½nnn 14.2 Leibniz.?ê�½Âñ.

y P?ê�Ü©Úê�� {Sn}, ¿�	Ù¥dóê� S2n |¤�f�. l

S2n = (b1 − b2) + (b3 − b4) + · · · + (b2n−1 − b2n),

|^ bn ↓��k S2n+2 = S2n + (b2n+1 − b2n+2) > S2n, Ïdê� {S2n}´üNO

\ê�.

,��¡, l

S2n = b1 − (b2 − b3) − · · · − (b2n−2 − b2n−1) − b2n 6 b1,

��ê� {S2n}kþ.. A^üNk.ê�Âñ½n, {S2n}Âñ. PÙ4�� b,

Òk lim
n→∞

S2n = b.

y32�	ê� {Sn}¥dÛê��¤�f�. ù�k

S2n−1 = S2n − b2n,
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l lim
n→∞

bn = 0���k lim
n→∞

b2n = 0, Ïdq�� lim
n→∞

S2n−1 = b. Ü¿±þÒk

lim
n→∞

Sn = b. �

5 lþ¡�y²��k b 6 b1. Ón�� Leibniz.?ê�{��ýé��

½Ø�L{��1���ýé�. ùéuØ��O´�~�Bk^�.

e¡´A�~�� Leibniz.?ê:

1 −
1
2

+ 1
3

−
1
4

+ · · · ,

1 −
1√
2

+ 1√
3

−
1√
4

+ · · · ,

1 −
1
22 + 1

32 −
1
42 + · · · .

,
§��m¢Sþk���É, ù´e��!�?Ø�SN.

14.3.2 ýýýéééÂÂÂñññ���^̂̂���ÂÂÂñññ

ïÄuy, Âñ?ê�±©�üa, §�äk��ØÓ�5�. �dI�kï

á��Ä�(Ø.

½½½nnn 14.3 e?ê

∞
∑

n=1

|un|Âñ, K

∞
∑

n=1

un �½Âñ.

y l^��, é ∀ ε > 0, ∃N , ∀n > N , ∀ p ∈ N : |un+1| + · · · + |un+p| < ε.

Ïd�k

|un+1 + · · · + un+p| 6 |un+1| + · · · + |un+p| < ε,

l
?ê

∞
∑

n=1

un Âñ. �

3þã½n�Ä:þ�ÑüaÂñ?ê�½Â.

½½½ÂÂÂ 14.3 e?ê

∞
∑

n=1

|un|Âñ, K¡

∞
∑

n=1

un �ýéÂñ?ê; e?ê

∞
∑

n=1

un

Âñ, �
∞
∑

n=1

|un|uÑ, K¡
∞
∑

n=1

un�^�Âñ?ê.

w,, éu�Ò½��l,��m©��Ò�?ê5`, ÂñÚýéÂñ´�

d�. Ïd^�Âñ�?ê�U�CÒ?ê¥�é.

~X, l p?ê��£��, þ��!��� 3� Leibniz?ê¥, cü�Ò´

^�Âñ?ê, �1n�K´ýéÂñ?ê.

e¡�L`²3

∞
∑

n=1

un �

∞
∑

n=1

|un|�m, lÂñÚuÑ5w, �kn«�U:
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∞
∑

n=1

un

∞
∑

n=1

|un|

∞
∑

n=1

un ýéÂñ Âñ Âñ

∞
∑

n=1

un ^�Âñ Âñ uÑ

∞
∑

n=1

un uÑ uÑ uÑ

e¡�½n�Ñ
ü«Âñ?ê����É.

½½½nnn 14.4 éu

∞
∑

n=1

an ½Âü��K�?ê

∞
∑

n=1

a+
n Ú

∞
∑

n=1

a−
n , ÙÏ��:

a+
n = max{an, 0} =

{

an, an > 0,

0, an < 0;
a−

n = −min{an, 0} =

{

0, an > 0,

−an, an < 0.

Kk:

(1)

∞
∑

n=1

an ýéÂñ�¿©7�^�´

∞
∑

n=1

a+
n Ú

∞
∑

n=1

a−
n ÑÂñ;

(2) e
∞
∑

n=1

an ^�Âñ, KÓ�k
∞
∑

n=1

a+
n = +∞Ú

∞
∑

n=1

a−
n = +∞.

y Ø
?ê

∞
∑

n=1

an �Ü©Úê� {Sn} �	, 2Ú?

∞
∑

n=1

|an|,

∞
∑

n=1

a+
n Ú

∞
∑

n=1

a−
n n��K�?ê�Ü©Úê�, =é ∀n-

S′
n =

n
∑

k=1

|ak|, S+
n =

n
∑

k=1

a+
k , S−

n =

n
∑

k=1

a−
k ,

Kk±e'X:

Sn = S+
n − S−

n , S′
n = S+

n + S−
n .

d	�kØ�ª'X 0 6 S+
n 6 S′

n, 0 6 S−
n 6 S′

n¤á.

dd��, �

∞
∑

n=1

an ýéÂñ�, ü�#��K�?ê

∞
∑

n=1

a+
n Ú

∞
∑

n=1

a−
n ÑÂ

ñ, ���¤á.

�

∞
∑

n=1

an ^�Âñ�, =´ {Sn}Âñ, S′
n ↑ +∞, u´�±l

S+
n = 1

2
(S′

n + Sn), S−
n = 1

2
(S′

n − Sn)
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��wÑ

∞
∑

n=1

a+
n = +∞Ú

∞
∑

n=1

a−
n = +∞. �

5 �Ñ
∞
∑

n=1

an = lim
n→∞

Sn = lim
n→∞

(S+
n − S−

n ),

�±w�, éu^�Âñ?ê, m>Ñy∞−∞.�Ø½ª, 
4��k�ê.

e¡�¯K´XÛ�½?¿�?ê�ñÑ5. e�½�?êýéÂñ,K�±

éz���ýé��^þ�!¥��K�?ê�ñÑ5�O{�?Ø.��, e�

½�?ê�^�Âñ, K §14.2.1�'��O{Ú §14.2.5� CauchyÈ©�O{�

,Ã{A^. e¡��~fK�Ñ, éu?¿�?ê, §14.2.2¥��dþ�O{�

´ØU^�.

~~~KKK 14.13 ?Ø

∞
∑

n=1

(−1)n

√
n

(

1 +
(−1)n

√
n

)

�ñÑ5.

) òþã?ê�Ï�P� an, Kk�d'X an ∼
(−1)n

√
n
¤á. du

∞
∑

n=1

(−1)n

√
n
� Leibniz.?ê����ÎÒ, ÏdÂñ. ��±y²�K�?ê¢

SþuÑ. Ïd�dþ�O{3ùp´ØUA^�.

duÏ� an ²w�ü��Ú, Ïd��©O?Øü�?ê=�.

1��?êÒ´

∞
∑

n=1

(−1)n

√
n

, ®�Âñ.

1��?êÒ´

∞
∑

n=1

1
n

, �,uÑ. Ü¿±þ���K�?êuÑ. �

2£� §14.2.3Ú §14.2.4¥�'��O{Ú���O{, du��ýé�5

�, ÏdØ�U^u�½��^�Âñ?ê�Âñ5. �ùpk��~	, =�ù

ü��O{¥� l > 1�, %�±�½��?¿�?êuÑ. ù´Ï�l l > 1�±

íÑ?ê�Ï�Øªu 0, ùéu?¿�?ê�´¤á�.

14.3.3 ???êêêÂÂÂñññ��� Abel–Dirichlet���OOO{{{

���. AbelØØØ���ªªª

£� §10.3.4¥� AbelC�, =k
n
∑

i=1

aibi =

n
∑

i=1

bi(Si − Si−1) =

n
∑

i=1

biSi −

n−1
∑

i=1

bi+1Si

= bnSn +

n−1
∑

i=1

(bi − bi+1)Si,
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Ù¥ S0 = 0, Sk =

k
∑

i=1

ai, k = 1, · · · , n.

e¡ò|^ AbelC�y² AbelØ�ª, ,�^§íÑü�#��O{.

½½½nnn 14.5 (AbelØØØ���ªªª) ��½ {ak}16k6n � {bk}16k6n, Ù¥ {bk}16k6n

üN, K¤áØ�ª

|a1b1 + · · · + anbn| 6 (|b1| + |bn|) max
16l6m6n

|al + · · · + am|.

y ©A«�¹.

(i) � {bk}16k6n üN~���K, P Sk = a1 + · · · + ak, k = 1, · · · , n,

M = max
16l6m6n

|al + · · · + am|, KkØ�ª

−M 6 Sk 6 M ∀ k = 1, · · · , n.

éþãØ�ª©O¦± (b1 − b2), · · · , (bn−1 − bn), bn ¿�\, duù
êÑ´�

K�, ÏdØ�ª���Ø¬UC. ù�l AbelC���Ø�ª�¥mÜ©Ò´

a1b1 + · · · + anbn, l
��

−Mb1 6 a1b1 + · · · + anbn 6 Mb1,

=��

|a1b1 + · · · + anbn| 6 Mb1(= M |b1|).

(ii)� {bk}16k6n üN~�, � b1 > · · · > bk > 0 > bk+1 > · · · > bn, Kk

|a1b1 + · · · + anbn| 6 |a1b1 + · · · + akbk| + |an(−bn) + · · · + ak+1(−bk+1)|

6 M(|b1| + |bn|).

(iii) {bk}16k6n üNO\, Kò^S6�=�. �

���. Abel–Dirichlet���OOO{{{

ù´ü�'�°[��O{. §��6uò?ê�Ï��·��©). du§

��^��C, y²�aq, ·�ò§��3�å5y². �3äN¦^��´I

�t�Ùz���O{�(�^�, ±9�.´^=���O{.

5 ùp�±ë� §11.3.2, =2ÂÈ©� Abel–Dirichlet�O{. y²§��

óä´È©1�¥�½n. 
ù�½n�´± Abel½n�Ä:� (� §10.3.4).

(1) Abel���OOO{{{ e?ê

∞
∑

n=1

anÂñ, ê� {bn}üNk., K

∞
∑

n=1

anbn Âñ.

(2) Dirichlet���OOO{{{ e?ê

∞
∑

n=1

an �Ü©Úê� {Sn}k., ê� {bn}üNÂ

ñu 0, K

∞
∑

n=1

anbn Âñ.
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y ±Ã¡?ê� CauchyÂñOK (=½n 14.1)�Ä:5y²ùü��O

{. Äk, du3ü��O{¥ {bn}þüN, Ïdl AbelØ�ªÒk

|an+1bn+1 + · · · + an+pbn+p| 6 (|bn+1| + |bn+p|) max
n+16l6m6n+p

|al + · · · + am|.

ù´y²ü��O{��ÓÄ:.

(1)3 Abel�O{¥, �M > 0¦� |bn| 6 M ∀n, ¿é

∞
∑

n=1

an ^ CauchyÂ

ñOK, é ∀ ε > 0, ∃N , ∀n > N , ∀ p ∈ N : |an+1 + · · · + an+p| < ε
2M

, KÓ��

Òk

|an+1bn+1 + · · · + an+pbn+p| < (|bn+1| + |bn+p|) ·
ε

2M
6 ε,

��

∞
∑

n=1

anbn Âñ.

(2) 3 Dirichlet �O{¥, � M > 0 ¦� |Sn| 6 M ∀n ¤á, ù�é?Û

l 6 m, |al + · · · + am| = |Sm − Sl−1| 6 2M . ,�é ∀ ε > 0, ∃N , ∀n > N : |bn| <
ε

4M
, KÒé ∀ p ∈ Nk

|an+1bn+1 + · · · + an+pbn+p| < (|bn+1| + |bn+p|) · max
n+16l6m6n+p

|al + · · · + am|

6
ε

2M
· 2M 6 ε,

��

∞
∑

n=1

anbn Âñ. �

e¡±~K�/ªéùü��O{���Ö¿.

~~~KKK 14.14 l Dirichlet�O{�±íÑ Abel�O{.

y � Dirichlet�O{®²¤á. éu?ê

∞
∑

n=1

anbn, e®�

∞
∑

n=1

an Âñ, �

ê� {bn}k., K�34� lim
n→∞

bn. òù�4�P� b, K�±ò?ê©)Xe:
∞
∑

n=1

anbn =

∞
∑

n=1

an(bn − b) + b

∞
∑

n=1

an,

,�|^

∞
∑

n=1

an Âñ, ÏdÙÜ©Úê�k., Ó� {bn − b}üNÂñu 0, Ïd

éþªm>�1��?ê^ Dirichlet�O{Ò��§Âñ. qÏ�®�1��?

êÂñ, ÏdÒy²
 Abel�O{¤á. �

~~~KKK 14.15 ^ Dirichlet�O{y² Leibniz.?êÂñ (=�Ñ½n 14.2�

#y²).
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y éu Leibniz.?ê

∞
∑

n=1

(−1)n−1bn, Ù¥ bn ↓ 0, - an = (−1)n−1, K?

ê

∞
∑

n=1

an �Ü©Úê��d 1Ú 0|¤, �,k.. Ïd^ Dirichlet�O{=�

�?êÂñ. �

14.3.4 ~~~KKK

3Þ~�ck5¿±eA::

(1)éu?¿�?ê�ñÑ5, ïÆ3�U�¹e, k*	§´ÄýéÂñ. X

JUédk(½��Y, ØØ´ýéÂñ�´ØýéÂñ, Ñ´kd��. e´ý

éÂñ, KñÑ5¯K®��)û; XJØýéÂñ, KÒ��òkü«�U, =u

Ñ½^�Âñ.

(2)é?¿�?ê�ñÑ5¯K, eØ²LÚ½ (1)
U
���½Ù�Âñ,

K��¦?�Ú�½T?ê´ýéÂñ�´^�Âñ.

(3) Abel�O{Ú Dirichlet�O{���´?¿5?êÂñ�¿©^�,§

�ØUw�·�?ê´ýéÂñ�´^�Âñ.

~~~KKK 14.16 �?ê

∞
∑

n=1

an Âñ, y²?ê

∞
∑

n=1

nan

n + 1
�Âñ.

) duê� {
n

n + 1
} üNk., ^ Abel �O{=�. ½ö�

nan

n + 1
=

an −
an

n + 1
, ,�é1���Ï��?ê^Dirichlet�O{ (�~K 14.14). ql

�K�?ê��dþ�O{��ü�?êÓ��ýéÂñ½^�Âñ. �

5 e,\ an �Ò, ½��l,����Ò�^�, K�K^�dþ�O{

Ò

. ,
�K�

∞
∑

n=1

an �?¿�?ê, ~K 14.13L²ØU^�dþ�O{.

~~~KKK 14.17 �?ê

∞
∑

n=1

an �Ü©Úê�k., ëê σ > 0, y²: ?ê

∞
∑

n=1

an

nσ Âñ.

) Ïê� {
1
nσ }üNÂñu 0, ^ Dirichlet�O{=�. �

e¡´��­�~K. Ù¥�?ê9?Ø�{38�¬õgÑy. ��±òù

�~K�2ÂÈ©¥�~K 11.29�'�.
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~~~KKK 14.18 y²?ê

∞
∑

n=1

sin nx
n

??Âñ, 
3 x = kπ ∀ k ∈ N�	þ�^

�Âñ.

y 3 x = kπ�?êz��� 0. éuÙ¦� x�, k�O
∞
∑

n=1

sin nx�Ü©

Ú. |^n�¼ê�ÈzÚ�úªÒk

| sin x + · · · + sin nx| =

∣

∣

∣

∣

∣

∣

cos 1
2

x − cos 2n + 1
2

x

2 sin 1
2

x

∣

∣

∣

∣

∣

∣

6
1

| sin 1
2

x|
,

,�|^ 1
n

↓ 0, Ò�±^ Dirichlet�O{��?ê

∞
∑

n=1

sin nx
n

Âñ.

±ey² x 6= kπ��?ê�^�Âñ, =�y²?ê

∞
∑

n=1

| sin nx|
n

uÑ. |

^Ø�ª
| sin nx|

n
>

sin2 nx
n

= 1 − cos 2nx
2n

, (14.3)

,�©O�Äü�?ê:
∞
∑

n=1

1
n

(NÚ?ê)Ú
∞
∑

n=1

cos 2nx
n

�ñÑ5. cö®�u

Ñ. é�ö2g|^n�¼ê�ÈzÚ�úª��

| cos 2x + cos 4x + · · · + cos 2nx| =

∣

∣

∣

∣

sin(2n + 1)x − sinx
2 sinx

∣

∣

∣

∣

6
1

| sinx|
,

Ò�±Ó�^ Dirichlet�O{��� x 6= kπ �, ?ê

∞
∑

n=1

cos 2nx
n

Âñ. £�

(14.3), ���K�?ê

∞
∑

n=1

sin2 nx
n

�±����uÑ?ê���Âñ?ê�Ú,

ÏduÑ. ���â'��O{���K�?ê

∞
∑

n=1

| sin nx|
n

uÑ. �

5 ùp|^
 §14.1.1¥�Þ�1 8:, §´�½?êuÑ��~^Ãã.

öööSSSKKK

1. Á^±e�{­#y²½n 14.3: e?ê

∞
∑

n=1

|un|Âñ,- vn = un+|un| ∀n,

¿|^

0 6 vn 6 2|un|, un = vn − |un|, ∀n.

2. Leibniz.?ê´Ä�½ýéÂñ? e�½�Ñy², eÄ½ÞÑ�~.
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3. ?Øe�?ê�ñÑ5, eÂñK2?Ø´ÄýéÂñ:

(1) 4
1

+ 1
2

−
2
3
−

3
4

+ 4
5

+ 1
6
−

2
7

−
3
8

+ · · · ;

(2) 1 −
1
2

+ 1
32 −

1
4

+ 1
52 −

1
6

+ · · · ;

(3) 1 −
1
2
−

1
4

+ 1
3
−

1
6

−
1
8

+ 1
5
−

1
10

−
1
12

+ · · · , ¿¦ÙÚ.

4. ?Øe�?ê�ñÑ5, eÂñK2?Ø´ÄýéÂñ:

(1)

∞
∑

n=1

cos(2n − 1)
2n − 1

; (2)

∞
∑

n=2

√

n3 + 1
n3 − 1

· ln(1 +
(−1)n

n
);

(3)

∞
∑

n=2

(−1)n

(n + (−1)n)p (p > 0); (4)

∞
∑

n=1

[

sin n

n
2
3

− sin
(

sin n

n
2
3

)]

;

(5)

∞
∑

n=1

(n + 1) sin 2n

n2 − ln n
; (6)

∞
∑

n=1

(lnn)6 · cos nπ
6

√
n

;

(7)
∞
∑

n=1

(−1)n(
√

n + 100)

n + x2 , ∀x ∈ R; (8)
∞
∑

n=1

(−1)[n]

n2 + 1
;

(9)

∞
∑

n=1

cos(n!x)

n
√

n − 2
; (10)

∞
∑

n=1

sinn
2n + (−1)n ;

(11)

∞
∑

n=1

sin nx (∀x ∈ R); (12)

∞
∑

n=1

sin(π
√

n2 + 1);

(13)
∞
∑

n=2

sin nπ
12

· ln ln n

ln n
; (14)

∞
∑

n=1

∫n

n−1

cosnx√
x4 + 1

dx.

5. �
∞
∑

n=1

an

nx0
Âñ, y²:e x > x0 K

∞
∑

n=1

an

nx Âñ.

6. �
∞
∑

n=1

nanÂñ, y²: ±eü�?ê

∞
∑

n=1

an,

∞
∑

n=1

nan+m

þÂñ, Ù¥m���ê.

7. e

∞
∑

n=1

anÂñ, y²:

lim
n→∞

a1 + 2a2 + · · · + nan

n
= 0.
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§14.4 ÂÂÂñññ???êêê���555���

l §2.1.6m©Ú\�Ã¡?ê´éuk��¦Ú�í2. �!�¯K´: k�

�¦Ú¤÷v�Ä�5�, X(ÜÆ!��Æ�¦{©�Æ�➀ , ´Ä�±í2�

Ã��¦Ú¥. ò¬w�ù�?ê�Âñ±9´=�«Âñk��éX.

14.4.1 \\\{{{(((ÜÜÜÆÆÆ

ùp�(ÜÒ´\)Ò. éuk��¦Ú(ÜÆo´¤á�, ù�y
?¿k

���Ú3Ø\)Ò�k(½�¿Â, Ó�\)Ò��O�Jø
�B. ,
Ã�

�¦Ú%¿�Xd.

e¡´{¤þ�Í¶~f. §L²3Ã��¦Ú¥)ÒØ´�±�¿\�.

~~~KKK 14.19 e¡��ª¤á:

(1 − 1) + (1 − 1) + (1 − 1) + · · · = 0 + 0 + 0 + · · · = 0,

Ù¥�Ã¡?êz�� 0 , §�Ú�,� 0. �eò�>�K)Ò�, K�?ê:

1 − 1 + 1 − 1 + 1 − 1 + · · · ,

§�Ï�� (−1)n−1, w,uÑ. �

ù�¯K�e�½n)û. §L²éuÂñ?ê5`, (ÜÆ¤á.

½½½nnn 14.6 e

∞
∑

n=1

an Âñ, K?¿\)Ò��?ê:

(a1 + a2 + · · · + an1
) + (an1+1 + · · · + an2

) + · · ·

+ (ank+1 + ank+2 + · · · + ank+1
) + · · ·

(1 6 n1 < n2 < · · · < nk < · · · )�Âñ, �ÙÚØC.

y kò\)Ò����?êP�

∞
∑

k=1

bk, Ù¥ (n0 = 0): bk = ank−1+1 +

ank−1+2 + · · · + ank
∀ k.

P�?ê�Ü©Úê�� {Sn}, qP\)Ò��þã?ê�Ü©Úê��

{σk}, KÒk

σk = b1 + · · · + bk = a1 + a2 + · · · + ank
= Snk

.

Ïd {σk}´ {Sn}�f�, ��(Ø¤á (ë�½n 2.25). �

ù�wq²��(Ø²~k^. e¡�~fÒ´Xd.

➀ ùÒ´ §13.3.3��ún¥c 3�ún¥�SN.

版
权
所
有
，
请
勿
复
制
！



§14.4 Âñ?ê�5� 205

~~~KKK 14.20 y²e�?êuÑ:

1√
2 − 1

−
1√

2 + 1
+ 1√

3 − 1
−

1√
3 + 1

+ · · ·
1√

n − 1
−

1√
n + 1

+ · · · .

y |^ 1√
n − 1

−
1√

n + 1
= 2

n − 1
��, elÞm©zü�\)Ò, KÒ

��uÑ?ê. ^½n 14.6�_Ä·K, ���5�?ê�½uÑ. �

5 £�1�þ¥'uNÚ?êuÑ�1��y² (=~K 2.32), y3�±

n)�½n 14.6��gA^. ùÒ´òNÚ?ê\)ÒXe:

1 + 1
2

+
(

1
3

+ 1
4

)

+
(

1
5

+ 1
6

+ 1
7

+ 1
8

)

+ · · · +

(

1
2k−1 + 1

+ · · · + 1
2k

)

+ · · · ,

¦z�)ÒS�Ú�u 1
2

, Ïd?êuÑ, l
�5�NÚ?ê��U´uÑ�.

^\)Ò��{k���^uy²,
?êÂñ, Ùnd�e��~K.

~~~KKK 14.21 �é

∞
∑

n=1

an \)Ò��

∞
∑

k=1

bk, Ù¥ bk = ank−1+1 + ank−1+2 +

· · · + ank
∀ k, eI n0 = 0 < n1 < · · · < nk < · · · , e?ê

∞
∑

k=1

bk Âñ, �z� bk

¥�� ank−1+1, ank−1+2, · · · , ank
ÓÒ, K?ê

∞
∑

n=1

an Âñ.

y P?ê

∞
∑

n=1

an �Ü©Úê�� {Sn}, K\)Ò��?ê

∞
∑

k=1

bk �Ü©

Úê�� {Snk
}. � lim

k→∞
Snk

= S, Ké ∀ ε > 0, ∃K, ∀ k > K : |Snk
− S| < ε.

- nK = N , Ké ∀n > N , �3 k > K, ¦� nk + 1 6 n 6 nk+1. du

ank+1, ank+2, · · · , ank+1
ÓÒ,Ïd Sn?u Snk

� Snk+1
�m,l
�k |Sn−S| <

ε. ù�Òy²
�5�?ê�ÂñuÓ��Ú. �

5 ��±ò~K¥��� ank−1+1, ank−1+2, · · · , ank
ÓÒ�^�U?�

lim
k→∞

(|ank−1+1| + |ank−1+2| + · · · + |ank
|) = 0,

3�öSK.

14.4.2 \\\{{{������ÆÆÆ

þ��!�½n 14.6L²Âñ?ê�½÷v(ÜÆ, �e¡�~fKL²Â

ñ?êØ�½÷v��Æ.

~~~KKK 14.22 ée� Leibniz.?ê

1 −
1
2

+ 1
3
−

1
4

+ 1
5

−
1
6

+ 1
7

−
1
8

+ · · · ,

e·�UCÙ¦Ú^S, K¬����#�Âñ?ê, �äkØÓ�Ú.
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y PTÂñ?ê�Ú� S, Ü©Úê�� {Sn}, K�^ Euler~êO�Xe:

S2n =
(

1 + 1
3

+ · · · + 1
2n − 1

)

−
(

1
2

+ 1
4

+ · · · + 1
2n

)

=
(

1 + 1
2

+ · · · + 1
2n

)

− 2
(

1
2

+ 1
4

+ · · · + 1
2n

)

= ln(2n) + γ + o(1) − (ln n + γ + o(1)) = ln 2 + o(1) → ln 2,

u´�k S = ln 2. (Ø^ Euler~ê��{�~K 2.28Ú 10.5.)

y3ò¦Ú�^SUC�e, l?ê�1��m©, z�ü�������K

�, �ØUC���m±9K��m��k^S, ù�Ò����#�?ê:

1 + 1
3
−

1
2

+ 1
5

+ 1
7
−

1
4

+ · · · .

yO�ù�#?ê�Ú. ò§�Ü©Úê�P� {S′
n}, kwc 3k��Ü©Ú:

S′
3k =

(

1 + 1
3

+ 1
5

+ 1
7

+ · · · + 1
4k − 3

+ 1
4k − 1

)

−
(

1
2

+ 1
4

+ · · · + 1
2k

)

=
(

1 + 1
2

+ · · · + 1
4k

)

−
(

1
2

+ 1
4

+ · · · + 1
4k

)

−
(

1
2

+ 1
4

+ · · · + 1
2k

)

=
(

1 + 1
2

+ · · · + 1
4k

)

−
1
2

(

1 + 1
2

+ · · · + 1
2k

)

−
1
2

(

1 + 1
2

+ · · · + 1
k

)

= (ln(4k) + γ) − 1
2

(ln(2k) + γ) − 1
2

(ln k + γ) + o(1) → 3
2

ln 2.

,�l S′
3k+1 = S′

3k + 1
4k + 1

Ú S′
3k+2 = S′

3k + 1
4k + 1

+ 1
4k + 3

�±��n�f

� {S′
3k}, {S

′
3k+1}, {S

′
3k+2}ÂñuÓ�4�, ¿dd�� {S′

n}Âñu
3
2

ln 2. �

þã~KL²3Ã¡�¦Ú�, ØU�¿UC¦Ú�^S, �Ò´`\{��

ÆØ¤á. e¡·��y²éuýéÂñ?ê5`, \{��ÆE,¤á, =Ø¬

u)~K 14.22¥�y�, 
éu^�Âñ?ê5`, UC¦Ú^S�?ê�Úu

)UC�y�%´ÊH�3�.

�¦�?Øî�z, kÚ\e�½Â.

½½½ÂÂÂ 14.4 ¡ü�?ê

∞
∑

n=1

an �

∞
∑

n=1

a′
n p��S?ê, eê� {a′

n} �´

{an}�­#ü�, ���´Xd.

½½½nnn 14.7 �?ê

∞
∑

n=1

an ýéÂñ, K§�?Û�S?êÑýéÂñ, �äk

�Ó�Ú.

y �

∞
∑

n=1

a′
n ´

∞
∑

n=1

an ����S?ê,

éu

∞
∑

n=1

|a′
n|�Ü©Ú |a′

1| + · · · + |a′
n|, �3 N , ¦�
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{a′
1, · · · , a′

n} ⊂ {a1, · · · , aN}. (14.4)

Ïdk

|a′
1| + · · · + |a′

n| 6 |a1| + · · · + |aN |.

dd��, e

∞
∑

n=1

|an|Âñ, =ÙÜ©Úê�kþ., Ò�íÑÙ�S?ê

∞
∑

n=1

|a′
n|

�Ü©Úê��kþ., ÏdÂñ.

,��y²ùü�?êØ�ÑýéÂñ
�äk�Ó�Ú.ù���Äü�

?ê�Ü©Ú�m�'X. duù´?¿�?ê, Ïd¯K'þ¡(J�:.

|^ (14.4)�±wÑk

{a1, · · · , aN} − {a′
1, · · · , a′

n} ⊂ {a′
n+1, a

′
n+2, · · · },

Ïd¤áØ�ª:

a′
1 + a′

2 + · · · + a′
n 6 a1 + · · · + aN +

∞
∑

k=n+1

|a′
k|,

m>����ÚªÒ´?ê

∞
∑

n=1

|a′
n|�1 n�{�. 5¿þãØ�ª¥ N ´d n

Uì (14.4)��¦(½�, e2O�KE,÷vTª��¹'X. -N → ∞, Ò�

�

a′
1 + a′

2 + · · · + a′
n 6

∞
∑

n=1

an +

∞
∑

k=n+1

|a′
k|.

du®�?ê

∞
∑

n=1

a′
n Âñ, 3þª¥2- n → ∞, |^{��½ªu 0, Ò��

∞
∑

n=1

a′
n 6

∞
∑

n=1

an,

ù�Òy²ýéÂñ�?ê3�S��,ÙÚØO\. ,
þªm>�?ê��±

w¤´d�>�?ê�S���, Ïd���Ø�ª�¤á, l
�U��. �

5 ùp��{�½n 2.19¥y²ê e�ü�½Â�dkaq�?.

e¡?Ø^�Âñ?ê�¦Ú�S¯K.Ù¥�(Jl��þ�6u½n 14.4

¥�(Ø.

½½½nnn 14.8 ('''uuu^̂̂���ÂÂÂñññ???êêê��� Riemann½½½nnn) �?ê

∞
∑

n=1

an ^�Âñ,

Kéu�½� α 6 β (Ù¥#N −∞ 6 α 6 β 6 +∞), �½�3���S?ê
∞
∑

n=1

a′
n, ¦�§�Ü©Úê� {S′

n}äk5�:

lim
n→∞

S′
n = α 6 lim

n→∞
S′

n = β.
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y �éu α = β ��k�ê��¹�Ñ{�y², éu���¹�y

²´aq�. y²¥�PÒ a+
n , a−

n �½n 14.4¥�½Â, = a+
n = max{an, 0},

a−
n = −min{an, 0}.

¯KÒ´XÛUC¦Ú^S, ùp��y�?ê�z��Ñ�������

g, q�¦�Ü©Ú�5��Cu�½�ê α.

Ì�ù1�Ú, ±�^8B{�¤.

l½n 14.4��
∞
∑

n=1

a+
n = +∞, ����U���êm1, ¦�÷v�¦

a+
1 · · · + a+

m1
> α,

,�|^

∞
∑

n=1

a−
n = +∞, ����U���ê p1, ¦�÷v�¦

a+
1 · · · + a+

m1
− a−

1 − · · · − a−
p1

< α,

ò±þüªU�Xe:

α < a+
1 · · · + a+

m1
< α + a+

m1
,

α − a−
p1

< a+
1 · · · + a+

m1
− a−

1 − · · · − a−
p1

< α.

ù�Òû½
�S?ê�c m1 + p1 �, 
�§�1 m1 �Ü©Ú��1 m1 + p1

�Ü©ÚÑá3«m (α − a−
p1

, α + a+
m1

)S.

|^êÆ8B{�±y²ù���{�±Ã�?1e�,ù�Òû½
��

�S?ê. eò1 k Ú¥¤��ü���êP�mk Ú pk, K���S?ê�1

mk �Ü©Ú��1mk + pk �Ü©ÚÑá3«m (α − a−
pk

, α + a+
mk

)S.

du�?ê^�Âñ, ÙÏ�´Ã¡�þ, l
k a+
n → 0Ú a−

n → 0¤á. u

´�k a+
mk

→ 0Ú a−
pk

→ 0, ù�Òy²
�S?ê�Ú�u α. �

5 ò α = +∞��y²��öSK.

14.4.3 ???êêê������¦¦¦

¤¢ü�Âñ?ê�¦, �,Ø´`ò§��Ú�¦, 
´`UÄòü�k�

Ú�¦�5K (�Ò´©�Æ)í2�Ã��¦Ú��¹. äN5`, Ò´XÛòk

���Ú�¦Èí2�ü�Ã¡?ê�¦�¯K. éuk���Ú�¦È5`, ~

X (a1 + · · ·+ am)(b1 + · · ·+ bn), |^�â$��(ÜÆ!��ÆÚ©�Æ, ùmn

� aibj �¦Ú^SNo�Ñ�±. �éuÃ¡?ê�¦5`, ¯KÒ�E,�õ.

�kü�Âñ?ê

∞
∑

n=1

an = A�
∞
∑

n=1

bn = B, K¯KÒ´��ÄXÛò¤k

aibj /ª���\. ù�,´��Ã¡?ê, Ù¥�9�¦Ú�^S¯K,?ê�

Âñ¯K, ±9Âñ��Ú´Ä�u A · B �¯K. ��Ùå�e¡ò¤?Ø�þ

ã?ê¡�¦È?ê.
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Xã 14.2¤«, ò¤k aibj UìÃ��Ý
 (Ý
Ò´L)��ª�Ñ, ,�

¯KÒ´Uì�o��^Sò§�¦Ú.

3ã 14.2¥�Ñ
�~^�ü«¦Ú�ª. ©ã (a) ¥��ª�±¡��

�/�ª, =¦È?ê�z��Ü©ÚTÐ´L¥�����/S�¤k�, =

(a1 + · · · + an)(b1 + · · · + bn). ©ã (b)¥��ª�±¡�é���ª, ù��¦

È?ê¥�z��Ü©ÚTÐ´L¥dé��|¤���n�/S�¤k�, =
∑

i+j6n

aibj =

n
∑

k=1

∑

i+j=k

aibj .uuuuuuuur�P���>�!B��<�"D
�tttt
t
/~� ���.|� �� �

a1b1 a1b2 a1b3 a1b4 · · ·

a2b1 a2b2 a2b3 a2b4 · · ·

a3b1 a3b2 a3b3 a3b4 · · ·

a4b1 a4b2 a4b3 a4b4 · · ·

· · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · ·

ur��p�0uuur tp��uuuuu� �ttp0�uuuuuuuPtttp�
(a)

uuuuuuuuuurP���>�!B��<�"D
�tttt
t
/~� ���.|� ���
a1b1 a1b2 a1b3 a1b4 a1b5 · · ·

a2b1 a2b2 a2b3 a2b4 · · ·

a3b1 a3b2 a3b3 · · ·

a4b1 a4b2 · · ·

a5b1

· · ·

· · ·

00000-��3��*�5��000000000000�-��3��*�5��0000000000000000000�-��3��*�5��00000000000000000000000000��-��3��*�5��0000000000000000000000000000000
00��

-��3��*�5��
(b)

ã 14.2: ¦È?ê�ü«¦Ú�ª

�ü�?êÑ´ýéÂñ�, §��¦È´�N´?n�. ùÒ´e¡�½n.

½½½nnn 14.9 (???êêê¦¦¦ÈÈÈ��� Cauchy ½½½nnn) �ü�?ê

∞
∑

n=1

an �

∞
∑

n=1

bn þ�ý

éÂñ, §��Ú©O� A� B, KU?Û�ªò¤k aibj �\���¦È?ê

�´ýéÂñ�, �± A · B �ÙÚ.

y �±,«�ªò¤k aibj ���\�Ã¡?êP�

∞
∑

n=1

ai(n)bj(n), Ù¥

eI i(n)� j(n)^±IPù�?ê¥�1 n��ü�Ïf3?ê
∞
∑

n=1

an�

∞
∑

n=1

bn

¥� �.

lýéÂñ^����3 M > 0, ¦�
∞
∑

n=1

|an| 6 M ,
∞
∑

n=1

|bn| 6 M ¤á. ?

���ê N , P ai(n)bj(n), n = 1, · · · , N ¥¤keI����� N ′, Òk

N
∑

n=1

|ai(n)bj(n)| 6

(

N ′

∑

n=1

|an|

)(

N ′

∑

n=1

|bn|

)

6 M2,

ù�Òy²
±?¿¦Ú�ª¤|¤�¦È?êo´ýéÂñ�.

duýéÂñ?ê�¦Ú^S�±?¿�ÄÚ\)Ò
�±ÚØC,Ïd�

±æ�Xe���/�ª¦Ú (�ã 14.2(a)):
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∞
∑

n=1

ai(n)bj(n) = a1b1 + (a2b1 + a2b2 + a1b2) + · · · ,

§�Ü©ÚÒ´

N
∑

n=1

an �

N
∑

n=1

bn�¦È, Ïd¦È?ê�ÚÒ´ A · B. �

e¡ò�?Ø�ü�Âñ?ê�7Ñ´ýéÂñ�¹��¦È¯K.�dÄ

k5¿, Ø
þã Cauchy½ny²¥���/^S�	, 3ã 14.2(b)¥�é��

^SkAÏ�­�5. e¡�Ñk'½Â.

½½½ÂÂÂ 14.5 (???êêê¦¦¦ÈÈÈ��� Cauchy ½½½ÂÂÂ) éuü�?ê

∞
∑

n=1

anÚ

∞
∑

n=1

bn, �E

Ñe�?ê:

a1b1 + (a1b2 + a2b1) + · · · =

∞
∑

n=2

(

∑

i+j=n

aibj

)

,

¿¡§��5�ü�?ê� Cauchy¦È?ê ({¡� Cauchy¦È).

Mertens➀uy, éu Cauchy¦È5`, Cauchy½n¥�^��±~f��

�¦��?ê�ýéÂñ.

½½½nnn 14.10 (Mertens½½½nnn) �ü�?ê

∞
∑

n=1

an Ú

∞
∑

n=1

bn ÑÂñ, §��Ú

©O� AÚ B, �Ù¥��k���ýéÂñ, K§�� Cauchy¦È?êÂñ,

�± AB �ÙÚ.

��Bå�, ·�ky²��Ún. (ùÒ´1�ÙoöSK¥�K 4.)

Ún � lim
n→∞

an = 0, ?ê

∞
∑

n=1

bn ýéÂñ, Kk

lim
n→∞

(a1bn + a2bn−1 + · · · + anb1) = 0.

y P zn = a1bn + a2bn−1 + · · · + anb1, K�y² lim
n→∞

zn = 0.

�â^��3M > 0, ¦� |an| < M ∀n, Ó�

∞
∑

n=1

|bn| < M . ,�é ∀ ε > 0,

∃K, ¦�

∞
∑

k=K+1

|bk| < ε
2M

. �½ù�K, 3 n > K �ò zn ©
Xe:

|zn| 6 |anb1 + · · · + an+1−KbK | + |an−KbK+1 + · · · + a1bn|, (14.5)

Ù¥1���ýéÒSkK �.

3 (14.5)m>�1��®²�±�O�

|an−KbK+1 + · · · + a1bn| 6 M ·
ε

2M
= ε

2
.

➀ %cd (Franz Mertens, 1840–1927), �IêÆ[.

版
权
所
有
，
请
勿
复
制
！



§14.4 Âñ?ê�5� 211

��O (14.5)m>�1��, |^^� an → 0, ∃N , ∀n > N , k |an| < ε
2M

.

u´� n > N + K �, Òk

|anb1 + · · · + an+1−KbK | 6
ε

2M

∞
∑

n=1

|bn| < ε
2

.

Ü¿±þé (14.5)m>ü��©O�O,��� n > N +K�Ò¤á |zn| < ε. �

5 ùp��{Ò´3 §2.2.4¥y² Cauchy·K��{.

Mertens½½½nnn���yyy²²² Ø��1��?ê

∞
∑

n=1

an ýéÂñ.

�Ñ Cauchy¦È?ê�Ü©Ú:

Sn = a1b1 + (a1b2 + a2b1) + (a1b3 + a2b2 + a3b1)

+ · · · + (a1bn + a2bn−1 + · · · + anb1),

K��y² lim
n→∞

Sn = AB.

ò?ê

∞
∑

n=1

bn �{�P� {rn}, Kk

Sn = a1(b1 + · · · + bn) + a2(b1 + · · · + bn−1) + · · · + anb1

= a1(B − rn) + a2(B − rn−1) + · · · + an(B − r1)

= (a1 + · · · + an)B − (a1rn + a2rn−1 + · · · + anr1).

- n → ∞, Kþ¡���ª�1���4�� AB, 
1��¥du rn → 0,
∞
∑

n=1

an ýéÂñ, lÚn��4�� 0. �

���Ñ, Mertens½n3e¡�¿Âþ®²´�Z(J,ùÒ´`XJü�

Âñ?êÑ´^�Âñ?ê, K§�� Cauchy¦È�±´uÑ�.

