Cambridge studies in advanced mathematics

Categories
and Modules

With K-theory in View




CAMBRIDGE STUDIES IN
ADVANCED MATHEMATICS 67

EDITORIAL BOARD '
W. FULTON, T. TOM DIECK, P. WALTERS

CATEGORIES AND MODULES




Also available in this series

W.M.L. Holcombe Algebraic eutomnata theory

K. Petersen Ergodic theory

P.T. Johnstone Stone spoces

W.H. Schikhof Ultrametric calculus

J.~P. Kahane Some random series of functions, 2nd edition

H. Cobkn Introduction to the construction of closs fields

J. Lambek & P.J. Scott Introduction to higher-order categorical logic

H. Matsumura Commautative ring theory

C.B. Thomas Characteristic classes and the cohomology of finite groups
10 M. Aschbacher Finite group theory

11 J.L. Alperin Local representation theory

12 P. Koosis The logarithmic integral I

13 A. Pietsch FEig I and bers

14 8.J. Patterson An introduction to the theory of the Riemann zeta-function
15 H.J. Baunes Algebraic homotopy

16 V.B. Varadarajan Introduction to harmonic analysis on semisimple Lie groups
17 W. Dicks & M. Dunwoody Groups acting on graphs

18 LJ. Corwin & F.P. Greenleaf Representations of nilpotent Lie groups and their applications
18 R. Fritsch & R. Piccinini Cellular structures in topology

20 H. Klingen Introductory lectures on Siegel modular forms

21 P. Koosis The logarithmic integral IT

22 M.J. Collins Representations and cheracters of finite groups

24 H. Kunita Stochastic flows and stochastic differential equations

25 P, Wojtaszczyk Banach spaces for analysis

26 J.E. Gilbert & M.A.M. Murray Clifford algebras and Dirac operators in harmonic analysis
27 A. Frohlich & M.J. Taylor Algebraic number theory

28 K. Goebel & W.A, Kirk Topics in meiric fized point theory

29 J.F. Humphreys Reflection groups and Cozeter groups

30 D.J. Benson Representations and cohomology I

31 D.J. Benson Repr tations and coh logy IT

32 C. Allday & V. Puppe Cohomological methods in transformalion groups
33 C. Soulé et 2l Lectures on Arckelov geometry

34 A. Ambrosetti & G. Prodi A primer of nonlinear analysis

35 J. Palis & ¥. Takens Hyperbolicity and sensitive chaotic dynamics at homoclinic bifurcations
36 M. Auslander, 1. Reiten & S. Smalg Representation theory of Artin algebras
37 Y. Meyer Woavelets and operators

38 C. Weibel An introduction to h logical elgebra

39 W. Bruns & J. Herzog Cohen-Macauley rings

40 V. Snaith FEaxplicit Brouer induction

41 @G. Laumon Cohomology of Drinfeld modular varieties T

42 B.B. Davies Speciral theory and differential operotors

43 J, Diestel, H, Jarchow & A. Tonge Absolutely summing operators

44 P. Mattila Geometry of sets and measures in Buclidean spaces

45 R. Pinsky Positive harmonic functions and diffusion

46 Q. Tenenbaum Introduction to analyiic and probabilistic number theory
47 C. Peskine An clgebraic introduction to complez projective geometry I

48 Y. Meyer & R, Coifman Wavelets and operators IT

49 R. Staznley Enumerative combinatories

50 1. Porteous Clifford algebras end the classical groups

51 M. Audin Spinning tops y

52 V. Jurdjevic Geomeiric control theory

53 H. Voelklein Groups as Galois groups

54 J. Le Potier Lectures on vector bundles

55 D. Bump Automorphic forms

56 G. Laumon Cohomology of Drinfeld modular verieties I

57 D.M. Clark & B.A. Davey Natural dualities for the working algebraist

59 P. Taylor Practical foundations of mathematics

60 M. Brodmann & R. Sharp Local cohomology

61 J.D. Dixon, M.P.F. Du SBautoy, A. Mann & D. Segal Analytic pro-p groups, 2nd_edition
62 R. Stanley Enumerative combinatorics II

63 R.M. Dudley Uniform central limit theorems

64 J. Jost & X. Li-Jost Coalculus of variations

65 A.J. Berrick & M.E. Keating Rings and Modules

66 S. Morosawa et al. Holomorphic dynamics

68 K.-i. Sato Lévy processes and infinitely divisible disiributions

(=30 B\ IR U S




Categories and Modules
with K-theory in view

A. J. Berrick & M. E. Keating

T CAMBRIDGE
& UNIVERSITY PRESS




PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE
The Pitt Building, Trumpington Street, Cambridge CB2 1RP, United Kingdom

CAMBRIDGE UNIVERSITY PRESS
The Edinburgh Building, Cambridge CB2 2RU, UK hitp://www.cup.ac.uk
40 West 20th Street, New York, NY 10011-4211, USA http://www.cup.org
10 Stamford Road, Oakleigh, Melbourne 3166, Australia
Ruiz de Alarcén 13, 28014 Madrid, Spain
© Cambridge University Press 2000
This book is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without
the written permission of Cambridge University Press.
First published 2000
Printed in the United Kingdom at the University Press, Cambridge
Typeset in Computer Modern by the authors using IATEX 2e
A catalogue record of this book is available from the British Library

ISBN 0 521 632765 hardback



To
Sandra, Genevieve and Anthony

and

Valerie and Christopher







Contents

Preface page xiv
1 CATEGORIES 1
1.1 FUNDAMENTAL PROPERTIES OF CATEGORIES 1
1.1.1 The definition 2

1.1.2 Some examples 3

1.1.3 The axioms 5

1.1.4 Chirality 5

1.1.5 The mirror 6

1.1.6 The opposite category 8

1.1.7 The principle of duality 8

1.1.8 Subcategories 9

1.1.9 Full subcategories 10
1.1.10 Some remarks on set theory and small categories 10

1.1.11 Product categories 11

1.1.13 Infinite products 13

1.1.14 Morphism categories 13
Exercises 14

1.2 FUNCTORS 16
1.2.1 Functors 17

1.2.2 Some examples 18

1.2.3 Free modules 19

1.2.4 The product 19

1.2.5 Restriction 20

1.2.6 Appearances and chirality 20

1.2.7 The morphism functors 22

1.2.8 The category Car 23

1.2.9 Fibre categories 23

24

1.2.10 Examples




1.3

14

Exercises

NATURAL TRANSFORMATIONS

1.3.1 Natural transformations

1.3.2 Examples

1.3.3 Natural isomorphisms

1.3.4 Matrices and bases of free modules: a summary
1.3.5 Example: matrices and bases of free modules
1.3.6 Multifunctors

1.3.7 Adjoint functors

1.3.8 Example: free modules

1.3.9 Functor categories

1.3.10 Diagrams

1.3.11 Equivalence of categories

1.3.12 Example: standard bases

1.3.13 Faithful, full and dense

1.3.15 Skeletons

Exercises

UNIVERSAL OBJECTS

1.4.1 Initial objects

1.4.2 TUniversal objects

1.4.3 Free modules revisited

1.4.8 Universal constructions

1.4.9 Terminal objects

1.4.10 The direct sum revisited

1.4.11 The product

1.4.12 The coproduct

1.4.13 Arbitrary products and coproducts

1.4.14 Zero objects

1.4.15 Kernels and cokernels

1.4.16 Universal properties :

1.4.17 Pleasure versus guilt: the universal dilemma
1.4.18 Kernels of natural transformations

1.4.19 Some history

Exercises

CATEGORIES AND EXACT SEQENCES
THE HOMOMORPHISM FUNCTORS

2.1.1 Basic properties

2.1.2 Exact sequences

2.1.5 Short exact sequences

2.1.7 Projective and injective modules

Contents
25
26
26
27
30
30
32
33
35
36
36
37
38
39
39
39 -
41
47
48
49
49
55
56
56
57
58
58
59
59
60
61
61
62
63
68
68
69
70
73
75



Contents

2.2

2.3

24

2.1.9 Homomorphism functors arising from bimodules
2.1.10 The extension functors

Exercises

ADDITIVE CATEGORIES

2.2.1 Preadditive categories

2.2.2 Preadditive subcategories

2.2.3 Monomorphisms and epimorphisms
2.2.5 Example: the opposite category
2.2.6 Example: topological abelian groups
2.2.7 Kernel and cokernel

2.2.9 Short exact sequences

2.2.10 Projective and injective objects
2.2.11 Additive categories

2.2.12 Additive subcategories

2.2.13 Examples

2.2.16 Morphism categories

2.2.18 Additive functors

2.2.21 Functor categories

Exercises

ABELIAN CATEGORIES

2.3.1 The definition

2.3.3 Module-like behaviour

2.3.4 Example

2.3.7 More examples

2.3.10 Product and morphism categories
2.3.13 Module categories

2.3.14 Functor categories

2.3.16 Direct sums of categories

2.3.19 Infinite direct sums of categories
2.3.20 Dedekind domains: a review

2.3.21 Module categories over Dedekind domains
2.3.22 The Embedding Theorems

2.3.23 Example: The Famous Five Lemma,
Exercises

EXACT CATEGORIES

2.4.1 G-exact categories

2.4.2 Split and repletely G-exact categories
2.4.4 Relative exact categories

2.4.5 On terminology

2.4.6 Exact functors

76
77
T8
83
84
85
85
87
87
83
89
39
91
92
92
93
94
95
97
99
99
101
101
102
104
105
106
107
108
109
112
113
113
114
118
119
120
121
121
122




3.2

3.3

4.1

2.4.7 Examples

2.4.9 The Grothendieck group

2.4.10 @Q-exact categories

2.4.11 Comments on the axioms

2.4.13 Exact subcategories

Exercises

CHANGE OF RINGS

THE TENSOR PRODUCT

3.1.1 The definition

3.1.2 The construction

3.1.3 Bimodule structures

3.1.6 Functorial properties of tensor products
3.1.9 Fixing the first argument

3.1.16 Return of the dyads

3.1.18 The adjointness of the functors Hom and ®
3.1.20 An equivalence of categories

Exercises

EXACTNESS OF THE TENSOR PRODUCT
3.2.1 Flat modules

3.2.6 The functors Tor?

3.2.7 Criteria for flatness and Villamayor’s Lemma
3.2.14 A pairing on Moop

Exercises

CHANGE OF SCALARS

3.3.1 Restriction

3.3.4 Extension

3.3.8 Exactness

3.3.9 An identification

3.3.10 The quotient functor

3.3.16 Rand C .

3.3.18 Skew fields unbalanced

3.3.21 The definitions for left modules

3.3.22 The twisting of modules

3.3.26 Group rings

Exercises

THE MORITA THEORY

PROJECTIVE GENERATORS

4.1.1 The dual of a module

4.1.3 The dual of a free module

4.1.4 Endomorphisms of a free left module

Contents

122
123
124
126
127
128
135
135
136
137
138
139
141
145
146
148
149
150
151
153
154
160
161
163
164
166
168
169
169
172
173
175
175
178
179
184
184
185
186
187



Contents

4.2

5.2

5.3

4.1.5 The evaluation homomorphisms

4.1.6 Projective modules

4.1.8 Some identifications

4.1.10 Generators

4.1.12 Progenerators

4.1.16 Commutative domains

Exercises

MORITA EQUIVALENCE

4.2.1 The definition and first results

4.2.4 Further developments

4.2.5 Properties preserved by Morita equivalence
4.2.12 An illustration: matrix rings

4.2.15 An illustration: orders over Dedekind domains
4.2.16 The Picard Group

4.2.18 Definition of Pic(R)

4.2.22 Orders

Exercises

LIMITS IN CATEGORIES

DIRECT LIMITS

5.1.1 Directed sets

5.1.2 Examples

5.1.3 Direct systems

5.1.4 Construction of the direct limit

5.1.6 Some examples

5.1.7 Basic properties of direct limits

5.1.14 Quasicyclic groups

5.1.15 Cofinality

5.1.16 Generalizations

5.1.17 Notation for left modules

5.1.20 Matrices again

Exercises

DIRECT LIMITS, FLAT MODULES AND RINGS
5.2.1 Construction of flat modules

5.2.8 Direct limits of rings

5.2.9 Examples: yet more matrices

5.2.10 Von Neumann regular rings

5.2.15 An example: idempotents all decompose
Exercises

INVERSE LIMITS

5.3.1 The definition

188
189
190
191
192
196
198
204
205
207
207
210
211
213
214
216
217
222
223
223
224
225
226
227
229
231
231
232
233
235
235
238
238
241
242
243
244
245
246
246




6.2

6.3

5.3.3 The p-adic integers

5.3.4 Sums and coproducts as limits
Exercises

LOCALIZATION

LOCALIZATION FOR RINGS

6.1.1 Ore sets

6.1.3 Examples

6.1.4 Basic properties of rings of fractions
6.1.5 The construction of the ring of fractions
6.1.7 Definition of the ring of fractions
6.1.10 Ry is a ring

6.1.13 Local rings

6.1.17 The maximal ring of fractions
Exercises

LOCALIZATION FOR MODULES

6.2.1 Localization and torsion

6.2.5 Some categories

6.2.8 Modules over the ring of fractions
6.2.16 Ore domains

6.2.20 Left-right symmetry

6.2.21 An asymmetric example

6.2.22 More symmetry

Exercises

CATEGORICAL LOCALIZATION

6.3.1 Serre subcategories

6.3.2 Examples

6.3.3 C-isomorphisms

6.3.4 Denominator sets

6.3.5 Some direct systems of morphisms
6.3.6 The quotient category /
6.3.7 The quotient functor

6.3.8 The universal property

6.3.9 Some comments on localization in general
Exercises

LOCAL-GLOBAL METHODS

THE COMPLETION OF A DEDEKIND DOMAIN
7.1.1" Valuations

7.1.4 Valuations and Dedekind domains
7.1.7 Generalizations

7.1.8 Cauchy sequences

Contents

248
248
249
252
252
253
- 254
254
255
256
258
260
261
262
263
264
267
268
271
272
272
273
273
276
277
277
277
278
280
281
282
283
283
285
289
290
290
292
293
293



Contents xiii

7.1.10 Completeness 294
7.1.12 Constructing the completion 295
7.1.13 Extending the valuation 296
7.1.19 Power series 301
7.1.20 Modules over complete rings 302
7.1.22 Completion of modules 303
7.1.25 Adéles 305
7.1.30 Completions in general 308
Exercises . 308
7.2 THE PROJECTIVE MODULE LIFTING PROBLEM 311
7.2.1 Some illustrations 311
7.2.2 Idempotents , 312
7.2.3 Semiperfect rings 312
7.2.6 Orders over complete valuation rings 313
7.2.10 Projective lifting 314
7.2.13 Functoriality of lifting 316
7.2.14 Indecomposable modules 317
Exercises 318
7.3 LOCAL-GLOBAL METHODS FOR ORDERS 319
7.3.1 Lattices 320
7.3.2 Full lattices 320
7.3.5 An anonymous invariant 321
7.3.10 Completions of lattices 325
7.3.15 Adeles for modules 328
7.3.18 Adeles for spaces 330
7.3.20 Lattices over orders 331
7.3.22 Projective modules 332
7.3.30 Maximal and hereditary orders 338
7.3.31 The conductor 338
7.3.32 Concluding remarks 339
Exercises 340
References 344

Indezx 350




Preface

This book is an introduction to the theory of categories, together with ap-
plications of this theory to some constructions with rings and modules. We
start with a discussion of categories in general, and then concentrate on the
types of category — additive, abelian — which enjoy to an increasing extent the
properties of categories of modules. Our applications are the Morita theory,
the localization and completion of rings and modules, and finally some ‘local-
global’ methods, in which the properties of a module are compared to those
of its localizations and completions. We also develop the tools that we need
for these applications, namely, the tensor product and limits, both direct and
inverse.

The selection and presentation of our material is motivated by the needs
of algebraic K-theory. Indeed, this book started out as some preliminary
remarks within a text on that subject. Thus the categorical foundations are
those needed to set up algebraic K-theory, and our applications are chosen
since they underly some fundamental results in algebraic K-theory. However,
the content of this text will be, we hope, of interest to a wider readership than
potential K-theorists. A

Here is a more detailed survey of the material that we cover. Our first
chapter sets out the basics of category theory. There are three fundamental
definitions, those of a category, a functor, and a natural transformation, and
we show how to use these notions to define universal objects and universal
constructions. An understanding of these is important for two reasons. On
the one hand, many definitions in module theory (kernels, cokernels, ...) can
be reinterpreted in the language of universal objects and so extended to more
general situations; on the other, many of the objects in K-theory itself arise
as universal objects in one category or another.

A category of modules has a richer structure than an abstract category,
since the additive structure on modules extends to their homomorphisms.
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The second chapter shows how this extra structure can be axiomatized and
thus imposed on abstract categories. We first analyse the properties of the
groups of homomorphisms in a module category to obtain a list of axioms
that define additive and abelian categories; these are abstract categories that
share most of the important properties of module categories. The final topic
in this chapter stems from the fact that modules can be arranged in short
exact sequences, which is basic to the definitions in algebraic K-theory. We
are thus led to the idea of an exact category, which is a category together
with a nicely behaved collection of short exact sequences. Such categories are
the domains on which K-theory operates.

The larger part of this text is more directly concerned with categories of
modules, rather than .categorigs in the abstract. In the third chapter, we
introduce fthe tensor product and use it to change the ring of scalars of a
module. This leads-to the Morita theory (Chapter 4), which tells us when
two rings have, i some sense, the same module theory.

In Chapters 5 and 6, we look at several related methods for constructing
new rings and-categories from old, by taking direct and inverse limits and by
performing localizations and completions.

Finally, we -exploit these techniques to obtain some local-global results,
mainly in the theory of orders. These tackle the problem of gaining informa-
tion about the projective modules over a ring from knowledge of the modules
over its localizations and completions. Roughly speaking, the structure of a
projective module -is transparent locally, that is, over the completions of a
ring. The game is to assemble this information to give the structure over the
original ring. The full story requires K-theory for its telling.

Although the novelty of a book such as this lies mainly in its selection and
presentation of material, we do make some innovations and give some new
arguments, including the following.

e In our treatment of modules, we deal both with categories of left modules
and with categories of right modules, and it seems expedient to have sep-
arate systems of notation for their homomorphisms, according to the rule
that homomorphisms should act ‘opposite scalars’. This separation leads
us to two types of abstract category, namely a left category and a right
category, in which the rules for composition of morphisms follow those of
the corresponding module category. These two types do not seem to have
been distinguished explicitly before. We introduce the term chirality for the
‘handedness’ of a eategory, and with each category we associate a formal
mirror category of epposite chirality.

o In K-theory, the term ‘exact category’ is used for a category together with
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some specified exact sequences, which is different to the usage of the term by
people who are primarily concerned with category theory. To complicate
the issue a bit more, there are two types of exact category in K-theory.
The first type has sufficient structure for the purposes of ‘lower’ K-theory,
while the second type has extra structure that is needed to support ‘higher’
K-theory. We therefore coin the terms ‘G-exact category’ and ‘Q-exact
category’ for the two types of exact category used in K-theory.

o We give direct proofs of some results that are normally obtained by using the
methods of homological algebra, which appears in this text only incidentally.
These results mainly concern flat modules (particularly section 3.2), and the
local-global properties of modules over orders (section 7.3).

o Recently, Quillen has developed a module theory for nonunital rings. We
incorporate some of his results, mostly as exercises.

e The treatments of localization of categories (section 6.3), projective module
lifting (section 7.2) and local-global methods (section 7.3) use the minimum
of apparatus, so as to make them more accessible to a beginning graduate
student.

This text requires the reader to have prior knowledge of some basic results
in ring theory, module theory and number theory, since these provide the
examples that motivate and illustrate our discussions. These prerequisites
are generally met in the first year of graduate studies, although it is unlikely
that any one graduate course includes all of them. We have therefore collected
them together in a companion volume, [BK: IRM)]. Much of the ring theory
and module theory can also be found in the expository works [Cohn 1979,
[Cohn 1982], [Jacobson 1985] and [Jacobson 1980], with some extra topics
that can be met in [Cohn 1985], [McConnell & Robson 1987] or [Rowen 1988].
Sources for the number theory are [Fréohlich & Taylor 1991] and [Marcus 1977).
However, for brevity, we usually give references only to [BK: IRM].

We try to keep to a fairly leisurely pace throughout this text, and, when in
doubt, we tend to include an explanation rather than exclude it. Some of the
more frequently used prerequisites are recapitulated for convenience.

The symbol [ indicates either the end of a proof, or that a proof is im-
mediate from the preceding discussion. The symbol () after a statement
indicates that the assertion is quoted from another source, rather than being
a consequence of arguments in this text. .

There are about two hundred exercises for more ambitious or enthusiastic
readers. Some of them (among the exercises!) are fairly routine, others are
rather deeper and explore further developments of our results or give brief
introductions to topics that are not covered in the body of the text. We also
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use the exercises to provide examples and counterexamples that indicate the
limitations of our results.

A number of historical remarks are distributed within the text. Readers
in search of further details may wish to consult [Bourbaki 1994], [Dieudonné
1989], [Mac Lane 1975] and [Weibel.

‘We again thank our departments and our families, for their patience and
encouragement during the lengthy gestation period of this text and its com-
panion [BK: IRM]. David Tranah, Roger Astley and the TeXline at the Cam-
bridge University Press have provided us with helpful advice.

We also thank the SERC (Visiting Fellowship GR/D/79586), the London
Mathematical Centre, the British Council in Singapore, the Lee Kong Chian
Centre for Mathematical Research and NUS Research Project RP3950645 for
providing financial support to enable the authors to meet occasionally.







1
CATEGORIES

Category theory provides the language for the discussions in this text and
it is also an inescapable foundation for any treatment of K-theory. In this
chapter, we set out the fundamental ideas of category theory, and we give a
first application of the power of categorical methods. These ideas are intro-
duced in three stages, each of which occupies one section. To start, we define
categories themselves. Next, we consider functors, which are the tools for
moving between different categories, and then natural transformatic;ﬁs, which
allow us to compare different functors. In the final, fourth, section of the
chapter, we apply these basic notions to investigate universal constructions
and universal objects. The idea of ‘universality’ reveals the common proper-
ties of apparently diverse objects, such as free modules and free groups, and
it provides the framework for many of the definitions and constructions that
we make later in this text.

1.1 FUNDAMENTAL PROPERTIES OF CATEGORIES

We commence our discussion of the theory of categories with the axiomatic
definition of a category, together with a selection of techniques for the manu-
facture of new categories from old.

Because our main interest in this text is the application of category theory
to module theory, many of our illustrations are obtained by considering various
types of module. We shall also see some categories based on other algebraic
entities such as sets and groups.

The principal innovation in our discussion stems from our need to use both
right modules and left modules. Our view is that it is best to write operators
opposite scalars as far as is practicable, so that a homomorphism between
right modules is to be a left operator, while a homomorphism of left modules
is to be a right operator. We also wish to compose homomorphisms in the

1




2 CATEGORIES

natural way, by ‘associativity’ — more formal definitions are given below in

(1.1.3) and (1.1.4). The consequence is that we obtain two versions of the-

axiom for the composition of morphisms in an abstract category. Thus we
arrive at two kinds of abstract category, a ‘right’ category and a ‘left’ category,
which are modeled on the corresponding categories of modules. We call this
phenomenon chirality. It is worth remarking that the distinction between left
and right modules was made at a very early stage in the modern development
of module theory [Noether & Schmeidler 1920].

The distinction between right and. left categories does not seem to have
been made explicit before now, and it could be awoided by using a technique
given in (1.1.5). However, it seems to us to be more natural to allow both
notations for categories, rather than suppressing one notation artificially.

‘We also discuss some points from set theory which arise from future applica-
tions in K-theory, where one needs to be able to-work with ‘small’ categories,
that is, categories whose objects can all be taken to be members of some set,
which may itself be very big. In general, the objects of a category need not
be contained in a set. We are particularly indebted to Wilfrid Hodges for his
helpful comments on these questions.

1.1.1 The definition

Informally, a category consists of a collection of mathematical entities, such as
the right R-modules over a given ring R, which can be recognised as sharing
a common structure, together with a collection of mappings between these
entities that respect this structure; for R-modules, we would expect these to
be the R-module homomorphisms.

The entities which share the common_structure are known as the ‘objects’
of the category, while the structure-preserving maps are the ‘morphisms’ of
the category. Thus, to define a category C in general, we must specify the
following data. !

Cat 1. A class ObC. Members of ObCare called the objects of C.

Cat 2. For each ordered pair C, D of objects of C, there is a set Morc(C, D);
the elements of Mor¢(C, D) are called the morphisms from C to D in
C.

It may happen that More(C, D) is the empty set.
Given a € Mor¢(C, D), the object C is called the domain of @ and D the
codomain. An arrow

a:C——D
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is often used to indicate that « is a morphism from C to D.

These objects and morphisms obey some axioms, but before listing these
we note two deeply entrenched conventions and give some examples.

The first convention is to write C € € rather than C € Ob(C when C is an
object of C. This reflects the fact that a category is usually considered to be
defined in terms of the class ObC. For this reason, a category is often named
after its'objects.

Second, the term ‘morphism’ is used mostly when we are considering cat-
egories in the abstract; in concrete situations, the morphisms are often the
homomorphisms between some familiar objects, such as modules, groups or
rings. In such a case, one writes Hom(C, D) rather than Mor¢(C, D).

1

1.1.2 Some examples

Ser The class ObSer of objects is the class of all sets and the set of
morphisms from X to Y is the set of all mappings from X to Y.
(Some authors denote this category Ews).

We write Map(X,Y’) rather than Mor(X,Y).
Gr The objects are the groups, with group homomorphisms as mor-
phisms.

Rzne The objects are the rings (which we require to have an identity ele-
ment), the morphisms from R to S being the ring homomorphisms,
which, we insist, send the identity of R to the identity of S.

Rwc The objects are now the nonunital rings, which are rings except that
they need not possess an identity element. A morphism from R to S
is a homomorphism of nonunital rings, which is the same as a ring

" homomorphism except that there can be no requirement that the
identity of R is sent to the identity of S, even when R and § are
actually rings.

Mopg Given a ring R, we form the category of all right R-modules. Thus
Ob(Monbpg) is the class of all right R-modules and the set of mor-
phisms from M to N is the set of all R-module homomorphisms from
M to N, which we write Hom(M, N), Homg (M, N) or Hom(Mg, Ng)
according to context.

rMoop Similarly, we form the category of left R-modules and homomorphisms
of left R-modules.

As The category of abelian groups — the objects are abelian groups, the
morphisms are group homomorphisms.

Since an abelian group has a uniquely defined structure as a right Z-
module ([BK: IRM] (1.2.2)), Az is Mobz with another name. Despite
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the fact that any right Z-module can be regarded equally as a left Z-
module, with am = ma for any integer a and element m of M, it
is not quite true that As is the same as the category zMop of left
Z-modules. The reason for the distinction will be discussed further in
(1.1.5)..

This important non-algebraic example of a category has topological
spaces as objects and continuous maps as morphisms.

It is sometimes convenient to regard a partially ordered set as a cate-
gory. A partially ordered set is a set A together with an order relation
< on A which satisfies the following requirements.

PO 1. Reflexivity:

A< X for each A € A.
PO 2. Transitivity:

ifA<pand pu<vior A pandvinA, then A < v also.
A partially ordered set is said to be proper if the following axiom also
holds.
PO3. IHA<pand pg<Afor Aand yin A, then A = pu.
Here are two examples that will be generalized in (5.1).
(a) Let A be the set of nonzero ideals of Z, ordered by reverse inclu-

sion:
I<J < JCI

Then A is a proper partially ordered set.
(b) Take X to be the set of nonzero elements of Z, ordered by division:

a<b <= azr=>b forsomez € Z.

Then ¥ is partially ordered, but not proper.

Given a partially ordered set A, we can view A as a category whose
objects are the elements A\, u,... of’A. If A < g, then Mor(A, )
contains a single element (**, and Mor(), i) is empty otherwise.
The class of all ordered sets can be considered to be a category. We
say that a set A is totally ordered, or simply -ordered, if it is a proper
partially ordered set in which any two members are comparable, that
is, the following axiom holds.

TO. If X and p are in A, then either A< por p < A

Then the objects of Orp are the ordered sets A and a morphism
o : A — X of ordered sets is a mapping that preserves the order: if
A< pin A, then oA < apin .
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1.1.83 The axzioms

Now that we have some examples in mind, we list the axioms that the mor-
phisms of an abstract category C are required to satisfy. These correspond to
the properties of the homomorphisms in the category Mobpg, provided that
we write homomorphisms on the left and that we use the consequent natural
convention for composing homomorphisms. Thus, if o is a right R-module
homomorphism from Mg to Ng and m is in M, then am denotes the image
of min N, and if 8 is a homomorphism from Ng to Pg, then

(Baym = B(am).
Cat 3. For each object C of C, there is a distinguished morphism
idc € More(C, 0),
called the identity morphism of C.
Cat 4. If o € Mor¢(C, D) and B € More(D, E), then there is a morphism
Bea € More(C, E),

called the product or composite of o and 3; a and § are said to be
composable. '
Cat 5. For any morphism a € Mor¢(C, D),

(tdp)a = a = a(idg).
Cat 6. If o € More(C, D), B € More(D, E) and v € Mor¢(E, F), then

v(Ba) = (vB)e.

With regard to Cat 4, note that the product of two morphisms ¢, # is defined
precisely when the codomain of « is the same as the domain of 5. Observe
also that the manner of writing the product (as B rather than o) forms a
part of this axiom.

Statements such as Cat 6 are sometimes formulated as ‘the product is as-
sociative when defined’.

1.1.4 Chirality

It seems to us that a category satisfying the axioms above should, strictly
speaking, be called a right category, since the form of the axioms mimics
the natural form of composition of homomorphisms of right R-modules when
these homomorphisms are written on the left, as is our convention.

When we consider left modules, we prefer to put homomorphisms on the
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right. Thus, given a homomorphism of left R-modules a : pM — gN and an
element m in M, « sends m to ma rather than am. If §: gRN — P is also
a homomorphism, then the product o8 is given by the rule -

m(af) = (ma)p.
With this convention, we obtain a modified list of axioms that defines a left
category, as follows.
Cat 4%. If o € Mor¢(C, D) and § € Mor¢(D, E), then there is a morphism
aff € Mor¢(C, E).
Cat 5¢. For any morphism a € Mor¢(C, D),
(tde)ax = a = a(idp).
Cat 6°. If a € Morc(C, D), B € Mor¢(D, E) and y € Mor¢(E, F), then

(af)y = a(B).

The prime example of a left category is pMop, the category of all left R-
modules. Also, most group theorists in effect treat G» as a left category.

As we noted in (1.1.2), a partially ordered set A can be viewed as a cate-
gory. It is convenient to regard A as a left category, since the left-category
composition reads

LA# MY = L}\V’

where (M is the unique morphism from A to u (when A < p).
We introduce the term chirality to distinguish the two kinds of category, a
left or right category having correspondingly left or right chirality.

1.1.5 The mirror

There is a purely formal method that allows us to switch between categories
of opposite chiralities. Given a left category C, we manufacture a right cat-
egory C®, the mirror of C, as follows. The objects of C® are symbols C®,
corresponding bijectively to the objects C of C, and the morphisms from C®
to D in C® are symbols a® in bijective correspondence with the morphisms
a from C to D in C. Thus for each morphism

a:C——Din C,
there is exactly one morphism

o®:C® —— DO in CO.
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The product in C® is defined by putting

B°a® = (af)®,

where 3 : D — E is a morphism in C that is composable with .

Observe that C and C® are genuinely distinct categories, rather than the
same category with two notational conventiens, since the order of a pair of
morphisms in their product is specified by the axioms.

It is clear that given a right category D, we can construct a left category
DO by a similar method, and that there is a formal identification of C®® with
C for any category C.

In [BK: IRM] (1.2.6), we introduced a methed of-turning a left- R-module
M into a right R°-module M°, where R° is the opposite ring to R. A typical
element of R° has the form 7° for 7 in R, and addition and multiplication in
the opposite ring are given by

™ +5°=(r+s)° and 7°5° = (s7)°.

The elements m° of M° are in bijective correspondence with those of M, and
the addition and scalar multiplication for M° are-defined by

m° +n° = (m+n)° and m°r® =(rm)°.

Ifa: M — N is a homomorphism of left R-modules, we define a homomor-
phism a® of right R°-modules by

a’m® = (ma)°.
Thus we have an identification
(RMOD)G = MOD(Ro),

which shows that the use of the mirror category is a generalization of the use
of the opposite ring. This identity was used implicitly in Fxercise 1.2.14 of
[BK: IRM], where we explored the consequences of this technique for switching
between left R-modules and right R°-modules. Some authors.use. this method
to avoid dealing both with left and with right modules.

Suppose now that the ring R is commutative.. Then R = R°, so that
(RMob)® = Mobpg. Again, this identity is used implicitly to write scalars
and operators on the same side in many elementary textbooks that are con-
cerned only with commutative rings.

We can now elucidate the comment in (1.1.2) about -the category As of
abelian groups. For, we regard As as the right category Mobpg, which is the
mirror of the category zMop of left Z-modules.
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We remind the reader that if a category has no obvious chirality, for exam-
ple, G» or Rzwve, we always take it to be a right category. However, many
group theorists prefer to view G» and As as left categories.

Remark. Some authorities in category theory do not regard a category
and its mirror as distinct categories, but simply as alternative notations for
composition of morphisms in the one category. From this point of view, a
left R-module and the corresponding right R°-module are the same object, in
differing notations. However, a ring and its opposite are definitely different
rings, as can be seen from the use of opposites in Brauer theory ([Cohn 1979,
§10.3). We therefore feel that the distinction between a ring and its opposite
should be extended to that between a category and its mirror.

1.1.6 The opposite category

‘We now give the definition of the opposite category C°P of a category C. This
is distinct from the notion of the mirror category that we introduced above.

Given a right category C, the objects C°P of the right category C°P are in
bijective correspondence with the objects C of C, and for each pair of objects
C°P, D°P of C°P, there is a bijection between the morphisms o in More(C, D)
and the morphisms a°P in Morges (D°P, C°P); thus o : C — D corresponds to
a® : D°P — C°P, If §: D — E is a morphism in C, then composition in C°P
is given by the rule

(@®)(B%F) = (Ba)®.

(The definition for left categories is left to the reader, who, we are confident,
will get it right ...)
Note that C°P has the same chirality as C.

1.1.7 The principle of duality

If we can make a definition or state a result' by using only the objects and
morphisms of a category C, then we obtain a dual definition or result in the
opposite category C°P in which objects C, D, ... of C are replaced by the cor-
responding objects C°P, D°P, ... of C°P and similarly morphisms «, 3,... are
replaced by a°P, 8°°,.... An example is provided by the relationship between
the definitions of projective and injective modules.

A projective module may be defined as a right R-module P for which the
following holds.

Pro. Given any surjective R-module homomorphism « : M — P, there is a
splitting homomorphism o : P — M, that is, 7o = idp.
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On the other hand, a right R-module I is injective if instead we have the
following,. ’

Inj. Given any injective R-module homomorphism p : I — M, there is a
splitting homomorphism p : M — I, that is, pu = id;.

(More details are given in §2.5 of [BK: IRM].)

It is reasonable to assume that if we can generalize surjective and injective
homomorphisms of modules to abstract categories, then a surjective map in
C will correspond to an injective map in the opposite category C°P, and so a
projective object in C will correspond to an injective object in the opposite
category. (This assumption is justified in the next chapter —see (2.2.2).) Thus,
provided that we confine ourselves to statements that involve only objects
and morphisms, we need only prove results about projective objects, since
the corresponding results for injective objects-are then true by duality.

This technique for pairing together definitions, arguments, etc. in a category
and its opposite is the principle of duality, and the phrase by duality is used
to indicate this method of argument.

1.1.8 Subcategories
A subcategory D of a (right) category C is-defined by the following data.

Sub 1. A subclass ObD of ObC, which specifies the objects that belong to
D.

Sub 2. For each pair of objects C, D of D, a subset.Morp(C, D) of Morc(C, D);
these are the morphisms from C to D in D.

Sub 3. If C is an object of D, then the identity morphism id¢ in Mor¢(C, C)
shall belong to Morp(C, C) (where it is again the identity morphism).

Sub 4. If o € Morp(C, D) and § € Morp (D, E), then

Ba € Morp(C, E),
(where the product is the product in-C).

It is clear that a subcategory of a right category is itself a right category with
identities and products inherited from C.

The corresponding definitions for a lef category are obvious.

Examples of subcategories are As in G and Rzne in Rne. Note that any
group homomorphism from G to H is also a merphism in .4z if the groups G
and H happen to be abelian. In contrast, a morphism in Rnxe from a ring R
to a ring S need not be allowable as a morphism in Rzne. This can be seen
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by computing Mor(0, S) in the two cases: if S is a ring other than the zero
ring, then Mor(0, S) = {0} in the first case but Mor(0, .5) = 0 in the second.

1.1.9 Full subcategories
A full subcategory D of C is one in which

Morp(C, D) = Mor¢(C, D)

for any two objects of D.

It is obvious that any subclass D of the class of objects of C gives rise to a
unique full subcategory of C. .

This method of constructing subcategories of Moppg, for various rings R,
will be very useful to us in the sequel. For this reason, we define a module
category to be any category which is a full subcategory of Moog (or gMob)
for some ring R.

Here are some important examples.

Freep, the category of all free right R-modules.
Prosg, the category of all projective right R-modules.
Mg, the category of finitely generated right R-modules.
Fr, the category of free right modules R* of finite rank.
Pr, the category of finitely generated projective right R-modules.

The corresponding subcategories of pMop are denoted grFres, gProy,
M, rF and rP respectively.

1.1.10 Some remarks on set theory and small categories

In our definition of a category, we use the expression ‘class’, rather than the
word ‘set’ which the reader might have expected. The reason for this is that
we wish to make a naive distinction between sets, on which all mathematical
constructions are allowed, and ‘non-sets’, which are too large to permit some
operations. The aim is to avoid Russell’s Paradox and similar traps: if X
is a set of sets, it is sensible to ask whether or not the set X is itself in X.
The paradox arises by taking X to be the set of all sets that do not contain
themselves. Our avoiding action is to declare that this particular choice of X
is a class but not a set; essentially, X is too large to be considered to be a set.
The kind of set theory that we have in mind is expanded in detail in [Herrlich
& Strecker 1979], [van Dalen, Doets & de Swart 1979], and [Levy 1979].

If the class ObC of objects of the category C is in fact a set, then the
category is said to be small.
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In K-theory there are technical reasons for working with small categories,
or at least, categories which are equivalent to small categories in a sense to
be made precise in (1.3.15). The purpose of the following remarks is to show
that the categories of greatest concern to us can indeed be taken to be small.

To illustrate this point, consider Mg, the category of finitely generated R-
modules. From one point of view, the objects in Mg must form a class, rather
than a set, for the trivial reason that any set can be regarded artificially as
the single element of a zero module. However, we can impose a very natural
restriction on the objects which are permitted in Mg to ensure that it is
small, as follows.

An object M in Mg is-the homomorphic image of some free module R™ of
finite rank ([BK: IRM] Lemma 2.5.7), and so M = R™/Kera for a suitable
surjective homomorphism «, by the Induced Mapping Theorem ([BK: IRM]
(1.2.11)). But, by construction ([BK: IRM] (1.2.10)), the quotient module
R™/XKera is a set of subsets of R". We can therefore regard each object
of Mp as being a set of-subsets of the countably infinite cartesian product
L, R. Since a fundamental axiom of set theory assures us that the class of
subsets of a set is again.a set, we see that Mpg is small.

An alternative way of interpreting this argument is that it shows that Mg
has a set of isomorphism classes of objects, and therefore that Mg is equiv-
alent to a small category. In applications, it makes no difference whether we
take Mp in the “arge’, or replace it by some convenient, equivalent, small
category, which we give the same name.

The category Mg is typical of the type of category that we deal with.
The objects (and morphisms) of these categories are constructed from a given
set of objects by operations-which formally involve taking sets of subsets of
cartesian products of the form J] aeA XA, where each X, is a set and A is some
index set. Such a method of construetion must generate a set of objects.

More detailed accounts of the bearing of set theory on category theory can
be found in [Cameron 1999], [Herrlich & Strecker 1979], [Mac Lane 1971],
§1.6, and [Schubert 1972], §3.

‘We now show how to construct:some new categories from given categories.

1.1.11 Product categories

Given a pair of (right) categories C and D, we form the product category C x D
as follows. The objects of C X D are pairs (C, D), where C is an object of C
and D is an object of D, and a morphism

(71 6)': (07 D) —_ (C”7D")
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in € x D is a pair of morphisms
v:C——C" and §: D —— D",

belonging to C and D respectively.
Composition is given by the rule

(7, 8)(,8") = (v, 68"),

where (v,6') : (C',D") — (C, D).

It is easily verified that C x D is a right category, the identity map on a pair
(C, D) being the morphism (ide,idp). It is clear that the product category
is small if both C and D are small.

If instead C and D are both left categories, we make the obvious change in
the definition of composition so that C x D is also a left category. Should we
need to consider products of categories of mixed chiralities, we fix the notation
(by using mirrors) so that the product is always a right category. The reader
is invited to write out the various forms for composition. An illustration is
encountered in (1.3.6).

We next show that if C and D are both module categories, so is their
product. Given rings R and S, their direct product is

RxS8={(rs)|reR,seb}
with addition and multiplication defined componentwise:
(r,s)+ (', )= (r+7,s+5), (rs)-(r,s)=(rr,ss).

We state the result only for right categories; the reader may supply the
variations needed for left categories and for mixed chiralities. (Hint: ‘it’s all
done by mirrors’.)

1.1.12 Lemma
Let C be a subcategory of Moog and let D be a subcategory of Mong. Then
C x D is a subcategory of Mobrxs-

Proof .

An object (C, D) in the product category can be made into an R x S-module
by the rule (¢,d) - (r,s) = (cr,ds), and a morphism in C x D will then be an
R x S-module homomorphism. . [
Remark. It is not difficult to show that an R x S-module M must be (isomor-
phic to) a direct sum L@ N, in which L is an R-module and N is an S-module.
Furthermore, a homomorphism of R x S-modules L& N — L' @ N' must arise
from a pair of homomorphisms I — L’ and N — N’. (Details are spelt out
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in [BK: IRM] (2.6.6)ff.) Thus the categories Mopgxg and Mobg X Mobg
are in effect the same, but we cannot substantiate this claim formally until we
have the language of equivalences at our disposal — see (1.3.16) and (1.3.17).

1.1.13 Infinite products

The generalization of the-definition of a direct product to an arbitrary set of
categories {Cx | A € A}, where A is any ordered index set, is evident. An
object of the product category [, Cx is a sequence (C)), where each C) is an
object of the corresponding category Cx, and a morphism () : (Ca) — (C%)
is given by a sequence of morphisms vy : Gy — CY, A € A.

If each Cy is a right or left,category, then the product of morphisms in
T14 Ca is defined so that J], Cy is also right or left accordingly; again, if the
chiralities are mixed,-we make the product a right category.

In the case that the index set is finite, we usually take it to be {1,...,n}
for some natural number n, and write the product as C; X - - - X C,,. When the
component categories C, are-all the same category, C say, we use the natural
notations C* and -C%. ‘ ‘

Products of ‘more than two categories arise naturally when we consider
direct products of rings. If R = Ry X --- X R, is a finite direct product of
rings and C; is a category of R;-modules for each 4, an obvious generalization
of (1.1.12) shows that C; X - -+ x Cy_is a category of right R-modules.

1.1.14 Morphism categories

We can form new categories by regarding some of the morphisms of a given
category as themselves-objects of a category. Such categories are called mor-
phism categories. We._give the constructions only for right categories, the
left-handed versions being obvious.

The first of this type is the category MorC, the morphism category of the
category C.

The objects of MorC are triples (C,D,x) where x is a morphism from
C to D in C, and a morphism from (C, D, x) to (C”,D",x") is a morphism
(v,6) : (C,D) —(C", D"} in the praduct category C xC such that the diagram

o —1 ., ¢n

FRE
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commutes; that is, x"vy = §y. .

Clearly, Mor C is a right category, which can be regarded as a subcategory
of C x C by ignoring the morphism . If C is a module category, say a subcat-
egory of Moog, then MorC is also a module category, being a subcategory
of Moo RXR-

It is also clear that MorC is small if C is small.

Further morphism categories arise as full subcategories of Moxr C which are
~ defined by placing restrictions on the morphism appearing in (C,D, x). Here
are a few examples.

EnpC, the endomorphism category. .The objects are morphisms (C,C,x),
that is, x : C — C must be an: endomorphism of C.

IsoC, the isomorphism category, which has objects (C, D, x) where y is an
isomorphism ~ in an arbitrary category, this means that there is a
morphism x~! : D — C'with x~'x-= éd¢ and xx~! = idp, or, in
other words, x is invertible: We may then write C & D to indicate
that C and D are isomorphic.

Aur C, the automorphism category. Here, objects have the form (C,C,x)
with y invertible.

Ezxercises

1.1.1  Discrete categories
A category C is discrete if

{idg} iC=D,

MOr(C’D)={ 9  ifC#£D.

Show that

(a) any set X can be regarded as a discrete category,
(b) if Y is any subclass of the objects of a given category D, then ¥
defines a discrete subcategory of D.

1.1.2 Let A and p be elements of a.partially ordered set A. Show that the
following are equivalent.

(a) A= p when we regard A as a category.
(b) Both A < pand p < A
1.1.3 A group as a category

Given a group G, we can define two categories, called BG and &£ G,
as follows.
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1.14

1.1.5

BG: this has one object, G itself, and Mor(G,G) = {g | g € G}.
Composition is multiplication.

EG: here, ObEG = {g | g € G} is the set of elements of G, and
Mor(g, h). = {hg~'} has one element.

What are the subcategories of BG and of EG?

- Investigate the various morphism categories associated with BG
and £G.

For example, observe that the class MorC of all morphisms of a
category C forms a group precisely when C may be identified with the
category B(Mor C).

A monoid as a category

A monoid (or semigroup with identity) is a set M with an asso-
ciative multiplication for which there is an identity element 1 (see
[BK: IRM] (1.1.1)). Repeat, as far as possible, the previous.exercise,
substituting a monoid M .in place of a group. Since an element of M
need not be invertible, we must take the morphisms in £M to be

Mor(m,n)={z € M | zm = n},

so that id;, = 1 always.

Show that m 2 1 in £M if and only if m has a (twosided) inverse
in M.
Opposites of groups

Groups G and H are said to be anti-isomorphic if there is a bijective
map ¢ : G — H with ¢(gh) = ¢(h)p(g) for all g,h in G.

Show that ¢ : ¢ — g~ ! is an anti-isomorphism of G, and that ¢ is
an isomorphism-of G if and only if G is abelian.

Define the oppesite of a group to be a formal set

GP={g"|geG}
in bijective correspondence with G, with multiplication given by
gPh% = (hg)®P.
Verify that G°® is-a -group.and that
7:G—— GP, g g°P,

is an anti-isomorphism.

Show also that amy anti-isomorphism ¢ : G — H factors as a
product ¢ = ¢7 where ¢ is a group isomorphism.

Deduce that Mor((BG)®) and Mor((BG)°P) are both isomorphic
to- G°P.
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1.1.6

1.1.7
1.1.8

1.1.9
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Remark. The existence of an anti-isomorphism between a group
and its opposite is sometimes used implicitly to identify the two
groups. An example is given by the symmetric group S,, the group
of all permutations of the set {1,...,n}. If we consider the permu-
tations to act as right operators, we obtain one version of the sym-
metric group, while if we view the permutations as left operators, we
obtain the opposite group. Usually, a group theorist will take the
right-handed version to be S, so that the left-handed version is then
properly SoP.

A practical situation which requires both the left and the right
handed versions of S, arises in Chapter 12 of [Loday 1992].
Morphisms on morphisms

Describe the category Mor?C = Mor (Mor C). Compare the
categories Aur (MorC) and Mor (AurC), etc.

Compare (C°P)® and (C®)°P.

Show that if each category Cy is a module category, then the product
14 Cx is also a module category.

Groupoids

A groupoid is a small category G in which every morphism is in-
vertible.

Let {vy | A € A} be the set of objects of G, where A is some set.
Show that G, = End(vy,v,) is a group for each A; G, is called the
vertex group at A.

Show also that if Mor(vy,v,) 5 0, then the groups G and G, are
isomorphic.

(Any set {Gx} of groups can be viewed as defining a groupoid in
which Mor(vy,v,) =0 if A 5 p.)

1.2 FUNCTORS

A major impact of category theory on mathematics is its emphasis on describ-
ing the morphisms between mathematical objects, rather than considering the
objects in isolation. This philosophy can be applied to the study of categories
themselves, leading to the definition of a functor, that is, a morphism between
categories. .

The language of functors plays an indispensable role in the remainder of
this text, and in K-theory in general.

Up to this point, our distinction between right and left categories has not
had much influence on the text, since we have been able to develop the theory
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for right categories and dismiss the left-handed version as obvious. However,
the fact that categories may have different chiralities does now have an effect
on our netation. The reason is that we have to take into account the pos-
sibility that a functor may well relate categories of different chiralities. The
outcome is that some entrenched conventions must be treated with caution,
since a covariant functor may act in a way that is superficially similar to a
contravariant functor.

Nevertheless, we continue to work with right categories as far as possible,
leaving statements and proefs in the left-handed case to the reader, unless
there are particular points which we need to emphasise.

1.2.1 Functors

Let C and D be categories. A covariant functor F from C to D associates with
each object C of C an object F'C in D, and with each morphism

a:0'——C inC
it associates a.morphism
Fo:FC'—— FC inD.

Thus F is a collection -of mappings of two types (all of which are, by custom,
denoted by the same letter F'): there is one map of the first type

F:0bC—— ObD,
and for each pair C' and C of objects of C there is a map of the second type
F : Mor¢(C',C) —— Morp(FC', FC).
These mappings are subject to the axioms
Fun 1 F(ide) = ddrc
and
Fun 2 if C and D are both right categories and
a:C' ——C and B:C —— C"
are-morphisms in C, then

F(fa) = F(B)F(a) : FC' —— FC".
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A contravariant functor reverses the direction of morphisms. Thus for each
morphism

a:C'——C inC
there is a morphism
Fa:FC —— FC' inD.
The second axiom now reads
Fun 2° If C and D are both right categories and
a:0'——C and B:C—— C"
are morphisms in C, then
F(Ba) = F(a)F(B) : FC" —— FC'.

The unqualified term functor will mean a covariant functor, unless the con-
text demands otherwise.

1.2.2 Some examples

Here are some basic examples.

(i) The identity functor Ids from a category C to itself; this ‘does nothing’
to any object or morphism.
(ii) If C' is a subcategory of C, there is the inclusion functor

Inc:C' —— C;

again this leaves objects and morphisms unchanged.

(iii) On any category, there is a standard contravariant functor, the opposite
functor .

Op:C—— CP,
which has Op(C) = C°P and Op(a) = a? — see (1.1.6).
(iv) The forgetful or underlying functor
T:C—— D

this arises when each object and morphism of the category C can be
regarded as belonging to another category D by forgetting some of its
structure. Thus there are forgetful functors from Mobog to As, from As
to G» and from G» to Ser.
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1.2.3 Free modules
Another important functor is

FrR : Ser —— MODR,

which associates to a set X the free right R-module Frg(X) on X, where R
is a fixed ring. Since this functor will be encountered frequently in the sequel,
we give- a sketch of its construction. A fuller account is given in [BK: IRM]
(2.1.16). |

An élement m of Frg(X) is a formal sum

m= Z zry(m) with rz(m) € R,
zeX ,
in which only a finite set of coefficients r;(m) may be nonzero. (In other
words, m is a. function from X to R whose value at = we prefer to write as
ro(m) rather than m(z), and which takes the value 0 except possibly at a
finite number of members of X.) Two such sums m, n are the same precisely

when r;(m) = rz(n) for all z in X, and addition and scalar multiplication are
defined by the rules

m4+n= Z z(rg(m) + r2(n)) and mr= Z z(rz(m)r).
zeX zeX

It is easy to verify that Frg(X) is a right R-module. We view X as a subset
of Frgr(X) by identifying an element z of X with the module element that
has r; = 1 and ry =0 for y # =.

Now, given a mapping « : X — Y of sets, there is one and only one way to
extend a-to a.homomorphism

Frr(a) : Frp(X) —— Frg(Y),
since we must have

Fre(o) (Z mrm(m)> = Z a(z)rg(m).

z€X zeX

It is straightforward to check that Frp is a functor as claimed.

1.2.4 The product
Suppose that F': C — D and G : D — £ are functors. Then the composite or
product functor

GF:C——&
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is given by

GF(C) = G(F(C))
and

GF(a) = G(F(a)).

The product GF' is sometimes written G o F' if we wish to emphasise that we
are performing a composition of functors.

It is easy to verify that GF will be covariant if F' and G are either both
covariant or both contravariant, and contravariant otherwise.

Notice that the opposite functor Op : € — C°P provides a method of inter-
changing contravariant and covariant functors, since a contravariant functor
G : D — C defines a covariant functor OpoG : D — C°P, and vice versa.

1.2.5 Restriction

Given a subcategory ' of a category C and a functor F : C — D, the restric-
tion of F' to C' is the composite

Folne: ' —— D.

If D' is a subcategory of D such that F'C and Fa are in D’ for every object
and morphism of €/, we can also regard F' as a functor from C’ to D’, which
we again call the restriction of F'.

In applications, D’ will often be a full subcategory of D; in this case, F'
restricts to a functor from C’ to D’ if and only if F(Ob(') is contained in
ObD'.

To save notation, a restriction of a functor is usually denoted by the same
symbol as the original functor.

¢

1.2.6 Appearances and chirality

So far, we have discussed functors between right categories only. When we
have to consider left categories as well, we find that the appearance of axiom
Fun 2 depends on the chiralities of the categories involved, as well the variance
of the functor itself.

To help the reader through this tangle, we list the various possibilities;
here, F' is a functor from C to D, and, as hitherto, @ € Mor¢(C’,C) and
B € More(C, C").
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Chirality
of C ofD F covariant F contravariant
left left F(of)=F(a)F(B) F(ap)=F(B)F(a)
left right F(af) =F(B)F(a) F(af)=F(a)F(f)
right left F(Ba)=F(a)F(B) F(Ba)=F(B)F(a)
right right F(Ba)=F(B)F(a) F(fa)= F()F(B)

We have listed these variations in detail since they are ignored in all texts
on category theory that we have come across. Presumably, this is because it
is the usual practice in category theory to deal only with what we have called
here right categories. ,

When concentrating on right categories only, it is tempting to characterize
covariant and contravariant in terms of the appearance of axiom Fun 2: in this
case, covariant functors are those which ‘preserve’ products, while contravari-
ant functors ‘reverse’ products. However, as we have seen, this characteriza-
tion does not adequately describe the intrinsic distinction between covariant
and contravariant functors. It is an artefact of the notation and so needs to
be treated with caution. The essential difference is that the direction of a
morphism is preserved in one case but reversed in the other.

In an ideal world, there would be a systematic notation devised to handle
functors of differing variances between categories of differing chiralities. In
reality we are obliged to use well-established notations for functors that take
no account of chirality and variance.

The above table can be simplified by introducing the notion of the chirality
of a functor. We say that a functor F' : C — D is cochiral if the categories
C and D have the same chirality, and contrachiral otherwise. Then, for any
composable morphisms ¢, 8 in C, we have

F(af) = F(a)F(B)

whenever F' has the same variance as chirality, that is, both are co- or both
are contra-, and

F(af) = F(B)F ()

whenever the variance of F' differs from its chirality.

One example of a product reversing functor is the opposite functor Op
(1.2.2)(iii) which is contravariant and cochiral.

Another such functor is the mirror functor. For any category C, we define
Mir : C — C® from C to its mirror category C® (1.1.5) by putting Mir(C) =
C® and Mir(a) = o®. This functor is evidently covariant and contrachiral.




22 CATEGORIES
Reinterpreting the definition of the product in C®, we find that
Mir(af) = Mir() Mir(c).

As we noted above, the opposite functor can be used to convert a con-
travariant functor into a covariant functor. Similarly, Mir : D — D® converts
a contrachiral functor F' : C — D to a cochiral functor MiroF : C — D®, and
likewise a cochiral functor can be changed into a contrachiral functor.

Thus, a judicious use of the functors Op and Mir allows one to work only
with covariant and cochiral functors.