~~~KKK 14.23

∞
∑

n=1

(−1)n

√
n
� Leibniz.?ê, ��^�Âñ, ò§g¦, ù��

Cauchy¦È?ê�Ï��

Cn = (−1)n+1

(

1√
1 · n

+ 1
√

2 · (n − 1)
+ · · · + 1√

n · 1

)

.

|^²þ�Ø�ª, é k = 0, 1, · · · , n − 1k
√

(k + 1)(n − k) 6
n + 1

2
, Ïdk

|Cn| > n ·
2

n + 1
→ 2,

�� Cauchy¦È?ê

∞
∑

n=1

Cn uÑ.

5 31�ÊÙ¥|^�?êóäò¬y², eü�Âñ?ê� Cauchy¦È

?êÂñ, Kü�?êÚ�¦È�uCauchy¦È?ê�Ú. ùp3n�?êÑÂ
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ñ�^�eØI�Ù¦N\^�. Ó��`²
 Cauchy¦È�­�5 (�~K

15.28).

öööSSSKKK

1. y²:e�'%?ê�ñÑ5Ú?ê�Ú,KCÒ?ê�8(���?ê5

?Ø.

2. �

∞
∑

n=1

an

bn
Ú

∞
∑

n=1

a2
n

b2
n

þÂñ,�®� bn(an+bn) 6= 0 ∀n,y²:

∞
∑

n=1

an

an + bn

Âñ.

3. � |x| < 1, |y| < 1, y²:

∞
∑

n=0

xn,

∞
∑

n=0

yn þýéÂñ, �k

∞
∑

n=0

(

n
∑

k=0

xkyn−k

)

= 1
(1 − x)(1 − y)

.

4. (1)y²:

∞
∑

n=0

xn

n!
éu¤k¢ê xÑýéÂñ;

(2)òþã?ê�ÚP� E(x), y²: E(x + y) = E(x)E(y).

5. (1)y²:
∞
∑

n=0

(−1)nx2n+1

(2n + 1)!
Ú

∞
∑

n=0

(−1)nx2n

(2n)!
éu¤k¢ê xÑýéÂñ;

(2)òþãü�?ê�Ú©OP� S(x)Ú C(x), y²: S(2x) = 2S(x)C(x).
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§14.5 ÃÃÃ¡¡¡¦¦¦ÈÈÈ

Ã¡¦È�Ã¡?êÑ�±w¤´ê�4�nØ�?�ÚuÐ. ,��¡, Ã

¡?ê�w¤´k��¦Ú�í2, 
Ã¡¦ÈK�w¤´k���¦�í2, Ï

dkNõ�q�?, 
��±|^?ê®k�¤J.

14.5.1 ÃÃÃ¡¡¡¦¦¦ÈÈÈ

£�ê��Ã¡?ê�'X, òê� {xn}�Ï��¤�

xn = (xn − xn−1) + (xn−1 − xn−2) + · · · + (x2 − x1) + x1,

- u1 = x1, uk = xk−1 − xk ∀ k > 2, ù�Òk xn = u1 + u2 + · · · + un. u´ê�

{xn}�Âñ¯KÒ8�uÃ¡?ê

∞
∑

n=1

�Âñ¯K
. �,3ïÄê��·��

²~'%ê�����c���, AOdd�±�½ê�´ÄüN. �´òê�¯

K=z�Ã¡?ê��K�5
4Ù´L�¤J, ���Ñ
1�Ù���.

aq/, 3ê��z��ÑØ´ 0�cJe, �±ò {xn}�Ï�XeU�:

xn =

(

xn

xn−1

)

·

(

xn−1

xn−2

)

· · ·
(

x2

x1

)

· x1,

,�- p1 = x1, pk =
xk

xk−1
∀ k > 2, ù�Ò�±òê�Âñ¯K=z�Ã¡¦È

∞
∏

n=1

pn �Âñ¯K. �,31�Ù¥·�k��ïÄê�����c��', ùk

Ïu�½ê�´ÄüN, d	��U�ÑÙ¦(J. �Ã¡¦ÈK´ù«�{�X

Úz.

ùpI��Ñü:: (1)e¦È¥k��Ïf� 0, K¦È� 0; (2)e¦È¥�

z��ÏfÑ�u 0, K�±�éê
ò¯K8�uÃ¡?ê�ïÄ.

u´¡

p1 · p2 · · · pn · · · =

∞
∏

n=1

pn

�Ã¡¦È. ¢Sþù��~f3�Öc¡®õgÑy.

�@�ê�~K¥Òk lim
n→∞

rn (~K 2.3), §Ò´ pn = r ∀n�Ã¡¦È. q

X §2.2�öSK 15� (1),(7),(8)�KÑ´Ã¡¦È¯K. Ù¥� (1)Ò´

lim
n→∞

(

1 −
1
22

)(

1 −
1
32

)

· · ·

(

1 −
1
n2

)

,

=´ pn = 1 −
1
n2 ∀n�Ã¡¦È

∞
∏

n=2

pn.

2£�Wallisúª (� §12.6.1¥� (12.18)9ÙA��d/ª), ùÒ´
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lim
n→∞

(

(2n)!!

(2n − 1)!!

)2

·
1

2n + 1
= π

2
.

ù�,��¤�Ã¡¦È. ~X±eA«�{Ñ´Wallisúª:
∞
∏

n=1

(

1 + 1
4n2 − 1

)

= π
2

,

∞
∏

n=1

(

1 −
1

(2n + 1)2

)

= π
4

,

∞
∏

n=1

(

1 −
1

4n2

)

= 2
π .

e¡´��­��Ã¡¦È:

sin x
x

=
(

1 −
x2

π2

)(

1 −
x2

22π2

)

· · ·
(

1 −
x2

n2π2

)

· · · =

∞
∏

n=1

(

1 −
x2

n2π2

)

. (14.6)

e- x = π/2KÒ��þãWallisúª����«/ª.

Ã¡¦È (14.6)´ EulerÏLa'uy�. Ù�>3 x = 0��±ëYòÿ�

1, ¦�ü>��. �Ä��>�¤k":� x = ±kπ ∀ k ∈ N, 
m>�z��Ï

fTÐáÂ
�>�ü��±kπ ∀ k ∈ N. ��a'�Ò´�� ngõ�ª p(x),

§k n�� a1, · · · , an, � p(0) = 1, KÒ�±��

p(x) =
(

1 −
x
a1

)(

1 −
x
a2

)

· · ·
(

1 −
x
an

)

. (14.7)

ùÒ´ EulerJÑ (14.6)��â. �,ùØ´y².

Euler �?�Ú|^a'��?ê
∞
∑

n=1

1
n2 �Ú, ù3��´���Ïvk

)û�JK, ¡� Basel¯K. ¢Sþ3 (14.7)¥�±wÑ p(x)��g�Xê�

−
(

1
a1

+ · · · + 1
an

)

. u´l (14.6)��>� 1 −
1
6

x2 + o(x3), O�m>� x2 �

�Xê, Ò��

−
1
6

= −
1
π2

(

1 + 1
22 + · · · + 1

n2 + · · ·

)

.

ù�Ò��
1 + 1

22 + · · · + 1
n2 + · · · = π2

6
. (14.8)

5 'uúª (14.6)Ú (14.8)�y²�±ëw [25]eþ�~K 13.4.3Ú~K

16.2.2. d	, 3�Ö�1�8Ù Fourier?ê¥ò�Ñ (14.8)�õ�y².

14.5.2 ÃÃÃ¡¡¡¦¦¦ÈÈÈ���½½½ÂÂÂ

XÓÃ¡?ê@�, é�½���Ã¡¦È

∞
∏

n=1

pn, ¡ pn �Ï�, Ú\Ü©¦
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È πn =

n
∏

k=1

pk ∀n, u´Ò��ü�ê� {pn}Ú {πn}. ,��ÑñÑ5½Â.

½½½ÂÂÂ 14.6 eÃ¡¦È

∞
∏

n=1

pn �Ü©¦Èê� {πn}Âñu�"4�, K¡T

Ã¡¦ÈÂñ, �½Â§�¦È�4� lim
n→∞

πn; eÜ©¦Èê� {πn}uÑ½Âñ

u 0, K¡Ã¡¦È

∞
∏

n=1

pn uÑ.

5 3ù�½Â¥� lim
n→∞

πn = 0�¡Ã¡¦È

∞
∏

n=1

pn uÑ (u 0), ùq�k

:Û%. �le¡�Nõ~f¬w�ù�`{�Ün5Ú§¤�5��B.

~~~KKK 14.24 ü�ØÓ�uÑÃ¡¦È�~f. � pn = 1
2

∀n, K
∞
∏

n=1

1
2

= lim
n→∞

1
2n = 0;

qe pn = 1 + 1
n

∀n, Kk
∞
∏

n=1

(

1 + 1
n

)

= lim
n→∞

2
1

·
3
2
· · ·

n + 1
n

= lim
n→∞

(n + 1) = +∞. �

~~~KKK 14.25 � pn = cos
ϕ
2n ∀n, |^n�ð�ª

sinϕ = 2n cos
ϕ
2

cos
ϕ

22 · · · cos
ϕ
2n sin

ϕ
2n ,

��� ϕ 6= 0�k
∞
∏

n=1

cos
ϕ
2n = lim

n→∞

n
∏

k=1

cos
ϕ

2k
= lim

n→∞

sin ϕ

2n sin
ϕ
2n

= lim
n→∞

ϕ
2n

sin
ϕ
2n

·
sin ϕ

ϕ
=

sinϕ
ϕ

,

� ϕ = 0���wÑz�� pn = 1, ÏdÃ¡¦ÈÂñu 1. �

5 ù�Ã¡¦È� §4.2�öSK 12. - ϕ = π
2
Ò�� Vièteúª:

√

1
2

·

√

1
2

+ 1
2

√

1
2
·

√

√

√

√ 1
2

+ 1
2

√

1
2

+ 1
2

√

1
2
· · · · · · = 2

π ,

§�Wallisúª�å´êÆ©ÛuÐ¤þ�@�ü�Ã¡¦È�~f, Ñäkp

§
ª�¿Â, Ó��T|Ñ��±Çk', I�Xé π��#@£.
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14.5.3 ÃÃÃ¡¡¡¦¦¦ÈÈÈñññÑÑÑ555������OOO{{{

ùp�Ä��{Ò´é¦È�éê,l
òÃ¡¦È8(�Ã¡?ê. �´�


éÏ� pn �éê, 7L�¦ pn > 0. ùU
÷ví?

�d·�k�y²Âñ�Ã¡¦È���7�^�. duÙ­�5, ·�ò§

����Ún.

Ún eÃ¡¦È

∞
∏

n=1

pn Âñ, Kk lim
n→∞

pn = 1.

y Äk�â½Â, Ã¡¦È

∞
∏

n=1

pn ÂñÒ´Ü©¦Èê� {πn}Âñ, 
�

Ù4�Ø�u 0. ù�Ò�y
z�� pn 6= 0. òÜ©¦Èê��4�P� A 6= 0,

KÒk

lim
n→∞

pn = lim
n→∞

πn

πn−1
=

lim
n→∞

πn

lim
n→∞

πn−1
= A

A
= 1. �

5 N´w�, ù�ÚnTÐ��uÃ¡?êÂñ�(�ÙÏ�4�� 0 (½

n 2.8). §´��Ã¡¦ÈÂñ�7�^�, �Ø´¿©^� (ë�~K 14.24¥�

1��~f). d	, ��wÑeÃ¡¦ÈuÑu 0, KÚnØ¤á. Ù¥��),

�� pn = 0�Ã�A~. Ïdò lim
n→∞

πn = 0��¹Ø8\�Âñ¥´Ün�.

dÚn��, ��ÂñÃ¡¦È�Ï� pn��� n¿©���½¬�u 0. q

Ï�ÂñÃ¡¦È®²üØ
,�� pn �u 0��U5, ÏdÃ¡¦È�ñÑ5

�ck��ÏfÃ'. ù�ÒØ�b�ÂñÃ¡¦È�z��®²�u 0, ÄK�

��Kck��=�.

u´3Ún(Ø÷v�, �±Ø���5/òÃ¡¦È�Ï� pn UP�

pn = 1 + αn, 
òÃ¡¦È��
∞
∏

n=1

(1 + αn), (14.9)

��Ù¥� αn = o(1).

± (14.9)�Ä:ÒN´���OÃ¡¦ÈñÑ5�OK.

½½½nnn 14.11 � pn = 1 + αn > 0 ∀n, K
∞
∏

n=1

(1 + αn)Âñ ⇐⇒

∞
∑

n=1

ln(1 + αn)Âñ. (14.10)

y duz� pn = 1 + αn > 0, Ïd�±�ÑÃ¡¦È�Ü©¦È�Ã¡?

ê�Ü©Ú�m�'Xª
n
∏

k=1

(1 + αk) = exp
[

n
∑

k=1

ln(1 + αk)
]

. (14.11)
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dd��, e (14.11)�>�Ã¡¦ÈÂñ, K�â pn > 0 ∀n�^�ÚÃ¡

¦ÈÂñ�½Â, � n → ∞� (14.11)�>�4��u 0. ü>�éê¿|^éê

¼ê�ëY5Ò�� (14.10)m>�Ã¡?êÂñ.

��, Kl (14.10)m>�Ã¡?êÂñÚ�ê¼ê�ëY5�� (14.11)�

�>� n → ∞�k4�, �Ø�u 0. ùL² (14.10)�>�Ã¡¦ÈÂñ. �

5 y3'��[/?ØÃ¡¦ÈuÑu 0��«�U�¹.

�

∞
∏

n=1

pn = 0, Kkü«�U5: 1�«�U5´,��Ïf pn = 0, ùØI

�2?Ø. 1�«�U5´z� pn 6= 0, K�±wÑù���½k

∞
∏

n=1

|pn| = 0. é

�ö�Ü©¦È�éê, ��k
n
∑

k=1

ln |pk| = ln

(

n
∏

k=1

|pk|

)

→ −∞ (n → ∞),

=Ã¡?ê

∞
∑

n=1

ln |pn| = −∞. Ïdù«�¹�±ÏL?ØÃ¡?ê

∞
∑

n=1

ln |pn|


��)û.

Uì½n 14.11, �
)ûÃ¡¦È�ñÑ5, Ø
3þã5¥®²)û�ü

�AÏ�¹�	, �I�?ØÃ¡?ê

∞
∑

n=1

ln(1 + αn)�ñÑ5. ù3?ê��Ó

Ò (½��� n¿©��Xd)�'�N´. ùÒ��e¡�½n.

½½½nnn 14.12 3 αn > 0½ αn 6 0 ∀n½��é¿©�� n¤á�,
∞
∏

n=1

(1 + αn)Âñ⇐⇒

∞
∑

n=1

αn Âñ.

y �â½n 14.11,Ã¡¦È

∞
∏

n=1

(1+αn)Âñ�duÃ¡?ê

∞
∑

n=1

ln(1+αn)

Âñ. 3T?ê�Ò�, �â ln(1 + αn) ∼ αn ��dþ�O{��ù�du?ê
∞
∑

n=1

αn Âñ. �

éuÃ¡¦È

∞
∏

n=2

(

1 −
1
n2

)

,

∞
∏

n=1

(

1 + 1
n2

)

, ±9c¡Ñy�NõÃ¡¦È

�~fÑ�±^íØ 1��§�´Âñ�.

e��~Kék^, ~X3e�Ù¥?Ø��ª?ê�à:ñÑ5�ÒI�

ù�(J.

~~~KKK 14.26 � s Ø´ 0 ÚK�ê, = s 6= 0,−1,−2, · · · , K�3�"~ê

C 6= 0, ¦�
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s(s + 1) · · · (s + n) ∼ Cnsn! (n → ∞).

y ^Ã¡¦È�{. ½Âê� {an}Xe:

an =
s(s + 1) · · · (s + n)

nsn!
∀n.

q- a0 = 1. �
y²ê� {an}k�"4�, ��y²Ã¡¦È

∞
∏

n=1

an

an−1
Âñ

=�, Ï�ù�Ã¡¦È�Ü©Ú¦È�

n
∏

k=1

ak

ak−1
= an ∀n.

O�ù�Ã¡¦ÈÏ���

an

an−1
=

(s + n)
n

·
(n − 1)s

ns

=
(

1 + s
n

)

·
(

1 −
1
n

)s

=
(

1 + s
n

)

·
(

1 −
s
n

+
s(s − 1)

2n2 + o
(

1
n2

))

= 1 + O
(

1
n2

)

,

ÏdTÃ¡¦ÈÂñ, Ù4� C 6= 0=¤¦. �

5 ùp|^
 TaylorÐmª: (1 + x)s = 1 + sx +
s(s − 1)

2
x2 + o(x2). �

,��±O���°(�
:
an

an−1
= 1 −

s(s + 1)

2n2 + o
(

1
n2

)

.

éuê� {αn}Ø�Ò��¹ (=�Q�3Ã�õ��u 0, q�3Ã�õ�

�u 0��¹), ¯K�(J�:. ù�¡Jø±e�O{.

½½½nnn 14.13 3Ã¡?ê

∞
∑

n=1

αn Âñ�cJe,

∞
∏

n=1

(1 + αn)Âñ⇐⇒

∞
∑

n=1

α2
n Âñ.


3

∞
∑

n=1

a2
n uÑ�, K

∞
∏

n=1

(1 + αn)uÑu 0.

y |^ TaylorÐmª ln(1 + x) = x −
x2

2
+ o(x2) (x → 0), ±9 αn → 0,

Òk

ln(1 + αn) = αn −
α2

n

2
+ o(α2

n),

Ïdk

ln(1 + αn) − αn ∼ −
α2

n

2
.
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du3 αn → 0�±þª�>�Ï��?ê��Ò?ê, §�ñÑ5�

∞
∑

n=1

α2
n �

Ó. ��|^®�

∞
∑

n=1

αn Âñ�^�, ��(Ø¤á. �

5 íØ 2é {αn}ØCÒ��¹�¤á, �´ù�^íØ 1Ò

.

~~~KKK 14.27 ?ØÃ¡¦È

∞
∏

n=1

(

1 +
(−1)n−1

nx

)

�ñÑ5, Ù¥ x�ëê.

) e x = 0, K¦È�Ïf¥k 0; e x < 0, KÏ��4�Ø´ 1, ÏdÑ´

uÑ�.

éu x > 0,
∞
∑

n=1

(−1)n−1

nx ´ Leibniz.�Âñ?ê, Ïd�âíØ 2��, Ã

¡¦È�ñÑ5�

∞
∑

n=1

1
n2x �Ó. l
�� x > 1/2��K�Ã¡¦ÈÂñ, 
�

0 < x 6 1/2�uÑ. �

��^Ã¡¦Èóä5y² §12.6.2¥� Stirlingúª, ��éù�­�úª

�1��y².

~~~KKK 14.28 y² Stirlingúª n! ∼
(

n
e

)n √
2πn.

y - πn = n!√
n

(

e
n

)n

∀n, K��y² lim
n→∞

πn =
√

2π.

- π0 = 1, p1 = π1 = e, é n > 2½Â

pn =
πn

πn−1
= e

(

n − 1
n

)n− 1

2

= exp
[

1 + (n −
1
2

) ln(1 −
1
n

)
]

,

K¯K8(�ïÄÃ¡¦È

∞
∏

n=1

pn. ^ TaylorÐmªO���

1 + (n −
1
2

) ln(1 −
1
n

) = 1 + (n −
1
2

)(− 1
n

−
1

2n2 −
1

3n3 + o( 1
n3 ))

= 1 + (−1 −
1
2n

−
1

3n2 ) + ( 1
2n

+ 1
4n2 ) + o( 1

n2 )

= −
1

12n2 + o( 1
n2 ).

u´

pn = exp
[

−
1

12n2 + o( 1
n2 )

]

= 1 −
1

12n2 + o( 1
n2 ).

�±wÑ, � n¿©�� pn�u 1, Ïd��^½n 14.11=�Ã¡¦È

∞
∏

n=1

pnÂ

ñ. òù�4�P� C > 0, KÒk
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n! ∼ C
(

n
e

)n √
n.

�
(½ lim
n→∞

πn = C, �±O���

π2
n

π2n
=

(n!)2

n

(

e
n

)2n
√

2n
(2n)!

(

2n
e

)2n

=
22n(n!)2

(2n)!

√

2
n

=
(2n)!!

(2n − 1)!!

√

2
n

,

ù��>�4�� C, m>K^Wallisúª (12.19)��4��
√

2π. �

öööSSSKKK

1. ?Øe�Ã¡¦È�ñÑ5:

(1)

∞
∏

n=2

n2 − 1
n2 + 1

; (2)

∞
∏

n=1

a
(−1)n

n (a > 0);

(3)
∞
∏

n=1

(

1 + 1√
n

)

; (4)
∞
∏

n=2

(

1 −
1√
n

)

;

(5)

∞
∏

n=0

√

n + 1
n + 2

; (6)

∞
∏

n=1

(

1 −
x2

n2π2

)

;

(7)

∞
∏

n=1

cosxn, Ù¥ 0 < xn < π
2

, �

∞
∑

n=1

x2
n Âñ.

2. y²: lim
n→∞

(

1
2
·

3
4
· · ·

2n − 1
2n

)

= 0.
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SSSNNN{{{000 ù�Ùkü�ÌK. cn!0�¼ê�?ê���nØ. Äk3

§15.1¥Ú\��Âñ5Vg,,�3 §15.2?Ø��Âñ��O�{,��3 §15.3

¥?Ø¼ê�?ê�Ú¼ê5�. �ü!K0��aAÏ�¼ê�?ê——�?

ê. §15.4´�?ê���nØ, §15.5K?ØXÛò¼êÐm��?ê.

§15.1 ������ÂÂÂñññ555

ù�Ù�Ì�é�´¼ê�?ê, =z��´¼ê�Ã¡?ê. £�1�o

Ù, Ù¥�Nõê�?ê�/ª�
∞
∑

n=1

un(x), Ù¥ x´ëê, z����w¤´ x

�¼ê. @oùüÙk�oØ��Q? ¯K´�Ý��ØÓ. 31�oÙ¥'%�

Ì�´ñÑ5. 3këê�E,Xd. 3ù�Ù¥Kl¼ê��Ý�Ä¯K. �Ï

� un(x)uê8 I þk½Â, �éz� x ∈ I Âñ, u´?ê�ÚÒ¤�3 I þk

½Â�¼ê, 8�¡�Ú¼ê, ²~P�

S(x) =
∞
∑

n=1

un(x) ∀x ∈ I.

¯KÒ´XÛïÄ S(x)�5�, Ù¥�)ëY5!�È5Ú��5, �kÈ©��

ê�O��{. eU
¦Ñ S(x)�k�L�ª (�²~¡�µ4/ª), K�Kþ

®²vk(J. �­���¹TT´Ú¼ê�kþãÃ¡?êL�ª��¹,ù�

No�➀?

�{´lÏ� un(x)�5�Ñu, �ïÄÚ¼ê S(x)´ÄU«
�A�5�.

�d3e¡ò¬uy, 1�oÙ¥�ñÑ5Vg´Ø
^�. ùpI�Ú\�

Ù�Ø%Vg——��Âñ5.

15.1.1 :::���ÂÂÂñññ

é¼ê�?ê

∞
∑

n=1

un(x), x ∈ I, PÙÜ©Ú¼êS� ({¡�¼ê�) �

➀ ùp��Ñ, TX�këê�½È©±9�kCÄÈ©��½È©�ÑNõ#��

Ð�¼ê@�, ¼ê�?ê�´½Â#�¼ê�­�Ãã. 1�ÊÙ�¯KÒ´XÛïÄd

Ã¡?ê�Ñ�¼ê�5�.
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{Sn(x)}, K?êñÑ5�Ò´ù�¼ê��ñÑ5. Xê��?ê�'X�� (ë

�½n 2.7), ?Ø¼ê��?Ø¼ê�?ê�´�d�.

kQã�{ü�:�ÂñVg, §Ò´3þ�Ù¥�ÂñVg, �ØL´é¼

ê�½¼ê�?ê
ó.

e¡�PÒ I ���«m½«m�¿, ��±´����ê8.

½½½ÂÂÂ 15.1 �¼ê� {Sn(x)}u I þk½Â, �éz� x ∈ I �34�

lim
n→∞

Sn(x) = S(x),

K¡ {Sn(x)}3 I þ:�Âñ½:�Âñu S(x), ¡ S(x)� {Sn(x)}�4�¼ê.

eù�� {Sn(x)}´¼ê�?ê

∞
∑

n=1

un(x)�Ü©Ú¼ê�, K¡T¼ê�?ê3

I þ:�Âñ½:�ÂñuÚ¼ê S(x).

kÞ���,{ü�%�±`²Nõ¯K�;.~f.

~~~KKK 15.1 3 I = [0, 1]þ�Ä¼ê� {xn}, KT

¼ê�3 I þ:�Âñ, Ù4�¼ê´

S(x) = lim
n→∞

xn =







0, 0 6 x < 1,

1, x = 1.

5¿ S(x)u: x = 1?�ýØëY. ��3 I þëY�

¼ê��4�¼ê�±kØëY:.

3ã 15.1¥�Ñ n = 1, 2, 4, 8, 16�¼ê xn �ã�

(^[­�), ^oç��Ñ4�¼ê S(x). �

uuuu r����>�!B��<�"D
xtttt

p��~/����|. ����y

O
y�qqqqqqq�>MLKJ0,DCBA�>�=��������8r?><MLJIHEDA�������8�Æ
��
	�	ur>=NKJG�A<��9�7����5��������� �uu�>NMH���:�� ��54�3���2� 2��������1 ��
1

1 00000000000000P P P P P P P P P P P P P Puuu�P 
ã 15.1: 3 [0, 1] þ�

{xn}9Ù4�¼ê

5 �òþã~f���`{, =¼ê�?ê

x + (x2 − x) + · · · + (xn − xn−1) + · · · = x +

∞
∑

n=2

(xn − xn−1)

3 [0, 1]þ:�Âñ, ÙÚ¼ê�þã S(x). u´3��«mþz��ëY�¼ê

�?ê�Ú¼ê�±kØëY:.

15.1.2 ������ÂÂÂñññ555

Xc¤`, :�Âñvk�o#�SN, §Ò´31�oÙ¥¤¦^�ÂñV

g, e?ê�Ï�këê�{.

�Ù�Ø%Vg´�«#�ÂñVg——��Âñ. e¡�Ñ¼ê�±9¼

ê�?ê���Âñ�½Â.
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½½½ÂÂÂ 15.2 ¡¼ê� {Sn(x)} 3 I þ��Âñu S(x), eé ∀ ε > 0, ∃N ,

∀n > N , ∀x ∈ I :

|Sn(x) − S(x)| < ε.

eù�� Sn(x)´¼ê�?ê

∞
∑

n=1

un(x)�Ü©Ú¼ê�, K¡T¼ê�?êu I

þ��ÂñuÙÚ¼ê S(x).

�OÂñ�PÒ→, 8�^PÒ⇉L«��Âñ. u´ {Sn(x)}3 I þ��

Âñu S(x)�L«� Sn(x) ⇉ S(x), x ∈ I ½ Sn(x)
I

⇉ S(x).

5 l½Â��, e {Sn(x)} u I þ��Âñu S(x), K��½:�Âñu

S(x). ?�Ú^ ε–N �óé'±þü�½Â, Ò�wÑ§���O.

:�ÂñÒ´�¦éz��: x ∈ Ik Sn(x) → S(x). Ïdéu�½� ε > 0,

�3 N , � n > N �¤á |Sn(x) − S(x)| < ε. ùp�N Ø=¬�X ε�Cz
U

C, 
���: xk'. ù«�6'X�±�¤ N = N(ε, x).

l��Âñ�½Â 15.2��, §�:�Âñ�«O3uéz� ε > 0, �¦�

3�� εk'� N , ¦�� n > N �, |Sn(x) − S(x)| < εé¤k x ∈ I Ó�¤á.

lAÛþ5w��Âñ�U���Ù.X

ã 15.2¤«, � I = [a, b], Ké�½� ε > 0

Ò)¤± y = S(x)�¥� (3ãþ^oç­

�L«)����G«�:

{(x, y)
∣

∣ a 6 x 6 b, S(x) − ε < y < S(x) + ε}.

��Âñ�¿Â3u�3 N = N(ε), ¦

�¤k n > N �­� y = Sn(x), a 6 x 6 b,

��á3þã�G«��S.

uuuuuuu����>�!B��<�"D
xtttt

p��~/����|. ����y

O

D�>M84IHG,*)((*+.HIJK��t �t
a b

S(x)
S(x) + ε

S(x) − ε

x0

0000 000000000000R P O M K J G F E E D D E F G I KR P O M K J G F E E D D E F G I K00000��t9�<����!
&(b`$"�����:�����!$'b
)'&"�������� �765���8������"%'b*(%# �����:���
ã 15.2: ��Âñ�AÛ¿Â

3ã 15.2��G«�Sx
�^kõ�4��[­��L,�� y = Sn(x).

qxÑ«�S�²1 y¶�����ã, = x = x0, S(x0) − ε < y < S(x0) + ε.

éu3: x = x0 ?� Sn(x0) → S(x0)5`, �� N v
�, � n > N �, :

(x0, Sn(x0))�½¬á3þã��ãS. ùÒ´:�Âñ�AÛ¿Â. éuØÓ�

: x0, N ��´ØÓ�. ùÒ´`: (x, Sn(x))?\�G«��k��±Ø��.

��ÂñK�¦�3�� εk'� N , � n > N �¤k Sn(x), a 6 x 6 bÓ�?

\��G«�¥.

�d�±²x, ��Âñ´�«�N5�, Ïdzg7L�Ñ3�o I þ��

Âñ➀. 3e��~K¥·��Ñ�±l½Â�������Âñ�eZ²�
~

^�5�. Ùy²3�öSK.

➀ w,��Âñ´�«m (½����ê8)k'��N5Vg. L�®²��Lù

aVg, ~X¼ê3«mþ�k.5Ú��ëY5.
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~~~KKK 15.2 l��Âñ½Â�±��y²±e(Ø:

(1)e {Sn(x)}3 I þ��Âñ, J ⊂ I, K {Sn(x)}�3 J þ��Âñ;

(2)e¼ê� {Sn}3 I Ú J þ©O��Âñ, K�3 I ∪ J þ��Âñ;

(3) e¼ê� {Sn} 3 [a, b)þ��Âñ, q3: x = b Âñ, KT¼ê�3

[a, b]þ��Âñ.

(4) e¼ê� {Sn} 3 [a, b] þ:�Âñ, �Ø��Âñ, KT¼ê�3

[a, b), (a, b], (a, b)þÑØ´��Âñ�.

3n)Ú�y��Âñ�, Ú\¼ê��êVg´k^�.

éu3 I þ�¼ê f , Ù�ê½Â�

‖f‖ = sup
x∈I

|f(x)|. (15.1)

ù� ‖f − g‖Ò�Lü�¼ê f � g�m�,«ål (=¼ê�m➀¥�ål). X

‖f − g‖ = 0, K f Ú g3 I þð�. ù�k±e(Ø.

½½½nnn 15.1 � {Sn(x)}´ I þ�¼ê�, ‖ · ‖´ I þ��ê, K

Sn(x)
I

⇉ S(x) ⇐⇒ lim
n→∞

‖Sn − S‖ = 0.

y eSn(x)
I
⇉ S(x),Ké ∀ ε > 0, ∃N , ∀n > N , ∀x ∈ I : |Sn(x)−S(x)| < ε.

òþã����Ø�ª'u x ∈ I �þ(., Òk ‖Sn − S‖ 6 ε. ù�Ò®²��

lim
n→∞

‖Sn − S‖ = 0.