1.2.7 The morphism functors

Let C be a (right) category. The morphism sets Mor(L, X) = Morc(L, X)

can be viewed as defining two functors, Mor(L, —) and Mor(~—, X), from C

to the category Ser of sets, by holding one term of Mor(L, X) constant, and

allowing the other to vary, as the notation is meant to suggest. The functors

arising from Mor in one way or another are called morphism functors.
Choose an object L of C. The functor

Mor(L, —) : C —— Ser

sends an object X to the set Mor(L, X ), and for a morphism £ : X — Y in
C, the map

Mor(L,¢) : Mor(L, X) — Mor(L,Y)
is given by
Mor(L,§)a={a: L——Y fora: L — X in Mor(L, X),

so that Mor(L, —) is a covariant functor from C to Ser.
(We write Mor(L, X) and Mor(L,£) in preference to Mor(L, ~)(X) and

Mor(L,-)(€).)
If4$:Y — Z is another morphism, then

Mor(L,¥9¢)a = ¥€a: = Mor(L,¥) Mor(L, £)a.

On the other hand, suppose that we fix the object X. Then Mor(—, X)(L) =
Mor(L, X) for any object L of C, and for a morphism X : L — M, we define

Mor(A, X) : Mor(M, X)) —— Mor(L, X)
by
Mor(A, X)B = BA for B € Mor(M, X),
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which shows that Mor(—, X) is a contravariant functor from C to Ser.
If p: M — N is another morphism, then, for any v: N — X,

Mor(u, X)(7) = yuA = Mor(}, X) Mor(g, X)y.

When the fixed object L or X need not be mentioned, it is usual to make
the abbreviations Mor(L,§) = &, and Mor(\, X) = X\*. The formulas for
products then become

(£0)s =& for £: X ——Y and 9:Y — 2
and
(uA)* = A*p* for AiL—— M and p: M —— N.

Note that these formulas do depend on the fact that both the categories C
and Ser are assumed to be right categories, that is, the functors Mor(L, -)
and Mor(—, X) are cochiral. If instead we take C to be a left category, then
the product formulas read

(W) =&y for £ : X ——Y and %:Y — Z
and
(M) =Xp* for \:L—— M and p: M —— N,

despite the fact that the variances of the functors Mor(L, —) and Mor(—, X)
are unchanged. This is an instance of the variability of notation that we
discussed in the preceding section.

1.2.8 The category Car

Given a class of small categories which contains all the small categories that
we wish to discuss, we can form the category Car of all such categories. The
objects of this category are themselves categories C,D,..., and the set of
morphisms from C to D is the set [C, D] of all covariant functors from C to D.

Note that an isomorphism in the category Car is an invertible functor.
Accordingly, we call any invertible functor an isomorphism.

1.2.9 Fibre categories

For a functor F': D — C, there is a counterpart of the fundamental concept of
the kernel of a module homomorphism, namely, that of a right-fibre category.
However, as a general category has no distinguished object corresponding to
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the zero element of a module, we must define a right-fibre category C\F' (of
F at C) for each object C in C.

An object of the right-fibre category consists of a pair (D, ), where D is
an object of D and & : C — F(D) is a morphism of C; such a pair is said to
be under C with respect to F, or F-under C.

A morphism in C\F from (D, &) to (D', &) is given by a morphism §: D —
D' in D such that o’ = F(B) o a. Diagrammatically, this may be visualized
as:

c —2 . F(D) D
a'\ F(5) E

i) !

F(D) D

The definition of the dual notion of the left-fibre category F/C of pairs (D, @)
F-over C, should be apparent.

The justification for the name right-fibre category (replacing comma cat-
egory, surely one of the least descriptive names ever in mathematics) comes
from Theorem B of [Quillen 1973] in the homotopy theory of categories, which,
however, lies beyond the scope of this book. We use right-fibre categories in
section 1.4, where we consider universal constructions.

Here are some simple examples which shed light on the definition, as does
Exercise 1.2.1.

1.2.10 Ezxamples

1. Let C be the category having a unique object C' and a unique morphism,
idc. Then, for the unique functor F : D — C, the category C\F is
isomorphic to the category D through thé functors

(D,idg) < D, g g.

2. For the identity functor Id¢ of an arbitrary category C with C an object of
C, the right-fibre category C\ Idc is just the category of objects of C under
C, which is sometimes called the slice category C\C. Similarly, there is
the category C/C =Id¢ /C of objects over C. These categories are widely
used by topologists.

3. Given a group G, form the category BG with one object G, the morphisms
in BG being simply the elements of the group, as in Exercise 1.1.3. If H
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is also a group viewed as a category in this way, a functor F' from BH to
BG is the same as a group homomorphism v from H to G.

The right-fibre category G\7y consists of pairs (H,g) where H is the

single object of BH and g is an arbitrary element of G; we can therefore
identify G\7y with the set {g} of elements of G. A morphism from g to g’
is an-element h of H with y(h)og =g’

Thus the set of morphisms in G\«y from idg to itself is the kernel of v,

while the set of morphisms from idg to ¢’ is {h | v(h) = ¢'}, the inverse
image of g’ '

In particular, G\ Idcag(e) is the category £G of Exercise 1.1.3.

‘

Exercises

1.2.1

1.2.2

1.2.3

Let X and Y be sets regarded as discrete categories, as in Exercise
1.1.1.

Show that a fumctor from X to Y is simply amap f: X — Y.
Verify that for any-y € Y, the fibre y\ f is f~*(y), the inverse image
of y.
We may regard a group G as a category, BG or £G, in two ways as
in Exercise 1.1.3. In (1.2.10), we noted that a functor from Cat{H)
to Cat(G) is the-same thing as a group homomorphism from H to G.
Are there any functors from BG to £G or vice versa?

Describe the functors from £H to £G. In particular, show that
each element of the group G acts, by multiplication, as a functor on
£ that is transitive on the objects.

Remark. So, if we identify the objects of £G with one another via

this mmltiplication, we obtain BG. Given a method of passing from
groups $o- topological spaces, this procedure may be used to form the
classifying space BG of the group G [Segal 1968].
Recall (or loek up in a-standard text on group theory) that the com-
‘mutator subgroup [G,G] of a group G is the normal subgroup of G
generated by all commutators ghg~'h~?, and that the commutator
quotient group Ggp = G/[G,G] is an abelian group. Sometimes the
group Ggp is-said to-be @ made abelian.

Define-Ab : G» — Az by Ab(G) = G,p, where Gr is the category
of groups and As is the category of abelian groups. Verify that, with
the obvious action on homomorphisms, Ab is a functor, sometimes
called abelionization.
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1.3 NATURAL TRANSFORMATIONS

Functors themselves can be related to one another by natural transforma-
tions. This ability to compare functors enables us to define the concepts
of multifunctors and of adjoint functors, vital for our discussion of universal
properties in the next section. It also leads to the notion of a functor category,
consisting of all the functors from one category to another. When the domain
category has an especially simple form, this gives the important special case
of a diagram in a category.

We also consider equivalences between categories; these are analogous to
isomorphisms between modules or groups in the sense that equivalent cat-
egories can be regarded as identical for most purposes. The definition of
isomorphism of categories, given in (1.2.8) above, is usually too restrictive for
applications.

1.3.1 Natural transformations

Natural transformations are the morphisms between functors themselves.
Let F,G : C — D be covariant functors. A natural transformation

N F——mG
consists of a family of morphisms
ng : FC —— GC,
one for each object C of C, such that for each morphism
a:C — C,

the diagram

l Ga
TN
FC  —— GC

commutes. Somewhat informally, a typical member of this family is sometimes
said to be a natural transformation.
If, instead, F' and G are both contravariant, we require the following dia-
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gram to commute:

Fc —F . qc

re | | o

e — ., go

(There is little to be gained by attempting to compare functors of different
variances, as can be seen from the example of ‘unnatural’ behaviour that is
given in Exercise 1:3.18.)

1.3.2 Fxamples

(i) Basic and important examples of natural transformations arise from the
morphism functors (1.2.7) associated with a (right) category C.
Let A: L — M and £ : X — Y be morphisms in C and recall that

€ = Ef’ :MOI‘(L, X) — MOI‘(L,Y)
is given by
&la)=¢a: L——Y for a: L—— X in Mor(L, X),

and

A* =X : Mor(M, X) — Mor(L, X)
is given by
A*B = pA for 8 in Mor(M, X).
It is easy to verify that there is a commutative square

M
Mor(M,X) ———— Mor(M,Y)

€L
“Mor(L, X) ——— .Mor(L,Y)
which can beinterpreted in two ways, one as showing that £, is a natural

transformation from-Mor(—, X) to Mor(—,Y’) and the other, that A\* is
a natural transformation from Mor(M, —) to Mor(L, —).
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Let R be a ring and'let M,(R) be the ring of n x.n matrices over R.
The inclusion map

tp: R —— M,(R)

sends an element r of R to the scalar matrix diag(r,...,r). (The struc-
ture of matrix rings is discussed at length in section 2.2 of [BK: IRM].)

If f : R — S is a ring homomorphism, there is an obvious commuting
diagram

LR
R — = MyR)

o e

S —5 ., M.(S)

of ring homomorphisms. Thus ¢ is a natural transformation from the
identity functor on the category Rzne to the functor M, (—) on Rzve.
Typically, one says just that the embedding ¢ is natural. .

A ring R contains a smallest subring, namely its prime ring, which is the
subring (1) comprising the multiples n.1g, n € Z, of the multiplicative
identity 1z of R. The assignment P : R +— (lg) is clearly a functor
from the category Rznc of rings to itself. Then the embedding of (1g)
in R is a natural transformation from P to the identity functor because
a ring homomorphism f: R — § gives a commuting square

<1R> C-*-“) R

Py l J f
(ls) &—— §
Given a nonunital ring R, the enveloping ring or unitalization of R is
R={(r,a)|r € R,a € Z},
which is a ring under the addition and multiplication given by
(r,a) + (s,b) = (r +s,a+b) and (r,a)-(s,b) = (rs+br+ as,ab).

The identity of R is (0,1). Then, in the category Rwe of nonunital
rings, the embedding of R in its enveloping ring is natural.

In the category of commutative domains, the embedding of a commu-
tative domain in its field of fractions is also natural — see [BK: IRM]
(1.1.12).
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(vi) For another example, where neither functor is the identity functor, we
use the operation of transposition on matrices. Given a matrix A = (a;;)
over a ring R, the transpose of A is defined to be the matrix A = (%),
which has entries in the opposite ring R°. Applying this definition to
matrices over R° rather than R itself, we obtain a map

(=)% s Mp(R®) — (Mn(R))°

-which is readily seen to be a ring isomorphism. (Further details can be
found in Exercises 1.2.13 and 1.2.14 of [BK: IRM].)

Given-a ring homomorphism f : R — § there is a commutative square

M (R°) i (Mn(R))°

| |

My (S5°) "E:)—"’ (Mn(S))°

so that (—)* is a natural transformation between the functors M, ((-)°)
and (Mn(_))o'

(vii) For aring R, the general linear group GL, (R) is the group of invertible
n X n matrices over R, that is, the group of units of the matrix ring
M, (R).

Evidently, GL,,(R) can be embedded in GLy1(R) by the insertion of
an extra (last) row and column with diagonal entry 1 and other entries
0to each matrix A in GL,(R):

We abbreviate the right-hand matrix to A & 1. Since
ABo1=(A®1)(Bal),

we obtain a group homomorphism — @1 : GLp(R) — GLp41(R). More-
over, — @1 is natural because any ring homomorphism f : R — S gives
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rise to a commuting square

—-®1
GLo(B) — 2~ GL.u(R)

GL.(f) J j GLni1(f)

S GLuS) — GLua(S)

(viii) We continue with the above notation, but now restrict our attention
to the category of commutative rings. We can then define the deter-
minant map det : M,(R) — R by the usual formula involving sums
and differences of products of entries. (See [Cohn 1982], Chapter 7
for example.) Because the determinant preserves products, that is,
det(AB) = det(A) det(B) for nxn matrices A and B, it restricts to a ho-
momorphism of the groups of units det : GL,,(R) — U(R). Again, this
homomorphism is natural, meaning that there is a commuting square

CL.(R) —= . )

o0 | E

AL.(S) — , ps)

whenever f is a ring homomorphism.

1.3.3 Natural isomorphisms

If for each object C of C the morphism n¢ is an isomorphism in D, we say
that the functors F' and G are naturally isomorphic through the natural iso-
morphism 1. The notation is F' ~ G. The terms naturally equivalent and
natural equivalence are also used, especially in older texts.

Among the above examples, that in (vi) is a natural isomorphism because
the matrix transpose operation is evidently invertible. In (ii) and (viii), we
clearly have natural isomorphisms when n = 1.

1.3.4 Matrices and bases of free modules: a summary

Our next example gives a categorical interpretation of some results on the ma-
trix representation of homomorphism between free modules. To get started,
we need some facts about free modules and their bases which are given in
detail in [BK: IRM], particularly §2.2. For future ease of reference in this
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volume, we review these facts in' greater generality than we need for our im-
mediate purposes. :

Let R be a ring and let M be a right R-module. A basis of M is an
ordered subset {fx}xen (where A is an ordered indexing set), which satisfies
the following property.

Bas. Given any element m of M, there are unique elements 75(m), A € A, of
R such that

m = Z Fara(m).
AEA
The set A may be infinite, but at most a finite number of coefficients r)(m)
can be nonzero for any particular m.

An arbitrary module M need not have a basis. If M does have a basis, then
M i a free right R-module.

Note that a basis must be ordered. An ‘unordered basis’ is called a free
generating set. Thus, the free module Frg(X) on an unordered set X (1.2.3)
‘has X as a free generating set. If we impose an ordering on X, then we obtain
a basis of Frp(X).

When the index set A is finite, we usually take it to be {1,...,m} for some
integer m and write the basis as

{fit={fn,..., fm}-

‘We then say that the free module has finite rank.

Now let R™ be the standard free right R-module of finite rank mn, which
we view as the ‘space of column vectors’ of length n, with entries in R. The
evident choice of ‘unit’ vectors {es,...,er} gives the standard basis {e;} of
R™. Next, take any finite basis

{fit=Af1,-., fm}

of R™. If it must be the case that m = n, the ring R is said to have invariant
basis number. However, we wish to work with an arbitrary ring, so we must
allow-the possibility that m # n. Some examples and results on invariant
‘basis number and the lack of it are to be found in §2.3 of [BK: IRM].

An element x of R™ has a coordinate vector p(z) with respect to the basis
F = {f;}, which is given by the formula

Y1
Fl@)=1| : where z = fiyi + -+ fo¥m, Y1,-..,Ym € R.
Ym




32 " CATEGORIES

If R? is another standard free right R-module with basis {g;} = {g1,-..,9x}
and o : R* — R! is a homomorphism of right R-modules, we associate to a
a k x m matrix A = (a;;), which is determined by the formula

X k
a(fy) = Zgiai]‘, i=1,...,m.
i=1
The coordinate vector G(dz) of az with respect to G = {g;} is then given by
the relation

lg(am) = Ap(z).

The association of a matrix t¢ a homomorphism is easily seen to be multi-
plicative; that is, if 8 : RP+— R™ is an R-module homomorphism that is
composable with @, and if B is the matrix of 8 with respect to a basis {h;}
of RP and the given basis {f;} of R™, then the matrix of af with repect to
the pair {h;}, {g;} is AB.

The association is also additive, for if @ and o' are homomorphisms from
R™ to R* with matrices A and A’ respectively (relative to the pair of bases
{f;}, {9;}), then the matrix of & + o/ will be A+ A’ (relative to the same
pair of bases).

In particular, fix an n-element basis of R™ and use it at ‘both ends’. Then
the matrix A of an endomorphism « will be n X n, and the map o+ A is a
ring isomorphism from End(R™) to the matrix ring M, (R).

1.3.5 Example: matrices and bases of free modules

Now we interpret the above discussion in terms of categories and functors. We
define Basesg to be the category whose objects are free right R-modules of
the form R" equipped with a preferred basis {f;}, that is, a pair (R™, {f;}).
The morphisms in Basesp are just the R-module homomorphisms from R"
to R? (here the choice of basis is ignored). The'full subcategory SranBasesg
of Basespg has as objects the pairs (R", {e;}) where {e;} is the standard basis
of R*. (We use the notation {e;} ambiguously for a standard basis of any
size.) -

The fact that the operation of taking a matrix of a homomorphism is mul-
tiplicative now reveals that we obtain a functor

S . BASESR rmm——) STANBASESR
by setting
S (R",{f;}) = (R™,{e;}), m being the number of members of F = {f;},
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and
S(a) = A, the matrix of a.

For each object (R"™, F' = {f;}) of Basssg, there is an R-module isomor-
phism nr from R™ to R™ which associates to each member z of R™ its coor-
dinate vector g(z): thus

nr(z) = r(z).

(Properly speaking, n should have as suffix the pair of objects between which
we map, but the notation is then unwieldy.)

To interpret these isomorphisms as defining a natural isomorphism of func-
tors, we let T" be the composite functor T' = Inc oS, where Inc is the inclu-
sion of StanBasesg in Basssg. For any morphism o : (R™, F={f;}) —
(R, G = {g;}) in Basssg, there is a commutative diagram:

B {5 — s (B™ {e})

« | | 7@

nG .
(R*{g;}) ———— (B*{es})
which shows n : Id — T to be a natural transformation, as desired. Note that
the homomorphism T'() is simply left multiplication by the matrix A of a.

1.3.6 Multifunctors

It is often necessary to consider functors of several variables. The guiding ex-
ample is Mor¢ (—, —) for a (right) category C, which attaches a set Mor¢(C, D)
to each pair of objects C, D of C. By the remarks in (1.2.7), Mor¢(—, D) is a
contravariant functor, while Mor¢ (C, —) is covariant. So we wish to recognize
Mor¢(—, =) : C xC — Ser as simultaneously functorial in both variables, even
though it is not actually a functor on the product category C x C. The point
is that, because of its mixed variances, the would-be functor Mor(—, —) does
not obey either of the composition laws Fun 2 or Fun 2°. The same difficulty
arises when we consider Op xId: C x C — C°P x C. '

A related problem arises when we wish to take the variables from categories
of differing chiralities, since the law of composition in the product of categories
of mixed chiralities can be rather convoluted. For instance, let C be a right
category, so that its mirror C® (1.1.5) is a left category. Our rule then is to
view the product category C x C® as a right category (1.1.11).

To see how this works, recall that a morphism 52 : B® — D@ in (9 is
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a formal symbol corresponding to a morphism 8 : B — D in C, and that
the composition of a pair of composable morphisms A© and 6® in C® is
Bo6° = (56)°.

Thus, if we have a pair of composable morphisms (a, 8°), (v,6%) in C xC©,
their product is

(’71 56)(057 IBG) = (705, ﬂ@é‘@) = (')"aa (5:8)6)

Methods of handling mixed chiralities become important later (3.1.9), when
we consider tensor products. Thus we need a definition which accommodates
both mixed variances and mixed ¢hiralities.

Qur uniform treatment of the various possible mixtures of variances and
chiralities is based on two observations. Firstly, if F' is a contravariant functor
on C, then F o Op is a covariant functor on C°P; and secondly, if F': C — D
is a contrachiral functor, then F' o Mir : C® — D is a cochiral functor. (Here
we rely on the obvious identifications (C°P)°P = C and (C®)® = C for any
category C.)

Let D,Cy,...,Ck be a finite set of (right) categories. Suppose that

F:Cix-xCp——7D
is given by a function
F : Ob(Cy) x - -+ x Ob(Cx) —— Ob(D)
and, for each pair C}, C; of objects of each C;, a function
F : Morg, X --+ x More, — Morp(F(Cy,...,CL), F(C,...,Ck)).

Then we say that F is a multifunctor or a functor in k variableson Cy,...,Ck
provided that for some (necessarily unique) choice of functors é;, ¢; on C;, with
each 6; as either Id or Op and each ¢; as either Id or Mir,

Fo (5161 X oo X (5};6;;) : 6151(01) X N X €k5k(Ck) Y

is a covariant and cochiral functor.

If §; is Id, then F is said to be covariant in the i th varicble, while if é; is
Op, F is said to be contravariant in the i th variable.

Likewise, if ¢; is Id, then F' is said to be cochiral in the i th variable, while
if ¢; is Op, F' is contrachiral in the i th variable. .

The terms bifunctor, trifunctor,... are also used when k = 2,3,.... Note
that a multifunctor in one variable is simply a functor of the given variance
and chirality.

Thus Mor¢(—, —) is a bifunctor from C X C to Ser which is contravariant in
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the first variable and covariant in the second. It is cochiral in both variables.
A version which exhibits mixed chiralities is given in Exercise 2.1.1.

Natural transformations between multifunctors, of the same variance and
chirality, are defined in the obvious way.

It is also possible to describe a multifunctor ‘term-by-term’. Let F' be
a multifunctor, and choose any index h = 1,...,k and any set of objects
{C; € C; | i # h}. Then F restricts to a functor

F(Ola':-yCh—h_:Ch-i-l:"',Ck):Ch'_—"')D7

which is covariant or contravariant according as 6 is Id or Op, and cochiral
or contrachiral according as €, is Id or Mir.
Furthermore, any collections of morphisms

{,3, : 5i(Bi) —_— 5.5(Ci) € 57;((3-5) | i 79 h}
gives rise to a natural transformation
F(Bla v 7Bh—1) —1Bh+1a v 7Bk:) — F(Cl) LERE] Gh—-11 ] Ch—l—l) AR Ck)

Conversely, given a fixed index h, a multifunctor can be defined by a col-
lection of functors of the form F(Ci,...,Ch-1,—,Cht1,...,Ck), one for each
set of objects from the categories C;, 7 #* h, provided that the appropriate
natural transformations exist.

1.3.7 Adjoint functors

We now introduce a concept which is very important in both the theory
and the applications of categories, particularly in connection with universal
constructions, which we consider in detail in the next section.

Let C and D be categories and let F': C — D and G : D — C be (covariant)
functors. We can form two bifunctors

Morc(—, G(—)) :CXD—— Ser
and
Morp(F(—),—) : C X D — Ser,

both of which are contravariant in the first variable and covariant in the
second.

The functors F and @ are said to form an adjoint pair, or to be adjoint, if
there is a natural isomorphism

7': Morp(F(=), —) ———s More(=, G(=)).
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If this is the case, F' is said to be left adjoint to G and G is said to be
right adjoint to F. (The terms ‘left’ and ‘right’ here are convincing only for
covariant functors.)

Thus, to show that F' and G are adjoint, it is necessary and sufficient to
give a family of bijections

’qc’D : MOI"D(F(C), D) — Morc(C’, G(D))

which are patural in C and D.
The following example typifies the set-up.

1.3.8 Exzample: free modules

Let X be a set and let Frp(X) be the free right R-module on X. Then
Frp : Ser = Mobpg is a covariant functor (1.2.3). In the other direction, let
T : Mopg — Ser be the forgetful functor, which assigns to a module M its
underlying set Y(M) of elements, as in (1.2.2)(iv). It is easy to see that Frg
is left adjoint to Y.

1.3.9 Functor categories

Given a small category C and an arbitrary category D, the covariant functors

from C to D can themselves be regarded as the objects of a category [C,D].

Such categories [C, D] and their subcategories are called functor categories.
The objects of [C, D] are the covariant functors

F:.C——D,
and a morphism between functors F' and G is a natural transformation
n:F——-G.

We write Nat(F, G) for the set of all such natural transformations. This is
indeed a set, since n = {nc | C € C} is specified by a collection of data which
is indexed by the set ObC, and each ¢ must belong to the set Mor(FC, GC).
(The target category D need not be small.) :

To see that we actually have a (right) category, we note that each functor
F has an identity natural transformation idp given by

(idp)o = idpc foreach C €C,
and that for n € Nat(F, G) and ¢ € Nat(G, H), their product
(n: F—— H
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is defined by

(€ = (eme foreach C €C

when D is a right category.
The category [C°P, D] is the category of all contravariant functors from C
to D.

i. 3.10 Diagrams

A useful application of the preceding discussion occurs when functors from C
to D are interpreted as defining diagrams in D.

A diagram in a category D is the same thing as the graph of a functor
from some category C to D. That is, it consists of a collection of objects
and morphisms of D which are the images of the objects and morphisms of
C and which satisfy the appropriate commutativity conditions. Although in
principle any category C defines diagrams, the notion is most often used when
C has few objects and morphisms.

For example, let [n] be the totally ordered set {0,...,n}, which we view as
a category with exactly one morphism from 7 to j whenever i < j. We can
display [n] as a diagram

0 1 2 n—1 n,

in which the ‘generating’ morphisms are shown; the remaining morphisms in
[n] are identities or products of those indicated. (Note that this category is
labelled according to the number of generating morphisms, rather than the .
number of objects. This is due to its topological applications. For example,
see Exercise 1:3.17 below.)

A functor from [n] to D, that is, an obJect F of [[n], D], is then a sequence
of morphisms in D

a [s7) [07°%
FiDy—2up -2, D, - Dpy—2up,

and a morphism 7 from F' (with the obvious labelling) to F' is a set of mor-
phisms in D

ni:D,,;"‘"‘—"Di, 1=10,...,n,
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such that the diagram

/ / /
o ol o

F': D) . D, p, .- D, —— D,
J o j m l 72 ‘[ Mn—1 l M
Qi (6%) (&%)
F: Dy » Dy v Dy -+ Dpy ——— Dy

commutes, that is, each of its squares commutes.

Note that the category [[0], D] is just D, while [[1],D] is the morphism
category Mor D under another name. Notice also that an object in [[2], D]
can be interpreted as a commutative triangle.

1.8.11 Egquivalence of calegories

‘We now consider the circumstances in which two categories can be regarded
as the same.

The most obvious of such circumstances is that the categories C and D are
isomorphic, that is, we have a pair of functors F : C = Dand G: D = C
with GF = Idy and FG = Idp. This means that F' and G are mutually
inverse isomorphisms (1.2.8). If we have such a pair of functors, they induce
mutually inverse bijections between the classes Ob(C) and Ob(D). But this
is a relatively uncommon event, since the definition of the ‘value’ F'(C) of a
functor F' on an object C very often requires the choice of one object from
many isomorphic candidates.

More likely, and still acceptable as a means of comparing categories, is for
functors F' and G to induce bijections of the collections of isomorphism classes
of objects of C and D.

For example, for a field K, each isomorphism class of objects of StanBasesk
is a singleton, comprising only the standard basis of K™, whereas Basesx has
many objects isomorphic to the standard basis of ™. Yet because every object
of Busesy is isomorphic to the standard basis, the subcategory StanBasesk
is a good working approximation to Basesk.

Therefore, the appropriate notion is equivalence of categories: two cate-
gories C and D are (naturally) equivalent if there are (covariant) functors
F:C— Dand G:D - (C so that GF is naturally isomorphic to Id¢ and
F@ is naturally isomorphic to Idp. The functors F:C - Dand G;D —=C
are then said to be mutually inverse equivalences (of C and D); the notation
isC~D.

If F and @ are contravariant, they are called dualities, and the categories
are said to be dual.
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1.3.12 Exzample: standard bases

In (1.3.5), we introduced the category Baszsgp whose objects are free R-
modules R™ together with a chosen basis, and its full subcategory StanBasesp
of free modules with standard bases. These categories are equivalent since, in
our previous notation, we have shown that T' = IncoS is isomorphic to the
identity- functor on Basesg, while F o Inc is clearly the identity functor on

STANBASESR.

1.3.13 Faithful, full and dense

In general, a category C is equivalent to a full subcategory C’ precisely when
there is a natural way of associating to each object of C a representative in C’
of its C-isomorphism class. This idea may be developed as follows.

A functor F : C — D is faithful if the map

F : Mor¢(C',C) —— Morp(FC', FC)

is an injection for every pair of objects in C; F is full if the above map is a
surjection, and F' is dense or representative if for each object D in D, we have
D 22 FC for some C in C.

With these definitions, the following result is straightforward. (More details.
can be found in [Herrlich & Strecker 1979], (14.11), and [Mitchell 1965], II,
particularly Proposition 10.1.)

1.3.14 Proposition

The categories C and D are equivalent if and only if there is a full, fasthful
and dense functor from C to D. |

1.3.15 Skeletpns

A category S is called skeletal if no two of its objects are isomorphic. Trivial
examples are provided by the categories [n], n > 0.

Given any category C, we can form a full skeletal subcategory SK(C) -af
C by choosing one object from each isomorphism class of the objects of C;
naturally, Sk(C) is called the skeleton of C. The skeleton is not, in general,
unique. However, the inclusion functor from Sk(C) to C is evidently full,
faithful and dense, so Sk(C) is equivalent to C.

Notice that Sk(C) is small precisely when the class of isomorphism classes
of objects in C is in fact a set. (This condition suffices for applications in
K-theory.) Thus the outcome of the discussion in (1.1.10) can be rephrased
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as saying that, for a ring R, the category Mg of finitely generated right
R-modules has a small skeleton.

Next we present some equivalences which sharpen the relationships between
product and morphism categories on the one hand, and module categories on
the other, which we first touched on in (1.1.12) and (1.1.14).

1.3.16 Theorem
Let R and S be rings. Then the direct product category Mopg x Mopg is
equivalent to Moppxs.

Proof

As we noted in (1.1.12), an object (M, N) in the product category can be
regarded as an R x S-module by the rule (m,n) - (r,s) = (mr,ns), and a
morphism in Mopg X Mepg is an R X S-module homomorphism.

On the other hand, any R X S-module is isomorphic to one of the form
M & N, where M is an R-module and N is an S-module, and the direct sum
is the direct sum of abelian groups; furthermore, this decomposition respects
homomorphisms (see [BK: IRM] (2.6.6), (2.6.7)).

It is now evident that the equivalence is given by

(M,N)— M@®N and (a,8) — a®p. 0

Recall that Mpz and Pg are respectively the categories of finitely gener-
ated right R-modules and finitely generated projective right R-modules. The
components of a finitely generated or projective module will again be finitely
generated or projective, as the case may be, since the equivalence given in
the previous theorem evidently preserves surjections and direct sums (see
Corollary 2.6.9 in [BK: IRM] for more detail). Thus the following result is
immediate.

1.3.17 Corollary
There are equivalences of categories

Mp x Mg = Mpgxs
and |

'PR X PS o PRXS- _ |

Next we describe the morphisms of Mooy in terms of modules over a
triangular matrix ring,.
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1.3.18 Theorem

Let T = ? g ) be the ring of upper triangulor 2 X 2 matrices over a

ring R. Then the categories Moo and Mor(Mobpg) are equivalent.

Proof
Let L be a (right) T-module. Since the direct product R x R is the subring

( 1(? %) of T, we can write L = M & N, where both M and N are R-

modules, as in (1.3.16). Using the action of T on M @ N, define a: M — N
by

m0) (5 o )=0am)

Then « is easily seen to be a homomorphism of R-modules, and the action of
T is given by

(+) (m, n) ( g ;‘ ) = (mr, amu + ns).

Let L' be another T-module, let L' = M’ @ N’ be its decomposition and o'
the corresponding homomorphism. A T-module homomorphism A : I/ — L
induces R-module homomorphisms y: M’ — M and v : N — N.

Calculating A(m/, 0) (8 é), m' € M', in two ways, we find that vo' = ayu,

which shows that we can define a functor F' : Mooy — Mor(Mobog) by
sending L to a. ‘
Conversely, given an R-module homomorphism « from M to N, it is clear
how to use the formula (%) to turn M & N into a T-module L, thus defining a
functor G in the reverse direction. Evidently, F' and G are mutually inverse
equivalences. [l

Ezercises

1.3.1  Let X and Y be sets regarded as discrete categories, and maps be-
tween them regarded as functors, as in Exercise 1.2.1.
Show that there is a natural transformation between two maps
frg: X—>Yifandonlyif f=g.
1.3.2 Yoneda’s Lemma
Let F: C — Ser be a covariant functor, and let L be an object of
C and ¢ an element of F(L). For each object X of C, define

nx (£) : More(L, X) — F(X)
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1.3.3

1.34

1.3.5

CATEGORIES
by
1x (£)() = F(a)(9).
Verify that
n(€) = {nx(£) | X an object of C}

defines a natural transformation from Mor¢(L, —) to F'(-).

Show that the map £ — 7(f) defines a bijection from F(L) to
Nat(Mor(L, —), F'), with inverse given by the map which associates
to a natural transformation ¢ : Morg(L,—) — F(~) the element
Co(idz) of F(L). _

By taking F(—) = Mor(M,—), show that every natural trans-
formation from Mor(L, —) to Mor(M, —) has the form u* for some
H:M— L.

Repeat the exercise for contravariant functors from C to Ser.

Remark. A covariant functor F : C — Ser is said to be repre-
sentable if it is naturally isomorphic to Mor(Z, —) for some object L
in C. The analogous definition is made for contravariant functors.
Isomorphisms of categories

Isomorphisms of categories come in four varieties, since the mutu-
ally inverse functors F': C — D and G : D — C may be either both
covariant or contravariant and either both cochiral or contrachiral.

Show that the identity functor, the opposite functor Op, the mirror
functor Mir and the composite Mir o Op provide examples of all four
varieties.

Show also that an arbitrary isomorphism can be converted into
a covariant, cochiral isomorphism by composition with one of the
isomorphisms listed above. ' '

Now let G and H be groups viewed as one-element categories BG
and BH (Exercise 1.1.3), and let F' : BG — BH be an isomorphism
of categories. Show that if F' is covariant then F' corresponds to an
isomorphism of groups in the usual sense, while if F is contravariant,
F' corresponds to an anti-isomorphism of groups.

We again regard a group G as a category, BG or £G, in two ways,
as in Exercise 1.1.3. Given groups G and H, describe any natural
transformations and isomorphisms that there are between a pair of
functors between two of the categories BG, BH, £G and £H.

Let Ab : G» — As be the abelianization functor between the category
G of groups and the category As of abelian groups (Exercise 1.2.3),
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1.3.6

1.3.7

1.3.8

1.3.9

and let T : Az — G» be the inclusion functor. Show that Ab, T is an

adjoint pair.

(a) Show that if F', G and F’, G’ are both adjoint pairs, then F'F,
GG’ is also an adjoint pair, whenever the composite functors are
defined.

" (b) Show that if F, G is an adjoint pair, then each of F and G

determines the other to within natural isomorphism.

Show that if F': C — D and G : D — C are mutually inverse equiva-
lences, then F', G is an adjoint pair.

Let A:C" — C and B : D — D" be (covariant) functors between

small categories. Define functors [4, -] : [C, D] — [/, D] and [—, B] :

[C,D] — [C, D"}, and 'verify that [—, —] is a bifunctor from Car X Cazr

to Car.

(a) In the notation of the preceding exercise (1.3.8) show that if G :
D" — D is right adjoint to F': D — D", then [C, F], [C,G] is an
adjoint pair.

(b) Each object D in the category D defines a constant functor Cnstp :
C — D sending each object of C to D and each morphism of C to
idp. Show that this assignment defines another constant func-
tor Cnstp : D — [C,D] with the property that, for any functor
G : D" —+ D, the square

Cnstpu
D {C, D//]

G l l ¢, G
D

Cunstp
— [(,D]

commutes. ,

(c) Suppose that Ly : [C,D] — C is left adjoint to Cnstp with Lpn
similarly left adjoint to Cnstpr. By combining Exercise 1.3.6
with the above, show that if F' : D — D" has a right adjoint, then
Fo Lp is naturally isomorphic to Lp~o[C, F]. In other words, the
square obtained from (b) above by replacing the constant functors
by their left adjoints also commutes, up to natural isomorphism.
Remark. When Lp : [C,D] — C is left adjoint to Cnstp, then, for
any functor G : C — D, the object Lp(G) is called the colimit of
G — see (5.1.16) and Exercise 5.1.7.

1.3.10 Let Q be the loop category: ) has one object o, and one generating
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1.3.12

1.3.13

1.3.14

1.3.15
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morphism o : e — e, 50 that Mor(e,e) = {id,a,a?,...}. Show that
[, D] = Enp(D) for any category D.

Find a functor [1] — €2, where [1] is the category 0 — 1, that gives
rise to the inclusion of Exp(D) in Mor(D).

Devise categories C such that [C, D] is (i) Zso D, (ii) Aur D.
Let [1]2 = [1] x [1], where [1] is the category 0 — 1, and let D be
an arbitrary category. Show that [1]2 is the ‘generic’ commutative
square

0,1) — (1,1)

T/
0,00 — (1,0)

and that [[1]2, D] is the category of all commutative squares in D.
Show also that [[1]%, D] = Moz?(D), that is, Mor(Mox(D)).
Interpret [1]" and [[1]™, D).

Is the category [2]? = [2] x [2] equivalent to [4]?

Show that StanBasesg (1.3.5) is isomorphic to the category whose

objects are the natural numbers and whose morphisms from n to m

are the m X n matrices over R.

Let StanBasesp and Basesg be as in (1.3.5) and (1.3.12). Show

that SranBasesg is a skeletal subcategory of Basssg if and only if

the ring R has invariant basis number.

Given an arbitrary ordered set A, the standard free right R-module

RA is the module of ‘column vectors’ (ry) indexed by the members A

of A. The standard basis of R* is {e,}, where the ‘unit vector’e, has

A-entry 1 and all other entries 0.

Let STANBASES}D:? and BASES?:CO be as STANB.ASESR and B.ASESR, but
with infinite index sets also allowed. Extend the discussion which
we gave in (1.3.5) to StanBases® and Basszs®. (The definition
and properties of matrices of homomorphisms with respect to infinite
bases are fairly straightforward — see (2.2.13) of [BK: IRM].)

Let *Fresp denote the category of based free (right) R-modules: an

object is a pair (F, B) where F is free and B is a basis, and a morphism

from (F’,B’) to (F,B) is an R-homomorphism from F' to F which
restricts to an order-preserving map from B’ to B. Thus *Fresg
is the category of functors from the category @O=o of ordered sets to

Freeg. Let Fr: Orp — * Freep associate with A the standard free

module R* with basis {es} and let S : *Fresp — Orp send (F,B)

to the ordered set that indexes B.
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1.3.16

1.3.17

Show that *Frergr and Orp are equivalent categories, with SoFr =
Id but Fro§ # Id.

Define a dense and faithful functor I : Orp — StanBasesy.
Prove the following generalization of (1.3.18).

For any ring R, there is a natural isomorphism between the cat-
egories-[[n — 1], Moog| and Moor,, where T, is the ring of upper
triangular n X n maftrices over R.

(More results in a similar vein are given by [Mitchell 1965], IX §7f.)
Let A (denoted A* in [May 1967]) be the category whose objects
are the categories [n], n = 0,1,2,... and whose morphisms are the
functars among-these categories. For want of a name, we may think
of & as the proto-simplicial category (justification in (c) below).

(a) For 0 <i < m, define §; : [n — 1] — [n] and o; : [n+ 1] — [n] by
ji<i =1 j>1 Effect
8;(4) : i j+1 j+1 omit
alf): ] 7 j—1 repeat
Show that any non-identity morphism u : [n] — [m] in A can be
factorized uniquely in the following way. Let the objects of [m)]
that are not in the image of u be 43 > i3 > -+ > 4,5, and let
p(j) = p(f + 1) precisely when j is one of j; < jo < -+ < js.
(Thus n+ s =m +t.) Then

= iy -+ 63,05 <+ 04,

(b) Algebraic topologists define a simplicial object in a category C to
be a.contravariant functor from A to C. Show that this amounts to
specifying objects Sg, S1, Se, . .. in C, and two kinds of morphisms,
face operators d; : 5, — Sn—1 and degeneracy operators s; : Sy, —

SGnt1 (0 £ 7 £ n), and commuting diagrams corresponding to

rel.ations
(@)
didj = dj...ld-,;. fori < j
(i)
5i8; = 554154 fori<j
(i)
Sj_ldi fori<j
disj =< id fori=j4j7+1
5jdi-1 fori>j+1
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This apparatus is informally represented as .

—
— —_—

So—’S]_"-'-Sz"'
L — e —
P

where the face operators map from right to left, and the degen-
eracy operators from left to right. When C = Ser, we obtain a
simplicial set, when C = G» a simplicial group, etc.

The terminology comes from the following situation. As in [Spanier
1966](3.1), a simplicial complez is a set V' (the set of vertices) to-
gether with a distinguished set S (the set of simplices) of finite
subsets of V, such that

(i) every singleton in V is in S, and

(ii) every nonempty subset of a simplex is a simplex.

Show how an ordering of the vertices gives rise to a simplicial
set, and conversely, how a simplicial -set describes an ordered
simplicial complex, where the face and degeneracy operators are
given by

di(Vo, -, Un) = (Voy -+, Vie1, Vit 1+ - -, Un),s
8i(V0s -+ -, Un) = (V0 -+ -, iy Viy Vi1, - - v 5 Up).
(See [May 1967] Ch. 1 for further discussion and topological ap- -
plications. See also [Hovey 1999] and [Jardine 1996] for highly

readable accounts of the relation to Quillen’s closed model cate-
gories and K-theory.)

1.3.18 A non-natural isomorphism: duality
After so many examples of natural behaviour, the reader may be-

gin to wonder if anything is unnatural. Here is an example which
anticipates our general discussion of duality in (4.1.1).

Given a finite-dimensional vector space V over a field K, the dual

of V is V* = Homy(V, K). Verify that this is also a K-space, with the
addition and scalar multiplication :

(@+B)(v) = a(v) + B(v), (k-a)(v) = k(a(v)),

where a,f € V*,veV, ke K.

Let {f1,..., fn} be a basis of V. The dual basis {f,... ,f,’;} of V*

is defined by

sw={g 2%
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Check that the dual basii is indeed a basis, and so there is an
isomorphism nv : (V,{f;}) — (V*,{f; -

Show that this isomorphism cannot be natural as defined here,
because the assignment A : Basssx — Basssg, A((V,{f;})) =
(V*,{f;}), corresponds to a contravariant functor on Baszsx; it is a
morphism functor Mor(—, K) as in (1.2.7).

One might try to rescue some naturality by hoping that squares of

the form
W) —— D
p 1 ]9*
Wlg}) ——s (W {gt})

commute.

Take (V,{f;}) to be (K,1) and write (1) = t1f1 + - + tnfn-
Verify that 6* .o nyo8(1) = (2 + --- + t2)1*, and hence that such
squares are not commutative in general.

If we go one step further and define A%(V) = (V*)*, the dou-
ble dual, we obtain a covariant functor on the category of all finite-
dimensional vector spaces over IC, (with morphisms the K-linear trans-
formations of such spaces).

Define ¢y : V — V** by

(ev()) (@) =a(v) forveV, ac V™.

Show that each ey is an injective linear transformation, and hence
an isomorphism by dimension counting, and that the family {ey} is
a matural isomorphism between the identity functor and AZ2.

1.4 UNIVERSAL OBJECTS

An underlying primciple-in-category theory is that an object should be consid-
ered in relation to the other objects in the category, rather than being viewed
in isolation. This perspective leads to the idea of a universal object, which,
informally, is an object that is defined by the requirement that it should have
a specified relationship to the other objects in the category. When such a
requirement has been determined, it can often be seen that apparently dis-
tinct kinds of object are defined by the same requirement, but in different
categories.

An llustration will be provided by free objects. Although the free group on
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a set X and the free R-module on X have different appearances, both share
the same universal property, but in the categories G» of groups and Mopg
of R-modules respectively. We can therefore define a free object on X in any
suitable category C as an object, in C, with this property, and we can attempt
to determine its structure. In such generality, free objects may not exist.

The description of an object in terms of a universal property also provides a
means of transferring definitions from one category, in which it is easy to define
a particular type of object, to another, where the definition is not immediate.
For example, in the module category Mopg, the kernel of a homomorphism is
defined explicity in terms of the elements of a module. However, a kernel can
also be described axiomatically as a universal object in a category associated
with Mopg, which enables us to extend the definition of a kernel to more
general types of category, and to verify whether or not kernels exist in the
new setting. This analysis will be very useful in the next chapter.

In fact, many of the definitions in the remainder of this text, and also in
K-theory, are best treated as the specification for some universal object.

In this section, we explain the meanings of the terms ‘universal object’
(in (1.4.2) below), ‘universal construction’ (1.4.8) and ‘universal property’
(1.4.16), and present some important examples.

1.4.1 Initial objects

First, we present some basic definitions that underly the theory. An initial
object of an (abstract) category C is an object I in C with the property that
there is exactly one morphism

ig: [ ——C
for each object C in C; thus
Mor(I,C) = {tc} for each C.

In the category G» of groups, the trivial group is initial, in Mobpg the zero
module is initial, and in the category Rzne of rings (with identity), Z is initial.
On the other hand, the infinite cyclic group Z is not initial in G», since there
is always more than one homomorphism from Z to a nontrivial group.

An example of a category without an initial object is provided by Fzsrp,
the full subcategory of Rznve whose objects are the fields. This follows from
the observation that no field can be mapped homomorphically into both Z/2Z
and Z/3Z.

An initial object need not be absolutely unique. For example, there are
many manifestations of the zero module since the zero element of any module
serves. However, an initial object is essentially unique.
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To see this, we note that the morphism ¢y must be the identity morphism
on I, and that if a : C — C” is any morphism in C, then aug = tov. Thus,
if I and I’ are both initial objects of C, then there are unique morphisms

t:I——1T and /: I —1I,
which muist satisfy the relations
Jv=14d; and o =idp,

that is, + and ¢/ are mutually inverse (and unique) isomorphisms.

This type of uniqueness is sometimes summarised in the phrase ‘an initial
object is unique up to unique.isomorphism’. Because of it, one often speaks
of ‘the’ initial object rather than ‘an’ initial object.

In many explicit situations, an initial object will appear to be absolutely
unique since there is an obvious choice for one. An example is given by
the cokernel Coka of-a homomorphism o : M — N between R-modules.
This is almost. invariably defined to be the set of cosets of N modulo Im(a),
given the appropriate module structure. However, it can be thought of as the
initial object in the category of homomorphic images N of N such that the
surjection w : N —» N composes with « to yield the zero map 0 = 7a.

1.4.2 Universal -objects

The philosophy underlying the term ‘universal object’ is as follows.

‘We wish to specify a type of object in a category C by its relationships to
the totalility of objects of €. Such relationships manifest themselves as a set
of conditions which may or_may not be satisfied by an object of C. In turn, it
is often possible to characterize those objects C of C which do satisfy the given
conditions in terms of associated objects C' of a related or ancillary category
C!. If it happensthat €” is an initial object in C’, then the corresponding
object C of C is ealled a universal object of C, for the given conditions.

Since an initial object is unique up to unique isomorphism, the same will
be true of a universal object.. Thus one often refers to ‘the’ universal object
with some specified properties. An example will illustrate these ideas better
than formalism alone. We consider a characterization of free modules.

1.4.8 Free modules revisited

Let X be a set and let ‘R be a ring, and consider the following condition
on a pair consisting of a Tight -R-module M together with a specified subset
{m:c}mEX of M.
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Given any set {n, | ¢ € X} of elements n, of any right R-module
N, there exists o unique R-module homomorphism o : M - N with
amy = ng for allz in X

We show that the free right R-module Frg(X) on X (1.2.3) is the universal
object in Moop which satisfies this condition.

To construct the appropriate ancillary category, observe that specifying
a set {ny} in N amounts to the same thing as defining a mapping of sets
¢ : X — N. We therefore consider X as an object of the category Ser of
sets and their mappings, and use the forgetful functor T : Moog — Ser.
If M satisfies our condition, then there must be a map £ : X — M and a
homomorphism & : M — N with af = (.

We therefore arrive at the category X\T of (right) R-modules under X
via T (1.2.9). The objects of this category are pairs (M, &) in which M is
an R-module and § : X — TM is a mapping (of sets), and a morphism
a: (M,€) — (N,() is given by a commutative triangle

o/

X Ta o

AN

where « is an R-module homomorphism.

The free module Frr(X), together with the map & : X — Frr(X) that
simply identifies an element z of X as a free generator of Frgz(X), as in
(1.2.8), gives an initial element of X\Y. Thus Frg(X), or more properly, the
pair (Frgr(X), &), is universal among R-modules which are Y-under X.

Moreover, any free module F' with a set of free generators {b,} labelled by
X also gives an initial object (F,&) of X\, with £ sending z to b,. (See [BK:
IRM] (2.1.19) ff. for further details.)

Although the map &g is an essential part of the information, it is often omit~
ted in practice, so that the free module Frp(X) is itself called the universal
object. The utility of the notion of a universal object should be apparent.
Replacing Moogr by G», we are led to recover the free group on X, and if

TM M

TN N
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instead we subsitute Az, we obtain the free abelian group on X (see [Cohn
1982], §9). Indeed, for an arbitrary category C, one has a specification for the
‘free object in C on X', whenever this exists.

To describe a universal object in a category C, how should we choose the
ancillary category C’ whose initial object defines the desired universal object
in C? The above example gives a clue. It suggests that C’ is likely to be chosen
as a suitable right-fibre category.

Our first result shows this idea to be formally correct in that an initial
object must arise in @ right-fibre category. Thus we define a universal object
to be.an initial object in a right-fibre category.

1.4.4 Lemma /
If a category D has an initial object, then it is (isomorphic to) a right-fibre
category.

Proof

Let I € D be initial. Then D is isomorphic to the right-fibre category
I\Idp, via the correspondence which associates an object D of D with the
object I — D of I\Idp, and a morphism D — D’ of D with the morphism

I —— D D
D' D'
of I\Idp. O

The converse to this lemma is false, as may be seen from Exercise 1.4.1.

In general, the right-fibre categories that we seek will arise from adjoint
pairs of functors, as we now proceed to demonstrate.

We start by reminding ourselves of the definition of an adjoint pair (1.3.7).
A pair F : C — D and G : D — C of (covariant) functors between the
categories Cand D is-an adjoint pair if there is a natural isomorphism ¢
between the bifunctors Morp(F(—), —) and More(—, G(-)).

To define such an isomorphism ¢, we must exhibit a family of bijections
@(c,p) : Merp(F(C), D) — Morc(C,G(D)) which are natural in C' and 'D.
We argue in two stages. In the first, we fix C and allow D to vary. After
a preliminary lemma to deeide when (¢ p) is natural in D, we show that
¢(c,p) being a bijection for -all D corresponds to the existence of an initial
object in a suitable right-fibre category.
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1.4.5 Lemma :
Let G : D — C be a functor, let C be an object of C and let F(C) be an
object of D. Suppose that for each object D in D there is a mapping of sets

@(c,p) : Morc(F(C), D) —— More(C, G(D)).
Then the following’ are equivalent:
(a) for all g € Morp(F(C), D),
vc,0)(9) = G(9) 0 we,ro) (idrc));
(b} ¢ is natural in D.
Proof

(a) = (b). To show that ¢p is natural in D, we have to verify the criterion
of (1.3.2)(i), that for any morphism § : D — D’ in D, the diagram

éc,D)
MOI"D(F(C),D) e} MOrc(C,G(D))
6. G(5).

b,

Morp(F(C),D') ————— Morc(C,G(D")

is commutative. Take any g : F(C) — D. Then, combining (a) with the
definitions in (1.2.7), we have

G(8)+((c,p)(9)) = G(8) 0 G(g) 0 p(c,F(cy) (idr(c))
= G(6g) o p(c,r(c)) (idr(c))
= w(c,0")(49)
= ¢(c,0) (8:(9))-
(b) = (a).  Intheabove diagram, weset D = F(C)and § = g : F(C) — D.
Then commutativity yields
vc,0)(9) = wc,0)(g 0 idr(cy)
= ¢(c,0)(9+(tdrcy))
= G(9)«(¢(c,Fcy) (idr(cy))- a
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1.4.6 Lemma

Let G : D — C be a functor, let C be an object of C and let F(C) be an
object of D, with u : C — G(F(C)) a morphism in C. Then the following
assertions are equivalent.

(i) (F(C),u) is an initial object in the right-fibre category C\G.

(if) There is a natural isomorphism of functors
wc,~) : Morp(F(C), —) —— Mor¢(C,G(-))

such that u = (¢, r(cy) (idF(c))-

’

Proof

‘We first use the preceding lemma to make explicit the effect of the natural
transformation ¢ occurring in (ii) on any g € Morp(F(C), D). On the one
hand, if (ii) holds, then by the lemma,

wo,p)(9) = G(9) 0 (¢, rey (idr(c)) = G(g) o u.

On the other hand, if we start with u, then for each D in D we may define a
mapping

¢(c,p) : Morp(F(C), D) — Morc(C, G(D))
by the equation
Y(c,p) (9) =G(g)ou.
Since then
p(c,r(o) idr(c)) = Glidr(c)) o v =u,

it follows from the lemma that this mapping is a natural transformation with
respect to D. So in either event, it suffices to consider the natural transfor-
mation (g, defined by

wc.py(9) = G(g) ou.

Then it is easy to see that this natural transformation is an isomorphism if
and only if (i) holds, since both properties correspond to the existence of a
unique morphism g from (F(C), ) to (D, f) for each object (D, f) of C\G,
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as described by the diagram

c —2L LGFEe) F(C)
f\ gG(g) 3‘ g
! l
G(D) D

(Here the triangle commutes, and the exclamation mark expresses uniqueness
rather than astonishment.) 0

We now extend the preceding lemma by showing that the existence of an
initial object in C\G for every object C can be neatly reformulated in the
language of adjoint functors.

1.4.7 Theorem )
Let C and D be categories and let G : D — C be a functor. Then the
following assertions are equivalent.

(i) For any object C of C there exzists an object F(C) of D and a morphism
uc : C — G(F(C)) in C such that (F(C),uc) is an initial object in the
right-fibre category C\G.

(i) G has a left adjoint F : C — D.

Proof

(ii) = (i) follows immediately from the above lemma.

(i) = (ii):  As the notation suggests, the effect of the functor F on an
object C of C is to send it to F(C). We must specify the effect of F on
morphisms and verify functoriality. _

Let v: C — C’ be a morphism in C. The composite ucr o7y givés an object
(F(C'),ucr o 7) of the right-fibre category C\G, so we may define F() :
F(C) — F(C") as the unique morphism from (F(C),uc) to (F(C"),ucr o %)
in C\G; this definition can be encapsulated by the diagram

c 2. gwFE) ' F(C)

i . M) ().
i) l

o 2. ey F(C")

in which the square is commutative.
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Appealing to uniqueness again, we see that F(idg) = idp(c) and that
F(y'v) = F(y')F(v) for a morphism +/ : ¢’ — C”. Thus F is a functor.

By the preceding lemma, the map ¢ (¢ py is a bijection for each pair C, D,
and ¢ is natural in D. The remaining point to check is that it is also natural
inC.

By (1.3.2)(i), this amounts to checking that, for any morphism  : C' — ¢
in C, there is a commutative diagram -

b(c,D)
Morp(F(C),D) ——— Morc(C,G(D))
[ F(y)* 7*
" ¢ ,p)

Morp(F(C"),D) ———— More(C",G(D))

(Note that the vertical arrows point upwards.)
Take any h € Morp(F(C'), D). Then

¢(c,p)(F(1)*(h)) = ¢(c,p)(h o F(7))
=G(hoF(y))ouc
= G(h) o GF(¥) o ug,

while

7 (p(cr,py(R)) = 7*(G(h) o uc)
=G(h)oucr 0.

However, ucr oy = GF(v) o uc by construction; so the result follows. [

1.4.8 Universal constructions

In the light of this theorem we may now make the formal definition that a
undversal construction is a functor which has a right adjoint.

We have already noted in (1.3.8) above that the forgetful functor T :
Mopr — Ser has as its left adjoint the functor Frg : Ser — Mobpg which
associates to each set X the free right R-module Frg(X) on X. Similarly, the
free group and free abelian group constructions defined on Ser are examples
of universal constructions whose right adjoints are the forgetful functors from
G» and Az to Ser.

An extensive catalogue of examples may be found in [Mac Lane 1971] and
[Herrlich & Strecker 1979].
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1.4.9 Terminal objects

Before we give more examples of universal objects, we mention another man-
ner in which they can arise.

A terminal object in a category C is an object T such that Mor(C,T") con-
tains exactly one morphism 7o : C — T for each C in C. As with initial
objects, a terminal object is unique to within unique isomorphism, if one
exists at all.

It sometimes happens that the description of a universal object which satis-
fies some set of conditions is more naturally given in terms of a terminal object
of a convenient ancillary category, rather than an initial object as in (1.4.2)
above. We therefore extend the definition of a universal object to include
those arising in this way. (Some authors prefer to use the term couniversal
object for such objects.) Notice that the object T in C is terminal if and only
if the corresponding object TP is initial in the opposite category C°P (1.1.6),
so it is possible to avoid the use of terminal objects by changing the ancillary
category. However, it would be rather artificial to do this.

1.4.10 The direct sum revisited

Our next examples of universal objects arise by generalizing the definitions
of direct sums and products of modules to arbitrary categories. We draw on
some well-known basic definitions and results that are discussed in detail in
section 2.1 of [BK: IRM].