��, ek lim
n→∞

‖Sn − S‖ = 0, Ké ∀ ε > 0, ∃N , ∀n > N : ‖Sn − S‖ < ε. �

â�ê�þ(.½Â, Òk |Sn(x) − S(x)| < ε ∀x ∈ I. �

dd��, éu�½3 I þ�¼ê�, eUO�Ñ§�4�¼ê, qUO�Ñ

½n¥��ê, K��Âñ¯KÒ=z���ê�´ÄÂñu 0�¯K
. �Jé

u���¼ê�½ö¼ê�?ê�Ü©Ú¼ê�5`, ±þAÚO�L§  ´

J±¢y�. e¡·�^�
{ü~f5ÆS��ÂñVgÚ½n 15.1�^{.

~~~KKK 15.3 y²¼ê� Sn(x) = x
1 + n2x2 ∀n3 Rþ��Âñ.

y �k¦Ñ4�¼ê� S(x) ≡ 0. ±eO��ê ‖Sn − S‖. �±�O��

➀ ¼ê�m´�¼©Û¥�Vg,3êÆ©Û¥�ék^. äN5`, �Ä3 I þ�

¤k (½äk,«5��)¼ê�N�8Ü, Ù¥Ú\\{Úê¦{¤����5�m,,�

��±Ú\Ù¦(�. ù���mÒ¡�¼ê�m. ù��m¥���: (½���)Ò´

��¼ê. �©¥Ú\��ê (15.1)Ò´�«(�. ‖f‖�w¤� f ��m�: (=ð�u

0�¼ê)�ål. ½Â�ê��{Ø´���. 3e�Ù� Fourier?ê¥·��¬2�

�¼ê�m9Ù�ê�Vg.

版
权
所
有
，
请
勿
复
制
！



§15.1 ��Âñ5 225

∣

∣

∣

x
1 + n2x2

∣

∣

∣
= 1

2n
·

2n|x|

1 + n2x2 6
1
2n

,

�� n|x| = 1�¤á�Ò. ���ê ‖Sn −S‖ = 1
2n

. Ïd {Sn(x)}��Âñ. �

y3UY?Ø~K 15.1¥�¼ê� (¿ëwã 15.1).

~~~KKK 15.4 y²¼ê� {xn}3 [0, 1]þØ��Âñ.

y 1 3c¡®²��
4�¼ê S(x), §Ø
3 x = 1?� 1�	??�u

0, Ïd�±��O�Ñ�ê ‖xn − S(x)‖�:

sup
06x61

|xn − S(x)| = sup
06x<1

|xn| = 1.

duùéz����ê n¤á, Ïd {xn}3 [0, 1]þØ��Âñ. �

y 2 �y{. � {xn}3 [0, 1]þ��Âñ. Ké ε0 = 1/2, �3 N , ∀n > N ,

∀x ∈ [0, 1] :

|xn − S(x)| < 1
2

.

- x → 1−, Ò��gñ 1 6
1
2

. �

5 X~K 15.1��5¥¤`, -

u1(x) = x, un(x) = xn − xn−1 ∀n > 2,

ù�Ò��
3 [0, 1]þ:�Âñ�Ø��Âñ�¼ê�?ê

∞
∑

n=1

un(x).

~~~KKK 15.5 y² Sn(x) = e−nx2

∀n3 (−∞, +∞)þØ��Âñ, �3 |x| > δ

���Âñ, Ù¥ δ > 0��½��ê.

y k¦Ñ4�¼ê� S(x) =

{

1, x = 0

0, x 6= 0
, ,�O�3 (−∞, +∞)þ��

ê, �Ò´

sup
−∞<x<+∞

|e−nx2

− S(x)| = sup
x6=0

{e−nx2

} = 1,

�� e−nx2

3 (−∞, +∞)þØ��Âñ. qO�Ñ3 |x| > δþ��ê, =k

sup
|x|>δ

|e−nx2

− S(x)| = e−nδ2

,

�����½ δ > 0, K e−nx2

3 (−∞,−δ) ∪ (δ, +∞)þ��Âñ. �

15.1.3 SSS444������ÂÂÂñññ

ù´0u:�ÂñÚ��ÂñVg�m��«Âñ5, 3)ûe¡�Nõ¯

K�k^.
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½½½ÂÂÂ 15.3 e {Sn(x)} 3ê8 I S�z��k.4«mþ��Âñ, K¡

{Sn(x)}3 I þS4��Âñ.

5 e I = [a, b]��Ò´k.4«m, K3 I þ�S4��ÂñÒ´��Â

ñ, ½Â 15.3Øå�^. k¿Â�´ I Ø´k.4«m, {Sn(x)}3 I þØ��Â

ñ�%´S4��Âñ��¹.

ù��~féõ. kw~K 15.4�UY.

~~~KKK 15.6 ¼ê� {xn}3 [0, 1)þØ��Âñ, �S4��Âñ.

y (l~K 15.4Ú~K 15.2(4)Ò�íÑ {xn}3 [0, 1)þØ��Âñ, �e

¡�´�Ñ��Õáy².)

®� {xn}3 [0, 1)þ:�Âñu S(x) ≡ 0. ^�y{. e {xn} 3 [0, 1)þ

��Âñ, Ké ∀ ε > 0, ∃N , ∀n > N , ∀ 0 6 x < 1 : |xn| < ε. �½�� n, -

x → 1−, Ò�� 1 6 ε. ù� ε > 0�?¿5gñ.

éu3 [0, 1) ¥�k.4«m, Ø�?Ø [0, b], Ù¥ 0 < b < 1. ù�|^

bn → 0, é ∀ ε > 0, ∃N , ∀n > N : 0 6 bn < ε. u´ ∀x ∈ [0, b] : 0 6 xn 6 bn < ε.

ùÒy²
 {xn}3 [0, b]þ��Âñ. �

5 Ó��±y², ~K 15.5¥�¼ê� {e−nx2

}3 (−∞, 0) ∪ (0, +∞)þØ

��Âñ, �%S4��Âñ.

e¡wA«äN�¹¥S4��Âñ�¿Â.

(1) {Sn(x)}3 (−∞, +∞)þS4��Âñ�duéz�� M > 0, {Sn(x)}

3 [−M, M ]þ��Âñ.

(2) {Sn(x)}3 (a, b)þS4��Âñ�duéz�� δ ∈ (0, b − a
2

), {Sn(x)}

3 [a + δ, b − δ]þ��Âñ.

(3) {Sn(x)}3 (a, b]þS4��Âñ�duéz�� δ ∈ (0, b − a), {Sn(x)}

3 [a + δ, b]þ��Âñ.

(4) {Sn(x)}3 [a, b)þS4��Âñ�duéz�� δ ∈ (0, b − a), {Sn(x)}

3 [a, b − δ]þ��Âñ.

5 Ø�Ù��Þ±þA:�¹´�
�o? �±ù�5n), �
y²¼ê

�3 I þS4��Âñ, I��Ä3 I ¥�¤kk.4«m [c, d], ù�ü�à:Ñ

´ëê, éØ�B. Ïd�ÞÑ±þ���¹, Ù¥�{òëê��êl 2�ü� 1

�, l
�u�S4��ÂñJø�B. ùp��â�~K 15.2(1).

~~~KKK 15.7 ?Ø3 I = [0, +∞)þ�¼ê� {nxe−nx}���Âñ5½S4�

�Âñ5.
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) P Sn(x) = nxe−nx ∀n, �±wÑù�¼ê�3 I = [0, +∞)þ:�Âñ

u S(x) ≡ 0.

�
�½¼ê�´Ä3 I þ��Âñ, I�O� ‖Sn −S‖ = sup
x>0

{nxe−nx}. |

^�©Æ, l

(nxe−nx)′ = ne−nx − n2xe−nx = ne−nx(1 − nx),

�±�����:´ x = 1/n, ���´ e−1. u´Ò�� ‖Sn − S‖ = e−1. ùL

² {Sn(x)}3 I = [0, +∞)þØ��Âñ.

Ó��±wÑ {Sn(x)}3 (0, +∞)þ�Ø��Âñ. �e¡·�5y²§3

(0, +∞)þS4��Âñ.

�d��é ∀ δ > 0, y²¼ê� nxe−nx 3 [δ, +∞)þ��Âñ.

� N = [1/δ] + 1, K� n > N �, Òk n > N > 1
δ

. ù�du 1/n < δ. Ïd

Sn(x)3 [δ, +∞)þî�üN~�, l
Ò��3 n > N ��

sup
x>δ

|Sn(x) − S(x)| = sup
x>δ

(nxe−nx) = nδe−nδ = nδ
enδ

→ 0 (n → ∞),

�� {nxe−nx}3 [δ, +∞)þ��Âñ. du3 (0, +∞)S�?Ûk.4«mÑ

�±�/X [δ, +∞) ¤�¹, ��� δ �v
���ê=�, Ïd®²y²


{nxe−nx}3 (0, +∞)þS4��Âñ. �

5 (Ü¼ê y = nxe−nx �AÛã�Ú��Â

ñ�AÛ¿ÂÒN´n)�~K¥�(J.Xã 15.3

¤«, ¼ê�¥�z��¼ê3 x = 1/n?��Ó

����� 1/e, Ïd�� ε < 1/e, ã�Ò�Ñ
ã

15.2¥¤`��G«� (ùp�I�Ä y > 0):

{(x, y)
∣

∣ x ∈ [0, +∞), 0 6 y < ε}.

uuuuuu�P���>�!B��<�"D
xttt�~/����|. ����y

O
��		�78:������K�QTVWYTVUUSQOMLJIGGER	������4�8���� $%`
hh
b`_\[ZXWVUTFECBAAArA �12 �2����34�������	(
+gpooj*a^\XWUTSDBB�Aur�P00000000

1

00000000
1
2

00000000
1
3

P P P P P P P P P P P P P P P P P P1
e

ã 15.3: ¼ê� {nxe−nx}

�cn��ã�

Ïd3 [0, +∞)þØ�U��Âñ.

Ùg�w�ù����: 1/n´�X nO\
ªu x = 0. u´éu�½�

δ > 0, � n > N = [1/δ] + 1�Ò¦�ã��¸®²£Ñ
 x > δ ���. 'uS

4��ÂñÒ´�6ud
��y²�.

�( l��Âñm©, 3?Ø¥¤�9�Cþ (�)ëê)�ê�5�õ, ù

éÐÆö  E¤
é��(J. Ïd3ùpéc¡�Vg���În´7��.

31�Ù¥�é�´ê� {xn}, l¼ê�Ýw, gCþ´ n, ½Â�´ N. �

1nÙÚ1oÙ, é�´ëYCþ�¼ê f(x), ½Â��«m½«m�¿. 31�

oÙ�Ã¡?ê¥, gCþE,´ n, �´?ê�Ï��±¹këê.

l�Ùm©, ¼ê� {Sn(x)}¥z�� Sn(x)¢Sþ´��¼ê, �§Ú8�

3õ�¼ê¥²~Ñy���¼ê z = f(x, y)�Ø�Ó. Ï� Sn(x)¥� n, x�
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�lÑ, ,��ëY, Ó�/ �Ø²�, 3ØÓ�¯K¥?n��{�ØÓ. z�

g$�¥=��´Cþ, =���´Øë\$��ëê, 7L�«©�Ù.

~X3?Ø:�Âñ�, ¢Sþ�1�oÙ�Ã¡?ê��, �´ò x ∈ I �

�ëê, 
¦ n → ∞��4�.

�´�
ïÄ¼ê�´Ä3 I þ��ÂñuÙ4�¼ê, ·�I�O��ê

‖Sn − S‖ = sup
x∈I

|Sn(x) − S(x)|. 3ùp�O�¥ n´ëê, gCþ´ x ∈ I. ¦Ñ

z�� ‖Sn − S‖�, 3¯§´Ä´Ã¡�þ�, �, n´gCþ
.

S4��ÂñÒ�E,�:,Ï�Ù¥�k.4«m�±3 I ¥?�. ü�à

:��¿�, Ïdqõ
ü�ëê. 3þ¡·�®²�Ñ���±�^��ëêÒ

�±
.

o(å5Ò´`3Ñy
õ�Cþ��¹, òë��c$��Cþ�Øë\

$��ëê«©m5´­��.

15.1.4 ¼¼¼êêê���???êêê���~~~fff

X�Ù�IK�Ñ, ÌK´¼ê�?ê, ?Ø¼ê��Ì�'%�´¼ê�?

ê�Ü©Ú¼ê�. ù��!¥òJÑ�
Ä�Vg, ¿�ÑA�~f, �e�!

�O�.

éu�½�¼ê�?ê

∞
∑

n=1

un(x), ò¦�T?êÂñ�: x�8Ü¡�T?

ê�Âñ�. ��/½ÂuÑ�ÚýéÂñ�. ùp�I�:�ÂñVg.

~~~KKK 15.8 ¦

∞
∑

n=1

(−1)n

nx �Âñ�!uÑ�ÚýéÂñ�.

) du x > 0�� Leibniz.?ê, ÏdÂñ. ��KÏ�Ø´Ã¡�þ. Ï

dÂñ�� (0, +∞), uÑ�� (−∞, 0]. q�±l p?ê��£��ýéÂñ�

´ (1, +∞). �

e¡´��k^�(Ø.Ù¥�{�Vg�½Â 14.1. ®�Âñ?ê�{��

½Âñu 0.

½½½nnn 15.2 ¼ê�?ê

∞
∑

n=1

un(x)3 I þ��Âñ�¿©7�^�´?ê�

{� rn(x) =

∞
∑

k=n+1

uk(x)3 I þ��Âñu 0.

y �¼ê�?ê�Ü©Ú¼ê�� {Sn(x)}.

eT¼ê�?ê3 I þ��Âñ, KPÙÚ¼ê� S(x), Òk
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rn(x) = S(x) − Sn(x). (15.2)

��{�¤¤�¼ê�3 I þ��Âñu 0 (�(�/`´��Âñuð�u 0

�~�¼ê). ��, {�3 I þk¿ÂÒ®²L²éA�¼ê�?ê3 I þ:�

Âñ. du{�éz� xÑ´Ã¡�þ, Ïd{�¤¤�¼ê���Âñ�Ò´

{rn(x)}��Âñu 0. l (15.2)��ùÒ´ {Sn(x)}��Âñu S(x). �

e¡ÞÑü�~f.

~~~KKK 15.9 3 x > 1�½ÂÍ¶� Riemann zeta¼ê�

ζ(x) =

∞
∑

n=1

1
nx .

5¿ùpm>�?êÒ´1�oÙ� p?ê (� §14.1.2�~K 14.2), «O=

=3u3 p?ê?Ø¥ p´ëê, ¤'%��´ñÑ5; 
3ùp x´gCþ, ¤

'%�´Ã¡?ê�Ú¼êäk�o5�. �,�ö�kéX.d p?ê�ñÑ5

?Ø��¼ê ζ(x)�½Â�� (1, +∞).

� zeta¼ê�éX�´��Í¶�­.JK, ¡� Riemannß�. ùpÄk

�òT¼ê�½Â�lê¶þ� (1, +∞)òÿ���E²¡þ. RiemannJÑ,

ζ(x)�Ã¡õ��²�":Ñá3��Re z = 1
2
þ, �Ò´Ñäk 1

2
+ iα�/

G. ��@�, ù�ß���ê©Ù�­�¯Kk��éX, ´�cX{êÆ¥�

­���)û¯K. 2000c ClayêÆr?¬�á
 7�#ZcêÆø¯K. z�

¯K�ø7���z�{�. Riemannß�=Ù¥��. �

~~~KKK 15.10 l1�oÙ�~K 14.18��, ¼ê

f(x) =

∞
∑

n=1

sin nx
n

3 (−∞, +∞)þ??k½Â, 
�´±Ï 2π�±Ï¼ê. ù�?êò´�ÙÚe

�Ù¥�­�~f.

öööSSSKKK

1. 3¼ê�?ê¥?¿�\!í�½UCk��´Ä¬K�Ù��Âñ5?

2. Uì��Âñ�½Â 15.2, ^�½Qã�ª�Ñ Sn(x) 6⇉ S(x), x ∈ I.

3. � fn(x) ⇉ f(x), x ∈ I. gn(x) ⇉ g(x), x ∈ I, y²:

afn(x) + bgn(x) ⇉ af(x) + bg(x), x ∈ I.

4. ÁÞÑ«m [0, 1]þ��È¼ê� {fn(x)}, §:�Âñu f(x), x ∈ [0, 1], �

f 6∈ R[0, 1].
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5. ?Øe�¼ê�½¼ê�?ê3�½«mþ´Ä��Âñ:

(1)
{

x
1 + n2x2

}

, [0, 1]; (2) {n sin 1
nx

}, [1, +∞);

(3)
{

1
n

xe−nx
}

, [0, +∞); (4)

∞
∑

n=1

(−1)n+1

√

n + |x|
, R;

(5) {ln(2 + nex

n2 + e2x }, [0, +∞); (6)

∞
∑

n=1

(−1)n+1x2

(1 + x2)n , R;

(7)

∞
∑

n=1

x2

(1 + x2)n , R; (8)
{

√

f2(x) + 1√
n

}

, R;

(9)
{ [nf(x)]

n

}

, R ((8), (9)¥ f �?¿¼ê).

6. ?Øe�¼ê�½¼ê�?ê3�½«mþ´Ä��Âñ:

(1)
{

xn

1 + xn

}

, (i) (0, 1), (ii) (0, b] (0 < b < 1);

(2) {e−(x−n)2}, (i) [−b, b], (ii) R;

(3)
{

n
∫x

0
sin(tn) dt

}

, [0, b] (0 < b < 1);

(4) {n2(1 − x)nx}, (i)(0, 1], (ii)[b, 1] (0 < b < 1);

(5)
∞
∑

n=1

2n + 1
(sin2 x + n2)(sin2 x + (n + 1)2)

, R.

7. (1) e f 3 R þ��ëY, � fn(x) = f(x + 1
n

) ∀x ∈ R, n ∈ N. y²:

fn(x) ⇉ f(x), x ∈ R;

(2) �®� fn(x) ⇉ f(x), x ∈ R, � f ∈ C(R), y²: lim
n→∞

fn(x + 1
n

) =

f(x) ∀x ∈ R.

8. (1) � {fn(x)} ´3«m I þ�üN¼ê�, ���k., ¯: UÄíÑ

fn(x) ⇉, x ∈ I?

(2) �k gn(x) 6 fn(x) 6 hn(x) ∀x ∈ I, ∀n, �®� gn(x) ⇉, x ∈ I Ú

hn(x) ⇉, x ∈ I, ¯:UÄíÑ fn(x) ⇉, x ∈ I?

(3)�k vn(x) 6 un(x) 6 wn(x) ∀x ∈ I, ∀n, �®�

∞
∑

n=1

vn(x) ⇉, x ∈ I Ú

∞
∑

n=1

wn(x) ⇉, x ∈ I, ¯:UÄíÑ
∞
∑

n=1

un(x) ⇉, x ∈ I?

9. �?ê

∞
∑

n=1

un(x)3 I þ��Âñ, ¼ê g 3 I þk., y²:

∞
∑

n=1

g(x)un(x)

3 I þ��Âñ.
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10. (1)e�3N Ú r ∈ (0, 1)¦� |un(x)| 6 rn ∀n > N, ∀x ∈ I,y²:
∞
∑

n=1

un(x)

3 I þ��Âñ.

(2)e�3 N ¦� |un(x)| 6 vn(x) ∀n > N, ∀x ∈ I, �

∞
∑

n=1

vn(x)3 I þ�

�Âñ, y²:

∞
∑

n=1

un(x)3 I þ��Âñ.

11. òê�?ê¥� Leibniz.?êí2¤�,a��Âñ�¼ê�?ê, ¿�

Ñy².

12. (1)eé ∀ ε ∈ (0, a − b)k fn(x) ⇉ ∀x ∈ [a, b − ε], �®�ê� {fn(b)}Â

ñ, ¯:UÄíÑ fn(x) ⇉ x ∈ [a, b]?

(2)e®� fn(x) ⇉ ∀x ∈ [a, b), �ê� {fn(b)}Âñ, ¯:UÄíÑ fn(x) ⇉

x ∈ [a, b]?

13. e fn(x) → f(x)∀x ∈ [a, b], ��3 L > 0¦�¤á:

|fn(x′) − fn(x′′)| 6 L|x′ − x′′| ∀x′, x′′ ∈ [a, b], ∀n,

y²: fn(x) ⇉ f(x), x ∈ [a, b].
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§15.2 ������ÂÂÂñññ555���OOO{{{

½n 15.1ò¼ê����Âñ5�dud�ê|¤�ê�Âñu 0, �¢Sþ

éJòù�½n^u�½Ã¡?ê���Âñ5.

¯K3u, e��^þã½nu,��¼ê�?ê, K1�ÚÒ�U¦Ñ§�

Ü©Ú¼ê� {Sn(x)}�k�L�ª (�¡�µ45L�ª), 1�Ú´¦ÑÙ4

�¼ê S(x), �Ò´¼ê�?ê�Ú¼ê, ,�âk�U�Ä´ÄU
O�Ñê�

an = ‖Sn − S‖. ��Ò´�½ an → 0´Ä¤á.

U
ò±þ�{0��.��;.~fÒ´AÛ?ê. éu

∞
∑

n=1

xn, ��¤?

Ø�«m I 3ÙÂñ� (−1, 1)S, ±þ�z�ÚÑvk(J. 1�ÚÒ´� x 6= 1

�, k

x + x2 + · · · + xn =
x(xn − 1)

x − 1
,

±elÑ.

,
ù�^|�~f¢Sþ´z¥J�Ù�. ��5`1�Ú, =¦ Sn(x)�

k�L�ªÒ�Ø�, ÏØÙ¦. ÊH��¹´, 3)û
:�Âñ¯K, =)û


¼ê�?ê�Ú¼ê�½Â���, Ã¡?êÒ�U´Ú¼ê S(x)���®�

L�ª. ù� S(x) − Sn(x)Ò´{� rn(x). 
z�� rn(x)E,´��Ã¡?ê.

u´·��´�l?ê��Ñu5?Ø§���Âñ5.

15.2.1 Cauchy������ÂÂÂñññOOOKKK

Äk�´Qã¿y²'u¼ê�� Cauchy��ÂñOK.

½½½nnn 15.3 (¼¼¼êêê������ Cauchy ������ÂÂÂñññOOOKKK) ¼ê� {Sn(x)} 3 I þ��

Âñ�¿©7�^�´é ∀ ε > 0, ∃N , ∀n, m > N , ∀x ∈ I : |Sn(x) − Sm(x)| < ε.

(^�êK�:é ∀ ε > 0, ∃N , ∀n, m > N : ‖Sn(x) − Sm(x)‖ < ε.)

y 7�5 ¼ê� {Sn(x)}3 I þ��Âñ®²�y
§3 I þ:�Âñ,

PÙ4�¼ê� S(x), K�â {Sn(x)} 3 I þ��Âñu S(x), Ïdé ∀ ε > 0,

∃N , ∀n > N , ∀x ∈ I : |Sn(x) − S(x)| < ε
2

. u´� n, m > N �Òé¤k x ∈ I

¤á

|Sn(x) − Sm(x)| 6 |Sn(x) − S(x)| + |S(x) − Sm(x)| < ε
2

+ ε
2

= ε.

¿©5 �â^�,é ∀ ε > 0, ∃N , ∀n, m > N , ∀x ∈ I : |Sn(x)−Sm(x)| < ε.

�½ x ∈ I, Kl CauchyÂñOK��ê� {Sn(x)}Âñ. PÙ4�� S(x), ¿é

z�� x ∈ I ù��, Ò�� {Sn(x)}:�Âñu4�¼ê S(x), x ∈ I.
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|^ n, m > N ¥�N é x ∈ I Ó�·^, 3Ø�ª |Sn(x)−Sm(x)| < ε¥-

m → ∞, Ò�� |Sn(x) − S(x)| 6 ε. ùÒ®²y²
 {Sn(x)}u I þ��Âñu

S(x). �

dd�±��íÑ¼ê�?ê� Cauchy��ÂñOK.

½½½nnn 15.4 (¼¼¼êêê���???êêê��� Cauchy ������ÂÂÂñññOOOKKK) ¼ê�?ê

∞
∑

n=1

un(x)3

I þ��Âñ�¿©7�^�´é ∀ ε > 0, ∃N , ∀n > N , ∀ p ∈ N, ∀x ∈ I :

|un+1(x) + un+2(x) + · · · + un+p(x)| < ε.

(^�êK�: ∀ ε > 0, ∃N, ∀n > N, ∀ p ∈ N : ‖un+1 + · · · + un+p‖ < ε.)

15.2.2 ¼¼¼êêê���???êêê������ÂÂÂñññ���'''������OOO{{{

ù´�~^���Âñ�O{. ÙÄ�g�� §11.3.1 ¥2ÂÈ©�'�

�O{±9 §14.2.1¥�K�?ê�'��O{�Ó, =éu�½�¼ê�?ê
∞
∑

n=1

un(x), x ∈ I �z���ýé�, ,�Ïé����?ê5��§. §�¡�

Weierstrass ('�)�O{, `?ê�O{, r?ê�O{��.

¼ê�?ê��Âñ�'��O{ �éu¼ê�?ê

∞
∑

n=1

un(x), x ∈ I �z

��k |un(x)| 6 an ∀x ∈ I, �

∞
∑

n=1

an Âñ, K

∞
∑

n=1

un(x)3 I þ��Âñ.

(¡
∞
∑

n=1

an �`?ê½r?ê.)

y é��?ê

∞
∑

n=1

an ^ Cauchy ÂñOK, =é ∀ ε > 0, ∃N , ∀n > N ,

∀ p ∈ N :

0 6 an+1 + · · · + an+p < ε.

,��â^�kØ�ª

|un+1(x) + · · · + un+p(x)| 6 |un+1(x)| + · · · + |un+p(x)|

6 an+1 + · · · + an+p < ε,

��¼ê�?ê

∞
∑

n=1

un(x)3 I þ��Âñ. �

5 1 ly²L§��, ù�z���ýé���¼ê�?ê

∞
∑

n=1

|un(x)|3 I

þ�Âñ. Ïd·�¡�5�¼ê�?ê
∞
∑

n=1

un(x)3 I þ��ýéÂñ.
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dd��, e��¼ê�?ê
∞
∑

n=1

un(x)3 I þØ (??)ýéÂñ, K§3 I

þ´Ä��Âñ�¯KØ�U^'��O{)û.

5 2 ^'��O{�, XJ�U�{�I���O� an = sup
x∈I

|un(x)|, ,�

w?ê

∞
∑

n=1

an ´ÄÂñ. e§Âñ, K�5�¼ê�?êÒ3 I þ��Âñ; eT

?êuÑ, K'��O{��, I�^Ù¦�{2�.

5 3 Ø´���´, =¦��¼ê�?ê

∞
∑

n=1

un(x)3 I þ��ýéÂñ, �

Ø�½�±^'��O{5��ù�(Ø. ¢Sþl'��O{��, éu�½�

¼ê�?ê5`, '��O{¥���?ê

∞
∑

n=1

an 7Léz� n÷ve�Ø�ª:

an > sup
x∈I

|un(x)|,


þªm>�ê��Ï��?ê�UuÑ,=¦�5�¼ê�?ê��ýéÂñ.

~X, - I = [0, 1], ¿½Â?ê�Ï��

un(x) =

{ 1
n

, x = 1
n

,

0, Ù¦,

Kk an >
1
n

, Ïd

∞
∑

n=1

an �½uÑ. ,
ù� un+1(x) + · · · + un+p(x)�3 p�

ØÓ: x = 1
n + 1

, · · · , 1
n + p

þØ�u 0, 
�3Ù¥�z��:þù p�¥�

k��Ø´ 0, Ïd¤áØ�ª:

0 6 un+1(x) + · · · + un+p(x) 6
1

n + 1
,

��?ê

∞
∑

n=1

un(x)u [0, 1]þ��ýéÂñ.

|^'��O{Ò�±��38�� Fourier?ênØ¥k^�(Ø:

~~~KKK 15.11 e

∞
∑

n=1

anýéÂñ,K

∞
∑

n=1

an cosnxÚ

∞
∑

n=1

an sinnxÑ3Rþ�

�Âñ.

y éùü�¼ê�?ê�

∞
∑

n=1

|an|�r?ê=�. �

15.2.3 ¼¼¼êêê���???êêê������ÂÂÂñññ���Abel–Dirichlet���OOO{{{

� §11.3.2, §14.3.3��, ù´ü�k��éX��O{.
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(1) Abel ������ÂÂÂñññ���OOO{{{ e¼ê�?ê

∞
∑

n=1

un(x)3 I þ��Âñ, ¼ê

� {vn(x)}'u nüN�éu n ∈ NÚ x ∈ I ��k., K

∞
∑

n=1

un(x)vn(x)3 I þ

��Âñ.

(2) Dirichlet ������ÂÂÂñññ���OOO{{{ e¼ê�?ê

∞
∑

n=1

un(x) �Ü©Ú¼ê�

{Sn(x)}éu n ∈ NÚ x ∈ I ��k., ¼ê� {vn(x)}'u nüN���Âñu

0, K

∞
∑

n=1

un(x)vn(x)3 I þ��Âñ.

y du3ü���Âñ�O{¥¼ê� {vn(x)}'u nþüN, éz��

x ∈ I, l AbelØ�ªÒk

|un+1(x)vn+1(x) + · · · + un+p(x)vn+p(x)|

6 (|vn+1(x)| + |vn+p(x)|) max
n+16l6m6n+p

|ul(x) + · · · + um(x)|.

'u x ∈ I �þ(., ��

‖un+1vn+1 + · · ·un+pvn+p‖ 6 (‖vn+1‖+ ‖vn+p‖) max
n+16l6m

6n+p

‖ul + · · ·+ um‖ (15.3)

ù´y²ü��O{��ÓÄ:.

(1)3Abel�O{¥,�M > 0¦� ‖vn‖ 6 M ∀n,¿é

∞
∑

n=1

un(x)^Cauchy

��ÂñOK, =é ∀ ε > 0, ∃N , ∀n > N , ∀ p ∈ N, ¤á ‖un+1 + · · · + un+p‖ <
ε

2M
, KÓ��Òk

‖un+1vn+1 + · · · + un+pvn+p‖ < (‖vn+1‖ + ‖vn+p‖) ·
ε

2M
6 ε,

��¼ê�?ê

∞
∑

n=1

unvn u I þ��Âñ.

(2)3 Dirichlet�O{¥, �M > 0¦� ‖Sn‖ 6 M ∀n¤á, ,�é ∀ ε > 0,

∃N , ∀n > N , ¤á ‖vn‖ < ε
4M

, KÒé ∀ p ∈ Nk

‖un+1vn+1 + · · · + un+pvn+p‖ < ε
2M

· max
n+16l6m6n+p

‖Sm − Sl−1‖

6
ε

2M
· 2M 6 ε,

��¼ê�?ê

∞
∑

n=1

un(x)vn(x)3 I þ��Âñ. �

5 ùp��O{¥Ñy
#���k.5Vg, =��¼ê����k.

5. ù�L�^uü�¼ê��N5VgØÓ, 
´ò��¼ê�k.5Vgí
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2��x¼êþ�. §�k�Ó�½Â�, z��Ñ´k.¼ê. ��k.L²

�3��·^u¤k¼ê��Ó.�. éu I þ� {Sn(x)}5`, Ò´ ∃M > 0,

∀x ∈ I, ∀n ∈ N : |Sn(x)| < M . ù�dud�ê/¤�ê� ‖Sn‖�k.ê�.

~~~KKK 15.12 y²: ¼ê�?ê
∞
∑

n=1

sinnx
n

3 (0, 2π)þS4��Âñ.

y �d��éu δ ∈ (0, π), y²T¼ê�?ê3 [δ, 2π − δ]þ��Âñ.

|^c¡®²^L�Ø�ª, =3 sin x
2

6= 0�k

| sin x + · · · + sin nx| =

∣

∣

∣

∣

∣

∣

cos 1
2

x − cos 2n + 1
2

x

2 sin 1
2

x

∣

∣

∣

∣

∣

∣

6
1

| sin 1
2

x|
,

��3 x ∈ [δ, 2π − δ]�k

| sinx + · · · + sinnx| 6
1

sin 1
2

δ
,

ùL²¼ê�?ê

∞
∑

n=1

sin nx�Ü©Ú¼ê� {Sn(x)}3«m [δ, 2π − δ]þ��k

.. ,��Ïf 1
n
üNªu 0, �� xÃ', Ïd�,'u x��. ^ Dirichlet�

�Âñ�O{��(Ø¤á. �

~~~KKK 15.13 y²: ¼ê�?ê

∞
∑

n=1

sinnx
n

3 (0, 2π)þØ��Âñ.

(¢Sþe��Âñ, KØ72?Ø§3 (0, 2π)þS4��Âñ
. qduT

?êu x = 0, 2π?ÑÂñ, Ïd§3 (0, 2π)þØ��Âñ�du3 [0, 2π]þØ�

�Âñ.)

y éu Cauchy��ÂñOK^éó{K, ¼ê�?ê

∞
∑

n=1

un(x)3 I þØ

��Âñ�¿�^�´: ∃ ε0 > 0, ∀N , ∃n > N , ∃ p ∈ N, ∃x0 ∈ I, k

|un+1(x0) + · · · + un+p(x0)| > ε0.

ùp�gCû½ ε0, n, p, x0, �,Ø�N´
.

kwXÛ^Ã¡?ê� CauchyÂñOKy²NÚ?ê

∞
∑

n=1

1
n
uÑ. Ó�^

éó{K, ùÒ´�y² ∃ ε0 > 0, ∀N , ∃n > N , ∃ p ∈ N, k

1
n + 1

+ 1
n + 2

+ · · · + 1
n + p

> ε0.

�~�(J, � p = n, Kþª�> > n
2n

= 1
2

, ��� ε0 = 1
2

, ∀N , Ò�

n = p = N , ù�Ò÷v�¦, �Ò´®²y²NÚ?êuÑ.
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y3£�·�¡��äN¯K, =�éG�L�ª´

sin(n + 1)x
n + 1

+
sin(n + 2)x

n + 2
+ · · · +

sin(n + p)x
n + p

.

Ó�- p = n, ù�z���©1�u�u 2n, 
©f��u¼ê�gCþ�

(n + 1)x, (n + 2)x, · · · , 2nx. � x0 = π
4n
Ò�±¦§�Ñá3 [ π

4
, π

2
]�¥, ù

�þãL�ª¥z�©ª�©fÑ�u sin π
4

=

√
2

2
. l
ù n ��ÚÒ�u

n ·
1
2n

·

√
2

2
=

√
2

4
.

u´��� ε0 =

√
2

4
, ∀N , � n = p = N , � x0 = π

4N
, Òk

sin(n + 1)x0

n + 1
+ · · · +

sin(2n)x0

2n
>

√
2

2

(

1
n + 1

+ · · · + 1
2n

)

>

√
2

2
·

n
2n

= ε0,

u´Òy²
¼ê�?ê

∞
∑

n=1

sin nx
n

3 (0, 2π)þØ��Âñ. �

öööSSSKKK

1. ?Øe�¼ê�?ê3�½«mþ´Ä��Âñ:

(1)

∞
∑

n=1

rn cosnx (0 < r < 1), R; (2)

∞
∑

n=1

e−n2x2

sin nx, R;

(3)

∞
∑

n=1

(

arctan x
x2 + n2

)2

, [0, +∞); (4)

∞
∑

n=1

(−1)n

n + x2 , R;

(5)

∞
∑

n=1

(−1)n(1 − e−nx)

n + x2 , [0, +∞); (6)

∞
∑

n=1

(1 − x)xn, [0, 1];

(7)

∞
∑

n=1

(1 − xn)xn, [0, 1]; (8)

∞
∑

n=1

xne−nx, [0, 1];

(9)
∞
∑

n=1

(−1)nxn

n(1 + xn)
, (0, 1); (10)

∞
∑

n=1

(−1)nxn(1 − x)

1 − x2n , (0, 1);

(11)

∞
∑

n=1

sin 1
nx

sin2 nx
n3 + x

, (0, +∞); (12)

∞
∑

n=1

x sin nx√
n + x

, [0, π
2

];

(13)

∞
∑

n=1

e
− x

n cosnx
x2 + n2x

, [a, +∞) (a > 0); (14)

∞
∑

n=1

cos nπ
3

√
n + x2

, R;

(15)
∞
∑

n=1

ln

(

1 + x

(n + 1) ln2(n + 1)

)

, [−a, a];

(16)

∞
∑

n=1

2n sin 1
3nx

, (i) (0, +∞), (ii) [δ, +∞) (δ > 0).
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2. (1)y²:e
∞
∑

n=1

|un(x)|u I þ��Âñ, K
∞
∑

n=1

un(x)�u I þ��Âñ. q

¯:��XÛ?

(2)Þ~`²: =¦

∞
∑

n=1

un(x)u I þ��Âñ, �T?êu I þ??ýéÂ

ñ, ��7U�y
∞
∑

n=1

|un(x)|u I þ��Âñ.

3. �?ê

∞
∑

n=1

un(x)3 x = a, b?ýéÂñ, �z� un(x)Ñ´ [a, b]þ�üN

¼ê, y²:
∞
∑

n=1

un(x)3 [a, b]þ��Âñ.

4. � {fn(x)}� I þ�k.¼ê�, � fn(x) ⇉ f(x), x ∈ I, y²: (1) f 3 I þ

k.; (2) {fn}3 I þ��k.; (3) efn(x) ⇉ ef(x), x ∈ I.

5. � {fn(x)}, {gn(x)}´ I þ�ü�k.¼ê�, �þ3 I þ��Âñ, y²:

{fn(x)gn(x)}3 I ��Âñ.

6. � f1 ∈ R[a, b], ¿8B/½Â fn+1(x) =
∫x

a
fn(t) dt ∀n, y²: fn(x) ⇉

0, x ∈ [a, b].

7. e {fn(x)}� [a, b]þ��È¼ê�, 3 [a, b]þ��Âñ, y²:∫x

a
fn(t) dt ⇉, x ∈ [a, b].

8. (Bendixon�O{)�

∞
∑

n=1

un(x)3 [a, b]þÂñ, ��3K > 0, ¦�

∣

∣

∣

n
∑

k=1

u′
k(x)

∣

∣

∣
6 K ∀x ∈ [a, b], ∀n,

y²:

∞
∑

n=1

un(x)3 [a, b]þ��Âñ.

9. e
√

nan → 0,
∞
∑

n=1

√
n|an − an+1|Âñ, ��3K > 0, ¦�

∣

∣

∣

n
∑

k=1

uk(x)
√

k

∣

∣

∣
6 K ∀x ∈ [a, b], ∀n,

y²:

∞
∑

n=1

anun(x) ⇉, x ∈ [a, b].

10. y²: fn(x) ⇉ f(x), x ∈ I �¿©7�^�´: é ∀ {xn} ⊂ I :

lim
n→∞

[fn(xn) − f(xn)] = 0.

版
权
所
有
，
请
勿
复
制
！



§15.3 ��Âñ?ê�5� 239

§15.3 ������ÂÂÂñññ???êêê���555���

15.3.1 ¯̄̄KKK���JJJÑÑÑ

�3 x ∈ I �kÂñ�¼ê�?ê
∞
∑

n=1

un(x) = S(x),

KÒ�)
Ú¼ê S(x). e§´Ð�¼ê, KÒJø
#�L�ª, =¤¢ S(x)

�Ã¡?êÐmª. ù3éõ�¹�~k^. �´�õ��¹%´, ù����

S(x)Ø´Ð�¼ê, u´þãÃ¡?êÒ´½Â S(x)�L�ª.

�±n), éuù����¼ê S(x), e�ïÄ§�««5�, ÒI�ÏLÃ

¡?ê5?1. :�Âñ�U(½Ú¼ê�½Â�¯K,éuÚ¼ê�5�?ØK

I�#�óä.

±e?Ø�Ä��n�¯K, =Ú¼ê S(x)�ëY5!��5Ú�È5, �±

JÑ±e¯K.

(1)e?ê�z�� un(x)Ñ´ I þ�ëY¼ê, K?ê�Ú¼ê S(x)´Ä�

´ I þ�ëY¼ê? ùÒ´`, ?êÏ��ëY5´ÄU
D4�Ú¼êþ?

éu?ê, X3 I þkÚ¼ê S(x) =

∞
∑

n=1

un(x), KÚ¼ê3: x0 ´ÄëY�

¯K�±L��

S(x0) =

∞
∑

n=1

un(x0) =

∞
∑

n=1

lim
x→x0

un(x) = lim
x→x0

∞
∑

n=1

un(x)?

ùÒ´ x → x0 �4�L§�?ê¦Ú´Ä���^S�¯K.

éu¼ê� {Sn(x)}�´Xd. �Ù3 I þ�4�¼ê� S(x), K§3: x0

´ÄëY�¯K�±L��

S(x0) = lim
n→∞

lim
x→x0

Sn(x) = lim
x→x0

lim
n→∞

Sn(x)?

ùpÓ�´ü«4����^S¯K.

l�Ù�1��~f, =~K 15.1¥�¼ê� {xn} (x ∈ [0, 1])9Ù5, ��

==:�Âñ´Ø
�. �±y², eþã?êØ=:�Âñ, 
�´3 I þ��

Âñ½��S4��Âñ, Kù«“D45”(¢¤á.

(2)?�Ú�?êÏ� un(x)3 I þ��, ¯ù����5UÄD4�Ú¼ê

þ? e¡·�¬��, 3�½�^�eù�´¤á�. d	, ùp��9�XÛ¦

Ú¼ê��êù��O�¯K. �þã?êÂñu S(x)�, ´ÄU
^Å�¦�

��{5O�Ú¼ê��ê, =
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S′(x) = d
dx

∞
∑

n=1

un(x) =
∞
∑

n=1

dun(x)
dx

?

ùÒ´¦�ê$�´Ä�±�?ê¦Ú��^S�¯K.

éu¼ê� {Sn(x)}�´Xd. �Ù3 I þ�4�¼ê� S(x), K§´Ä��

�¯K�±L��

dS
dx

= d
dx

lim
n→∞

Sn(x) = lim
n→∞

dSn

dx
?

ùpÓ�´ü«4����^S¯K.

(3)3�È5¯Kþ, �o^�U
�y?ê�Ú¼ê�È?3�È��¹e

q´Ä�±ÏL?êÅ�¦È5O�Ú¼ê�È©? ùÓ�´­��¯K. äN�

Ñ=´éu3 [a, b]þ�Ã¡?ê

∞
∑

n=1

un(x), �Ù3 [a, b]þ�Ú¼ê� S(x), ´

Äk
∫ b

a
S(x) dx =

∫ b

a

∞
∑

n=1

un(x) dx =

∞
∑

n=1

∫ b

a
un(x) dx?

éu¼ê� {Sn(x)}�´Xd. �Ù3 [a, b]þ�4�¼ê� S(x), K§´Ä

�È�¯K�±L��∫ b

a
S(x) dx =

∫ b

a
lim

n→∞
Sn(x) dx = lim

n→∞

∫b

a
Sn(x) dx?

ùpÓ�´ü«4����^S¯K.

�±XÓ'uëY5�~f@�, éu��Ú�È¯K, ÞÑ~f`²==?

ê�:�Âñ´ØU)ûù
¯K�. ùÒ´·��ÆS':�Âñ�r���

ÂñVg�d5.

~~~KKK 15.14 (l���Ý£�~K 15.1)¼ê� {xn}�z��3 [0, 1]þë

Y��, ,
§�4�¼ê´

S(x) =

{

0, 0 6 x < 1,

1, x = 1,

3: 1?ØëY, �,�!Øþ��
. �

~~~KKK 15.15 �3 [0, 1]þéz� n- Sn(x) =

{

n, 0 < x 6
1
n

,

0, 1
n

< x 6 1, x = 0,
K�

±¦ÑÙ4�¼ê S(x) ≡ 0 ∀x ∈ [0, 1]. ¢Sþ, éu x = 0, z�� Sn(0) = 0,

Ïd4� S(0) = 0. éu x0 ∈ (0, 1], �3 N , ¦� 1
N

< x0. K� n > N �,

Sn(x0) = 0, Ïd4� S(x0) = 0.

e¡·�5*	ù�¼ê�3 [0, 1]þ�½È©Ú n → ∞´Ä���.
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ù�éz���ê nk
∫1

0
Sn(x) dx = n ·

1
n

= 1, �´
∫1

0
S(x) dx = 0, Ïd

1 = lim
n→∞

∫1

0
Sn(x) dx 6=

∫1

0
S(x) dx = 0. �

15.3.2 ëëëYYY555½½½nnn

½½½nnn 15.5 (ëëëYYY555½½½nnn) (1)�¼ê� {Sn(x)}3 [a, b]þëY, 3 [a, b]þ�

�Âñu S(x), K S(x)3 [a, b]þëY.

(2)�¼ê�?ê

∞
∑

n=1

un(x)�z��3«m [a, b]þëY, 3 [a, b]þ��Â

ñ, KÙÚ¼ê S(x)3 [a, b]þëY.

y �y² (1)Ò

.

� x, x0 ∈ [a, b], ò |S(x) − S(x0)|©
Xe (�¡� 3ε�{½ ε
3
�{):

|S(x) − S(x0)| 6 |S(x) − Sn(x)| + |Sn(x) − Sn(x0)| + |Sn(x0) − S(x0)|. (15.4)

éu�½� ε > 0, ∃N , ∀n > N , ∀x ∈ [a, b] : |Sn(x) − S(x)| < ε. u´��

n > N , (15.4)m>�1��Ú1n�®©O�u ε.

�
¦�Ùm>�1���v
�, Ù¥� n==�u�u N �´Ø1�,

Ï�kÃ�õ�ù�� n. �½ n = N , ù�Ò��

|S(x) − S(x0)| 6 2ε + |SN (x) − SN (x0)|. (15.5)

|^ SN (x) ∈ C[a, b],�3 δ > 0,� x ∈ Oδ(x0)∩[a, b]�,¤á |SN (x)−SN (x0)| <

ε. ù�l (15.5)��, � x ∈ Oδ(x0)∩ [a, b]��Òk |S(x)− S(x0)| < 3ε. ù�Ò

y²
 S(x)3: x0 ëY. du x0 �±�� I = [a, b]�z��:, Ïd®²y²

S(x)3 I = [a, b]þëY. �

½n 15.5¥���Âñ^��´¿©^�, �Ø´7�^�. éu«m I Ø´

k.4«m�Ù¦�¹, KS4��Âñ^�®²v
. ùÒ´e¡�íØ.

íííØØØ (1)�¼ê� {Sn(x)}3«m I þëY, �T¼ê�3 I þS4��Â

ñu S(x), K S(x)3 I þëY.

(2)�¼ê�?ê

∞
∑

n=1

un(x)�z��3«m I þëY, �?ê3 I þS4�

�Âñ, KÙÚ¼ê S(x)3 I þëY.

y �éu (1)�Ñy².

é x0 ∈ I, �3k.4«m [c, d], ¦� x0 ∈ [c, d] ⊂ I. e x0 ´ I �S:, K�

�±�� c < x0 < d. du¼ê� {Sn(x)}u I ¥S4��Âñ, Ïd3 [c, d]þ�

�Âñ. l½n 15.5�y²�� S(x)3: x0 ëY. �
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5 1 ùp�5¿ëY5´ÛÜ5�, Ïd¢Sþ´Å:y²�. äN5`Ò

´é��:^��k.4«mò§�4, ,�3ù�«mþ^½n 15.5. ù�Ò´

S4��ÂñVg�d5.

5 2 ëY5½n�_Ä·K�²~k^, =ëY¼ê��4�¼êØëY,

½ëY¼ê�?ê�Ú¼êØëY�, K�½Ø¬´S4��Âñ�. ~X3 [0, 1]

þ� {xn}Ò´Xd. u´l~K 15.1�O�Ò�±��~K 15.4�(Ø.

~~~KKK 15.16 l~K 15.12®�
∞
∑

n=1

sin nx
n

3 (0, 2π)þS4��Âñ, ÏdÙ

Ú¼ê S(x)3 (0, 2π)þëY. �

5 duþã?êu x = 0, 2π?w,Âñu 0, 
�z��Ñ´±Ï 2π�¼
ê, Ïd S(x)3 (−∞, +∞)þ??k½Â, �´±Ï 2π�±Ï¼ê. l1�8Ù

ò¬w�, ù�Ú¼ê S(x)TTÒ3�): 0, 2π3S� 2kπ (k ∈ Z)?ØëY.

~~~KKK 15.17 éu ζ(x) =

∞
∑

n=1

1
nx , ®�Âñ�´ (1, +∞), ?ØÙëY5.

) éuÂñ� (1, +∞) ¥�k.4«m [c, d], |^3 x ∈ [c, d] þ¤á
1
nx 6

1
nc , Ïd^ Weierstrasss �O{��?ê3 [c, d] þ��Âñ. du

[c, d] ⊂ (1, +∞)�?¿5, Ïd?ê3 (1, +∞)þS4��Âñ. u´�âëY5

½n�� ζ(x) ∈ C(1, +∞). �

5 ¢SþùpØ�½I�Ú\S4��Âñ�Vg. ��é ∀x0 ∈

(1, +∞), � c, d ÷v 1 < c < x0 < d, ,�Xþ¡��y²?ê3 [c, d] þ�

�Âñ, l
Ú¼ê3: x0 ëY. du x0 > 1�?¿5, y..

4�¼ê½Ú¼ê�ëY5½n�_½nØ¤á. e¡´��~f.

~~~KKK 15.18 �3 [0, 1] þ Sn(x) = nxn(1 − x) ∀n, K�±wÑ4�¼ê

S(x) ≡ 0 ∀x ∈ [0, 1]. ��±y²þã¼ê�3 [0, 1]þØ��Âñ.

y �d��O� sup
x∈[0,1]

|Sn(x) − S(x)| = max
x∈[0,1]

Sn(x), Ø
^�©Æ�{�

	��±^²þ�Ø�ªwÑ

Sn(x) = nxn(1 − x) = nn+1
(

x
n

)n

(1 − x)

6 nn+1
(

1
n + 1

)n+1

=
(

n
n + 1

)n+1

,

�m>���, Ïd lim
n→∞

‖Sn − S‖ = 1
e

, =Ø´��Âñ. �

5 ïÆÖöéeZ� n �Ñ Sn(x) 3 [0, 1]þ�úã, ù�Ò¬uy�ã

15.3aq�y�, l
\�éuØ��Âñy��n).
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,
eØ
4�¼ê (½Ú¼ê)�ëY5�	, éuëY¼ê�2\þüN

5 (éuëY¼ê�?ê\þ�Ò5), Ò�±íÑ��Âñ. ùÒ´ Dini➀½n.

½½½nnn 15.6 (Dini½½½nnn) (1)� {Sn(x)}´ [a, b]þ�ëY¼ê�, �'u n�

üNS�, Ù4�¼ê S(x)3 [a, b]þëY, KT¼ê�3 [a, b]þ��Âñ.

(2)�

∞
∑

n=1

un(x)´3«m [a, b]þ�Ò�ëY¼ê�?ê, ÙÚ¼ê S(x)3

[a, b]þëY, KT¼ê�?ê3 [a, b]þ��Âñ.

y (^k�CX½n) �y² (1).

Ø��éz� x ∈ [a, b], {Sn(x)}'u n�üN~�ê�, =k Sn(x) ↓ S(x).

±e·���E [a, b]���mCX, �ë�ã 15.4.

��½ ε > 0. ?� x0 ∈ [a, b],

Kl Sn(x0) ↓ S(x0), �3 N , ¦�

S(x0) 6 SN (x0) < S(x0) + ε.

|^ SN (x) Ú4�¼ê S(x) Ñ3

x0 ?ëY, �3 δ > 0, ¦�� x ∈

Oδ(x0) ∩ [a, b]�¤á

S(x) 6 SN (x) < S(x) + ε.

uuur 
x0

ttt�0��p
��� SN(x0)� S(x0)

y S(x0) + ε

⇒uuur tttt
�0��� SN(x)RPNMK44KLNPQ	

S(x)
[$#!O���BA"F�� S#Z�Q N J J J M P 00000000000000 S(x) + ε�0�0�0�0�0��0�0�0�00
︸ ︷︷ ︸
Oδ(x0)

ã 15.4: Dini½ny²¥�CX)¤L§

ù�Ò��CX x0 ����� Oδ(x0), ��3�T��éA���eI N .

duS��üN5, � n > N , |x − x0| < δ �, ¤á S(x) 6 Sn(x) 6 SN (x) <

S(x) + ε. 3ã 15.4¥Ò´á3e�«�S:

{(x, y)
∣

∣ x ∈ Oδ(x0), S(x) 6 y < SN (x)}.

éuz��: x0 ∈ [a, b]Ñù��, Ò�� [a, b]���mCX. ^k�CX

½n (=½n 2.29), 3þãmCX¥�3k�fCX, Ø�P� O1, · · · , Op, §�

�¿CX
 [a, b]. Ó�§�©OéA
eI N1, · · · , Np, ¦� ∀ i ∈ {1, · · · , p},

∀x ∈ Oi, ¤á

S(x) 6 SNi
(x) < S(x) + ε.

��, � N = max{N1, · · · , Np}, K� n > N �, éz�� x ∈ [a, b], �3,

� i, ¦� x ∈ Oi, l
k

S(x) 6 Sn(x) 6 SNi
(x) < S(x) + ε,

ùÒ´ |Sn(x)− S(x)| < ε, l
Òy²
 {Sn(x)}3 [a, b]þ��Âñu S(x). �

5 eò Dini½n¥�«m [a, b]U�Ù¦a.�«m I, K��ò(ØU�

3 I þS4��Âñ=�. ùéu?ê�¹Ó�·^.

➀ )Z (Ulisse Dini, 1845–1918), ¿�|êÆ[.

版
权
所
有
，
请
勿
复
制
！



244 1�ÊÙ ¼ê�?ê��?ê

15.3.3 ÈÈÈ©©©444���½½½nnn

k�Ñ«m [a, b]þ�È©�4�½¦Ú���½n.

½½½nnn 15.7 (1) (È©4�½n)e¼ê� {Sn(x)}u [a, b]þëY, ���Âñ

u S(x), K¤á ∫ b

a
S(x) dx = lim

n→∞

∫ b

a
Sn(x) dx.

(2) (Å�È©½n)�¼ê�?ê
∞
∑

n=1

un(x)�z��Ñ3«m [a, b]þëY,

�?ê3 [a, b]þ��Âñ, K¤á�ª
∫ b

a

(

∞
∑

n=1

un(x)
)

dx =

∞
∑

n=1

∫ b

a
un(x) dx.

y ��Ñ (1)�y². ù�l½n 15.5�� S(x) ∈ C[a, b]. ���O
∣

∣

∣

∣

∫ b

a
Sn(x) dx −

∫b

a
S(x) dx

∣

∣

∣

∣

6

∣

∣

∣

∣

∫b

a
|Sn(x) − S(x)| dx

∣

∣

∣

∣

6 max
x∈[a,b]

|Sn(x) − S(x)| · |b − a|

= ‖Sn − S‖ · |b − a|.

|^ {Sn(x)}u [a, b]þ��Âñu S(x), Ïdþªm>� n → ∞�Âñu 0. �

y3�Äòþã½n?�Úí2�?¿�«m I þ, Ó�È©�U� x0, x ∈

I, Ù¥ x0 �½, x��gCþ, ù�Ò�±l�5�¼ê� (½?ê)ÏLÈ©)

¤#�¼ê� (½?ê).

íííØØØ (1)e¼ê� {Sn(x)}u I þëY, S4��Âñu S(x), : x0, x ∈ I,

K¤á

lim
n→∞

∫x

x0

Sn(t) dt =
∫x

x0

S(t) dt,

�¼ê�
{

∫x

x0

Sn(t) dt
}

3 I þS4��Âñ.

(2)�¼ê�?ê

∞
∑

n=1

un(x)�z��Ñ3«m I þëY, ?ê3 I þS4�

�Âñ, : x0, x ∈ I, K¤á
∫x

x0

(

∞
∑

n=1

un(t)
)

dt =

∞
∑

n=1

∫x

x0

un(t) dt,

�þªm>�¼ê�?ê3 I þS4��Âñ.

y ��Ñ (1)�y². 3«m [x0, x]þ^½n 15.7,Òk lim
n→∞

∫x

x0

Sn(t) dt =
∫x

x0

S(t) dt. ò
{

∫x

x0

Sn(t) dt
}

w¤3 I þk½Â�#¼ê�, K®²y²§3 I
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þ:�Âñu
∫x

x0

S(t) dt.

y3� [c, d] ⊂ I, �y²#���¼ê�
{

∫x

x0

Sn(t) dt
}

3 [c, d] ⊂ I þ��

Âñ. Ø�� [c, d]v
�, ¦�k x0 ∈ [c, d], u´� x ∈ [c, d]�Òk
∣

∣

∣

∣

∫x

x0

Sn(t) dt −
∫x

x0

S(t) dt

∣

∣

∣

∣

6 max
t∈[c,d]

|Sn(t) − S(t)| · |d − c|,

Ù¥|^
 [x0, x] ⊂ [c, d]. l {Sn(x)} u [c, d] þ��Âñ, ��þªm>�

n → ∞�Âñu 0. �

~~~KKK 15.19 ¦

∞
∑

n=1

1
2n tan x

2n 3 (−π, π)þ�Ú¼ê.

y l n > 2å, � |x| < π�, |x/2n| < π/4, Ïd?ê±

∞
∑

n=2

1
2n �r?ê,

l
3 (−π, π)þ��Âñ. PÚ¼ê� f(x), é x ∈ (−π, π)^Å�È©½n, k
∫x

0
f(t) dt =

∞
∑

n=1

∫x

0

1
2n tan t

2n dt = −

∞
∑

n=1

ln cos x
2n

= − lim
n→∞

n
∑

k=1

ln cos x
2k

= − lim
n→∞

ln
(

cos x
2

cos x
4
· · · cos x

2n

)

= − lim
n→∞

ln sin x
2n sin x

2n

= − ln
(

lim
n→∞

sin x
2n sin x

2n

)

= − ln
(

lim
n→∞

sinx
x

·

x
2n

sin x
2n

)

= − ln sinx
x

.

���ª� x = 0�n)�Ù4�� 0. ,�3 0 6= |x| < π�é x¦�, Ò��

f(x) =
(

− ln sin x
x

)′
= x

sinx

(

cosx
x

−
sin x
x2

)

= cotx −
1
x

.

du f 3 (−π, π)þëY, Ïd3þãL�ª¥� x → 0Ò�� f(0) = 0 (½l�

5�?ê¥- x → 0��). �

5 þã~KNy
?ê¦Ú�#�{, =^Å�¦È½n, ,�2¦�.

15.3.4 ¦¦¦���444���½½½nnn

ùp��é��«m I 5Qã½n.

½½½nnn 15.8 (1) (¦�4�½n)�¼ê� {Sn(x)}3«m I þ�3ëY��¼

ê, ��3,�: x0 ∈ I ?Âñ, q¦���¼ê� {S′
n(x)}3 I þS4��Â

ñ, K4�¼ê S(x) = lim
n→∞

Sn(x)3 I þ�3ëY��¼ê, �¤á
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S′(x) = lim
n→∞

S′
n(x).

(2) (Å�¦�½n)�¼ê�?ê

∞
∑

n=1

un(x) ¥z� un(x) u«m I þ�3

ëY��¼ê, ��3,�: x0 ∈ I ?Âñ, qÅ�¦�����¼ê�?ê
∞
∑

n=1

u′
n(x)3 I þS4��Âñ, KÚ¼ê S(x) =

∞
∑

n=1

un(x)3 I þ�3ëY��

¼ê, �¤á

dS(x)
dx

= d
dx

∞
∑

n=1

un(x) =

∞
∑

n=1

dun(x)
dx

.

y ��Ñ (1)�y².

|^4�¼ê S(x)3: x0 ®²k½Â, 2|^ Newton–Leibnizúª, ��

Sn(x) = Sn(x0) +
∫x

x0

S′
n(t) dt, (15.6)

|^ {S′
n(t)}3 [x0, x]þ��Âñ�^�, òÙ4�¼êP� lim

n→∞
S′

n(t) = T (t),

¿- n → ∞, A^½n 15.7Òl (15.6)��

S(x) = lim
n→∞

Sn(x) = S(x0) +
∫x

x0

T (t) dt. (15.7)

ù�Òy²
4�¼ê S(x)3 I þ??k½Â. du T (t)ëY, Ïdl (15.7)Ò

��

S′(x) = T (x) = lim
n→∞

S′
n(x). �

5 �5¿�cü�½nkØÓ�?. ½n 15.8¥�Ì�^�´\3�¼ê

|¤�¼ê� (½Å�¦�����¼ê�?ê)þ, =�¦§S4��Âñ, 
é

u�5�¼ê� (½¼ê�?ê)K��¦3��:þÂñÒ

. ~X, c¡�L

õg�¼ê�?ê
∞
∑

n=1

sin nx
n

, (15.8)

·�®�§??Âñ, 3 (0, 2π)þS4��Âñ. �Å�¦���?ê´
∞
∑

n=1

cosnx,

�±y²ÃØ x��o�, ù�?ê�Ï�ÑØ¬´Ã¡�þ, Ïd??uÑ. ù

Òy²
é (15.8)¥�Ã¡?êÅ�¦�´Ø�U�. �,ù¿ØL« (15.8)�

Ú¼êØ��. ò5¬�� S′(x) = −
1
2
3 (0, 2π)þ??¤á, �´Ø�U^½n

15.85O� S′(x).
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öööSSSKKK

1. (1) ÞÑ3 (a, b) þ�ëY¼ê� {fn(x)}, §:�Âñu4�¼ê f ∈

C(a, b), � fn(x) 6⇉ f(x), x ∈ (a, b).

(2)ÞÑ3 Rþ??ØëY�¼ê� {fn(x)}, ¦�k fn(x) ⇉ f(x), x ∈ R,

� f ∈ C(R).

2. ¯: f(x) =

∞
∑

n=1

2n sin 1
3nx

, x ∈ (0, +∞),´Ä´ëY¼ê?

(ë� §15.2�öSK 1(16).)

3. ¦4�: lim
x→1

∞
∑

n=1

(−1)n

nx .

4. éu¼ê� {
1

1 + xn }, x ∈ [0, +∞),

(1)¦Ù4�¼ê;

(2)¯:T¼ê�3 [0, +∞)þ´Ä��Âñ?

5. � {fn(x)}´ [a, b]þ��È¼ê�, �3 [a, b]þ��Âñu f(x), y²:∫x

a
fn(t) dt ⇉

∫x

a
f(t) dt, x ∈ [a, b].

6. � {fn(x)}´ [a, b]þ��È¼ê�, qk f, g ∈ R[a, b], �k

lim
n→∞

∫ b

a
(fn(t) − f(t))2 dt = 0,

y²:
∫x

a
fn(t)g(t) dt ⇉

∫x

a
f(t)g(t) dt, x ∈ [a, b].

7. �½e�¼ê�3�½«mþ´Ä��Âñ:

(1)
{

1
x + n

}

, (0, +∞);

(2)
{

nx
1 + n + x

}

, [0, 1];

(3) {tann x}, (i) [0, 1
2

], (ii) [0, π
4

];

(4) {(sinx)
1
n }, (i) [0, π], (ii) [δ, π − δ], Ù¥ δ ∈ (0, π

2
);

(5)
{

xn

1 + xn

}

, (i) [0, 1− δ],Ù¥ 0 < δ < 1, (ii) [1− δ, 1+ δ],Ù¥ 0 < δ < 1,

(iii) [1 + δ, +∞), Ù¥ δ > 0.
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8. (1)y²
∞
∑

n=1

nx2

n3 + x3 3 [0, a]þ��Âñ, Ù¥ a > 0;

(2)y²: lim
x→1

∞
∑

n=1

nx2

n3 + x3 =
∞
∑

n=1

n
n3 + 1

.

9. ò?ê
∞
∑

n=1

ne−nx 3 (0, +∞)þ�Ú¼êP� S(x). y²§3 (0, +∞)þ?

?ëY, ¿¦
∫ ln 3

ln 2
S(x) dx.

10. y²3 |r| < 1�¤áe��ª:

1 + 2

∞
∑

n=1

rn cosnx = 1 − r2

1 − 2r cosx + r2 ,

¿^§y² PoissonÈ©úª:∫π

−π

1 − r2

1 − 2r cosx + r2 dx = 2π.

q¯:UÄ^Ù¦�{¦ù�½È©?

11. y²: Riemann zeta¼ê ζ(x) =

∞
∑

n=1

1
nx 3«m (1, +∞)¥k?¿��¼ê.

12. (1)P f(x) =

∞
∑

n=1

1
n2(n + 1)2 + x2 , x ∈ R, (i)y² f ∈ C(R), (ii)y²2Â

È©
∫+∞

−∞
f(x) dxÂñ, (iii)¦Ñþã2ÂÈ©��.

(2)¦ g(x) =

∞
∑

n=1

sin nx

n2 ln2(n + 1)
, x ∈ R, ��ê.
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§15.4 ���???êêê

y3m©0�üa�­��¼ê�?ê¥�1�a——�?ê. §�±w¤

´õ�ª���í2.

¡¼ê�?ê
∞
∑

n=0

an(x − x0)
n (15.9)

�± x0 �¥%��?ê, {¡�?ê. 5¿3 (15.9)¥�¦Ú´l n = 0m©�.

��Bå�o�±ÏL²£ t = x − x0, 2ò tP� x, l
¦��?ê�/ª�
∞
∑

n=0

anxn, (15.10)

=± x0 = 0�¥%��?ê. ±eé�?ê��«5��?Ø²~�±é (15.10)

5?1, ,�ÏL²£=£���/ª��?êþ�.

el,� nåXê an ��u 0, K�?ê (15.9)Ò´õ�ª. e an = c ∀n

�~ê, KÒ��AÛ?ê
∞
∑

n=0

xn, =1�Ù�~K 2.10. d	, ~K 2.11¥�

∞
∑

n=1

nxn �´�?ê.

15.4.1 ���???êêê���ÂÂÂñññ���

3?ØÂñ���I�:�Âñ�Vg.

w,, /ª� (15.9)��?ê
∞
∑

n=0

an(x − x0)
n �½3 x = x0 ?Âñ, Ú� a0,


/ª� (15.10)��?êK�½3 x = 0?Âñ.

�x�?êÂñ�A��Ä�(Ø´e�½n.

½½½nnn 15.9 (Abel111���½½½nnn) (1)e�?ê

∞
∑

n=0

anxn 3: x1 6= 0?Âñ, K

T�?ê3÷v |x| < |x1|�: x?ýéÂñ;

(2)e�?ê

∞
∑

n=0

anxn 3: x1 6= 0?uÑ, KT�?ê3÷v |x| > |x1|�:

x?uÑ.

y �±wÑl (1)=íÑ (2), Ïd�Iy² (1).

l?ê

∞
∑

n=0

anxn
1 Âñ�� lim

n→∞
anxn

1 = 0, l
�3M > 0, ¦¤á |anxn
1 | 6

M ∀n. y3éu�ýéÒ��?ê
∞
∑

n=0

|anxn|�Ï��±�ÑØ�ª
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|anxn| = |anxn
1 | ·

∣

∣

∣

x
x1

∣

∣

∣

n

6 M
∣

∣

∣

x
x1

∣

∣

∣

n

,

u´� |x| < |x1|�Ò�±^Âñ�AÛ?ê

∞
∑

n=0

M
∣

∣

∣

x
x1

∣

∣

∣

n

��'�?ê
��(

Ø (1)¤á. �

5 é Abel1�½n����Øy²´èã|^Ø�ª |anxn| 6 |anxn
1 |, 


vk5¿�½n�^��´`�?ê

∞
∑

n=0

anxn
1 Âñ, �¿Ø��§´ÄýéÂñ.

ÏdØ�U{ü/^þãØ�ª5�Ñy².

d Abel1�½n�±(½�?êÂñ��A�. ·��ò§�¤��½n.

½½½nnn 15.10 (���???êêêÂÂÂñññ���»»»������333½½½nnn) �

∞
∑

n=0

anxn 3,�: x1 6= 0?

Âñ, q3,�: x2 ?uÑ, K�3���ê r > 0, ¦�T�?ê3¤k÷v

|x| < r�: x?Âñ, 
3¤k÷v |x| > r�: x?uÑ.

y l'u x1, x2 �^�Ú Abel1�½n��ê8

A = {x > 0
∣

∣

∞
∑

n=0

anxn Âñ}, B = {x > 0
∣

∣

∞
∑

n=0

anxn uÑ},

Ñ��, � ∀x ∈ A, ∀ y ∈ B, ¤á x < y.

^¢êXëY5�n➀, �3 r, ¦� ∀x ∈ A, ∀ y ∈ B : x 6 r 6 y. u´ r > 0.

·�5y²§÷v½n¥��¦.

� x÷v |x| < r. e�?êu x?uÑ, Kl |x| < 1
2

(|x| + r) < r Ú Abel

1�½n���?ê3: 1
2

(|x| + r) ?uÑ, l
ù�:áuê8 B. �ù�

∀ y ∈ B : r 6 ygñ. Ïd÷v |x| < r� xÑáu�?ê�Âñ�.

Ó�� x÷v |x| > r, 
�?êu x?Âñ, Kl r < 1
2

(|x| + r) < |x| Ú

Abel1�½n���?ê3: 1
2

(|x| + r)?Âñ, l
ù�:áuê8 A. �ù

� ∀x ∈ A : x 6 rgñ. Ïd÷v |x| > r� xÑØáu?ê�Âñ�. �

dd=����?ê�Âñ�»�Vg.

½½½ÂÂÂ 15.4 (1)e�?ê
∞
∑

n=0

anxn 3 x 6= 0�??uÑ, KT�?ê�Âñ�

»� 0;

(2)e�?ê

∞
∑

n=0

anxn é¤k xÂñ, KT�?ê�Âñ�»� +∞;

➀ ùp^
 §2.1 �¢êX�ëY5�n. �,��±^�§�d�(.�3½n½

Ù¦½n5(½�ê r��3¿�¤y².
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(3)éuÙ¦�¹, ¡�ê r > 0��?ê
∞
∑

n=0

anxn �Âñ�», e?ê3÷

v |x| < r�¤k x?Âñ, 3÷v |x| > r�¤k x?uÑ.

dd��,�?ê

∞
∑

n=0

anxn�Âñ�kn«�U: (1)T�?ê==3: x = 0

?Âñ, Âñ��ü�8 {0};

(2)T�?ê??Âñ, Âñ�Ò´ (−∞, +∞);

(3)T�?êk�Âñ�» r, du3 x = ±r?�?êÂñ½uÑ��«�U

5Ñ¬u), ÏdÂñ�k 4«�U: (−r, r), (−r, r], [−r, r)Ú [−r, r]. �±^�

�AÏPÒ 〈−r, r〉5L«Ù¥�?Û�«. 3à: x = ±r?��?êñÑ5�

�I���?Ø.

é�?ê���Ð(J´�3O�Âñ�»� Cauchy–Hadamard➀úª. ·

�ò§��e¡�½n. d§�±íÑ Abel1�½n�(Ø.

½½½nnn 15.11 (ÂÂÂñññ���»»»��� Cauchy–Hadamard úúúªªª) éu�?ê

∞
∑

n=0

anxn

�Âñ�» rkO�úª

r = 1

lim
n→∞

n

√

|an|
, (15.11)

��½: eÙ¥�©1� +∞, K r = 0; eÙ¥�©1� 0, K r = +∞.

y P un = anxn ∀n, ^ §14.2.4� Cauchy���O{, O�

lim
n→∞

n

√

|un| = lim
n→∞

n

√

|an| · |x|.

dd��, e lim
n→∞

n

√

|an| = +∞, K�?ê�éu x = 0Âñ, = r = 0; e

lim
n→∞

n

√

|an| = 0, K�?êéz� xÂñ, = r = +∞. Ïd½n¥��½¤á.

éu{e��¹, = lim
n→∞

n

√

|an|�k��ê, l Cauchy���O{��, �

|x| < r��?êÂñ, � |x| > r��?êuÑ. Ïdù� rÒ´½Â 15.4¥�Â

ñ�». �

l Abel1�½n½ö Cauchy���O{Ñ�±��e�­�íØ.

íííØØØ ��?ê

∞
∑

n=0

anxn �Âñ�»�k�ê r > 0, K� |x| < r��?ê

ýéÂñ, 
� |x| > r��?ê�Ï�Ø´Ã¡�þ. (l Abel1�½n�y²

�íÑù��Ï��½Ã..)

➀ C�ê (Jacques–Salomon Hadamard, 1865–1963), {IêÆ[.
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~~~KKK 15.20 ¦

∞
∑

n=1

xn

ns �Âñ�» rÚÂñ�.

) ��O�

lim
n→∞

n

√

|an| = lim
n→∞

n

√

1
ns = 1

( lim
n→∞

n

√
n)s = 1,

Ù�êE,� 1, ÏdÂñ�» r = 1. {e�´à:¯K. ù�±ò x = ±1�\

?ê���*	´ÄÂñ.

3 s 6 0�, x = ±1�?êuÑ. ÏdÂñ�� (−1, 1).

3 0 < s 6 1�, x = 1�?êuÑ, 
 x = −1�?ê� Leibniz., ÏdÂñ,


��^�Âñ. u´Âñ�� [−1, 1).

3 s > 1�, Âñ�� [−1, 1]. 3ü�à:??êÑ´ýéÂñ�. �

5 ù�~fL²�?ê3à:?uÑ!̂ �ÂñÚýéÂñ��«�U5

Ñ´�3�.