The most elementary definition of the direct sum M = M' & M" of right
R-modules M’ and M" is in terms of ordered pairs:

M = {(m/,m") | m’ € M, m" € M"}

with the expected componentwise addition and scalar multiplication. How-
ever, this definition does not lend itself to generalization, so we must recast it
in terms of homomorphisms. When M = M’@® M", there are homomorphisms

oM —=M and " M'— M
given by inclusion on the first and second summands respectively, and homo-
morphisms
7 M-—-sM and 7:M-— M"
given by the corresponding projections.
These homomorphisms satisfy the relations

",

"o" = idpn and o'n' + o"'n" = idy.

o’ =idpyy, ™
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Conversely, the existence of such a set of homomorphisms for a module M
shows that it is isomorphic to the direct sum of M’ and M" (Proposition 2.1.7
of [BK: IRM]).

A further characterization is in terms of the existence of split short exact
sequences [BK: IRM] (2.4.5).

In a category where we can speak about sums of maps or about exact
sequences, we can investigate whether there are pairs of morphisms analogous
to the projections 7/, 7" and the inclusions o’/,0”. We pursue this line of
attack in the next chapter.

In the most general setting, however, sums of maps and exact sequences
are not available to us. It is then more productive to focus on the pair of
projections, or alternatively the pair of inclusion maps, from the standpoint
of universal objects. The former approach gives rise to the general definition
of the product of two objects, while the latter leads to the coproduct. These
two generalizations of ‘direct sum’ need not coincide.

1.4.11 The product

Let C be any category and let C' and C” be any two objects of C. Define
a category Pro(C’,C") as follows. The objects of Pro(C’,C") are all the
triples (4,a/,a") where o : A — €' and " : A — C”" are morphisms
in C, and a morphism ¢ : (4,d/,a") — (B,3',6") is given by a morphism
£:A— BinCsothat §'¢ = & and 87¢ = . Thus a morphism is given by
a commutative diagram

! "

Cl/ @ A @ CII
C/ ﬂ, B ,6” C”

A product of C" and C" is a terminal object (C' [] C”, ', ") in the category
Pro(C',C"), if such exists. It is usual in everyday language to refer to the
corresponding universal object C' [] C” of C as the product, suppressing the
morphisms #/ and #”.

In Mobp, the direct sum M’ & M" is the product in this sense, while in
the category G» of groups, the product of G' and G” is the usual cartesian
product ' x G with componentwise multiplication. '
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1.4.12 The coproduct

The analogous definition in terms of inclusions leads to the coproduct. Again,
let C" and C" be two fixed objects of a category C. The category Corrn(C’,C")
has as objects triples (A4, o/, ¢/') wherenow o’ : 0’ — Aand o : C" — A, and
a morphism £ from (4, o/, o) to (B, ', 8") is given by a morphism £ : A — B
with o' = 8’ and €0 = B". A coproduct of C' and C” is an initial object
(C'11C", ¢',6") in this category, or alternatively, the corresponding universal
object C'T[C” in C.

In Mobg, the direct sum M'® M" is the coproduct of the modules M’ and
M" as well as being their product. On the other hand, the coproduct in the
category of groups is the free product G' * G" of G’ and G”, which assertion
is easily seen from the explicit description of the free product. The elements
of G' * G" are formal products h; - - - by with each h; in either G’ or G, of
arbitrary length k& > 1; the product is given by

(hy---hg)(hy - Ry) = hy - hghl - B
and the inverse by
(hl"‘hk)_l = hgl "'hfl~

A detailed account of the construction of the free product can be found in,
for example, [Scott 1964], Chapter 8.

Underlying the coincidence of the product and coproduct in Mooy is the
fact that Hom(M, N) is an abelian group for any two modules M, N. We
look at this property in more detail in the next chapter.

1.4.13 Arbitrary producls and coproducts

We next outline briefly the definition of products and coproducts for an arbi-
trary set of objects. ,

Let A be any ordered set and let C(A) = {C) | A € A} be 4 set of objects of
some category C which are indexed by A. To define the product, we introduce
the category P=o(C(A)) whose objects are sets {a : A — Cy} of morphisms
in C, a morphism '

E:{ar:A— Ch\}—— {Br: B — Cy}

being given by a morphism £ : A — B with a) = £, for all X,

Then the product [], C» is the universal object in C corresponding to a
terminal object in P=ro(C(A)).

Dually, we define the category Corro(C(A)) to have objects {a) : Cy — A}
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and evident morphisms, and the coproduct [, Cx to be the universal object
of C given by an initial object in Corro(C(A)).

When the index set A is infinite, the product and coproduct differ even in
the category Mobppg. Using the definitions ([BK: IRM] (2.1.11)), the reader
should have no difficulty verifying that the product of a set of modules {M)}
is the direct product [, Mj, while the coproduct is the direct sum P, M.
(However, the direct sum and product coincide for any finite index set.)

1.4.14 Zero objects

An object 0 of a category C which is both initial and terminal is said to be
a zero object of C. In this case, the unique morphisms 0 — C and C' — 0
are both denoted 0, so that both Mor¢ (0, C) = {0} and Morc(C,0) = {0}.
Clearly, a zero object is unique up to unique isomorphism if it exists.

The zero module is the zero object in the category Mooy and the trivial
group is the zero object in G». On the other hand, Rz~c has no zero object,
since its initial and terminal objects Z and 0 are different.

When C has a zero object 0, we can define the zero morphism between any
two objects C and D to be the composite

0:0——0——D.

This morphism is easily seen to be independent of the choice of zero object,
and has the property that

08=0:B—— D and 80=0:C ——F

for any morphisms 8: B— C and §: D — E.

1.4.15 Kernels and cokernels

The definition of a kernel and cokernel of a morphism can be extended to
any category with a zero object, although at this level of abstraction, a given
morphism need have neither a kernel nor cokernel.

Let v : C — D be a morphism in such a category C, and define a new
category Ker(7y) as follows. The objects of Ker(7y) are all the pairs (B, ()
where B is an object of C and 8 : B — C is a morphism with v = 0. A
morphism ¢ : (B',8) — (B, ) is a morphism £ : B’ — B in C such that
B¢ = B'. The morphisms can be described by commutative diagrams
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Evidently, Ker(y) is a subcategory of the left-fibre category Idc/C (see
Exercise 1.4.4 below).

A kernel of y is a pair (Ker~y,«) which is terminal in Ker(y), if such an
object exists. There is some redundancy in this notation, since Ker+y is the
domain of x. Thus one may validly refer to the morphism x as the kernel of
7. Alternatively, given the object Ker+y, there is often a canonical choice of &
(most commonly,  is taken to be an inclusion map, which is usually possible
when C is a subcategory of Ser). In this case, it is the object Ker+y that is
called the kernel of ~.

To define the cokernel of +y, we introduce a category Cox(7y) with objects
(E, €) where ey = 0, and morphisms v : (F,€) — (E",¢") given by morphisms
v:E — E" with ve = €”. A cokernel of +y is then an initial object (Cok, x)
in this category, if there is one.

It is easy to check that in Mopg, the usual kernel and cokernel remain such
in this abstract sense. Because the maps s and x are then always taken to be
inclusion and the standard surjection respectively, it is usual to omit them.

Further discussion of the circumstances in which categories may fail to
contain kernels and cokernels is given in the next chapter. An immediate (but
contrived) example is provided by Znr.As, the full subcategory of Az whose
objects are the infinite abelian groups. Sincé As is Mobpg under another
name, it has kernels and cokernels as expected. Take A to be the multiplicative
group of nonzero real numbers, and let o be the endomorphism o(z) = 22 of
A. Then o has neither kernel nor cokernel in ZxrAs. -

1.4.16 Universal properties

At this point we introduce a third term commonly found in the literature,
along with ‘universal object’ and ‘universal construction’. A universal prop-
erty is the property that characterizes a universal object; it is frequently
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described by means of a diagram. Such a diagram typically highlights the
morphism whose existence and uniqueness determines the universal object.
For example, one may say that the kernel of a morphism v : C — D enjoys
the universal property

B

3! ¢ —— D

Ker~y
0

that makes the above diagram commutative. Here, the existence and unique-
ness of the vertical arrow from B to Ker~ which makes the above diagram
commutative expresses the fact that the pair (Ker+y,x) is terminal in the
category Ker(y).

1.4.17 Pleasure versus guilt: the universal dilemma

Being natural, functors have their emotional side too. Typically, as we have
just seen, a universal property is pleasantly depicted by a commuting diagram
(leading to the existence of a unique morphism). It is said that the universal
object ‘enjoys’ the universal property. The existence of an adjoint functor, on
the other hand, often involves a tortuous check; a functor is said to ‘admit’
an adjoint. See Exercise 1.4.8 for an example of this phenomenon.

1.4.18 Kernels of natural trensformations

We can also define kernels, cokernels, and so on, in the functor category [C, D]
provided they exist in D. Suppose, for example, that any morphism ¢« in
D has a kernel (Ker o, s(a)). We construct for each 1 € Nat(F, Q) a kernel
(Kern, k) as follows.

The object Kern in [C, D] is to be a functor from C to D. For each object
C of C we take the evident definition

(Kern)(C) =Kerne.
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(Here, Ker 7¢ is any fixed choice from among the mutually isomorphic objects
in D which represent the kernel of ng.)

To define (Kern)(a) for a morphism a : C' — C, we first recall that the
diagram

e ., o

Foa l l Go
Tlc

rc — GC

is commutative. Thus the definition of a kernel as a terminal object (1.4.15)
shows that there is an induced morphism

(Kern)(a) : (Kern)(C') —— (Kern)(C)

which fits into the commutative diagram

Kep@) ) g " o
(Kern)(a) Fa j j Co
&(nc) Mo

(Kern)(C) —— Fc ——— GC

It is now easy to confirm that, with the above choice of (Kern)(a), Kern is
indeed a functor.
The natural transformation

k:Kerp—— F

is given by k¢ = k(ng) : (Kern)(C) — F(C). A routine verification shows
that we have a kernel for 7, as claimed.

1.4.19 Some history

A nice description of the origin of category theory. is given in Chapter 1,
§5E of [Dieudonné 1989], which we summarize. In the early 1940s, Eilenberg
and Mac Lane were seeking to make precise the idea of a ‘natural’ transfor-
mation between various constructions in algebraic topology. Typically, such
constructions start with a topological space and yield a group (fundamental
group, homology group, etc.). The authors sought a framework for saying
that a map of topological spaces gives rise to a homomorphism of groups in
a well-regulated manner. In [Eilenberg & Mac Lane 1942, they achieved this
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aim by introducing the notion of a ‘functor’, as they called a function F' that
not only operates on a set C' (with extra structure) to give a new set F'(C),
but also on a (structure-preserving) function v : ¢ — D to give a function
F(v): F(C) — F(D). Then the idea of a natural transformation can be made
precise, as in (1.3).

Subsequently, in [Eilenberg & Mac Lane 1945], the concept of a category
was introduced to formalize the viewpoint that objects that share a common
structure should not be considered in isolation, but together with the map-
pings that respect this structure. Once this level of abstraction had been at-
tained, it became possible to introduce categories, such as opposite categories,
morphism categories, etc., whose objects are no longer ‘sets-with-structure’.
In turn, the freedom to construct categoriesled to the characterization of uni-
versal constructions as initial or terminal objects in a suitably manufactured
category. The notion of ‘universality’ first appears in [Samuel 1948], while
the description of universal constructions in terms of adjoint functors (1.4.8)
is due to [Kan 1958].

FEzercises

1.4.1  Let D be the category with one object X and one morphism f other
than the identity idx, subject to fo f = f, say. Let C be the subcat-
egory obtained by removing the morphism f, and let G : D — C be
the constant functor (in fact, the only possible functor). Show that
the right-fibre category X\G is isomorphic to D. Evidently D lacks
an initial object, so the same is true of X\G.

The reader is invited to-construct other right-fibre categories which
lack an initial object. However, initial objects are surprisingly com-
mon in any choices of right-fibre category that one is likely to make.

1.4.2  Show that if (K, k) is the kernel of a morphism v in a category C,
then (K°P, k°P) is the cokernel of 4°P in C°P (and conversely).

Show also that if €, D are objects.of C-with product C [ D in C,
then (C' ] D)°P = C°PJ] D in C°P (and conversely).

1.4.3 Let R and S berings. Show that the-direct product R xS is a product
in Rzne but not a coproduct.

1.4.4  Sometimes one has to be-quite ingenious to present a universal con-
struction as an initial or ferminal object in a right- or left-fibre cate-
gory. To discuss kernels and cokernels in this light, let v: C — D bea
morphism in a category C -which has zero object 0. As noted, the cat-
egory Ker+y is a subcategory of the left-fibre category Id¢/C = C/C.
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1.4.5

146

1.4.7

1.4.8

CATEGORIES

Define a functor «, : C/C — C/D by ~v.(B, 8) = (B,vB) and, for any
morphism ¢ : (B', f') — (B, 8) in C/C (that is, ¢ = '),

YE=¢€: (B ,y8) — (B,7B).

Show that the left-fibre category ./(0 — D), where (0 — D) is the
initial object of the category C/D, has as objects commuting squares
of the form

B — C

O

0 ——— D

Deduce that Ker «y is isomorphic to 4./(0 — D).
Provide the dual description of Cox 7.
What is the universal property enjoyed by the abelianization Ggp of
a group G7 '
Let v : G — F be a homomorphism of groups. Show that the usual
definition of Ker -y does give a kernel in the category Gr.

Suppose that H is a normal subgroup of G, and let 17 be the inclu-
sion homomorphism. Show that Cokn = G/H.

Let H be an arbitrary subgroup of G. Then the normal closure H
of H is the smallest normal subgroup of G which contains H. Verify
that the inclusion homomorphism 7 : H — G has Cokn = G/HE.

Deduce that for an arbitrary homomorphism 1 : H — G in G»,
Cokn = G/(Imn)C.

In the category Rwe of nonunital rings (that is, ‘rings’ which need
not have an identity element and homomorphisms which need not
preserve it), show that the zero ring 0 is a zero object.

Let 8 : R — S be a homomorphism of nonunital rings. Show that
the usual kernel Ker is a kernel in Rae, and that Ker 8 is an ideal
of R (where we extend the definition of ideals to nonunital rings in
the obvious way). s

Show that if I is an ideal of S, then there is a residue nonunital
ring R/I which is a cokernel for the inclusion homomorphism of I in
R. .
Given a sub-nonunital ring S’ of S, let I(S’) be the smallest ideal
of § which contains S’. Show that Cok 6 = S/I(Im#).

Consider the functor from Rwc to Rzve which takes a nonunital ring
R to its enveloping ring R (1.3.2)(iv). Show that its right adjoint
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1.4.9

1.4.10

is the forgetful functor from Rzne to Rae which simply ignores the
multiplicative identity of a ring.

To describe the associated universal property, let f : R — S be
a nonunital ring homomorphism. Show that if S is a ring, then f
factors uniquely through the standard embedding of R in R. Dia-
-grammatically, we have:

Sets

Show that the empty set @ is an initial object in Ser (note that
Map(0, X) contains | X|® members since 0 = |@]). Show also that Ser
has no terminal object.

Prove that the product (in Ser) of a set {X | A € A} of sets is the
cartesian product [], X.

Define the disjoint union | |, Xx to be the union (J, (X, A), where
(X, A) is the set of pairs (z,A) with z, € X. (The purpose of this
construction is to remove any ‘accidental’ overlap between the sets
X; note that (X, A) N (X}, @) = 0 for A 5 p, even if X, and X,
have common members.)

Show that the coproduct of the set of sets {Xx} is | |, X.
Push-outs

This and the following exercises indicate how the definitions of
push-outs and pull-backs can be generalized from modules to arbi-
trary categories. The eonstructions for modules are given in detail in
[BK: IRM] (2.4.8)f.

Given a diagramr

of right R-modules, the push-out (of M’ and L over L) is

Moy L=(MeL)/{{(¢f,—ml)| ¢ L'}
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Furthermore, there are homomorphisms & : M’ — M’ &1, L and
¢: L — M' @ L which give a commutative diagram

n

L —— L

lqs lzﬁ
n
M -2 el
and if

L ——— L

j ¢ [ $1
231
M — M;
is a commutative diagram, then there is a unique homomorphism

&M e L—— M

with £fI = piy and €6 = ¢1.
Thus the universal property may be described by the diagram
7

Show that the push-out arises through an initial object in an appro-
priate category, and hence extend the definition of a push-out to an
arbitrary category C. ‘

Prove further that a push-out in C may be regarded as a coproduct
in a suitable right-fibre category, and conversely, that if C has an
initial object, then a coproduct is a special case of a push-out.
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1.4.11

1.4.12

1.4.13

1.4.14

1.4.15

Pull-backs
Suppose that, in a category C, we are given a diagram of the form

LII
¢

M ________)MII

where @ and 8 are morphisms.

Arguing by duality, -define the pull-back M xp L" of M and L”
over M" in terms of a universal property.

Confirm that in the category.of right R-modules, the pull-back is
given explicitly (as in'(2.4.8) of [BK: IRM]) by the formula

M x v L = (m, &) € M@ L" | fm = 6£"}.

Show also that if C has a terminal object, then a product is a special
case of a pull-back.
Determine the push-outs and. pull-backs in the category Ser (see Ex-
ercise 1.4.9 above).
Let : M — M" and 6§ - M" — N” be morphisms in a category
with a zero object, and let o : N’ — M" be the kernel of §. By
comparing universal properties, show that, whenever the pull-back

_exists, the canonical morphism @ : M X p» N’ — M is the kernel of

88 : M — N". (See Exercise 2.4.7 of [BK: IRM] for a discussion of
this situation in Mobpp.)
For this, one needs some routine facts about products of groups.
These can be found in [Scott-1964] Chapter 8, for example.

Show that the pull-back in G» is the restricted direct product and
that the push-out is the amalgamated free product.

Remark. There are corresponding but more complicated results
for rings, where it is usually preferable to work in a category of A-
algebras: for an arbitrary-commutative ring A, an A-algebra is a ring

. R that has A contained in-its centre. Some details can be found in

[Rowen 1988], §§1.4, 1.9, and: [Eisenbud 1995] A6.3.

Let Car be a category of small categories. Show that for categories C
and D in Car, their direct product C'x D is a product in Car in the
sense of (1.4.11).




2
CATEGORIES AND EXACT SEQENCES

The definition of an abstract category imposes few conditions on the objects
and morphisms of a category, with the consequence that a great diversity of
mathematical entities can be regarded as categories. In contrast, a category
of modules has a richer structure than the minimum required for the defi-
nition of a category. The set of homomorphisms Hom(M, N) between two
modules is always an abelian group, and we can recognise whether or not a
homomorphism is an injection or surjection. Furthermore, the category may
or may not contain such things as direct sums, kernels, projective modules,
etc., depending on the nature of the modules that belong to it.

Our aim in this chapter is to analyse the extra structure that is available to
module categories, and thereby to formulate sets of conditions which ensure
that an abstract category behaves as a module category. We start by inves-
tigating the functorial properties of the abelian groups Hom(M, N) and we
see how to reformulate the basic properties of modules and homomorphisms
in terms of these functorial properties. We then use these interpretations to
define a series of types of abstract category — preadditive, additive, abelian —
which increasingly resemble module categories. Ultimately, we arrive at the
notion of an exact category, which is a category that has enough structure for
the purposes of algebraic K-theory.

2.1 THE HOMOMORPHISM FUNCTORS

In this section, we take a break from the theory of categories in general and
return to the consideration of module categories. Our aim is to investigate
the functorial properties of the group of homomorphisms Hom(Mg, Ng) as
M and N vary through the category Mobpg of right R-modules, where R is
a ring.

We find that certain properties, such as the injectivity or surjectivity of

68
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an R-module homomorphism, or the injectivity or projectivity of a module,
can be reinterpreted in terms of the behaviour of the functors Hom(M, —)
and Hom(—,N). Such results are useful not only for their applications in
module theory, but also because they suggest a method whereby concepts
such as injectivity and projectivity can be extended to abstract categories,
provided the morphism sets in these categories share enough of the proper-
ties of Hom(—,—). This theme will be developed in the next section. The
Hom functors are basic to the study of homology, and their introduction in
[Eilenberg & Mac Lane 1942] predates category theory.

As usual, we work with categories-of right modules, except in a few places
where we are obliged to consider left modules. The transcription of the
main part of our discussion to left modules is not quite immediate, although
straightforward. The complication arises since we usually view Hom(M, N) as
a member of the right category As, regardless of the chirality of the modules
M and N. There are also some awkward but essentially trivial variations in
notation which arise when we need to regard Hom(M, N) as a left module
over some ring.

2.1.1 Basic properties

‘We start with a discussion of the functorial properties of the sets of homo-
morphisms between modules.

Let R be aring and let Lr and Xg be right R-modules. Since Hom(Lg, Xr)
is simply the set Mor¢(L, X) where the category C is the category Moppg of
right R-modules, the discussion in (1.2.7) shows that Hom defines a pair of
functors Hom(—, X) and Hom(L, —),-whichi are respectively contravariant and
covariant.

Explicitly, given a right R-module homomorphism A : L — M, the map

A* : Hom(Mg, Xr) — Hom(Lg, Xr)

is given by A*(€) = €A If p: M — N is another right R-module homomor-
phism, then

(A)* = (A)* ()" : Hom(Nig, X) —— Hom(Lg, Xz).
On the other hand, for any R-module homomorphism £ : X — Y, the map
E* : Hom(LR,XR) ~———-—-+“HOII1(LR,YR)

is given by £.(a) = £a, and (5€). = N, for an R-module homomorphism
n:Y —Z.




70 CATEGORIES AND EXACT SEQENCES
Each set Hom(Lg, Xg) is an abelian group, with addition given by the rule
(@+a)=al+a'l for L€ L and o,@’ € Hom(Lg, Xg),

and it is easy to verify that the maps A\* and £, are homomorphisms of abelian
groups, that is,

N(a+a) = Nat+Ad and &(a+d)=buatbaa

for o,/ € Hom(Lg, Xg).

Thus Hom(—, X) and Hom(L, —) are functors with values in the category
As of abelian groups rather than the category Ser of sets. Furthermore, the
equalities

A+XN)" =2+ X" and ((+€) =& +&

hold for pairs of homomorphisms A, \' : L — M and £,¢ : X — ¥ and, as
in (1.3.2)(i), each pair of homomorphisms A : L — M and £ : X — Y gives a
commutative diagram

HOm(MR, XR) -——i——} Hom(MR, YR) .

3
Hom(LR, XR) ——e} Hom(LR, YR) '
which can be interpreted as showing that the homomorphisms \* define a nat-
ural transformation from the functor Hom(Mg, —) to the functor Hom(Lg, —),
or, equally, that the homomorphisms £, give a natural transformation from

Hom(—, Xg) to Hom(—, Yz).

2.1.2 Ezact sequences

We now interpret the exactness of sequences of modules in terms of the Hom
functors. By definition, a sequence

A
L » M s N

of right R-modules and right R-module homomorphisms is ezact if
Ker(u) = Im()).
More generally, a sequence of right R-modules

Qi3 Q;
s My > M; » My
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is called an exact sequence if it is exact at each of its terms M;. Such a
sequence may have finite length, or it may be infinite. (A more detailed
treatment of exact sequences can be found in [BK: IRM], particularly section
2.4.) Thus the sequence

00— L— M

is exact precisely when the homomorphism A is injective, while

LG VN

is exact precisely when p is.surjective.

’

2.1.3 Proposition

() The sequence

0 X Y

is ezact in Moppg if and only -if

0 —— Hom(L, X) -——-—g—t-—-+ Hom(L,Y)

is an exact sequence of abelian groups for any right R-module L.
(1)°P The sequence

M s N » 0

is exact in Mopg if and only if

*

0 —— Hom(N, X) ——— Hom(M, X)

is an exact sequence of abelian groups for any right R-module X.

Proof
We prove (i) only, (i)°P being similar. Suppose that ¢ is injective and that
.0 =0,0: L — X. By definition, this means that £& = 0, and so = 0.
Conversely, suppose that &, s injective. Choose any element z € Ker &, put
L =zR and let a: L — X be the inclusion map. Then £.a = 0, hence a =0,
and so zR = 0, which means-that z =0. O
Next we examine what happens when we extend the exact sequences by
one term. The assertion that

0—s X —— Y 4
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is an exact sequence of R-modules tells us that X is isomorphic via £ to the
kernel of 5, while the exactness of

A
L M s N + 0

is equivalent to the fact that N is isomorphic via u to the cokernel of .

2.1.4 Proposition

(i) A sequence

0 » X ‘ Y i Z

of right R-modules is ezact if and only if the sequence of abelian groups

0 — Hom(L, X) & Hom(L,Y) — Hom(L, Z)
is ezact for any right R-module L.
(i)°P A sequence

A
L + M - » N + 0

of right R-modules is exact if and only if the sequence of abelian groups

* *

A
0 —— Hom(N, X) . Hom(M, X) ———— Hom(L, X)

is exact for any right R-module X .

Proof

We prove (i) only. Suppose that 0 — X £, 7 1 Z is exact. By the
previous result, &, is injective, so it is enough to check exactness at Hom(L,Y).
For any o € Hom(L, X), we have n,{,a = néa = 0 since n¢ = 0. Suppose that
$ € Hom(L,Y) and 7,8 = 0. Then 18 = 0, and so there is a homomorphism
o : L — Kern such that ko' = B, where & is the canonical injection of Kerp
into ¥. But, as we noted above, Ker7 is isomorphic via £ to X, so we can
construct a homomorphism a : L — X with 8 = £a = &,a.

Conversely, suppose that the Hom sequence is exact. Again, the previous
result tells us that £ is injective. Substituting X for L, we see that 0 =
wéx(idx) = n€, that is, £X C Kern. "

To obtain equality, take an element y € Kern and put L = yR. Let
B : L — Y be the inclusion map. Since 7,8 = 0, 8 = &,o = £a for some
a: L — X, which shows that y € £X. 0
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2.1.5 Short exact sequences

A short exact sequence is a sequence

0 M—2 P

which is exact at each of the terms M’', M and M". There is an evident
extension of the statement of the preceding result in which all the sequences
are taken to be short exact sequences, but the result then fails, as can be seen
from the following example.

Consider the exact sequence

02—z 727 — 0

1

in which ¢ is left multiplication by 2: 2z + 2z, and 7 is the canonical surjection.
This induces a Hom sequence

& *

0 —— Hom(Z/2Z, Z) ———— Hom(Z, Z) ———s Hom(Z, Z) —— 0.

Now Hom(Z,Z) is isemorphic to Z itself under the map which assigns to an
endomorphism « of Z its value (1) -at 1, and it is not hard to see that the
endomorphism of Z induced by ¢* is ¢ again and hence non-surjective. Thus
the Hom sequence is not exact on the right.

For the dual example, we look at

b T
0—— Hom(Z/2Z,Z) — Hom(Z/2Z,Z) —— Hom(Z/2Z,Z/2Z) — 0

The terms Hom(Z/27Z,Z) are evidently 0, while Hom(Z/2Z, Z/2Z) is isomor-
phic to Z/2Z. So again the sequence fails to be exact on the right.

There are several interesting circumstances in which the Hom sequences
are guaranteed to be short exact sequences. The first is the most immediate
extension of the last proposition. To state the result, we need the following
definition. A short exact sequence of R-modules (or of abelian groups)

0 N M' a M ﬂ . M" 0

is said to be a split exact sequence if we can find homomorphisms
v:M—— M -and §: M —— M
such that
06 = idpyn, ya=1idpy and ay+ 66 = idyy.
It can be shown ([BK: IRM] Theorem 2.4.5) that it is enough to know the
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existence of only one of the maps -y or §, the other then being constructible,
and that when the sequence is split, we have M = M’ @ M".

Conversely, if we are given a direct sum decomposition of M, then we can
reconstruct a split exact sequence as above.

2.1.6 Proposition

(a) The following statements are equivalent.

(i) The sequence

0 » X : »Y 7 Z + 0

of right R-modules is split ezact.
(ii) The sequence of abelian groups

0 —— Hom(L, X) & Hom(L, V) — o Hom(L, Z) — 0
is split ezact for any right R-module L.
(iil) The sequence of abelian groups
5* x
0 —— Hom(L,X) ——— Hom(L,Y) —— Hom(L, Z) —— 0
is exact for any right R-module L.

(a)°P The following statements are equivalent.

(i) The sequence

A\ .
0 » L » M a y N » 0

of right R-modules is split exact. )
(i) The sequence of abelian groups

* *

A
0 —— Hom(N, X) Hom(M, X) ———— Hom(L, X) —— 0

is split exzact for any right R-module X.
(iii) The sequence of abelian groups

*

* A
0 —— Hom(N, X) LN Hom(M, X) ——— Hom(L,X) —— 0

is ezact for any right R-module X .
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Proof
We prove (a) only. Suppose that (i) holds, that is,

0 » X : Y i » 4 + 0

is split exact. Then there are R-module homomorphisms 4 : ¥ — X and
¢:Z —Y such that

9 = idx, n¢ =idz and €9+ (n=idy.

Since the identity map id 4 of a module induces the identity map (id4)« on a
homomorphism group Hom(L, A), we have ’

with the identity maps appropriately interpreted. This shows that (ii) holds.
Trivially (il) gives (iii). Assume that (iii) holds. Taking the special case
L = Z, we see that there is some homomorphism ¢ : Z — Y with £,(¢) = idy,
that is, £¢ = idy, which establishes that the module sequence is split exact.
O

2.1.7 Projective and injective modules

An alternative procedure for ensuring that the Hom sequences are short exact
is to impose conditions on the ‘fixed’ term rather than the exact sequence of
‘variables’. This leads to a characterization of projective modules and their
duals, the injective modules.

2.1.8 Proposition
(a) Let L be a right R-module. Then the following are eguivalent.

(i) L is projective.
(if) The sequence of abelian groups
5* 77*
0 — Hom(L, X) —— Hom(L,Y) —— Hom(L,Z) —— 0
is exact for every ezact sequence

0 X g‘Y n‘Z 0

of right R-modules.
(a)°P Let X be a right R-module. Then the following are equivalent.

(1) X is ingective.
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(ii) The sequence of abelian groups

* *

A
0 —— Hom(N, X) -, Hom(M,X) —— Hom(L, X) —— 0
is ezact for every eract sequence

A
0 + L + M s N 0

of right R-modules.

Proof

For (a), we note that the surjectivity of 7, is the same as the assertion
that, for any homomorphism 7 : L — Z, there is a homomorphism 8: L — Y
which makes the following diagram commute:

L

‘B '..._.... J ’7
/
Y z 0
n

But this is a standard criterion for L to be projective (see [BK: IRM] Theorem
2.5.4).

For (a)°P, use the dual characterization of injective modules (Exercise 2.5.7
of [BK: IRM]). O

2.1.9 Homomorphism functors arising from bimodules

So far, we have regarded Hom(Mg, Xg) simply as an abelian group, so that
both the functors Hom(—, Xg) and Hom(MEg, —) take values in the right
category As. However, it sometimes happens that we wish to take account
-of a further module structure on Hom(Mpg, Xr) under which it may be most
naturally viewed as a left module, and then our functors will take values in a
left category. We therefore introduce a separate notation to alert the reader
to our changed point of view. .

Suppose that §Xg is an S-R-bimodule for some rings R and S. Then
Hom(Mpg, Xr) has a natural left S-module structure given by

(sa)(m)=s(am), s€S, meM, a: M — X.

Thus Hom(—, Xg) is a contravariant functor from Mobg to sMop, which
we write as Hy{—) to distinguish it from its more common manifestation as
a functor with values in As.

U,
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If N is another right R-module and p: M — N is an R-module homomor-
phism, we define

Hyx(p): Hx(N) —— Hx(M) by aHx(p) = ap.

In the language of (1.2.6), Hx is a contravariant and contrachiral functor
from Mobp to sMop, with Hx(uv) = Hx(u)Hx(v) for composable y and
v.

Now assume that M is a T-R-bimodule for some ring T". Then Hom(Mg, Xr)
becomes a right T-module for any right R-module X, under the rule (at)m =
a(tm) for & € Hom(Mg, Xg),t € T,m € M.

We write H (~) = Hom(Mg, ). The action of this functor on morphisms
is given by HM (€)a = £o, where o € Hom(Mg, Xg) and ¢ € Hom(Xg, Yz),
and Y is a right R-module. We see that H™ (n)HM (¢) = HM (n¢) whenever
the composition is defined, and that H™ (-) is a covariant, cochiral functor
from Mobpg to Mobyp.

Note that these constructions include the case that X or M is simply an
R-module, since any right K-module can be viewed as a Z-R-bimodule. The
functor H™ is then the same as the functor Hom(Mg, —), both having values
in the right category As, which is Mopg under another name. However,
the functor Hx takes values in the mirror category zMop of As, so that
Mor(—, Xg) = MiroHx (—): compare with (1.1.5) and (1.2.6).

We can also regard both M and X simultaneously as being variables for
Hom, which is then a bifunctor from Mopgp X Mobpp to As. More gener-
ally, Hom gives rise to bifunctors from Mopg X gMoebp to sMobp and from
rMeopg X Mopg to Mopp. These will have mixed variance and chirality.

2.1.10 The extension functors

As we saw in (2.1.4), an exact sequence

0 « X : » Y 1 Z 0

of right R-modules gives rise to an exact sequence of abelian groups

0 —— Hom(L, X) —-——€*———+ Hom(L,Y) ——Z*———+ Hom(L, Z)

for any R-module L. By the example in (2.1.5), the Hom sequence cannot
always be extended on the right to form a short exact sequence.

This fault can be repaired by introducing the eztension functors Extg(—, —),
n > 1, which, like Hompg(—, —), are bifunctors from Moog X Mopg to As.
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"There are then long exact sequences of the form

0 —— Hom(L,X) — Hom(L Y) —— Hom(L,2) —
—— Ext'(L,X) —— Ext (L Y) — ExtY(L,Z2) ——
— Ext*(L,X) —

which may continue for ever to the right, depending on the nature of the
ring R and the particular modules involved. There are analogous long exact
sequences in which the roles of the variables are exchanged.

The term ‘extension functor’ is used since the elements of Exth(L, X) de-
scribe all the possible extensions of L by X, that is, all short exact sequences

0 X M + L + 0

with M a right R-module, under a suitable equivalence relation. The higher
extension groups Ext%(L, X) have a similar interpretation.
The construction of these functors is outlined in Exercise 2.1.7 below.

FEzxercises

2.1.1  Let gpM and rX be left R-modules. Following (2.1.1), define functors
Hom(grM,~) : pMop — As and Hom(—, zX) : pMop — As, and
determine their chiralities.

Following (2.1.9), show that a bimodule xkMg defines a functor
HM(—) : pMob — gMob and that a bimodule Xy defines a func-
tor Hx(—) : pMop — Mopy. Give the chiralities of these functors.

Thus Hom(—, ~) affords an example of a bifunctor of mixed vari-
ance and chirality.

2.1.2  Let {M) | X € A} be a set of right R-modules, where the index set A
may be infinite. Show that, for any right R-modules L and X, there
are isomorphisms of abelian groups

Hom(ED), My, X) =[], Hom(M, X)
and
Hom(L, [ [, M») = [, Homi(L, My)

Show that the inverse of the second of the above isomorphisms
restricts to an injective homomorphism

P, Hom(L, My) —— Hom(L, P, M),

which is in fact an isomorphism when L is finitely geﬁera’ced.
Warning. The description of the fourth term Hom(J] AMx, X) is

i
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2.1.3

2.14

2.1.5

far from straightforward, since it requires some notion of convergence.
A related question is treated in Exercise 2.3.1 of [BK: IRM].
Regard the ring R as an R-R-bimodule, and let M be a right R-
module. Define a map e: Mg — Hom(Rpg, Mg) by e(m)(r) = mr.
Show that € is an isomorphism of right B-modules, and deduce that
the functor Hom(Rg,—) = HF(-) is naturally isomorphic to the
identity functor on Moog.

Verify the left-handed version of this result.

(The map € is sometimes called left multiplication by m; its inverse
is evaluation at 1.)
Show that an arbitrary direct product of injective R-modules is again
injective. ,
Injectives exist

This longish exercise outlines the proof that, for any ring R and
right R-module M, there is an injective right R-module N and an
injective R-module homomorphism from M to N.

(i) Let Q be any divisible Z-module. Then it is known that Q is an
injective Z-module (see Exercise 2.5.11 of [BK: IRM]). Put R =
Hom(Rz, Qz). Verify that R is a right R-module by (por)(z) =
p(rz), for p in R ,r,zinR.

(i) Let a be a right ideal of R, let + : a — R be the inclusion map,

and let ¢ :a — R be an R-module homomorphism. It is a fact
that R is injective if for any such ¢ there is a homomorphism
¥: R — R with 9 = ¢ — see Exercise 2.5.8 in [BK: IRM].
Let a € a. Verify that v: a — @, v(a) = (pa)(1g), is a homo-
morphism of Z-modules. Choose § : Rz — Qg such that 6. = v
and put (Yr)(z) = §(rz). Verify that ¢r € R and that 1 is as
required.

(iif) Let M be any right R-module. Using the fact that there is
an isomorphism of Z-modules M = ZA /A for some free abelian
group Z* and subgroup A of Z*, and the divisibility of the group
Q of additive rationals, show that M is a subgroup of a divisible
abelian group ).

(iv) Confirm that there is a chain of injective R-module homomor-
phisms

M ~ Hom(R, M) — Hom(R, Q) = R.
Remark. It can be shown that an R-module M can be embedded

in a ‘minimal’ injective R-module E(M); this means that there is
an injective R-module homomorphism € : M — E(M) such that for
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any other injective R-module homomorphism 7.: M — I with I an
injective module, there is an injective homomorphism p : E(M) — I
with 7 = pe. As a universal object, the module E(M) is unique
up to isomorphism and is known as the injective hull of M. The
construction can be found in most texts on ring theory, for instance
[Rotman 1979], §3.

Let Q be a divisible abelian group. For aleft R-module N, let A(N) =
Hom(Nz, Qz). Verify that A(N) is a right R-module, with A(R) = R
as in the previous exercise.

Confirm that A is a contravariant functor from pMobp to Mobg
and that A restricts to a functor from pPros to Insg, the category
of injective right R-modules.

The group Ext}.—t

This substantial exercise gives one construction, using the Baer
sum, of the groups Exth(M", M’). Our treatment is based on Chap-
ter I1I, §2, of [Mac Lane 1975]. Alternative definitions, and further
details, can be found in most texts on homological algebra (see, for
example, [Weibel 1995]). _

Our arguments depend on some basic methods of manipulating
short exact sequences that are described in more detail in section 2.4
of [BK: IRM]. Let

E 0 M —2 P 0

be a short exact sequence and let § : L' ~— M" be a homomorphism.
Then the pull-back of M and L” over M" gives an exact sequence

H*E 0 M' - 3 M X pr L” ﬁ > L” O,

the pull-back of E along 6. (An alternative expression is that §*E is
obtained from E by base change.) *

Similarly, given a homomorphism ¢ : M’ — N’, the push-out of N’
and M over M’ gives a short exact sequence

1 = ' v 11 X
o.E O N N &y M M. + 0,

the push-out of F along ¢. (Alternatively, ¢.E is said to be obtained
from E by cobase change.) )
Two short exact sequences

JE S ——
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8%
E, 0 M — b 0
and
.. (a7
E, 0 M — M, Pr o

are equivalent if there is an isomorphism x : My — Ma with xo; = g
and Bax = B1. The notation is Fy = K.

For fixed M’ and M", equivalence of short exact sequences is an
eqivalence relation on the set of all short exact sequences E, and it is
compatible with pull-backs and push-outs.

We write [E] for the class of E and we define Extk(M", M') to be
the set of all such equivalence classes.

The direct sum E; ¢ E, is defined to be the short exact sequence

a1 ® BB
00— M oM 22 My & My ——2 s M" @ M" —— 0.

Define an operation, the Baer sum, on Exth(M”, M"), by
[E1] + [Eo] = [(Z)«(A")"(E1 © E)],
where the diagonal homomorphism
A" M" —— M" & M" has A"m" = (m",m")
and the codiagonal homomorphism
Y M &M — M has T'(m/,n) =m/ + 7.

() Verify that the Baer sum depends only on the equivalence
classes of E; and E, so that it is a well-defined law of compo-
sition on Exth(M", M").

(if) Confirm that the middle term of E; + Ej is

(Ml X pr ]V[g)/{(alm', -—szm') i m e ]Vf’}.

(iif) Verify that the composition is associative and commutative.
(iv) Deduce that ExtL(M”, M') is an abelian group, with zero ele-
ment corresponding to the standard split exact sequence, and

~[E] = [(~id).E]

where —id is the negative of the identity map on M’.
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Let ¢,v : L" — M". Verify the following chain of equivalences:
¢*E+4"E = (T').(A")"(¢"E © ¥ "E)
= (@) (A") (s 09)" (EQE)
= (Z"($ 0 ¥)A")'E
= (6+)'E.
Deduce that Ext}(—, M") is a contravariant functor. Show also

that Exth(M”,—) is a covariant functor and that Exth(—,~)
is a bifunctor.

Show that Exth (P, X) = 0 for all R-modules X if and only if
P is a projective R-module.
Let

Y 0 » X ¢ Y i Z 0

be an exact sequence of right R-modules. For A € Hom(L, Z),
define

0(\) = \Y] € Ext (2, X),
and, anticipating the Snake Lemma (Exercise 2.3.13), verify
that '
0 —— Hompg(L, X) —— Hompg(L,Y) —— Hompg(L, Z)
9. Exth(L,X) —— Exth(L,Y) —— Exth(L,2)

is an exact sequence of abelian groups.

Derive the corresponding exact sequence with fixed second vari-
able, and show that Exth(L, J) = 0 for all R-modules L if and
only if J is an injective R-module.

Here is an inductive definition’ of Exts (L, X) for n > 2. Choose
a short exact sequence ‘

0 S P -+ L + 0

with P projective (such a sequence exists; we may take P to be
free by Lemma 2.5.7 of [BK: IRM]), and put

Ext%(L, X) = Ext% (S, L) for n>2.

It can be shown that the right-hand side is independent of the
choice of the short exact sequence above.

e e [
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It is also possible to make a definition in terms of the second
variable by taking a short exact sequence

0 X > J C » 0

with J injective (see Exercise 2.1.5 above). Much hard work
reveals that the two definitions coincide, or, more properly, that
the functors obtained are naturally isomorphic. Full details are
given in [Mac Lane 1975] and [Rotman 1979].

2.2 ADDITIVE CATEGORIES

When [Eilenberg & Mac Lane 1945] had given the abstract definition of a
category, a natural next step was to seek the conditions on the morphism
sets of an abstract category which enable the definitions and constructions
of module theory to be developed in that category. The exploration led to
the definitions of additive, exact (in the non-K-theory sense) [Buchsbaum
1955] and abelian categories [Grothendieck 1957]. These abstractions were
motivated by the desire to apply homological methods in categories that arise
in algebraic geometry, such as categories of sheaves and of vector bundles
(which we do not encounter in this text), as well as intellectual curiosity. The
widest class of categories that share some properties of modules comprises the
preadditive categories. In such a category C, each morphism set Mor¢ (L, X)
is an abelian group and the functors arising from morphisms must respect
addition. These requirements suffice to permit the recognition of direct sums,
exact sequences, kernels and cokernels, and projective and injective objects in
C. However, there need not be any nontrivial examples of such things within
the category.

The next step is the definition of an additive category, which is required
to contain a direct sum of any two of its objects. Many interesting module
categories are additive categories, for example, the categories Mp of finitely
generated modules and Pg of finitely generated projectives. Also, many of
the categories of interest in K-theory are additive categories.

There is some variation in the literature as to the precise definition of a
preadditive category, as there is with the definitions of (pre)additive subcat-
egories of (pre)additive categories. Indeed, some authorities do not make
formal definitions. Even where terms like additive and abelian categories
have standard meanings, there is a complex web of interacting axioms woven
through the literature. Our own choice of axioms has been guided by intuitive
appeal rather than minimality.

Throughout this section, we work with right categories, it being clear that
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there is a corresponding discussion for left categories. Modules are right mod-
ules over an arbitrary ring R, unless otherwise specified.

To make the comparison and transcription of results easier, we often use
the same symbols ~ L, M, ..., X, Y, ... — for objects of an abstract category C
as we used for modules in the preceding section.

2.2.1 Preadditive categories

A category C is called preadditive if the following conditions are satisfied.

Ad 1. For each pair of objects M and N of C, More(M, N) is an abelian

group.
Ad2 IfA\N:L— M and u,u : M — N are morphisms in C, then

pA+X) = pA+pX and (p+ p)A = pi+ '

Ad 3. C contains a zero object 0 such that Mor¢ (0, N) = 0 and Mor¢(M,0) =
0, the trivial group, for all objects M and N.

Here, a zero object is as defined in (1.4.14). There is (usually) more than one
zero object, but any two zero objects are isomorphic by a unique isomorphism,
so we often refer to ‘the’ zero object of C.

Note that the set Ende(M) of endomorphisms of any object M in C must
be a ring.

Of course, Az is a preadditive category, and so is the category Rwe of
nonunital rings. However, the category Rzwne of rings is not preadditive be-
cause the zero mapping is not in general a ring homomorphism. It is clear that
Moop is preadditive for any ring R, and it is easy to see that the basic func-
torial properties of Hompg(—, —), given in (2.1.1), transcribe to More(—, —).
We list them for convenience.

A morphism A : L — M in C defines a map

A* : More(M, X) —— Morc(L, X) by A*(£) = €A

From Ad 2, A* is a homomorphism of abelian groups. For another morphism
p:M-—N,

(uA)" = A*p* : Mor¢(N, X)) —— More(L, X).

In the other variable, a morphism £ : X — Y gives a homomorphism of
abelian groups

& : Mor¢(L, X) —— More(L,Y) by é.(a) = £a,
and ()« = n«&x for a morphism n: Y — Z.
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Thus Mor¢(—,X) and More(L, —) are functors on C, contravariant and
covariant respectively, with values in the category As of abelian groups. As
with the Hom functor, in a preadditive category we have equalities

A+N) =2 +X" and (+&) =& +&,
for pairs of morphisms A\, N : L — M and £,¢' : X — Y. Each pair of
morphisms A : L — M and £ : X — Y gives a commutative diagram

Mor(M, X) ——L Mor(M,Y)

! é-*
Mor(L,X) —————— Mor(L,Y)
showing that the homomorphisms \* define a natural transformation from the
functor Mor (M, —) to the functor Mor (L, —) and that the homomorphisms
&. give a natural transformation from Mor (—, X) to Mor (—,Y).

2.2.2 Preadditive subcategories

Next we define a preadditive subcategory of a preadditive category. There is
no general agreement as to the proper definition, so we have chosen one suited
to our immediate purposes.

A subcategory D of a preadditive category C is said to be a preadditive
subcategory if

PAS 1. Morp(L, X) is a subgroup of Mor¢(L, X) for any pair of objects L
and X of D, and
PAS 2. D contains a zero object of C.

Evidently, such a subcategory D is itself a preadditive category.

The zero object of a preadditive category can be viewed as defining a pread-
ditive subcategory with one object. Less trivially, a nonzero object X of C
gives a minimal full preadditive subcategory Preann(X) of C; the set of ob-
jects of Preapp(X) is {0, X} and the set of morphisms is End¢(X) together
with the requisite zero morphisms.

2.2.3 Monomorphisms and epimorphisms

‘We now use the Mor functors to transcribe definitions and results from module
categories Moppg to arbitrary preadditive categories. The fact that the Mor
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functors on a preadditive category take values in As (rather than Ser) is
crucial in what follows.

‘We start with monomorphisms and epimorphisms, which are the analogues
of injective and surjective homomorphisms — the reason for the change in
terminology will be explained shortly.

By analogy with (2.1.3), we make the following definitions in a preadditive
category C.

A morphism p: X — Y in C is said to be a monomorphism if, for any
object L of C,

0 — More(L, X) - Mor¢(L,Y)

is an exact sequence of abelian groups.
A morphism ¢ : M — N in C is said to be an epimorphism if, for any object
X ofC,

0 —— More(N, X) ——— More(M, X)

is an exact sequence of abelian groups.
Important examples of monomorphisms and epimorphisms are provided by
the following result.

2.2.4 Lemma

Ifp: X =Y has a left inverse p: Y — X (that is, pp = idx), then p is a
monomorphism. ' '

Ife: M — N has a right inverse o : N — M (that is, e0 = idy), then € is
an epimorphism.

Proof
By functoriality of Morg (L, —), p« i« is just the identity homomorphism on
the group More(L, X). So p. is injective. Similarly, e. is surjective. O

A morphism with a left inverse is often called a split monomorphism, while
a morphism with a right inverse is known as a split epimorphism.

Warning. These descriptions are valid only for right categories! The reader
may wish to formulate their left category counterparts. (The definitions of
epimorphism and monomorphism can be extended to arbitrary categories; see
Exercise 2.2.4.) .

In a module category Moog, the basic result (2.1.3) shows that a monomor-
phism is the same thing as an injective morphism while an epimorphism is
just a surjective morphism. However, these coincidences need not happen in
an abstract category, which explains the need for new terminology.
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The most blatant examples in which a monomorphism cannot be an injec-
tion are provided by categories whose objects are not sets. More seriously,
it may happen that the objects of a preadditive category are sets, but that
a monomorphism need not be an injection or an epimorphism need not be a
surjection. Such pathologies are somewhat tricky to find.

We give examples of both phenomena.

2.2.5 Fzample: the opposite category

Recall from (1.1.6) that the opposite category CP of a category C has objects
C°P in bijective correspondence with the objects C of C, and that for each
pair of objects C°P, D°P of C°P, there is a bijection between the morphisms o
in Mor¢(C, D) and the morphisms a°? in Morges (D°P, C°P).

The composition in C°P is given by the rule

(a®®)(B%) = (Ba)°P.
If C is preadditive, then so also is C°P, under the natural definition
o + B = (a + B)P.
A morphism & : X — Y in C induces
&« : Mor¢(L, X) —— More(L,Y),
while its opposite counterpart £°P : Y°P — X°P gives
(€°P)* : Morces (X°P, L°P) —— Morcos (Y°P, L°P).

For any A: L — X, we have (£°P)*(A°P) = (£&.()))°P, so that (£°P)* and &,
are either both injective or both not injective.

Thus £°P is an epimorphism exactly when ¢ is a monomorphism. Similarly,
£°P is a monomorphism precisely when £ is an epimorphism.

Thus, if C contains both monomorphisms and epimorphisms, so does C°P.
However, the objects of C°P are not sets, so its monomorphisms cannot be
injective mappings, nor can its epimorphisms be surjections.

2.2.6 Example: topological abelian groups

"This example relies on some elementary topology which we do not develop
in this text. (The definitions of terms below can be found in [Willard 1970)
§13.) As well as providing an epimorphism which is not a surjection, it shows
that an epimorphism in a subcategory may cease to be an epimorphism in a
larger category.
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Let H.As be the category of Hausdorff topological abelian groups. Thus
an object A of H.As is a Hausdorff topological space which is also an abelian
group in such a way that the group operations are continuous maps, and a
morphism from A to B in HAs is a continuous map which is also a group
homomorphism. We exploit the following result ibid, (13.14): if f,g: X - Y
are continuous maps of topological spaces with ¥ Hausdorff, and f and ¢
agree on a dense subset of X, then f = g.

Now the rational numbers @ and the real numbers R are both objects of
‘H. Az with their customary additions and topologies, and moreover Q is dense
in R. The result quoted above shows that the inclusion map ¢ : Q — R is
an epimorphism in H.As, although not a surjection. Note that ¢ is also a
monomorphism and, of course, an injection.

In particular, we have an example of a morphism which is both a monomor-
phism and an epimorphism, but not an isomorphism.

The quotient group R/Q can be given a topology (indiscrete) so that it
becomes the cokernel of ¢ in the category TorAs of all topological abelian
groups, but it is not Hausdorff (see [Higgins 1974] Chapter II, §3 and Propo-
sition 5). ‘

We also note that H.As is a preadditive subcategory of Tor.As but that «
is no longer an epimorphism in TorAs.

2.2.7 Kernel and cokernel

Before we define short exact sequences in a preadditive category, we record
the next, easily verified lemma, which shows that the concepts of kernel and
cokernel in a preadditive category correspond to their counterparts in Az via
the morphism functors.

2.2.8 Lemma

Let « : A — B be a morphism in a p%eadditz’ve category C. Then the
following assertions hold.

(i) &: K — A is a kernel for a if and only if, for any L in C,
[ (a7
0 — Mor¢(L, K) —— Mor¢(L, A) ~———— Mor¢(L, B)
is an ezact sequence of abelian groups. Thus, for any choice o}‘ Kerq,
Mor¢(L, Ker a) = Ker Mor¢ (L, @).

(Note that a. is an alternative notation for More(L, ¢).)
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(i) v: B — C is a cokernel for a if and only if, for any X inC ,
0 — Mor¢(C, X) T, Mor¢(B, X) LA Mor¢(4, X)
is an ezact sequence of abelian groups. Thus, for any choice of Cok o,
Mor¢(Cok @, X) = Ker More (e, X),

(where o* is an alternative notation for More(a, X)). O

An immediate consequence is that a morphism is a monomorphism precisely
when its kernel is the zero object, and an epimorphism precisely when its
cokernel is the zero object.

‘

2.2.9 Short exact sequences

A short exact sequence in a preadditive category is a sequence

a2 5P 6.0

in which « is a kernel for # and J is a cokernel for «. Thus, in particular, a
is a monomorphism and § is an epimorphism.

An easy exercise is that ( is an isomorphism if and only if A is the zero
object, while ¢ is an isomorphism just when C = 0.

The distinction between an epimorphism and a surjection means that some
caution must be exercised when working with short exact sequences in a gen-
eral preadditive category. The unexpected phenomena that can arise are
illustrated by the inclusion map ¢+ : Q — R.

As we noted in (2.2.6), ¢ is both an epimorphism and monomorphism in
the category H.As of Hausdorff abelian topological groups, but it is not an
isomorphism. Thus the sequence

{

0
0 > Q R 0 0

is not short exact. In fact, Q cannot be the kernel of R — 0 because the
identity map on R cannot be factored through Q.

2.2.10 Projective and injective objects

There are three equivalent definitions for a projective object in an arbitrary
preadditive category C, which generalize well-known characterizations of pro-
jective modules.
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Proj 1. The generalization of our basic definition for modules (1.1.7): an
object P of C is projective (in C) if every short exact sequence

m
0 » L M + P » O

in C splits at P, meaning that there exists ¢ : P — M in C with
o = idp.

Proj 2. P is projective if and only if, whenever the row is exact, the following
diagram can be completed (so as to provide a commuting triangle):

P

ﬁ...-'"" J 7
'
Y y Z 0
U

(The equivalence of Proj 1 and Proj 2 for modules is shown in Theo-
rem 2.5.4 of [BK: IRM].)
Proj 3. P is projective if and only if the sequence of abelian groups

0 —— Mor (P, X) ——5*—> Mor (P, Y) M Mor (P, Z) —— 0

is exact for every short exact sequence

0 » X ¢ Y 7 Z » 0

in C (see (2.1.8) for the module version).

The proof of the fact that these definitions are mutually equivalent is much
the same as that for modules, and is left to the reader. Likewise, the reader
should have no problem in formulating and verifying the -equivalence of three
definitions for an injective object. ’

However, there is no reason why a preadditive category should contain any
nontrivial projective or injective object. For example, the category F.As of
finite abelian groups (which can also be described as the category of finitely
generated torsion Z-modules or the category of Artinian Z-modules) has no
nonzero projectives — this can be seen as in Exercise 2.2.10 below.

More seriously, it may happen that a projective object in a subcategory is
not projective in a larger category. For an illustration, consider the category
ASSy of Artinian semisimple Z-modules. Such a module is a finite sum of
irreducible Z-modules, that is, abelian groups Z/pZ of prime order for various
primes p (see (2.3.20 - F) below). A fundamental result, the Artinian Splitting
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Theoremt ([BK: IRM] (4.1.17)) tells us that, for any module M in ASSz, any
submodule or quotient module of M must be a direct summand, and so every
module in ASSy is both projective and injective as an object of that category.
In contrast, no such (nonzero) module can be projective or injective in the
category FAs.

Although the concept of exactness was introduced in [Hurewicz 1941}, in the
context of homology groups of topological spaces, the term ‘exact sequence’
did not appear until [Kelley & Pitcher 1947]. The crucial role of exact se-
quences in contemporary module theory and homology theory is evident from
almost any modern text on these subjects.

2.2.11 Additive categories

As we remarked in (1.4.10), the direct sum M’ & M" of two modules M’ and
M" is characterized up to isomorphism by the existence of homomorphisms

oM — M, " M —— M :M—s M and 7 : M ——-s M"
- satisfying the relations

wlo’ =idpyy, 70" =idye and o'n’ + 0" =idyy.

These relations make sense in any preadditive category C, and so we may
define the direct sum of objects M’ and M" of C to be an object M of C which
satisfies these relations. However, a preadditive category need not contain the
direct sum of a pair of objects; an easy example is given by Preann(Z) in
As. These observations lead to the following definition.