~~~KKK 15.21 ¦

∞
∑

n=1

n!
(

x2

n

)n

�Âñ�» rÚÂñ�.

) 1 P un = n!
(

x2

n

)n

, ��^ê�?ê� D’Alembert '��O{ (�

§14.2.3), Kk

lim
n→∞

∣

∣

∣

un+1

un

∣

∣

∣
= lim

n→∞
(n + 1)x2 ·

nn

(n + 1)n+1 = x2

e
,

dd��� |x| <
√

e�?êÂñ, 
� |x| >
√

e�?êuÑ. Âñ�» r =
√

e.

éuà:, � x =
√

e, Kl Stirlingúª�� un ∼
√

2πn, =Ï�Øªu 0, Ï

d?êuÑ. éu x = −
√

e�¹���. ��Âñ�� (−
√

e,
√

e). �

) 2 ^ê�?ê� Cauchy���O{ (� §14.2.4), ù� n

√
un = x2 ·

n

√
n!

n
,

��4�� x2

e
. ±e�) 1Ó. �

5 þ¡ü�){��´^1�oÙ�óäu���?ê, ¿vk�Ä�?

ê�AÏ5.

) 3 ���?ê�±^ Cauchy-Hadamardúª. ÄkUì�?ê½Â�Ñ

Xê�Ïª

an =

{ k!
kk

, n = 2k,

0, n = 2k − 1,

K�±O�

lim
n→∞

n

√

|an| = lim
k→∞

2k

√

|a2k| = lim
k→∞

(

k

√
k!

k

)1/2

= 1√
e

,
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��Âñ�»�
√

e. Ù{�) 1Ó. �

5 ù�~KL²�±^�«ØÓ�{5O�Âñ�», 
Ø�½^ Cauchy-

Hadamardúª.

~~~KKK 15.22 ¦

∞
∑

n=1

nnxn �Âñ�»ÚÂñ�.

dK^þ��~K¥�n«�{Ñ�±��Âñ�» r = 0�(Ø, =Âñ�

´ü�8 {0}. [!lÑ.

~~~KKK 15.23 ¦

∞
∑

n=0

Cn
αxn �Âñ�»ÚÂñ�, Ù¥ α Ø´�K�ê, =

α 6= 0, 1, 2, · · · , PÒ Cn
α =

α(α − 1) · · · (α − n + 1)
n!

.

) ùp��^ D’Alembert�O{��B: P?êÏ�� un, Kk
∣

∣

∣

un+1

un

∣

∣

∣
=
∣

∣

∣

α − n
n + 1

∣

∣

∣
· |x| → |x|,

�� r = 1. 'uà: ±1?�ñÑ5?ØéØN´. ��'��B��{´��

|^~K 14.27�(Ø. =� s 6= 0,−1,−2, · · · �, �3�"~ê C 6= 0, ¦�¤á

s(s + 1) · · · (s + n) ∼ Cnsn! (n → ∞). (15.12)

y3�Ä x = 1?�?ê

∞
∑

n=0

Cn
α �ñÑ5. òÙÏ�U��¿|^ (15.12), Ò�

�:

Cn
α = (−1)n ·

(−α)(−α + 1) · · · (−α + n)

n!(−α + n)
∼ (−1)n ·

C
nα+1 .

ù�Ò��
?ê3 x = 1?�ñÑ5(Ø:

(1)� α 6 −1�?êÏ�Øªu 0, Ïd?êuÑ;

(2)e α > 0, K?êýéÂñ;

(3)� −1 < α < 0����?ê, Ï�ªu 0, �

|Cn+1
α | = |Cn

α | ·
|α − n|
n + 1

< |Cn
α |,

Ïd´ Leibniz.?ê. 2�Ä� 0 < 1 + α < 1, ���^�Âñ.

���Ä x = −1?�?ê
∞
∑

n=0

Cn
α(−1)n �ñÑ5. �wÑé x = 1�(Ø

(1),(2)y3E,¤á. ��¹ (3)KØÓ. ù�?ê�� n¿©���Ò, ��d

u C
nα+1 , 
 0 < α + 1 < 1, ÏduÑ. �

�ë��Bå�, òþã~K�ü�à:�ñÑ5�LXe:
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α 6 −1 −1 < α < 0 α > 0

x = 1 uÑ ^�Âñ ýéÂñ

x = −1 uÑ uÑ ýéÂñ
∞
∑

n=0

Cn
αxn �Âñ� (−1, 1) (−1, 1] [−1, 1]

5 α = −1� Cn
−1 = (−1)n, =Ù�� 1 − x + x2 − · · · + (−1)nxn + · · · . Â

ñ�� (−1, 1).

15.4.2 ���???êêê���©©©ÛÛÛ555���

�?Ø�?ê�©Û5�, k�
)�?ê3Âñ�S���Âñ5�.

½½½nnn 15.12 (Abel111���½½½nnn) ��?ê

∞
∑

n=0

anxn �Âñ�»� r, Kk:

(1)�?ê
∞
∑

n=0

|anxn|3 (−r, r)þS4��Âñ;

(2)�?ê

∞
∑

n=0

anxn 3Âñ�þS4��Âñ.

y (1)��y²é ∀ δ ∈ (0, r), ?ê

∞
∑

n=0

|anxn|3 [−r + δ, r− δ]þ��Âñ.

l Abel1�½n (½ Cauchy–Hadamardúª�y²)��, � x = r − δ �

�?êýéÂñ, =

∞
∑

n=0

|an(r − δ)n|Âñ. l

|anxn| 6 |an(r − δ)n| ∀x ∈ [−r + δ, r − δ],

^��Âñ�'��O{��(Ø¤á.

(2)eÂñ�Ò´m«m (−r, r), KØI�2?Ø.

y� x = r��?êÂñ, �Ò´

∞
∑

n=0

anrn Âñ, ·�5y²T�?êu [0, r]

þ��Âñ. (ùÒ�y
3 (−r, r]þS4��Âñ.)

� (1)ØÓ?3u

∞
∑

n=0

anrn �7ýéÂñ➀(�~K 15.21,15.23�), ùpI�

§15.2.3� Abel��Âñ�O{.

➀ 3

∞
X

n=0

anrn
Âñ�^�ey²

∞
X

n=0

anxn
u [0, r]þ��Âñ�, �~���ØÒ´

Ø±�

∞
X

n=0

anrn
7,ýéÂñ, ,�Ò^��Âñ�'��O{.

版
权
所
有
，
请
勿
复
制
！



§15.4 �?ê 255

ò�?ê

∞
∑

n=0

anxn �Ï�©
� anxn = anrn ·
(

x
r

)n

, K®�± anrn �Ï

��?êÂñ, �� xÃ', 
1��Ïf3 0 6 x 6 r �'u nüN, ���k

., Ïd^ Abel��Âñ�O{Ò��(Ø¤á.

Ó�, � x = −rÂñ�, �±y²�?ê3 [−r, 0]þ��Âñ. Ü¿üö=

�¤¦. �

3 Abel1�½n�Ä:þÒ�±)û�?ê�©Û5�±9k'�O��{

¯K. e¡�½n¥�(ØÑ´�~k^�.

½½½nnn 15.13 ��?ê

∞
∑

n=0

anxn �Âñ�»� r, Âñ�� I, PÙÚ¼ê�

S(x), Kk±e(Ø:

(1) S(x)u I þ??ëY;

(2) S(x)u (−r, r)þÃ�g��, ��Å�¦�:

S′(x) =

∞
∑

n=1

nanxn−1;

(3)é ∀x ∈ I �3 [0, x]þÅ�¦È:
∫x

0
S(t) dt =

∞
∑

n=0

∫x

0
antn dt =

∞
∑

n=0

an

n + 1
· xn+1.

d	, 3 (2),(3)¥ÏLÅ�¦�ÚÅ�¦È���ü�#��?ê�Âñ�»E

,�u r.

y (1) �â Abel 1�½n (=½n 15.12)� (2), �?ê3ÙÂñ�þS

4��Âñ, 2|^¼ê�?ê�ëY5½n (=½n 15.5(2))�íØ (2)=�.

5¿, e�?êumà: x = r ?Âñ, K S(x)u x = r ?�ëY. éu�à:

x = −r�kaq(J.

(2)ùp�,I�¼ê�?ê�Å�¦�½n. �dÄk�y²Å�¦���

���?ê3 (−r, r)þS4��Âñ. éÙXê nan ��^ Cauchy-Hadamard

úª➀, ��Âñ�»E,´ r, Ïd2^ Abel1�½n� (2)=�.

(3)��^Å�È©½n=�, ���¤��#��?ê��3 I þÂñ, =

ÙÂñ�»Ø¬�u r. �,�´��^ Cauchy-Hadamardúª�±��Å�È

©����?ê�Âñ�»TÐ�u r. �

➀ ùpÚe¡I�'uþ4����(Ø:� {xn}��KÂñê�, K¤á

lim
n→∞

(xnyn) = lim
n→∞

xn · lim
n→∞

yn.

�,éuùp� xn = n

√
nÚ n

r

1
n + 1

��y²�Ø(J.
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5 ±þ�Þ�©Û5�Ñ´�?êAk�, éuÙ¦¼ê�?ê5`�7

¤á. ~X¼ê� {xn}�Âñ�� (−1, 1], �¿Ø3 (−1, 1]þS4��Âñ, 


�U3 (−1, 1)þS4��Âñ. ¢Sþ, ù�¼ê��du¼ê�?ê

1 +

∞
∑

n=1

(xn − xn−1),

�§Ø´�?ê.

éu�?ê5`Å�¦ÈÚÅ�¦�¤��~kå�O�óä, e¡Þ�


~f.

~~~KKK 15.24 ¦�?ê

∞
∑

n=1

(−1)n−1xn

n
�Ú¼ê S(x).

) k^ Cauchy–Hadamardúª�O�ÑÂñ�» r = 1, ,���?Øà

:?�ñÑ5, (½Âñ�� (−1, 1]. ùÒ´Ú¼ê S(x)�½Â�.

3 (−1, 1)¥é�?êÅ�¦�Òk

S′(x) =

∞
∑

n=1

(−1)n−1xn−1 = 1
1 + x

,

qk S(0) = 0, Ïd3 (−1, 1)þ��

S(x) =
∫x

0

dt
1 + t

= ln(1 + x).

du S(x)u (−1, 1]þk½Â, �u x = 1?�ëY, Ïd��

S(1) = lim
x→1−

ln(1 + x) = ln 2. �

5 ùp�5¿, ½n 15.13w�·�, éu���?ê3ÙÂñ��z��

S:?�±Å�¦�, 
�����?êE,k�Ó�Âñ�». 3ù�~f¥

S(x) = ln(1 + x)��?ê, =�5�½��?ê, 3 (−1, 1]þÂñ, 
Ù�¼ê

S′(x) = 1
1 + x

��?êK�3 (−1, 1)þÂñ. Ïdà:?�Âñ�¹3¦��

�Uu)Cz.

~~~KKK 15.25 ¦ S(x) =

∞
∑

n=1

nx2n.

) k¦ÑÂñ�»� r = 1, q�wÑ?êu x = ±1?uÑ, ÏdÂñ�,

�Ò´ S(x)�½Â�, � (−1, 1).

*	� (x2n)′ = 2nx2n−1, Òk

S(x) = x
2

∞
∑

n=0

2nx2n−1 = x
2

( ∞
∑

n=0

x2n

)′

= x
2

(

1
1 − x2

)′

= x
2

2x
(1 − x2)2

= x2

(1 − x2)2
. �
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5 ½ö- x2 = y, PÚ¼ê� y
∞
∑

n=1

nyn−1, ,�2O��é�B.

ùp0�ê�?ê¦Ú� Abel�{. =éu

∞
∑

n=1

an, 3Âñ�cJe, Ú\�

?ê

∞
∑

n=1

anxn. KÙÂñ�» r > 1, �� r = 1�, Ú¼ê S(x)3: x = 1?�

½�ëY. Ïd��U
¦Ñ (−1, 1)þ� S(x), Ò�±��
∞
∑

n=1

an = lim
x→1−

S(x).

~~~KKK 15.26 ¦e�ê�?ê�Ú

1 −
1
3

+ 1
5

− · · · +
(−1)n−1

2n − 1
+ · · · .

) ^ Abel�{, �Ä¦e��?ê�Ú:

S(x) = x −
x3

3
+ x5

5
− · · · +

(−1)n−1x2n−1

2n− 1
+ · · · .

�,·��8�´¦ S(1). ¤±ùpq´�«“i\{”.

(½T�?ê�Âñ�� [−1, 1]. 3 (−1, 1)þÅ�¦���

S′(x) = 1 − x2 + x4 − · · · + (−1)n−1x2n−2 + · · · = 1
1 + x2 .

2|^ S(0) = 0, K3 −1 < x < 1þk

S(x) =
∫x

0

dt
1 + t2

= arctan t
∣

∣

∣

x

0
= arctanx.

du S(x)u x = 1�ëY, Ïd��Òk

S(1) = lim
x→1−

S(x) = lim
x→1−

arctanx = arctan 1 = π
4

. �

~~~KKK 15.27 ¦ S(x) =

∞
∑

n=0

xn

n!
.

) PÏ�� un = xn

n!
, Kl

∣

∣

∣

un+1

un

∣

∣

∣
=
∣

∣

∣

x
n + 1

∣

∣

∣
, ��T?ê??Âñ, =

r = +∞. (�,ùp��±^ Cauchy–Hadamardúª.) u´Ú¼ê S(x)??k

½Â. Å�¦��Òk

S′(x) =

∞
∑

n=1

xn−1

(n − 1)!
= S(x).

ù´'u��¼ê S(x)���~�©�§. �«¦)�{´é�§ S′(x)−S(x) =

0¦± e−x, ù���

e−x(S′(x) − S(x)) = (e−xS(x))′ = 0,
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ùÒ´ò�>n¤��ê. u´�� exS(x) ≡ C, Ù¥ C �,�~ê. ù�Ò�

� S(x) = Ce−x, ¡��©�§ S′(x)− S(x) = 0�Ï). |^ S(0) = 1, �(½Ñ

C = 1, Ïd���� S(x) = ex. �

5 - x = 1, KÒ��

e = 1 + 1 + 1
2!

+ · · · + 1
n!

+ · · · =
∞
∑

n=0

1
n!

.

�½n 2.19, ��±3~K 7.9¥- n → ∞��.

~~~KKK 15.28 £� §14.4.3¥'uÃ¡?ê�¦���¦È?ê, y3�±y

², en�ê�?ê
∞
∑

n=0

an,
∞
∑

n=0

bn,
∞
∑

n=0

cn ÑÂñ, �éz���K�ê n¤á

cn = a0bn + a1bn−1 + · · · + anb0,

K¤á�ª
∞
∑

n=0

an

∞
∑

n=0

bn =

∞
∑

n=0

cn.

y ù��A�n��?ê

∞
∑

n=0

anxn,

∞
∑

n=0

bnxn Ú

∞
∑

n=0

cnxn �Âñ�»��

Ø�u 1, �3 [0, 1)þþ�ýéÂñ.

�â?ê�¦� Cauchy ½n (=½n 14.9), ½ö Mertens ½n (=½n

14.10), 3 [0, 1)þ¤á�ª:
∞
∑

n=0

anxn
∞
∑

n=0

bnxn =

∞
∑

n=0

cnxn.

ùp^�
 {cn}� {an}, {bn}�m�'X, §�y
þªm>TÐ´�>ü�?

ê� Cauchy¦È?ê.

dun�?ê�Ú¼ê3 x = 1?Ñ�ëY, 3þã�ªü>- x → 1− =�

¤¦. �

öööSSSKKK

1. UÄéu R�?¿��f8 S, �Ñ��¼ê�?ê

∞
∑

n=1

un(x), ¦�T?ê

�Âñ�TÐ�uê8 S?

2. ��?ê
∞
∑

n=0

an(x − 1)n

3 x = −2?Âñ, ¯:T?ê3 x =
√

3 +
√

5?´ÄÂñ?
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3. (Abel1n½n)�
∞
∑

n=0

anxn�Âñ�» r > 0, PÙÚ¼ê� S(x), y²:é

uà: x = r¤á±e(Ø (éuà: x = −rkaq�(Ø):

(1)e
∞
∑

n=0

anrn Âñ, K S(x)3: x = r�ëY;

(ù®�½n 15.13(1)¤�¹.)

(2)e

∞
∑

n=1

nanrn−1 Âñ, KÙÚÒ´ S(x)3: r��ý�ê S′
−(r);

(ùL²½n 15.13(2)�(Ø3ù�éu x = r�¤á.)

(3)e

∞
∑

n=0

an

n + 1
rn+1 Âñ, KÙÚÒ´

∫r

0
S(t) dt.

(ùL²½n 15.13(3)�(Ø3ù�éu x = r�¤á.)

4. y²:
∫1

0

ln(1 − x)
x

dx = −

∞
∑

n=1

1
n2 .

5. � bn = o(an), y²:�?ê

∞
∑

n=0

(an + bn)xn �

∞
∑

n=0

anxn k�Ó�Âñ�».

6. (1)e ∃N , ∀n > N : |an| 6 |bn|, y²:

∞
∑

n=0

anxn �Âñ�»Ø�u

∞
∑

n=0

bnxn

�Âñ�».

(2)�®�

∞
∑

n=0

anxn �Âñ�»� r, ¦±e�?ê�Âñ�»:

∞
∑

n=0

an

n + 1
xn+1,

∞
∑

n=1

nanxn−1,

∞
∑

n=0

am
n xn,

∞
∑

n=0

anxmn,

Ù¥m���ê.

7. ¦e��?ê�Âñ�»:

(1)

∞
∑

n=1

n!
nn (x − 1)n; (2)

∞
∑

n=1

sin n2

nn xn;

(3)
∞
∑

n=0

qn2

xn (q > 0); (4)
∞
∑

n=0

qnxn2

(q > 0);

(5)
∞
∑

n=1

2n + (−1)n

n2 (x + 1)n; (6)
∞
∑

n=1

2n sin nπ
4

n
xn;

(7)

∞
∑

n=0

arcsin(e−n)xn; (8)

∞
∑

n=1

nn

n!en (x − 2)n.
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8. ¦e��?ê�Âñ�:

(1)

∞
∑

n=1

1√
n

( x + 1
2

)n; (2)

∞
∑

n=0

sin n
3n (x − 1)n;

(3)
∞
∑

n=0

arctan( 1
2n )xn; (4)

∞
∑

n=0

1
2n + 3n xn.

9. ¦e��?ê�Ú¼ê:

(1)

∞
∑

n=1

nxn; (2)

∞
∑

n=1

xn

n
;

(3)

∞
∑

n=1

xn

n(n + 1)
; (4)

∞
∑

n=1

(−1)n−1x2n

n(2n − 1)
;

(5)

∞
∑

n=1

(1 + 1
2

+ · · · + 1
n

)xn.

10. �

∞
∑

n=0

an ��K�uÑ?ê, q®� lim
n→∞

an

a0 + a1 + · · · + an
= 0, y²:

∞
∑

n=0

anxn �Âñ�»� 1.

11. ¦e�2Â�?ê�Âñ�:

(1)

∞
∑

n=1

1
n

(

1 − x
1 + x

)n

; (2)

∞
∑

n=1

(

1 + 1
n

)−n2

e−nx.

12. P

∞
∑

n=0

x2n

(2n)!!
, y²: f ′′(x) − xf ′(x) − f(x) = 0.

13. ®� k� Bessel¼ê�

Jk(x) =
∞
∑

n=0

(−1)n

n!(n + k)!

(

x
2

)2n+k

,

y²: x2J ′′
k (x) + xJ ′

k(x) + (x2 − k2)Jk(x) = 0.
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§15.5 ¼¼¼êêê������???êêêÐÐÐmmm

15.5.1 ¯̄̄KKK���JJJÑÑÑ

du�?ê

∞
∑

n=0

an(x − x0)
n �Ï��ü�ª, �ÙgêÒ´T�3?ê¥�

 �, ?ê�Ü©Ú¼ê� Sn(x) =

n
∑

k=0

ak(x − x0)
k Ò´ ngõ�ª, éuO�A

O�B. ÏdXÛò¼êÐm��?êÒ¤���­�¯K.

ùp��Ñ, òÐ�¼êÐm��?ê�´��­�¯K. £� §3.2.5¥�Ä

�Ð�¼ê, Ø
�)~�¼ê3S�õ�ª¼ê�	, §��O�Ñ´k(J�.

~X ax, lnx, sin x, arcsinx��Ñ�ØL´¼ê�PÒ. PÒ��ØUw�·�

XÛ�O�§�➀ . L��ù
¼êO�
NõêÆ^L,Ò´Ï�ØN´O�.

8U·��±3O�ìÚO�Åþ�~{ü/O�§�, Ù���Ã¡?êk�

��éX.

Äk*	, �o��¼êâ�UÐm��?ê, ½ö`, �o��¼êâ�

U´�?ê�Ú¼ê. 5¿�c�¯K´ò¼êÐm�Ã¡?ê, ù�1ÔÙ�

TaylorÐmª´k����¹Ø��. §��m�éX3e¡Ò¬w�.

Äk, ¼ê f 3 x0 = 0NCU
Ðm��?ê�¿g´: 3: 0�,���

�þ¤áe��ª:

f(x) =
∞
∑

n=0

anxn, (15.13)

�,�ª (15.13)¤á���A�3m>��?ê�Âñ�S. du�?ê�Ú¼

ê3 (−r, r)þÃ�g��, l
��¼ê f 3 0:NC�7LÃ�g��. ù�

,´ép��¦. u´, X f(x) = |x|@��¼ê, 3 x = 0NCØ�UÐm��

?ê.

lÅ�¦�½n, ë^ kgÅ�¦����e��ª:

f (k)(x) =
∞
∑

n=k

n(n − 1) · · · (n − k + 1)anxn−k.

- x = 0�\, Ò�� f (k)(0) = k!ak. ÏdÒ®²ò�?ê�Xê�Ñ5
:

ak =
f (k)(0)

k!
∀ k = 0, 1, · · · .

c¡� a0 = f(0)�´§�A~
®.

➀ £� §13.3.3 ���Ü©'uXÛé��¢ê a > 0Ú b½Â�ê ab, Ò�±n)

§��O�´Ø{ü�.
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u´·�3Ø��´Ä�±ò f(x)3 x = 0NCÐm��?ê�, ®²��

ü�(Ø:

(1)eUÐm, K f 7L��3 x = 0�����SÃ�g��;

(2)eUÐm, Kù��?ê�½��, 
��U´

f(x) = f(0) + f ′(0)x +
f ′′(0)

2!
x2 + · · · +

f (n)(0)
n!

xn + · · · =
∞
∑

n=0

f (n)(0)
n!

xn.

¡m>� f(x)3: x = 0?� Taylor?ê, aq/�±�Ñ¼ê f(x)3: x0 ?

� Taylor?êXe:

f(x0) + f ′(x0)(x − x0) +
f ′′(x0)

2!
(x − x0)

2 + · · · +
f (n)(x0)

n!
(x − x0)

n + · · · .

3 x0 = 0��òþã?ê¡�Maclaurin?ê.

��, �� f 3: x0Ã�g��,Ò�±�Ñ§� Taylor?ê, �e5�ü�

g,�¯KÒ´:

(1)§´Äk�Âñ�»?

(2)e§kÂñ�» r > 0, K´Ä3ÙÂñ�þTÐ± f(x)�Ú¼ê?

�Jéuùü�­�¯K�£�Ñ´“Ø�½”.

é¯K (1)��Y´➀: éuz���?ê
∞
∑

n=0

an(x − x0)
n, �½�3u: x0

?Ã�g���¼ê f(x), ¦�ù��?êTÐ´ f 3: x0� Taylor?ê. u´,

z��Âñ�»� 0��?ê, Ñ�½´,�¼ê f � Taylor?ê.

é¯K (2), ��£�18Ù�~K 6.19 (±9ã 6.9), Ù¥�¼ê�

f(x) =

{

e
− 1

x2 , x 6= 0,

0, x = 0.

3T~K¥®²y² f u x = 0?�¤k��ê�u 0. ù��5, ù�¼ê3:

x = 0� Taylor?êÒ´z��Ñ�u 0��?ê, §�,??Âñ, = r = +∞.

�´Ø
: x = 0�	, f ??�u 0, Ïd f(x)�§� Taylor?êÑØ��.

u´éu¼ê��?êÐm¯KI��;��ïÄ.ùp��{Ò´1ÔÙ

¥'u TaylorÐmª�{�. X §7.2.2� §7.2.4¥@�½Â{��

rn(x) = f(x) −
n
∑

k=0

f (k)(0)
k!

xk,

u´

➀ ù�(J�±3õ«Ör¥é�, Ò·�8c¤��5w, �@�Ñù��Y�

´�¨¬�Ø©, “¼ê��?êÐmª¥���¯K”, 5êÆÏ�6, 1964 c1 10 Ï,

38–40 (�ë� [25, ·K 14.4.2]).
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f(x) = f(0) + f ′(0)x +
f ′′(0)

2!
x2 + · · · +

f (n)(0)
n!

xn + · · · =
∞
∑

n=0

f (n)(0)
n!

xn

´Ä¤á�¯KÒ{ü/8(�´Äk lim
n→∞

rn(x) = 0? ¦d4�� 0� x��

�, Ò´¼ê f U
Ðm��?ê���.

ùp��±wÑ, e f 3: xU
Ðm��?ê, Kþã{�Vg�1�oÙ

� §14.1.1¥Ú?�Ã¡?ê�{�Vg´���.

���((( ^1ÔÙ¥'u TaylorÐmª�{��±Ó�)û Taylor?êÂñ

�ÙÚ¼ê�u f(x)�¯K.

15.5.2 TaylorÐÐÐmmmªªª���ÈÈÈ©©©...{{{���

31ÔÙ� §7.2®²ÆLü«{�, = Peano.{�Ú Lagrange.{�, Ù

¥cöØ�U^uïÄùp�¯K, 
�öK¹k���¥�, 3,
�O¥Uå

Ø
, Ïd��!�0��kå�È©.{�. 3ù�{�¥ØÑy“¥�” ξ.

½½½nnn 15.14 � f 3: 0�,��� O(0)þk n + 1�ëY�¼ê, Kk'u

TaylorÐmª�{� rn(x)�È©L�ªXe:

rn(x) = f(x) −

n
∑

i=0

f (i)(0)
i!

xi = 1
n!

∫x

0
f (n+1)(t)(x − t)n dt. (15.14)

y ^êÆ8B{�Ñy².

éu n = 0, K r0(x) = f(x) − f(0) =
∫x

0
f ′(t) dt, Ò´ Newton-Leibnizúª.

y� n = k� (15.14)®²¤á, ?Ø n = k + 1. ù��^�´ f 3: 0�,

���Sk k + 2�ëY�¼ê. ^©ÜÈ©{=k

rk+1(x) = rk(x) −
f (k+1)(0)

(k + 1)!
xk+1

= 1
k!

∫x

0
f (k+1)(t)(x − t)k dt −

f (k+1)(0)

(k + 1)!
xk+1

= −
(x − t)k+1

(k + 1)!
f (k+1)(t)

∣

∣

∣

t=x

t=0
+

∫x

0

(x − t)k+1

(k + 1)!
f (k+2)(t) dt −

f (k+1)(0)

(k + 1)!
xk+1

= 1
(k + 1)!

∫x

0
f (k+2)(t)(x − t)k+1 dt. �

5 duúª (15.14)m>��È¼ê¥Ïf (x− t)n3 [0, x]þ�Ò, Ïd�

±^È©1�¥�½n (�½n 10.8), �3 ξ ∈ [0, x], ¦�

rn(x) = 1
n!

f (n+1)(ξ)
∫x

0
(x − t)n dt

= 1
(n + 1)!

f (n+1)(ξ)(−(x − t)n+1)
∣

∣

∣

t=x

t=0
=

f (n+1)(ξ)

(n + 1)!
xn+1.

ù�ÒlÈ©.{��Ñ
1ÔÙ¥� Lagrange.{� (� §7.2.4).
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15.5.3 ÄÄÄ���ÐÐÐ���¼¼¼êêê��� Taylor???êêêÐÐÐmmmªªª

��!�ÑÄ�Ð�¼ê3 x = 0�Taylor?êÐmª, �Ò´Maclaurin?

êÐmª.

ÄÄÄ���ÐÐÐmmmªªª 1 �ê¼ê ex 3 x = 0�Maclaurin?êÐmª:

ex = 1 + x + x2

2!
+ · · · + xn

n!
+ · · · ,−∞ < x < +∞.

ù��^1ÔÙ~K 7.8�(J=�, ùÒ´� Lagrange.{��Maclaurin

Ðmª

rn(x) = ex −

(

1 + x + x2

2!
+ · · · + xn

n!

)

= eθxxn+1

(n + 1)!
,

Ù¥ 0 < θ < 1. �½ x, l |rn(x)| 6
e|x||x|n+1

(n + 1)!
��� n → ∞�4�� 0, =�

�þãÐmª.

ÄÄÄ���ÐÐÐmmmªªª 2 �u¼ê sin x3 x = 0�Maclaurin?êÐmª:

sinx = x −
x3

3!
+ x5

5!
− · · · + (−1)n x2n+1

(2n + 1)!
+ · · · ,−∞ < x < +∞.

ùpI��u¼ê f(x) = sinx3 x = 0�¤kp��ê�. �
�Ñ{�,

K�I�p��¼ê�L�ª. du (sin x)(n) ´3 ± sinx,± cosx�m�±Ï 4

Ì�, ÏdÙýé�oØ�L 1. ùp�±^ Lagrange.{�, ��±^È©.{

�. ^�ö��OXe:

|rn(x)| 6
1
n!

∣

∣

∣

∫x

0
|x − t|n dt

∣

∣

∣
6

|x|n+1

n!
→ 0 (n → ∞),

=??Âñ➀ .

ÄÄÄ���ÐÐÐmmmªªª 3 {u¼ê cosx3 x = 0�Maclaurin?êÐmª:

cosx = 1 −
x2

2!
+ x4

4!
− · · · + (−1)n x2n

(2n)!
+ · · · ,−∞ < x < +∞.

y²� sin x��¹aq, §� Lagrange.{��~K 7.8.

ÄÄÄ���ÐÐÐmmmªªª 4 ��ª¼ê (1 + x)α 3 x = 0�Maclaurin?êÐmª (Ù¥

� αØ´�K�ê➁):

➀ ùp�´¼êS� {rn(x)}�:�Âñ. qduØ
 n�Ñy x, Ïd�Ð�´3

�¡\þ (n → ∞)±�ÚåØ).

➁ α��K�ê�ÐmªE,¤á, �ØLm>´õ�ª, =¥Æ®²Ù����ª

Ðm½n.
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(1 + x)α = 1 + αx +
α(α − 1)

2!
x2 + · · · +

α(α − 1) · · · (α − n + 1)
n!

xn + · · · .

Ðmª3m>��?ê�Âñ�þ¤á.

¦ (1 + x)α �p��ê´N´�, ù�Ò�±�Ñm>� Maclaurin?ê. é

§�Âñ��®²3~K 15.23¥�L?Ø. �Xc¡¤`, ·�ØU�â?ê�

Âñ�5�ä¼ê� Taylor?êÐmª3�o��þ¤á, �d�´�ïÄ{�.

±eky²� |x| < 1�, {�� n → ∞Âñu 0.

e�Ñ Lagrange.{�

rn(x) =
α(α − 1) · · · (α − n)

(n + 1)!
(1 + θx)α−n−1xn+1,

Ù¥ 0 < θ < 1, K� x ∈ (−1, 0) �, du n ¿©�� α − n − 1 < 0, Ïf

(1 + θx)α−n−1 Ã{�O. ÏdI�^È©.{�.

�ÑÈ©.{�

rn(x) = 1
n!

∫x

0
α(α − 1) · · · (α − n)(1 + t)α−n−1(x − t)n dt,

,��Xe�O:

|rn(x)| 6
|α(α − 1) · · · (α − n)|

n!

∣

∣

∣

∣

∫x

0
(1 + t)α−1

∣

∣

∣

x − t
1 + t

∣

∣

∣

n

dt

∣

∣

∣

∣

. (15.15)

*	þªm>È©Òe�1��Ïf
∣

∣

∣

x − t
1 + t

∣

∣

∣

n

, §´ùp�Ì�(J. 3

x ∈ (−1, 1)� t ∈ [0, x]�, x − t
1 + t

�Ò. ql

(

x − t
1 + t

)′
=

−(1 + t) − (x − t)

(1 + t)2
= −1 − x

(1 + t)2
< 0

��§´ t ∈ [0, x]þ�üN¼ê, ÏdÒ�±éu�� t ∈ [0, x]��Xe�O:
∣

∣

∣

x − t
1 + t

∣

∣

∣
6 max

{∣

∣

∣

x − 0
1 + 0

∣

∣

∣
,
∣

∣

∣

x − x
1 + x

∣

∣

∣

}

= |x|.

du (15.15)m>È©Òe�1��Ïf (1 + t)α−13 x ∈ (−1, 1)Ú t ∈ [0, x]

�k., � nÃ' (��±ÈÑ), ÏdÒ��é{��?�Ú�Oª

|rn(x)| 6
|α(α − 1) · · · (α − n)|

n!
· |x|n ·

∣

∣

∣

(1 + x)α − 1
α

∣

∣

∣
.

�{²å�òþªm>� nk'�ÏfP�

cn =
|α(α − 1) · · · (α − n)|

n!
· |x|n.

�Ñ
cn+1

cn
=

|α − n − 1| · |x|
n + 1

→ |x| < 1 (n → ∞),

ù�Ò�� cn → 0 (~X�~K 2.26). u´Òy²
� |x| < 1� lim
n→∞

rn(x) = 0,

= (1 + x)α 3 (−1, 1)þ�Maclaurin?êÐmª¤á.

�
?Øà: x = ±1?Ðmª´Ä¤á, ��òT?ê�Âñ�� (1 + x)α

�½Â��'�=�. ��Ùå��LXe:
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α 6 −1 −1 < α < 0 α > 0
∞
∑

n=0

Cn
αxn �Âñ� (−1, 1) (−1, 1] [−1, 1]

(1 + x)α �½Â� (−1, +∞) (−1, +∞) (−∞, +∞)

du¼ê (1 + x)α 3gC�½Â�þëY, 
�?ê�Ú¼ê3gC�Âñ�þ

�ëY, Ïd��?ê3à:?Âñ, éA�ÐmªÒ¤á.

5 éu α 6 −1, ��ª¼ê (1 + x)α 3 x = 1?ëY, ,
�?ê3 x = 1

?uÑ, ÏdÐmªØ¤á. ~X f(x) = 1
1 + x

u x = 1Ò´Xd.

ò α�ØÓ��Ò�±��Nõ(J. ~X±eÑ´~��Ðmª:

α = −1, 1
1 + x

= 1 − x + x2 − · · · + (−1)nxn + · · · ,−1 < x < 1;

α = −2, 1
(1 + x)2

= 1 − 2x + 3x2 + · · · + (−1)n(n + 1)xn + · · · ,−1 < x < 1;

α = −
1
2

,
1

√
1 + x

= 1 −
1

2
x +

3

8
x2 − · · · +

(2n − 1)!!

(2n)!!
(−1)nxn + · · · ,−1 < x 6 1;

α = 1
2

,
√

1 + x = 1 +
1

2
x −

1

8
x2 + · · · +

(2n − 3)!!

(2n)!!
(−1)n−1xn + · · · ,−1 6 x 6 1.

ÄÄÄ���ÐÐÐmmmªªª 5 éê¼ê ln(1 + x)3 x = 0�Maclaurin?êÐmª:

ln(1 + x) = x −
x2

2
+ x3

3
− · · · + (−1)n−1 xn

n
+ · · · ,−1 < x 6 1.

ù�±lþ¡� α = −1���ªÐm, =AÛ?ê, Å�È©��. �c¡

�~K 15.24.

ùp^{�2�Ñ��y². lp��êL�ª

(ln(1 + x))(n) =
(n − 1)!(−1)n+1

(1 + x)n ,

Ò�±�ÑMaclaurin?ê. �e�^ Lagrange.{�, Kq¬3 −1 < x < 0�

��(J, ÏdI�^È©.{�. ?Ø�{���ª¼ê�Ðmªaq, ��{

ü�:. äN��OXe:

|rn(x)| =
∣

∣

∣

1
n!

∫x

0

n!
(1 + t)n+1 (x − t)n dt

∣

∣

∣

6

∣

∣

∣

∫x

0

1
1 + t

·

∣

∣

∣

x − t
1 + t

∣

∣

∣

n

dt
∣

∣

∣

6 |x|n · | ln(1 + x)|.

u´3 |x| < 1�Ðmª¤á. éu x = 1, |^�?ê3 x = 1Âñ, ÙÚ¼êu

x = 1�ëY, 
¼ê ln(1 + x)�Xd, ��Ðmª�¤á.

dÄ�Ðmª 5q��Ñ±e~^Ðmª:

版
权
所
有
，
请
勿
复
制
！



§15.5 ¼ê��?êÐm 267

− ln(1 − x) = x + x2

2
+ x3

3
+ · · · + xn

n
+ · · · ,−1 6 x < 1;

1
2

ln 1 + x
1 − x

= x + x3

3
+ · · · + x2n−1

2n − 1
+ · · · ,−1 < x < 1.

ÄÄÄ���ÐÐÐmmmªªª 6 ���¼ê arctanxu x = 0�Maclaurin?êÐmªXe:

arctanx = x −
x3

3
+ x5

5
− · · · + (−1)n−1 x2n−1

2n− 1
+ · · · ,−1 6 x 6 1.

ù®²3~K 15.26¥)û, ùÒ´|^ α = −1����ª¼ê�Ðmª,

¿òÙ¥ x�� x2, ,�Å�È©=�. e�l{�5y²KI�k arctanx�p

��¼êL�ª, �
Ø�B.

ÄÄÄ���ÐÐÐmmmªªª 7 ��u¼ê arcsinx3 x = 0�Maclaurin?êÐmªXe:

arcsinx = x + 1
6

x3 + 3
40

x5 + · · · +
(2n − 1)!!

(2n)!!(2n + 1)
x2n+1 + · · · ,−1 6 x 6 1.

ù�±l α = −
1
2
���ª?êÑu, ¿uÙ¥ò x�� −x2, KÒ��

1√
1 − x2

= 1 + 1
2

x2 + 3
8

x4 + · · · +
(2n − 1)!!

(2n)!!
x2n + · · · , −1 < x < 1.

5¿3à: x = ±1?, ?ê�Ò, Ï� ∼
1√
πn

, ÏduÑ.

3 |x| < 1�, l arcsinx =
∫x

0

dt√
1 − t2

Å�È©Ò��¤��Ðmª.

��, ù�� Taylor?êu x = ±1�ÙÏ�� O

(

1
n
√

n

)

, ÏdýéÂñ,


¼ê arcsinxu x = ±1�ëY, ÏdÐmª3 ±1?�¤á. ù�3Å�È©�

�, ?ê�Âñ�ÚÐmª¤á���Ó�� −1 6 x 6 1.

15.5.4 ~~~KKK

~~~KKK 15.29 òe�¼êÐm� Maclaurin?ê, ¿(½3�o��þ¤áÐ

mª:

(1) sin2 x; (2) 6
(x − 1)(x + 2)

; (3) ln(1 − x − x2 + x3).