A category C is said to be additive if it is a preadditive category satisfying
the next condition.

Ad 4. Any two objects of C have a direct sum in C.

As in the case of modules (the same arguments apply), such a direct sum
is both a product and a coproduct and so it is unique to within unique iso-
morphism. The notation M’ & M" is used to indicate any convenient choice
of the direct sum — in most contexts, there is an obvious candidate for this
choice. »

It can be shown (Exercise 2.2.6) that a product in a preadditive category
must be a direct sum, as must be a coproduct. Conversely, when products
and coproducts exist and they are the same as direct sums in a category C
satisfying Ad 3, then Ad 1 and Ad 2 hold, so that C is additive. (See [Gabriel
1962] for details.)

1 The Artinian Splitting Theorem holds over any ring R.
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We also note in passing that when the direct sum M’ ® M" exists, so also
does M" @ M', which is isomorphic to ¥’ @ M” via a unique isomorphism.
Thus one may speak of the direct sum of-an unordered pair of objects.

Note also that it is possible to characterize direct sums in terms of split
ezact sequences, again mimicking the result for modules.

A short exact sequence

o' a

0 > M’ » M » M + 0

in a preadditive category is split if there are morphisms ¢ and 7 as above.
As with modules, it is enough to know that one of the splitting morphisms o’/
or 7' exists, since the other can then be constructed, and we then find that
M2MeoM".

2.2.12 Additive subcategories

A subcategory D of an additive category C is an additive subcategory if, as
well as being a preadditive subcategory, D is additive.

Let M’, M" be a pair of objects in D. Any-direct sum of M’ and M" in
D is necessarily their direct sum in C also, but the favoured choice M’ @ M"
of the direct sum in C need not itself be an object of D. However, there is
to be some choice, necessarily isomorphic to this, which, together with its
associated inclusions and projections ¢’, ", n’, 7", does lie in D.

As with preadditive categories, we can define a minimal additive subcat-
egory Anp(X) of an additive category C in terms of a monzero object X of
C by taking Aop(X) to be the full subcategory of C with objects the finite
direct sums X™, n > 1, together with the zero object.

2.2.13 Ezxamples

Before developing the theory of additive categories, we give some more exam-
ples.

All the module categories introduced in (1.1.9), namely, Prosr, Fresg,
Mp, Fr and Pg, are additive subcategories of Moog; the verifications rely
on simple facts about direct sums which are mostly immediate consequences
of the definitions. For projective modules, we use the fact that M'.® M” is
projective if and only if both summands are projective ([BK: IRM] Corollary
2.5.6); and for free modules, we note that the zero module is free on the empty
set, and that if M and N are free on sets X and Y respectively, then M@ N is
isomorphic to the free module on the disjoint union X 1Y ([BK: IRM] Exercise

;
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2.1.8). Also, by Lemma 2.5.7 of [BK: IRM], M’ @ M" is finitely generated if
and only if its summands are finitely generated, which equivalence is easy to
check directly.

‘We record the results as follows.

2.2.14 Lemma
The categories Prosg, Freegr, Mg, Fr and Pgr are additive subcategories

of Mopgr. If S is a subring of R, then Mopg is an additive subcategory of
Mobg. : d

Next, we consider product categories.

’

2.2.15 Lemma
Let C and D be additive categories. Then C x D is an additive category.

Proof
The sum of morphisms (e, 8) and (¢, §') from (C, D) to (C',D') in C x D
is given componentwise:

(aw ﬂ) -+ (alvﬂ/) = (a + O‘I:ﬂ -+ ﬂ,)
In effect, there is an identity
MOIC(C7 G,) X MOI‘D(D,D,) = MorCX'D((C7 D), (C,7D/))

which gives us the abelian group structure that we require in C x D. Note
that the zero is the pair (0,0) and the direct sum is

(O7D)@(C,aD,)=(GGBC,:D@D,)' O

2.2.16 Morphism categories

Equally straightforward is the extension of the above result to morphism cate-
gories. Let C be an additive category. If (o, 8) and (o, ) are both morphisms
from (C, D,~) to (C',D’,4) in Moxrc, then so is their sum. Composition of
morphisms is distributive over addition because this is already true in the
product category C x C, and the zero is (0, 0,%dp).

The direct sum in Mor¢ is given by

(¢, D,y)®(C',D',¥)=(CeaC,DeD ,y&7),
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where ]
Y®Y =opyre +opyre : COC' - Da D,

¢ and 7o being the split epimorphisms associated with C @ €', and op
and op being the split monomorphisms associated with D@ D’. In a module
category, this becomes the familiar formula

(v®9)(e, )= (ye,7'c) forallce C,¢ € C'.

We record the consequences of our discussion.

2.2.17 Lemma

Suppose that C is an additive category. Then the categories More, Enxne,
Zsoc and Aure are additive categories. O

2.2.18 Additive functors

Let C and D be additive categories. For each pair of objects C’, C in C, the
set Morc(C',C) is an additive group, as is Morp(D', D) for each pair D', D.
in D. In this circumstance, it is natural to consider functors between C and
D that respect the additive structures on the sets of morphisms.

A covariant functor F' from C to D is said to be additive if the map

F : Mor¢(C',C) —— Morp(FC', FC)
is a group homomorphism for all objects ‘C" and C in C:
Fla+pB)=Fa+ Fp always.-

Additive contravariant functors are defined similarly, as are additive multi-
functors on products of additive categories.

First examples are the morphism functors themselves. For a fixed object C
of an additive category, Mor¢(C,—) is a covariant additive functor from C to
As and Mor¢(—, C) is a contravariant additive functor from C to As.

It is clear that if C’ is an additive subcategory of the additive category C;
then the inclusion functor is additive. If F is an additive functor from C to
D, then the restriction of F to €' will also be additive.

An important property of an additive functor F : C — D is that it preserves
zero morphisms, zero objects and direct sums.

2.2.19 Lemma
Let C and D be additive categories, and let F' : C — D be an additive
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functor. If O is a zero morphism or object in C, then FO is a zero morphism
or object in D.

Proof

Temporarily, we indicate a zero object in C by Z to distinguish it from the
various.zero maps that we use.

If0 : C' — C is any zero map in C, then F'0 must be the zero map from F'C’
to FC in D, since F is additive. As idz = 0 on Z itself, idpz = F(idz) =0
on FZ. Hence for a zero object Z' in D, the unique maps FZ -+ Z' and
Z' — FZ are mutually inverse isomorphisms. (|

2.2.20 Theorem /

Let C and D be additive categories and let F' : C — D be an additive functor.
Then for any two objects C' and C"" of C,

F(C'aC"Y2 F(C")® F(C") inD.

Proof

Recall from (2.2.11) that the direct sum of the pair of objects C’ and C”
in C can be characterized as an object C of C for which there are morphisms

o: 0 ——C,o":C"—C,7:C——C and 7" :C—— C"
satisfying the relations

o I, n
ag

'’ =idor, 70" =1idor and o'n’ + 07" =idg.

Since F preserves sums and products, and converts identities to identities and
zeroes to zeroes, the maps Fo/, Fo”, Fr' and Fn” satisfy the equations that
show FC to be a direct sum also. O

2.2.21 Functor categories

Recall from (1.3.9) that, given a small category C and an arbitrary category
D, the functor category [C, D] has as objects the covariant functors from C to
D, the morphisms from F to G in [C, D] comprising the set Nat(F, G) of all
natural transformations from F to G.

Our aim now is to show that properties of D can be carried over to [C, D]
by making pointwise definitions; the category C can be completely arbitrary.

The essential observation is that a set Nat(F,G) of morphisms in [C,D] is
in fact a disjoint union of sets Morp(F(C), G(C)), one for each object C of C,
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so that any property or condition on Nat(F,G) can be verified, or imposed;
separately in each Morp(F(C), G(C)).

Suppose that D is additive. If n and ¢ are in Nat(F, @), the pointwise
definition of their sum 7 + { in Nat(F,G) is

n+Qc=mnc+¢c foralCecC,
and the zero natural transformation 0 in Nat(F, G) is given by
Oc=0:FC— GC.

Thus Nat(F, @) is an abelian group for any pair of functors.
Since D has a zero object, we can define the zero functor

0:C——D
by
0(C) =0 forallCinC,

which is a zero object in [C, D].
We can also define the direct sum of two functors F' and G in [C, D] in.the
obvious way:

(F®G)(C)=F(C)®G(C) forall CinC.

To verify that this actually gives a direct sum, we again use the characteriza-
tion of direct sums in a preadditive category which we gave in (2.2.11). For
each object C, there are morphisms

ag: FC—— FC®GC, fo:FC®GC — GC,

Yo : FC@® GC —— FC and 6¢: GC — FC & GC
with
Beac =0, v¢bc =0, Bcbc =idge, voac = idpc
and
acYe + bcfe = idregac,

which gives a set «, 8,7, 6 of natural transformations that exhibit F@ G as a
direct sum in [C, D).
Thus we have the following result.

2.2.22 Proposition
Let C be a small category and let D be an additive category. Then the
Junctor category [C, D] is an additive category. O
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Ezxercises

2.2.1

2.2.2

2.2.3

2.2.4

Let D be a preadditive subcategory of the preadditive subcategory C.
Show that Endp(X) is a subring of End¢(X) for every object X in
D.

Given an object X of C and a subring D of End¢(X), define a
minima)l preadditive subcategory D of C with Endp(X) = D.
Given a nonzero object X of an additive category C and a subring D
of Mor¢(X, X), define a minimal additive subcategory D of C with
Endp(X) = D:

Show that the morphisms in D can be represented as sets My, » (D)
of m X n matrices over D.

Hint. Exercise 2.1.6-of [BK: IRM] helps.
There seems to be a curious asymmetry in the exact sequences of
abelian groups obtained in (2.2.3) above, in that they begin, buf
need not end, with the zero group. Show that this is inevitable for
the following reason.

In a preadditive (right) category, the following statements are equiv-
alent.

(i) ¢ : X — Y has a right inverse;
(if) for all L € C, Mor(L, X) 2= Mor(L,Y) — 0 is exact;
(iii) for all L € C, g, : Mor(L, X)) — Mor(L,Y’) has a right inverse.
There is an obvious dualization of the above.
Deduce that the following are equivalent.
(i) ¢ is an isomorphism;
(ii) Mor(—,) is always an isomorphism in As;
(iii) Mor(¢p, —) is always an isomorphism in As.
Epimorphisms and monomorphisms in arbitrary categories
Let C be a (right) category. A morphism 7 :C — D in C is defined
to be a monomorphism if the following holds.

IfB, B : B — C are two morphisms with vf = v, then = .

Verify that a monomorphism in a preadditive category is again a
monomorphism in this sense. Observe too that if v has a left inverse,
then < is a monomorphism.

‘Give a definition of an epimorphism by duality, that is, v is an
epimorphism in C if and only if 7°P is a monomorphism in C°P.

Verify directly that the two definitions of epimorphism coincide in
a preadditive category, and that any morphism with a right inverse
is an epimorphism.
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2.2.5
2.2.6

2.2.7

2.2.8

2.2.9

2.2.10

2.2.11
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Show that the inclusion map ¢ : Z — Q is an epimorphism in the
(nonadditive) category Rzwe of rings with identity.
Show that C' @0 = C for any object C of a preadditive category C.
Let C, C’" and C" be objects of a preadditive category C. Verify that
the following statements are equivalent, as asserted in (2.2.11).

(i) C is the product of C' and C”.
(ii) C is the coproduct of -C’ and C”.
(iii) C is the direct sum of ¢’ and C”.

Generalize this result to.an: arbitrary finite set of objects in C.
Let C be a preadditive category, with o : A — B, f: B — C and
v : C — D composable morphisms in C.

Show that if § and -y are epimorphisms, then 4 is an epimorphism,
and if yf is an epimorphism, then - is an epimorphism.

Prove also that if o and B are monomorphisms, so is e, and if Sa
is a monomorphism, so also is a.

Give counterexamples to the claims that if v is an epimorphism,
then B is an epimorphism, and if So is a monomorphism, so also is
8.

Let A1,..., Ax be objects of an additive category A. Show that 4; &
-+- @ Ay, is a projective object in A if and only Aj,..., Ay are each
projective objects in 4. (This generalizes a well-known result for
modules (Theorem 2.5.5 of [BK: IRM]).)
Projectives depend on the category

Generalize (2.2.10) to show that, for any ring R, every module in
ASSRr is projective as an object in that category.

Suppose that R is right Artinian but not semisimple. Find a module
in ASSg which is not. projective in Mopxg.

Hint. [BK: IRM], section 4.3 is releyant, particularly Exercise 4.3.7.
A category without projectives

Let 7 As be the category of finite abelian groups. It is well known
that any finite abeliangroup is the direct sum of finite cyclic groups
(see Theorem 6.3.24 of [BK: IRM), for-example). So if F.4s contains a
nonzero projective, there must be a nontrivial finite cyclic projective,
by Exercise 2.2.8 above. However, this is easily seen to be impossible
— consider the natural surjection of Z/a®Z to Z/aZ for any positive
integer a.

The opposite category
Show that if C is an additive category, so likewise is its opposite
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category C°P, where addition of morphisms is given by a°P + G =
(e + B)°P as in (2.2.5).

Show that C°P is a projective object in C°P if and only if C is an
injective object in C, and vice-versa.

Give an example of an additive category which contains nontrivial
injective objects but only the zero projective object.

2.2.12 Just as a monoid can be regarded as the same thing as a category
with one object (Exercise 1.1.4), a ring may be taken to be the same
as a preadditive category with one nonzero object. Viewing a ring R
in this way, show that right R-modules correspond to contravariant,
cochiral additive functors from R to Mobpg, while left R-modules
correspond to covarignt, contrachiral additive functors from R to
2Mop. Show also that R-module homomorphisms correspond to nat-
ural transformations.

2.3 ABELIAN CATEGORIES

For the next stage in our examination of categories whose objects in some
way resemble modules, we consider abelian categories. Such categories must
contain the kernel and cokernel of each of their morphisms, and most con-
structions that can be carried out in the full module categories Moppg are
reproducible in an abelian category. Indeed, there are Embedding Theorems,
which show that an arbitrary abelian category can be realized as a subcat-
egory of Moppg for some ring R. However, an abelian category may lack
nontrivial examples of projective or injective objects.

‘We show that the various morphism categories associated to abelian cate-
gories are again abelian, as are the functor and product categories. We also
introduce the idea of a direct sum of categories, which leads to an interesting
categorical interpretation of the module theory of a Dedekind domain.

!

2.3.1 The definition

Although we have defined kernels and cokernels in an arbitrary category with
zero object, and thus in an additive category, a morphism in an additive
category need not have a kernel or cokernel in that category. Indeed, the
category Py of finitely generated projective modules over a ring of dual
numbers Ale] (where €2 = 0) fails to contain either the kernel or the cokernel
of the multiplication homomorphism € : Ale] — Ale], since each is isomorphic
to A, which is not projective over Ale].
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The requirement that a category should comtain kernels and cokernels leads
to the next definition.

Let C be an additive category. Then € is an abelian category if the following
conditions are satisfied.

Ab 1. If A: L — M is a morphism in C, then C contains a kernel (Ker A, &)
and a cokernel (Cok A, x) of . (This means not only that the objects
Ker A and Cok ) are in C, but also that the morphisms

k:KerA—— L and y: M —— Cok A

belong to C.)

Ab 2. If  : K — L is a monomorphism in C, then (K, «) is a kernel of some
morphism A: L — M in C.

Ab 2°P. If x : M — C is an epimorphism in C, then (C, x) is a cokernel of
some morphism A: L — M in C.

Statement Ab 2 is often phrased as ‘every monomorphism is normal’. Al-
ternative axiom sets abound in the literature. For example, see [Freyd 1964]
or [Herrlich & Strecker 1979] for the following.

2.3.2 Theorem

Suppose that C is an -edditive category satisfying Ab 1. Then the following
statements are equivalent.

(i) Ab 2 and Ab 2°P hold in C.

(i) For any morphism X : L — M with kKernel (Ker)\ k) and cokernel
(Cok A, x), the morphism

1 : Cok k —— Kery

(which exists by the universal properties of kernels and cokernels) is an
isomorphism.

(iii) Bvery morphism A : L — M has a unique (epi, mono) factorization; that
is, there exists an eptmorphism e : L — I and monomorphism pu: 1 — M
with pe = X such that, if  : L — I', ' : I' — M is another (epi, mono)
factorization of A, then there is o unique morphism v : I — I' making
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commute; moreover, 1 is an isomorphism. O

The isomorphic objects Ker x and I of this theorem are commonly referred
to as the image Im A of A,

2.3.8 Module-like behaviour

In essence, the above result tells us that the Induced Mapping Theorem ([BK:
IRM] (1.2.11)) must hold in an abelian category. It is then possible to translate
many general results about modules into the context of an abstract abelian
category. For example, the Isomorphism Theorems ([BK: IRM] Exercise 1.2.2)
can be reproduced. However, the proofs are more delicate since it is not
possible to work with elements. Instead, the universal properties of kernels,
cokernels, etc. must be used. Arguments of this type are developed in [Mac
Lane 1975], Chapter IX and [Mac Lane 1971], Chapter VIIL

On the other hand, there are some features of module categories which
need not be reproducible in an abelian category. These usually relate to the
existence of an object with some specific property. For instance, an abelian
category need not contain any projective object, as is the case with the cate- .
gory F.As of finite abelian groups (see Exercise 2.2.10).

2.3.4 Ezxzample

For an example of an additive category that satisfies axiom Ab 1 but not
Ab 2, consider the full additive subcategory of .As whose objects comprise all
finite direct sums of the form Z™ @ Q™ with m,n > 0. Here the inclusion
monomorphism Z —  is not a kernel.

We now look for abelian categories of modules. The first result simplifies
the checking in many cases of interest. (Its converse, while also true, is less
elementary — see Exercise 2.3.8 for the details.)
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2.3.5 Theorem A

Let R be a ring and let C be a full additive subcategory of Mobpg such that,
for any homomorphism A\ : L — M of R-modules in C, the R-modules Ker A
and Cok A are both in C.

Then C is abelian.

Proof

The R-modules Ker A and Cok A evidently satisfy the universal properties
needed to make them the kernel and cokernel of )\ in C. So Ab 1 holds.
To see that Ab 2-holds, consider a monomorphism £ : K —+ L in C. As
we remarked in (2.2:3), & 48 an injective mapping. Now C must also contain
Cok k = L/Im x, and so K is the kernel of the canonical module epimorphism
A:L — L/Imk, which is in €. The proof of Ab 2°P is similar. O

For the next result, recall that, given a ring R, a right R-module M is
Noetherian if every R-submodule of M is finitely generated. The ring R itself
is right Noetherian if every right ideal of R is finitely generated. An account
of Noetherian rings and modules is given in [BK: IRM], §3.1.

2.3.6 Corollary

Let R be a ring. Then the category Mp of finitely generated R-modules is
an additive subcategory of Mobg, and Mg is abelian precisely when the ring
R is right Noetherian.

Proof

The sole obstruction to Mp being abelian is that it might not contain
the kernel of some homoemorphism, that is, there may be a finitely generated
module M having a submodule which is not finitely generated. By Corollary
3.1.7 of [BK: IRM], this cannot _happen if R is right Noetherian. In the reverse
direction, if Mp is-abelian, then every ideal of R is in Mp. |

2.3.7 More examples

The category H.As of Hausdorff abelian groups is an example of a full additive
subcategory of Mopz which is not abelian. Observe that the cokernel (in
T orAs) of the inclusion monomerphism Q — R does not lie in H.As.

There are some subcategories of Mopg that are abelian for an arbitrary
ring R. Let Nozrap denote the full subcategory of Mopg whose objects are
the Noetherian right R-modules, let A=rgp denote the full subcategory whose
objects are the Artinian right R-modules and let ASS g be the full subcategory
given by the Artinian semisimple modules. Each of these categories is abelian
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since it contains any submodule or quotient module of any of its members —
see [BK: IRM], Proposition 3.1.2, Proposition 4.1.5 and the Artinian Splitting
Theorem (4.1.17) respectively. We record our assertion formally.

2.3.8 Theorem
The categories Nozrug, Arrr and ASSg are abelian. O

By [BK: IRM] Corollary 4.1.18, there is an inclusion of categories
ASSi € Arrg

and, by the same result together with the definition of Noetherian, there are
inclusions

.ASS;z C Nosreg C Mp.

In general, A=rp is not a subcategory of Nosrung. An example (due to P.
M. Cohn) of a cyclic Artinian, non-Noetherian module is exhibited in Exercise
4.1.7 of [BK: IRM].

Next, we give the conditions for equality between these various categories.

2.3.9 Proposition

(i) Nosrag = Mg if and only if R is right Noetherian.

(i) Arrp = Mg if and only if R is right Artinian.

(iii) ASSr = Mg if and only if R is an Artinian semisimple ring (in which
case ASSg = Pgr, the category of finitely generated projective right R-
modules).

(iv) Suppose that R is right Artinian. Then the ring R/rad(R) is Artinian
semisimple, where rad(R) is the Jacobson radical, and

ASSg = MR/ raa(r)-

Proof

) Since R itself is in Mg, the equality of categories makes R right Noe-
therian. Conversely, if R is right Noetherian then R* is Noetherian for any
natural number k£ and hence any finitely generated module M is also Noe-
therian — see [BK: IRM] (3.1.4).

(ii) The argument is similar to the proof of (i); we use the fact that if R is
right Artinian, then so is any finitely generated right R-module ([BK: IRM]
(4.1.7)).

(iid) Suppose that R is an Artinian semisimple ring. By the Wedderburn-
Artin Theorem ([BK: IRM] (4.2.3)), R is a direct product of matrix rings over
division rings, and so the categories are equal since every finitely generated
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R-module is both semisimple and projective ([BK: IRM] (4.2.6)). Conversely,
if the equalities hold, then R is ‘Artinian semisimple by definition.

(iv) By [BK: IRM] (4.3.15), R/rad(R) is Artinian semisimple, and, by
[BK: IRM] (4.3.16), a right R-module M is semisimple if and only if M -
rad(R) = 0. Thus a semisimple R-module can be regarded as an R/rad(R)-
module by the scalar multiplication

m-F=m-r forr € R,

and conversely, this rule can be used to make any R/rad(R)-module into a
semisimple R-module. : 0

2.3.10 Product and morphism categories

Next, we show that product and morphism categories of abelian categories
are also abelian. As we already know that such categories are additive, it
suffices to verify the axioms Ab 1, Ab 2 and Ab 2°P, which will follow at once
from explicit descriptions of kernels, cokernels and so forth.

Let C and D be abelian categories. A morphism in C X D is a pair

(,B): (C,D)y —— (C', D),
with @ a morphism in C and f# a morphism in D. Thus
Morexp((C, D), (C', D"}) = More(C,C') x Morp(D, D'),

and any assertion about a morphism (a, ) in C X D can be verified on its
components «, [ separately. Thus («, ) is a monomorphism precisely when
« and (3 are both monomorphisms, and likewise for epimorphisms.

The kernel of (o, 8) is ((Ker-a, Ker ), (k, %)), where (Ker , k) and (Ker 3, )
are the respective kernels of o and 3, and the cokernel is ((Cok e, Cok 3), (x;, €))-
In practice, we omit the maps »« and v, and write

Ker(a, o) = (Kera,Ker o),
and siniilaily for the cokernel.

The image is the pair Im(e, 8) = (Im a,Im B), with the obvious implicit
morphisms. We summarize as follows. ‘

2.3.11 Proposition

Suppose that C and D are abelian categories. Then the category C x D is
also abelian.

In particular, a sequence

0 — (C', D') — (C, D) — (C",D") —— 0
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in C X D is a short exact sequence if and only both component sequences

0 c’ C c” + 0

and
0 D D D" 0

are short ezact sequences. O

Similar arguments are used for the morphism categories attached to the
category C. In the morphism category MoxrC, the kernel of

(a,ﬁ) : (CaDa’Y) — (0/7-0’16)

is (Ker i, Ker 3,7), where 7 i the restriction of y to Ker @, and the cokernel
is (Cok o, Cok B3, 6), where 6 is induced by 6. Images in MorC are defined in
the expected way. The result is as follows.

2.3.12 Proposition

Let C be an abelian category. Then the categories MorC, ExpC, LTsoC and
Aur C are also abelian.

In particular, o sequence

00— (GI,Dlv'Y/) — (C,D,’Y) — (0”7'0"77”) —0
in MorC is a short exact sequence if and only both component sequences

0 » O c c” 0

and
0 s D' D D" 0

are short ezact sequences in C.
Note that in Exo C and Aur C, the two component sequences are identical.

O

2.8.18 Module categories

Let R and S berings. As we saw in (1.3.16), the product category is equivalent
to the category Mobgxsg, since every object (M, N) in the product category
can be regarded as a module over R x S and every morphism is an R X
S-module homomorphism (1.1.12). Thus there are two ways in which, for
instance, a kernel can be defined in Mopg X Moebg, either by using the
abstract machinery or by taking an equivalent object in Mobpgxg.
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The reader should not have much difficulty in verifying that these ap-
proaches give essentially the same-objects, to within isomorphisms.

The kernels and cokernels in the (homo)morphism categories Mor(Moopg),
Enp(Moopg), Iso(Moog) and Aur(Mobpg) are those in Mobgxg.

2.3.14 Functor categories

We can also give pointwise descriptions of kernels, cokernels, and so on, in
a functor category [C,D] provided the appropriate objects exist in D. For
simplicity we suppose that D’is abelian.

For example, the kernel (Kers, x)- of a morphism 7 from F to G, that is, of
a natural transformation 7 € Nat(F, &), is obtained as follows.

For each object C of C, write (Kerng, k) forthe kernel of o : FC — GC.
Then the object Kery in [C, D] is the functor from C to D given by

(Kern)(C) = Ker(neg : FC — GC)

for each object C of C.
To see that Kern is a functor, note that a morphism « : C' — C gives a
commutative diagram

Fo —F . o

re | | @

¢ —° ., cc

which, together with the definition of a kernel as a universal object (1.4.15),
shows that there is an induced morphism

(Kern)() : (Kern)(C"y —— (Kern)(C).

There is a natural transformation

i

k:Kern—— F

given by
ke : (Kern)(C) — F(C), .

kg as above, and it is straightforward-to verify that the pair (Kern, x) is a
kernel for 7. :
Similarly, cokernels, monomorphisms, epimorphisms, projective and injec-
tive objects in [C,D] are given pointwise by the corresponding objects or
morphisms in D.
We record the result for future reference.
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2.3.15 Theorem
Let C be a small category and let D be an abelian category. Then the functor
category [C, D] is an abelian category. (|

2.3.16 Direct sums of categories

Since we are able to define the direct sum of two, or more, functors between
additive categories, we can interpret the direct product of two additive cate-
gories as a direct sum; because we can mimic the description of a direct sum
of modules in terms of injections and projections (2.2.11).

Throughout the sequel we demand that an eguivalence between additive
categories must be given by an additive functor.

2.3.17 Theorem
Let C, C; and Cqy be additive categories. Then the following statements are
equivalent.

(i) There is an equivalence of additive categories
C~C xCs.
(ii) There are additive functors
I1:C;——C, Iy:Co——C, PP:C——Cy, P3:C——Cy
such that there are natural isomorphisms
LPheI,P,~1de

and
P Iy ~1dg,, PoIy ~1dg,,

and also
Ple = 0, P1I2 == ().

(I and P stand for inclusion and projection.)

Proof
Suppose that (i) holds, and let F': C — Cy x C2 and G : C; X C3 — C be the
(additive) functors that give the equivalence. If C' is an object of C, we have
FC = (C1,C3) for objects C; of C; and Oy of Cy. Similarly, for a morphism «
we have Fa = (aj,ay). Define P,C = Cy and Pia = oy, and likewise for P;.
For an object Cy and morphism ¢ in Cy, let I[1C; = G(C4,0) and Loy =
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G{a,0), and similarly for the other variable. The assertion follows, on noting
that
(Cla 02) & (C’l, 0) @& (O, Cz) in Cl X CQ.
Conversely, if (ii) holds, define FC = (P,C, P,C) and G(C1,Cs) = 1C1 &
I,Cy, and similarly for morphisms. O
For completeness, we record the extension of the above result to a direct

product of any finite set of additive categories. The result is analogous to
that for modules (see [BK: IRM], (2.1.7)).

-2.3.18 Corollary
Let C and Cq,...,C, be additive categories. Then the following are equiva-
lent.

(i) There is an equivalence of additive categories
C~C; x-+xXCp.

@iy There are additive functors I; :C; - C and P; : C — C;, fori=1,...,n,
with natural isomorphisms

LP& --dI,P,~1de

and
B ~1de, foralld,

and further

Pl =0 forij. O

2.3.19 Infinite direct sums of categories

Since- an additive category has a zero object, it is sensible to speak of the
direct sum @ ,C» of an infinite set {Cy | A € A} of categories, where A is an
ordered set. The objects of the direct sum are all sequences of the form

Ch = (Cyx | Cy €y, almost all Cy = 0),
and a morphism ay : C} — Cj is a sequence (ay : C' — C)) with each a) a
morphism in Cy.
It is straightforward to verify that €),C» is again an additive category

under the usual componentwise definitions. Thus the zero object is 04 = (0),
and the direct sum in @,C, is given by

Ch@eCy=(C,aCy).

S |
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The reader is invited to characterize infinite direct sums in terms of inclusion
and projection functors.

2.8.20 Dedekind domains: a review

Some interesting direct sum decompositions of categories arise from the struc-
ture theory of modules over a Dedekind domain. As we use this structure the-
ory in several places in this text, we turn aside to review its basic definitions
and results, which are developed in detail in Chapters 5 and 6 of [BK: IRM].

We start with some ideal theory. Let O be an arbitrary commutative do-
main with fleld of fractions K. A fractional ideal of O is a finitely generated
nonzero O-submodule a of K. /If b is also a fractional ideal of @, so is their
product

ab={a1b1+---+akbk|a1,...,ak €a, by,...,bp €0, kZl}
A fractional ideal a is invertible if
ab=0

for some b.

Our definition of a Dedekind domain ([BK: IRM] (5.1.10)) is that it is a
commutative domain O all of whose fractional ideals are invertible. If can then
be shown that O is a Noetherian ring ([BK: IRM] Exercise 5.1.2). Clearly,
the fractional ideals of a Dedekind domain form a group Frac(O), and the set
of nonzero principal ideals Pr(O) is a subgroup of Frac(Q). The ideal class
group of O is the quotient group

Cl(0) = Frac(0)/ Pr(0).

The image of a in Cl(O) is written {a}.

It is obvious that a commutative principal ideal domain is the same thing
as a Dedekind domain with trivial ideal class group.

We record [BK: IRM] (5.1.19).

A The Unique Factorization Theorem for Ideals
Let a be a fractional ideal of a Dedekind domain O. Then there is a
set of distinct nonzero prime ideals p1,...,px and a set of nonzero integers
Ni,...,Ng such that
a:p?’l ...p’,:’k.

The prime ideals are uniquely determined apart from the order in which they
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are writien, and the exponents are uniquely determined once an order has been.

fized. O

Let O again be an arbitrary commutative domain, and let M be an O-
module. The torsion submodule T(M) is

T(M)={me M |mz=0 forsome z € O, = # 0}.

We say that M is a torsion module if M = T'(M) and that M is torsion-free
if T'(M) = 0. (These definitions anticipate the more general definitions that
will be made in section 6.2.)

Here are the fundamental results for projective modules over a Dedekind
donrain.

B Theorem
Let O be a Dedekind domain and let M be a finitely generated O-module.
Then M is projective if and only if M is torsion-free (see ([BK: IRM] (6.3.4)).0

C Theorem
Let O be a Dedekind domain and let M be a finitely generated projective
O-module. Then
MEagu® --da,
for some fractional ideals ay,...,a, of O ([BK: IRM] (6.1.2)). O

The next result gives the criterion for two projective modules to be isomor-
phic ([BK: IRM] (6.1.6)).

D Steinitz’ Theorem
Let P 2 a1 @ --- @ a, be a projective module over a Dedekind domain ©.
Then

P=0"1ga . --aq,.

IfQ =5b,®-- @b, is also a projective O-module,- then the following
statements are equivalent.

(@) P=;
(i) r =15 and {a1---a,} = {by---b,} in Cl(O). O

The integer r is called the rank of P and the ideal class {a; - - - a,} is called
the ideal class of P. A projective module is said to be in standard form if
P=0"1ga

The next result is immediate from the observation that M/T(M) is torsion-
free.
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E Corollary
Let M be o finitely generated module over a Dedekind domain . Then

M=TM)e M/T(M)
with M /T(M) projective. @)

To complete the picture, we describe the structure of torsion modules over a
Dedekind domain O. A finitely generated torsion O-module M has annihilator

Amn(M)={z € O|mz =0 forallm e M},

which is a nonzero ideal of O. If Ann(M) = p™ for some nonzero prime ideal
p of O and natural number n, then M is said to be p-primary.

Since O is Noetherian, any set of submodules of a finitely generated module
M has maximal members, each of which is finitely generated ([BK: IRM],
(3.1.6)). However, the sum of any two p-primary submodules of M is again
p-primary, so that M has a unique maximal p-primary submodule, T},(M).
The submodule T, (M) is the p-primary component of M it is again finitely
generated. '

Then we have the following result ([BK: IRM] (6.3.15), (6.3.20)).

F The Primary Decomposition Theorem
Let M be o finitely generated torsion module over a Dedekind domain O.
Then:

(i) there is a direct sum decomposition

M= @p TP(M)a

where almost all (that is, all except a finite number) of the p-primary
components of M are zero;

(i) for each prime ideal p of O,
T,(M) = 0/pPD @ ... © O " ts)

with §(p,1) <--- < 6(p, £p) and £, > 0;

(iii) the collection of integers 6(p,1),...,6(p,£,), where p ranges over all the
nonzero prime ideals of O, is uniquely determined by M and in turn
determines M to within isomorphism. O
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2.8.21 Module categories over Dedekind domains

We can now give the promised direct sum decompositions of categories that
arise from the structure theory of modules over a Dedekind domain ©.

Since O is a Noetherian ring, any finitely generated (right) O-module M is
also Noetherian, and in particular, any ascending chain of submodules of M
has a maximal member, which is again finitely generated ([BK: IRM] (3.1.6)).
Thus the category Mo of finitely generated (right) O-modules is abelian
(2.3.6).

Let 7o be the full subcategory of Mo whose objects are all the finitely
generated torsion O-modules. Since the direct sum of two modules belonging
to 7o is again a module in Ty, we see that Tp is an additive subcategory of
Mo. As a submodule or quotient module of a module in 7y again belongs to
7o, the kernel and cokernel of a homomorphism in 7p is also in 7p, so that
To is an abelian category (2.3.5).

Write TFo for the category of finitely generated torsion-free (right) O-
modules. By (2.3.20 - B), TFp is the same as Pp, the category of finitely
generated projective O-modules.

Let M and N be finitely generated O-modules. Clearly, an O-module
homomorphism A : M — N induces a homomorphism T'()) : T(M) — T(N).
Thus we have a functor

T:M@————+To.

There is also a functor F' : Mo — Py, which sends M to M/T(M).
Now, any module M has a direct sum decomposition M = T(M) & M’ with
M' =2 M/T(M) projective, but there is no direct sum decomposition of the
category Mo in terms of Pp and 7o, essentially because there is no canonical
choice of M’ — see Exercise 2.3.4.

For each nonzero prime ideal p of O let 7, » denote the full subcategory of
7o given by the p-primary modules. Again, 7, ¢ is an abelian category, and
we have functors )

Tp:To — Th0

for each p.
By (2.3.20 - F), there is a direct sum decomposition of

To = @pEPrJ;”O
of the category 7o into its subcategories 7, o.
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2.3.22 The Embedding Theorems O

There are several results to the effect that an abstract additive or abelian
category can be viewed as embedded as a subcategory in a concrete abelian
category, such as As, or Mopp for some ring R.

If C is a small additive category, then C can be embedded contravariantly
as an additive subcategory in the functor category [C, As] by associating with
an object C' the morphism functor More(C, —) ([Mitchell 1965], IV (2.3)).
Since the opposite of an additive category is also additive, this result gives a
covariant embedding of C in the additive category [C°P, As].

This result applies also to abelian categories, and extends to show that a
small additive or abelian category can be embedded in As (ibid. IV (2.6)),
which result is sometimes known as the Lubkin-Heron-Freyd Representation
Theorem, although it is also attributed to Mitchell. (The discoverers of this
circle of results are generous with their attributions.)

In [Pareigis 1970] (4.14) Theorem 3, we find the more refined result that,
given a small abelian category C, there is a ring R and a covariant full faithful
functor (1.3.13) from C to the category Mopg. Anticipating the next section,
we remark that this functor is also ‘exact’ in that it preserves exact sequences.

The philosophical consequence of these results is that it suffices to verify
any sufficiently general statement about abelian categories in the category As;
this point of view is discussed in [Mitchell 1965], IV. However, it is usually
more natural to work directly in a given additive or abelian category.

2.3.23 Example: The Famous Five Lemma

This lemmat is one of a number of useful results which hold in an abstract
abelian category, but which are proved more readily by a ‘diagram chase’ in
a module category.

Suppose that we have a commuting diagram, with both rows exact, in an
additive category:

(25] Qo Q3 Qg
M{ —m™ My ——— Mz — My —— M;s

l Y1 j Y2 j BE] l Y4 J Vs
o} Ba B3 B

N — N Ng —— Ny —— N

1 Possibly so-named because it leads to the Smuggler’s Top Theorem, a truly marvellous
result which this footnote is unfortunately too small to contain ([Blyton 1950]).
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Then, by embedding the category in As, we may work with elements in the
various objects. For example:

Suppose that vo and 4 are epimorphisms, and that vs is a monomor-
phism. Then -y is also an epimorphism.

To prove this, let y3 € N3. Taking 24 € My with y4z4 = fsys € Ny, we
have :

Y504y = Buflzys = 0.
Thus z4 € Ker oy = Im o3, and so we can find z3 € M3 with aazrs = z4; then
ys — 73Z3 € Ker 3 = Im ff; = Im flays = Imysan.

So y3 € Im~ys as required.

With slightly less rigmarole, one can prove the dual statement for v to be
a monomorphism. In combination, these diagram chases yield the following
highly useful result.

If 1, 72, 74 and s are isomorphisms, then so also is 3.

Other, less widely used, diagram chase theorems to be found in the litera-
ture have such evocative names as the Snake Lemma, the Horseshoe Lemma,
the Windmill Lemma, the 3 x 3 Lemma, the Nine Lemma, etc.

FEzxercises

2.3.1  Show that the opposite category of an abelian category is also abelian.

232 Leta:L— Mandf: M — N be morphisms in an abelian category.
Show (for example, by (2.3.2)), that the following statements are
equivalent.

B 0—=L->M £, N — 0 is a short exact sequence;
(i) o is a monomorphism and A = Cok ¢;
(iii) B is an epimorphism and a = Ker §.
Recall that our example 0 — Q — R — 0 — 0 in H.4s shows that
(ii) need not imply (i) when the category is additive but not abelian.
2.3.3  Show that in an abelian category C any morphism a : L — M gives

[



2.3 ABELIAN CATEGORIES . 115

2.34

2.3.5

2.3.6

S

rise to a commuting diagram,‘éf the following kind.

5 T

0 » K S » T 0
X v

0 « N « M — I «—— 0

Here the horizontal sequences are both short exact, § is an isomor-
phism, and ¥ = Kera and x = Coka. Thus I = CokKera is the
image Im a of a.

Generalizing (2.1.2) from module categories to arbitrary abelian
categories, we say that a sequence

o ;
v Ag_q — . A; % Aip

in C is exzact ot A; if Kero; = Ima;..1, and ezact if it is exact at
each term A; in the sequence. Show that a short exact sequence (as
defined in (2.2.7)) is an exact five-term sequence which begins and
ends in the zero object 0 of C.

Suppose that an additive category C is the direct sum of its subcat-
egories C; and Cs, and that Py, P, are the projection functors as in
(2.3.17). Show that for any pair of objects M, N of C, there is an
isomorphism of abelian groups

Mor¢ (M, N) = More, (PLM, PLN) @ More, (P,M, P;N)

which is natural in each term M, N.
Show that, for any nonzero integer a,

Homy(Z,Z/aZ) = Z]aZ

and deduce that My is not the direct sum of Ty and 7 Fz — see
(2.3.21).
Let {Cx | A € A} be a set of categories, where the index set A may be
infinite. Show that if each C, is additive (or abelian), then the direct
product J], Cx (1.1.13) is again additive (or abelian).

Describe the projective objects in the direct product [, Cy and
direct sum €, C» — see (2.3.19).
Let C be an abelian category. Show that a pull-back in C can be
obtained as the kernel of a suitably defined morphism, and that a
push-out can be obtained as a cokernel.

Deduce that C contains the pull-back of any pull-back diagram of
objects and morphisms in C and likewise for push-outs.
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2.3.7

2.3.8

2.3.9

2.3.10
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Let C be a preadditive category. Show that if C contains all possible
pull-backs and push-outs of its objects and morphisms, then C is
abelian.
Here, for a ring T' and T-module homomorphism A, we denote by
Kerr A and Cokr A the kernel and cokernel of A in the category
Mobpp.

By the Embedding Theorems (2.3.22), given an abelian category
C, there is a ring S and embedding of C in Mopg such that for any
morphism A in C both Kerg A and Cokg A lie in C. Deduce that if
C is also embedded in Mooy for another ring R, then Kerp A =
Kerg A and Cokpr A = Cokg A as abelian groups, and hence Kerg A
and Cokp A lie in C (at least to within a canonical isomorphism). This
proves the converse to (2.3.5).

Let C be a full subcategory of Moog containing the zero module.
Show that the following are equivalent.

(a) C is abelian.
(b) For any short exact sequence of right R-modules

0 — % P g

both the following hold:

(i) if M € C, then both M’ and M" are in C,
and

(ii) when the sequence is split, if M’ and M" are in C, then
MecC.

Extensions depend on the category

Generalizing (2.3.5), we may define an abelian subcategory C of an
abelian category A to be an additive subcategory with the further
property that for any morphism ~: C —. D in C, then the kernel and
cokernel of «y in A are (isomorphic to) objects in C. More precisely,
if (K,&) is a kernel for v in A4, then there is an object K’ in C, a
morphism ' : K’ — C in C and an isomorphism 6 : K — K’ (in A)
such that k = «/0, and similarly for cokernels.

Verify that an abelian subcategory is indeed abelian.

By the discussion in (2.3.7), for any ring R, the category of Artinian
semisimple modules ASSp is abelian. Verify that ASSy is an abelian
subcategory of Mobg.

Now suppose that L, N lie in ASSp. By the Artinian Splitting




2.3 ABELIAN CATEGORIES 117

2.3.11

Theorem ([BK: IRM] (4.1.17)), any short exact sequence

0——1L M N 0

with term M in ASSp must be split. However, this need not be so
when L and N are viewed as modules in Moo and M can lie outside
ASSg.

For an explicit example, take R = Kle], the ring of dual numbers
over a field K. (This is the polynomial ring whose indeterminate €
has €2 = 0.)

Show that the Jacobson radical of R is rad(R) = eK[e] and that
ASSp = Mg, with € acting as 0 on K-spaces (see (2.3.9)(iv)). Now
consider the exact sequence of R-modules

0 K Kle] K 0.

Let A be an object of an additive category C. Write 0; : A — AD A,
m; : A® A — A for the usual monomorphisms and epimorphisms,
j = 1,2. Then the diagonal map Das : A — A® A is defined by
universality to be the unique morphism with m;A4 = ida, j = 1,2.
Dually, the codiagonal map V4 : A® A — A is defined to be the
unique map such that Va0, =idga, j=1,2.

Show that, when C is abelian, A4 : A — A ® A is the kernel of
my—~7g : ADA — A, while Vo : A A — A is the cokernel of
o1—09: 4A— A® A.

Confirm also that these definitions extend those given for modules
in Exercise 2.1.7.

Show too that, for morphisms ¢: A—Cand f§: B—DinC,

adpf:ApB——Cad D,
as defined in (2.2.16), is the unique morphism such that
(a®B)oa =o0ca and (a® f)op = opp.

Further, when A= B and C =D, o+ : A — C is uniquely defined
by

a+B=Vc(a®p)Aa.
[Pareigis 1970] 4.1 develops this line of argument to give an alter-
native treatment of additive categories.

Finally, prove the converse of (2.2.20): if F : C — D is a func-
tor between additive categories, which preserves finite direct sums of
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objects, together with the corresponding monomorphisms and epi-
morphisms, then F' is additive.
2.3.12 The Three Lemma
Extend the Three Lemma ([BK: IRM] Exercise 2.4.1) from modules
to an arbitrary abelian category A: f @ : L - M and f: M — N
are any morphisms in .4, there is an induced exact sequence

0 — Ker a — Ker fa — Ker # — Cok a — Cok Ba — Cok 8 — 0.

2.3.13 The Snake Lemma
Extend the Snake Lemma ([BK: IRM] Exercise 2.4.2) from modules
to an arbitrary abelian category A: given a commuting diagram of
objects and morphisms in A with both rows exact

!

0 — M #,]\/_f a M' — 0

0 - N ——ns N —— N' — 0

construct a connecting morphism 6§ : Ker o — Cok o/ which fits into
an exact sequence

0 — Kere —-— Kera —— Kera”

e Coko/ ———— Cokax —s Coka’ — 0

‘

2.4 EXACT CATEGORIES

We now introduce a structure that plays a fundamental role in K-theory,
namely, that of an exact category. This is an additive category C together
with a specified class of ‘admissible’ exact sequences chosen from the class
of all short exact sequences in C. The definitions, and properties, of the K-
groups Ko(C), K1(C),... depend not only on the category C but also on the
class Ex(C). To illustrate this phenomenon, we discuss a few basic properties
of the Grothendieck group Ko(C). We state the properties required of Ex(C) in
two parts, one ‘elementary’, the other ‘advanced’. The elementary properties

[ RN
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suffice for many purposes, in particular, the construction of the Grothendieck
group. The more refined advanced properties are designed to ensure that
Quillen’s @Q-construction can be carried out, as needed for a definition of
higher K-theory. We do not, discuss Quillen’s construction in this text.

Several authors have formulated definitions of a ‘category with admissible
exact sequences’, sometimes from the point of view of homological algebra,
sometimes from that of K-theory. [Mac Lane 1975], Ch. XII §4, introduces
proper classes of exact sequences in an abelian category. Such a class satisfies
conditions GE1-3 of (2,4.1) together with QE1, QE1°P, QE2 and QE2°P of
(2.4.10). Other variations can be found in [Buchsbaum 1959], [Buchsbaum
1960] and [Heller 1965]. The definition of a ‘K-theoretic’ exact category that
we adopt here appears in [Quillen 1973].

To aid the exposition, we use the term ‘G-exact’ for a category which satis-
fies the elementary conditions that allow the construction of the Grothendieck
group, and ‘Q-exact’ for a category satisfying Quillen’s conditions. The rea-
son for these neologisms is that the term ‘exact category’ is already used in
category theory with a different meaning ([Mitchell 1965], p. 18), and we feel
it useful to preserve a distinction in an expository text. On the other hand,
some authors of papers on K-theory use ‘exact’ to mean ‘Q-exact’ as in this
text.

As usual, we discuss right categories only; it is clear that everything works
also for left categories.

2.4.1 G-ezxact categories
A G-ezact category is a pair (C,Ex(C)) consisting of an additive category C
together with a specified class Ex(C) of short exact sequences

0 M M M" + 0

all of whose terms M', M and M" are in C. The class Ex(C) must satisfy the
following requirements.

GEL. Every split exact sequence in C belongs to Ex(C). -
GE2. Ex(C) is closed under isomorphism: if we have a commutative diagram
of short exact sequences
!

u

0O — M — M — M' — 0

0--—-——+N’-———->N—-—V—>N”—————>O
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in which all the vertical arrows are isomorphisms in C and the top
sequence is in Ex(C), then so also is the bottom sequence.
GE3. Ex(C) is closed under direct sums: if

0 M > M M" 0

and

0 N’ N N" 0
are in Ex(C), so also is
00— M &N — M&N — M"@N" —— 0.

The admissible ezact sequences in (C,Ex(C)) are the short exact sequences
belonging to Ex(C). An admissible monomorphismin (C,Ex(C)) is a monomor-
phism @ : M’ — M in C that occurs in some short exact sequence belonging to
Ex(C), and an admissible epimorphism in (C, Ex(C)) is similarly one occurring
in an admissible short exact sequence. Thus any admissible monomorphism
has a cokernel, which must be an admissible epimorphism, and dually.

In many contexts where there is a standard choice for the class Ex(C), a
G-exact category (C,Ex(C)) is referred to simply as C.

2.4.2 Split and repletely G-exact categories

Given an additive category C, there are two extreme choices of Ex(C) that
make (C,Ex(C)) into a G-exact category. .

On the one hand, we can take Ex(C) to be the class of all short exact
sequences in C. In this case, we say that C is a repletely G-ezact category.
As we frequently wish to consider an additive category C to be a repletely
G-exact category, we use the same symbol for both and omit Ex(C) from the
notation. ‘

At the other extreme, we can take Ex(C) to be the class of all split short
exact sequences with terms in C. By condition GEl, this is the smallest
possible choice for Ex(C), and a series of routine verifications establishes that
axioms GE2 and GE3 hold. In this case, we say that the category is split
G-ezact and we use the notation C® to indicate that we view C as a G-exact
category in this way.

In some categories, notably the categories Pr and Fg, these extremal
choices coincide, since any short exact sequence in them must be 31:;1'1’5.

‘We note next that many familiar module categories are G-exact.
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2.4.3 Theorem
For any ring R, the following are repletely G-ezact categories of right R-
modules.

(i) Monp itself. T
(i) Pg, the category of finitely generated projective modules.
(i) Fg, the category of free modules of finite rank.
(iv) A=rrp, the category of Artinian modules.
(v) Noerupg, the category of Noetherian modules.
(vi) Mg, the category of finitely generated modules.

(vil) ASSRg, the category of Artinian semisimple modules.
The categories Pr, Fr and ASSgp are also split G-ezact.

Proof

By (2.2.14), Pr, Fr and Mpg are additive categories, and by (2.3.8),
Nosrag, Arrp and ASSg are also additive (in fact, abelian). Assertions
(i) to (vii) follow by trivial verifications.

The definition of a projective module shows that any short exact sequence

in Pgr, and hence in Fg, must be split, while any short exact sequence in
ASSp, is split by the Artinian Splitting Theorem ([BK: IRM] (4.1.17)). O

2.4.4 Relative exact categories

We next give some illustrations of more subtle choices for C or Ex(C).

Suppose that S is a subring of R. One can then define a G-exact category
Mepg,s, the S-relative category, to be the additive category Mg, but with
Ex(Mpg,s) consisting of all those short exact sequences in Mp that are split
when regarded as short exact sequences of S-modules. For examples, see
Exercise 2.4.5.

Similarly, it is sometimes useful to consider the full subcategory D of Mpg
whose objects are projective as S-modules; then all short exact sequences in
D are split over S.

The common generalization of both these examples is given by an additive
subcategory C of an additive category A (Mg in the preceding examples),
with Ex(C) comprising all those short exact sequences in C that are split in

A.

2.4.5 On terminology

The term ‘semisimple category’ is sometimes used by K-theorists instead of
‘split exact category’. However, we feel that ‘split’ is more descriptive, since
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the use of ‘semisimple’ suggests that results about semisimple modules ought
to hold in the category. However, there are many results, such as the Artinian
Splitting Theorem ([BK: IRM] (4.1.17)), which hold in- ASSg but do not
necessarily hold in a split exact category such as Pg.

2.4.6 Ezact functors

Let (C,Ex(C)) and (D,Ex(D)) be G-exact categories. An ezact functor from
(C,Ex(C)) to (D,Ex(D)) is a functor F' : C — D-which satisfies the following
conditions.

EFunl. F is an additive functor.
EFun2. If

E S VL VL VU

is a short exact sequence belonging to Ex(C), then

F F
FE 00— P -2 e P g 0

must belong to Ex(D).

Notice that requirement EFun?2 is, in effect, two conditions -~ firstly, FE
must be a short exact sequence in D, and then it must also belong to the
distinguished class Ex(D). In the literature, (C,Ex(C)) and (D,Ex(D)) are
commonly both repletely G-exact. One then speaks of F' simply -as being an
exact functor from C to D.

2.4.7 Examples

Suppose that C and D are G-exact categories and that both have the same
underlying additive category B. Then the identity functor on B will induce an
exact functor from (C, Ex(C)) to (D, Ex(D)) if and only if Ex(C) is a subclass
of Ex(D). In particular, the identity functor fails to be an exact functor from
Mp to ME (unless R is Artinian semisimplé — see (2.3.9) and (2.4.3)).
Conversely, an exact functor between G-exact categories need not preserve
all short exact sequences; examples are given by the homomorphism: functors
Hom(L,—) on Moo with L not projective (2.1.8). However, any additive
functor preserves split exact sequences (2.2.20) and so will act as an exact
functor on a split G-exact category. We record this fact for reference.

fl
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2.4.8 Proposition »

Suppose that C is a split G-ezact category and that D is a G-ezact category.
Then any additive functor from C to D is exact. |

The above result shows that, when C is split G-exact, condition EFunl
implies EFun2. More surprisingly, when C and D are abelian, EFun2 always
implies EFunl, as can be seen from Exercise 2.3.11.

2.4.9 The Grbtf)endieck group

‘We now trespass into K-theory to give the construction of the Grothendieck
group of a G-exact category. This will at least serve to motivate our definition
of a G-exact category.

Let (C,Ex(C)) be a G-exact category, and assume that C is small, or that
C has a small skeleton (1.3.15). For an object C of C, let (C) denote the
isomorphism class of C, so that (C) = (C’) precisely when C = C'. Then the
isomorphism classes of objects of C constitute a set Is(C), and we can form
the free abelian group Fr(C) on Is(C). Let Rel(C) be the subgroup of Fr(C)
generated by all expressions of the form

(C)—(C) —(C"),
one for each short exact sequence

0 c’ c c” 0

belonging to Ex(C).

The Grothendieck group Ko(C,Ex(C)) of (C,Ex(C)) is the quotient group
Fr(C)/Rel(C). It is usual to omit to mention the class of exact sequences and
write simply Ko(C).

Clearly, Ko(C) is an abelian group because Fr(C) is. The image of (C) in
Ko(C) is denoted [C]. By construction, a short exact sequence as above gives
the equality

[C]=[CT+[C"] in Ko(C)-

It is evident that an exact functor F': C — D between G-exact categories
gives a homomorphism

Ko(F) : Ko(C) — Ko(D)

of abelian groups.
The Grothendieck group Ky was introduced by A. Grothendieck in 1957 in
letters to J.-P. Serre that formed the basis of [Borel & Serre 1958]. It was
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initially applied (in the notation K (X)) to the category of-coherent sheaves on
an algebraic variety X and to the category of vector-bundles over a topological
space X. Grothendieck chose the symbol K (for the German ‘Klasse’) to avoid
C(X), already in use as the ring of functions on X. For further history, see
[Bak 1987].

Although we do not give any computations of Grothendieck groups in this
text, we can give a plausibility argument to illustrate how the choice of the
class Ex(C) influences Ko(C).

Consider the category F.As of finite abelian groups, which is Arrgz in dis-
guise. The Primary Decomposition Theorem (2:3.20 — F) shows that the
irreducible modules in F.As are the cyclic groups Z/pZ of prime order p.
Since any finite abelian group A has a composition series with factors of the
form Z/pZ for various primes p, the symbol [4] in Ko(F.As) can be written
as a sum of symbols [Z/pZ], and it can be shown that Ko(F.As) is the free
abelian group on the set

{z/vZ} | p prime}.

However, if we work in the Grothendieck group Ko(F.A5®) of the G-exact
category F.As®, in which only split exact sequences are permitted, then the
symbol [A] can be reduced to symbols corresponding to indecomposable finite
abelian groups, which have the form Z/p*Z for p prime, % > 1, but no further
reduction is possible. As might be anticipated, Ko(F.A5®) is the free abelian
group on the set ’

{{2/p*Z] | p prime, k > 1}.-
Granted these computations, we can see that the identity functor on the

additive category F.As induces an exact functor I from the split G-exact
category FAs® to the repletely G-exact category F.As, but that

Ko(I) : Ko(FAs®) s Ko(F.As)
is not injective, since

Ko(I)([Z/p"Z]) = k[Z/pZ] = Ko(T)([(2/pL)*)).

2.4.10 Q-exact categories

In a fundamental paper, [Quillen 1973}, Quillen has shown how to construct
higher dimensional analogues, K;(C), K3(C),..., of the Grothendieck group
of a suitably defined exact category. Although we cannot give any indication
of Quillen’s construction in this text (see [Rosenberg 1996] pp. 289-297 for a
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quick introduction), this is a convenient place to list the additional conditions
on the class Ex(C) that are required by Quillen’s theory. We take our definition
directly from [Quillen 1973, §2.