) ±e��ÑXÛ�, ��Ñ�[�Y.

(1)l sin2 x = 1
2

(1 − cos 2x)=��Ñ.

(2)l 6
(x − 1)(x + 2)

= 2
x − 1

+ −2
x + 2

= −2
1 − x

−
1

1 + x
2

=��Ñ.

(3)l ln[(1 − x)2(1 + x)] = 2 ln(1 − x) + ln(1 + x)=��Ñ.

~~~KKK 15.30 ¦ y = ln(x +
√

1 + x2)�MaclaurinÐmª.
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) ¦��� y′ = 1√
1 + x2

= (1 + x2)
− 1

2 , ^��ª¼êÐmª��

y′ = 1 −
x2

2
+ 3

8
x4 + · · · + (−1)n (2n − 1)!!

(2n)!!
x2n + · · · .

|^ (1 + t)
− 1

2 �Ðmªu t = 1¤á, ��þãÐmªu x = ±1��¤á. u´

Å�È©�Òk

y = x −
x3

6
+ 3

40
x5 + · · · + (−1)n (2n − 1)!!

(2n + 1)(2n)!!
x2n+1 + · · · ,

�u −1 6 x 6 1�¤á. �

~~~KKK 15.31 ò¼ê f(x) = 1
x
Ðm�÷v±e�¦�Ã¡?ê: (1)U x − 1

��Ðm, (2)U x − 1
x + 1

��Ðm.

) (1)- t = x − 1, KÒk

1
x

= 1
1 + t

= 1 − t + t2 − · · · + (−1)ntn + · · ·

= 1 − (x − 1) + (x − 1)2 − · · · + (−1)n(x − 1)n + · · · ,

�3 |x − 1| < 1þ¤á, �Ò´ 0 < x < 2.

(2)- t = x − 1
x + 1

, KÒk

1
x

= 1 − t
1 + t

= 2
1 + t

− 1

= 2(1 − t + t2 − · · · + (−1)ntn + · · · ) − 1

= 1 − 2
(

x − 1
x + 1

)

+ 2
(

x − 1
x + 1

)2

− · · · + 2(−1)n
(

x − 1
x + 1

)n

+ · · · ,

�3
∣

∣

∣

x − 1
x + 1

∣

∣

∣
< 1�¤áÐmª. ���^�� x > 0�d. �

~~~KKK 15.32 ¦�?ê x + x2

3
+ x3

5
+ · · · + xn

2n − 1
+ · · · �Ú¼ê.

) k(½Âñ�� [−1, 1), PÚ¼ê� S(x).

�±wÑe^ x = y2 �\Òk�U^Å�¦��{. ù���

S(x) = S(y2) = y(y +
y3

3
+ · · · +

y2n−1

2n − 1
+ · · · )

= 1
2

y ln
1 + y
1 − y

, 0 6 y < 1,

ùp|^ ln(1±y)3 y = 0�Maclaurin?êÐmª¿�~Ø 2. ���\ y =
√

x,

Ò�� 0 6 x < 1��(J� S(x) = 1
2

√
x ln

1 +
√

x

1 −
√

x
.

duþ¡�O�é x < 0Ø·^, Ïdéu x < 0I�,1O�.

- x = −t2, Òk
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S(x) = S(−t2) = −t(t − t3

3
+ · · · +

(−1)n−1t2n−1

2n − 1
+ · · · )

= −t arctan t, 0 6 t 6 1,

ù�Òk −1 6 x 6 0��(J� S(x) = −
√
−x arctan

√
−x. �

~~~KKK 15.33 ¦Ñe��Ð�¼ê

F (x) =
∫x

0

sin t
t

dt,

3 x = 0�MaclaurinÐmª.

) ��O�¼ê F 3: x = 0�¤kp��ê´ØN´�, 
3?ØÐm

ª¤á�����¬�����(J, Ïd^m�{5�.

�Ñ3 (−∞, +∞)þ�u¼ê�Maclaurin?êÐmª

sin t = t − t3

6
+ · · · + (−1)n t2n+1

(2n + 1)!!
+ · · · ,

3 t 6= 0�Ø± t, ��¤ák

sin t
t

= 1 −
t2

6
+ · · · + (−1)n t2n

(2n + 1)!!
+ · · · , (15.16)

t = 0�ò�>�¼êëYòÿ� 1, K±þ�ªÒ3 (−∞, +∞)¤á. 3 [0, x]þ

Å�È©��

F (x) =
∫x

0

sin t
t

dt = x −
x3

18
+ · · · + (−1)n x2n+1

(2n + 1)!!(2n + 1)
+ · · · ,

ùÒ´¤¦�Maclaurin?êÐmª, �u (−∞, +∞)þ¤á. �

5 3 (15.16)¥ò�>3 t = 0ëYòÿ��¼êP� f(t), K�±lTÐ

mª¦Ñ f 3: t = 0�¤kp��ê�:

f (n)(0) =

{ 0, n = 2k − 1,

(−1)k(2k)!!
2k + 1

, n = 2k.

ù¢Sþ¤�O�p��ê��«�{. ql F ′(x) = f(x)�±¦Ñ F 3 x = 0

�¤kp��ê� (ë�~K 7.7¥��Ó�{).

ééé Taylor???êêê������(((

(1) Taylor?ê�,´�?ê. ��K®²y², ?Û���?ê�½´,�

¼ê� Taylor?ê.

(2)éu���½¼êÚ�½: x0, ´Ä�±òT¼ê3: x0 Ðm��?ê,

ù�¯K�1ÔÙ� TaylorÐmªk��éX, �±`�~�q, 
�ùp�?ê

Ðmª´Ä¤á¯K�)û�^�
1ÔÙ�{�Vg. 3 §15.5.20�
È©.

{�, lVgþ�1ÔÙ�{����Ó, �´¦^
È©óä.
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(3)Ø
éX�	, �,�t�Ùü« TaylorÐmª�ØÓ�?, ±�· .

{�/`k±eA:ØÓ: 1ÔÙ�Ðmª´k��, ùp´Ã¡?ê; 3@pé

¼ê��¦�´k�g��,ùp7LÃ¡g��;3@p� (� Lagrange.{�

�)Ðmª3¼ê÷v^����SÑ¤á, ùpK��â{�´Äªu 0âU(

½.

�±P4��{ü�~f. ùÒ´3 (−∞, +∞)þÃ�g���¼ê f(x) =
1

1 + x2 , §3 x = 0� Taylor?ê 1− x2 + x4 − · · ·+ (−1)nx2n + · · · �3Âñ�

−1 < x < 1���S� f(x)��.

(4)O�¼ê� Taylor?êÐmª��{�1ÔÙaq, Ø
�ê�¹^��

{�	, �õê¯K¥·�Ñ´^m�{. du�?ê�±Å�¦�ÚÅ�¦È,

m�{¥�±¦^�óä'1ÔÙõ�õ
.

(5)�?êØ=)û
Ð�¼ê�Ðm¯K, 
�¤�ïÄ�Ð�¼ê�kå

óä.

öööSSSKKK

1. ¦e�¼ê��?êÐmª (�\`²�þ�¥%: x0 = 0):

(1) x
(1 + x)(1 − x)2

; (2) 1
a − x

(a 6= 0);

(3) cos2 x + 1; (4) (1 − x) ln(1 + x);

(5) ln 1 + x
1 − x

; (6) x2
√

1 + x
;

(7) ex + e−x

2
; (8) sin(a + bx2);

(9) 1
1 + x + x2 ; (10) 1

(1 + x3)(1 + x6)(1 + x12)
;

(11) 1
x

, x0 = −1; (12) lnx, x0 = 2.

2. Á^ Lagrange.{�éu ln(1 + x)� MaclaurinÐmª3 [0, 1)�¤á�

Ñy².

3. e f 3 (a, b)þ?¿���, � ∃K > 0, ∀x ∈ (a, b), ∀n : |f (n)(x)| 6 K, y

²: ∀x, x0 ∈ (a, b) :

f(x) =
∞
∑

n=0

f (n)(x0)
n!

(x − x0)
n.

(~X ex, sinx, cos xÒ´Xd.)
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4. ÁÏLé

1 +
∞
∑

n=1

Cn
αxn

(1 + x)α ¦�5y²u x ∈ (−1, 1)�¤áÐmª

(1 + x)α = 1 +
∞
∑

n=1

Cn
αxn.

5. O� f(x) =
∫x2

x

dt√
1 + t4

�MaclaurinÐmª� x10 �.

6. �y'uý�È©�ü�?êÐmª:

(1)
∫ π

2

0

√

1 − ε2 sin2 xdx = π
2

(

∞
∑

n=1

(

(2n − 1)!!

(2n)!!

)2
ε2n

2n− 1

)

, |ε| < 1;

(2)
∫ π

2

0

dx
√

1 − ε2 sin2 x
= π

2

(

∞
∑

n=1

(

(2n − 1)!!

(2n)!!

)2

ε2n

)

, |ε| < 1.
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NNN¹¹¹ EEEêêê������???êêê��� Eulerúúúªªª

�Ö3c¡®²õgA^ EulerúªÚEê�{, ~X'u�uÚ{u¼ê

�p��êúª��Ñ (~K 6.17�) 2), eax cos bxÚ eax sin bx�Ø½È©O�

(~K 9.34�) 2), ±9ùü�¼ê3 [0, +∞)þ�2ÂÈ©O� (~K 11.21). ,


��ù«�{�Ä:� EulerúªTXÛy², ��vk`�Ù. �d·�ò|

^�?êóä3ù�N¹¥é Eulerúª�Ñ��{��0�. ùéue�Ù�´

k^?�. Ó�2ÞA�~K±`²Eê�{3êÆ©Û¥�Ù¦A^.

�,Äk�â»¢ê�����
?\Eê�¥. l1�þ�ê�4�!Ã¡

?ê�� CauchyÂñOK, Ñ�±²1/í2�Eê�¥, ��^Eê z �� |z|

�O¢ê x�ýé� |x|=�. ùp��þvk#�SN. éu §15.4m©��?ê

�´Xd, ¡
∞
∑

n=0

cnzn

� (± z = 0�¥%�)E�?ê, Ù¥�Xê cn, n = 0, 1, · · · , �Eê, z ´EC

þ. ù�'u�?ê�Âñ�»VgÚCauchy–HadamardúªÑE,¤á. e

Âñ�»�k�ê r > 0, �±y²E�?ê3± r��»�m�S??Âñ, 3

|z| = r��±þK?ê�½kuÑ:.

ù�ò §15.5¥� ex, sinx, cos x�Maclaurin?ê¥� x�� z�, Ò�±^

5½Â±en�E¼ê:

ez =

∞
∑

n=0

zn

n!
, sin z =

∞
∑

n=0

(−1)n

(2n + 1)!
z2n+1, cos z =

∞
∑

n=0

(−1)n

(2n)!
z2n,

��±y²Ù¥�n�E�?ê�Âñ�»� +∞, =3E²¡þ??Âñ. ò?

ê�¦�VgÚk'½ní2�E?ê�Ò�±l±þ?ê½Ây²±þn�E

¼ê÷v�L�®²ÙG�¢ê��¥�Ó�Nõúª.

3þã ez ¥^ iz�O z, Ò��ùn�¼ê�m�'X:

eiz = cos z + i sin z.

qXò z���¢ê x, KÒ��:

eix = cosx + i sin x,

Ó����

cosx = 1
2

(eix + e−ix), sin x = 1
2i

(eix − e−ix),

±þA�úªÑ¡� Eulerúª.

±e´Þ~.

~~~KKK 15.34 ^Eê�{O� ex cosx�Maclaurin?ê.
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) �IXeO�=�:

ex cosx = Re e(1+i)x = Re
∞
∑

n=0

(1 + i)n

n!
xn

= Re

∞
∑

n=0

(
√

2eiπ/4)n

n!
xn =

∞
∑

n=0

2
n
2 cos nπ

4
n!

xn. �

~~~KKK 15.35 ^Eê�{O� f(x) = x sin a
1 − 2x cos a + x2 �Maclaurin?ê,Ù

¥ |x| < 1, |a| 6 π.

) 1 5¿©1T´ |eia − x|2, u´��XeO�:

x sin a
1 − 2x cos a + x2 = x sin a

(cos a − x)2 + sin2 a
= −x Im

(

(cos a − x) − i sin a

(cos a − x)2 + sin2 a

)

= −x Im 1
eia − x

= −x Im (e−ia
∞
∑

n=0

xne−ina)

= Im

∞
∑

n=0

(−xn+1e−i(n+1)a) =

∞
∑

n=1

xn sin na. �

) 2 Ó�|^©1� |eia − x|2, �±kØÓ�{. P z = eia, Kk

cos a = z2 + 1
2z

, sina = z2 − 1
2iz

,

�\þª�=��Ü©©ª©):

f(x) =
x(z2 − 1)

2i(1 − xz)(z − x)
= 1

2i

(

1
1 − xz

−
1

1 − xz−1

)

.

|^ |xz| = |xz−1| = |x| < 1, Ò�±Ðm�

f(x) = 1
2i

( ∞
∑

n=0

xnzn −

∞
∑

n=0

xnz−n

)

=

∞
∑

n=0

xn sinna. �

5 eò���?ê¥� xw¤ëê, 
ò aw¤gCþ, KÒ´e�Ù¥�

Fourier?ê.

~~~KKK 15.36 � n���ê, O�È© Dn =
∫ π

2

0

sinnx
sin x

dx.

) |^ Eulerúª, k
sinnx
sinx

= einx − e−inx

eix − e−ix

= ei(n−1)x + ei(n−3)x + · · · + e−i(n−1)x. (15.17)
ùp|^
ð�ª

an − bn

a − b
= an−1 + an−2b + · · · + bn−1.

±eI�Uì n�ÛêÚóêü«�¹©OO�.
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� n�Ûê 2k − 1�, (15.17)¥Tk n�, ¥m��� 1, Ù{���ê¥�

(n − 1), (n − 3), · · · ��óê, �'u 0¥é¡©Ù. |^

ei2kx + e−i2kx = 2 cos 2kx

3 [0, π
2

]þ�È©� 0, ��k

D2k−1 = π
2

.

� n�óê 2k�, K (15.17)¥�k n�, Ù¥� (n − 1)�þ�Ûê, 'u 0

�´é¡©Ù. |^∫ π
2

0
(ei(2k−1)x + e−i(2k−1)x) dx = 2

∫ π
2

0
cos(2k − 1)xdx =

2(−1)k−1

2k − 1
,

Ò�±��

D2k = 2

(

1 −
1
3

+ 1
5

− · · · +
(−1)k−1

2k − 1

)

. �

~~~KKK 15.37 � |r| 6= 1,O� PoissonÈ© I(r) = 1
π

∫π

0
ln(1+r2−2r cosx) dx.

) ù´��¢¼ê�~ÂÈ©, kõ«O��{. ±e0�^ RiemannÚ

5O���{, Ù¥I�^�Eê�£.

��ª�§ r2n − 1 = 0Ø
 ±1ü���	, �k 2n− 2���

cos kπ
n

± i sin kπ
n

, k = 1, 2, · · · , n − 1.

éÙ¥z�é�ÝE�O�¦È

[r − (cos kπ
n

+ i sin kπ
n

)] · [r − (cos kπ
n

− i sin kπ
n

)] = r2 − 2r cos kπ
n

+ 1.

Ïd��

r2n − 1
r2 − 1

=

n−1
∏

k=1

(1 + r2 − 2r cos kπ
n

).

�éê�Òk

1
n

n
∑

k=1

ln(1 + r2 − 2r cos kπ
n

) = 1
n

ln

(

r2n − 1
r2 − 1

· (r + 1)2
)

= 1
n

ln
(

(r2n − 1) r + 1
r − 1

)

.

- n → ∞, ��

I(r) =







2 ln |r|, |r| > 1,

0, |r| < 1. �版
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SSSNNN{{{000 Fourier?ê´�?ê�	�,�a­��¼ê�?ê. §16.1Ú

\ Fourier?ê�½Â�O��{. §16.2´ Fourier?ê�Âñ5�O{. §16.30

� Fourier?ê�5�. §16.4^ Fourier?ê�óäy²ëY¼ê���%C½n.

§16.1 Fourier???êêê���½½½ÂÂÂÚÚÚOOO���

3g,.¥, ±Ïy�´~��. 3ÔnÆ¥ò§�¡��Ä,�Ä�DÂÒ

´Å. (!1!>ÑlØmÅ. £ã±Ïy��êÆ¼êÒ´±Ï¼ê.

éu±Ïy��êÆ©Û, �?ê¿ØÜ·. ~X, �,·�k�uÚ{u¼

ê3 (−∞, +∞)þ� Taylor?êÐmª, �J±lù
Ðmª¥wÑ§��Ú¼

ê´±Ï¼ê. £ã±Ïy��Ä�êÆóä´n�?ê. §���/ª�

a0

2
+

∞
∑

n=1

(an cosnωx + bn sin nωx). (16.1)

�±éX(Æ5*	 (16.1). ù�òÙ¥��g�Å��A cos(ωt + ϕ), ¡�

XÑ. §�±^Ñ���Ä)¤. ���WÑØ¬´XÑ, 
´dn�?ê¥Nõ

�Ü¤�. ØÓ�Wì�|¤´Ø���. ¤¢ÑÚ½öÑ¬, Ò´Ü¤��J.

f = 1
T

= ω
2π �ªÇ. <�Uf��(Å�ªÇ��� 20 ∼ 2 × 104 Hz. �pª

Ç�(Å¡��(Å, $u 20 Hz�(Å¡�g(Å. �­��g(ÅÒ´d�/

�Úå�.

lêÆþw, (16.1)�Ú¼ê (eÂñ�{)´±Ï� T = 2π
ω
�±Ï¼ê. ²

~òÙ¥�1��¡�~ê� (3>Æ¥�¡��6�), Úª¥ n = 1��¡��

g�Å, n = 2��¡��g�Å��. e3 (16.1)�Úª¥�kk���"�, K

¡�n�õ�ª. Fourier➀?ê´�aAÏ�n�?ê, Ù½Âò3e¡�Ñ.

16.1.1 Fourier???êêê���½½½ÂÂÂ

ÏLCþ��o�±ò (16.1)¥�ëê ω�� 1. ù�T?ê�e�/ª:

➀ Fp� (Jean–Baptiste Joseph Fourier, 1768–1830), {IêÆ[. ¦39D��ê

ÆnØïÄ¥JÑ
ò¼êÐm�n�?ê��#g�, éu¼êØ!8ÜØ±9¼êVg

�uÐk­�K�.
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276 1�8Ù Fourier?ê

a0

2
+

∞
∑

n=1

(an cosnx + bn sinnx)

Ù¥z��Ñ± 2π�±Ï, Ïd3Âñ�§�Ú¼ê�´±Ï 2π�¼ê.

¡|¤þã?ê�e�¼ê8Ü, =

{1, cosx, sin x, · · · , cosnx, sin nx, · · · }, (16.2)

�n�¼êX.

XJò�?êw¤� 1, x, x2, · · · , xn, · · · (½ö 1, (x−x0), (x−x0)
2, · · · , (x−

x0)
n, · · · )��5|Ü, Kn�?êÒ´n�¼êX¥�¼ê��5|Ü. |^�ê

Æ¥��5�mVg, �±�Ä3 [−π, π]þ�¼ê/¤��5�m, Ù¥ò��¼

êw¤�T�m���� (��:), ¿^Ï~��{½ÂÙ¥�\{Úê¦{. �

,ù��mØ´k���, �k���m¥�NõVgE,�±í2�Ã���

m¥�. ùpÄk´SÈÚ��5.

3k���m¥Ú\SÈ��Ò�±½Â�þ���5. äN5`, éu¢ n

��m¥��þ a = (a1, · · · , an)Ú b = (b1, · · · , bn), ek

n
∑

i=1

aibi = 0, K¡�þ

a� b��, P� a ⊥ b.

éu½Â3 [−π, π]þ�¼ê f, g, �§�Ñ´ Riemann�È¼ê, K�±ò f

Ú g�SÈ½Â� (f, g) =
∫π

−π
fg, ¿ò f ⊥ g, = f Ú g��, ½Â�

(f, g) =
∫π

−π
f(x)g(x) dx = 0.

y3«m [−π, π]þ*	n�¼êX (16.2), ¿æ^þã��5½Â, KÄk�

±O�Ñ∫π

−π
1 · cosnxdx = 1

n
sin nx

∣

∣

∣

π

−π
= 0,

∫π

−π
1 · sinnxdx = 1

n
(− cosnx)

∣

∣

∣

π

−π
= 0.

ùL²n�¼êX (16.2)¥�1��¼ê, =ð�u 1�~�¼ê, ÚTn�

¼êXS�¤kÙ¦¼ê��. ,�q�±O�Ñ∫π

−π
sinnx cosmxdx = 1

2

∫π

−π
[sin(n + m)x + sin(n − m)x] dx = 0,

∫π

−π
cosnx cosmxdx = 1

2

∫π

−π
[cos(n + m)x + cos(n − m)x] dx = π δnm,

∫π

−π
sin nx sinmxdx = 1

2

∫π

−π
[cos(n − m)x − cos(n + m)x] dx = π δnm,

Ù¥^
 Kronecker➀ÎÒ δnm =

{

0, n 6= m

1, n = m
.

ù�·�Òy²
3n�¼êX (16.2)¥?Ûü�¼ê�p��. 8�¡ù

��¼êX���¼êX.

➀ �ÛS� (Leopold Kronecker, 1823–1891), �IêÆ[.
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5 3þã��5O�¥���N�(J38�k^. ùÒ´3n�¼êX

(16.2)¥, Ø

∫π
−π 12 dx = 2π�	, Ù¦¼ê�g��¦�3 [−π, π]þ�È©Ñ

�u π.

e¡?Øn�?ê�1��Ä�¯K, =XJ��±Ï 2π�¼êU
Ðm�
n�?ê, =3 (−∞, +∞)þ¦�±e�ª

f(x) =
a0

2
+

∞
∑

n=1

(an cosnx + bn sinnx) (16.3)

¤á, KÐmªm>�Xê an, bn �¼ê f k�oéX? ½ö`XÛ�â f 5O�

ù
Xê?

éu¼ê��?êÐmª5`, l f(x) =
∞
∑

n=0

an(x − x0)
n Ò�½k an =

f (n)(x0)
n!

∀n, ��m>��?êk�"�Âñ�». éu¼ê�n�¼êÐmª

(16.3)5`, �¹��ØÓ.

y3b� (16.3) ¥m>�?ê3 −π 6 x 6 π þ��Âñ (ù�u`3

(−∞, +∞)þ��Âñ), Kl §15.3�nØ��, (16.3)�>�Ú¼ê f ëY, 


��±^é?ê�Å�È©5O�Ù½È©. 3 [−π, π]þÏLù��O�Ò��
∫π

−π
f(x) dx = πa0 +

∞
∑

n=1

∫π

−π
(an cosnx + bn sin nx) dx = πa0,

u´Ò��
Ðmª (16.3)m>1��Xê a0 �O�úª

a0 = 1
π

∫π

−π
f(x) dx.

du f k±Ï 2π, Ïdþª¥�È©��±U�3 [0, 2π]½?Û�Ý� 2π�«m
þ�È©.

3Ðmª (16.3)ü>¦± cosmx. l'uÃ¡?ê� Cauchy��ÂñOK

��, é��Âñ�?ê�z��¦±Ó��k.¼ê�E,��Âñ, Ïdq�

±­Eþ¡�Å�È©O�, Ó�|^n�¼êX���5, ù�Ò�±��
∫π

−π
f(x) cosmxdx =

a0

2

∫π

−π
cosmxdx +

∞
∑

n=1

∫π

−π
(an cosnx + bn sinnx) cos mxdx

= πam,

2òmUP� n, ù�Ò��Ðmª (16.3)¥Xê an (n > 1)�O�úª:

an = 1
π

∫π

−π
f(x) cosnxdx.


��±w�� n = 0�Ò��þ¡� a0. (ù´ò (16.3)�~ê�P�
a0

2
�n

d��.) ^��Ó���{q�±��é n > 1¤á�'u bn �O�úª:

bn = 1
π

∫π

−π
f(x) sin nxdx.
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y3�Ñ�Ù�Ì�½Â.

½½½ÂÂÂ 16.1 �±Ï 2π�¼ê f 3 [−π, π]þ�ÈÚýé�È➀, -

an = 1
π

∫π

−π
f(x) cosnxdx, ∀n > 0,

bn = 1
π

∫π

−π
f(x) sin nxdx, ∀n > 1,

(16.4)

¡§�� f � FourierXê, ¡dd���n�?ê

a0

2
+

∞
∑

n=1

(an cosnx + bn sinnx)

�¼ê f � Fourier?ê, ¿P�

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx). (16.5)

q¡O� FourierXê�úª (16.4)� Euler–Fourierúª.

5 1 ùp�5¿3 Fourier?ênØ¥�;^PÒ∼�¿Â. (16.5)==L

«m>�n�?ê´�>¼ê f � Fourier?ê, �Ò´`m>�Xê´ÏLé�

>¼ê f ^ Euler–FourierúªO���� FourierXê, Ød�	�o�vk`.

ùpØ�Ä (16.5)m>�?ê�ñÑ5, �Ø�Ä3Âñ�:þ?ê�Ú´Ä�

u�>¼ê f 3T:�¼ê�. 3 (16.5)¥Û�¤á�Ò�¯K� §16.2)û.

5 2 PÒ ∼�,'�Òf, �E,äk�5$�5�. ùÒ´`, eü�¼

ê f, g ©OkgC� Fourier?ê, Kòü�?ê�\Ò�� f + g � Fourier?

ê. qò f � Fourier?ê�z��¦±~ê cÒ�� cf � Fourier?ê.

5 3 Fourier?ê�´n�?ê¥��a. 3�Ù�¡ò¬�Ñ~f, `²(

¢�3Ø´ Fourier?ê�n�?ê.

3½Â 16.1¥� FourierXêúª´éuÐmª (16.3)m>O\��Âñ^

��ÏLÅ�È©O����. 3k
½Â 16.1���±òþãí�O��¤�

��½n.

½½½nnn 16.1 3 (−∞, +∞) (½ [−π, π])þ��Âñ�n�?ê�½´ÙÚ¼ê

� Fourier?ê.

➀ du f �±Ã., Ïd½Â¥�È©�±´2ÂÈ©. éu~ÂÈ©5`, �È�

½ýé�È, ��Ø�½¤á, 
éu2ÂÈ©5`, ýé�È�½�È, ��Ø�½¤á.

Ïd3�Ù¥²~b�¼êÓ��È�ýé�È.d	, du¼ê f �±Ï 2π�±Ï¼ê,

Ïd f 3 [−π, π]þ�È�ýé�È�^��du f 3?Ûk.«mþ�È�ýé�È. 3

�Ù±e�´`�±Ï¼ê�È�ýé�È�þ�ù��n).
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éu�¹k���"��n�õ�ª, =

a0

2
+

n
∑

k=1

(ak cos kx + bk sinkx),

ò§w¤�Ã¡?ê�o´��Âñ�, ÏdÒ��e¡�íØ. (�,��±��

^½Â 16.1éíØ�Ñy².)

íííØØØ n�õ�ª�½´g�� Fourier?ê.

5 d½n 16.1��, e��n�?êØ´ Fourier?ê, K§Ø¬´��Â

ñ�. d	, l §16.2�Âñ5½n��, Fourier?ê�Ú¼êkmä:´~��.

dëY5½n (=½n 15.5)��, ù�?ê�,Ø¬´��Âñ�.

�!�Ì�nØ�d��, e¡Ì�´Þ~ÚO�.

~~~KKK 16.1 �±Ï 2π�¼ê3 (−π, π]þ� f(x) =

{

1, 0 6 x 6 π

0, − π < x < 0
, O�

f � Fourier?ê. (8�¬y²�K� Fourier?ê3 xØ�u π��ê��¤k
:þ(¢Âñu f(x).)

) Uìúªk

a0 = 1
π

∫π

−π
f(x) dx = 1, an = 1

π

∫π

0
cosnxdx = 0 ∀n > 1,

bn = 1
π

∫π

0
sinnxdx = −

1
nπ cosnx

∣

∣

∣

π

0
= 1

nπ (1 − (−1)n) =

{ 2
nπ , nÛ,

0, nó.

u´Ò��¤¦�(J�:

f(x) ∼ 1
2

+ 2
π

∞
∑

n=1

sin(2n − 1)x
2n− 1

. �

5 ò±Ï¼êÐm�n�?ê3Nõ�ÆÚEâ+�¥¡�ªÌ©Û.ù

Ò´ò��E,�Ä©)�Nõ{��Ä�S\. 3~K 16.1¥�O�¢SþÒ

´éuã 16.1¥�Ý/Å�ªÌ©Û.3Tã¥^oç�L« f(x)¤�L�Ý/

Å, q^[­�L« f � Fourier?ê¥�cü��Ú,= 1
2

+ 2
π sin x, �Ò´�

6���g�Å�S\.uP � uu uu uu uu ���>�!B��<�"D
xp��tt�~/����|.����y

O

1

−3π −2π −π 3π2ππ

u� uu uu�uu uu�uu uu�uP �y y y yyyyQSTVWXZTTYXWVTRQOMKJI.,,GHIKLNOQSUVXRTTYXWUTRPNMKJH.,,GHJKLNPRSLXRZURXVUSRPNLKIHG,,.28OPSTUWXYTTRWVUSQO�00� 00� 00� 00�00�00�
ã 16.1: Ý/Å�ªÌ©Û«¿ã
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280 1�8Ù Fourier?ê

l~K 16.1 �O���±wÑ¼ê�é¡53 Fourier Xê¥��N. l

Euler–Fourierúª (= (16.4))��, e f �Û¼êK¤k an = 0, e f �ó¼ê

K¤k bn = 0. 3~K 16.1¥� f QØ´Û¼ê, �Ø´ó¼ê, ��±wÑ

f(x)− 1
2
�Û¼ê, ùpØ�Ä3 π��ê��@
:þ��, Ï�UCk�:þ

�¼ê�éÈ©vkK�. ù�Ò)º
��o3TK��Y¥ an = 0 ∀n > 1.

d	, 3TK�Y¥�¤k b2n = 0 ∀n�´é¡5�5�. £� §10.4.3, ��

f 3 [0, π]þ'u x = π/2�ó¼ê, Kk

f(π − x) sin 2n(π − x) = −f(x) sin 2nx,

Ïd f(x) sin 2nx3 [0, π]þ'u¥: π/2�Û¼ê, l
k (ë�½n 10.15)∫π

0
f(x) sin 2nxdx = 0.

ù�¡��±ëw@p�~K 10.37, §Ò´'u FourierXê���·K.

~~~KKK 16.2 �±Ï 2π �¼ê f 3 [0, 2π) þ�u x, O� f � Fourier ?ê.

(3ã 16.2¥�Ñ
 f �ã�, �±¡�ç¸Å.)

) du f ´±Ï 2π �¼ê, q�

Ñ
3 [0, 2π) þ�L�ª, |^±Ï¼

ê3±Ï�Ý«mþ�È©ØC (�~

K 10.30), 3O� Fourier Xê�Ò�±

ò Euler–Fourier úª¥�È©«mU�

[0, 2π]5O�. u´k

uuuuuuuur�P���>�!B��<�"D
xttpp�0�~/����|.����y

O

y yyyy000000� 000000� 000000� 000000�qqq��
2π 4π−2π−4π

2π qqq��q���qqq��qqq��qq
ã 16.2: ç¸Å�«¿ã

a0 = 1
π

∫2π

0
xdx = 1

2π x2
∣

∣

∣

2π

0
= 2π,

an = 1
π

∫2π

0
x cosnxdx = 1

nπ x sin nx
∣

∣

∣

2π

0
−

1
nπ

∫2π

0
sin nxdx = 0,

bn = 1
π

∫2π

0
x sin nxdx = −

1
nπ x cosnx

∣

∣

∣

2π

0
+ 1

nπ

∫2π

0
cosnxdx = −

2
n

.

ù�Ò��

f(x) ∼ π − 2

∞
∑

n=1

sinnx
n

. �

5 m>Ñy
c¡®²ÙG�¼ê�?ê

∞
∑

n=1

sin nx
n

. 3~K 16.6Ú §16.2

¥òy², 3 xØ´ 2π��ê��¤k:þ, ù�?ê(¢Âñu f(x).

~~~KKK 16.3 � α 6= 0, ¦ f(x) = eαx, −π 6 x < π� Fourier?ê.

) �cü�~fØÓ, �K�J{´�3«m [−π, π)þ�½��¼ê. �

�o��±�ÄO�§� Fourier?ê? éùaK·�Ñn)�^±Ïòÿ��
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§16.1 Fourier?ê�½ÂÚO� 281

{òK¥�¼êòÿ¤� (−∞, +∞) þ±Ï 2π �¼ê. äN5`, =é ∀x ∈

(−∞, +∞), �3��� k ∈ Z, ¦� x − 2kπ ∈ [−π, π), ,�^ ˜f(x) = f(x − 2kπ)

½Â3 (−∞, +∞)þ���¼ê ˜f . §� Fourier?ê��^ [−π, π)þ�¼ê�

=�O�. �{²å�, Eòòÿ��¼êP� f . 3ã 16.3¥�Ñ
òÿ��ã

� (Ù¥� α > 0).

ÄkO�~ê�

a0 = 1
π

∫π

−π
eαx dx

= 1
απ eαx

∣

∣

∣

π

−π
= 1

απ (eαπ − e−απ).

éuÙ¦Xê�O�, ùp0��«EêO�

{. (ë�1�ÊÙ�N¹.)

uuuuuuur� ��>�!B��<�"D
xtttt

��~/����|.����y

O 0�
π

0�
−π

0�
3π

0�
−3π

y yyy /,E($�?� /,E($�?�/,E($�?�'$�?>�� /,E($�
ã 16.3: ò [−π, π)þ�¼ê±Ï

òÿ

|^Xêúª (16.4)Ú Eulerúª einx = cosnx + i sinnx, �±O�Xe:

an + ibn = 1
π

∫π

−π
eαx(cos nx + i sin nx) dx = 1

π

∫π

−π
e(α+in)x dx

= 1
π ·

1
α + in

· e(α+in)x
∣

∣

∣

π

−π
= 1

π ·
α − in
α2 + n2 · [eαπ(−1)n − e−απ(−1)n]

= eαπ − e−απ

π(α2 + n2)
· (−1)n(α − in).

ù�ÒÓ���
 an Ú bn, ��¤¦� Fourier?ê�

f(x) ∼ eαπ − e−απ

π ·
(

1
2α

+
∞
∑

n=1

(−1)n α cosnx − n sinnx
α2 + n2

)

. �

16.1.2 ���uuu???êêêÚÚÚ{{{uuu???êêê

¡ an = 0 ∀n > 0� Fourier?ê��u?ê, q¡ bn = 0 ∀n > 1� Fourier

?ê�{u?ê. Xc¤ã, Û±Ï¼ê� Fourier?ê��u?ê, ó±Ï¼ê�

Fourier?ê�{u?ê.

ù��!Ì�0�éu==3 [0, π]þ�Ñ�¼ê, XÛò§Ðm��u?ê

½{u?ê. �{Ò´^Ûòÿ½óòÿ. (ù�±w¤´~K 16.3�uÐ.)

~~~KKK 16.4 �½¼ê f(x) =

{

1, 0 < x < h

0, h < x < π
, Ù¥ 0 < h < π, �¦ÑT¼ê

�{u?ê.

) Xã 16.4@�, Äkò f òÿ¤� (−π, π)þ�ó¼ê. ù��¼ê3:

x = 0,±h,±π?Ñ�vk½Â. Xc¤`, ùØK� FourierXê�È©O�. ,�
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2Uì±Ï 2πòÿ� (−∞, +∞)þ�±Ï¼ê. �{²å�, E^ f L«òÿ�

�¼ê.

du f �ó¼ê, Ïd¤k bn = 0.

'u an ∀n > 0Kk

a0 = 2
π

∫π

0
f(x) dx = 2

π

∫h

0
dx = 2h

π ,

an = 2
π

∫h

0
cosnxdx = 2

nπ sin nh.

uP � ur uuu�P ��>�!B��<�"D
xt0�t���~/����|. ����y

O h−h π−π

1 y yyy y yyr� � r� �ur � ur �000 000
ã 16.4: é (0, π)þ�¼ê�óòÿ

ù�Ò��

f(x) ∼ h
π + 2

π

∞
∑

n=1

sin nh
n

cosnx. �

16.1.3 ������±±±ÏÏÏ¼¼¼êêê��� Fourier???êêê

�¼ê f(x)´3 (−∞, +∞)þ±Ï� T �±Ï¼ê, �3 [0, T ]þ�È�ý

é�È. ù�^±Ï 2π�n�¼êXw,ØÜ·. �ÙlÞm©?Ø, ØX^Cþ

�� x = T t
2π , � tl 0O\� 2π�, xÒl 0O\� T . ò¼ê f ²Lù�Cþ

������¼êP� ϕ(t) = f
(

T t
2π

)

, §Ò¤�±Ï 2π�¼ê
. ù�Ò�±

XcO�Ñ¼ê ϕ(t)� Fourier?ê:

ϕ(t) ∼
a0

2
+

∞
∑

n=1

(an cosnt + bn sin nt),

,�2£�Cþ x, Òk

f(x) ∼
a0

2
+

∞
∑

n=1

(an cos 2πn
T

x + bn sin 2πn
T

x).

dd��, éu±Ï T �±Ï¼ê, ¤^�n�¼êX¢SþÒ´

{1, cos 2π
T

x, sin 2π
T

x, · · · , cos 2πn
T

x, sin 2πn
T

x, · · · },

eÚ\�ªÇ ω = 2π
T
�OªÇ 1

T
, Kn�¼êXÒ´

{1, cosωx, sin ωx, · · · , cosnωx, sin nωx, · · · }.

2*	XêO�úª�Cz. ù�k

a0 = 1
π

∫2π

0
ϕ(t) dt = 1

π

∫2π

0
f
(

T t
2π

)

dt = 2
T

∫T

0
f(x) dx,

an = 1
π

∫2π

0
ϕ(t) cosnt dt = 1

π

∫2π

0
f
(

T t
2π

)

cosnt dt = 2
T

∫T

0
f(x) cos 2πnx

T
dx,

bn = 1
π

∫2π

0
ϕ(t) sin nt dt = 1

π

∫2π

0
f
(

T t
2π

)

sin nt dt = 2
T

∫T

0
f(x) sin 2πnx

T
dx.
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~~~KKK 16.5 O� f(x) = |x|,−1 6 x 6

1� Fourier?ê.

) Xã 16.5 ò [−1, 1] þ� f(x) =

|x|Uì±Ï 2�±Ïòÿ.

uuuuuuuu� ���>�!B��<�"D
xtt0~/����|. ����y

O

`(�q �s``q �s``q �s``q �s`` ��P 000� 000� 000� 000�
−1 1−3 3

1

ã 16.5: ò [−1, 1]þ� f(x) = |x|

U±Ï 2òÿ

3O��kü«�{, ½ö^fâ���úª, ½ö^Cþ��ò¯K8�u

IO�úª (16.4)��{. y3^����{.

�Cþ�� x = t
π , K ϕ(t) = f

(

t
π

)

=
|t|
π , −π 6 t 6 π. ,�X~K 16.3�

�, Uì±Ï 2πòÿ� Rþ�±Ï¼ê.

y3O�Ù FourierXê. du ϕ´ó¼ê, ¤k bn = 0, Ïd��O� an:

a0 = 2
π

∫π

0

t
π dt = 1,

an = 2
π

∫π

0

t cosnt
π dt = 2

π2

(

t sin nt
n

∣

∣

∣

π

0
−

1
n

∫π

0
sin nt dt

)

= 2
n2π2 cosnt

∣

∣

∣

π

0
= 2

n2π2 [(−1)n − 1]

=

{

−
4

n2π2 , nÛ,

0, nó.

u´��

ϕ(t) ∼ 1
2

−

∞
∑

n=1

4
(2n− 1)2π2 cos(2n − 1)t.

��£�gCþ� x, Òk

f(x) ∼ 1
2

−

∞
∑

n=1

4
(2n− 1)2π2 cos(2n − 1)πx. �

5 ùpJÑ��g�K, =XÛ)º3fâ��� Fourier?ê¥, Ø=¤

k bn = 0, 
�¤k a2n = 0.

16.1.4 EEEêêê///ªªªeee��� Fourier???êêê

l Eulerúª eiθ = cos θ + i sin θÑuk

cos θ = eiθ + e−iθ

2
, sin θ = eiθ − e−iθ

2i
.

3Ù¥- θ = nx, Ò��

cosnx = einx + e−inx

2
, sin nx = einx − e−inx

2i
.

ò§��\ Fourier?ê�Ï�¥, Kk
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an cosnx + bn sinnx = cneinx + cne−inx,

Ù¥ c´ c��ÝEê:

cn = 1
2

(an − ibn), cn = 1
2

(an + ibn).

Ú\PÒ c0 =
a0

2
, c−n = cn, Ò��Eê/ª� Fourier?ê:

f(x) ∼ c0 +

∞
∑

n=1

(cneinx + c−ne−inx) =

+∞
∑

n=−∞

cneinx,

Ù¥����L�ªn)�4�

lim
n→∞

n
∑

k=−n

ckeikx.

��±���ÑEXê�O�úª:

cn = 1
2

(an − ibn) = 1
2π

∫π

−π
f(x)e−inx dx = c−n.

I��Ñ, duEêO�3Nõ�¡���B, ÏdEê/ª� Fourier?ê3N

õA^+���2�¦^.

öööSSSKKK

1. � f ´ Rþ±Ï 2π��È�ýé�È�±Ï¼ê, ®�

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

¦±e¼ê� Fourier?ê:

(1) f(−x); (2) −f(x); (3) f(x + h), Ù¥ h�~ê.

2. (1)y²: {1, cosx, cos 2x, · · · , cosnx, · · · }Ú {sin x, sin 2x, · · · , sin nx, · · · }Ñ

´ [0, π]þ���¼ê�;

(2)y²: {1, cosx, sin x, cos 2x, sin 2x, · · · , cosnx, sin nx, · · · }Ø´ [0, π]þ�

��¼ê�.

3. � f ´±Ï 2π��È�ýé�È¼ê, y²:éu?¿¢ê c¤á:

1
π

∫c+2π

c
f(x) cos nxdx = an ∀n > 0,

1
π

∫c+2π

c
f(x) sin nxdx = bn ∀n > 1.

4. � f ´±Ï 2π��È�ýé�È¼ê,

(1)e f(x + π) = f(x), y²: a2n−1 = b2n−1 = 0 ∀n > 1;

(2)e f(x + π) = −f(x), y²: a0 = a2n = b2n = 0 ∀n > 1.
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5. e f ´ [−π, π]þ�üN¼ê, y²: an = O( 1
n

), bn = O( 1
n

).

6. e f 3 [0, 2π]þüN~�, y²: bn = 1
π

∫2π

0
f(x) sin nxdx > 0 ∀n > 1.

7. e f 3 [0, 2π]þeà, y²: an = 1
π

∫2π

0
f(x) cos nxdx > 0 ∀n > 1.

8. ¦e�¼ê� Fourier?ê:

(1) f(x) =







x, −π 6 x < 0,

0, 0 6 x < π;
(2) f(x) = ex,−π < x < π;

(3) f(x) = x2,−π < x < π; (4) f(x) = x2, 0 < x < 2π;

(5) f(x) = | sin x|,−π 6 x 6 π; (6) f(x) = h
2π x, 0 < x < 2π (h > 0);

(7) f(x) =







0, −
T
2

6 x < 0,

E sin ωx, 0 6 x < T
2

;
(8) f(x) =







0, −
T
2

6 x < 0,

E, 0 6 x < T
2

.

((6),(7),(8)¥� f(x)L«~��ç¸Å!�Å�6ÅÚ�Å.)

9. ©O¦Ñã 16.6¤«�n�Å�Ý/Å��u?ê�{u?ê.uuuuuuu����>�!B��<�"D
xttt�~/����|. ����y

O
+*++*++*++E�UVUUVUUVUU[�0000000PPPPPPPPPP� 

T

4
T

2

E uuuuuuu����>�!B��<�"D
xttt�~ /����| .����y

O
uuur urP� y�0000000

τ

2
T

2

E

ã 16.6: n�Å�Ý/Å

10. �½ f ∈ R[0, π
2

], Áò§òÿ� (−π, π)þ�¼ê, ¦§� Fourier?ê�

(1)
∞
∑

n=1

a2n−1 cos(2n − 1)x, x ∈ (−π, π);

(2)

∞
∑

n=1

b2n−1 sin(2n − 1)x, x ∈ (−π, π).

11. ò f(x) = |x|, x ∈ [−π, π], Ðm¤ Fourier?ê�Eê/ª.
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286 1�8Ù Fourier?ê

§16.2 Fourier???êêê���ÂÂÂñññ555

16.2.1 RiemannÚÚÚnnn

��@�, ±eÚn´ Fourier?ênØ¥�Ä�Ún.

½½½nnn 16.2 (RiemannÚÚÚnnn) � f u«m [a, b)þ�È�ýé�È, Ù¥ b�

±´ +∞, K

lim
p→∞

∫ b

a
f(x) cos pxdx = 0, lim

p→∞

∫ b

a
f(x) sin pxdx = 0.

y ��Ñ1��4��y², éÙ¥�

p → ∞, ��?Ø p → +∞. Ù{�¹Ñ´a

q�. (�lã 16.75n)Ún�¿Â.)

k� [a, b]�k.«m, � f ∈ R[a, b].

éu�{ü�¹, = f(x) ≡ c�~�¼ê, K
∣

∣

∣

∫ b

a
c cos pxdx

∣

∣

∣
=
∣

∣

∣

c
p

sin px
∣

∣

∣

b

a

∣

∣

∣
6

2c
p

,

��� p → +∞�4�� 0.

uuuuuuu����>�!B��<�"D
xtttt

t~/����|. ����y

O a b

y = f(x)

+ + + +

− − − −

K L N O Q S T U U W V U U S R P N M �U T R Q O M L K K I J K K M N P R S "000000000000000�� 0000000000002 1�3�3�4��
 -Æ/m.n|}|} }~}}}}|}| ./l.Æ����� ���������� �������
2 �������l./.|n/}|}}~}} }|}|{./. ,���4��3� 2������� ���24����Æ�-.�/mn.n||}||}|{{l.Æ�

��4���3��������� 34�����
Æ-l.�/m{{|||{{{x �Æ

��� �2������

ã 16.7: RiemannÚn�AÛ

¿Â (Ù¥ f(x) > 0, p = 25)

d f ∈ R[a, b]��È1�¿�^� (�½n 10.3(3)), é�½� ε > 0, �3©

y P = {x0, x1, · · · , xn}, ¦�éA��Ì¡È

n
∑

i=1

ωi∆xi < ε
2

. ù�éuÈ©�

±�OXe:
∣

∣

∣

∣

∫ b

a
f(x) cos pxdx

∣

∣

∣

∣

=

∣

∣

∣

∣

n
∑

i=1

∫xi

xi−1

[f(x) − f(xi)] cos pxdx

∣

∣

∣

∣

+

∣

∣

∣

∣

n
∑

i=1

f(xi)
∫xi

xi−1

cos pxdx

∣

∣

∣

∣

6

n
∑

i=1

ωi∆xi +

n
∑

i=1

|f(xi)| ·
2
p

,

ù����ª�1��®²�u ε/2, qdu©y P ®²�½, Ïd1���Úª
n
∑

i=1

|f(xi)|´(½�ê. l
�3 p0 > 0, � p > p0�Ò¦�1����u ε/2, �

Ò´¦�
∣

∣

∣

∣

∫ b

a
f(x) cos pxdx

∣

∣

∣

∣

< ε
2

+ ε
2

= ε,

ù�Òy²
 lim
p→+∞

∫b

a
f(x) cos pxdx = 0.

éu f � [a, b) þ�2ÂÈ©��¹, �{üå�� b ´��Û:, Kd

ué2ÂÈ©�ýéÂñ�b�^�, é�½� ε > 0, �3 b′ ∈ (a, b), ¦�
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§16.2 Fourier?ê�Âñ5 287

∫ b

b′
|f(x)| dx < ε

2
. ù� f 3 [a, b′]þ~Â�È, Ïd�âc¡�y², �3 p0 > 0,

� p > p0�, ¤á

∣

∣

∣

∣

∫ b′

a
f(x) cos pxdx

∣

∣

∣

∣

< ε
2

, u´�Òk

∣

∣

∣

∫ b

a
f(x) cos pxdx

∣

∣

∣
6

∣

∣

∣

∫ b′

a
f(x) cos pxdx

∣

∣

∣
+

∫ b

b′
|f(x)| dx < ε. �

d RiemannÚn�� FourierXê�½äk±e5�.

íØ e an, bn ´½Â 16.1¥� FourierXê, K lim
n→∞

an = 0, lim
n→∞

bn = 0.

±eü�~K´ RiemannÚn�­�A^.

~~~KKK 16.6 ¦

∞
∑

n=1

sin nx
n

�Ú¼ê S(x).

) 3~K 14.18®�Ú¼ê S(x)??k½Â. du S(0) = 0, S(x)± 2π�
±Ï, ��3 (0, 2π)þ¦ S(x)=�.

éu 0 < x < 2πO�?ê�Ü©ÚXe:

Sn(x) =

n
∑

k=1

sin kx
k

=

n
∑

k=1

∫x

0
cos kt dt =

∫x

0

(

n
∑

k=1

cos kt

)

dt

=
∫x

0

(

sin(n + 1
2

)t

2 sin t
2

−
1
2

)

dt =
∫x

0

sin(n + 1
2

)t

2 sin t
2

dt − x
2

.

����È©��È¼ê�©1 2 sin t
2

∼ t, 
 1
t
3 (0, x)þ�È©uÑ, ÏdØ

Uéù�È©^ RiemannÚn.

éu x = π, ok Sn(π) = 0, Ïd��ð�ª (Ù¥�~ÂÈ©):

∫π

0

sin(n + 1
2

)t

2 sin t
2

dt = π
2

. (16.6)

ù�ð�ª¡� DirichletÈ©➀ , §��±l

n
∑

k=1

cos kt3 [0, π]þ�È©��¦

Ñ. |^ù�ð�ª�òÜ©Ú Sn(x)U��

Sn(x) = π − x
2

−

∫π

x

sin(n + 1
2

)t

2 sin t
2

dt.

éu x ∈ (0, 2π),¼ê 1

sin t
2

3«m [x, π]þ~Â�È,- n → ∞,^Riemann

ÚnÒ��Ú¼ê�L�ª�

➀ (16.6)��È¼ê3 t = 0��±½Â� t → 0��4�� n + 1
2

. ù�§5gu
n

X

k=1

cos kt + 1
2
´���.
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288 1�8Ù Fourier?ê

S(x) = lim
n→∞

Sn(x) = π − x
2

, 0 < x < 2π. �

5 1 3~K 16.2¥O���

f(x) ∼ π − 2

∞
∑

n=1

sinnx
n

,

Ù¥±Ï 2π�¼ê f(x)3 [0, 2π)þ�u x. |^PÒ ∼äk�5$�5�, Ïd

Ò�±íÑ�~K¥�n�?ê´ S(x)� Fourier?ê.

5 2 3 [0, 2π] þ S(x) =
∞
∑

n=1

sinnx
n

=

{ π − x
2

, 0 < x < 2π,

0, x = 0, 2π.
3e¡�

ã 16.8¥�Ñ
 S(x)�ã�. du S(x) 3¤k 2nπ (n ∈ Z) �:þØëY, Ïuuuuuuuuuuuuuuuuuuuuu��>�!B��<�"D
xp�0�tt�t

��~/����|.����y

O

π
2

−4π
−

π
2

π 3π−π−3π −2π 2π 4π
� � � � �y y yyy y y yyy000000000 000000000 000000000000000000PPPPPPPPPPPPPPPPP
 PPPPPPPPPPPPPPPPP
PPPPPPPPPPPPPPPPP
PPPPPPPPPPPPPPPPP
 PPPP
PPPP


ã 16.8: Ã¡?ê
∞

X

n=1

sin nx
n

�Ú¼ê

d�±lëY5½n (=½n 15.5) �_Ä·KíÑ¼ê�?ê

∞
∑

n=1

sin nx
n

3

¹kù
ØëY:, ½ö±§��à:�?Û«mþÑØ��Âñ. Ù¥�)

[0, 2π], (0, 2π), (0, π], [π, 2π)�. (3~K 15.13¥®²^ Cauchy��ÂñOKy²

T?ê3 (0, 2π)þØ��Âñ.)

5 3 - x = π/2, Ò��3~K 15.26¥�(J

1 −
1
3

+ · · · +
(−1)n−1

2n − 1
+ · · · = π

4
.

~~~KKK 16.7 O�2ÂÈ©
∫+∞

0

sin x
x

dx (§�~¡� DirichletÈ©).

) |^ (16.6), =
∫π

0

sin(n + 1
2

)x

2 sin x
2

dx = π
2

, ò�È¼ê�©1�� x, �

�:

∫π

0

sin(n + 1
2 )x

x
dx =

∫π

0

sin(n + 1
2

)x

2 sin x
2

dx +
∫π

0
sin(n + 1

2
)x ·

(

1
x

−
1

2 sin x
2

)

dx

= π
2

+
∫π

0
sin(n + 1

2
)x ·

(

1
x

−
1

2 sin x
2

)

dx.

版
权
所
有
，
请
勿
复
制
！



§16.2 Fourier?ê�Âñ5 289

dum>È©Òe�Ïf
(

1
x

−
1

2 sin x
2

)

3 [0, π]þ~Â�È, Ïd^ Riemann

Ún��� n → ∞�4�� 0, ù�Ò��

lim
n→∞

∫π

0

sin(n + 1
2

)x

x
dx = π

2
.

��, ^Cþ��k

∫π

0

sin(n + 1
2

)x

x
dx =

∫ (n+ 1

2
)π

0

sin x
x

dx,


®�2ÂÈ©
∫+∞

0

sin x
x

dxÂñ (�~K 11.29), Ïdl Heine8(�nÒk

∫+∞

0

sin x
x

dx = lim
A→+∞

∫A

0

sin x
x

dx = lim
n→+∞

∫n+ 1

2

0

sin x
x

dx = π
2

. �

16.2.2 Fourier???êêêÂÂÂñññ���ÛÛÛÜÜÜ555½½½nnn

� f �±Ï 2π�±Ï¼ê, 3 [−π, π]þ�È�ýé�È, K�±¦Ñ f �

Fourier?ê. �
ïÄT?ê�Âñ5, ·�lT?ê�Ü©Ú¼ê Sn(x)Ñu.

ùp�5¿, 8c�¯K´:�Âñ¯K, �d3e¡ò xUP� x0, ��Ù

/L²·��´3?Ø3ù��: x0 ?� {Sn(x0)}�Âñ5.

Xe½Â Sn(x0), òÙ¥� FourierXê^ (16.4)�\, ,�|^n�¼ê�

Ú�úª±9ð�ª 1
2

+

n
∑

k=1

cos kθ =
sin(n + 1

2
)θ

2 sin θ
2

, ù�Òk

Sn(x0) =
a0

2
+

n
∑

k=1

(ak cos kx0 + bk sin kx0)

= 1
π

∫π

−π

[

1
2

+
n
∑

k=1

(cos kt cos kx0 + sinkt sin kx0)
]

f(t) dt

= 1
π

∫π

−π

[

1
2

+

n
∑

k=1

cos k(t − x0)
]

f(t) dt

= 1
π

∫π

−π

sin(n + 1
2

)(t − x0)

2 sin
t − x0

2

· f(t) dt (16.7)

= 1
π

∫π

−π

sin(n + 1
2

)u

2 sin u
2

· f(x0 + u) du (16.8)
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= 1
π

∫π

0

sin(n + 1
2

)u

2 sin u
2

· [f(x0 + u) + f(x0 − u)] du. (16.9)

5 éþãí����AÚ�
`². (16.8)´l (16.7)� t = x0 + u�Cþ

�����, ÙÈ©«mA�´ [−π − x0, π − x0]. ,
|^ f ´±Ï 2π�±Ï¼
ê, (16.8)¥��È¼ê�´Xd, Ïd�±òÈ©«mE,�� [−π, π] (ë�~

K 10.30). ���Ú´ò (16.8)�È©
m�
∫0

−π
+

∫π

0
, ,�31��È©¥��

� u1 = −u, ¦È©«mC� [0, π], ¿ò u1 ­#P� u, Ü¿ü�È©�� (16.9).

·�'%�¯KÒ´3�o^�e¤á

lim
n→∞

Sn(x0) = f(x0)? (16.10)

du Fourier Xê´ÏLúª (16.4)�È©O����, XJ3: x0 :?UC

f(x0)��, K Fourier?êØ¬k?ÛUC. dd��, 4� lim
n→∞

Sn(x0)=¦�

3, �Ø�½Ò´ f(x0).

u´·�Ø��?Ø¯K (16.10), 
´ò {Sn(x0)}Âñ��4�P� S, ,

�?Ø lim
n→∞

Sn(x0) = S 3�o^�e¤á.

|^úª (16.9)Ú DirichletÈ© (16.6), �±�Ñ

Sn(x0) − S = 1
π

∫π

0

sin(n + 1
2

)u

2 sin u
2

· ϕ(u) du, (16.11)

Ù¥
ϕ(u) = f(x0 + u) + f(x0 − u) − 2S. (16.12)

e¡é (16.11)2�üÚ{z, 8�´wÑÙ¥�Ì�Ü©´�o.

(I)ò (16.11)¥�©1^ u�O¿�OddÚå�� (ùÒ´~K 16.7¥�

�{). l

lim
u→0

(

1
2 sin u

2

−
1
u

)

= 0

Ñu, ��¼ê 1

2 sin u
2

−
1
u
3 [0, π]þ~Â�È. �â f 3 [−π, π]þ�È�ý

é�È, d (16.12)½Â�¼ê ϕ(u)3 [0, π]þ��È�ýé�È. �â Riemann

Ún, Ò��

lim
n→∞

∫π

0
sin(n + 1

2
)u ·

(

1
2 sin u

2

−
1
u

)

· ϕ(u) du = 0.

u´l (16.11)��

Sn(x0) − S = 1
π

∫π

0

sin(n + 1
2

)u

u
· ϕ(u) du + o(1) (n → ∞).
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(II)�½ δ ∈ (0, π], òþª�½È©
m� [0, δ]Ú [δ, π]þ�ü�È©, ¿2

g^ RiemannÚn��

lim
n→∞

∫π

δ

sin(n + 1
2

)u

u
· ϕ(u) du = 0.

dd��, �½ δ ∈ (0, π]��, Òk

Sn(x0) − S = 1
π

∫δ

0

sin(n + 1
2

)u

u
· ϕ(u) du + o(1) (n → ∞). (16.13)

(16.13)w�·�, Fourier?ê3: x0�ñÑ5���ûu¼ê ϕ(u)3 u = 0

�C�5�. lT¼ê�½Â (16.12)�±wÑ, ù==�ûu¼ê f 3: x0 �C

�5�. ù�Ò��
 Fourier?ê�ÛÜ5½n, §´ RiemannÄkuy�, Ï

d�¡� Riemann½n.

½½½nnn 16.3 (Fourier???êêê���ÛÛÛÜÜÜ555½½½nnn) ¼ê f � Fourier?ê3: x0?�

ñÑ5, ±93Âñ��4��´�o, ==� f 3: x0 ���?¿���¥�

5�k'.

c¡®²J�, du FourierXê´lÈ©���,Ïd?ê3: x0 �ñÑ5

� f(x0)Ã'. y3þãÛÜ5½nKL², ñÑ5�ûu f 3: x0�?¿�C�

ÛÜ5�, ù´�~¯<���(Ø.

Xã 16.9 ¤«, b�ü�¼ê f, g 3:

x0 ������¥���Ó, �3d��	K

ÎÃ'X. ù� f, g � Fourier?ê�±��

ØÓ. �âÛÜ5½n, ùü�wþ�Ã'�

Fourier?ê3: x0 �ñÑ5K���Ó. e

Âñ, K§�3 x = x0 �?êÚ��Ó.

uuuuuuu����>�!B��<�"D
xtttp�~/����|. ����y

O

f(x)

g(x)
︸︷︷︸

Oδ(x0)

�x0

<;<��00000 00000X W V U U S R Q P O �� M L L J I H H F �? B C C E G H J K M N O P R S T V W X %
ã 16.9: ÛÜ5½n«¿ã

w,, ÛÜ5½n´ Fourier?ênØ¥��Ä�(J. §w�·�, �,?ê

Xê´�â¼ê3��±Ï�Ýþ�È©(½�, �z��:?�ñÑ5%�d

¼ê3T:�ÛÜ5�û½.

5 Fourier?ê�ñÑ5¯K�~(J, �®²��
´L�¤J. e¡´Ù

¥kp§
¿Â�A�ó�.

1876c Du Bois Reymond➀ ÄkÞÑ~f`²3 f �ëY:þ, f � Fourier

?ê�±uÑ. ùL²ëY5^�´Øv±�y Fourier?êÂñ�.

1930c, KolmogorovÞÑ~f, ���È�ýé�È¼ê� Fourier?ê??

uÑ.

➀ Ú ·Ù�–X� (Paul David Gustav Du Bois–Reymond, 1831–1889), �IêÆ[.
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1966c, Carleson➀y²: ²��È¼ê� Fourier?ê�½A�??Âñ. ù

�,�)ëY¼ê3S.

16.2.3 Dini���OOO{{{

l (16.13)�±�Ñõ«�O{. �~^��O{��� Dini�O{. � f �

±Ï 2π��È�ýé�È¼ê, ϕ(u) = f(x0 + u) + f(x0 − u) − 2S.

Dini ���OOO{{{ ek δ > 0, ¦�È©
∫δ

0

|ϕ(u)|
u

duÂñ, K f � Fourier?ê

3: x0 ?Âñu S.

y �Ñ (16.13):

Sn(x) − S = 1
π

∫δ

0
sin(n + 1

2
)u ·

ϕ(u)
u

du + o(1) (n → ∞),

�â^�^ RiemannÚn=�. �

Xþ¤«, 3 RiemannÚnÚ (16.13)�Ä:þ, Dini�O{éN´Ò��
.

�3¦^þ�Ø�B, Ù¥�vkw�·� S ´�o. e¡�Ñ�~���
�¹

�� Dini�O{�íØ.

�?Øü«�¹➁: (1) f 3: x0 ?ëY, (2) f ±: x0�1�amä:. §�

��Ó:´Ñ�3ü�üý4�, ,��

S = 1
2

[f(x+
0 ) + f(x−

0 )]. (16.14)

� f u: x0 ëY� S = f(x0). Ù¢l ϕ(u)�½Â (16.12)Ú Dini�O{¥�È

©Âñ^���, é±þü«�¹5` (16.14)¥� S ´���U�ÀJ.

Dini���OOO{{{���íííØØØ 1 �k δ > 0, ¦�¼ê f 3: x0 �C÷vXe��ê

� α�2Â Lipschitz^�:

|f(x0 ± u) − f(x±
0 )| 6 Luα, 0 < u 6 δ,

Ù¥ L > 0, 0 < α 6 1 (e α > 1K�U´~�¼ê), K f � Fourier?êu: x0

?Âñu (16.14)½Â� S.

y l ϕ(u)�½Â (16.12)��k lim
u→0+

ϕ(u) = 0. ù�le�Ø�ª

|ϕ(u)|
u

6
|f(x0 + u) − f(x+

0 )| + |f(x0 − u) − f(x−
0 )|

u
6

2L
u1−α

➀ k�Ü (Lennart Carleson, 1928–), a;êÆ[.

➁ 3ùp·�Ø\y²/Qã Fourier?ênØ¥���Ä�(J: e x0 ´ f �ë

Y:½1�amä:, ��34� lim
n→∞

Sn(x0), Kù�4��U´ f(x0) ½
1
2

[f(x+

0 ) +

f(x−

0 )]. 3�Ö��©¥·�vk^ù�(J,��)l (16.8)� (16.9)±9e¡�?ØÑ

´3ù�(J���e?1�. Ùy²� [25, ·K 15.2.2].
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Ú 0 6 1 − α < 1, |^È©
∫δ

0

du
u1−α Âñ, �� Dini�O{�^�÷v. �

Dini���OOO{{{���íííØØØ 2 � f 3: x0 üý�3e�2Âüý�ê

lim
u→0+

f(x0 ± u) − f(x±
0 )

u
, (16.15)

K f � Fourier?êu: x0 Âñu (16.14)½Â� S.

y ùÒ´íØ 1¥� α = 1�A~, ù�
∫δ

0

|ϕ(u)|
u

du�~ÂÈ©. �

5 du¼ê3: x0����½ëY,ù�3 (16.15)¥�ü�4���½�

3 (���), Ïd3¼ê���:þ, Fourier?ê�½Âñu f 3T:��.