A Q-ezact category is a G-exact category (C,Ex(C)) in which the class Ex(C)
of admissible exact sequences satisfies the following requirements in addition
to GE1-3. Recall that a monomorphism or epimorphism in C is admissible if
it occurs in a short exact sequence that belongs to Ex(C).

QEL. Ex(C) is closed under composition of admissible epimorphisms : if

A\ o —2 w2 o

and

0 N’ i M i » N 0

are in Ex(C), so is the short exact sequence

! R &6 "
0—— M Xppn N M N 0.

QE1°P. Ex(C) is closed under composition of admissible monomorphisms : if

0 M P 0

and

6
0 M 7 N » N” + 0

are in Ex(C), so is the short exact sequence

0 M’ i + N M'@®y N —
| M 0.

QE2. Suppose that the short exact sequence

E 0 — o — P g

is in Ex(C) and that § : L” — M" is a morphism in C. Then the
pull-back exact sequence (cf. Exercise 1.4.11 and [BK: IRM] (2.4.10))

7 A

FE 0 M » M xpen L' » L' 0

also belongs to Ex(C). (That is, Ex(C) is closed under base change.)
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QE2°P. Suppose that the short exact sequence

A
E 0 » M’ a + M » M » 0

is in Ex(C) and that ¢ : M’ — N’ is a morphism. in C. Then the
push-out exact sequence

6E 00— N —2 Ny M b w0

also belongs to Ex(C). (That is, Ex(C) is closed under cobase change.)

QE3. Suppose that the morphism 8 : M — M” in C has a kernel in C,

and that there is a morphism ¢ : L — M such that Bp : L —
M" is an admissible epimorphism. Then f-is. already an admissible
epimorphism.

QE3°P. Suppose that the morphism o : M* — M in C has a cokernel in C,

and that there is a morphism % : M — N such that Yo : M' - N
is an admissible monomorphism. Then « is already an admissible
monomorphism.

2.4.11 Comments on the azioms

(¥

(if)

Pull-backs and push-outs in an abstract category are defined by their
universal properties, which are given for modules-in ([BK: IRM] Propo-
sition 2.4.9), and in Exercises 1.4.10 and 1.4.11 for categories in general.
The definitions of the pull-back sequence §*E and the push-out sequence
¢.E follow those given for modules in Exercise 2.1.7.

In the statement of the axioms, we take for granted the fact that various
constructions on short exact sequences yield short exact sequences. This
is easily verified in a module category. In an abstract category, the verifi-
cation can be made by using universal properties, or, more conveniently,
by invoking the Embedding Theorems (2.3.22).

Since the underlying category C is assumed to be additive, rather than
abelian, part of the requirement imposed by the axioms is that the various
pull-backs and push-outs are objects in C (note Exercises 2.3.6 and 2.3.7).
It is not difficult to show that these conditions make the ‘elementary’
condition GE3 redundant — see Exercise 2.4.4. The fact that the Q-
conditions are stronger than the G-conditions is illustrated in Exercise
2.4.11.

We call a Q-exact category (C,Ex(C)) repletely Q-evact when Ex(C) com-
prises all short exact sequences in C, and split Q-ezact when Ex(C) consists
only of the split exact sequences in C.
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Although the conditions for a Q-exact category appear formidable, they are
usually fairly easy to check ini any given instance. For example, the checking
of the claims in the following lemma is straightforward.

2.4.12 Lemma

(a) Any split G-ezact category is Q-ezact.
(b) Let C be an abelian category and let Ex(C) be the class of all short ezact
sequences of C. Then the repletely G-ezact category (C,Ex(C)) is Q-ezact.

O

Because of (b) above, we use the term repletely ezact abelian to describe a
repletely G-exact category (C,Ex(C)) with C abelian.

2.4.13 Ezact subcategories

To see when a subcategory of a @-exact category is also (J-exact, we need a
preliminary definition. Let (A, Ex(.A)) be a Q-exact category. Then (C, Ex(C))
is a sub-Q-ezact category of (A, Ex(A)) if the following conditions are satisfied.

SubQ1. Cis a full additive subcategory of A with the property that whenever
0 A A A" + 0,

is a short exact sequence in A such that A’ and A” are isomorphic
to objects of C, then A is also isomorphic to an object of C.

SubQ2. Ex(C) is the class of all short exact sequences in Ex(.A) whose terms
belong to C.

Condition SubQ1 is often rephrased as: C is closed under eztensions, or ez-
tension closed. Condition SubQ2 implies that the inclusion functor from C to
A is exact.

In practice, it is usually obvious from the nature of C that the first condition
is satisfied, while the canonical choice of Ex(C) is that suggested by the second
condition. Thus the following theorem gives a widely applicable condition for
Q-exactness. The proof is by routine verification of the axioms.

2.4.14 Theorem
Any sub-Q-exact category of a Q-ezact category is again Q-ezact. (|

2.4.15 Corollary
Any sub-Q-ezact category of a repletely exact abelian category is QQ-ezact.
O
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[Quillen 1973], §2, observes that the above corollary has a converse: if a
Q-exact category (C,Ex(C)) is (skeletally) small, then there exists a repletely
exact abelian category in which (C, Ex(C)) is sub-Q-exact. This is shown by
mimicking the proofs of the earlier embedding theorems for additive cate-
gories, which were outlined in (2.3.22). The corollary and its converse enable
us to define a Q-exact category as a sub-Q-exact category of a repletely exact
abelian category. The new definition has the advantage that its axioms are
relatively simple.

Observe that a subcategory C of a Q-exact category A may be Q-exact
without being a sub-Q-exact category of .A. For example, the category ASSg
of Artinian semisimple modules over a ring R is an abelian category, and
Q-exact; it is in fact both split and repletely exact. The inclusion functor
from ASSg to Mp is exact, but ASSp is not a sub-Q-exact category of Mg,
unless R is Artinian semisimple (which makes Condition SubQ1 hold.)

The reader may wish to verify the accuracy of the following listing of Q-
exact categories. Here, (J-exactness follows immediately from the corollary
above.

2.4.16 Theorem

For any ring R, Mobpg is a repletely ezact abelian category, and the fol-
lowing are (repletely) sub-Q-ezact categories and therefore Q-ezact.

(i) Pr, the category of finitely generated projective modules.
(i) Fr, the category of free modules of finite rank.
(i) Arrg, the category of Artinian modules.
(iv) Noerug, the category of Noetherian modules.
(v) Mg, the category of finitely generated modules.
(vi) Moor, for any extension ring T of R. |

FEzxercises

Note. These exercises refer (mostly) to G-exact categories. The enthusiastic
reader may wish to extend them to Q-exact categories where appropriate.

24.1  Let C be a G-exact category. Show that C°P is also a G-exact category.
2.4.2 Let C and D be G-exact categories. Show that there are canonical
ways to make C X D and Mo=rC into G-exact categories.
Prove that C x D is split or repletely G-exact if and only if both C
and D are split or repletely G-exact respectively.
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24.3

244

Generalize these statements for arbitrary finite direct products of
G-exact categories, and for infinite direct sums of categories as in
(2.3.19). :

Let K be a field. Show that Mor(Mc) is not split G-exact, even
though My is.

Let C be a G-exact category, and let N; — N; be an isomorphism in

C. Show that if

0 > M’ M » M 0
is a short exact sequence in Ex(C), then the short exact sequences
0— M ®N; —— M& Ny — M" —— 0
and y
0—— M —— MaN, — M"&® Ny —— 0
are also in Ex(C).

Show that axioms QE1 and QE2 together imply axiom GE3, as fol-
lows. Take short exact sequences

(1) 0—— M —— M ——s M —— 0
and _
@) 0 N s N — 2 N" —— 0

in Ex(C), construct firstly the pull-back of (1) by the admissible epi-
morphism

(id,0) : M" & N" —— M",
and then the pull-back of the resulting sequence by the admissible
epimorphism
ideov: M &N — M"®N"
to obtain a short exact sequence in Ex(C)-

3) 0 M ——s W — s " @ N —— 0,

Show that 6 = (id® v)w : W — M"” & N" is admissible, and that the
corresponding short exact. sequence

0
0 » L + W »M"@N" —— 0

is isomorphic to the direct sum of (1) and (2).
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Let O be a commutative domain. A ring R is said to be an O-order
if there is an injective ring homomorphism from (7 into the centre
Z(R) of R, and if, as both a left and right (-module, R is finitely
generated over O and torsion-free. The ring @ is called the coefficient
ring. If the coefficient ring can be taken as granted, we often refer to
R simply as an order.

Given an O-order R, let Toro g, To,r and 7Fp r denote the
full subcategories of Mopg whose objects are respectively the O-
torsion, finitely generated O-torsion and finitely generated O-torsion-
free modules. '

Show that all these categories are repletely G-exact categories. In
each case, show how to form an O-relative exact category by taking
as short exact sequences those which are O-split.

Let F,G : C — D be two functors between G-exact categories. Show
that F' and G are both exact if and only if F® G : C — D is exact,
and that .

Ko(F @ G) = KO(F) -+ KO(G) : Ko(C) — KO(D)
Let C and D be G-exact categories. Show that
Ko(c x D) &= KO(C) D Ko(D)

Generalize this result to an arbitrary finite direct product of cate-
gories, and to infinite direct sums of categories (2.3.19).
Categories with cofibrations: axioms '

In [Waldhausen 1985], Quillen’s conditions QE1-QE3 (2.4.10) on
the admissible exact sequences of a Q-exact category are replaced by
weaker requirements which still suffice for the construction of (higher)
K-theory, with the advantage that a wider range-of categories can be
used. This and the subsequent exercises outline the definitions and
some initial calculations.

Let C be a category with zero object 0. The notion of an admissible
monomorphism is replaced by that of a cofibration (which need not
in fact be a monomorphism), and the counterpart of an admissible
exact sequence is a cofibration sequence

MI @ N M ﬁ N MII

in which & is a cofibration and (3", f) is a cokernel of & (as defined
in (1.4.15)).
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- The cofibrations are, by defihition, the morphisms of a subcate-
gory coC of C which has the same objects as C and is subject to the
following three axioms.

Cofl. Every isomorphism of C.is in coC.

Cof2. Every morphism 0 — C in C belongs to coC.

Cof3. Cofibrations are closed under cobase change, meaning that, for
any cofibration M* — M and any morphism ¢ : M’ — N in
C, the bottom row of the-push-out diagram

a
M— M

N —2  NeyM

is also in coC. (This implies that- N @y M is an object of C.)

With these axioms, the pair (C,coC) is then called a category with
cofibrations.

(a) Show that the push-out 0 @ M of a cofibration o : M’ —
M and the zero morphism 0 : M’ — 0 is (isomorphic to) the
cokernel Cok a of @ Thus, by Cof3, every cofibration is part of
a cofibration sequence

1 @ N
M M Cok a.

The canonical morphism M — Cok « is known as a quotient map.
(b) Show that cofibration sequences are closed under cobase change,
meaning that, for any cofibration sequence

MI & _M ﬂ N MII

and any morphism.¢ : M’ -+ N in C, there is a push-out diagram

M Mo L

T

N ———— N@y M ——— Coka

in which the lower row is also a cefibration sequence and the
morphism from M" to Cok@ is an-isomorphism. (Compare with
Axiom QE2°P, (2.4.10).)




132

2.4.9

CATEGORIES AND EXACT SEQENCES

(¢) Show that, by taking the admissible monomorphisms to be the
cofibrations, any Q-exact category may be considered to be a
category with cofibrations.

Categories with cofibrations: constructions-

Let C be a category with cofibrations. For each natural number n,
define F,C to be the category for which an object is .a- sequence of
cofibrations

My—— My — -+ —— M,

in C, and for which a morphism is a natural transformation of such
diagrams. One can also form a category F,7C equivalent to F,C by
taking for an object, in addition to the above data, a quotient map for
each cofibration M; — M;, 0 <4 < j < m. The following assertions
generalize readily to n > 1.

(a) Show that F;C is a category with coﬁbratibns, where acofibration
from o : M' — M to §: N' — N in co F;C is, by definition, any
pair =, 6 of morphisms in C for which

(i) there is a commutative square

(¢
M M

-, T

N ———s N
(ii) both « and the induced morphism N’ @y M — N are cofi-
brations in C.

Deduce that § is a cofibration.
(b) Show that an object of F;C is a cofibration sequence

MI o N M ﬂ N MII

in which M" is a specified cokernel of a.-

Use (a) and the equivalence }'1'" C — FiC to regard f‘f_C as a category
with cofibrations. Show that the three funetors

s,t,q: FfC——C
which map a cofibration sequence to its respective terms

M/ , M, MII




2.4 EXACT CATEGORIES 133

are

ezact in the sense that they preserve zero objects, cofibrations

and push-out diagrams.
2.4.10 'Waldhausen categories

(a)

(b)

A Waldhausen category or category of weak equivalences is a cat-
egory with cofibrations C, together with a specified subcategory
WC. The morphisms in WC are the weak equivalences. The fol-
lowing axioms hold.

Weql. Every isomorphism of C is a morphism of WC.
Weqg2. Glueing Axiom. For any commutative diagram in C

M e— M

N N
Vl' M1 + ]VI]_@M/M
v o
N N

F R —— Ny N

in which each horizontal morphism is a cofibration and the
three left-most vertical morphisms are weak equivalences,
the fourth vertical morphism is also a weak equivalence.

Deduce that if

M M M"
NI N N N//

is a map of cofibration sequences in which v and § are weak
equivalences, then € is also a weak equivalence.

Define the Grothendieck group Ko(C) (which, strictly speaking,
should be written Ky(C,coC, WC)) of the Waldhausen category
C to be the abelian group generated by an element [M] for each
object M of C and subject to a relation

[M] = [M'] + [M"]
for each cofibration sequence

w2y P M,
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and a further relation
[M] = [N]
for each weak equivalence M — N in C.

Show that when C is a Q-exact category considered as a cate-
gory with cofibrations, and with weak equivalences chosen to be the
isomorphisms of C, then the group just defined coincides with the
Grothendieck group of C as defined previously (2.4.9).

Q-exact is strictly stronger than G-exact

Let C be the full subcategory of As whose objects are the finite
abelian 2-groups. To choose Ex(C) such that (C,Ex(C)) is a G-exact
category, let Ex(C) consist of all direct sums (as in GE3) of short exact
sequences that are either split or have cyclic middle term. Thus, for
example, the sequence

0 — Z/2Z & Z/2Z —— 7/92.& 7/8 —— 7,/47, — 0,

o:(a,b) — (a,4b) 7T:(c,d)—d

(using representative integers to indicate residues) is admissible, while

0— 22— zprenmEn Z/4Z — 0,

a:z— (z,2z) B:(y,z) —2y—2z

is not. Show that (C,Ex(C)) is not a Q-exact category, because it
falls foul, for example, of QE3.

Let ¢ : Z/2Z — Z[4Z, a — 2a. Show that Z/2Z & Z/8Z is
isomorphic to the push-out of Z/4Z and Z/8Z over Z /27 with respect
to ¢, 0.

Deduce that (C,Ex(C)) also violates QE2°P. Thus, the admissible
monomorphisms of Ex(C) fail even to' make C a category with cofi-
brations.




3 .
CHANGE OF RINGS

In this chapter, we introduce a family of constructions that show off the
functorial approach to great advantage. The common theme is that they allow
us to pass from a category of modules over one ring to a category of modules
over another ring. These constructions are based on the tensor product, which
we introduce in the first section. Given a ring R, a right R-module M and a
left R-module N, their tensor product M ®z N is an abelian group that has
a certain universal property. If also M or N is a bimodule, then M ®r N
inherits a module structure. Thus, by holding one of M and N fixed and
varying the other, we obtain functors between module categories.

An important matter is whether or not these functors are exact; this leads
to the concept of a flat module, which always gives an exact functor. Some
fundamental examples and properties of flat modules are given in section 2.

One way of changing rings is by means of a ring homomorphism from one
ring to another. Classically, such homomorphisms are inclusions and the
functors are extension and restriction of scalars. In the third section, we look
at these functors for a ring homomorphism in general.

3.1 THE TENSOR PRODUCT

The tensor product is a fundamental tool for constructing functors between
various categories of modules. In this section, we give the definition and basic
properties of the tensor product M ®g N of a right R-module M and a left .
R-module N, where R is an arbitrary ring. We then establish the functorial
properties of the tensor product, which can be viewed variously as a functor
of the second term N, with M being kept fixed, or of the first term M, with
N kept fixed, or as a bifunctor. We discuss how the tensor product behaves
on various module categories, and we investigate the adjointness between the
tensor product and the Hom functor.

135
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Finally, we show that the category of modules over a generalized triangular
matrix ring can be realized as a morphism category.

3.1.1 The definition

Let R be an arbitrary ring, let Mg be a right R-module and let gV be a left
R-module. ‘

A biadditive R-balanced map on the pair M, N is a function § from the
cartesian product M x N to some abelian group A, with the following prop-
erties:

B(m +m',n) = B(m,n) + B(m',n),

B(m,n +n') = B(m,n) + f(m,n’)
and
IB(mTa ’I’L) = ﬂ(mi ’l"’n)

for all m,m' in M, n,n' in N and r in R.

The tensor product M ®pr N is defined to be the universal object with
respect to such maps (see (1.4.2)). This means that M ®p N is an abelian
group and that there is a biadditive R-balanced map

T:MXN-—-s M®rpN
with the property that, given any £ as above, there is a unique homomorphism
a: Mg N —— A

with ar = 8.

For a category-theoretic description, consider the category whose objects
are the biadditive R-balanced maps 8 : M x N — A on the pair M, N, a
morphism from §: M x N — Ato ' : M x N — A’ being a homomorphism
of abelian groups ¢ : A — A’ withaf =f'. Thent: M x N - M ®z N is
the initial object in this category. The associated diagram is

MxN —— ' M®&gN
A

Such a definition does not guarantee the existence of the required universal
object, which we now establish.
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8.1.2 The construction N

Tq see that the tensor product exists, start with the free abelian group M#N
generated by the cartesian product M x N; elements of M# N can be uniquely
expressed as sums of the form

z1(my,n1) + -+ + zg(mg, ng),

where 2; € Z, m; € M, n; € N fori=1,...,k, and k > 0 (the vacuous sum
with k = 0 is to be read as 0).

Next, let B(M, N) be the subgroup of M#N which is generated by all
expressions of the form

(m+m/,n) — (m,n) — (m',n),
(’ITL,TL + ’I’I,,) - (m7n) - ('m’:nl)7
and
(mr,n) — (m,rn),
with m,m’ in M, n,n’ in N and r in R.
We write
M®gr N = (M#N)/B(M,N),
and put 7(m,n) = m®n, where 7 : M x N — M Qg N is the canonical
homomorphism. (Where it is felt safe to do so, we occasionally write M Q N,
omitting the ring R.)
A typical element of the tensor product is then a sum of the form
21(m1 ® nl) +--+ zk(mk ® nk),
and the identities

(m+m)@n=me®n+m ®n,

m®n+n)=men+men/,

and

mren=mern

hold among the generators of M ®pr V.

Thus 7 is biadditive R-balanced as desired. It is straightforward to check
that 7 is universal among such maps in the sense described previously and
thus that M ®p N is the tensor product.

Although applied mathematicians and physicists have long computed with
tensors, the formal definition of the tensor product is comparatively recent.
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It was given for abelian groups in [Whitney 1938], and subsequently for arbi-
trary rings and modules in [Bourbaki 1948]. It should be remarked that the
tensor product is not in fact a product or coproduct as defined in (1.4.11) and
(1.4.12), but a ‘coend’. For a definition of this term and a category-theoretic
analysis of the tensor product, see [Mac Lane 1971] p. 222.

3.1.8 Bimodule structures

Commonly, M ®g N is rather more than just an abelian group. For example,
when N is an R-S-bimodule, then M ® g N becomes an S-module via

(m®n)s=m®ns fo- me M, neN and s S.

To verify this assertion, note that M#N can be made into a right S-module
by setting (m, n)s = (m,ns). Then B(M, N) is an S-submodule of M#N and
so the quotient abelian group M ®g N inherits a right S-module structure as
indicated.

This method of constructing actions or mappings on M ®z N can be de-
scribed informally as specifying what happens to elements of the form m ® n
and then extending the effect to linear combinations of such elements ‘by lin-
earity’. Properly speaking, the action or mapping must first be defined on
the generators of M#N, and then it must be verified that B(M, N ) is invari-
ant, so that there is a corresponding induced action or mapping on M ®g N.
However, such verifications are usually trivial.

If M is a T-R-bimodule for some ring T', then M ®g N is a left T-module,
and if M is a T-R-bimodule and N an R-S-bimodule, then M ®xz N is a
T-S-bimodule.

Our first computation is the following result, wherein R is viewed as an
R-R-bimodule.

3.1.4 Proposition :
Let Mg be a right R-module and let g N be a left R-module. Then
(i) M ®r R= M as right R-modules
and
(i) R®r N 2 N as left R-modules.

Proof .
) Define homomorphisms 7 : M g R — M and A : M — M Qg R,
by m®r — mr and m + m ® 1 respectively. Since m®r = mr ® 1 (and
ml=m), n and A are mutually inverse R-module homomorphisms.

(i) Similar. r
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The next fact can be interpreted as sz\a,ying that the tensor product is asso-

ciative)
~

3.1.5 Proposition
Let R and S be rings and let Lr, Mg and sN be modules as indicated.
Themn there is an isomorphism

(L®rM)®s N = L®g (M ®sN).

Proof

The expected isomorphism is that under which (¢ ® m) ® n corresponds
to £® (m ® n). We must check that this correspondence does in fact give a
well-defined homomorphism.

Take a fixed element n of N. The map

B(n):Lx M — L®g(M®gN),

,m)— £® (m®n),

is biadditive and R-balanced (since r(m ® n) = rm ® n), and so it induces a
homomorphism

B'(n): Le®r M — L ®g (M ®s N).

Allowing n to vary, we see that the maps §'(n) define a biadditive S-balanced
map ' : (L®r M) x N — L®g (M Qg N), which induces a homomorphism
6: (L M)®s N — LQg (M ®s N) as desired.

Reversing this construction, and appealing to the universal property of the
tensor product, we confirm that 6 has the expected inverse. 0

3.1.6 Funclorial properties of tensor products

We wish to see how the tensor product behaves as a functor when one of
the modules Mg or g\ is kept fixed and the other varies through gMon
or Mopg. As we are mainly concerned with functors on categories of right
modules, we give the arguments in the case where the second module in the
tensor product is regarded as being constant. The parallel results where the
first module is viewed as constant are noted from time to time, the details
usually being left to the reader, who will easily get them right.

Let S be an afbitrary ring and suppose that N is an R-S-bimodule. As
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noted above, for any right R-module M the tensor product M @z N is a right
S-module under the rule

(m®n)s=m®ns, s€S.

Thus, for any homomorphism « : M’ — M of right R-modules, the induced
homomorphism

a®idy : M/®RN-—-—*M®RN,
defined by
(a®idy)(m' ®n) = am’ ®n,

is a homomorphism of right S-modules.

Write ¢ ® g N = o ® idy, so that the symbol — ® N represents both a
mapping from the objects of Mopg to those of Mobng and a collection of
mappings '

—Qr N : HODJR(M,,M) ———)Homs(M' ®RN,M®RN),

one for each pair of R-modules M’, M. This information, together with the
obvious properties )

idy ® idn = idyen
and
(Ba)®idy = (B®idn ) (a®idy),

defines a functor from Mobpg to Mopg, which we again denote — ®g N.
Moreover, — ®g N is additive because f o : M’ — M and o' : M’ — M are
right R-module homomorphisms, then

(a+d)®idy = a®idy + o ®idy.

In summary, we have the following result.

3.1.7 Lemma .
— ®p N is an additive covariant functor from Mobg to Mobg. ]

3.1.8 Proposition : .
Let M = @ycpaMy be a direct sum of right R-modules, where A is any
ordered set. Then

MerN=@P,_, (My®xrN).
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Proof

When A is finite, the assertion folows immediately from the preceding
result, since additive functors preserve finite direct sums (2.2.20).

Now suppose that A is infinite. An element of either M ® N or of the
direct sum €5 (Mx ®g N) involves nonzero terms my € M) for only a
finite subset ¥ of A, which makes it clear that there is a homomorphism

¢p: MQr N —— @,\GA(M’\ ®gr N)

and that ¢ is surjective.

Suppose that ¢(z) = 0. Then the preimage of ¢(z) in Py, (M,#N) belongs
to the direct sum of relation subgroups @y, B(M,, N). Thus the preimage of
z is already 0 in (Py Mo) ® IV, and hence z = 0. |

Any left R-module N is automatically an R-Z-bimodule, so our discussion
includes the case when N has not been attributed any particular structure as
a right module. The functor — ® g N is then a functor from Mopg to As,
the category of abelian groups.

3.1.9 Fizing the first argument

‘We now review the results and notation that arise when the first module of a
tensor product is considered to be an operator on the second.

~Let M be a T-R-bimodule for some ring T. Then there is an additive
functor

M®pg —: pMop — s Mob.
On modules,
(M ®r—)(N)=M®rN,
with the T-module structure given by
tm@n)=tm®n,
and for a homomorphism ¢ : N — N of left R-modules,
M®(¢=(idy®¢) :men — men'(.

When idy ® ¢ is to be considered as a left T-module homomorphism, as
happens in (5.1.19) for example, we write idy ® ( as a right operator, in
accord with our convention (1.1.4).

However, sometimes we are given only that M is a right R-module, and we
wish to consider M to be a Z-R-bimodule in the natural way. In this case,
the functor M ®pg — takes values in zMob, but, for applications, it is often
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more convenient to compose it with the mirror functor Mir : zMop — Mobg
and view M ®p — as having values in As = Moog.

Thus, for a homomorphism ¢ : N' — N of left R-modules, idy ® ¢ is to be
viewed as a left operator on M ® g N, which is the convention most commonly
met in the literature. With this notation, M ® g — is a covariant functor from
rMopb to Mopg that appears to ‘reverse products’; in the terminology of
(1.2.6), it is a contrachiral functor.

This approach is especially handy when we have both a right R-module
homomorphism « : M’ — M and a left R-module homomorphism ¢ : N' —
N, in which case the composite

a®§=(a®idN)(idM: ®C):M’®RN’——4M®RN

cannot in general be regarded as a module homomorphism.

We use the convention that i¢dy ® ( is to be considered as a left operator
for the remainder of the present chapter.

Next, we note some naturality properties of the functors M ®p — and
~Q®grN.

3.1.10 Proposition
Let T, R and S be arbitrary rings.

(i) Let ¢ : N’ — N be a homomorphism of left R-modules or of R-S-
bimodules. Then ¢ induces a natural transformation

~®r(:—Q®r N —— —~ @ N.

(ii) Let a: M' —— M be a homomorphism of right R-modules or of T-R-
bimodules. Then « induces a natural transformation

a®R—:M’®R——————>M®R-—.

Proof ’

The argument is a matter of interpreting the requirements for a natural
transformation (1.3.1) in terms of the notation of the tensor product. Fix ¢,
and define s for each M in Mobg by

v =1dy ®(: M Qg N —— M ®g N.

Given a homomorphism a : M’ — M of right R-modules, we need-to check
that (o ® N)nay = nau(a ® N'). But both sides are simply a ® (. O

If we allow both M and N to vary simultaneously, the preceding result can
be interpreted as saying that — ® g — is a bifunctor from Mobpg X pMob to
the category As of abelian groups.

U
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We now state a refined version of (31.4).

3.1.11 Proposition

(i) The functor — ®g R is naturally isomorphic to the identity functor on
Mobog.

(if) The functor R Qg — is naturally isomorphic to the identity functor on
rMob.

Proof :
For each right R-module M, let

nM:M®RR—:——+M, nu(mr) =mr,
be the isomorphism of right R-modules defined in (3.1.4). If ¢: M/ — M is a
homomorphism of right R-modules, then the formula a(m/r) = a(m/)r gives
anu = (@ @ idg);

thus 7 is a natural transformation of functors. O
As M ®p — and — ®g N are additive functors, the next result is immediate
from (2.2.20).

3.1.12 Proposition
(a) Suppose that M = M' & M" as a right R-module and that N is an R-S-
bimodule. Then
M®rN = (M ®rN)®(M"®rN)

as a right S-module.
(b) Suppose that N = N' @ N” as a left R-module and that M is a T-R-
bimodule. Then

M®rN=(M®rN)®d(M®rN"
as o left T-module. : 0

Since the isomorphisms in parts (a) and (b) of the above proposition are
evidently natural in N and M respectively, the definitions of a direct sum of
functors (2.2.21) and of a natural isomorphism (1.3.3) lead to the following
functorial interpretation of the proposition.
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3.1.13 Proposition

(a) Suppose that M = M’ @& M" as a right R-module. Then there is a natural
isomorphism

M@r—=M@r—®dM' Qr—
of functors from gpMoo to As.

(b) Suppose that N = N' @ N” as a left R-module. Then there is a natural
isomorphism
—Q@rN~—-QprN' &—-@rN"
of functors from Mobpg to As. O
The above proposition easily leads to the next, in the case of finite direct
sums. However, we also need to consider direct sums based on an infinite
ordered set A, and to introduce some notation. Recall that we write the
standard free right R-module on A as R*. The standard free left R-module is
written as AR, and we view AR as the ‘space of row vectors’ over AR indexed
by A. When the index set is the finite set {1,...,n}, we use the more familiar
notations R™ and "R for the free right and left modules respectively. The

direct sum of copies of a general R-module M is written M? or M™, regardless
of chirality.

3.1.14 Proposition
(a) The two functors
MODR X Orp — MODR
given respectively by
(M,A) —— M ®r "R
and
(M, A) — M*
are naturally isomorphic.
(b) The two functors ‘
rMop X Orp — gMob
given respectively by
(N,A) — R*@r N
and

(N, A) — N*
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are naturally isomorphic.

Proof '

It suffices to discuss (a). The key point is that the sequences (m, ), with each
mx € M, A € A, that make up M*, have only finitely many terms m, nonzero.
Writing the standard generators of AR as ey, we map M ®g 2R to M* by
sending ), (3, ms ® riaen) to (3, mria)a. Clearly this defines a surjective
natural transformation, whose injectivity follows from the interchangeability
of the finite summations:

Z(Z m; @ Tizex) = Z(Z MiTix) ® ex. O
i oA A

We also note an important special case of the above proposition. Let
M, 7 (R) denote the additive group of m x m matrices with entries in the
ring R. Clearly, My, »(R) is an M, (R)-M,(R)-bimodule, and we know that
R™ is an Mp,(R)-R-bimodule and that the standard free left R-module "R is
an R-M,(R)-bimodule. A direct verification gives the following result.

3.1.15 Corollary
R™ ®p "R My n(R) as an My, (R)-M,(R)-bimodule. O

3.1.16 Return of the dyads

In classical tensor analysis, an m X n matrix that can be expressed as the
matrix product of a column vector by a row vector (that is, an m x 1 matrix
by a 1 x n matrix) is called a dyad, especially when m = n. Thus the above
result tells us that any matrix is a sum of dyads.

We next investigate the effect of a tensor product when it acts on subcat-
gories of Mopg. Recall that Mp is the category of finitely generated right
R-modules and that Pp is the category of finitely generated projective right
R-modules.

3.1717 Lemma
Let N be an R-S-bimodule.

(i) The functor — ®g N from Mobpg to Mobg induces a functor
- ®rN: Mp —— Mg

if and only if N is finitely generated as a right S-module.
(i) The functor — ®r N from Mobg to Mobg induces o functor

~®gp N : Pp— Pg
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if and only if N is finitely generated and projective as a-right S-module.

Proof

Necessity is clear in both cases, since N & R ® N must be in the target
category. On the other hand, if N has a finite set {n1,...,n;} of generatars
as an S-module, and M has generators {my,...,m;} as an R-medule, then
{m1 ®ny,...,m¢ ® ny} generates M ®p N, which gives (i).

For (ii), note that any module P in Pp is a direct summand of R™ for-some
integer n. But then P ®g N is a direct summand of R ® g N = N", which
is projective precisely when N is, by a standard result ([BK: IRM] Theorem
2.5.5). ]

3.1.18 The adjointness of the functors Hom and ®

The homomorphism functors and the tensor product are conmected by an
adjointness relation, the existence of which serves to explain and simplify
some calculations, especially in the Morita theory.

It will be convenient to depart from our customary labels for rings in order
to avoid some confusing substitutions in applications. Let- A, B and C be
arbitrary rings, and take bimodules 4Lg, pM¢g and 4 Ng as indicated.

Then L ®p M is an A-C-bimodule, and we can form the abelian group
Hom 4_¢(L ®p M,N) of A-C-bimodule homomorphisms from L ®p M to
N. It is easy to verify that this group is natural with respect to bimodule
homomorphisms of each variable, being contravariant in the first two variables
and covariant in the third. Thus we have a trifunctor

Hom A—C(“‘ ®p —, ——-) : ABzmopp X gBrmopc X 4Brmopg — As.

We can also give Hom(Mc, N¢) the structure of an A-B-bimodule by the
usual rule:

(apub)(m) = a(p(bm)) form € M, p € Hom(Mg, No).

We can then form the group Hom,4_p(L, Hom(Mg, N¢)), so obtaining a tri-
functor

HomA_B(——,Hom(—ci, “C)) : ABIMODB X BBIMODC X ABIMODC s As.

A third variation on this theme is to view Hom(4L, 4N) as a B-C-bimodule
and form the group Homp_¢c(M,Hom(4 L, 4 N). Notice that the order of the
bimodules L, M and N is changed. Despite this alteration, we again have a
trifunctor

Hom g_¢(—,Hom(4—, 4—)) : aBzmong x pBrmopc X 4Bzmong — As.
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The Adjointness Theorem tells us that all three general constructions yield

essentially the same trifunctor. More precisely, the following result holds.
A

3.1.19 The Adjointness Theorem for Hom and‘ ®
Let A, B and C be arbitrary rings. Then there are natural isomorphisms

7 HOmA_C(L ®p M, N) — HomA_B(L,Hom(Mc,NC)),
and
% :Hom 4_¢(L ®p M,Nj —— Hom g_c(M,Hom(4L, 4N))

of trifunctors from gBzmopp X pBzmong X aBrmong to As.
In particular, for M in gpBzrope, the functor

—®p M : gBzmopg —— gBrmonc
is left adjoint to
Hom(M¢,—) : aBzmopg — gBzmonp,
and for L in 4Bzmopp, the functor
L®p —: pBzmopng — pgBrmong
is left adjoint to
Hom(4L,~) : 4Bzmong — gBzmong.

Proof

We establish the first assertion only, the argument for the second being
similar. )

Take bimodules 4L g, pM¢ and 4N¢ and let o be in Hom 4_¢(L&®p M, N).
Then a map na : L — Hom(#lg, N¢) is defined by setting

((na)(£))(m) = a(£®m) foreach{ € L and m € M.

Since C acts on LM by (£®m)c = {®mc and « is a right C-module homo-
morphism (and the tensor product is linear in each variable), every (na)(4) is
a right C-module homomorphism. It is also clear that no is an additive map
on L.

The verification that no is an A-B-bimodule homomorphism is a matter of
careful book-keeping. We need to check that forall/ € L,a € Aandbe B
we have

(ner)(ab) = a((nc)(£))b.




148 CHANGE OF RINGS
For any m e M,

((na)(atb))(m) afatb®@m) = ofa(l®bm))

= a(a(f®bm)) = a(na())(bm) = (a({na)(0))b)(m),

which is the desired result.

We define the inverse 7 of 7 as follows. Let v € Hom 4 (L, Hom(M¢, N¢)),
and put (777)(®m) = v(£)(m). Routine checking confirms that 7y arises from
a B-balanced biadditive map on L x M in the expected way and that 7+ is
an A-C-bimodule homomorphism.

It is clear that n and 7 are mutually inverse isomorphisms for each triple L,
M and N, and further routine verification shows-them to be natural in each
variable. O

3.1.20 An eguivalence of categories

Finally, we use the tensor product to generalize the characterization of trian-
gular matrix rings that was given in (1.3.18).

Let R and S be arbitrary rings and let W be an E-S-bimodule. We define
the morphism category relative to W (a variant of the fibre category of (1.2.9))
to be the category Mor(W; R, S) whose objects are triples (e, M, N) in which
M is a right R-module, N is a right S-module and o : M g W — N is a
homomorphism of right S-modules.

A morphism from (¢/, M’, N') to (&, M,N) is a pair {u,v) of homomor-
phisms, g : M’ —» M and v : N’ — N, such that v’ = o(u® id), which
means that the following diagram must commute:

!
M@gW —e s N
,u®z'd} ’ JV@id
[63
M@RW —r s N

Thus with W = R = S, we regain the morphism catégory Mor{Moopg).
The rings R and S and the bimodule W also define the generalized trian-

N (R W
gularmatrncrmgT—-(O ,S')'

3.1.21 Theorem
The categories Moo and Mor(W; R, S) are equivalent.
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Proof

As the details of the argument are very similar to those of the proof of
(1.3.18), we merely indicate the correspondence between right T-modules L
and homomorphisms o : M Qg W — N.

Suppose that L is a right T-module. Since the direct product R x S is a
subring of T', L can be decomposed into a direct sum M & N with M a right
R-module and N a right S-module. For m in M and w in W, we can write

m0) (g b ) =0.a0mw)

with a(m,w) € N. It is easy to check that « is biadditive and R-balanced,
and so gives rise to a homomogphism §: M @z W — N.

Conversely, given such a homomorphism (3, we can define a T-module struc-
ture on M @ N. The remaining details are for the reader. ]
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Fzercises

311 Let 8: M — M" and £ : N — N” be surjective homomorphisms
of right and left R-modules respectively. Show that Ker  ® £ is the
subgroup of M ® N generated by the set

{k®@n,mef|keKef, LeKerl, me M, ne N}

3.1.2  Let aand b be ideals of the ring R. Show that R/a®grR/b = R/(a+b).
(The preceding exercise is relevant.)
Hence compute Z/aZ Qg Z/bZ for various integers a and b.
3.1.3 Dedekind domains
Let O be a Dedekind domain. This exercise requires some facts
about O-modules which are summarized in (2.3.20).

(a) Let P be a Linitely generated projective O-module. Then, by
Steinitz’ Theorem, P is isomorphic to a projective module in the
standard form P & O™ @ a where the rank 7 and the ideal class
{a} are uniquely determined by P. Compute P ®c Q for any
finitely generated projective modules P, Q.

(b) Using the Primary Decomposition Theorem and Exercise 3.1.2
above, describe M ®¢ N for any pair M and N of finitely gener-
ated torsion O-modules.

(c) Using the fact that any finitely generated O-module has the form
T & P with T torsion and P projective, describe M ®¢ N for any
pair M and N of finitely generated O-modules.
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3.14 Associativity of the tensor product
Let R and S be rings and let Lg, Mg and gN-be modules as
indicated.
Show that the isomorphism

(L®RrM)R®s N2 L®r (M ®s N)

of (3.1.5) is natural in each variable. ‘

Deduce that the functors (— ® g —) ®s — and — Qg (— ®s —) from
Mobg X gBrmopg X sMob to As are naturally isomorphic.

3.1.5 Let A, B, and C be rings with bimodules sLp, gM¢ and s Ng as

indicated.

Using the Adjointness Theorem (3.1.19) together with the charac-
terizations of projective and injective modules in terms of the Hom
functor given in (2.1.8), show that

(i) if Lp and M are both projective, then L ® g M is projective as
a right C-module (here, take A = Z);
(ii) if Mc is projective and 4N is injective, then Hom(Mg, N¢) is
-left A-injective (here, take B = Z.)

3.1.6  (Tricky!)
Let T' be the ring of upper triangular 2 X 2-matrices over R. By
(3.1.21), there is an equivalence between the categories Mooy and
Mor(Mobpg). Show that the projective T-modules correspond to
split surjections a : P — @} with both P and @ R-projective.
Dualize this statement to one about injectives.

3.2 EXACTNESS OF THE TENSOR PRODUCT

‘We next investigate whether or not a tensor product functor — ® g N is an
exact functor. The answer depends both on the left R-module N that is
kept fixed and on the category of right R-modules on which it operates. The
modules that always give exact functors form an important class of modules,
namely, the flat modules. We give some criteria for a module to be flat, .and
we prove Villamayor’s Lemma, a fundamental result which shows that a flat
module enjoys a weak form of the splitting property that defines projective
modules. We also give a summary of the properties of the functors Torf‘ that
are used to repair the non-exactness of the tensor product, and we show that
the tensor product induces a pairing on Mopp for a commutative ring R.

The novelty of our proofs is that they are ‘elementary’ in that they avoid
the use of the machinery of homological algebra.
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We also show that, for R commutative, the tensor product defines a binary
operation on the category of R-modules.

Unless otherwise stated, the ring R is arbitrary. Our main object of atten-
tion is a left module, since we wigh to investigate operators on categories of
right modules.

3.2.1 Flat modules '~

Let C be a G-exact category of right R-modules, that is, C is a subcategory

of Mobopg together with a specified set Ex(C) of short exact sequences as in

(2.4.1), and let N be an R-S-bimodule. The additive functor — ® g N may

or may not be an exact functor on C as defined in (2.4.6). It will be so if C is

split exact, but it is not in general, as the following example for Mooy shows.
For any nonzero integer n, there is an exact sequence of Z-modules

n
0 Z——17 Z/nZ — 0

in which the first map is multiplication by n. Tensoring with Z/nZ (as a
Z-module) gives the sequence

0
0 —— Z/nZ —— Z/nZ Z/nZ 0

which evidently fails to be exact at the first term Z/nZ.

A left R-module N for which —®z N : Moogr — Mobpy is an exact functor
is, by definition, a flat module. Thus, the left R-module N is flat if for any
short exact sequence

0 M P 0

of right R-modules the sequence

, a®id f®1id "
0——— MepN ———MgN - M' @z N s 0

is also a short exact sequence. The definition of a flat right R-module is
analogous. '
‘We have an almost tautologous lemma.

3.2.2 Lemma
Suppose that the R-S-bimodule N is flat as a left R-module and finitely

generated as a right S-module (where R and S are arbitrary rings). Then the
functor

~®rN: Mp—— Mg
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is ezact. . O

Before we make a detailed analysis of the properties of flat modules, we
discuss the extent to which exactness is preserved by modules in general.

3.2.3 Proposition

(a) Let N be a left R-module and let

o — 2 P w0

be a short exact sequence of right R-modules. Then the sequence

, a®id f®id Y
M@y N —-ouus M@z N ———uu M" @ N —— 0

1s eract.
(b) Let M be a right R-module and let

0 N P g

be a short ezact sequence of left R-modules. Then the sequence

, dea id®p "
Mg N ——--n-—-3 M@ N ———————— M Qg N —— 0

15 exact.
Proof

(a) The fact that M" ® N is generated by symbols m” ® n shows imme-
diately that § ® id is surjective. Since

0=fa®id=(fQid)(a®:id),

;

we have
Im(a ® id) C Ker(8 ® id).
‘We must verify that this inclusion is equality. Write I = Im(a ® id) and let
A (M®rN)/I— M"®rN

be the homomorphism induced by 3. It suffices to show that X is ah isomor-
phism, which we do by constructing an inverse. v
Recall that M" ® g N = M"#N/B(M",N) (3.1.2). Define

p: M"#N —— (M ®p N)/I
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by

pm’\n)=men+1,
where m is any element of M such that Sm = m'.

If also fmy = m”, then exactngss at M implies that m ~m; is in Im o and
hence . 4

mn+1I=m;n-+ 1.
Thus p is well-defined. . Since u is trivial on B(M"”, N), it induces a homo-

morphism M” @ g N —= (M ®g N)/I which is evidently inverse to A.
The proof of (b) is analogous. O

3.2.4 Corollary ’
A left R-module N is flat if and only if for each injective right R-module

homomorphism o : M’ — M, the group homomorphism
a®idy : M'®RN———+M®RN,
is also an injection. E]

The existence of flat modules is guaranteed by the next result.

3.2.5 Corollary
Suppose that N is a projective left R-module. Then N is flat.

Proaof

That any free module R® is flat follows from (3.1.14), since any injective
right R-homomorphism M’ — M induces an injection M'* — M". Now,
for the module IV, we have N @ Q = *R for some left R-module Q and free
module AR. Therefore, by (3.1.13),

~®rN®-®rQ=~—®r"R.
So — ®g N is exact by Exercise 2.4.6. O

3.2.6 The functors Tor?

The failure of the tensor product to be an exact functor can be measured by a
sequence of derived functors Torf(—-, —) for n > 1. These may be constructed
as follows. ,

Given a right R-module M and a left R-module IV, where R is an arbitrary
ring, we take a short exact sequence '

0 L F N » 0
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of left R-modules with F' flat (for example, projective), and define
Tor?(M,N) = Ker(M ®g L — M ®g F)
and
Tor®(M, N) = TorZ_,(M,L) forn > 1.

It can be shown that the abelian groups TorZ(M, N) are independent of the
choice of the short exact sequence for N, and that they could equally be
defined by taking a similar short exact sequence for M and considering the
kernel after tensoring with N. Further, Tor®(M, N) is a covariant additive
functor in each of its arguments, and, given a short exact sequence

0 N’ N » N” + 0

of left R-modules, there is a long exact sequence

—_— Torf+1(M,N") ey

—— TorZ(M,N'") —— TorZ(M,N) —— Tor(M,N") —
——s  Torf{(M,N") —

 —— M®pN' sy MRN — M ®gr N" ety (3

and likewise for the other variable.

Much analysis is required to verify these claims; a good account is given in
[Rotman 1979)].

Note that the flat left R-modules can be characterized as those modules
F' for which the functors TorZ(—, F) (n > 1) are identically zero (and corre-
spondingly for right flat modules). Some very elementary calculations with
the Tor functors are indicated in Exercise 3.2.7 below, and in Exercise 6.2.1,
which justifies the notation ‘Tor’. Flat modules made a reticent entrance into
the mathematical landscape in Exercise 3 of Ch. VI of [Cartan & Eilenberg
1956], where they are defined in terms of the vanishing of the functors Tory,.
The pivotal role that flat modules now play will become clear in subsequent
chapters of this text.

3.2.7 Criteria for flatness and Villamayor’s Lemma

‘We now obtain some useful criteria for flatness and thence Villamayor’s Lemma.

For the next few results and proofs, it is convenient to say that a functor F'
respects the injectivity of a module monomorphism g if Fy is also a monomor-
phism.

PRSI UN
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3.2.8 Proposition
(a) For a left R-module N, the following assertions are equivalent.
(i) rN is flat.
(i) The functor —®grN respects the injectivity of any R-module monomor-
phism a : My — Mg with My, finitely generated. That is,

a®td: M @ N —— M Qg N
~.

is also injective.

(iii) The functor —-QrN respects the injectivity of any R-module monomor-
phism My > Mp.

(iv) The functo?\— ®r N : Mopg — As is exact.

(b) For a right R-module M ,'the following assertions are equivalent.

(i) Mg is flat.

(il) The functor M®p~— respects the injectivity of any R-module monomor-
phism gN' — g N with gN' finitely generated.

(iii) The functor M®g— respects the injectivity of any R-module monomor-
phism grN' — gN.

(iv) The functor M ®g — : pMob — As is exact.

Proof

The only outstanding points to check are the implications (ii) => (iii); we
deal with (a) only. Consider an injective homomorphism o : My — Mg
with My not necessarily finitely generated, and let z = Zle (m] ®mn;) be in
Ker(a ® id). Then z also lies in Ker(a' ® id), where o is the restriction of o
to the submodule of M generated by m},...,m}. This forces z = 0, so that
Ker(a ® id) = 0 as required. a
" The following criterion is designed to simplify one’s workload in establishing
that a given module is flat.

3.2.9 The Flat Test

A left R-module N is flat if and only if —®g N respects the injectivity of all
inclusions j.: a — R of finitely generated right ideals in R. The corresponding
statement holds with left and right interchanged.

Proof .

Necessity of the condition is immediate from the preceding proposition.
Sufficiency is proved in four stages. First, we note that the argument just
given to prove (ii) = (iii) above also shows that —®pr IV respects the injectivity
of inclusions i : @ — R of arbitrary right ideals in R. Second, we argue by
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induction on n to show that — ®p N respects injectivity for u: M — R™, the
case n = 1 having just been settled.

For the inductive step, we use the standard embedding of R*~! in R". Put
M" = M/(M NR"1). Since M" & (M + R*')/R"*! and R*/R*! = R,
there is an injective homomorphism from M" to R. So there is a commuting
diagram with exact rows, the lower of which is split:

(MNR"Y®gN — M@ N — M"@zN —— 0

| | I

0 —— R"~1®RN s R*@p N ——s R®r N —— 0
Then the injectivity of the two outside vertical arrows implies that of the
middle one.

The next step is to show that —®p N respects the injectivity of a monomor-
phism u : M — F where F' is an arbitrary free module. Again, it is enough
to check the case where the domain M is finitely generated. But then, if
(u®id)z = 0in F®p M, there is a finitely generated free submodule G of the
codomain F' such that (1 ®id)z = 0 in G®g M already, since any member of
the relation group B(F, M) (3.1.2) can involve only finitely many generators
of F'. By the previous step, z = 0.

For the final step, let 4 : M’ — M be an arbitrary injective homomorphism
of right R-modules, and let F be a free right R-module with §: F — M an
R-homomorphism onto M, having kernel K, say. Then, in the pull-back

F — M

e

Foe—— M

. B also has kernel K, and so there is a commuting diagram with exact rows

K®yN —— ?(X)RN — M'QzgN —— 0
z’dl ﬂ®z’dl ,u,®idJ.
K®rN ——s F®gN ——s M®gN —— 0

Since I ® id is now known to be injective, so too is u ® id, and the-proof is
. complete. , O
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3.2.10 Corollary
Let 0 — N' — N — N" — 0 be a short ezact sequence of left R-modules.
If N' and N" are flat, then so too is N.

Proof

Considering any inclusion a — R of a right ideal in R, simply chase the
following commutative diagram of exact rows and columns to show that the
middle row commences with an injection.

\
™~ ¢ R
0 ——=>Ma@r N —— RQpN' —— R/a@rN' —— 0

v

e®gN —— R®QzrN — Rfa®p N —— 0

0 — a®rN" —— RgrN"—— R/a®Qr N"'—— 0

3.2.11 Villamayor’s Lemma
Let M be a right R-module. Then the following assertions are egquivalent.

(i) M is flat.

(i) Given any pair (¢, L), where e : F — M is a surjective homomorphism of
right R-modules with F' free, and L is a finitely generated submodule of
Kere, then there is an R-homomorphism p : F — Ker e which restricts to
the identity map on L and which has finitely generated image pF'.

Proof

Pirst assume that M is flat. We argue by induction on the number of
generators g, . . . , U, of the submodule L.
n=1 - Write u; = Zle z;7; with 21,..., %, elements of a free generating

set for F. Let a be the left ideal of R generated by ry,...,rs. Since M is flat,
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the obvious map M @z a — M ®r R = M is an injection. So in the following
commutative diagram with exact rows; the right vertical arrow is injective.

(Kere)®ga —— F®pra —— MQra — 0

L

0 —— Kere —  F —i M ey ()

Since uj is the image of the element Zf___l z; @r; of F ®p a, a diagram chase
shows that

k h

Y mer=m() y; ®s;)

i=1 i=1
for elements y; € Kere and s; € a. Write s; = }:i-;laijn- forj=1,...,h,
with each a;; in R, and put v; = Z?..-—.l yjai; for each i. Then

k k
Uy = Im(z U ®T;) = Z v;r; with each v; € Kere.

The R-homomorphism p; : F' — Kere, sending z; to v; for i = 1,...,k and
each other generator of F' to zero, has finitely generated image and pyu; = u;.

n>1. Let p;: F — Kere be as above, and let p' : F — Ker e be the homo-
morphism obtained by applying the induction hypothesis to the submodule
of Ker € generated by us — p1uy, ..., Un — p1u,. Then the R-homomorphism

p=p1+p(id—p1): F—— Kere

has the desired property.

For the converse, we wish to apply the Flat Test. Therefore let a be a left
ideal of R (with inclusion ¢ : a — R) and let € : F — M be some surjection
from a free module F. We obtain the same diagram as above, but this time
seek to establish the injectivity of the right-hand wertical arrow.

Since the free module F is flat by the left-handed version of (3.2.5), id®
t: F®pa— F®pR=F is injective. Thas, by an easy diagram chase,
the injectivity of the right-hand arrow will follow ence we can show that
if Zle z;®a; is in F Qg a and e(Zi-Ll z;a;) = 0; then Zle z;a; les in
(id @ 1)((Kere) ®r a).

Now by hypothesis there exists an R-homomorphism p : F — Ker e which
restricts to the identity map on Zf=1 z;a;. Then Zle pz;®a; € (Ker €)®@pa
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and

k k k
> p(zdas = p()_wmia) =) mias,
i=1 i=1 i=1
as required. O
Note that here L is not quite a direct summand of F. We now show that
in favourable circumstances we do obtain a direct summand. The first result
is obvious, the next rather deeper.

3.2.12 Corollary

Suppose that € : P\ M s surjective, with F' free and M flat. If Kere is
finitely generated, then F =2 Kere® M. [

Although the finitely generated submodule L in Villamayor’s Lemma need
not be a summand of F', the next result shows that it is contained in a finitely
generat\ed suthmand provided that F' is ‘big enough’. This resulf is used
in (5.2.7) to help in the derivation of another important characterization of
flatness. ‘ :

3.2.13 Lemma
Suppose that (¢, L) is a pair as in Villamayor’s Lemma, and also that M is
flat and that F = Frg(X), where for each z € X there exist infinitely many

y € X such that ey = ex. Then there is a finitely generated direct summand
L' of F with

L C L' CKere.

Proof

With p : F — Kere as above, let X be the finite set of elements of X
occurring in the expressions of the generators of pF' as linear combinations
of elements of X. By hypothesis, we can partition X as X = X; U X511 X3
with X3 and X5 in bijective correspondence such that corresponding elements
have the same images under ¢. Write F; = Frp(X;), so that L C F} and
F = Fy®F,®F;, and let m, : F — F; denote projection to the first summand.
The bijection X7 — X5 defines an injective homomorphism ¢ : Fj — Fy — F
with o = 0 and e¢o = ¢. Define '

T=1id+o(p—id): Fy — F,
with image L' = 7Fy. (Roughly speaking, T — id is just p — id shifted away
from F;.) Evidently, mi7 = id, so that the inclusion of L’ in F is split by




160 CHANGE OF RINGS

771 ¢ F — 7Fy. Because the restriction of-7 to L is the identity map, L C L/.
Finally, since €0 = ¢ and ep = 0; we-have L' C Kere. £

3.2.14 A pairing on Mobpg

As we remarked following (3.1.10), the tensor product —®pg— can be regarded
as a bifunctor from Mobpg X p Moo to As. For a general ring R and arbitrary
modules Mg and g N, there is no natural method by which M ®p N can be en-
dowed with an R-module structure. However, if both M and N belong to the
category gpBzmoop of R-R-bimodules (and R-R-bimodule homomorphisms),
then M ®p N is also in pBzmonp (see (3.1.3)).

This observation permits us to use the temsor product to define a binary
operation in Mopg when the ring R is commutative. An R-R-bimodule is
said to be balanced if rm = mr for all m in M and r in R. Clearly, any right
(or left) R-module M can be viewed as-a balanced R-R-bimodule by setting
rm = my for all r in R and m in M. Thus we can choose to identify both
Mopp and g Moo with the category Barg of balanced R-bimodules.

Using this identification, we can regard —®p — as a bifunctor from Mobopg X
Mobgr to Mobpg. Such a bifunetor which is additive in both variables is
sometimes called a pairing on Mopg. It is clear that this pairing induces a
pairing on Mg, the category of finitely generated R-modules.

The next result shows that this pairing is, in essence, commutative. The
proof is an easy exercise.

3.2.15 Proposition A
Let M and N be balanced bimodules over the commutative ring R. Then
there is a natural isomorphism M ®g N 2 N ®gr M of balanced R-bimodules.
. O

The above pairing can be viewed as a generalization of the product of
fractional ideals of a commutative domain @. Let K be the field of fractions
of O, and recall that a fractional ideal of O is a finitely generated (balanced)
O-submodule of K, and that the product ab of fractional ideals a and b is
the submodule of K generated by all products ab with a € a,b € b (2.3.20).
Then ab is also a fractional ideal. The connection between the pairing and
the product is given by the following useful computation. -

3.2.16 Proposition
Let O be a commutative domain with field of fractions K, and let a and b
be fractional ideals of O.
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Then there is an isomorphism a ®p b — ab C K, given by a ® b+ ab.