���B�´±eíØ, §)û
ý�õê~�¼ê� Fourier?ê�Âñ¯

K. 8�ò÷vÙ¥^��¼ê{¡�©ã1w¼ê.

Dini ���OOO{{{���íííØØØ 3 �±Ï¼ê f 3z�k.«mþ�õØ�k�:	,

??�3ëY��¼ê, 
3z�~	:?, ¼ê f 9Ù�¼ê f ′ Ñ�3ü�ü

ý4�, K f � Fourier?ê??Âñu 1
2

[f(x+) + f(x−)].

yyy XíØ 2�5¤«, �I�?Ø~	:. � x0 ?mý�3 f(x+
0 ), Ó�q

�3�¼ê�üý4� f ′(x+
0 ), K^ L’Hospital{KÒ��

lim
u→0+

f(x0 + u) − f(x+
0 )

u
= f ′(x+

0 ),

ù�Òy²
 f 3 x0 �mý�32Â�ê. é�ý�y²´aq�. �

5 ±þ?Ø�~K 8.12±9�ê4�½n (=½n 7.9)��aq.

~~~KKK 16.8 éu�Ùc 5�~K¥� Fourier?ê. (½?ê�Ú, ¿� f �

'�.

) ~K 16.1 (ë�ã 16.1).

Ù¥±Ï 2π�¼ê f 3 (−π, π]þ�

{

1, 0 6 x 6 π

0, − π < x < 0
, ��±Ï 2π�¼

ê, ¤k nπ (n ∈ Z)�:�1�amä:. du f ©ã1w¼ê, Ïd§� Fourier

?ê??Âñ. l (16.14)��3¤kmä:þ?ê�Ú� 1
2

, 
3Ù¦¤k:þ

?ê�Ú� f ��. ù
lT~K�Nã 16.1w´�~�Ù�. 3 −π 6 x 6 πþ
� Fourier?ê�Ú�:

1
2

+ 2
π

∞
∑

n=1

sin(2n − 1)x
2n − 1

=



















0, − π < x < 0,

1, 0 < x < π,

1
2

, x = 0,±π.

~K 16.2 (ë�ã 16.2).
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Ù¥±Ï 2π�¼ê f 3 [0, 2π)þ�u x. �Ó�?Ø�±�Ñ3 [0, 2π]þ�

Fourier?ê�Ú�:

π − 2
∞
∑

n=1

sin nx
n

=

{

x, 0 < x < 2π,

π, x = 0, 2π.

~K 16.3 (ë�ã 16.3).

Ù¥k3 [−π, π)þ�½ f(x) = eαx, α 6= 0, ,��±Ï 2π�òÿ. ��¤k

(2n + 1)π (n ∈ Z)�:�1�amä:. u´k

eαπ − e−απ

π ·
(

1
2α

+

∞
∑

n=1

(−1)n α cosnx − n sin nx
α2 + n2

)

=

{

eαx, |x| < π,

1
2

[eαπ + e−απ], x = ±π.

~K 16.4 (ë�ã 16.4).

Ù¥k3 (0, π)þ�½ f(x) =

{

1, 0 < x < h

0, h < x < π
, Ù¥ 0 < h < π, ,��óò

ÿ, 2Uì±Ï 2πòÿ. ù�¤k nπ, 2nπ ± h (n ∈ Z)Ñ´1�amä:. �±

�Ñ Fourier?ê3 [0, π]þ�Ú�

h
π + 2

π

∞
∑

n=1

sin nh
n

cosnx =



















1, 0 6 x < h,

1
2

, x = h,

0, h < x 6 π.

Ù¥ x = 0, π?�5� f vk½Â. 3�þãóòÿÚ±Ï 2πòÿ�§�Ñ´�
�1�amä:, ÏdUì (16.14)��?ê�Ú3T?©O� 1Ú 0.

~K 16.5 (ë�ã 16.5).

Ù¥ò f(x) = |x|,−1 6 x 6 1Uì±Ï 2òÿ. ù��±wÑ¤��±Ï

¼ê??ëY, 3¤k�ê:?Ø��, ��3ü�üý�ê, ÏdÒ�±��3

[−1, 1]þ� Fourier?ê??Âñu f(x) = |x|, =k:

1
2
−

∞
∑

n=1

4
(2n − 1)2π2 cos(2n − 1)πx = |x|, −1 6 x 6 1. �

5 1 ~K 16.6 (ë�ã 16.7)�c 5�~KØÓ, ´k^ RiemannÚn¦Ñ

n�?ê

∞
∑

n=1

sin nx
x

�Ú¼ê, ,�l~K 16.2�±íÑTn�?êÒ´ S(x)�

Fourier?ê. �,��±��^ Euler–Fourierúª 16.45�yù�(Ø. e¡Ò

´3 [0, 2π]þ�?ê�Ú¼ê:

∞
∑

n=1

sinnx
n

=

{ π − x
2

, 0 < x < 2π,

0, x = 0, 2π.

版
权
所
有
，
请
勿
复
制
！



§16.2 Fourier?ê�Âñ5 295

5 2 5¿3(½ Fourier?ê�Ú¼ê�, ��¤�ã�S., ùéu3z

��mä:?(½¼ê�ü�üý4�, l
(½?ê�Ú, ´k�Ï�. ~X,

��½ (−π, π]þ�ëY��¼ê, �¦(½§� Fourier?ê�Ú¼ê3 (−π, π]

��. ù�3 (−π, π) þ?ê�Ú??�u f ��, �3: π ?ÒØ�½. ek

f(π) 6= f(−π+), K3ò f �±Ï 2π �òÿ�, : −π, π Ñ´ØëY:. u´

Fourier?ê�Ú¼ê3: π?�UÂñu 1
2

[f(π) + f(−π+)].

öööSSSKKK

1. Á3�r�^� f ′ ∈ R[a, b]e��y² RiemannÚn:

lim
p→∞

∫ b

a
f(x) sin pxdx = 0, lim

p→∞

∫ b

a
f(x) cos pxdx = 0.

2. � f � [0, +∞)þ�üN¼ê, � f(+∞) = 0, y²:

lim
p→∞

∫+∞

0
f(x) sin pxdx = 0, lim

p→∞

∫+∞

0
f(x) cos pxdx = 0.

3. � f ′ ∈ R[−π, π], y²: lim
n→∞

nan = 0.

4. P DirichletØ Dn(x) =
sin(n + 1

2
)x

2 sin x
2

(

= 1
2

+

n
∑

k=1

cos kx
)

, y²:

lim
n→∞

∫π

0
xDn(x) dx = 0,

¿dd¦Ñ±eü�?ê�Ú:

(1)

∞
∑

n=1

1
(2n − 1)2

; (2)

∞
∑

n=1

1
n2 .

5. P FejérØ Fn(x) = 1
nπ

(

sin nx
2

sin x
2

)2

, y²:
∫π

0
Fn(x) dx = 1.

6. � f ∈ R[−π, π], Sn(x)´ f � Fourier?ê�Ü©Ú¼ê, y²:

Sn(x) = O(ln n).

7. � f ´UÐm� Fourier?ê�±Ï 2π�±Ï¼ê, y²:

f(x + π) − f(x) = −
2
π

∞
∑

n=0

∫π

−π
f(t) cos(2n + 1)(t − x) dt.

8. �3 (−π, π)þ¤á

f(x) =
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),
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¯:?ê
a0

2
+

∞
∑

n=1

an cosnxÚ
∞
∑

n=1

bn sin nx´ÄÂñ? eÂñKÚ¼ê´�

o?

9. e f ∈ R[a, b], y²:

lim
p→∞

∫ b

a
f(x)| sin px| dx = 2

π

∫ b

a
f(x) dx.

(dKkA«�{. Ù¥��´^ §16.1öSK 8(5)¥� | sin x|� Fourier?

êÐmª.)

10. (½ §16.1�öSK 8� 9¥�K� Fourier?ê�ñÑ�¹.

11. P n�n�õ�ª� Tn(x) =
a0

2
+

n
∑

k=1

(ak cos kx+ bk sin kx), Dn(x)ÓK 4,

y²:

(1) Tn(x) = 1
π

∫π

−π
Tn(u)Dn(u − x) du;

(2) max
−π6x6π

|T ′
n(x)| 6 n2 max

−π6x6π
|Tn(x)|.
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§16.3 Fourier???êêê���555���

16.3.1 ���ZZZ²²²���%%%CCC

� f ´±Ï 2π�±Ï¼ê, �3 [−π, π]þ�È�²��È➀.

�Ä^n�õ�ª

Un(x) =
α0

2
+

n
∑

k=1

(αk cos kx + βk sin kx) (16.16)

5%C f . ùp�%C´Uì²�²þ (þ�) �¿Âþ5½Â�, =XÛÀJ

(16.16)¥� 2n + 1�Xê, αk ∀ k = 0, 1, · · · , nÚ βk ∀ k = 1, · · · , n, ¦�∫π

−π
[f(x) − Un(x)]2 dx (16.17)

����.

±e½n¥�PÒ�c¡�Ó, =

f ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

¿òÙÜ©ÚP� Sn(x) =
a0

2
+

n
∑

k=1

(ak cos kx + bk sin kx).

e¡y²ù��`z¯K�)´� Un(x) = Sn(x).

½½½nnn 16.4 � f ´±Ï 2π�¼ê, �3 [−π, π]þ�È�²��È, Kk

min
Un

∫π

−π
[f(x) − Un(x)]2 dx =

∫π

−π
[f(x) − Sn(x)]2 dx.

y Äk��O� (16.17)¥�È©,¿|^'uFourierXê�Euler–Fourier

úª (16.4)Ún�¼êX���5:∫π

−π
(f − Un)2 =

∫π

−π
f2 − 2

∫π

−π
fUn +

∫π

−π
U2

n

=
∫π

−π
f2 − πa0α0 − 2π

n
∑

k=1

(akαk + bkβk) +
πα2

0

2
+ π

n
∑

k=1

(α2
k + β2

k).

,�^��{��∫π

−π
(f − Un)2 =

∫π

−π
f2 + π

2
(α0 − a0)

2 + π
n
∑

k=1

[(αk − ak)2 + (βk − bk)2]

−
π
2

a2
0 − π

n
∑

k=1

(a2
k + b2

k),

➀ ù�e f ´~Â�È, �,�ýé�È; e f ´2Â�È, KlØ�ª |f(x)| 6

1 + f2(x)
2

��, 3k.«mþ²��È7½ýé�È. Ïd�È�²��È�±íÑýé

�È.
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ù�Ò��� α0 = a0, αk = ak, βk = bk, k = 1, · · · , n�þª�>�È©���

��, �Ó�������

min
Un

∫π

−π
(f − Un)2 =

∫π

−π
(f − Sn)2 =

∫π

−π
f2 −

π
2

a2
0 − π

n
∑

k=1

(a2
k + b2

k). �

|^þã½ny²����ª, Ò�±��Í¶� Bessel➀Ø�ª. ·�ò§

��e¡�½n.

½½½nnn 16.5 (BesselØØØ���ªªª) �±Ï 2π�¼ê f 3 [−π, π]þ�È�²��

È, �k f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx), K¤áØ�ª

1
2

a2
0 +

∞
∑

k=1

(a2
k + b2

k) 6
1
π

∫π

−π
f2. (16.18)

y l½n 16.4���������K, ��¤áØ�ª

1
2

a2
0 +

n
∑

k=1

(a2
k + b2

k) 6
1
π

∫π

−π
f2.

- n → ∞Ò��¤�¦�Ø�ª. �

5 �±y², ¢Sþ3Ø�ª (16.18)¥¤á�Ò, ùÒ´ Parseval➁�ª:

1
2

a2
0 +

∞
∑

k=1

(a2
k + b2

k) = 1
π

∫π

−π
f2. (16.19)

duI��õ�óä, ·�ò3e�!���Ñ§�y².

~X, éu (0, 2π)þ� FourierÐmª

π − x
2

=

∞
∑

n=1

sinnx
n

,

^ Parseval�ªÒ�±��

π
∞
∑

n=1

1
n2 = 1

4

∫2π

0
(π − x)2 dx = 1

6
π3,

ù�Ò��

∞
∑

n=1

1
n2 = π2

6
.

e¡·�^¼ê�m�Vgé��!JÑ�¯K, =¦� (16.17)��z�¯

K, ±9½n 16.4�Ñ��Y, �ÑAÛ)º.

l¼ê�m��Ý5w, Un ´n�¼êX

{1, cosx, sin x, · · · , cosnx, sin nx, · · · }

➀ �l� (Friedrich Wilhelm Bessel, 1784–1846), �IU©Æ[!êÆ[.

➁ øl�� (Marc Antoine Parseval, 1755–1836), {IêÆ[.
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¥c 2n + 1�¼ê��5|Ü. ^ Πn L«¤kù�� Un ¤¤�8Ü, K§´¤

k±Ï 2π�¼ê�N¤¤�5�m¥��5f�m. X3�Ùm©�@�, 3ù

��¼ê�m¥Ú\ (f, g) =
∫π

−π
fg�� f Ú g�SÈ, ��·�òSÈ� 0��

f � g���½Â. y3·�lSÈÚ\ f ��ê�

‖f‖ =
√

(f, f) =

√∫π

−π
f2(x) dx,

KÒ�±^ ‖f − g‖5L« f � g�ål➀.

u´��!�¯KÒ´, éu�½�¼ê f , 3f�m (½ö`�²¡) Πn ¥

=���� f ���C? 3«¿ã 16.10¥^L�: O�²¡L« Πn, ¼ê f ^

²¡	����þ�L.

½n 16.4¥�O�L²: Sn ´3�²

¡ Πn¥��C f ��. 3½n�����

�ª�±U��

‖f − Sn‖
2 = ‖f‖2 − ‖Sn‖

2,

ùw,Ò´��½n. §�du

(f − Sn, Sn) = 0,

= f − Sn � Sn ��.

DDDDDDDDDDDDDDDEDDDDDDDDDDR�$$#$$$#$$$�RDDDDDDDDDDEDDDDDDDDDDDDDDD$$$#$$$#$$ DDDDDDDDDDDDD! ttp�,,,+,,,,,+,,,� B	"F���	"I~/����|. �����)�/�%�2
O

Sn

f
f − Sn0�R	

ã 16.10: (16.17)���z¯K�A

Û¿Â

16.3.2 Fourier???êêê���������ÂÂÂñññ555

lþ�!� Dini�O{ÚNõäN~f�±��, Fourier?ê�Ú¼ê�±

k1�amä:. l¼ê�?ê�ëY5½n (=½n 15.5)��, ù�� Fourier

?êØ�U��Âñ. e¡�Ñ�y Fourier?ê��Âñ�¿©5^�. ¢Sþ

��éuþ�!�©ã1w^�2\þëY5^�Ò

.

�8�Ú^�Bå�, ky²��Ún.

ÚÚÚnnn � f ´±Ï 2π �ëY¼ê, �©ã1w, q� f � Fourier Xê�

{an}n>0, {bn}n>1, f ′� FourierXê� {a′
n}n>0, {b

′
n}n>1, Kk

a′
0 = 0, a′

n = nbn, b′n = −nan ∀n.

y Äk5¿3 f ©ã1w�^�e, �¼ê f ′ 3±Ï�Ý�«mþ�õ�

3k��:þvk½Â, 3ù
~	:�m�«mþëY, �3«mà:?þ�3

➀ £�3 §15.1.2 ¥�Q²Ú\�ê5�x¼ê�m�ål,¿^u��Âñ5�?

Ø, ��3¼ê�m¥�±Ú\ØÓ��ê. ¢SþØÓ��êéA
ØÓ�Âñ5. 3ù

pÚ\�²�²þ�êéAu²�²þÂñ, §´:�ÂñÚ��Âñ�	�#�Âñ5

Vg.
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4�, Ïd´~Â�È¼ê. kO�§�1�� FourierXê. |^ f(−π) = f(π),

Òk

a′
0 = 1

π

∫π

−π
f ′(x) dx = 1

π [f(π) − f(−π)] = 0.

2^2Â©ÜÈ©úª (�½n 10.14�5), Ò�±��¤�¦�Ù{(J:

a′
n = 1

π

∫π

−π
f ′(x) cos nxdx = 1

π f(x) cos nx
∣

∣

∣

π

−π
+ 1

π

∫π

−π
f(x)n sin nxdx

= n
π

∫π

−π
f(x) sin nxdx = nbn,

b′n = 1
π

∫π

−π
f ′(x) sin nxdx = 1

π f(x) sin nx
∣

∣

∣

π

π
−

1
π

∫π

−π
f(x)n cosnxdx

= −
n
π

∫π

−π
f(x) cosnxdx = −nan. �

½½½nnn 16.6 � f ´±Ï 2π�ëY¼ê, �©ã1w, K f � Fourier?ê3

(−∞, +∞)þ��Âñu f(x).

y l Dini�O{ (�íØ 3)Ú f �ëY5��, f � Fourier?ê??Âñ

u f(x), ù�Òk

f(x) =
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx). (16.20)

ò f ′� FourierXêP� {a′
n}n>0Ú {b′n}n>1, lÚnÚ²þ�Ø�ª�±��

|an| + |bn| =
|b′n|
n

+
|a′

n|

n
6

1
n2 + 1

2
[(a′

n)2 + (b′n)2].

du f ′�È�²��È,Ïd|^éu f ′� FourierXê� BesselØ�ª, ?

ê

∞
∑

n=1

[(a′
n)2 + (b′n)2]Âñ, ù�ÒíÑ?ê

∞
∑

n=1

|an| + |bn| < +∞,

ù�y
 f � Fourier?ê��ýéÂñ. �

16.3.3 ÅÅÅ���ÈÈÈ©©©½½½nnn

�1�ÊÙ�Å�È©½n (=½n 15.7(2))��ØÓ, ùpØ=ØI���

Âñ^�, $�ëÂñ5^��´õ{�.

½½½nnn 16.7 (Fourier???êêê���ÅÅÅ���ÈÈÈ©©©½½½nnn) � f �±Ï 2π �©ãëY¼
ê➀, 3 [0, 2π]þ�È�ýé�È, �®�k

➀ �
y²{üå�, ùp\
©ãëY^�. Ù¢�Kù�^���Å�È©½n

E,¤á, y²� [8].
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f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

Kk:

(1)?ê
∞
∑

n=1

bn

n
Âñ,

(2) ∀x, x0 ∈ R :
∫x

x0

f(t) dt =
∫x

x0

a0

2
dt +

∞
∑

n=1

∫x

x0

(an cosnt + bn sinnt) dt.

y é (2)�I�éu x0 = 0�Ñy²=�.

½Â¼ê F (x) =
∫x

0

(

f(t) −
a0

2

)

dt➀, Kl

F (2π) − F (0) =
∫2π

0

(

f(t) −
a0

2

)

dt =
∫2π

0
f(t) dt − a0π = 0,

�� F ´±Ï 2π�ëY¼ê.

3 f �©ãëY��k1�amä:�^�e, du3 f ëY?k F ′ = f , Ï

d F Ò´©ã1w�ëY¼ê. u´ F � Fourier?ê??Âñug�, =k

F (x) =
A0

2
+

∞
∑

n=1

(An cosnx + Bn sin nx),

Ù¥m>� F � Fourier?ê. ÏL©ÜÈ©Ò�±éu¤k��ê n��

An = 1
π

∫2π

0
F (x) cos nxdx = 1

nπ F (x) sin nx
∣

∣

∣

2π

0
−

1
nπ

∫2π

0
f(x) sin nxdx = −

bn

n
,

Bn = 1
π

∫2π

0
F (x) sin nxdx = −

1
nπ F (x) cosnx

∣

∣

∣

2π

0
+ 1

nπ

∫2π

0
f(x) cosnxdx =

an

n
.

(ùpq¦^
2Â�©ÜÈ©úª, �½n 10.14�5.)

3 F � FourierÐmª¥^ x = 0�\, Ò��

0 = F (0) =
A0

2
+

∞
∑

n=1

An =
A0

2
−

∞
∑

n=1

bn

n
,

ù�Òy²
½n� (1), ���T?ê�Ú´
A0

2
.

3 F � Fourier?êÐmª¥, ò A0/2�� −

∞
∑

n=1

An, �\�Úª¥, 2^þ

¡��� An, Bn �L�ª, Ò��

➀ ±Ï 2π �¼ê f �È©
∫

x

0

f(t) dt �½�±©)����5¼ê ax Ú��

±Ï 2π �¼ê�Ú (� §10.4 öSK 10), Ù¥Xê a = 1
2π

∫
2π

0

f(t) dt =
a0

2
. u´∫

x

0

f(t) dt −
a0

2
x =

∫
x

0

“

f(t) −
a0

2

”

dt Ò´©)ª¥�±Ï¼ê. ùÒ´ F (x)�5{.
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F (x) =
∫x

0

(

f(t) −
a0

2

)

dt =
∞
∑

n=1

[An(cosnx − 1) + Bn sin nx]

=

∞
∑

n=1

(

bn

n
(1 − cosnx) +

an

n
sin nx

)

=

∞
∑

n=1

∫x

0
(an cosnt + bn sin nt) dt.

2ò�>�
∫x

0

a0

2
dt£�m>=�¤¦. �

5 1 ù�½n���B�¬Ò´�±é�Ø´ Fourier?ê�n�?ê. ~

Xe¡�n�?ê: ∞
∑

n=2

sin nx
ln n

, (16.21)

�·�ÙG�?ê

∞
∑

n=1

sin nx
n

��, ��^ Dirichlet�O{Ò��?ê (16.21)

??Âñ. �du?ê
∞
∑

n=2

1
n ln n

uÑ, �â½n 16.7(1)�� (16.21)¥�n�?

êØ�U´ Fourier?ê.

5 2 A^Å�È©½n¦�·��±l (Ø�´ÄÂñ�) Fourier?ê��

#� Fourier?ê, 
�§´Âñ�. e¡´��;.~f.

~~~KKK 16.9 3 [0, 2π]þ, k

π − x
2

∼

∞
∑

n=1

sin nx
n

(¢Sþ®�3 (0, 2π)þ¤á�Ò), � x ∈ [0, 2π], Å�È©�� (Å�È©½n¥

� x´vk���, �ùp�U� x ∈ [0, 2π], Ï�� x�Ñ [0, 2π]��>�¼ê

L�ªØ�():
∫x

0

( π − t
2

)

dt = πx
2

−
x2

4
=

∞
∑

n=1

∫x

0

sin nt
n

dt

=

∞
∑

n=1

(

−
1
n2 cosnt

∣

∣

∣

x

0

)

=

∞
∑

n=1

1
n2 (1 − cosnx)

=

∞
∑

n=1

1
n2 −

∞
∑

n=1

1
n2 cosnx,

�3 [0, 2π]þ¤á. |^c¡®²���

∞
∑

n=1

1
n2 = π2

6
, Ò����#� Fourier

?êÐmª, =3 [0, 2π]þ¤á

x2

4
−

πx
2

+ π2

6
=

∞
∑

n=1

1
n2 cosnx. �
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5 ?ê

∞
∑

n=1

1
n2 = π2

6
´3c¡� Parseval�ª (16.19)���A^. du

(16.19)3@pvky², Ïd·�3ùpéù�?ê�Ú�Ñ��Õá�y². �

d- x = π�\þ¡Å�¦È����ª¥, |^ cosnπ = (−1)n, Òk

π2

4
= 2

(

1 + 1
32 + · · · + 1

(2n − 1)2
+ · · ·

)

.

PÂñ?ê

∞
∑

n=1

1
n2 �Ú� A, KÒk

A =

(

1 + 1
32 + · · · + 1

(2n − 1)2
+ · · ·

)

+

(

1
22 + 1

42 + · · · + 1
(2n)2

+ · · ·

)

= π2

8
+ 1

4
A,

ù�Òq�� A = π2

6
.

16.3.4 ÅÅÅ���¦¦¦���½½½nnn

ùp�Ø¨^1�ÊÙ¥�Å�¦�½n (=½n 15.8(2)), 
I�|^

Fourier?êg��A:5?Ø.

b�±Ï 2π�¼ê f �È�ýé�È, �k

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

¯K´3�o^�e�±Å�¦���

f ′(x) ∼ (
a0

2
)′ +

∞
∑

n=1

(an cosnx + bn sin nx)′ =

∞
∑

n=1

(nbn cosnx − nan sinnx).

N´w�, Äk�b� f ��, �õ�U3k��:þ~	, � f ′�È�ýé�È.

Ùg, lþ¡�� f ′�1�� FourierXê�u 0, ùÒ´∫π

−π
f ′(x) dx = f(π) − f(−π) = 0,

u´ f 7L´±Ï 2π�ëY¼ê. eØ÷vù�^�, KØ�UÅ�¦�.

ù�¡Qãe�(J.

½½½nnn 16.8 (Fourier???êêê���ÅÅÅ���¦¦¦���½½½nnn) � f ´±Ï 2π�ëY¼ê, �

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

q��¼ê f ′©ã1w, KÒk

f ′(x−) + f ′(x+)
2

=
∞
∑

n=1

(an cosnx + bn sinnx)′.
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y du�¼ê f ′ ©ã1w, Ïd�È�ýé�È, P f ′ � FourierXê�

{a′
n}n>0, {b

′
n}n>1. ^ §16.3.2�Ún, Òk

a′
0 = 0, a′

n = nbn, b′n = −nan ∀n.

qÏ f ′©ã1w, l Dini�O{�íØ 3��??¤á

f ′(x−) + f ′(x+)
2

=

∞
∑

n=1

(a′
n cosnx + b′n sin nx).

Ü¿±þ(J, ��þªm>Ò´

∞
∑

n=1

(an cosnx + bn sin nx)′. �

5 2g£�3 (0, 2π)þ¤á� Fourier?êÐmª

π − x
2

=

∞
∑

n=1

sinnx
n

,

�>�Ú¼ê3 (0, 2π)��êð�u −
1
2

, �duT¼êØUòÿ�±Ï 2π�ë
Y¼ê, ÏdØ�Ué§� Fourier?êÅ�¦�. ¯¢þ, m>Å�¦�����

´??uÑ���n�?ê:

∞
∑

n=1

cosnx.

öööSSSKKK

1. � f 3 [−π, π]þ�È�²��È, �k

f(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx),

P Sn(x) =
a0

2
+

n
∑

k=1

(ak cos kx + bk sin kx), y²

∫π

−π
[f(x) − Sn+1(x)]2 dx 6

∫π

−π
[f(x) − Sn(x)]2 dx.

(^ §16.3.1¥��óÒ´ ‖f − Sn+1‖ 6 ‖f − Sn‖.)

2. � f � Fourier?ê
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx) 3 [−π, π]þ��Âñ,

y² Parsevalúª

1
2

a2
0 +

∞
∑

n=1

(a2
n + b2

n) = 1
π

∫π

−π
f2(x) dx.

3. e f ∈ C[−π, π], f(−π) = f(π), f ′3 [−π, π]þ©ãëY, y²

an = o( 1
n

), bn = o( 1
n

).

4. e f ∈ C[−π, π], f(−π) = f(π), �®� f �¤k FourierXêÑ�u 0, y²:

f(x) ≡ 0.
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5. (1)y²
∞
∑

n=1

sin nx
n3 = 1

12
x3 −

π
4

x2 + π3

6
x, 0 6 x 6 2π;

(2)¦
∞
∑

n=1

1
n4 .

6. (1)P f(x) =











(π − 1)x
2

, 0 6 x 6 1,

π − x
2

, 1 < x 6 π,
y²¤á±eÐmª:

f(x) =
∞
∑

n=1

sinn
n2 sin nx;

(2)¦

∞
∑

n=1

sin2 n
n2 ,

∞
∑

n=1

sin2 n
n4 .

7. (1)e
a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx)�Xê÷v^�:

an = O( 1
n2+ε ), bn = O( 1

n2+ε ),

y²:Tn�?ê��Âñ, �Ú¼êëY��;

(2)e f ´±Ï 2π�±Ï¼ê, f ′′ ∈ R[−π, π], y²: f � Fourier?ê��

Âñ.
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§16.4 ^̂̂õõõ���ªªª������%%%CCCëëëYYY¼¼¼êêê

16.4.1 Weierstrass������%%%CCC½½½nnn

Weierstrass���%C½nkü«/ª, ©O¡�1�%C½nÚ1�%C

½n, =3k.4«mþ�ëY¼ê�½�±^õ�ª½n�õ�ª��%C�

¯k�½�?¿°(§Ý. y²�{éõ, �ë� [25]� §16.3.

e¡�Ún¢Sþ´½n 16.6���AÏ�¹, duÙ���{ü5, ·��

Ñ��Õá�y².

Ún � ϕ(x)´±Ï 2π�©ã�5ëY¼ê, K ϕ(x)� Fourier?ê��

Âñu ϕ(x).

y �Ñ➀

ϕ(x) ∼
a0

2
+

∞
∑

n=1

(an cosnx + bn sinnx).

�â©ã�5�^�, �3©y {x0, x1, · · · , xm}, x0 = −π < x1 < · · · <

xm = π, ¦� ϕ3z�f«m [xi−1, xi] þ��5¼ê, �ê� ϕ′(x) = ki (i =

1, · · · , m). -M = max{|k1|, · · · , |km|}.

���O ϕ� FourierXê:

|an| =
∣

∣

∣

1
π

∫π

−π
ϕ(x) cos nxdx

∣

∣

∣

=
∣

∣

∣

1
nπ ϕ(x) sin nx

∣

∣

∣

π

−π
−

1
nπ

∫π

−π
ϕ′(x) sin nxdx

∣

∣

∣

=

∣

∣

∣

∣

1
nπ

m
∑

i=1

ki

∫xi

xi−1

sin nxdx

∣

∣

∣

∣

6
2mM
n2π

.

u´ an = O

(

1
n2

)

. Ón���k bn = O

(

1
n2

)

. ù�Òy²
 ϕ� Fourier?

ê���Âñ. �

½½½nnn 16.9 (Weierstrass111���%%%CCC½½½nnn) � f ´ [−π, π] þ�ëY¼ê, �

f(−π) = f(π), Ké ∀ ε > 0, �3n�õ�ª

T (x) = α0 +

n
∑

k=1

(αk cos kx + βk sin kx),

¦�¤á

|f(x) − T (x)| < ε ∀x ∈ [−π, π].

➀ ù� ϕ�©ã1w�ëY¼ê, ÏdÙ Fourier?ê??Âñ. �e¡ò��y²

Fourier?ê��Âñ, l
Ø73ùp^Dini�O{.
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y l f ∈ C[−π, π]�� f 3 [−π, π]þ��ëY, Ïdé ε > 0, �3 δ > 0,

∀x′, x′′ ∈ [−π, π], �� |x′ − x′′| < δ, Òk |f(x′) − f(x′′)| < ε
2

.

é«m [−π, π]�©y P = {x0, x1, · · · , xn}, ¦�[Ý ‖P‖ < δ, ,�3z�

f«m xi−1 6 x 6 xi þ½Â�5¼ê

ϕ(x) = f(xi−1) +
f(xi) − f(xi−1)

xi − xi−1
· (x − xi−1)

= f(xi−1) ·
xi − x

xi − xi−1
+ f(xi) ·

x − xi−1

xi − xi−1
,

u´3 xi−1 6 x 6 xi �Òk

|ϕ(x) − f(x)| 6 |f(xi−1) − f(x)| ·
xi − x

xi − xi−1
+ |f(xi) − f(x)| ·

x − xi−1

xi − xi−1

6
ε
2

(

xi − x
xi − xi−1

+
x − xi−1

xi − xi−1

)

= ε
2

.

��ù��Ñ�©ã�5¼ê ϕéu f ���%C§Ý�u ε/2.

du ϕ(xi) = f(xi)éz� i = 0, 1, · · · , n¤á, 
 x0 = −π, xn = π, f(−π) =

f(π), Ïd�k ϕ(−π) = ϕ(π).

ò ϕUì±Ï 2π òÿ� (−∞, +∞)þ, ù�Ò��
±Ï 2π�©ã�5¼
ê. A^Ún, ϕ� Fourier?ê��Âñu ϕ. Ïd���v
����êN , Ò

�±¦�3 [−π, π]þ ϕ(x)�Ù Fourier?ê�Ü©Ú SN (x)���ýé����

u ε/2:
|ϕ(x) − SN (x)| < ε

2
∀x ∈ [−π, π]. (16.22)

l
�Ò�y3«m [−π, π]þ¤á

|f(x) − SN (x)| 6 |f(x) − ϕ(x)| + |ϕ(x) − SN (x)| < ε
2

+ ε
2

= ε. �

½½½nnn 16.10 (Weierstrass111���%%%CCC½½½nnn) � f ´k.4«m [a, b]þ�ëY

¼ê, Ké ∀ ε > 0, �3õ�ª p(x), ¦�¤á

|f(x) − p(x)| < ε ∀x ∈ [a, b].

y Ï���5C��½�±ò½Â«mUC� [0, π], 
�õ�ª3�5C

�eE�õ�ª, Ïd�m©ÒØ�� a = 0, b = π.

ò f óòÿ� [−π, π]þ�ó¼ê, ù�k f(−π) = f(π). A^1�%C½n,

�3n�õ�ª T (x) (lT½n�y²�� T (x)��{u¼ê), ¦�¤á

|f(x) − T (x)| < ε
2

∀x ∈ [−π, π].

du�u¼ê�{u¼ê� Maclaurin?ê�Âñ�» R = +∞, Ïd3

[0, π]þ��Âñ, l
éuþãn�õ�ª T (x), �3õ�ª p(x), ¦�¤á

|T (x) − p(x)| < ε
2

∀x ∈ [0, π]. (16.23)

u´Ò�� ∀x ∈ [0, π] :

|f(x) − p(x)| 6 |f(x) − T (x)| + |T (x) − p(x)| 6 2 ·
ε
2

= ε. �
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16.4.2 Parseval���ªªª���yyy²²²

|^Weierstrass�%C½n®ØJy²c¡� Parseval�ª (16.19). ��B

å�, ­#QãXe.

½½½nnn 16.11 �±Ï 2π�¼ê f 3 [−π, π] þ�È�²��È, �k f(x) ∼

a0

2
+

∞
∑

n=1

(an cosnx + bn sin nx), K¤á�ª

1
2

a2
0 +

∞
∑

k=1

(a2
k + b2

k) = 1
π

∫π

−π
f2. (16.24)

y l BesselØ�ª (16.18)��þª�>�?êÂñ, P

δn =
∫π

−π
f2 −

π
2

a2
0 − π

n
∑

k=1

(a2
k + b2

k),

K�I�y² lim
n→∞

δn = 0. d	, l½n 16.4�y²�� δnäke�5�:

δn = min
Un

∫π

−π
(f − Un)2 =

∫π

−π
(f − Sn)2 = ‖f − Sn‖

2 = ‖f‖2 − ‖Sn‖
2, (16.25)

Ù¥ Sn ´ f � Fourier?ê�Ü©Ú.

±e©A«�¹�Ñy².

(i)� f ∈ C[−π, π]� f(−π) = f(π). é ∀ ε > 0, d1�%C½n, �3n�õ

�ª T (x), ¦�

|f(x) − T (x)| <
√

ε
2π ∀x ∈ [−π, π].

u´Òk ∫π

−π
[f(x) − T (x)]2 dx < ε.

du T (x)´n�õ�ª, Ïdl (16.25)��, �3 N , ¦�� n > N �,

δn = ‖f − Sn‖
2 6 ‖f − T ‖2 < ε.

ù�Òy²
 δn → 0.

(ii) éuÙ¦�¹� f , e¡�©
 f = f ′ + f ′′, ùpPÒ f ′, f ′′ ´ü�¼

ê. Ïd3ùpI���
O�ó�. � f ′, f ′′ �éA� Fourier?ê�Ü©Ú

� S′
n Ú S′′

n, Kk Sn = S′
n + S′′

n . qP δ′n = ‖f ′ − S′
n‖

2, δ′′n = ‖f ′′ − S′′
n‖

2, Kl

|f(x) − Sn(x)| 6 |f ′(x) − S′
n(x)| + |f ′′(x) − S′′

n(x)|, Òk

[f(x) − Sn(x)]2 6 2{[f ′(x) − S′
n(x)]2 + [f ′′(x) − S′′

n(x)]2},

Ïd��

δn 6 2(δ′n + δ′′n). (16.26)
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(iii)y3� f ∈ R[−π, π]. ù� f k., �kM > 0, ¦� |f(x)| 6 M ∀x ∈

[−π, π].

kUC f 3à:��, ¦� f(−π) = f(π). ùØK� f ��È5ÚÈ©�.

éu ∀ ε > 0, �3«m [−π, π] �©y P = {x0, x1, · · · , xn}, ¦�éA��

Ì¡È

n
∑

i=1

ωi∆xi < ε
8M

. ,��E9Ï¼ê ϕ(x), ÷v ϕ(xi) = f(xi) ∀ i =

0, 1, · · · , n, 
3z�f«m [xi−1, xi]þ��5¼ê. (ùÒ´31�%C½n¥�

©ã�5¼ê, �ùpØ´��%C.)

©
 f = (f − ϕ) + ϕ, ¿P f ′ = f − ϕ, f ′′ = ϕ.

du3z�f«m [xi−1, xi]þ, |f(x) − ϕ(x)| 6 ωi (ë�1�%C½n�y

²), ù�Ò�±�Oe�È©
∫π

−π
[f(x) − ϕ(x)]2 dx 6

n
∑

i=1

ω2
i ∆xi < 2M

n
∑

i=1

ωi∆xi < ε
4

.

éu f ′ = f − ϕ� δ′n �±|^ (16.25), k

δ′n 6 ‖f ′‖2 = ‖f − ϕ‖2 < ε
4

.

éu f ′′ = ϕ, Kdu¼ê ϕ(x)ÎÜ (i)¥�^�,Ïd�3N , ∀n > N : δ′′n <
ε
4

. u´l (16.26)Òk

δn 6 2(δ′n + δ′′n) < 2( ε
4

+ ε
4

) = ε.

ù��Ò��
 δn → 0.

(iv)���Ä f 3 [−π, π]þ�2Â²��È��¹. �{²å�,�Ä f 3ù

�«mþ�k���Û: x = π��¹.

�â2ÂÈ©Âñ�½Â, éu ∀ ε > 0, �3 η > 0, ¦�∫π

π−η
f2(x) dx < ε

4
.

�â η©
 f = f ′ + f ′′, Ù¥

f ′(x) =

{

f(x), x ∈ [−π, π − η],

0, x ∈ (π − η, π];
f ′′(x) =

{

0, x ∈ [−π, π − η],

f(x), x ∈ (π − η, π].

ù�éu δ′′n �±2g^ (16.25)��

δ′′n 6 ‖f ′′‖2 < ε
4

,


du f ′áu (iii)��¹, �3 N , ∀n > N : δ′n < ε
4

. u´Ó��Òk

δn 6 2(δ′n + δ′′n) < 2( ε
4

+ ε
4

) = ε.

ù��Ò��
 δn → 0. �

d Parseval�ªÒá=�±íÑ, e��±Ï 2π�ëY¼ê f �n�¼ê

X {1, cosx, sin x · · · , cosnx, sinnx, · · · } ¥�z��¼ê3 [−π, π] þ��, K�
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U´ f(x) ≡ 0 ∀x ∈ (−∞, +∞). ù´Ï�¤k� FourierXêÑ�u 0, Ïdl

Parseval�ª��
∫π

−π
f2(x) dx = 0, l
 f �Uð�u 0.

�?�Ú, e f ´3 [−π, π]þ�È�²��È�¼ê, 
� f ��n�¼ê

X�z��Ñ3 [−π, π]��, KÒ�±íÑ f 3 [π, π]þA�??�". 3¼ê�

m¥·�@�¤kù��¼êÑ�ð�u 0�¼ê�d.

·�òþã¯¢¡�n�¼êX {1, cosx, sin x · · · , cosnx, sinnx, · · · } 3

[−π, π] þ�¤k�È�²��È¼ê��m¥´���. 'uù�Vg�¿

Â�±£�n� Euclid�m, Ù¥?Ûn��p����"�þ|¤��X, ��

un���p���þK´Ø���. u´n�¼êX���5L²3éA�¼

ê�m¥§��±���m�Ä., 
Ù¥z��¼êÑ�±^§���5|Ü

L«Ñ5, ù�L«Ò´ Fourier?ê.

���((( 3 [−π, π]þ�¤k�È�²��È¼ê��m¥,Ú\SÈÚ�A�

�ê�, ¼ê� Fourier?êÒ´¼ê±n�¼êX�Ä.���Ðmª. ù��

Parseval�ªÒ´ù�Ã¡��m¥�2Â��½n.

öööSSSKKK

1. � f ∈ C[a, b], �éz���K�ê nk
∫b

a
xnf(x) dx = 0, y² f(x) ≡ 0.

2. (1)� f ∈ R[a, b], y²:é ∀ ε > 0, �3õ�ª P (x), ¦�¤á
∣

∣

∣

∫ b

a
[f(x) − P (x)] dx

∣

∣

∣
< ε;

(2)y²:éz���K�ê n, k lim
p→∞

∫ b

a
xn sin pxdx = 0;

(3)éu f ∈ R[a, b]y² lim
p→∞

∫ b

a
f(x) sin nxdx = 0;

(4)�2ÂÈ©
∫b

a
|f(x)| dxÂñ, y² lim

p→∞

∫ b

a
f(x) sin nxdx = 0.

(±þ�|K­#�Ñ
 RiemannÚn�y².)

3. (1)eõ�ª¼ê� {Pn(x)}3 (−∞, +∞)þ��Âñ, KÙ4�¼ê�U

´õ�ª;

(2)UÄòWeierstrass��%C½ní2� (−∞, +∞)þ�?版
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