Proof

Clearly, the map a ® b + ab is a well-defined surjection, so we need only
check injectivity. Suppose first that b = Oz is principal. Then b is projective
and so flat as an O-module, and the natural inclusion a — K gives an injective
homomorphism a®p Oz — K®pOz. Arguing as in (3.1.4), we have a®o Oz &
az and K ®p Oz 2 Kz = K via.a ®  — az.

In general, suppose-that-ai,...,a; are in ¢ and by,..., b, are in b, and that
>.;a; ® b; — 0 in K. Finding a common denominator z € K, we can write
b; = ¢;x with ¢; € O for all 4. Then

Zam’bi =Y aic;®z 0,
i i

s0 ¥, ai¢c; =0 in a. Thus Zi-ai ®c; =0in a®e O and, after multiplication
byx,ziLQ@bi:Oina@b: O

\Eg:e)cises

3.2.1  Let R be the ring of dual numbers A[¢] over a ring 4, and recall that
A is both a left and right R-module, with € acting as 0 on A. By
considering the short exact sequence of right R-modules

0 —— eAld — 2 A[d P Ao

where ¢ is the inclusion-and £ the obvious surjection, show that A is
not R-flat.

3.22 Let N = @y, Na be a direct sum of left R-modules, where A is any
ordered set. Show that IV is flat if and only if each Ny is flat.

3.2.3 An R-module M is-said to be finitely related if there is a short exact
sequence of the form

0 R™ RM — M 0.

Show that i also M is flat,-then M is projective.
3.2.4 Given a subring O of a ring R, we introduce two O-relative G-ezact
categories Mp o and Pg,o as follows.

The category Mp o has as underlying category Mg and we take
the set Ex(Mpg0) of admissible short exact sequences to be all the
short exact sequences in Mp which are split as exact sequences of
O-modules. The underlying category of Pp,¢ is the full subcategory
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3.2.5

3.2.6

3.2.7
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of Mg whose objects are in P, the class Ex(Pg o) consisting of all
short exact sequences with terms in Py (so Pr,o is repletely exact).

Show that — ®g N is exact on Mg e and Pgro for any left R-
module N.

(In applications, Mg o is useful when O is a commutative domain
and R is an O-order, while Pg ¢ is useful when O is arbitrary and R
is the group ring OG for a suitable group G ([Berrick 1982] p. 94).)
Firm modules over nonunital rings

For a nonunital ring R with unitalization R, recall from (1.3.2)(iv)
that an R-module is just the same thing as an R-module. In par-
ticular, R itself is an R-bimodule. We define a right R-module V'
to be firm if multiplication induces a right R-module isomorphism
V ®g R — V; similarly for firm left R-modules. The ring R itself is
called a firm nonunital ring if it is firm as a right R-module. Show
that this is equivalent to R being firm as a left R-module, and to
there being a canonical (nonunital) ring isomorphism R ®% R — R,
where R ®% R has ring structure defined by

(r1 ®r2)(ry ® 5) = r1(rory) ®Th =11 ® (121} )7).

Now suppose that R is a firm nonunital ring, and let V be a firm
right R-module and W a firm left R-module equipped with a surjec-
tive R-bimodule homomorphism ¢ : W ®z V — R. Define a multipli-
cation on the abelian group S =V ®z W by

wew) (v e@uw)=v owv)@uw =va(w,v) w.

Show that S is thereby also a firm nonunital ring.
Let O be any commutative ring. Using (3.2.14), show that the tensor
product induces biadditive functors from

(i) Mo x Mp to Mo,
() Fo x Fo to Fo, ¢
(iii) Po x Po to Po,

and

(iV) Mo X Torp to Torp.
Calculations with Tor

For this exercise, we assume the properties of the functor Tor as
outlined in (3.2.6). :

(i) Let M be an abelian gfoup (that is, a Z-module.) Show that,
for any positive integer a,

Tor?(M,Z/Za) = {m € M | ma = 0}

e e
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and that
TorZ(M,-) = 0 for n > 1.

(ii) Let R = Ale] be the ring of dual numbers over a coefficient ring
A and let M be a right R-module. After Exercise 3.2.1, there is
a short exact sequence (of left or right R-modules)

0 > A R » A » 0

in which the inclusion is multiplication by ¢ and the surjection
is the natural one.
Show that M ®r A = M/Me and that Torf(M, A) & M./Me
where M, = {m € M | me = 0}. Deduce that Torl*(4, A) = 4,
as a group. '
Show also that Tor?_, (M, A) & Tor®(M, A) for n > 1.
(iii) Prove (3.2.10) using the long exact sequence.
3.2.8 Let

0 N’ » N » N” 0

be any short exact sequence of left R-modules, with N flat, and let
M be any right R-module.

(a) Choose a short exact sequence

0 » K > F » M 0

with F' flat, and construct a 3 x 3 commutative diagram as in
(3.2.10). By chasing the diagram, show that M ®p N’ maps
injectively into M ®@g N.
(b) From the case where N is free, observe that Tor®(M, N"') = 0.
(¢) Also deduce from (a) that if NV is flat, then so is N’, a converse
to (3.2.10).

3.3 CHANGE OF SCALARS

Now that the tensor product and the language of category theory are available
to us, we can analyse in detail the relationships between various categories of
modules that arise from homomorphisms between rings.

Given a ring homomorphism

f:R—— S,
where R and S are arbitrary rings, we define two functors

f#*: Mopg —— Mobppg
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and

f# : MODR f— MODS,

which are called respectively restriction and extension of scalars. These func-
tors generalize the notions of restriction and extension of scalars between, for
example, real and complex vector spaces (where f is the inclusion map of R
in C), to modules over arbitrary rings.

An important special case occurs when the ring homomorphism is an auto-
morphism of R, which we prefer to write as o rather than f. In this situation,
an R-module M can be ‘twisted’ to obtain a new R-module M* (3.3.22),
which turns out to be the restriction a# M (3.3.25). Twisted modules are
encountered frequently in the theory of skew polynomial rings.

The functorial analysis of change of scalars through the tensor product
was initiated in [Cartan & Eilenberg 1956], Ch. II §6. Our emphasis on
the preservation of exact sequences and the twisting of module structures
anticipates the requirements of K-theory.

As usual, we concentrate on right modules. It will be obvious that our
definitions and results have analogues for left modules (see (3.3.21)). We do
not always state these analogues separately. Note that we always write ring
homomorphisms on the left of their arguments.

The reader is warned that there is considerable variation in the notation
and terminology for restriction and extension. For example, [Quillen 1973]
§4 (5), uses f. where we use f#, and f* for our fa. The variation stems
from the convention that covariant behaviour is usually indicated by a sub-
script and contravariant by a superscript. In applications to geometry and
topology, the interest is in the action of restriction and extension on cate-
gories of varieties, schemes or topological spaces rather than modules [Fulton
& Lang 1985], II §1. However, the functors that link rings to these objects
are themselves contravariant [Hartshorne 1997], I (3.8), II (2.3), with a re-
sulting switch in the variance of restriction and extension. We mention the
alternative terminologies from time to time.

3.8.1 Restriction

Let M be a right S-module and suppose that there is a ring homomorphism
f:R—S. .
Given elements r of R and m of M, define

m-r=m-(fr).

It is clear that this rule gives M the structure of a right R-module, which we
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denote by f#*M. It is evident that a homomorphism
a:M — M
of right S-modules is also a homomorphism
fFa: fEM — f*M
of right R-modules and that
f*: Mopg — Mobppg

is an additive covariant functor, which we call restriction or restriction of
scalars

The terminology is most éppropriate when f is an injection, because we
are then ‘restricting the scalars’ in the literal sense. When f is surjective, the
reader may meet the terms pull-back to describe f# and coinduced module to
describe f#M. Finally, in K-theory f# gives rise to various homomorphisms
of K-groups; many of these homomorphisms are called transfer maps.

Here are some elementary properties of the restriction functor.

3.3.2 Lemma

(i) (idr)* is the identity functor Idg : Mobg — Moop.
(i) Given ring homomorphisms f: R — S and g : § — T, there is a natural
isomorphism between the functors (gf)* and f#g¥. O

If we put (R)# = Mobg, then (=)¥ is a contravariant functor from the
-eategory Rzne of all rings to the category Car of all categories.

Next, we consider the behaviour of the restriction functor on various sub-
categories of Mobng. To save notation, we use the same symbol f# to denote
a-number of functors arising from f#.

3.3.3 Proposition
(i)’ The functor f# induces a functor

f# 4 PROJS —— P‘R—OJ‘R

-if and only if f#S is a projective right R-module.
(i)} The fanctor f* induces a functor

Mg —— Mg

if and only if f#S is a finitely generated right R-module.
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(i) The functor f# induces a functor
f#:Pg — Pr

if and only if f#S is a finitely generated projective right R-module.
(iv) The functor f# induces a functor

f#:Fs—— Fn
if and only if f#S is a free right R-module of ﬁnité rank.

In each case, if the functor f# exists, it is ezact.

Proof

Since all the subcategories that occur are full subcategories of Mopg or

Mobg, we need only verify that f# has the desired action on modules.
(i). Suppose first that f#S is R-projective. If M is in Prosg, then M &
N = S for some module N and index set A ([BK: IRM] Theorem 2.5.8),
and clearly f*M @ f# N = (f#5) also, which shows that f# M is projective
([BK: IRM] Theorem 2.5.5).

The converse is obvious since S is in Prousg.

() - @iv). Similar to (i); note that if an S-module M has a finite set of
generators {my,...,mg} and S has a finite set of generators {s;,...,5;} as a
right R-module, then the set of products {m;s;} is a ﬁmte set of generators
of the R-module f#M.

The final assertion follows from the observation that restriction must pre-
serve exact sequences of modules since it has no effect on the underlying
abelian groups. Note also that all the categories mentioned are repletely G-
exact subcategories of Mong or Mobpg. ' [

3.3.4 Extension

Again, let f : R — S be a ring homomorphism. To define the extension
functor fu : Mobpr — Mobg, we first consider S as a left R-module by the
rule 7+ 5 = (fr)s, so that S becomes an R-S-bimodule. (Strictly speaking,
this amounts to replacing S by its image f#(S) under the restriction functor
for left modules ~ see (3.3.21).)

Then we put

fae=—8®rS: Mopg —— Mobg;
explicitly, for a right R-module M,
fa(M)=MQ®grS
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and for a homomorphism
a:M — M
of right R-modules,
fp(@) = a®idg : fa(M") — fu(M).

By (3.1.7), fa is an additive covariant functor from Mobg to Mong.

‘The functor fz is called extension of scalars and the module fu(M) the
ertended module. In particular, for a right ideal a of R, fuua is easily seen to
be naturally isomorphic to the right ideal of S generated by the image f(a)

-of a; fxa is commonly known as the extension or eztended ideal of a.

As with restriction, the terminology is perhaps most appropriate when f is
an injection. In special cases, alternative terms may be used. For example,
when S = Ry is a localization of R, fu is also called localization, which we
discuss in detail in Chapter 6. When H is a subgroup of a group G and
f 1 AH — AG is the obvious inclusion of group rings (see Exercise 3.3.8), fx
is called induction. Here A can be any coefficient ring.

Here are some of the basic properties of the extension functor.

3.3.5 Lemma

(i) (idg)# is the identity functor Idg : Moog — Mobpg.
(i) Given ring homomorphisms f : R — S and g : § — T, then there is a
natural isomorphism

g fa = (9f)g-

Proof

The first assertion is obvious. The second follows from the fact that, for
any R-module M, there is an associativity isomorphism from M ®g (S ®s T
to (M ®g S) ®s T (3.1.5), which is easily seen to be natural in M. O

3.3.6 Corollary

In (ii) above, suppose that S is flat when viewed as a left R-module by
restriction and that T is flat as a left S-module. Then T is flat as a left
R-module.

Proof

We appeal to (3.2.8). Since S and sT are flat, fu and g are exact
functors. Thus (gf)« is an exact functor and so gT is flat. |
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If we write fu(R) = Mobopg and put g4 fa = (9f), then (—)4 is a covari-
ant functor from Rine to Car .

As with restriction, we use the same symbol f for several functors arising
from fau.

3.3.7 Proposition

(i) For any indez set A, fu(RA) = G4,
(i) fa induces additive functors

f# : Prosg — Prousg,
fa : Mg —— Mg,

f#:Pr— Ps
and
fu: Fr—— Fs.
Proof
The functor fiu(~) = — ®r S is additive (3.1.7) and has fz(R) = S by (ii)

~of (3.1.4), so (i) follows from the left-handed version of (3.1.8). Explicitly, the
isomorphism is defined by the map

(12) ® s = (f(72)$),
which has inverse .
() — > (eA ® 53),

where ey has entry 1 in the Ath place and zero elsewhere (recall that only a
finite number of entries of either R* or S* can be nonzero).
The remaining assertions in (ii) follow from,(3.1.17). O

3.3.8 Ezactness
The functors

f# 1 Prosg — Proug,
f#:Pr—— Ps

and

fo: FrR— Fs
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are all exact, since in each case the domain is a split G-exact category. In
general,

fu: Mg —— Mg

will not be exact, which can be seen by taking f : Z — Z/nZ to be the stan-
dard surjection and considering the effect of fu on the short exact sequence

0——Z s T TnT—— 0
asin (3.2.1).

3.3.9 An identification

Suppose that R is a subring of S and that f : R — S is the inclusion. Given a
right R-module M, it is tempting to view the extended module fuM simply
as the right S-module M S generated by the members of M. This temptation
must usually be resisted, since there may be no S-module that contains the
elements of M. For example, take R to be Z, S to be Q and M to be Z/2Z;
then fu(M) =0. ’

However, it is legitimate to identify fuM with M S when M is a flat R-
module, since f then induces an injection

o Wd® f
M—— M®gR——— M ®gS;

more properly, we identify each m € M with its image m® 1 € M ®p 9, so

that
k

M®RS={Zmz-si|mi€]\/[,si ES,ICZ].}:MS.

i=1

Likewise, if NV is a flat left R-module, we can write f4N = S Qg N as SN.

3.3.10 The quotient functor

When the ring homomorphism f : R — S is a surjection, fu is called the
guotient functor, which we now describe in more detail.
Let a be the kernel of f. Given an R-module M, write

Fo(M) = M/Ma,

where Ma is the submodule of M generated by all products mz with z € a
and m € M.
It is clear that fo(M) is an S-module under the rule

m- fr =T,
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and that an R-module homomorphism & : M — M" defines an S-module
homomorphism fg(a): fo(M) — fo(M") by the rule

fo(e)(m) = (am).
Thus we have an additive covariant functor

fQ . MDDR e MODS.

3.3.11 Proposition
The functors fu and fo are naturally isomorphic.

Proof
Let M be a right R-module. By (3.2.3), there is an exact sequence

M@ra—- MQrR— M®rS——0.

By (3.1.4), the obvious map np : m @ r — mr from M @z R to M is
an isomorphism of right R-modules, and this isomorphism clearly maps the
image of M ®rain M g R onto Ma in M.

Thus 7757 induces an isomorphism between fuM and foM, which can be
verified directly or, more eruditely, by appealing to the Five Lemma (2.3.23).
Since the construction is natural in M, we have a natural isomorphism be-
tween fu and fo. [

The relationship between the extension functor and the restriction functor
in general is given by the following result.

3.3.12 Proposition
There are natural transformations

®
n: fuft ——Tdg

and
(i)

v:1dgp — f*fy,

where Idg and Idg are the identity functors on Mopg and Mopg Te-
spectively.
(i) For any right S-module N, we have

INVizN = tdN.
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Proof
(i)  Let N be a right S-module. Then fgf*N = N ®g S and we define

nw:N®rS— N
by
v (n ® s) = ns;

as in (3.1.4), this is a well-defined homomorphism which is clearly natural in
N

(ii) On the other Eand, given the right R-module M, we define the homo-
morphism
vy M — M®gS
by
vym=me@Q1,

which is again natural.
(i)  This is immediate from the above formulas. a
There are also relations between these functors and tensor products, when
the rings act on the appropriate sides of the modules. The first is called
a projection (or reciprocity) formula. (See Exercise 3.3.12 for the usage of
‘reciprocity’ in the representation theory of groups.) Its proof follows easily
from the naturality of the various constructions involved, using (3.1.11) and
Exercise 3.1.4.

3.3.13 Proposition
For a ring homomorphism f : R — S and modules M in Mopgr and N in
sBzuopg there is a natural isomorphism

F*(faM ®s N) 2 M ®g f#*N

of right R-modules.
In particular, when N = S,

fFfaM = M @g f#S. 0

The next result follows from (3.2.15), again using the naturality results in
(3.1.11) and Exercise 3.1.4.
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3.3.14 Proposition
For a homomorphism f : R — S of commutative rings and modules M in
Mopg and N in Bacg, there is a natural isomorphism

(faM) ®s (fgN) = fu(M ®r N)
of right S-modules. . ]

A further relationship between restriction and extension can be most neatly
expressed in the language of category theory.

3.3.15 Proposition

The eztension functor is left adjoint to the restriction functor. In other
words, given a ring homomorphism f : R — S and modules M in Mopg and
N in Mobg, then there is o natural isomorphism

Hom s(fxM, N) & Hom (M, f#N).

Proof

Recall from the Adjointness Theorem (3.1.19) that for arbitrary rings A, B
and C and bimodules 4L, sM¢c and 4N¢ as indicated, there is a natural
isomorphism

n:Hom 4_c(L ®p M, N) — Hom 4 (L, Hom(M¢, N¢))

of trifunctors from sBrmopp X gBimope X 4Bzmonc to As.
Take A =7, B = R and C = S, and let M be S viewed as a (fixed)
R-S-bimodule in the usual way. We then obtain a natural isomorphism

7 : Hom 5(L ®g S, N) — Hom g(L, Hom(Ss, Ns))

of bifunctors from Mobg X Mobg to As.

The functor Ng — Hom(Ss, Ng) is naturally 1somorph1c to the identity
functor on Mopg (Exercise 2.1.3), so the result follows on noting that fyL =
L ®g S and changing notation. (]

3.3.16 R and C

To illustrate what has gone before, we consider the special case in which
f : R — C is the usual inclusion of the field of real numbers in the complex
numbers.

Let V be a real vector space, say of finite dimension n, with basis

{61,.. . ,en}.
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Then fuV is a complex vector space of the same dimension, with basis
{e1®1,...,e,®1},
and f# fuV is the real space of dimension 2n with basis
. {e1®1,e1Q1%,...,6,®1,e, ®1i},
where { = /=1.

In the other direction, a complex vector space W of dimension n becomes
a real space f*W of dimension 2n and then a complex space fuf#W of
dimension 2n. These matters are developed further in [Adams 1969], Chapter
3.

The relationship generalizes in the following way.

3.8.17 Proposition
Suppose that a ring homomorphism f : R — S is an injection which gives S
the structure of a free right R-module R* of finite rank, with basis {s1, ..., sx}.
(i) f M = R" is a free right R-module, with basis {ma,...,ms}, then
f#fuM is a free right R-module of rank hk, with basis {m; ® s;}.
(i) If N = S™, then f#N = R™ and fuf#N = 5%, O

8:3.18 Skew fields unbalanced

The structure of S as a left R~module is irrelevant in the above result. It is
worth remarking at this point that the left R-module structure of S may well
differ from the right module structure. For example, [Schofield 1985] gives
examples of inclusions of skew fields D — D’ such that the left and right
dimensions of D’ over D take any preassigned pair of values, provided neither
is 1.

Next, we consider the relationship between the functors which arise when
we have two ring homomorphisms f and g from R to S.

3.3.19 Theorem

Let f and g : R — S be ring homomorphisms. Then the following state-
ments are equivalent.

() There is an element A of S such that
f(r)A = Ag(r)

for -all elements r of R.
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(ii) There is a natural transformation of restriction functors

n: gt — f*.
(iiiy There is a natural transformation of extension functors

v:ga — fau.

Furthermore, X is a unit of R if and only if either one (and hence both) of 7
and v is an isomorphism.

Proof-
(i) = (3).  We know that there is an R-module homomorphism

ns : g8 —— fFS.

Write A = ng(1lg).
Now, for any element n of an S-module N, there is a homomorphism
p(n):§—— N
given by
p(n)s = ns,
and because 7 is a natural transformation, there is a commutative diagram
ns
g*S — f#5
g% p(n) l J F#p(n)

S
N — 5, FEN

which means that nx{(p(n)s) = p(n)(ns(s)).
With s = lg, we see that -

NNT =TnA, ¢ (3.1)
so that the natural transformation 7 is completely determined by the element
Aof S.

Now, the fact that ng respects the R-module structures on S means that
ns(ls -7) = ng(ls) - r, that is,
g(r)A = Af(r).

To establish the converse implication (i) => (ii), it is enough to verify that,
for every right R-module N, the formula

nﬁ,n =n\ fornin N,
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defines a natural transformation 7* : g# — f# when X satisfies the given
condition (i). This is left to the reader, as is the equivalence of (i) and (iii).
For the final assertion, recall from Equation 3.1 above that any 7 as in (i)
is n = n* for some A € S. The claim now follows from the observations that
7' = ™ and n(ts) = Idg. O
We note an important consequence of the theorem. Recall that a ring

endomorphism « of R is an inner automorphism if ar = ArA~! for some unit
Xof R.

3.3.20 Corollary
For an endomorphism o of a ring R, the following statements are equivalent.
(i) « is an inner automorphism of R.
(ii) o is naturally isomorphic to Idp.
(iif) ay s naturally isomorphic to Idg. O

3.3.21 The definitions for left modules

For the convenience of the reader, we quickly review the definitions of restric-
tion and extension for left modules.

Given a ring homomorphism f : R — S and a left S-module N, the restric-
tion of N is the left R-module f# N, with action given by the rule

r-n=(fr) n.

With right-handed restriction, the ring S is itself an S-R-bimodule, and the
extended module fu N is defined to be the left S-module S ®g N.

It is clear that all our results for the right-handed restriction and extension
functors have left-handed versions.

3.3.22 The twisting of modules

When « is an automorphism of a ring R, we may view the extension and
restriction functors in a different light. Given a right R-module M, we define
the- twisted module M* in Moppg as follows. Elements of M® are symbols
m®, addition is given by

(m+n)* =m® +n2,
and the action of R is given by

m*.r=(m-ar)®.
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Similarly, a left R-module N can be twisted to obtain the left R-module ®N,
in-whichr - ®n = *(ar - n).

Applying these operations to R itself, we obtain new R-R-bimodules R*
and “R.

3.3.23 Lemma

(i) The map ¢ : z +— (az)® from R to R® is an isomorphism of right R-
modules.

(i) The map & : £ — *(ax) from R to ®*R is an isomorphism of left R-
modules.

Proof
For r in R, {(zr) = (az - ar)®, which is (az)® - r by the definition. Thus
¢(zr) = {(z) - r. Clearly, ¢ is an additive bijection, so (i) is proven. The
argument for (ii) is much the same. O
The above result generalizes to a description of the effect of twisting on
projective modules. We use some results on the relationship between projec-

tive modules .and idempotent matrices that are considered in detail in [BK:
IRM] (2.5.9)f.

3.3.24 Lemma

Let « : B — R be a ring automorphism, and let oy denote the induced
automorphism of the matriz ring My(R) for each k > 1 (thus a3 = a).
Suppose that P is a finitely generated projective right R-module. Then the
following hold.

(i) P = nR* for some k x k idempotent matriz n over R.
(i) There is a right R-module ison’zorphz’sm'P‘1 = o (n)RE.
fii * is also a finitely generated projective right R-module.
ii) P is also a finitel ted projective right R-modul

Proef

(i)  There is a surjective R-module homomorphism 7 : R¥ — P for some
k which is split by an R-module homomorphism ¢ : P — RF. Then or is
an idempotent endomorphism of R* which can be represented by a k x k
idempotent matrix 7 (1.3.4), and clearly P = nR¥. :

(i) Let agr =a®---®a: R¥ — R* be the R-module homomorphism
induced by «, and define

9: P* —— o7 (n)R*
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by
0((n2)*) = ogr(nz) = ot (n)agy(z).

It is clear that @ is a well-defined additive bijection. Moreover, for any r in
R, we have

0((nx)*-r) = 0((nz - a(r))*)
ag(nz - a(r))
agy(nz) -7
= 9((77:3)0‘) Ty
showing @ to be an R-module homomorphism as desired.
(ili)  Since a;'(n) is again idempotent, a; () R* is a direct summand of
RF and hence projective. ’ O
The next result shows that a twisted module can be viewed equally as being
a restricted or an extended module.

3.3.25 Proposition

(a) Let M be a right R-module. Then there are isomorphisms,; natural in M,
between the following right R-modules:

(i) the twisted module M¢,
(ii) the restricted module o* M,
and
(iif) the eztended module (a™1)pM.

(b) Let N be a left R-module. Then there are isomorphisms, natural in N,
between the following left R-modules:

(i) the twisted module ®N,
(ii) the restricted module a* N,
and
(iii) the eztended module (™).

Proof ,

We give the argument for (a) only. We first consider the relation between
the twisted module and the restrictéd module.

For clarity, we write a typical element of o M as #m, so that the R-action
on oM is given by #m - = #(m - ar). Then the function o#*M — M=
sending #m to m® is clearly an isomorphism.

Next, to compare M* with the extended module ()M, recall that the
extended module is generated by elements of the form m ® £, where ms®t =
m ® (o~ ls)t. Because c is an automorphism, it follows that each element
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of (&%)« M may in fact be written in the form m ® 1. Then the function
M® — (a1) M given by m* — m®1 is evidently a bijection. The R-actions
are respectively
m®-r=(m-ar)® on M%,
and
(mel) - r=m®r=me®a ‘(ar)=m-ar®1 on (a™)xM,

so that the map is also a homomorphism. |

3.3.26 Group rings

The representation fheory of groups plays an important role in K-theory, both
as a tool for use in constructing the theory, and as a source of problems within
the theory. We therefore give a brief summary of the terminology and some
special constructions which arise when we apply ‘change of rings’ to modules
over group rings.

Let A be a commutative coefficient ring and let G be a group, usually but
not necessarily finite. The group ring AG is the free (left) A-module generated
by the set G, with multiplication inherited from G. Thus an element z € AG
looks like z = geG Tg9 with only a finite set of nonzero coefficients z,, and
multiplication is given by

(Z fﬂgg) ( > yhh) = > zeyngh:

geq heq gheG
In particular, AG is a balanced A-module, and the identity for the multipli-
cation is 14l¢.

Any right AG-module will be a right A-module, which we always take to
be a balanced A-module.

A group homomorphism f : H — G gives-an evident ring homomorphism
f: AH — AG (of the same name). In this context, the extension functor
fa: Mag — (M @an AG) ac is called the induction functor, M @ 4z AG be-
ing the induced module. The terminology for restriction is unchanged. Both
the terms induction and restriction are most appropriate when the group
homomorphism f is an inclusion, but their usage is extended to general ho-
momorphisms. .

Given a right AH-module M, the induced AG-module is more often written
MG, the ring A being understood. Similarly, the restriction of a right AG-
module N is written Ng.

The special nature of a group ring allows further operations on AG-modules.

e o]
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of (™) M may in fact be written in the form m ® 1. Then the function
M®* — (a7 M given by m® — m®1 is evidently a bijection. The R-actions
are respectively

m®-r=(m-ar)® on M?,
and
(m®1)-r=m@r=m@a *(ar)=m-ar®1 on (¢ )zM,

so that the map is also a homomorphism. [

3.8.26 Group rings

The representation fheory of groups plays an important role in K-theory, both
as a tool for use in constructing the theory, and as a source of problems within
the theory. We therefore give a brief summary of the terminology and some
special constructions which arise when we apply ‘change of rings’ to modules
over group rings.

Let A be a commutative coefficient ring and let G be a group, usually but
not necessarily finite. The group ring AG is the free (left) A-module generated
by the set G, with multiplication inherited from G. Thus an element z € AG
looks like z = 3 0eG Lo with only a finite set of nonzero coefficients x4, and
multiplication is given by

( > :cgg) ( > yhh> = > zeyngh:

geG he@ ghe@
In particular, AG is a balanced A-module, and the identity for the multipli-
cation is 141¢.

Any right AG-module will be a right A-module, which we always take to
be a balanced A-module.

A group homomorphism f : H — G gives.an evident ring homomorphism
f : AH — AG (of the same name). In this context, the extension functor
fa: Mag — (M ®am AG) aq is called the induction functor, M ® 4z AG be-
ing the induced module. The terminology for restriction is unchanged. Both
the terms induction and restriction are most appropriate when the group
homomorphism f is an inclusion, but their usage is extended to general ho-
momorphisms. .

Given a right AH-module M, the induced AG-module is more often written
MG, the ring A being understood. Similarly, the restriction of a right AG-
module N is written Ng.

The special nature of a group ring allows further operations on AG-modules.
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by
0((n2)*) = agr(nz) = ot (n)agi(z).

It is clear that 6 is a well-defined additive bijection. Moreover, for any r in
R, we have :

((nz)* - )

0((nz - a(r)))

= agi(nz - ofr))

= aé,lc (pz) -

= 0((nz)*) -7,
showing @ to be an R-module homomorphism as desired.
(i)  Since a;'(n) is again idempotent, c;* (n) R is a direct summand of
RF and hence projective. ’ a

The next result shows that a twisted module can be viewed equally as being

a restricted or an extended module.

3.3.25 Proposition

(a) Let M be a right R-module. Then there are isomorphisms, natural in M,
between the following right R-modules:

(i) the twisted module M®,
(i) the restricted module o# M,
and
(iil) the extended module (o™ 1) M.

(b) Let N be a left R-module. Then there are isomorphisms, natural in N,
between the following left R-modules:

(i) the twisted module N,
(i) the restricted module o* N,
and
(iii) the extended module (o1)xN.

Proof _

We give the argument for (a) only. We first consider the relation between
the twisted module and the restricted module.

For clarity, we write a typical element of o M as #m, so that the R-action
on a*M is given by #m -r = #(m - ar). Then the function a#*M — M*©
sending #m to m® is clearly an isomorphism.

Next, to compare M with the extended module (a~1)xM, recall that the
extended module is generated by elements of the form m ® ¢, where ms ®t =
m ® (o 's)t. Because o is an automorphism, it follows that each element
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Similarly, a left R-module N can be twisted to obtain the left R-module ®N,
in-whichr - ®n = *(ar - n).

Applying these operations to R itself, we obtain new R-R-bimodules R
and °R.

3.3.23 Lemma

(i) The map ¢ : z +— (az)® from R to R* is an isomorphism of right R-
modules.

(i) The map & : z — *(ax) from R to °R is an isomorphism of left R-
modules.

Proof
For r in R, ((zr) = (az - ar)®, which is (az)® - r by the definition. Thus
¢(zr) = ((z) - r. Clearly, ¢ is an additive bijection, so (i) is proven. The
argument for (ii) is much the same. O
The above result generalizes to a description of the effect of twisting on
projective modules. We use some results on the relationship between projec-

tive modules and idempotent matrices that are considered in detail in [BK:
IRM] (2.5.9)f.

3.3.24 Lemma

Let o : R — R be a ring automorphism, and let oy denote the induced
automorphism of the matriz ring My(R) for each k > 1 (thus a1 = «).
Suppose that P is a finitely generated projective right R-module. Then the
Jollowing hold.

(i) P = nRF for some k x k idempotent matriz n over R.
(i) There is a right R-module isomorphism'P“ =~ o (n)RE.
(i) P® is also a finitely generated projective right R-module.

Proof

(1) There is a surjective R-module homomorphism 7 : R¥ — P for some
k which is split by an R-module homomorphism ¢ : P — RF. Then o7 is
an idempotent endomorphism of RF which can be represented by a k x k
idempotent matrix n (1.3.4), and clearly P = nRF. ‘

(ii) Let agr = a® -+ ® o : R* — R* be the R-module homomorphism
induced by «, and define

0: P* — ;' (n)R*
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defines a natural transformation 7* : g# — f# when ) satisfies the given
condition (i). This is left to the reader, as is the equivalence of (i) and (iii).

For the final assertion, recall from Equation 3.1 above that any 7 as in (ii)
is 7 = n for some A € §. The claim now follows from the observations that
= g™ and 5(1s) = Idg. O

‘We note an important consequence of the theorem. Recall that a ring
endomorphism « of R is an inner automorphism if ar = ArA~?! for some unit
Xof R.

3.3.20 Corollary
For an endomorphism o of a ring R, the following statements are equivalent.

(i) « is an inner automorphism of R.
(ii) o* is naturally isomorphic to Idg.
(iif) ag is naturally isomorphic to Idp. -

3.3.21 The definitions for left modules
For the convenience of the reader, we quickly review the definitions of restric-
tion and extension for left modules.

Given a ring homomorphism f : R ~ S and a left S-module N, the restric-
tion of N is the left R-module f# N, with action given by the rule

r-n=(fr) -n.

With right-handed restriction, the ring S is itself an S-R-bimodule, and the
extended module fu N is defined to be the left S-module S®z N.

It is clear that all our results for the right-handed restriction and extension
functors have left-handed versions.

3.3.22 The twisting of modules

When ¢ is an automorphism of a ring R, we may view the extension and
restriction functors in a different light. Given a right R-module M, we define

" the-twisted module M® in Mopp as follows. Elements of M® are symbols

m*, addition is given by
(m+n)® =m® +n®,
and the action of R is given by

m®-r = (m-ar)®.
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(i) There is a natural transformation of restriction functors
n: gt — f¥.
(iif) There is.a natural transformation of extension functors
v:igg — fp-
Furthermore, X is a unit of R if and only if either one (and hence both) of n

and v s an isomorphism.

Proof-
(i) = (3).  We know that there is an R-module homomorphism

ng: g8 —— f*S.

Write A = ng(1s)-
Now, for any element n of an S-module N, there is a homomorphism
p(n): S ——N
given by
p(n)s = ns,
and because 7 is a natural transformation, there is a commutative diagram
ns
g*§ ——— f#S
g#p00.l Jf#pOw

5
g*N L«r f#EN

which means that ny(p(n)s) = p(n)(ns(s)).
With s = lg,-we see that -
nNn =nA, ¢ (3.1)
so that the natural transformation 7 is completely determined by the element
Aof S.
Now, the fact that 7ng respects the R-module structures on S means that
ns(ls - r) =ns(lg) - r, that is,
g(r)A = Af(r).
To establish the converse implication (i) = (ii), it is enough to verify that,
for every right R-module N, the formula

nyn=mn) fornin N,
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Then fuV is a complex vector space of the same dimension, with basis
{e1®1,...,e, ®1},
and f# fuV is the real space of dimension 2n with basis
. {e1®1,e1Q14,...,en,® 1,6, ® 1},
where i = /—1.

In the other direction, a complex vector space W of dimension n becomes
a real space f#W of dimension 2n and then a complex space fuf*W of ©
dimension 2n. These matters are developed further in [Adams 1969], Chapter
3.

The relationship generalizes in the following way.

3.8.17 Proposition
Suppose that o ring homomorphism 'R — S is an injection which gives S
the structure of a free right R-module R* of finite rank, with basis {s1,..., sk}
(i) If M = R* is a free right R-module, with basis {my,...,mp}, then
f#fuM is a free right R-module of rank hk, with basis {m; ® s;}.
(i) If N = S", then f*N & R™ and fuf*N 22 Stk 1

3.8.18 Skew fields unbalanced

The structure of S as a left R-module is irrelevant in the above result. It is
worth remarking at this point that the left R-module structure of S may well
differ from the right module structure. For example, [Schofield 1985] gives
examples of inclusions of skew fields D — D’ such that the left and right
dimensions of D’ over D take any preassigned pair of values, provided neither
is 1.

Next, we consider the relationship between the functors which arise when
we have two ring homomorphisms f and g from R to S.

3.3.19 Theorem

Let f and g : R — S be ring homomorphisms. Then the following state-
ments are equivalent.

A1) There is an element A\ of S such that
F(r)A = Ag(r)

for -all elements r of R.
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3.3.14 Proposition
For a homomorphism f: R — S of commutative rings and modules M in
Mobpg and N in Barg, there is a natural isomorphism

(faM) ®s (faN) = f4(M ®r N)
of right S-modules. » o

A further relationship between restriction and extension can be most neatly
expressed in the language of category theory.

3.3.15 Proposition

The extension functor is left adjoint to the restriction functor. In other
words, given a ring homomorphism f : R — S and modules M in Moog and
N in Mobg, then there is a natural isomorphism

Hom 5(f#M, N) = Hom g(M, f*N).

Proof

Recall from the Adjointness Theorem (3.1.19) that for arbitrary rings A4, B
and C and bimodules 4Lg, Mg and 4Ng as indicated, there is a natural
isomorphism

n:Hom g4 c(L &3 M,N) —— Hom 4 (L, Hom(M¢, N¢))

of trifunctors from 4Bzmoppg X gBzmopg X sBzmong to As.
Take A = Z, B = Rand C = 8, and let M be S viewed as a (fixed)
R-S-bimodule in the usual way. We then obtain a natural isomorphism

7 : Hom g(L ®R S, N) — Hom (L, Hom(Ss, Ns))

of bifunctors from Mopg X Mobg to As.

The functor Ng — Hom(Ss, Ng) is naturally lsomorpkuc to the identity
functor on Mopg (Exercise 2.1.3), so the result follows on noting that fuL =
L ®g S and changing notation. ()

3.3.16 R and C

To illustrate what has gone before, we consider the special case in which
f : R — C is the usual inclusion of the field of real numbers in the complex
numbers.

Let V be a real vector space, say of finite dimension n, with basis

{61,.. . ,en}.
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Proof
(i)  Let N be a right S-module. Then fzf#*N = N ®g S and we define

nv:N®rS—— N
by
nn(n® s) = ns;
as in (3.1.4), this is a well-defined homomorphism which is clearly natural in
N. )
(i) On the other hand, given the right R-module M, we define the homo-
morphism
vy M —— M®p5
by
vym=me@e1,
which is again natural.
(iii)  This is immediate from the above formulas. O
There are also relations between these functors and tensor products, when
the rings act on the appropriate sides of the modules. The first is called
a projection (or reciprocity) formula. (See Exercise 3.3.12 for the usage of
‘reciprocity’ in the representation theory of groups.) Its proof follows easily

from the naturality of the various constructions involved, using (3.1.11) and
Exercise 3.1.4.

3.3.13 Proposition
For a ring homomorphism f : R — S and modules M in Mopg and N in
gBzmopg there is a natural isomorphism

f#(faM ®s N) & M ®g f*N

of right R-modules.
In particular, when N = S,

F*faM = M ®g f*8. 0

The next result follows from (3.2.15), again using the naturality results in
(3.1.11) and Exercise 3.1.4.
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and that an R-module homomorphism « : M — M" defines an S-module
homomorphism fg(a) : fo(M) — fo(M") by the rule

fo(e)(m) = (am).
Thus we have an additive covariant functor

fq : Mopg —— Monbg.

3.3.11 Proposition
The functors fu and fg are naturally isomorphic.

Proof
Let M be a right R-module. By (3.2.3), there is an exact sequence

M®@ra—— M@ R— M Qr S ——0.

By (3.1.4), the obvious map n : m®r — mr from M ®g R to M is
an isomorphism of right R-modules, and this isomorphism clearly maps the
image of M ®r ain M ®r R onto Ma in M.

Thus 757 induces an isomorphism between fxM and foM, which can be
verified directly or, more eruditely, by appealing to the Five Lemma (2.3.23).
Since the construction is natural in M, we have a natural isomorphism be-
tween fu and fo. |

The relationship between the extension functor and the restriction functor
in general is given by the following result.

3.3.12 Proposition
There are natural transformations

6
n: fuf* —1dsg

and
(ii)

v:Ildg —— f#f#,

where Idg and Idg are the identity functors on Mopg and Mopg re-
spectively.
(ii) For any right S-module N, we have

INVszN = dN.
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are all exact, since in each case the domain is a split G-exact category. In
general,

fa: Mp—— Mg

will not be exact, which can be seen by taking f:7Z — Z/nZ to be the stan-
dard surjection and considering the effect of fx on the short exact sequence

S n
0 Z Z Z/nZ —— 0
as in (3.2.1).

3.3.9 An identification

Suppose that R is a subring of S and that f : R — S is the inclusion. Given a
right R-module M, it is tempting to view the extended module fueM simply
as the right S-module M S generated by the members of M. This temptation
must usually be resisted, since there may be no S-module that contains the
elements of M. For example, take R to be Z, S to be Q and M to be Z/2Z;
then fu (M) =0. ‘

However, it is legitimate to identify fulM with MS when M is a flat R-
module, since f then induces an injection

o~ id® f

M M®rR

MQ®rS;

more properly, we identify each m € M with its image m® 1 € M ®p S, so

that
k

M®RS={ZmisiQmiEJVI,si €S,k>1}=MS.

t=1

Likewise, if N is a flat left R-module, we can write faN =S®gr N as SN.

3.3.10 The quotient functor

‘When the ring homomorphism f : R — S is a surjection, fx is called the
guotient functor, which we now describe in more detail.
Let a be the kernel of f. Given an R-module M, write

fo(M) = M/Ma,

where Ma is the submodule of M generated by all products mz with z € a
and m € M.
It is clear that fo(M) is an S-module under the rule

- fr = WF,
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If we write fu(R) = Moog and put g fu = (gf)#, then (=) is a covari-
ant functor from Rzrve 10 Car .
As with restriction, we use the same symbol fu for several functors arising
from fau.
3.3.7 Proposition
(i) For any indez set A, fu(RM) = SA.

(ii) fu induces additive functors

fa: Prosgp —— Proug,
gt Mp —— Mz,

f#:Pr—— Ps
and
f# 3 FR ey FS.
Proof
The functor fz(~) = —®g S is additive (3.1.7) and has fu(R) = S by (ii)

~of (3.1.4), so (i) follows from the left-handed version of (3.1.8). Explicitly, the
isomorphism is defined by the map

(r2) ® s = (f(2)s),
which has inverse .
(53) F— D> _(ex® 51),

where ey has entry 1 in the Ath place and zero elsewhere (recall that only a
finite number of entries of either R* or S* can be nonzero).
The remaining assertions in (ii) follow from,(3.1.17). O

3.3.8 Ezxaciness
The functors

f# : P’ROJR o} PROJS,
f#:Pr—Pg

and

f#:fR——)FS
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and for a homomorphism
a:M —— M
of right R-modules,
fa(a) = a®@ids : fu(M') — fu(M).

By (3.1.7), fu is an additive covariant functor from Mopg to Mobg.

‘The functor fy is called extension of scalars and the module fu(M) the
extended module. In particular, for a right ideal a of R, fua is easily seen to
be naturally isomorphic to the right ideal of S generated by the image f(a)

-of a; fya is commonly known as the extension or extended ideal of a.

As with restriction, the terminology is perhaps most appropriate when f is
an injection. In special cases, alternative terms may be used. For example,
when S = Ry is a localization of R, fu is also called localization, which we
discuss in detail in Chapter 6. When H is a subgroup of a group G and
f: AH — AG is the obvious inclusion of group rings (see Exercise 3.3.8), fu
is called induction. Here A can be any coeflicient ring.

Here are some of the basic properties of the extension functor.

3.3.5 Lemma

(i) (idr)s s the identity functor Idg : Mopg — Mobg.
(ii) Given ring homomorphisms f : R — S and g : S — T, then there is a
natural isomorphism

9 fx = (9f)-

Proof

The first assertion is obvious. The second follows from the fact that, for
any R-module M, there is an associativity isomorphism from M ®g (S ®s T)
to (M ®g S) ®s T (3.1.5), which is easily seen to be natural in M. O

3.3.6 Corollary

In (ii) above, suppose that S is flat when viewed as a left R-module by
restriction and that T is flat as a left S-module. Then T is flat as a left
R-module.

Proof

We appeal to (3.2.8). Since rS and gT are flat, fu and gu are exact
functors. Thus (gf)« is an exact functor and so gT is flat. |
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(iii) The functor f# induces a functor
#:Ps— Pr

if and only if f*S is a finitely generated projective right R-module.
(iv) The functor f# induces a functor

f#:Fs—— Fn
if and only if f#S is a free right R-module of ﬁnité rank.

In each case, if the functor f# exists, it is ezact.

Proof.

Since all the subcategories that occur are full subcategories of Mopg or
Mobg, we need only verify that f# has the desired action on modules.
(). Suppose first that f#S is R-projective. If M is in Prousg, then M &
N 22 SA for some module N and index set A ([BK: IRM] Theorem 2.5.8),
and clearly f*M @ f#N = (f#8)* also, which shows that f#M is projective
([BK: IRM] Theorem 2.5.5).

The converse is obvious since S is in Proug.
(ii) = (iv).  Similar to (i); note that if an S-module M has a finite set of
generators {my,...,me} and S has a finite set of generators {s;,...,s;} as a
right R-module, then the set of products {m;s;} is a finite set of generators
of the R-module f#M. J

The final assertion follows from the observation that restriction must pre-
serve exact sequences of modules since it has no effect on the underlying
abelian groups. Note also that all the categories mentioned are repletely G-
exact subcategories of Moog or Mobpg. » O

3.3.4 FExtension

Again, let f : R — S be a ring homomorphism. To define the extension
functor fg : Mopg — Mobg, we first consider S as a left R-module by the
rule r - s = (fr)s, so that S becomes an R-S-bimodule. (Strictly speaking,
this amounts to replacing S by its image f#(S) under the restriction functor
for left modules — see (3.3.21).)

Then we put

f# = —Q®prS: Mopgp — Mobg;
explicitly, for a right R-module M,
fa(M)=MQ®grS
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denote by f#M. It is evident that a homomorphism
a:M — M
of right S-modules is also a homomorphism
ffo: fFM —— f*M
of right R-modules and that
f#*: Mopg — Mobpp

is an additive covariant functor, which we call restriction or restriction of
scalars

The terminology is most appropriate when f is an injection, because we
are then ‘restricting the scalars’ in the literal sense. When f is surjective, the
reader may meet the terms pull-back to describe f# and coinduced module to
describe f#M. Finally, in K-theory f# gives rise to various homomorphisms
of K-groups; many of these homomorphisms are called fransfer maps.

Here are some elementary properties of the restriction functor.

3.3.2 Lemma

() (idr)* is the identity functor Idg : Mobg — Mobp.
(i) Given ring homomorphisms f : R — 8 and g : § — T, there is a natural
isomorphism between the functors (gf)# and f#g#. O

1If we put (R)# = Mobpg, then (—)* is a contravariant functor from the

-eategory Rzne of all rings to the category Car of all categories.

Next, we consider the behaviour of the restriction functor on various sub-

categories of Mopg. To save notation, we use the same symbol f# to denote

a-number of functors arising from f#.

3.3.3 Proposition
(i) The functor f# induces a functor

f# : Prosg — Prosg

-if and only if f#S is a projective right R-module.
(ii)} The fanctor f* induces a functor

f#: Mg —— Mg

if and only if f#S is a finitely generated right R-module.
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and

f# : Moppg ~—s Monbg,

which are called respectively restriction and extension of scalars. These func-
tors generalize the notions of restriction and extension of scalars between, for
example, real and complex vector spaces (where f is the inclusion map of R
in C), to modules over arbitrary rings.

An important special case occurs when the ring homomorphism is an auto-
morphism of R, which we prefer to write as o rather than f. In this situation,
an R-module M can be ‘twisted’ to obtain a new R-module M* (3.3.22),
which turns out to be the restriction a#M (3.3.25). Twisted modules are
encountered frequently in the theory of skew polynomial rings.

The functorial analysis of change of scalars through the tensor product
was initiated in [Cartan & Eilenberg 1956], Ch. II §6. Our emphasis on
the preservation of exact sequences and the twisting of module structures
anticipates the requirements of K-theory.

As usual, we concentrate on right modules. It will be obvious that our
definitions and results have analogues for left modules (see (3.3.21)). We do
not always state these analogues separately. Note that we always write ring
homomorphisms on the left of their arguments.

'The reader is warned that there is considerable variation in the notation
and terminology for restriction and extension. For example, [Quillen 1973]
§4 (5), uses f. where we use f#, and f* for our fa. The variation stems
from the convention that covariant behaviour is usually indicated by a sub-
script and contravariant by a superscript. In applications to geometry and
topology, the interest is in the action of restriction and extension on cate-
gories of varieties, schemes or topological spaces rather than modules [Fulton
& Lang 1985], II §1. However, the functors that link rings to these objects
are themselves contravariant [Hartshorne 1997], I (3.8), II (2.3), with a re-
sulting switch in the variance of restriction and extension. We mention the
alternative terminologies from time to time.

3.8.1 Restriction

Let M be a right S-module and suppose that there is a ring homomorphism
f:R— & .
Given elements r of R and m of M, define

m-r=m-(fr).

It is clear that this rule gives M the structure of a right R-module, which we

Bt oo — e
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3.2.8

and that
TorZ(M,~) = 0 for n > 1.
(ii) Let R = Ale] be the ring of dual numbers over a coefficient ring

A and let M be a right R-module. After Exercise 3.2.1, there is
a short exact sequence (of left or right R-modules)

0 » A R » A 0

in which the inclusion is multiplication by € and the surjection
is the natural one.
Show that M ®p A = M/Me and that Torf(M, A) = M./Me
where M, = {m € M | me = 0}. Deduce that Tor®(4, A) = A,
as a group. !
Show also that Tor? , (M, A) = Torf(M, A) for n > 1.

(ii) Prove (3.2.10) using the long exact sequence.

Let

0 N’ N N" + 0

be any short exact sequence of left R-modules, with N” flat, and let
M be any right R-module.

(a) Choose a short exact sequence

0 K F M » 0

with F' flat, and construct a 3 x 3 commutative diagram as in
(3.2.10). By chasing the diagram, show that M ®z N’ maps
injectively into M ® g N.
(b) From the case where N is free, observe that Torf(M, N”') = 0.
(c) Also deduce from (a) that if N is flat, then so is N’, a converse
to (3.2.10).

3.3 CHANGE OF SCALARS

Now that the tensor product and the language of category theory are available
to us, we can analyse in detail the relationships between various categories of
modules that arise from homomorphisms between rings.

Given a ring homomorphism '

f:R— 5,

where R and S are arbitrary rings, we define two functors

f# : Mopg —— Mobp
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of Mg whose objects are in Pp, the class Ex(Pg o) consisting of all
short exact sequences with terms in Py (so Pg,o is repletely exact).

Show that — ®g N is exact on Mg e and Pgre for any left R-
module N,

(In applications, Mg o is useful when O is a commutative domain
and R is an O-order, while Pg o is useful when O is arbitrary and R
is the group ring OG for a suitable group G ([Berrick 1982] p. 94).)
Firm modules over nonunital rings

For a nonunital ring R with unitalization R, recall from (1.3.2)(iv)
that an R-module is just the same thing as an R-module. In par-
ticular, R itself is an R-bimodule. We define a right R-module V'
to be firm if multiplication induces a right R-module isomorphism
V ®g R — V; similarly for firm left R-modules. The ring R itself is
called a firm nonunital ring if it is firm as a right R-module. Show
that this is equivalent to R being firm as a left R-module, and to
there being a canonical (nonunital) ring isomorphism R ®% R — R,
where R ®% R has ring structure defined by

(r1 ®r2)(r] @ rh) = ry(rory) @ Th =11 ® (rar})rh.
Now suppose that R is a firm nonunital ring, and let V be a firm
right R-module and W a firm left R-module equipped with a surjec-

tive R-bimodule homomorphism ¢ : W ®z V' — R. Define a multipli-
cation on the abelian group S =V @z W by

W)W @u)=v-oc(w,v)®w =v®c(w,v) w'.

Show that S is thereby also a firm nonunital ring.
Let O be any commutative ring. Using (3.2.14), show that the tensor
product induces biadditive functors from
(i) Mo x Mp to Mg,
(i) Fo x Fo to Fo, ’
(iii) Po x Po to Po,
and
(iv) Mo X Torp to Torp.
Calculations with Tor
For this exercise, we assume the properties of the functor Tor as
outlined in (3.2.6). '
(i) Let M be an abelian group (that is, a Z-module.) Show that,
for any positive integer a,

Tor?(M,Z/Za) = {m € M | ma = 0}
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Then there is an isomorphism a ®o b — ab C K, given by a ® b+ ab.

Proof

Clearly, the map a ® b + ab is a well-defined surjection, so we need only
check injectivity. Suppose first that b = Oz is principal. Then b is projective
and so flat as an O-module, and the natural inclusion a — KC gives an injective
homomorphism a®0 Oz — K®xOz. Arguing as in (3.1.4), we have a®o Oz =
az and Qo Oz =2 Kz =K viaa® z — az.

In general, suppose-that-a;,...,a; are in a and by, ...,b; are in b, and that
>;a; ®b; — 0in K. Finding a common denominator z € K, we can write
b; = ¢;x with ¢; € O for all 4. Then

zai'®lbi=zaaci®m}-———>07
i i

80 Y, a:c; =0in a. Thus ), a;®¢; =0in a ®p O and, after multiplication
bym,zi%®bi=0ma®b: O

\Eg:e)cz'ses

3.21  Let R be the ring of dual numbers Ale] over a ring A, and recall that
A is both a left and right R-module, with € acting as 0 on A. By
considering the short exact sequence of right R-modules

0 el —2 s Al — s A0,

where « is the inclusion.and f§ the obvious surjection, show that A is
not R-flat.

3.2.2 Let N =D,c5 Na be a direct sum of left R-modules, where A is any
ordered set. Show that N is flat if and only if each N} is flat.

3.2.3 An R-module M is said to be finitely related if there is a short exact
sequence of the form

0 RrR™ s RN s M » 0.

Show that if also M is flat,-then M is projective.
3.2.4 Given a subring O of a ring R, we introduce two O-relative G-ezact
categories Mp, o and Pg,o as follows.

The category Mp,o has as underlying category Mg and we take
the set Ex(Mpg;0) of admissible short exact sequences to be all the
short exact sequences in Mg which are split as exact sequences of
O-modules. The underlying category of Pg e is the full subcategory
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71y ¢ F — 7F;. Because the restriction of-r to L is the identity map, L C L'.
Finally, since €0 = ¢ and ep = 0; we-have L' C Kere. O

3.2.14 A pairing on Moop

As we remarked following (3.1.10), the tensor product —®pg — can be regarded
as a bifunctor from Mopg % pMob to As. For a general ring R and arbitrary
modules Mg and g N, there is no natural method by which M®g N can be en-
dowed with an R-module structure. However, if both M and N belong to the
category rBzmopg of R-R-bimodules {and R-R-bimodule homomorphisms),
then M ®g N is also in gpBzmobpp (see (3.1.3)).

This observation permits us to use the tensor product to define a binary
operation in Mopg when the ring R is commutative. An R-R-bimodule is
said to be balanced if rm = mr for all m in M and 7 in R. Clearly, any right
(or left) R-module M can be viewed as-a balanced R-R-bimodule by setting
rm = mr for all » in R and m in M. Thus we can choose to identify both
Moog and gpMop with the category Barg of balanced R-bimodules.

Using this identification, we can regard —®p — as a bifunctor from Mobppg X
Mopgr to Mopg. Such a bifunctor which is additive in both variables is
sometimes called a pairing on Moog. It is clear that this pairing induces a
pairing on Mg, the category of finitely generated R-modules.

The next result shows that this pairing is, in essence, commutative. The
proof is an easy exercise.

3.2.15 Proposition A
Let M and N be balanced bimodules over the commutative ring R. Then
there is a natural isomorphism M &g N =2 N ®gr M of balanced R-bimodules.
- 1

The above pairing can be viewed as a generalization of the product of
fractional ideals of a commutative domain @. Let K be the field of fractions
of O, and recall that a fractional ideal of O is a finitely generated (balanced)
O-submodule of K, and that the product ab of fractional ideals a and b is
the submodule of K generated by all products ab with a € a,b € b (2.3.20).
Then ab is also a fractional ideal. The connection between the pairing and
the product is given by the following useful computation.

3.2.16 Proposition

Let O be a commutative domain with field of fractions K, and let a and b
be fractional ideals of O.
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and

k k k

> p(@ai = p(d_mia:) =Y mia,

d=1 =1 i=1

as required. O
Note that here L is not quite a direct summand of F. We now show that

in favourable circumstances we do obtain a direct summand. The first result

is obvious, the next rather deeper.

3.2.12 Corollary

Suppose that € : P M ois surjective, with F' free and M flat. If Kere is
finitely generated, then F = Kere® M. [

Although the finitely generated submodule L in Villamayor’s Lemma need
not be a summand of F', the next result shows that it is contained in a finitely
genera\“\ed suthmand provided that F is ‘big enough’. This result is used
in (5.2.7) to help in the derivation of another important characterization of
flatness. :

3.2.13 Lemma
Suppose that (¢, L) is a pair as in Villemayor’s Lemma, and also that M is
flat and that F' = Frp(X), where for each © € X there exist infinitely many

y € X such that ey = ex. Then there is a finitely generated direct summand
L' of F with

LC L CKere.

Proof

With p : F' — Kere as above, let X; be the finite set of elements of X
occurring in the expressions of the generators of pF as linear combinations
of elements of X. By hypothesis, we can partition X as X = X3 U Xy 1 X3
with X7 and X5 in bijective correspondence such that corresponding elements
have the same images under e. Write F; = Frg(X;), so that L € F; and
F = Fi®F,®F;, and let m, : F — Fy denote projection to the first summand.
The bijection X; — X, defines an injective homomorphism o : Fy; — Fy < F'
with 710 = 0 and €0 = €. Define ‘

T=1id+o(p—1id): F; — F,

with image L' == 7Fy. (Roughly speaking, 7 — 4d is just p — id shifted away
from Fi.) Evidently, m7 = id, so that the inclusion of L’ in F is split by
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the obvious map M ®ra — M ®r R = M is an injection. So in the following
commutative diagram with exact rows; the right vertical arrow is injective.

(Kere)®ra —— FQra —— M®gpa — 0

L

0 —— Kere —_ F — M — 0

Since u; is the image of the element Zf=1 z; ®r; of F'®p a, a diagram chase
shows that

k h
Z T; @7 = Im('Z yj ®.85)
i=1

J=1

for elements y; € Kere and s; € a. Write s; = Ef___laijri for j =1,...,h,
with each a;; in R, and put v; = Z;___l y;ai; for each i. Then

k k
Uy = Im(z v ® 1) = Eviri with each v; € Kere.
The R-homomorphism p; : F — Kere, sending z; to v; for i = 1,...,%k and

each other generator of F' to zero, has finitely generated image and pyu; = u;.

n>1. Let p; : F — Kere be as above, and let p' : F— Ker ¢ be the homo-
morphism obtained by applying the induction hypothesis to the submodule
of Ker € generated by ug — pius, ..., Un — p1u,. Then the R-homomorphism

p=p1+0(Gid—p1): F—— Kere

has the desired property.

For the converse, we wish to apply the Flat, Test. Therefore let a be a left
ideal of R (with inclusion ¢ : a — R) and let € : F — M be some surjection
from a free module F. We obtain the same diagram as above, but this time
seek to establish the injectivity of the right-hand vertical arrow.

Since the free module F is flat by the left-handed version of (3.2.5), id®
t: F®ra — F ®r R = F is injective. Thus, by an easy diagram chase,
the injectivity of the right-hand arrow will follow once we can show that
if Zf=1 z; ®a; isin F ®g a and E(Zi-;l z;a;) = 0, then Z}i;l x;a; lies in
(id ® v)((Kere) ®r a).

Now by hypothesis there exists an R-homomorphism p : ' — Kere which
restricts to the identity map on E’;l z;a;. Then ZLI pr;®a; € (Ker €)®gpa
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3.2.10 Corollary
Let 0 =+ N' — N — N” — 0 be a short ezact sequence of left R-modules.
If N' and N" are flat, then so too is N.

Proof

Considering any inclusion ¢ — R of a right ideal in R, simply chase the
following commutative diagram of exact rows and columns to show that the
middle row commences with an injection.

~
N ’
0 ~——\>\G®RN’ ——— R®pN' —s R/u®RN’ ey ()

a®r N —+ R®rN —— Rfa®QrN —— 0

0 — a®rN" —— RQrN"—— R/a®@pN'—— 0

3.2.11 Villamayor’s Lemma
Let M be a right R-module. Then the following assertions are equivalent.

(1) M is flat.

(i) Given any pair (¢, L), where € : F — M is a surjective homomorphism of
right R-modules with F free, and L is a finitely generated submodule of
Kere, then there is an R-homomorphism p : F' — Ker € which restricts to
the identity map on L and which has finitely generated image pF'.

Proof

First assume that M is flat. We argue by induction on the number of
generators us, .. ., U, of the submodule L.
n=1  Write u; = Zle T;7; With 21, ..., T, elements of a free generating

set for F'. Let a be the left ideal of R generated by 71, ..., 7% Since M is flat,
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induction on n to show that — ® g N respects injectivity for 4 : M — R™, the
case n = 1 having just been settled.

For the inductive step, we use the standard embedding of R*~! in R". Put
M" = M/(M N R™1). Since M" & (M + R*1)/R*! and R*/R" ! = R,
there is an injective homomorphism from M” to R. So there is a commuting
diagram with exact rows, the lower of which is split:

(MNR"YY®rN —— M®rN —— M"®QzgN —— 0

| ]

0 —— R1@p N — R*"®g N ——3 R@®rN —— 0
Then the injectivity of the two outside vertical arrows implies that of the
middle one.

The next step is to show that —®pg N respects the injectivity of a monomor-
phism p : M — F where F is an arbitrary free module. Again, it is enough
to check the case where the domain M is finitely generated. But then, if
(n®id)z = 0 in F ®g M, there is a finitely generated free submodule G of the
codomain F such that (4 ®id)z = 0 in G®g M already, since any member of
the relation group B(F, M) (3.1.2) can involve only finitely many generators
of F. By the previous step, = = 0.

For the final step, let 4 : M’ — M be an arbitrary injective homomorphism
of right R-modules, and let F' be a free right R-module with 8: F — M an
R-homomorphism onto M, having kernel K, say. Then, in the pull-back

F —— M

L

e M
‘ B also has kernel K, and so there is a commuting diagram with exact rows

K@ N —— F®N —— M ®N — 0
z‘d‘l E®idl p@idl.
K®yN —— F®gpN —s M®rN —— 0

Since i ® id is now known to be injective, so too is u ® id, and the-proof is
. complete. O
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3.2.8 Proposition
(a) For a left R-module N, the following assertions are equivalent.
(1) rN is flat.
(i) The functor —®gN respects the injectivity of any R-module monomor-
phism a : My — Mg with My, finitely generated. That is,

a®td: M @ N —s M®g N
N

is also injective.

(iii) The functor —®pN respects the injectivity of any R-module monomor-
phism My > Mg.

(iv) The functo?i ®r N : Moog — As is ezact.

(b) For a right R-module M ,'the following assertions are equivalent.
(i) Mg is flat.

(if) The functor M@pg~— respects the injectivity of any R-module monomor-
phism gN' — pN with gN' finitely generated.

(iii) The functor M®p— respects the injectivity of any R-module monomor-
phism gN' — gN.

(iv) The functor M @ — : pMop — As is ezact.

Proof

The only outstanding points to check are the implications (ii) = (iii); we
deal with (a) only. Consider an injective homomorphism « : My — Mg
with MY}, not necessarily finitely generated, and let z = Y °_ (m/ ® n;) be in
Ker(a ® id). Then z also lies in Ker(a’ ® id), where o' is the restriction of o
to the submodule of M generated by m/f, ..., m}. This forces z = 0, so that
Ker(a ® id) = 0 as required. a
" The following criterion is designed to simplify one’s workload in establishing
that a given module is flat.

3.2.9 The Flat Test

A left R-module N is flat if and only if —®r N respects the injectivity of all
inclusions p.: a — R of finitely generated right ideals in R. The corresponding
statement holds with ieft and right interchanged.

Proof

Necessity of the condition is immediate from the preceding proposition.
Sufficiency is proved in four stages. First, we note that the argument just
given to prove (ii) = (iii) above also shows that —®r N respects the injectivity
of inclusions u : a — R of arbitrary right ideals in R. Second, we argue by
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of left R-modules with F' flat (for example, projective), and define

Torf(M, N) = Ker(M ®r L — M ®g F)
and

Tor®(M, N) = Tor®_,(M,L) forn > 1.
It can be shown that the abelian groups Torff(M ,N) are independent of the
choice of the short exact sequence for N, and that they could equally be
defined by taking a similar short exact sequence for M and considering the

kernel after tensoring with N. Further, Tor®(M, N) is a covariant additive
functor in each of its arguments, and, given a short exact sequence

0 » N' + N » N > 0
of left R-modules, there is a long exact sequence

—— Torf ,(M,N") ——

—— Tor®(M,N') —— Tor®(M,N) —— TorZ(M,N") —s
——— Torf(M,N") ——

ey M®rN' —— M®rN —— M ®g N" et ()

and likewise for the other variable.

Much analysis is required to verify these claims; a good account is given in
[Rotman 1979].

Note that the flat left R-modules can be characterized as those modules
F for which the functors TorZ(—, F) (n > 1) are identically zero (and corre-
spondingly for right flat modules). Some very elementary calculations with
the Tor functors are indicated in Exercise 3.2.7 below, and in Exercise 6.2.1,
which justifies the notation ‘Tor’. Flat modules made a reticent entrance into
the mathematical landscape in Exercise 3 of Ch. VI of [Cartan & Eilenberg
1956], where they are defined in terms of the vanishing of the functors Tory,.
The pivotal role that flat modules now play will become clear in subsequent
chapters of this text.

v

3.2.7 Criteria for flatness and Villamayor’s Lemma

We now obtain some useful criteria for flatness and thence Villamayor’s Lemma.

For the next few results and proofs, it is convenient to say that a functor F
respects the injectivity of a module monomorphism y if Fu is also a monomor-
phism.

Pt O

e e -
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by

pm’,n)=men+1I,
where m is any element of M such that Sm : m’.

If also fm; = m”, then exactness at M implies that m —m; is in Im o and
hence . .

men+I=m;@n-+1I.
Thus p is well-defined. . Since p is trivial on B(M", N), it induces a homo-

morphism M” @ g N —— (M ®g N)/I which is evidently inverse to A.
The proof of (b) is analogous. O

3.2.4 Corollary ’
A left R-module N is flat if and only if for each injective right R-module
homomorphism o : M’ — M, the group homomorphism

a®idy : M @ N —— M ®g N,
is also an injection. [:]

The existence of flat modules is guaranteed by the next result.

3.2.5 Corollary
Suppose that N is a projective left R-module. Then N is flat.

Proof

That any free module R® is flat follows from (3.1.14), since any injective
right R-homomorphism M’ — M induces an injection M'* — M%. Now,
for the module N, we have N @ Q = *R for some left R-module Q and free
module AR. Therefore, by (3.1.13),

—®RN€B—®RQ2—®RAR.
So — ®g N is exact by Exercise 2.4.6. [

8.2.6 The functors Tort
The failure of the tensor product to be an exact functor can be measured by a
sequence of derived functors Tor’*(—, —) for n > 1. These may be constructed
as follows.

Given a right R-module M and a left R-module N, where R is an arbitrary
ring, we take a short exact sequence

0 L F N 0
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is exact. . ]

Before we make a detailed analysis of the properties of flat modules, we
discuss the extent to which exactness is preserved by modules in general.

3.2.3 Proposition

(a) Let N be a left R-module and let

0 — P

be a short ezact sequence of right R-modules. Then the sequence

id ® id
Men N 22" enn P20 ren N0
18 ezact.
(b) Let M be a right R-module and let
0 RN L

be a short exact sequence of left R-modules. Then the sequence

, d®a id®@ B "
M&ygN —ouos Mg N ———nor--—s M @ N —— 0

s ezact.

Proof

(a) The fact that M"” ® N is generated by symbols m” ® n shows imme-
diately that § ® id is surjective. Since

0=fa®id=(B®id)(a®id),

‘

we have
Im(a ® id) C Ker(8 ® id).
We must verify that this inclusion is equality. Write I = Im(a ® id) and let
A:(M®gN)/I—— M"®r N

be the homomorphism induced by . It suffices to show that A is an isomor-
phism, which we do by constructing an inverse.
Recall that M" @ g N = M"#N/B(M",N) (3.1.2). Define

g M"$#N —— (M @ N)/I

U U
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We also show that, for R commutative, the tensor product defines a binary
operation on the category of R-modules.

Unless otherwise stated, the ring R ig arbitrary. Our main object of atten-
tion is a left module, since we wish to investigate operators on categories of
right modules.

3.2.1 Flat modules ~

Let C be a G-exact category of right R-modules, that is, C is a subcategory

of Mobpg together with a specified set Ex(C) of short exact sequences as in

(2.4.1), and let N be an R-S-bimodule. The additive functor — ® g N may

or may not be an exact functor on C as defined in (2.4.6). It will be so if C is

split exact, but it is not in general, as the following example for Mopz shows.
For any nonzero integer n, there is an exact sequence of Z-modules

n
0 Z——7 Z/nZ — 0

in which the first map is multiplication by n. Tensoring with Z/nZ (as a
Z-module) gives the sequence

0
0 —— Z/nZ Z/nZ Z/nZ 0

which evidently fails to be exact at the first term Z/nZ.

A left R-module N for which —®gr N : Mobg — Mobpg is an exact functor
is, by definition, a flat module. Thus, the left R-module N is flat if for any
short exact sequence

0 LN S R

of right R-modules the sequence

, a®id B®id "
0 M@ N ————— Mg N ——— M" Qg N —— 0
is also a short exact sequence. The definition of a flat right R-module is
analogous. ’
‘We have an almost tautologous lemma.

3.2.2 Lemma

Suppose that the R-S-bimodule N is flat as a left R-module and finitely
generated as a right S-module (where R and S are arbitrary rings). Then the
functor :

—Q@rN: Mg —— Mg
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3.1.4 Associativity of the tensor product
Let R and S be rings and let Ly, pMg and gN-be modules as
indicated.
Show that the isomorphism

(LR M)®s N =2 L®r (M ®sN)

of (3.1.5) is natural in each variable. .

Deduce that the functors (— ®g —) ®s — and — Qg (— ®g —) from
Mopg x gpBzmong X gMop to As are naturally isomorphic.

3.1.5 Let A, B, and C be rings with bimodules sLp, sM¢c and 4Ng as

indicated.

Using the Adjointness Theorem (3.1.19) together with the charac-
terizations of projective and injective modules in terms of the Hom
functor given in (2.1.8), show that

(i) if Lg and M¢ are both projective, then L ® 5 M is projective as
a right C-module (here, take A = Z);
(ii) if Mc is projective and 4N is injective, then Hom(Mq, Ng) is
-left A-injective (here, take B = Z.)

3.1.6  (Tricky!)
Let T be the ring of upper triangular 2 X 2-matrices over RE. By
(3.1.21), there is an equivalence between the categories Mopr and
Mor(Mobpg). Show that the projective T-modules correspond to
split surjections o : P — ¢} with both P and @) R-projective.
Dualize this staterment to one about injectives.

3.2 EXACTNESS OF THE TENSOR PRODUCT

We next investigate whether or not a tensor product functor — ®z N is an
exact functor. The answer depends both on the left R-module N that is
kept fixed and on the category of right R-modules on which it operates. The
modules that always give exact functors form an important class of modules,
namely, the flat modules. We give some criteria for a modile to be flat, .and
we prove Villamayor’s Lemma, a fundamental result which shows that a flat
module enjoys a weak form of the splitting property that defines projective
modules. We also give a summary of the properties of the functors Torf that
are used to repair the non-exactness of the tensor product, and we show that
the tensor product induces a pairing on Moppg for a commutative ring R.

The novelty of our proofs is that they are ‘elementary’ in that they avoid
the use of the machinery of homological algebra.
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Proof

As the details of the argument are very similar to those of the proof of
(1.3.18), we merely indicate the correspondence between right T-modules L
and homomorphisms o« : M ®p W — N.

Suppose that L is a right T-module. Since the direct product R x S is a
subring of T, L can be decomposed into a direct sum M & N with M a right
R-module and N a right S-module. For m in M and w in W, we can write

m0 (g o )= 0amuw)

with a(m,w) € N. It is easy to check that « is biadditive and R-balanced,
and so gives rise to a homomogphism §: M Qg W — V.

Conversely, given such a homomorphism [, we can define a T-module struc-
ture on M @ N. The remaining details are for the reader. O
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Ezxercises

311 Let 8: M — M" and € : N — N" be surjective homomorphisms
of right and left R-modules respectively. Show that Ker S ® £ is the
subgroup of M ® N generated by the set

{k®@n,me@Ll|keKef, LcKerl, me M, ne N}

3.1.2  Letaand b beideals of the ring R. Show that B/a®zR/b = R/(a+b).
(The preceding exercise is relevant.)
Hence compute Z/aZ Qg Z/bZ for various integers a and b.
3.1.3 Dedekind domains
Let O be a Dedekind domain. This exercise requires some facts
about O-modules which are summarized in (2.3.20).

(a) Let P be a Lnitely generated projective O-module. Then, by
Steinitz’ Theorem, P is isomorphic to a projective module in the
standard form P = 0”1 @ a where the rank r and the ideal class
{a} are uniquely determined by P. Compute P ®p @Q for any
finitely generated projective modules P, Q.

(b) Using the Primary Decomposition Theorem and Exercise 3.1.2
above, describe M Q¢ N for any pair M and N of finitely gener-
ated torsion O-modules.

(c) Using the fact that any finitely generated O-module has the form
T & P with T torsion and P projective, describe M ®¢ N for any
pair M and N of finitely generated O-modules.
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For any m e M,

((ne)(alb))(m)

alalb@m) = a(al®bm))
a(a(f®bm)) = ana(9))(bm) = (a({na)(€))b)(m),

which is the desired result.

We define the inverse 7 of 7 as follows. Let v € Hom 4_g(L, Hom(M¢, N¢)),
and put (77)(£®m) = v(£)(m). Routine checking confirms that 7y arises from
a B-balanced biadditive map on L x M in the expected way and that 7 is
an A-C-bimodule homomorphism.

It is clear that 7 and 7 are mutually inverse isomorphisms for each triple L,
M and N, and further routine verification shows them to be natural in each
variable. O

3.1.20 An equivalence of categories

Finally, we use the tensor product to generalize the characterization of trian-
gular matrix rings that was given in (1.3.18).

Let R and S be arbitrary rings and let W be an R-S-bimodule. We define
the morphism category relative to W (a variant of the fibre category of (1.2.9))
to be the category Mor(W; R, S) whose objects are triples (o, M, N) in which
M is a right R-module, N is a right S-module and o : M Qg W — N is a
homomorphism of right S-modules.

A morphism from (o/, M’,N’) to (o, M, N) is a pair (u,v) of homomor-
phisms, p : M’ — M and v : N’ — N, such that va/ = oy ® id), which
means that the following diagram must commute:

o
M®pW —— N/
u@idl ' JV@id
(04
Me@gW ——— N

Thus with W = R = S, we regain the morphism catégory Mor{Mobpg).
The rings R and S and the bimodule W also define the generalized trian-

gular matrix ring T' = ( "8)“ Tg )

3.1.21 Theorem
The categories Moot and Mor(W; R, S) are equivalent.
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The Adjointness Theorem tells us that all three general constructions yield
essentially the same trifunctor. More predisely, the following result holds.

A

3.1.19 The Adjointness Theorem for Hom and ®
Let A, B and C be arbitrary rings. Then there are natural isomorphisms

i Hom 4—¢(L ®p M,N) —— Hom 4 (L, Hom(M¢, N¢)),
and
9 :Hom o_¢(L g M,N) —— Hom p_c(M,Hom(4L, 4N))

of trifunctors from gBzmopp X pBrmonc X aBrmopg to As.
In particular, for M in gBzsonc, the functor

—®p M : gBzmopg — gBrmonc
is left adjoint to
Hom(Me, —) : aBzmopg —— 4Brmonp,
and for L in sBzmonp, the functor
L®p —: gpBzmong —— aBzmong
is left adjoint to
Hom(aL,~) : gBzmong —— pBrmong.
Proof
We establish the first assertion only, the argument for the second being
similar. ‘

Take bimodules 4L, pM¢ and 4N and let @ be in Hom 4 (L®p M, N).
Then a map na : L — Hom (g, N¢) is defined by setting

((n)(£))(m) = a(f®m) foreach { € L and m € M.

Since C acts on L& M by (£®@ m)c = £®mc and « is a right C-module homo-
morphism (and the tensor product is linear in each variable), every (na)(£) is
a right C-module homomorphism. It is also clear that no is an additive map
on L.

The verification that ne is an A-B-bimodule homomorphism is a matter of
careful book-keeping. We need to check that forall{ € L,a € Aand be B
we have

(na)(atd) = a((ne)(£))b-
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if and only if N is finitely generated and projective as a-right S-module.

Proof

Necessity is clear in both cases, since N & R ®g N must be in the target
category. On the other hand, if NV has a finite set {ni,...,n.} of generatars
as an S-module, and M has generators {m,...,m;} as an R-module, then
{m1®mnq,...,ms ®ny} generates M ®g N, which gives (i).

For (i), note that any module P in Pp is a direct summand of R" for-some
integer n. But then P ®g N is a direct summand of R* ® g N = N™, which
is projective precisely when N is, by a standard result ([BK: IRM] Theorem
2.5.5). O

3.1.18 The adjointness of the functors Hom and ®

The homomorphism functors and the tensor product are connected. by an
adjointness relation, the existence of which serves to explain and simplify
some calculations, especially in the Morita theory.

It will be convenient to depart from our customary labels for rings-in order
to avoid some confusing substitutions in applications. Let- A, B and C be
arbitrary rings, and take bimodules 4L, s M¢ and 4 N¢ as indicated.

Then L ®p M is an A-C-bimodule, and we can form the abelian group
Hom 4_¢(L ®p M,N) of A-C-bimodule homomorphisms from I ®5 M to
N. It is easy to verify that this group is natural with respect to bimodule
homomorphisms of each variable, being contravariant in the first two variables
and covariant in the third. Thus we have a trifunctor

Hom 4_¢(— ®p —,—) : aBzmonp X gBzmonc X gBrmopg — As.

We can also give Hom(M¢, Ng) the structure of an A-B-bimodule by the
usual rule:

(apb)(m) = a(u(bm)) for m € M, p € Hom(M¢, Ng).

We can then form the group Homg_ g (L, Hom(Mg, N¢)), so obtaining a tri-
functor

Hom 4_p(—,Hom(—¢,—¢)) : aBzmonp X gBrmopc X gBzmonc — As.

A third variation on this theme is to view Hom(4L, 4N) as a B-C-bimodule
and form the group Homp_c(M,Hom(4L, 4N). Notice that the order of the

bimodules L, M and N is changed. Despite this alteration, we again have a
trifunctor

Hom p_¢(—,Hom(a—, 4~)) : aBzmonp X gBzmonc X aBzmopg —— As.

|
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are naturally isomorphic.

Proof '

It suffices to discuss (a). The key point is that the sequences (m ), with each
my € M, X € A, that make up M*, have only finitely many terms m, nonzero.
Writing the standard generators of AR as ey, we map M ®z R to M* by
sending . (3, m; ® rizen) to (3, myria)a. Clearly this defines a surjective
natural transformation, whose injectivity follows from the interchangeability
of the finite summations:

DO mierae) =Y O mirn) ®ex O
i A A i

We also note an important special case of the above proposition. Let
M n(R) denote the additive group of m X n matrices with entries in the
ring R. Clearly, My, n(R) is an Mp,(R)-M,(R)-bimodule, and we know that
R™ is an M, (R)-R-bimodule and that the standard free left R-module "R is
an R-Mp(R)-bimodule. A direct verification gives the following result.

3.1.15 Corollary
R™ ®@p "R = My A(R) as an Mp(R)-M,(R)-bimodule. O

3.1.16 Return of the dyads

In classical tensor analysis, an m X n matrix that can be expressed as the
matrix product of a column vector by a row vector (that is, an m x 1 matrix
by a 1 x n matrix) is called a dyad, especially when m = n. Thus the above
result tells us that any matrix is a sum of dyads.

We next investigate the effect of a tensor product when it acts on subcat-
gories of Mobog. Recall that Mg is the category of finitely generated right
R-modules and that Pg is the category of finitely generated projective right
R-modules.

3.1.17 Lemma
Let N be an R-S-bimodule.

(i) The functor —®gr N from Mobpg to Mobg induces a functor
~@®rN : Mg —— Mg

if and only if N is finitely generated as a right S-module.
(i) The functor — ®r N from Mobg to Mobg induces a functor

~®r N :Pp—— Ps
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3.1.13 Proposition

(a) Suppose that M = M'®&M" as a right R-module. Then there is a natural
isomorphism

M®r~~M @®r—-&M"'RQr—
of functors from gMop to As.

(b) Suppose that N = N' & N as a left R-module. Then there is a.natural
isomorphism

~Q@rN~—-QprN' &—~®rN"
of functors from Mobpg to As. O

The above proposition easily leads to the next, in the case of finite direct
sums. However, we also need to consider direct sums based on an infinite
ordered set A, and to introduce some notation. Recall that we write the
standard free right R-module on A as R?. The standard free left.R-module is
written as AR, and we view AR as the ‘space of row vectors’ over AR indexed
by A. When the index set is the finite set {1, ...,n}, we use the more familiar
notations R™ and "R for the free right and left modules respectively. The
direct sum of copies of a general R-module M is written M or M™, regardless
of chirality.

3.1.14 Proposition
(a) The two functors
MODR X Orp — MODR
given respectively by
(M,A) — M ®r“*R
and
(M, A) — M

are naturally isomorphic.
(b) The two functors

rMop X Orp — rMob
given respectively by
(N,A)— R @z N
and
(N,A) — N2
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We now state a refined version of (31.4).

3.1.11 Proposition

(i) The functor — ®g R is naturally isomorphic to the identity functor on
Mobg.

(1) The-functor R ® g — is naturally isomorphic to the identity functor on
rMoo.

Proof :
For each right R-module M, let

’l7M:]VI®RR—,—=~—->]\/I, nu(m®r) =mr,
be the isomorphism of right R-modules defined in (3.1.4). If a: M’ — M is a
homomorphism of right R-modules, then the formula a(m/r) = a(m/)r gives
any = T)M'(a ® ’LdR),

thus 7 is a natural transformation of functors. I
As M ®p — and — ®p N are additive functors, the next result is immediate
from (2.2.20).

3.1.12 Proposition
(a) Suppose that M = M' ® M" as a right R-module and that N is an R-S-
bimodule. Then
MepN=(M ®rN)®(M"®rN)

as a right S-module.
(b) Suppose that N = N' @ N" as a left R-module and that M is a T-R-
bimodule. Then

M@rN=2(MerN)®d(M®gN")
as a left T-module. : 0

Since the isomorphisms in parts (a) and (b) of the above proposition are
evidently natural in N and M respectively, the definitions of a direct sum of
functors (2.2.21) and of a natural isomorphism (1.3.3) lead to the following
functorial interpretation of the proposition.
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more convenient to compose it with the mirror functor Mir : zMop — Mooy,
and view M ®p — as having values in Az = Moby.

Thus, for a homomorphism ¢ : N’ — N of left R-modules, idys ® ¢ is to be
viewed as a left operator on M ® g N’, which is the convention most commonly
met in the literature. With this notation, M ®g — is a covariant functor from
rMobp to Mobpg that appears to ‘reverse products’; in the terminology of
(1.2.6), it is a contrachiral functor.

This approach is especially handy when we have both a right R-module
homomorphism a : M’ — M and a left R-module homomorphism ¢ : N’ —
N, in which case the composite

a®(=(a®idy)(idy ) : M ®g N —— M @z N

cannot in general be regarded as a module homomorphism.

We use the convention that idys ® ( is to be considered as a left operator
for the remainder of the present chapter.

Next, we note some naturality properties of the functors M ®z — and
—®grN.

3.1.10 Proposition
Let T, R and S be arbitrary rings.

(i) Let ¢ : N' — N be a homomorphism of left R-modules or of R-S-
bimodules. Then ¢ induces a natural transformation

~Q®r¢:~Q@r N —— —®gN.

(i) Let o : M'—— M be a homomorphism of right R-modules or of T-R-
bimodules. Then a induces a natural transformation

a®Qp—: M Qg ——— M ®g —.

Proof ¢

The argument is a matter of interpreting the requirements for a natural
transformation (1.3.1) in terms of the notation of the tensor product. Fix ¢,
and define ;s for each M in Mobg by

v =idy ®(: M®g N —— M ®g N.

Given a homomorphism a : M’ — M of right R-modules, we need-to check
that (@ ® N)nuy = v (e ® N'). But both sides are simply a ® (. O

If we allow both M and N to vary simultaneously, the preceding result can
be interpreted as saying that — ®g — is a bifunctor from Mobg X gRMob to
the category As of abelian groups.
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Proof

When A is finite, the assertion follows immediately from the preceding
result, since additive functors preserve finite direct sums (2.2.20).

Now suppose that A is infinite. An element of either M ® N or of the
direct sum @, (Mx ®r N) involves nonzero terms my € M, for only 2
finite subset X of A, which makes it clear that there is a homomorphism

¢:M®RN—-)@AGA(M>‘ ®gr N)

and that ¢ is surjective.

Suppose that ¢(z) = 0. Then the preimage of ¢(z) in Py, (My#N) belongs
to the direct sum of relation subgroups @y B(M,, N). Thus the preimage of
z is already 0 in (5, M,) ® IV, and hence = 0. O

Any left R-module N is automatically an R-Z-bimodule, so our discussion
includes the case when N has not been attributed any particular structure as
a right module. The functor — ® g N is then a functor from Mobop to As,
the category of abelian groups.

3.1.9 Fizing the first argument

‘We now review the results and notation that arise when the first module of a
tensor product is considered to be an operator on the second.

"Let M be a T-R-bimodule for some ring 7. Then there is an additive
functor

M®pgr —: pMop — pMob.
On modules,
(M ®r—)(N)=M®rN,
with the T-module structure given by
t(tm®n)=tm®n,
and for a homomorphism ¢ : N’ — N of left R-modules,
M®¢=(idy ®C): m®n' — men/(.

‘When idys ® ¢ is to be considered as a left T-module homomorphism, as
happens in (5.1.19) for example, we write idy ® ¢ as a right operator, in
accord with our convention (1.1.4).

However, sometimes we are given only that M is a right R-module, and we
wish to consider M to be a Z-R-bimodule in the natural way. In this case,
the functor M ®p — takes values in zMoob, but, for applications, it is often
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noted above, for any right R-module M the tensor product M ® g N is a right
S-module under the rule

(m®n)s=m®ns, s€S.

Thus, for any homomorphism « : M’ — M of right R-modules, the induced
homomorphism

a®idy : M'®g N —— M ®g N,
defined by
(a®idn)(m' ®n) =am’ ®n,

is a homomorphism of right S-modules.

Write ¢ ® g N = a ® idy, so that the symbol — ®g N represents both a
mapping from the objects of Moog to those of Mobpg and a collection of
mappings ’

—®g N : Hom g(M’, M) —— Hom g(M' ®g N,M ®g N),

one for each pair of R-modules M', M. This information, together with the
obvious properties )

idy ®idy = idyen
and
(Ba) @ idy = (B ® idn) (e ® idy),

defines a functor from Mobog to Mopg, which we again denote — ®g N.
Moreover, — ®g N is additive because if @ : M’ — M and o : M’ — M are
right R-module homomorphisms, then

(a+a)®idy =a®idy + o Qidy.
In summary, we have the following result.

3.1.7 Lemma )
— ®gr N is an additive covariant functor from Mopg to Mobg. |

3.1.8 Proposition : .
Let M = @ycp My be a direct sum of right R-modules, where A is any
ordered set. Then

M®RN§@AGA(M)‘ ®gr N).
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The next fact can be interpreted as saying that the tensor product is asso-
ciative! \
~
3.1.5 Proposition
Let R and S be rings and let Ly, pMg and sN be modules as indicated.
Then there is an isomorphism

(L®rM)®s N = LQr (M ®sN).

Proof

The expected isomorphism is that under which (¢ ® m) ® n corresponds
to £® (m ® n). We must check that this correspondence does in fact give a
well-defined homomorphism.

Take a fixed element n of N. The map

ﬂ(n):Lx]\J—»L@R (N[@SN),

(4, m) — £® (m ®n),

is biadditive and R-balanced (since r(m ® n) = rm ® n), and so it induces a
homomorphism

B'(n): LM —— L®r (M ®s N).

Allowing n to vary, we see that the maps ('(n) define a biadditive S-balanced
map f' : (L@®r M) x N — L®p (M ®g N), which induces a homomorphism
0: (LR M)®s N — LOgr (M ®g N) as desired.

Reversing this construction, and appealing to the universal property of the
tensor product, we confirm that # has the expected inverse. O

3.1.6 Functorial properties of tensor products

We wish to see how the tensor product behaves as a functor when one of
the modules My or gV is kept fixed and the other varies through zMon
or Mopg. As we are mainly concerned with functors on categories of right
modules, we give the arguments in the case where the second module in the
tensor product is regarded as being constant. The parallel results where the
first module is viewed as constant are noted from time to time, the details
usually being left to the reader, who will easily get them right.

Let S be an arbitrary ring and suppose that N is an R-S-bimodule. As
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It was given for abelian groups in [Whitney 1938), and subsequently for arbi-
trary rings and modules in [Bourbaki 1948]. It should be remarked that the
tensor product is not in fact a product or coproduct as defined in (1.4.11) and
(1.4.12), but a ‘coend’. For a definition of this term and a category-theoretic
analysis of the tensor product, see [Mac Lane 1971] p. 222.

3.1.3 Bimodule structures

Commonly, M ®g N is rather more than just an abelian group. For example,
when N is an R-S-bimodule, then M ® p N becomes an S-module via,

(m®n)s=m®ns fo- meM,neN and seS.

To verify this assertion, note that M#N can be made into a right S-module
by setting (m,n)s = (m, ns). Then B(M, N) is an S-submodule of M#N and
so the quotient abelian group M ®g N inherits a right S-module structure as
indicated.

This method of constructing actions or mappings on. M ®g N can be de-
scribed informally as specifying what happens to elements of the form m ®n
and then extending the effect to linear combinations of such elements ‘by lin-
earity’. Properly speaking, the action or mapping must first be defined on
the generators of M#N, and then it must be verified that B(M, N) is invari-
ant, so that there is a corresponding induced action or mapping on M Qg N.
However, such verifications are usually trivial.

If M is a T-R-bimodule for some ring T', then M ®g N is a left T-module,
and if M is a T-R-bimodule and N an R-S-bimodule, then M ®g N is a
T-S-bimodule.

Our first computation is the following result, wherein R is viewed as an
R-R-bimodule.

3.1.4 Proposition ,
Let Mg be a right R-module and let RN be a left R-module. Then
(i) M ®r R = M as right R-modules
and
(i) RQr N 2 N as left R-modules.

Proof .

) Define homomorphisms 7 : M @ g R — M and A : M — M ®g R,
by m ® r = mr and m — m ® 1 respectively. Since m®Qr = mr ® 1 (and
ml =m), n and X are mutually inverse R-module homomorphisms.

(i) Similar. : 0
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3.1.2 The construction \
Tq see that the tensor product exists, start with the free abelian group M#N
generated by the cartesian product M x N; elements of M#N can be uniquely
expressed as sums of the form

zl(mls nl) R Zk(mka nk))

where z; € Z, m; € M, n; € N fori=1,...,k, and k > 0 (the vacuous sum
with & = 0 is to be read as 0).

Next, let B(M, N) be the subgroup of M#N which is generated by all
expressions of the form

(m+m,7n) - (m1 ’I’L) - (ml1n)7
(m’ n+ TL’) - (m7 n) - (m7 nl)7
and
(mr,n) — (m,rn),
with m,m’ in M, n,n’ in N and r in R.
We write
M ®p N = (M+#N)/B(M,N),
and put 7(m,n) = m®n, where 7 : M X N — M ®g N is the canonical
homomorphism. {Where it is felt safe to do so, we occasionally write M ® N,
omitting the ring R.)
A typical element of the tensor product is then a sum of the form
zi(ma ®@ny) + -« - + zi(mp @ ng),
and the identities

(m+m)@n=m@n+m Qn,

mn+n)=men+men/,

and

mr@en=maern

hold among the generators of M ®p N.

Thus 7 is biadditive R-balanced as desired. It is straightforward to check
that 7 is universal among such maps in the sense described previously and
thus that M ®g N is the tensor product.

Although applied mathematicians and physicists have long computed with
tensors, the formal definition of the tensor product is comparatively recent.
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Finally, we show that the category of modules over a generalized triangular
matrix ring can be realized as a morphism category.

3.1.1 The definition

Let R be an arbitrary ring, let Mg be a right R-module and let g N be a left
R-module. -

A biadditive R-balanced map on the pair M, N is a function S from the
cartesian product M x N to some abelian group A, with the following prop-
erties:

B(m +m/,n) = B(m,n) + B(m',n),

B(m,n+n') = B(m,n) + f(m,n)
and
B(mr,n) = B(m,n)

for all m,m’ in M, n,n' in N and r in R.

The tensor product M ®gr N is defined to be the universal object with
respect to such maps (see (1.4.2)). This means that M ®g N is an abelian
group and that there is a biadditive R-balanced map

T:MXN— M®rN
with the property that, given any J as above, there is a unique homomorphism
a: M@ N — A

with ar = f.

For a category-theoretic description, consider the category whose objects
are the biadditive R-balanced maps 8 : M x N — A on the pair M, N, a
morphism from : M XN — Ato f/: M x N — A’ being a homomorphism
of abelian groups a: A — A’ with a8 =f". Then7: M X N = M ®z N is
the initial object in this category. The associated diagram is

MxN — 'y M®zN

NS

A

Such a definition does not guarantee the existence of the required universal
object, which we now establish.
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In this chapter, we introduce a family of constructions that show off the
functorial approach to great advantage. The common theme is that they allow
us to pass from a category of modules over one ring to a category of modules
over another ring. These constructions are based on the tensor product, which
we introduce in the first section. Given a ring R, a right R-module M and a
left R-module N, their tensor product M ®p N is an abelian group that has
a certain universal property. If also M or N is a bimodule, then M ®r N
inherits a module structure. Thus, by holding one of M and N fixed and
varying the other, we obtain functors between module categories.

An important matter is whether or not these functors are exact; this leads
to the concept of a flat module, which always gives an exact functor. Some
fundamental examples and properties of flat modules are given in section 2.

One way of changing rings is by means of a ring homomorphism from one
ring to another. Classically, such homomorphisms are inclusions and the
functors are extension and restriction of scalars. In the third section, we look
at these functors for a ring homomorphism in general.

3.1 THE TENSOR PRODUCT

The tensor product is a fundamental tool for constructing functors between
various categories of modules. In this section, we give the definition and basic
properties of the tensor product M ®g N of a right R-module M and a left .
R-module N, where R is an arbitrary ring. We then establish the functorial
properties of the tensor product, which can be viewed variously as a functor
of the second term N, with M being kept fixed, or of the first terma M, with
N kept fixed, or as a bifunctor. We discuss how the tensor product behaves
on various module categories, and we investigate the adjointness between the
tensor product and the Hom functor.
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2.4.11

CATEGORIES AND EXACT SEQENCES
and a further relation
[M] = [N]
for each weak equivalence M — N in C.

Show that when C is a Q-exact category considered as a cate-
gory with cofibrations, and with weak equivalences chosen to be the
isomorphisms of C, then the group just defined coincides with the
Grothendieck group of C as defined previously (2.4.9).

(-exact is strictly stronger than G-exact

Let C be the full subcategory of .As whose objects are the finite
abelian 2-groups. To choose Ex(C) such that (C,Ex(C)) is a G-exact
category, let Ex(C) consist of all direct sums (as in GE3) of short exact
sequences that are either split or have cyclic middle term. Thus, for
example, the sequence

o Vil
0— Z/22. & Z/27 —— Z/27. & Z,/87, — L/47, — 0,

o:(a,b)— (a,4b) 7:(c,d)—d

(using representative integers to indicate residues) is admissible, while

0 — Z/4Z —> 7)27.& 7/3Z _F Z/47, — 0,

arze (z,2z) B (y,2) -2y —2z

is not. Show that (C,Ex(C)) is not a Q-exact category, because it
falls foul, for example, of QES3.

Let ¢ : Z/2Z — Z/4Z, a — 2a. Show that Z/2Z & Z/8Z is
isomorphic to the push-out of Z/4Z and Z/8Z over Z/2Z with respect
to ¢, 0.

Deduce that (C, Ex(C)) also violates QE2°P. Thus, the admissible
monomorphisms of Ex(C) fail even to' make C a category with cofi-
brations.
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are

ezact in the sense that they preserve zero objects, cofibrations

and push-out diagrams.
2.4.10 Waldhausen categories

(a)

(b)

A Waldhausen category or category of weak equivalences is a cat-
egory with cofibrations C, together with a specified subcategory
WC. The morphisms in WC are the weak equivalences. The fol-
lowing axioms hold.

Weql. Every isomorphism of C is a morphism of WC.
Weq2. Glueing Axiom. For any commutative diagram in C

M — M

4

N N
‘l M]_ + A/Il $M' M
b |

N N

Nl — N]_ G}N/N

in which each horizontal morphism is a cofibration and the
three left-most vertical morphisms are weak equivalences,
the fourth vertical morphism is also a weak equivalence.

Deduce that if

M M M
N N N :

is a map of cofibration sequences in which « and § are weak
equivalences, then ¢ is also a weak equivalence.

Define the Grothendieck group Ko(C) (which, strictly speaking,
should be written Ko(C,coC,WC)) of the Waldhausen category
C to be the abelian group generated by an element [M] for each
object M of C and subject to a relation

[M] = [M'] + [M"]
for each cofibration sequence

M
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(c) Show that, by taking the admissible monomorphisms to be the
cofibrations, any @Q-exact category may be comsidered to be a
category with cofibrations.

Categories with cofibrations: constructions-

Let C be a category with cofibrations. For each natural number n,
define F,C to be the category for which an object is a.sequence of
cofibrations

My —— M) — o My,

in C, and for which a morphism is a natural transformation of such
diagrams. One can also form a category F.7C equivalent to F,,C by
taking for an object, in addition to the above data, a quotient map for
each cofibration M; — M;, 0 < i < j < m. The following assertions
generalize readily to n > 1.

(a) Show that F1C is a category with cofibrations, where a cofibration
from a: M’ — M to 8: N' — N in co FiC is, by definition, any
pair v, 6 of morphisms in C for which

(i) there is a commutative square

o
M ——— M

-l

N' oo N
(ii) both v and the induced morphism N’ @ M- — N are cofi-
brations in C.

Deduce that § is a cofibration.
(b) Show that an object of F;C is a cofibration sequence

M—2 P

in which M" is a specified cokernel of a.-

Use (a) and the equivalence F;'C — F;C to regard F;C as a category
with cofibrations. Show that the three funetors

8,t,q: FffC——T
which map a cofibration sequence to its respective terms

MI , M, M/I
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- The cofibrations are, by defihition, the morphisms of a subcate-
gory coC of C which has the same objects as C and is subject to the
following three axioms.

Cofl. Every isomorphism of C.is in coC.

Cof2. Every morphism 0 — C in C belongs to coC.

Cof3. Cofibrations are closed under cobase change, meaning that, for
any cofibration M* —» M and any morphism ¢ : M’ — N in
C, the bottom row of the push-out diagram

(47
M— M

N —%  NeyM

is also in coC. (This implies that- N @y M is an object of C.)

With these axioms, the pair (€,coC) is then called a category with

cofibrations.

(a) Show that the push-out 0 ®pv M of a cofibration o : M’ —
M and the zero morphism 0 : M’ — 0 is (isomorphic to) the
cokernel Cok o of @ Thus, by Cof3, every cofibration is part of
a cofibration sequence

, o
M M Cok a.

The canonical morphism M - Cok « is known as a quotient map.
(b) Show that cofibration sequences are closed under cobase change,
meaning that, for any cofibration sequence

M’ o s M B sy M"

and any morphism ¢ : M’ — N in C, there is a push-out diagram

M u L

T

N ——— Néy M ——— Coka

in which the lower row is also a cofibration sequence and the
morphism from M" 4o Cok@ is an-isomorphism. (Compare with
Axiom QE2°P, (2.4.10).)
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Let O be a commutative domain. A ring R is said to be an @-order
if there is an injective ring homomorphism from () into the centre
Z(R) of R, and if, as both a left and right (-module, R is finitely
generated over O and torsion-free. The ring O is called the coefficient
ring. If the coefficient ring can be taken as granted, we often refer to
R simply as an order.

Given an O-order R, let Toro g, To,r and 7. Fo,r denote the
full subcategories of Mopg whose objects are respectively the O-
torsion, finitely generated O-torsion and finitely generated (-torsion-
free modules. '

Show that all these categories are repletely G-exact categories. In
each case, show how to form an O-relative exact category by taking
as short exact sequences those which are O-split.

Let F,G : C — D be two functors between G-exact categories. Show
that F' and G are both exact if and only if #@ G : C — D is exact,
and that

Ko(F & G) = Ko(F) + Ko(G) : KofCy — Ko(D).
Let C and D be G-exact categories. Show that
K()(C X D) = KD(C) @ KQ(D)

Generalize this result to an arbitrary finite direct product of cate-
gories, and to infinite direct sums of categories (23 19).
Categories with cofibrations: axioms

In [Waldhausen 1985], Quillen’s conditions QE1-QE3 (2.4.10) on
the admissible exact sequences of a Q-exact category are replaced by
weaker requirements which still suffice for the construction of (higher)
K-theory, with the advantage that a wider range-of categories can be
used. This and the subsequent exercises outline the definitions and
some initial calculations.

Let C be a category with zero object 0. The notion of an admissible
monomorphism is replaced by that of a cofibration. (which need not
in fact be a monomorphism), and the counterpart of an admissible
exact sequence is a cofibration sequence

Ml & N M '8 M/I

in which a is a cofibration and (M, 8) is a cokernel of & (as defined
in (1.4.15)).
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243

244

Generalize these statements for arbitrary finite direct products of
G-exact categories, and for infinite direct sums of categories as in
(2.3.19). :

Let IC be a field. Show that Mor(My) is not split G-exact, even
though M is.

Let C be a G-exact category, and let Ny — N, be an isomorphism in

C. Show that if
0 » M’ > M M" 0

is a short exact sequence in Ex(C), then the short exact sequences
0 ws M @ Ny —— M B Ny —— M —— 0

and *
0t M —— M@ N, — M"® Ny — 0

are also in Ex(C).
Show that axioms QE1 and QE2 together imply axiom GE3, as fol-
lows. Take short exact sequences

(1) 0 > M’ » M MY 0

and :
AT/ v NN/

(2) 0 N N N » 0

in Ex(C), construct firstly the pull-back of (1) by the admissible epi-
morphism

(id,0) : M" @& N" —— M",
and then the pull-back of the resulting sequence by the admissible
epimorphism
idov: M"& N — M"@ N"

to obtain a short exact sequence in Ex(C)

3) 0 M ——s W — 2 M" @ N —— 0.

Show that § = (id@® v)w : W — M"” & N” is admissible, and that the
corresponding short exact. sequence

0
0 L s W M" @ N" 0

is isomorphic to the direct sumr of (1) and (2).
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[Quillen 1973], §2, observes that the above corollary has a converse: if a
Q-exact category (C,Ex(C)) is (skeletally) small, then there exists a repletely
exact abelian category in which (C, Ex(C)) is sub-Q-exact. This is shown by
mimicking the proofs of the earlier embedding theorems for additive cate-
gories, which were outlined in (2.3.22). The corollary and its converse enable
us to define a Q-exact category as a sub-Q-exact category of a repletely exact
abelian category. The new definition has the adva,ntage that its axioms are
relatively simple.

Observe that a subcategory C of a Q-exact category .4 may be Q-exact
without being a sub-Q-exact category of A. For example, the category ASSk
of Artinian semisimple modules over a ring R is an abelian category, and
(-exact; it is in fact both split and repletely exact. The inclusion functor
from ASSg to MR is exact, but ASSg is not a sub-Q-exact category of Mg,
unless R is Artinian semisimple (which makes Condition SubQ1 hold.)

The reader may wish to verify the accuracy of the following listing of Q-
exact categories. Here, Q-exactness follows immediately from the corollary
above.

2.4.16 Theorem

For any ring R, Mobg is a repletely ezact abelian category, and the fol-
lowing are (repletely) sub-Q-ezact categories and therefore Q-ezact.

(i) Pr, the category of finitely generated projective modules.
(ii) Fr, the category of free modules of finite rank.
(ili) Arzg, the category of Artinian modules.
(iv) Nosrug, the category of Noetherian modules.
(v) Mg, the category of finitely generated modules.
(vi) Moor, for any extension ring T of R. O

Ezxercises

Note. These exercises refer (mostly) to G-exact categories. The enthusiastic
reader may wish to extend them to Q-exact categories where appropriate.

2.4.1  Let C be a G-exact category. Show that C°P is also a G-exact category.
24.2 Let C and D be G-exact categories. Show that there are canonical
ways to make C X D and MorC into G-exact categories.

Prove that C x D is split or repletely G-exact if and only if both C
and D are split or repletely G-exact respectively.
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Although the conditions for a @-exact category appear formidable, they are
usually fairly easy to check in any given instance. For example, the checking
of the claims in the following lemma is straightforward.

2.4.12 Lemma

(a) Any split G-ezact category is Q-ezact.
(b) Let C be an abelian category and let Ex(C) be the class of all short exact
sequences of C. Then the repletely G-ezact category (C,Ex(C)) is Q-ezact.

a

Because of (b) above, we use the term repletely exact abelian to describe a
repletely G-exact category (C,Ex(C)) with C abelian.

2.4.18 Ezact subcategories

To see when a subcategory of a @-exact category is also Q-exact, we need a
preliminary definition. Let (A, Ex(A)) be a Q-exact category. Then (C,Ex(C))
is a sub-Q-ezact category of (A, Ex(A)) if the following conditions are satisfied.

SubQ1. C is a full additive subcategory of .A with the property that whenever
0 A A A" 0

is a short exact sequence in A such that A’ and A” are isomorphic
to objects of C, then A is also isomorphic to an object of C.

SubQ2. Ex(C) is the class of all short exact sequences in Ex(.A) whose terms
belong to C.

Condition SubQl is often rephrased as: C is closed under extensions, or ez-
tension closed. Condition SubQ2 implies that the inclusion functor from C to
A is exact.

In practice, it is usually obvious from the nature of C that the first condition
is satisfied, while the canonical choice of Ex(C) is that suggested by the second
condition. Thus the following theorem gives a widely applicable condition for
Q@-exactness. The proof is by routine verification of the axioms.

2.4.14 Theorem
Any sub-Q-ezact category of a Q-ezact category is again Q-ezact. O

2.4.15 Corollary
Any sub-Q-ezact category of a repletely exact abelian category is Q-ezact.
i
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QE2°P. Suppose that the short exact sequence

A
E 0 » M’ s » M » M" 0

is in Ex(C) and that ¢ : M’ — N’ is a morphism.in C. Then the
push-out exact sequence

BE 0 N — 2 N g M — s M —0
also belongs to Ex(C). (That is, Ex(C) is closed under cobase change.)

QE3. Suppose that the morphism 8 : M — M" in C has a kernel in C,

and that there is a morphism ¢ : L — M such that Sy : L —
M" is an admissible epimorphism. Then §-is. already an admissible
epimorphism.

QE3°P. Suppose that the morphism « : M’ — M in C has a cokernel in C,

and that there is a morphism 7 : M — N such that o : M/ — N
is an admissible monomorphism. Then o is already an admissible
monomorphism.

2.4.11 Comments on the axioms

(®)

(iv)

Pull-backs and push-outs in an abstract category are defined by their
universal properties, which are given for modules-in ([BK: IRM] Propo-
sition 2.4.9), and in Exercises 1.4.10 and 1.4.11 for categories in general.
The definitions of the pull-back sequence 6*E and the push-out sequence
¢.E follow those given for modules in Exercise 2.1.7.

In the statement of the axioms, we take for granted the fact that various
constructions on short exact sequences yield_short exact sequences. This
is eagily verified in a module category. In an abstract category, the verifi-
cation can be made by using universal properties, or, more conveniently,
by invoking the Embedding Theorems (2.3.22).

Since the underlying category C is assumed to be additive, rather than
abelian, part of the requirement imposed by the axioms is that the various
pull-backs and push-outs are objects in C (note Exercises 2.3.6 and 2.3.7).
It is not difficult to show that these conditions make the ‘elementary’
condition GE3 redundant — see Exercise 2.4.4. The fact that the Q-
conditions are stronger than the G-conditions is illustrated in Exercise
2.4.11.

We call a Q-exact category (C,Ex(C)) repletely Q-ezact when Ex(C) com-
prises all short exact sequences in C, and split Q-ezact when Ex(C) consists
only of the split exact sequences in C.
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quick introduction), this is a convenient place to list the additional conditions
on the class Ex(C) that are required by Quillen’s theory. We take our definition
directly from [Quillen 1973], §2.

A Q-ezact categoryis a G-exact category (C, Ex(C)) in which the class Ex(C)
of admissible exact sequences satisfies the following requirements in addition
to GE1-3. Recall that a monomorphism or epimorphism in C is admissible if
it occurs in a short exact sequence that belongs to Ex(C).

QEL. Ex(C) is closed under composition of admissible epimorphisms : if

B
N\ 0— M —= s M M"——0

'

and

v §

0 N’ M » N 0

are in Ex(C), so is the short exact sequence

6
0-——--—~—>MXM// N’ M ﬁ N” 0.

QE1°P. Ex(C) is closed under composition of admissible monomorphisms : if

0 M P 0

and

8
0 M 7 N N" + 0

are in Ex(C), so is the short exact sequence

;e 1
0 M + N M @&y N—— 0.

QE2. Suppose that the short exact sequence

E 0 M P 0

is in Ex(C) and that 8 : L” — M" is a morphism in C. Then the
pull-back exact sequence (cf. Exercise 1.4.11 and [BK: IRM] (2.4.10))

" A

FE 0 M M xpn L " 0

also belongs to Ex(C). (That is, Ex(C) is closed under base change.)
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initially applied (in the notation K (X)) to the category of:coherent sheaves on
an algebraic variety X and to the category of vector-bundles over a topological
space X. Grothendieck chose the symbol K (for the German ‘Klasse’) to avoid
C(X), already in use as the ring of functions on X. For further history, see
[Bak 1987].

Although we do not give any computations of Grothendieck groups in this
text, we can give a plausibility argument to illustrate how the choice of the
class Ex(C) influences Ky(C).

Consider the category F.As of finite abelian groups, which is Arrz in dis-
guise. The Primary Decomposition Theorem (2:3.20. — F) shows that the
irreducible modules in F.As are the cyclic groups Z/pZ of prime order p.
Since any finite abelian group A has a composition series with factors of the
form Z/pZ for various primes p, the symbol [A] in Ko(F.As) can be written
as a sum of symbols [Z/pZ)], and it can be shown that Ky(F.As) is the free
abelian group on the set

{[z/pZ} | p prime}.

However, if we work in the Grothendieck group Ko(F.As®) of the G-exact
category F.As®, in which only split exact sequences are permitted, then the
symbol [A] can be reduced to symbols corresponding to indecomposable finite
abelian groups, which have the form Z/p*Z for p prime, % > 1, but no further
reduction is possible. As might be anticipated, Ko(F. .Azs@) is the free abelian
group on the set '

{{z/v"Z] | p prime, k > 1}.
Granted these computations, we can see that the identity functor on the

additive category F.As induces an exact functor I from the split G-exact
category FAs® to the repletely G-exact category F.As, but that

KQ(.I) . Ko(f.AB@) ——+K0(FAB)
is not injective, since

Ko()(12/v"2)) = KZ/vZ] = Ko@) ([(Z/pZ)")).

2.4.10 @Q)-exact categories

In a fundamental paper, [Quillen 1973], Quillen has shown how to construct
higher dimensional analogues, K;(C), K3(C),..., of the Grothendieck group
of a suitably defined exact category. Although we cannot give any indication
of Quillen’s construction in this text (see [Rosenberg 1996] pp. 289-297 for a
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2.4.8 Proposition ,
Suppose that C is a split G-ezact category and that D is a G-ezact category.
Then any additive functor from C to D is ezact. 1

The above result shows that, when C is split G-exact, condition EFunl
implies EFun2. More surprisingly, when C and D are abelian, EFun2 always
implies EFunl, as can be seen from Exercise 2.3.11.

2.4.9 The Grbtf)endieck group

‘We now trespass into K-theory to give the construction of the Grothendieck
group of a G-exact category. This will at least serve to motivate our definition
of a G-exact category.

Let (C,Ex(C)) be a G-exact category, and assume that C is small, or that
C has a small skeleton (1.3.15). For an object C of C, let (C) denote the
isomorphism class of C, so that (C) = (C’) precisely when C = C’. Then the
isomorphism classes of objects of C constitute a set Is(C), and we can form
the free abelian group Fr(C) on Is(C). Let Rel(C) be the subgroup of Fr(C)
generated by all expressions of the form

(C)—(C")=(C"),
one for each short exact sequence

0 c’ c c” 0

belonging to Ex(C).

The Grothendieck group Ko(C,Ex(C)) of (C,Ex(C)) is the quotient group
Fr(C)/ Rel(C). It is usual to omit to mention the class of exact sequences and
write simply Ko(C).

Clearly, Ko(C) is an abelian group because Fr(C) is. The image of (C) in
Ky(C) is denoted [C]. By construction, a short exact sequence as above gives
the equality

[C] =[CT+[C"] in Ko(C)-

It is evident that an exact functor F : C — D between G-exact categories
gives a homomorphism

KQ(F) : Ko(C) el KQ(D)

of abelian groups.
The Grothendieck group K was introduced by A. Grothendieck in 1957 in
letters to J.-P. Serre that formed the basis of [Borel & Serre 1958]. It was
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the use of ‘semisimple’ suggests that results about semisimple modules ought
to hold in the category. However, there are many results, such as the Artinian
Splitting Theorem ([BK: IRM] (4.1.17)), which held in- ASSg but do not
necessarily hold in a split exact category such as Pg.

2.4.6 Exact functors

Let (C,Ex(C)) and (D,Ex(D)) be G-exact categories. An ezact functor from
(C,Ex(C)) to (D,Ex(D)) is a functor F : C — D which satisfies the following
conditions.

EFunl. F is an additive functor.
EFun2. If

E 0 — % P g

is a short exact sequence belonging to Ex(C), then

F F
FE 00— -2 o 2P pa g

must belong to Ex(D).

Notice that requirement EFun2 is, in effect, two conditions — firstly, FE
must be a short exact sequence in D, and then it must also belong to the
distinguished class Ex(D). In the literature, (C,Ex(C)) and (D,Ex(D)) are
commonly both repletely G-exact. One then speaks of F' simply -as being an
exact functor from C to D.

2.4.7 Examples

Suppose that C and D are G-exact categories and that both have the same
underlying additive category B. Then the identity functor on B will induce an
exact functor from (C, Ex(C)) to (D, Ex(D)) if and only if Ex(C) is a subclass
of Ex(D). In particular, the identity functor fails to be an exact functor from
Mp to M (unless R is Artinian semisimplé - see (2.3.9) and (2.4.3)).
Conversely, an exact functor between G-exact categories need not preserve
all short exact sequences; examples are given by the homomorphism functors
Hom(L,—) on Moo with L not projective (2.1.8). However, any additive
functor preserves split exact sequences (2.2.20) and so will act as an exact
functor on a split G-exact category. We record this fact for reference.

’
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2.4.3 Theorem
For any ring R, the following are repletely G-ezact categories of right R-
modules.

(i) Mopog itself. 7
(i) Pg, the category of finitely generated projective modules.
(iil) Fg, the category of free modules of finite rank.
(iv) Awrg, the category of Artinian modules.
(v) Nosrug, the category of Noetherian modules.
(vi) Mg, the category of finitely generated modules.
(vii) ASSkg, the category of Artinian semisimple modules.

The categories Pr, Fr and A§SR are also split G-ezact.

Proof

By (2.2.14), Pr, Fr and Mp are additive categories, and by (2.3.8),
Noereg, Arrp and ASSg are also additive (in fact, abelian). Assertions
(i) to (vii) follow by trivial verifications.

The definition of a projective module shows that any short exact sequence:

in Pgr, and hence in Fg, must be split, while any short exact sequence in
ASSp is split by the Artinian Splitting Theorem ([BK: IRM] (4.1.17)). O

2.4.4 Relative exact categories

We next give some illustrations of more subtle choices for C or Ex{C).

Suppose that S is a subring of R. One can then define a G-exact category
Mg, s, the S-relative category, to be the additive category Mp, but with
Ex(Mpgs) consisting of all those short exact sequences in Mg, that are split
when regarded as short exact sequences of S-modules. For examples, see
Exercise 2.4.5.

Similarly, it is sometimes useful to consider the full subcategory D of My
whose objects are projective as S-modules; then all short exact sequences in
D are split over S.

The common generalization of both these examples is given by an additive
subcategory C of an additive category A (Mg in the preceding examples),
with Ex(C) comprising all those short exact sequences in C that are split in

A.

2.4.5 On terminology

The term ‘semisimple category’ is sometimes used by K-theorists instead of
‘split exact category’. However, we feel that ‘split’ is more descriptive, since
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in which all the vertical arrows are isomorphisms in C and the top
sequence is in Ex(C), then so also is the bottom sequence.
GE3. Ex(C) is closed under direct sums: if

0— M — M —— M" ——0

and

0 » N’ + N N" 0
are in Ex(C), so also is
0—— M &N — M SN — M ® N" —— 0.

The admissible ezact sequences in (C,Ex(C)) are the short exact sequences
belonging to Ex(C). An admissible monomorphismin (C,Ex(C)) is a monomor-
phism @ : M’ — M in C that occurs in some short exact sequence belonging to
Ex(C), and an admissible epimorphism in (C,Ex(C)) is similarly one occurring
in an admissible short exact sequence. Thus any admissible monomorphism
has a cokernel, which must be an admissible epimorphism, and dually.

In many contexts where there is a standard choice for the class Ex(C), a
G-exact category (C,Ex(C)) is referred to simply as C.

2.4.2 Split and repletely G-exzact categories

Given an additive category C, there are two extreme choices of Ex(C) that
make (C,Ex(C)) into a G-exact category. _

On the one hand, we can take Ex(C) to be the class of all short exact
sequences in C. In this case, we say that C is a repletely G-ezact category.
As we frequently wish to consider an additive category C to be a repletely
G-exact category, we use the same symbol for both and omit Ex(C) from the
notation. :

At the other extreme, we can take Ex(C) to be the class of all split short
exact sequences with terms in C. By condition GE1, this is the smallest
possible choice for Ex(C), and a series of routine verifications establishes that
axioms GE2 and GE3 hold. In this case, we say that the category is split
G-ezact and we use the notation C® to indicate that we view C as a G-exact
category in this way.

In some categories, notably the categories Pr and Fpg, these extremal
choices coincide, since any short exact sequence in them must be spilit.

‘We note next that many familiar module categories are G-exact.
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suffice for many purposes, in particular, the construction of the Grothendieck
group. The more refined advanced properties are designed to ensure that
Quillen’s Q-construction can be carried out, as needed for a definition of
higher K-theory. We do not, discuss Quillen’s construction in this text.

Several authors have formulated definitions of a ‘category with admissible
exact sequences’, sometimes from the point of view of homological algebra,
sometimes from that of K-theory. [Mac Lane 1975], Ch. XII §4, introduces
proper classes of exact sequences in an abelian category. Such a class satisfies
conditions GE1-3 of (2.4.1) together with QE1, QE1°?, QE2 and QE2°P of
(2.4.10). Other variations can be found in [Buchsbaum 1959], [Buchsbaum
1960] and [Heller 1965]. The definition of a ‘K-theoretic’ exact category that
we adopt here appears in [Quil}en 1973].

To aid the exposition, we use the term ‘G-exact’ for a category which satis-
fies the elementary conditions that allow the construction of the Grothendieck
group, and ‘Q-exact’ for a category satisfying Quillen’s conditions. The rea-
son for these neologisms is that the term ‘exact category’ is already used in
category theory with a different meaning ([Mitchell 1965], p. 18), and we feel
it useful to preserve a distinction in an expository text. On the other hand,
some authors of papers on K-theory use ‘exact’ to mean ‘Q-exact’ as in this
text.

As usual, we discuss right categories only; it is clear that everything works
also for left categories.

2.4.1 G-exact categories
A G-ezact category is a pair (C,Ex(C)) consisting of an additive category C
together with a specified class Ex(C) of short exact sequences

0 M’ M M" 0

all of whose terms M', M and M” are in C. The class Ex(C) must satisfy the
following requirements.

GELl. Every split exact sequence in C belongs to Ex(C).
GE2. Ex(C) is closed under isomorphism: if we have a commutative diagram
of short exact sequences
!

7 p

0 — M — M — M — 0

F | Jg J“=‘

6 — N — N — N' —— 0
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objects, together with the corresponding monomorphisms and epi-
morphisms, then F' is additive.
2.3.12 The Three Lemma
Extend the Three Lemma ([BK: IRM] Exercise 2.4.1) from modules
to an arbitrary abelian category A: f @ : L - M and f: M — N
are any morphisms in .4, there is an induced exact sequence

0 — Ker oo — Ker fo. — Ker f — Cok @ — Cok fa — Cok 8 — 0.

2.3.13 The Snake Lemma
Extend the Snake Lemma (|BK: IRM] Exercise 2.4.2) from modules
to an arbitrary abelian category A: given a commuting diagram of
objects and morphisms in A with both rows exact
I

7’

0 —— M M —— M' — 0

O-————)N’——V———-»N—V—-»N"———)O

construct a connecting morphism 6 : Ker o — Cok o which fits into
an exact sequence

0 — Kera ——— KXera ——— Kero”

b Coke/ ———— Cokag —— Coka” —s 0

I

2.4 EXACT CATEGORIES

We now introduce a structure that plays a fundamental role in K-theory,
namely, that of an exact category. This is an additive category C together
with a specified class of ‘admissible’ exact sequences chosen from the class
of all short exact sequences in C. The definitions, and properties, of the K-
groups Ko(C), K1(C),... depend not only on the category C but also on the
class Ex(C). To illustrate this phenomenon, we discuss a few basic properties
of the Grothendieck group Ko(C). We state the properties required of Ex(C) in
two parts, one ‘elementary’, the other ‘advanced’. The elementary properties

|
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2.3.11

Theorem ([BK: IRM] (4.1.17)), any short exact sequence

0—— 1L M N 0

with term M in ASSg must be split. However, this need not be so
when L and N are viewed as modules in Mooy and M can lie outside
ASSkg.

For an explicit example, take R = K[e], the ring of dual numbers
over a field K. (This is the polynomial ring whose indeterminate e
has €2 = 0.)

Show that the Jacobson radical of R is rad(R) = eK|e] and that
AS8Sp = My, with € acting as 0 on K-spaces (see (2.3.9)(iv)). Now
consider the exact sequence of R-modules

0 K Kle] K 0.

Let A be an object of an additive category C. Write 0; : A — A@ A,
w; : A® A — A for the usual monomorphisms and epimorphisms,
j = 1,2. Then the diagonal map As : A — A® A is defined by
universality to be the unique morphism with ;A4 = id4, j = 1,2
Dually, the codiagonal map V4 : A® A — A is defined to be the
unique map such that Vao; =ida, j =1,2.

Show that, when C is abelian, Ay : A — A® A is the kernel of
mo—7g : ADA — A while Vg : A® A — A is the cokernel of
o1 —0p: A— A A

Confirm also that these definitions extend those given for modules
in Exercise 2.1.7.

Show too that, for morphisms ¢ : A - Cand §: B— D inC,

adf: A B— C® D,
as defined in (2.2.16), is the unique morphism such that
(a®P)oa =0ca and (a® B)op = opp.

Further, when A= B and C =D, a+f: A — C is uniquely defined
by

a+pB=Ve(adpAa.
[Pareigis 1970] 4.1 develops this line of argument to give an alter-
native treatment of additive categories.

Finally, prove the converse of (2.2.20): if F : C — D is a func-
tor between additive categories, which preserves finite direct sums of
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Let C be a preadditive category. Show that if C contains all possible
pull-backs and push-outs of its objects and morphisms, then C is
abelian.
Here, for a ring T' and T-module homomorphism A, we denote by
Kerr A and Cokr A the kernel and cokernel of ) in the category
Moprp.

By the Embedding Theorems (2.3.22), given an abelian category
C, there is a ring S and embedding of C in Mobg such that for any
morphism A in C both Kerg A and Cokg ) lie in C. Deduce that if
C is also embedded in Moog for another ring R, then Kerp A =
Kersg A and Cokg A = Cokg A as abelian groups, and hence Kerg \
and Cokg A lie in C (at least to within a canonical isomorphism). This
proves the converse to (2.3.5).

Let C be a full subcategory of Moog containing the zero module.
Show that the following are equivalent.

(a) C is abelian.
(b) For any short exact sequence of right R-modules

0l — % P g

both the following hold:

(i) if M €C, then both M’ and M" are in C,
and

(i) when the sequence is split, if M’ and M" are in C, then
MecC. :

Extensions depend on the category

Generalizing (2.3.5), we may define an abelian subcategory C of an
abelian category A to be an additive subcategory with the further
property that for any morphism v : C — D in C, then the kernel and
cokernel of v in A are (isomorphic to) objects in C. More precisely,
if (K,x) is a kernel for y in \A, then there is an object K’ in C, a
morphism &' : K’ — C in C and an isomorphism 6 : K — K’ (in .A)
such that k = &0, and similarly for cokernels.

Verify that an abelian subcategory is indeed abelian.

By the discussion in (2.3.7), for any ring R, the category of Artinian
semisimple modules ASS is abelian. Verify that ASSg is an abelian
subcategory of Monpg.

Now suppose that L,N lie in ASSp. By the Artinian Splitting
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234

235

2.3.6

rise to a commuting diagram_‘df the following kind.

I T
0 K . L I 0
0 < N % u Y 0

Here the horizontal sequences are both short exact, 8 is an isomor-
phism, and ¥ = Kera and x = Coka. Thus I = CokKera is the
image Ima of a.

Generalizing (2.1.2) from module categories to arbitrary abelian
categories, we say that a sequence

O a;
A —— s 4 s Aip

in C is ezxact at A; if Kera; = Ima;—1, and ezact if it is exact at
each term A; in the sequence. Show that a short exact sequence (as
defined in (2.2.7)) is an exact five-term sequence which begins and
ends in the zero object 0 of C.

Suppose that an additive category C is the direct sum of its subcat-
egories Cy and Cy, and that Py, Pp are the projection functors as in
(2.3.17). Show that for any pair of objects M, N of C, there is an
isomorphism of abelian groups

More (M, N) = Morg, (PlM, P;N) @ Morg, (PQM, PQN)

which is natural in each term M, N.
Show that, for any nonzero integer a,

Homgy(Z,Z/aZ) = Z]aZ

and deduce that My is not the direct sum of Ty and 7 Fyg — see
(2.3.21).
Let {Cy | A € A} be a set of categories, where the index set A may be
infinite. Show that if each C is additive (or abelian}, then the direct
product [], Cx (1.1.13) is again additive (or abelian).

Describe the projective objects in the direct product [], Cx and
direct sum €, C — see (2.3.19).
Let C be an abelian category. Show that a pull-back in C can be
obtained as the kernel of a suitably defined morphism, and that a
push-out can be obtained as a cokernel.

Deduce that C contains the pull-back of any pull-back diagram of
objects and morphisms in C and likewise for push-outs.
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Then, by embedding the category in As, we may work with elements in the
various objects. For example:

Suppose that vo and 4 are epimorphisms, and that s is a monomor-
phism. Then «ys is also an epimorphism.

To prove this, let y3 € N3. Taking x4 € My with y4z4 = Bays € Ny, we
have '

Y504Tq = Baf3ys = 0.
Thus z4 € Ker oy = Im o3, and so we can find z3 € M3 with aszs = 4; then
Y3 — 7323 € Ker 3 = Im B2 = Im foy; = Imys00.

So ys € Im s as required.

With slightly less rigmarole, one can prove the dual statement for 3 to be
a monomorphism. In combination, these diagram chases yield the following
highly useful result.

If v1, v2, 74 and s are isomorphisms, then so also is vs.

Other, less widely used, diagram chase theorems to be found in the litera-
ture have such evocative names as the Snake Lemma, the Horseshoe Lemma,
the Windmill Lemma, the 3 x 3 Lemma, the Nine Lemma, etc.

Ezercises

2.3.1  Show that the opposite category of an abelian category is also abelian.

232 Leta:L— Mandf:M — N be morphisms in an abelian category.
Show (for example, by (2.3.2)), that the following statements are
equivalent. :

o0—-L->M £, N =0 s a short exact sequence;
(i) @ is a monomorphism and 8 = Cok a;
(iii) A is an epimorphism and a = Ker 3.
Recall that our example 0 — Q@ — R — 0 — 0 in H.As shows that
(ii) need not imply (i) when the category is additive but not abelian.
2.3.3  Show that in an abelian category C any morphism o : L — M gives
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2.3.22 The Embedding Theorems g

There are several results to the effect that an abstract additive or abelian
category can be viewed as embedded as a subcategory in a concrete abelian
category, such as As, or Mooy for some ring R.

If C is a small additive category, then C can be embedded contravariantly
as an additive subcategory in the functor category [C, As] by associating with
an object C' the morphism functor Morg(C, —) ([Mitchell 1965], IV (2.3)).
Since the opposite of an additive category is also additive, this result gives a
covariant embedding of C in the additive category [C°P, As].

This result applies also to abelian categories, and extends to show that a
small additive or abelian category can be embedded in As (ibid. IV (2.6)),
which result is sometimes known as the Lubkin-Heron-Freyd Representation
Theorem, although it is also attributed to Mitchell. (The discoverers of this
circle of results are generous with their attributions.)

In [Pareigis 1970] (4.14) Theorem 3, we find the more refined result that,
given a small abelian category C, there is a ring R and a covariant full faithful
functor (1.3.13) from C to the category Moog. Anticipating the next section,
we remark that this functor is also ‘exact’ in that it preserves exact sequences.

The philosophical consequence of these results is that it suffices to verify
any sufficiently general statement about abelian categories in the category As;
this point of view is discussed in [Mitchell 1965], IV. However, it is usually
more natural to work directly in a given additive or abelian category.

2.3.23 Example: The Famous Five Lemma

This lemmat is one of a number of useful results which hold in an abstract
abelian category, but which are proved more readily by a ‘diagram chase’ in
a module category.

Suppose that we have a commuting diagram, with both rows exact, in an
additive category:

oy Qg Q3 Qy
]V[]_ — ]Wz E— ]Vfg ———} M4 ———— M5

l T ‘l Y2 l Y3 l Y4 j Ys
b1 B2 B3 Ba

N —— Ny — N3 — Ny —— Ns

1 Possibly so-named because it leads to the Smuggler’s Top Theorem, a truly marvellous
result which this footnote is unfortunately too small to contain ([Blyton 1950]).
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2.3.21 Module categories over Dedekind domains

We can now give the promised direct sum decompositions of categories that
arise from the structure theory of modules over a Dedekind domain ©.

Since O is a Noetherian ring, any finitely generated (right) O-module M is
also Noetherian, and in particular, any ascending chain of submodules of M
has a maximal member, which is again finitely generated ([BK: IRM] (3.1.6)).
Thus the category Me of finitely generated (right) O-modules is abelian
(2.3.6).

Let 7o be the full subcategory of Me whose objects are all the finitely
generated torsion O-modules. Since the direct sum of two modules belonging
to 7o is again a module in 7o, we see that 7p is an additive subcategory of
Mep. As a submodule or quotient module of a module in 7 again belongs to
7o, the kernel and cokernel of a homomorphism in Tp is also in 7p, so that
To is an abelian category (2.3.5).

Write 7F o for the category of finitely. generated torsion-free (right) O-
modules. By (2.3.20 - B), T7Fp is the same as Pp, the category of finitely
generated projective O-modules.

Let M and N be finitely generated O-modules. Clearly, an O-module
homomorphism A : M — N induces a homomorphism T'()) : T'(M) — T(N).
Thus we have a functor

T: Mo — Tp.

There is also a functor F' : Mg — Pp, which sends M to M/T(M).
Now, any module M has a direct sum decomposition M = T'(M) & M’ with
M' = M/T(M) projective, but there is no direct sum decomposition of the
category Mp in terms of Py and 7, essentially because there is no canonical
choice of M’ — see Exercise 2.3.4.

For each nonzero prime ideal p of O let 7 o denote the full subcategory of
To given by the p-primary modules. Again, 7, ¢ is an abelian category, and
we have functors ,

Tp : To —“"‘")’2-{3,0

for each p.
By (2.3.20 - F), there is a direct sum decomposition of

To = @pepnvo
of the category 7o into its subcategories 7p 0.
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E Corollary
Let M be a finitely generated module over a Dedekind domain O. Then

M=TM)e M/T(M)
with M/T(M) projective. O

To complete the picture, we describe the structure of torsion modules over a
Dedekind domain O. A finitely generated torsion O-module M has annihilator

Amm(M)={z e O|mz=0 forallm e M},

which is a nonzero ideal of O. If Ann(M) = p™ for some nonzero prime ideal
p of O and natural number n, then M is said to be p-primary.

Since O is Noetherian, any set of submodules of a finitely generated module
M has maximal members, each of which is finitely generated ([BK: IRM],
(3.1.6)). However, the sum of any two p-primary submodules of M is again
p-primary, so that M has a unique maximal p-primary submodule, T, ().
The submodule T, (M) is the p-primary component of M; it is again finitely
generated. '

Then we have the following result ([BK: IRM] (6.3.15), (6.3.20)).

F The Primary Decomposition Theorem

Let M be o finitely generated torsion module over a Dedekind domain O.
Then:

(i) there is a direct sum decomposition

M= @p To (M),

where almost all (that is, all except a finite number) of the p-primary
components of M are zero;

(ii) for each prime ideal p of O,
Tp(M) =0/ Vg ... 0 O/ pb(p:te)

with §(p,1) < --- < 6(p,£p) and £, > 0;

(ili) the collection of integers 6(p,1),...,6(p,4y), where p ranges over all the
nonzero prime ideals of O, is uniquely determined by M and in turn
determines M to within isomorphism. O
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are written, and the exponents are uniquely determined once an order has been.

fized. O

Let O again be an arbitrary commutative domain, and let M be an O-
module. The torsion submodule T'(M) is

T(M)={me M |mz =0 forsomez € O, z # 0}.

We say that M is a torsion module if M = T(M) and that M is torsion-free
if (M) = 0. (These definitions anticipate the more general definitions that
will be made in section 6.2.)

Here are the fundamental results for projective modules over a Dedekind
domain.

B Theorem
Let O be a Dedekind domain and let M be a finitely generated O-module.
Then M 1s projective if and only if M is torsion-free (see ((BK: IRM] (6.3.4)).0

C Theorem
Let O be a Dedekind domain and let M be a finitely generated projective
‘O-module. Then

MZaq& - @a
for some fractional ideals ay,...,a, of O ([BK: IRM] (6.1.2)). O

The next result gives the criterion for two projective modules to be isomor-
phic ([BK: IRM] (6.1.6)).

D Steinitz’ Theorem
Let P2 a; @ @ a, be a projective module over a Dedekind domain O.
Then

P20 @a;- - .a,.

If Q 2 b1 ®--- &by is also a projective O-module, then the following
statements are equivalent.

(i) P2Q;
(i) r=s and {ay---a;} = {by--- b5} in CL(O). O

The integer r is called the rank of P and the ideal class {a; - - - a, } is called
the ideal class of P. A projective module is said to be in standard form if
P=0"1ga

The next result is immediate from the observation that M/T'(M) is torsion-
free.
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The reader is invited to characterize infinite direct sums in terms of inclusion
and projection functors.

2.8.20 Dedekind domains: a review

Some interesting direct sum decompositions of categories arise from the struc-
ture theory of modules over a Dedekind domain. As we use this structure the-
ory in several places in this text, we turn aside to review its basic definitions
and results, which are developed in detail in Chapters 5 and 6 of [BK: IRM].

‘We start with some ideal theory. Let O be an arbitrary commutative do-
main with field of fractions K. A fractional ideal of O is a finitely generated
nonzero O-submodule a of K. .If b is also a fractional ideal of O, so is their
product

ab={a1b1+~--+akbk[al,...,akea, bi,...,br €B, kZl}
A fractional ideal a is tnvertible if
ab=0

for some b.

Our definition of a Dedekind domain ([BK: IRM] (5.1.10)) is that it is a
commutative domain O all of whose fractional ideals are invertible. It can then
be shown that O is a Noetherian ring ([BK: IRM] Exercise 5.1.2). Clearly,
the fractional ideals of a Dedekind domain form a group Frac(0), and the set
of nonzero principal ideals Pr(Q) is a subgroup of Frac(O). The ideal class
group of O is the quotient group

Cl(O) = Frac(0)/ Pr(0).

The image of a in Cl(O) is written {a}.

It is obvious that a commutative principal ideal domain is the same thing
as a Dedekind domain with trivial ideal class group.

We record [BK: IRM] (5.1.19).

A The Unique Factorization Theorem for Ideals

Let a be a fractional ideal of a Dedekind domain O. Then there is a
set of distinct nonzero prime ideals p1,...,px and a set of nonzero integers
ny, ..., N, such that
'n.k-

T
a=p;"-- P

The prime ideals are uniquely determined apart from the order in which they
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G(a1,0), and similarly for the other variable. The assertion follows, on noting
that

(C1,C2) 2 (C1,0)® (0,C2) inCy x Ca.
Conversely, if (ii) holds, define FC = (P,C, P,C) and G(C1,Cs) = ;1C, &
I,Cy, and similarly for morphisms. O
For .completeness, we record the extension of the above result to a direct

product of any finite set of additive categories. The result is analogous to
that for modules (see [BK: IRM], (2.1.7)).

-2.3.18 Corollary
Let C and Cy,...,C, be additive categories. Then the following are equiva-
lent.

(i)} There is an equivalence of additive categories
C>Cy x--- X Cp

(L) There are additive functors I; : C; — C and P; : C — C;, fori=1,...,n,
with natural isomorphisms

IlPl@@InPngIdC

and
Pl ~1de, forall i,

and further
PjI.,;=0 fO’f"L#_] O

2.3:19 Infinite direct sums of categories

Since- an additive category has a zero object, it is sensible to speak of the
direct sum @ ,C» of an infinite set {C» | A € A} of categories, where A is an
ordered set. The objects of the direct sum are all sequences of the form

Chp =(Cy | Cy € (), almost all C}l = 0),

and a morphism ay : C§ — Cy is a sequence (ay : C' — C,) with each a) a
morphism in Cy.

It is straightforward to verify that €5,C is again an additive category
under the usual componentwise definitions. Thus the zero object is 05 = (0),
and the direct sum in €,C, is given by

Ch®Cll = (CLaCl).
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2.3.15 Theorem :
Let C be a small category and let D be an abelian category. Then the functor
category [C, D] is an abelian category. a

2.8.16 Direct sums of categories

Since we are able to define the direct sum of two, or more, functors between
additive categories, we can interpret the direct product of two additive cate-
gories as a direct sum; because we can mimic the description of a direct sum
of modules in terms of injections and projections (2.2.11).

Throughout the sequel we demand that an equivalence between additive
categories must be given by an additive functor.

2.3.17 Theorem
Let C, Cy and Cs be additive categories. Then the following statements are
equivalent.

(i) There is an equivalence of additive categories
C~C xCs.
(i) There are additive functors
I :C——C, I:Cg——C, PL:C——Cy, Po:C——0(y
such that there are natural isomorphisms
LP@®L1P~1de
and
P I, ~1de,, Pyly ~1de,,
and also
PRI =0, Pl =0
(I and P stand for inclusion and projection.)
Proof
Suppose that (i) holds, and let F': C — C; X C3 and G : C; X C3 — C be the
(additive) functors that give the equivalence. If C is an object of C, we have
FC = (C}, Cy) for objects Cy of C; and Cy of Cp. Similarly, for a morphism o

we have Fa = (ay, as). Define P,C = C; and Pia = o, and likewise for P;.
For an object C; and morphism «; in Cy, let I;Cy = G(C1,0) and a1 =
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The reader should not have much difficulty in verifying that these ap-
proaches give essentially the same-objects, to within isomorphisms.

The kernels and cokernels in the (homo)morphism categories Mor(Mobppg),
Enxp(Mopg), Tso(Mopg) and Aur(Mobopg) are those in Mobpxr.

2.3.14 Functor categories

We can also give pointwise descriptions of kernels, cokernels, and so omn, in
a functor category [C,D] provided the appropriate objects exist in D. For
simplicity we suppose that D is abelian.

For example, the kernel (Kersn, k)-of a morphism 7 from F to G, that is, of
a natural transformation n € Nat(F, @), is obtained as follows.

For each object C of C, write (Kerng, k¢) forthe kernel of ng : FC — GC.
Then the object Kern in [C, D] is the functor from C to D given by

(Kern)(C) = Ker(ne : FC —— GC)

for each object C of C.
To see that Ker#n is a functor, note that a morphism a : ¢' — C gives a
commutative diagram

Fo —r ., o

ro | | e

rc ., qc
which, together with the definition of a kernel as a universal object (1.4.15),
shows that there is an induced morphism

(Kern)(e) : (Kern)(C'y —— (Kern)(O).

There is a natural transformation

’

k: Kern ——s F
given by
ke : (Kern)(C) — F(C),

ko as above, and it is straightforward-to verify that the pair (Kern, k) is a
kernel for 7. .
Similarly, cokernels, monomorphisms, epimorphisms, projective and injec-
tive objects in [C,D] are given pointwise by the corresponding objects or
morphisms in D.
We record the result for future reference.
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in C X D is a short ezact sequence if and only both component sequences

0 » O c c” 0
and
0 D’ » D » D" 0
are shoﬁ ezact sequences. I

Similar arguments are used for the morphism categories attached to the
category C. In the morphism category MorC, the kernel of

(a1ﬁ) : (OaDv'Y) — (GI,DI,5)

is (Ker a, Ker 3,7), where 7 is the restriction of  to Ker ¢, and the cokernel
is (Cok @, Cok 3, ), where 6 is induced by 6. Images in MorC are defined in
the expected way. The result is as follows.

2.3.12 Proposition

Let C be an abelian category. Then the categories MorC, ExnC, ITsoC and
Aur C are also abelian.

In particular, a sequence

0— (C,aDl77/) —_— (CrD;’Y) I (CnaD”fyu) —0
in MorC is a short exzact sequence if and only both component sequences

0 (o c c" 0

and

0 D’ D D" 0

are short ezact sequences in C.
Note that in Exo C and Aur C, the two component sequences are identical.

a

2.3.13 Module categories

Let R and S berings. As we saw in (1.3.16), the product category is equivalent
to the category Mobgyxs, since every object (M, N) in the product category
can be regarded as a module over R x S and every morphism is an R x
S-module homomorphism (1.1.12). Thus there are two ways in which, for
instance, a kernel can be defined in Mopp X Mong, either by using the
abstract machinery or by taking an equivalent object in Mobgxs.
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R-module is both semisimple and projective ([BK: IRM] (4.2.6)). Conversely,
if the equalities hold, then R is Artinian semisimple by definition.

(iv) By [BK: IRM] (4.3.15), R/rad(R) is Artinian semisimple, and, by
[BK: IRM] (4.3.16), = right R-module M is semisimple if and only if M -
rad(R) = 0. Thus a semisimple R-module can be regarded as an R/rad(R)-
module by the scalar multiplication

m-F=m-r forr € R,

and conversely, this rule can be used to make any R/rad(R)-module into a
semisimple R-module. : O

2.3.10 Product and morphism categories

Next, we show that product and morphism categories of abelian categories
are also abelian. As we already know that such categories are additive, it
suffices to verify the axioms Ab 1, Ab 2 and Ab 2°P, which will follow at once
from explicit descriptions of keruels, cokernels and so forth.

Let C and D be abelian categories. A morphism in C x D is a pair

(avﬂ) : (Ca D) — (G’7D,)a
with @ a morphism in C and § a morphism in D. Thus
Morexp((C, D), (C', D")) = Mor¢(C,C’) x Morp(D, D"),

and any assertion about a morphism (@,/) in C x D can be verified on its
components ¢, ( separately. Thus (e, ) is a monomorphism precisely when
o and f are both monomorphisms, and likewise for epimorphisms.

The kernel of (@, 8) is ((Ker-a, Ker 8), (s, v)), where (Ker o, &) and (Ker 3, v)
are the respective kernels of o and 3, and the cokernel is ((Cok a, Cok ), (x, ¢))-
In practice, we omit the maps « and 7, and write

Ker(a,a') = (Ker o, Ker o),
and similarly for the cokernel.

The image is the pait Im(a, 8) = (Ime,Im ), with the obvious implicit
morphisms. We summarize as follows. '

2.3.11 Proposition

Suppose that C and D are abelian categories. Then the category C X D is
also abelian.

In particular, a sequence

0— (C,uD,) — (01 D) - (C”aD”) —0
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since it contains any submodule or quotient module of any of its members —
see [BK: IRM], Proposition 3.1.2, Proposition 4.1.5 and the Artinian Splitting
Theorem (4.1.17) respectively. We record our assertion formally.

2.3.8 Theorem
The categories Noerng, Arrgr and ASSgy are abelian. O

By [BK: IRM] Corollary 4.1.18, there is an inclusion of categories
ASSg C Arrg

and, by the same result together with the definition of Noetherian, there are
inclusions

ASSp C Nosrer C Mg,

In general, A=rp is not a subcategory of Nosrug. An example (due to P.
M. Cohn) of a cyclic Artinian, non-Noetherian module is exhibited in Exercise
4.1.7 of [BK: IRM].

Next, we give the conditions for equality between these various categories.

2.3.9 Proposition

(i) Nosrup = Mp if and only if R is right Noetherian.

(i) Arrr = Mg if and only if R is right Artinian.

(i) ASSgr = Mpg if and only if R is an Artinian semisimple ring (in which
case ASSg = Pgr, the category of finitely generated projective right R-
modules).

(iv) Suppose that R is right Artinian. Then the ring R/rad(R) is Artinian
semisimple, where rad(R) is the Jacobson radical, and

ASSR = MR/ raa(R)-

Proof

(1) Since R itself is in Mg, the equality of categories makes R right Noe-
therian. Conversely, if R is right Noetherian then R* is Noetherian for any
natural number k& and hence any finitely generated module M is also Noe-
therian — see [BK: IRM] (3.1.4).

(i)  The argument is similar to the proof of (i); we use the fact that if R is
right Artinian, then so is any finitely generated right R-module ([BK: IRM]
(4.1.7)).

(i) Suppose that R is an Artinian semisimple ring. By the Wedderburn-
Artin Theorem ([BK: IRM] (4.2.3)), R is a direct product of matrix rings over
division rings, and so the categories are equal since every finitely generated
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2.3.5 Theorem 4

Let R be a ring and. let C be a full additive subcategory of Mopg such that,
for any homomorphism A\ : L — M of R-modules in C, the R-modules Ker A
and Cok A are both in C.

Then C is abelian.

Proof

The R-modules Ker A and Cok A evidently satisfy the universal properties
needed to make them the kernel and cokernel of A in C. So Ab 1 holds.
To see that Ab 2-holds, consider a monomorphism s : K — L in C. As
we remarked in (2.2:3), & is an injective mapping. Now C must also contain
Cok k = L/Im x, and so K is the kernel of the canonical module epimorphism
A: L — L/Imk, which is in C. The proof of Ab 2°P is similar. [

For the next result, recall that, given a ring R, a right R-module M is
Noetherian if every R-submodule of M is finitely generated. The ring R itself
is right Noetherian if every right ideal of R is finitely generated. An account
of Noetherian rings and modules is given in [BK: IRM], §3.1.

2.3.6 Corollary

Let R be a ring. Then the category Mg of finitely generated R-modules is
an additive subcategory of Mong, and Mg is abelian precisely when the ring
R is right Noetherian.

Proof

The sole obstruction to Mp being abelian is that it might not contain
the kernel of some homoemorphism, that is, there may be a finitely generated
module M having a submodule which is not finitely generated. By Corollary
3.1.7 of [BK: IRM], this cannot.happen if R is right Noetherian. In the reverse
direction, if Mg is abelian, then every ideal of R is in Mpg. 0

2.3.7 More examples

The category H.As of Hausdorff abelian groups is an example of a full additive
subcategory of Mopz which is not abelian. Observe that the cokernel (in
T orAs) of the inclusion monomorphism @ — R does not lie in H.As.

There are some subcategories of Mooy that are abelian for an arbitrary
ring R. Let Moerup denote the full subcategory of Mopg whose objects are
the Noetherian right R-modules, let .A=rrg denote the full subcategory whose
objects are the Artinian right R-modules and let ASS i be the full subcategory
given by the Artinian semisimple modules. Each of these categories is abelian
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I/
commaute; moreover, ¥ is an isomorphism. O

The isomorphic objects Ker x and I of this theorem are commonly referred
to as the image Im A of A. ‘

2.3.3 Module-like behaviour

In essence, the above result tells us that the Induced Mapping Theorem ([BK:
IRM] (1.2.11)) must hold in an abelian category. It is then possible to translate
many general results about modules into the context of an abstract abelian
category. For example, the Isomorphism Theorems ([BK: IRM] Exercise 1.2.2)
can be reproduced. However, the proofs are more delicate since it is not
possible to work with elements. Instead, the universal properties of kernels,
cokernels, etc. must be used. Arguments of this type are developed in [Mac
Lane 1975], Chapter IX and [Mac Lane 1971], Chapter VIIL

On the other hand, there are some features of module categories which
need not be reproducible in an abelian category. These usually relate to the
existence of an object with some specific property. For instance, an abelian

category need not contain any projective object, as is the case with the cate- .

gory F.As of finite abelian groups (see Exercise 2.2.10).

2.8.4 Ezample

For an example of an additive category that satisfies axiom Ab 1 but not
Ab 2, consider the full additive subcategory of As whose objects comprise all
finite direct sums of the form Z™ @ Q™ with m,n > 0. Here the inclusion
monomorphism Z -~ Q is not a kernel.

We now look for abelian categories of modules. The first result simplifies
the checking in many cases of interest. (Its converse, while also true, is less
elementary — see Exercise 2.3.8 for the details.)
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The requirement that a category should contain kernels and cokernels leads
to the next definition.

Let C be an additive category. Then C is an abelian category if the following
conditions are satisfied.

Ab 1. If A: L — M is a morphism in C, then C contains a kernel (Ker A, k)
and a cokernel (Cok A, x) of A. (This means not only that the objects
Ker A and Cok A are in C, but also that the morphisms

g:Kerh—— L and x: M —— Cok A

belong to C.)

Ab 2. If K : K — L is a monomorphism in C, then (K, x) is a kernel of some
morphism A: L — M in C.

Ab2°P If x : M — C isan epimorphism in C, then (C, ) is a cokernel of
some morphism A: L — M in C.

Statement Ab 2 is often phrased as ‘every monomorphism is normal’. Al-
ternative axiom sets abound in the literature. For example, see [Freyd 1964]
or [Herrlich & Strecker 1979] for the following.

2.3.2 Theorem

Suppose that C is an -additive category satisfying Ab 1. Then the following
statements are equivalent.

(1) Ab 2 and Ab 2°P hold in C.

(ii) For any morphism A : L — M with kernel (Ker/\ k) and cokernel
(Cok A, x), the morphism

1 : Cokk

+ Ker x

(which exists by the universal properties of kernels and cokernels) is an
isomorphism.

(iii) Bwery morphism A\ : L — M has a unique (epi, mono) factorization; that
is, there exists an epimorphism € : L — I and monomorphism p: I — M
with pe = X such that, if € : L — I', ' : I' — M is another (epi, mono)
factorization of A, then there is a unique morphism 1 : I — I' making
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category C°P, where addition of morphisms is given by a°F 4 %P =
(o + B)°P as in (2.2.5).

Show that C°P is a projective object in CP if and only if C is an
injective object in C, and vice-versa.

Give an example of an additive category which contains nontrivial
injective objects but only the zero projective object.

2.2.12 Just as a monoid can be regarded as the same thing as a category
with one object (Exercise 1.1.4), a ring may be taken to be the same
as a preadditive category with one nonzero object. Viewing a ring R
in this way, show that right R-modules correspond to contravariant,
cochiral additive functors from R to Mooz, while left R-modules
correspond to covariant, contrachiral additive functors from R fo
2Mop. Show also that R-module homomorphisms correspond to nat-
ural transformations.

2.3 ABELIAN CATEGORIES

For the next stage in our examination of categories whose objects in some
way resemble modules, we consider abelian categories. Such categories must
contain the kernel and cokernel of each of their morphisms, and most con-
structions that can be carried out in the full module categories Mopg are
reproducible in an abelian category. Indeed, there are Embedding Theorems,
which show that an arbitrary abelian category can be realized as a subcat-
egory of Mopg for some ring R. However, an abelian category may lack
nontrivial examples of projective or injective objects.

‘We show that the various morphism categories associated to abelian cate-
gories are again abelian, as are the functor and product categories. We also
introduce the idea of a direct sum of categories, which leads to an interesting
categorical interpretation of the module theory of a Dedekind domain.

2.3.1 The definition

Although we have defined kernels and cokernels in an arbitrary category with
zero object, and thus in an additive category, a morphism in an additive
category need not have a kernel or cokernel in that category. Indeed, the
category Pyiq of finitely generated projective modules over a ring of dual
numbers Ale] (where €2 = 0) fails to contain either the kernel or the cokernel
of the multiplication homomorphism € : Afe] — Ale], since each is isomorphic
to A, which is not projective over Ale].
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2.2.5
2.2.6

2.2.7

2.2.8

2.2.9

2.2.10

2.2.11
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Show that the inclusion map ¢ : Z — Q is an epimorphism in the
(nonadditive) category Rzwec of rings with identity.
Show that C' @0 = C for any object C' of a preadditive category C.
Let C, C' and C" be objects of a preadditive category C. Verify that
the following statements are equivalent, as asserted in (2.2.11).

(i) C is the product of C' and C”.
(ii) C is the coproduct of C' and C”'.
(iif) C is the direct sum of ¢’ and C".

Generalize this result to.an: arbitrary finite set of objects in C.
Let C be a preadditive category, with & : A — B, 8: B — C and
v : C — D composable morphisms in C.

Show that if § and -y are epimorphisms, then v4 is an epimorphism,
and if v@ is an epimorphism, then v is an epimorphism.

Prove also that if @ and 4 are monomorphisms, so is fa, and if So
is a monomorphism, so also is a. v

Give counterexamples to the claims that if v is an epimorphism,
then B is an epimorphism, .and if So is a monomorphism, so also is
5.
Let A1,..., Ax be objects of an additive category .A. Show that 4; @
-+ @ Ag is a projective object in 4 if and only A;,..., A; are each
projective objects in 4. (This generalizes a well-known result for
modules (Theorem 2.5.5 of [BK: IRM]).)
Projectives depend on the category

Generalize (2.2.10) to show that, for any ring R, every module in
ASSR is projective as an object in that category.

Suppose that R is right Artinian but not semisimple. Find a module
in ASSg which is not. projective in Mobpgz.

Hint. [BK: IRM], section 4.3 is releyant, particularly Exercise 4.3.7.
A category without projectives

Let F.As be the category of finite abelian groups. It is well known
that any finite abelian-group is the direct sum of finite cyclic groups
(see Theorem 6.3.24 of [BK: IRM], for example). So if F.4s contains a
nonzero projective, there must be a nontrivial finite cyclic projective,
by Exercise 2.2.8 above. However, this is easily seen to be impossible
— consider the natural surjection of Z/a®Z to Z/aZ for any positive
integer a.
The opposite category

Show that if C is an additive category, so likewise is its opposite
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Exercises

221

2.2.2

2.2.3

224

Let D be a preadditive subcategory of the preadditive subcategory C.
Show that Endp(X) is a subring of End¢(X) for every object X in
D.

Given an object X of C and a subring D of End¢(X), define a
minimal preadditive subcategory D of C with Endp(X) = D.
Given a nonzero object X of an additive category C and a subring D
of Mor¢(X, X), define a minimal additive subcategory D of C with
Endp (X ) = D!

Show that the morphisms in D can be represented as sets Mm, (D)
of m X n matrices over D.

Hint. Exercise 2.1.6-of [BK: IRM] helps.
There seems to be a curious asymmetry in the exact sequences of
abelian groups obtained in (2.2.3) above, in that they begin, but
need not end, with the zero group. Show that this is inevitable for
the following reason.

In a preadditive (right) category, the following statements are equiv-
alent. '

(i) ¢ : X — Y has a right inverse;
(if) for all L € C, Mor(L, X) <= Mor(L,Y) — 0 is exact;
(iif) for all L € C, 4 : Mor(L, X) — Mor(L,Y) has a right inverse.
There is an obvious dualization of the above.
Deduce that the following are equivalent.
(i) ¢ is an isomorphism;
(ii) Mor(—, ) is always an isomorphism in As;
(iii) Mor(¢p, —) is always an isomorphism in As.
Epimorphisms and monomorphisms in arbitrary categories
Let C be a (right) category. A morphism -y : C' — D in C is defined
to be a monomorphism if the following holds.

IfB, B : B — C are two morphisms with v3 = @', then = f'.

Verify that a monomorphism in a preadditive category is again a
monomorphism in this sense. Observe too that if v has a left inverse,
then + is a monomorphism.

Give a definition of an epimorphism by duality, that is, -y is an
epimorphism in C if and only if ¥°P is a monomorphism in C°P.

Verify directly that the two definitions of epimorphism coincide in
a preadditive category, and that any morphism with a right inverse
is an epimorphism.
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so that any property or condition on Nat(F,G) can be verified, or imposed;
separately in each Morp (F(C), G(C)).

Suppose that D is additive. If n and ¢ are in Nat(F,@), the pointwise
definition of their sum 7 + ¢ in Nat(F,G) is

n+¢Qc=nc+{c forallCecC,
and the zero natural transformation 0 in Nat(F, @) is given by
O0g=0:FC— GC.

Thus Nat(F, G) is an abelian group for any pair of functors.
Since D has a zero object, we can define the zero functor

0:C——D
by
0(C)=0 forallCinC,

which is a zero object in [C, D].
We can also define the direct sum of two functors F' and G in [C, D] in the
obvious way:

(Fe@)(C)=F(C)®G(C) forall CinC.

To verify that this actually gives a direct sum, we again use the characteriza-
tion of direct sums in a preadditive category which we gave in (2.2.11). For
each object C, there are morphisms

ac: FC ——— FC & GC, ,@c:FC’@GC'r—————)GC;

o : FC® GC —— FC and §g : GC —s FC & GC
with
Beac =0, v¢cbc =0, fcée = idge, Yoac = idrc
and
ace + 6B = idrceae,

which gives a set o, 3,7, 6 of natural transformations that exhibit F®@ G as a
direct sum in [C, D].
Thus we have the following result.

2.2.22 Proposition
Let C be a small category and let D be an additive category. Then the
functor category [C,D] is an additive category. 0
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functor. If 0 is a zero morphism or object in C, then FO is o zero morphism
or object in D.

Proof

Temporarily, we indicate a zero object in C by Z to distinguish it from the
various.zero maps that we use.

If0: C' — C is any zero map in C, then F'0 must be the zero map from F'C’
to FC in D, since F' is additive. As idz = 0 on Z itself, idpz = F'(idz) =0
on F'Z. Hence for a zero object Z' in D, the unique maps FZ — Z’ and
Z' — F'Z are mutually inverse isomorphisms. [

2.2.20 Theorem '

Let C and D be additive categories and let F' : C — D be an additive functor.
Then for any two objects C' and C" of C,

FCe®C"Y=2F(C") e F(C") nD.

Proof

Recall from (2.2.11) that the direct sum of the pair of objects C’ and C”
in C can be characterized as an object C of C for which there are morphisms

o:¢'—C,d":C"—C,7:C——C" and 7" :C——C"

satisfying the relations

w'e’ =idg, n'¢" =idgr and o'n’ +o'7n" =idg.
Since F' preserves sums and products, and converts identities to identities and
zeroes to zeroes, the maps Fo', Fo', Fn’' and F'n” satisfy the equations that
show F'C to be a direct sum also. 1

2.2.21 Functor categories

Recall from (1.3.9) that, given a small category C and an arbitrary category
D, the functor category {C, D] has as objects the covariant functors from C to
D, the morphisms from F to G in [C, D] comprising the set Nat(F, G) of all
natural transformations from F to G.

Our aim now is to show that properties of D can be carried over to [C, D]
by making pointwise definitions; the category C can be completely arbitrary.

The essential observation is that a set Nat(F, @) of morphisms in [C, D] is
in fact a disjoint union of sets Morp(F'(C), G(C)), one for each object C of C,
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where A
Y®Y =opyrc+aopy e : COC' - Da D,

7o and mor being the split epimorphisms associated with C @ C', and op
and opr being the split monomorphisms associated with D@ D’. In a module
category, this becomes the familiar formula

(y& ) (e, )= (ye,7'c) forallce C,d € C'.

We record the consequences of our discussion.

2.2.17 Lemma

Suppose that C is an additive category. Then the categories More, Enng,
Isoc and Aurc are additive categories. O

2.2.18 Additive functors

Let C and D be additive categories. For each pair of objects C’, C in C, the
set Morc(C',C) is an additive group, as is Morp (D', D) for each pair D/, D.
in D. In this circumstance, it is natural to consider functors between C and
D that respect the additive structures on the sets of morphisms.

A covariant functor F' from C to D is said to be additive if the map

F : Mor¢(C',C) —— Morp(FC', FC)
is a group homomorphism for all objects AC” and C'in C:
Fla+p)=Fa+ Ff3 always."

Additive contravariant functors are defined similarly, as are additive multi-
functors on products of additive categories.

First examples are the morphism functors themselves. For a fixed object C
of an additive category, Mor¢(C, —) is a covariant additive functor from C to
As and Mor¢(—, C) is a contravariant additive functor from C to As.

It is clear that if C’ is an additive subcategory of the additive category C;
then the inclusion functor is additive. If F' is an additive functor from C to
D, then the restriction of F' to C' will also be additive.

An important property of an additive functor F' : C — D is that it. preserves
zero morphisms, zero objects and direct sums.

2.2.19 Lemma
Let C and D be additive categories, and let F : C — D be an additive
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2.1.8). Also, by Lemma 2.5.7 of [BK: IRM], M’ @ M" is finitely generated if
and only if its summands are finitely generated, which equivalence is easy to
check directly.

‘We record the results as follows.

2.2.14 Lemma

The categories Prosg, Freegr, Mg, Fr and Pr are additive subcategories
of Mopg. If S is a subring of R, then Mopg is an additive subcategory of
Mobg. . O

Next, we consider product categories.

4

2.2.15 Lemma
Let C and D be additive categories. Then C x D is an additive category.

Proof
The sum of morphisms (e, 8) and (¢/, §') from (C, D) to (C',D') in C x D
is given componentwise:

(e, B8) + (&, 8) = (e + o, B+ ).
In effect, there is an identity
MOIc(C, O’) X MOI"D(D, D’) = MOI’CX'D((C, D), (OI, D'))

which gives us the abelian group structure that we require in C x D. Note
that the zero is the pair (0,0) and the direct sum is

(C,D)® (C',D)=(CaC',Da D). N

2.2.16 Morphism categories

Equally straightforward is the extension of the above result to morphism cate-
gories. Let C be an additive category. If (o, 8) and (¢, 8’) are both morphisms
from (C, D,) to (C',D’,v") in Morc, then so is their sum. Composition of
morphisms is distributive over addition because this is already true in the
product category C x C, and the zero is (0,0, idp).

The direct sum in Morc is given by

(C,D,y)®(C',D',¥)=(CeC' Do D' ,7®"),
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We also note in passing that when the direct sum M’ @ M"' exists, so also
does M" @ M', which is isomorphic to M’ @ M" via a unique isomorphism.
Thus one may speak of the direct sum of-an unordered pair of objects.

Note also that it is possible to characterize direct sums in terms of split
ezact sequences, again mimicking the result for modules.

A short exact sequence

o’ 7’

0 » M’ M » M » 0

in a preadditive category is split if there are morphisms ¢ and 7" as above.
As with modules, it is enough to know that.one of the splitting morphisms o’
or 7" exists, since the other can then be constructed, and we then find that
M=MeM'.

2.2.12 Additive subcategories

A subcategory D of an additive category C is an additive subcategory if, as
well as being a preadditive subcategory, D is additive.

Let M', M" be a pair of objects in D. Any-direct sum of M’ and M” in
D is necessarily their direct sum in C also, but- the favoured choice M’ @ M"
of the direct sum in C need not itself be an object of D. However, there is
to be some choice, necessarily isomorphic to this, which, together with its
associated inclusions and projections o/, ", ', 7, does lie in D.

As with preadditive categories, we can define a minimal additive subcat-
egory Aop(X) of an additive category C in terms of a monzero object X of
C by taking App(X) to be the full subcategory of C with objects the finite
direct sums X™, n > 1, together with the zero object.

2.2.18 Examples

Before developing the theory of additive categories, we give some more exam-
ples.

All the module categories introduced in (1.1.9), namely, Prosgr, Fresg,
MRr, Fr and Pg, are additive subcategories of Moog; the verifications rely
on simple facts about direct sums which are mostly immediate consequences
of the definitions. For projective modules, we use the fact that M'.® M" is
projective if and only if both summands are projective ([BK: IRM] Corollary
2.5.6); and for free modules, we note that the zero module is free on the empty
set, and that if M and N are free on sets X and Y respectively, then M @ N is
isomorphic to the free module on the disjoint union XY ([BK: IRM] Exercise

i
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Theoremt ([BK: IRM] (4.1.17)) tells us that, for any module M in ASSz, any
submodule or quotient module of M must be a direct summand, and so every
module in ASSy is both projective and injective as an object of that category.
In contrast, no such (nonzero) module can be projective or injective in the
category F.As.

Although the concept of exactness was introduced in [Hurewicz 1941}, in the
context of homology groups of topological spaces, the term ‘exact sequence’
did not appear until [Kelley & Pitcher 1947]. The crucial role of exact se-
quences in contemporary module theory and homology theory is evident from
almost any modern text on these subjects.

2.2.11 Additive categories

As we remarked in (1.4.10), the direct sum M’ @ M" of two modules M’ and
M" is characterized up to isomorphism by the existence of homomorphisms

oM —s M, " M —us M, v M~ M and 7' : M ——s M"

satisfying the relations

o’ =idyy, 7’6" =idye and o'n’ + o'n" =idy.

These relations make sense in any preadditive category C, and so we may
define the direct sum of objects M’ and M" of C to be an object M of C which
satisfies these relations. However, a preadditive category need not contain the
direct sum of a pair of objects; an easy example is given by Przaon(Z) in
As. These observations lead to the following definition.

A category C is said to be additive if it is a preadditive category satisfying
the next condition.

Ad 4. Any two objects of C have a direct sum in C.

As in the case of modules (the same arguments apply), such a direct sum
is both a product and a coproduct and so it is unique to within unique iso-
morphism. The notation M’ & M" is used to indicate any convenient choice
of the direct sum — in most contexts, there is an obvious candidate for this
choice. v

It can be shown (Exercise 2.2.6) that a product in a preadditive category
must be a direct sum, as must be a coproduct. Conversely, when products
and coproducts exist and they are the same as direct sums in a category C
satisfying Ad 3, then Ad 1 and Ad 2 hold, so that C is additive. (See [Gabriel
1962] for details.)

t The Artinian Splitting Theorem holds over any ring R.
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Proj 1. The generalization of our basic definition for modules (1.1.7): an
object P of C is projective (in C) if every short exact sequence

T
0 + L » M P + O

in C splits at P, meaning that there exists ¢ : P — M in C with
o = idp.

Proj 2. P is projective if and only if, whenever the row is exact, the following
diagram can be completed (so as to provide a.commuting triangle):

P
B ¥
7
Y VA » 0
n

(The equivalence of Proj 1 and Proj 2 for modules is shown in Theo-
rem 2.5.4 of [BK: IRM].)
Proj 3. P is projective if and only if the sequence of abelian groups

0 —— Mor (P, X) —"— Mor (P, ¥) — ™ Mor (P, Z)——0

is exact for every short exact sequence

0 » X ¢ + Y 7 » 7 - + 0

in C (see (2.1.8) for the module version).

The proof of the fact that these definitions are mutually equivalent is much
the same as that for modules, and is left to the reader.. Likewise, the reader
should have no problem in formulating and venfymg the equivalence of three
definitions for an injective object.

However, there is no reason why a preadditive category should contain any
nontrivial projective or injective object. For example, the category F.As of
finite abelian groups (which can also be described as the category of finitely
generated torsion Z-modules or the category of Artinian Z-modules) has no
nonzero projectives — this can be seen as in Exercise 2.2.10 below.

More seriously, it may happen that a projective object in a subcategory is
not projective in a larger category. For an illustration, consider the category
ASSyz of Artinian semisimple Z-modules. Such a module is a finite sum of
irreducible Z-modules, that is, abelian groups Z/pZ of prime order for various
primes p (see (2.3.20 - F) below). A fundamental result, the Artinian Splitting
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(i) «v: B — C is a cokernel for a if and only if, for any X inC ,

£l

0 —— More(C, X) —— More(B, X) —— More(A, X)
is an exact sequence of abelian groups. Thus, for any choice of Coka,
Mor¢(Cok @, X) = Ker More(a, X),
(where a* is an alternative notation for More(c, X)). a

An immediate consequence is that a morphism is a monomorphism precisely
when its kernel is the zero object, and an epimorphism precisely when its
cokernel is the zero object.

’

2.2.9 Short exact sequences

A short exact sequence in a preadditive category is a sequence

a2 5P 6

in which o is a kernel for 5 and 3 is a cokernel for «. Thus, in particular, o
is a monomorphism and § is an epimorphism.

An easy exercise is that  is an isomorphism if and only if A is the zero
object, while ¢ is an isomorphism just when C = 0.

The distinction between an epimorphism and a surjection means that some
caution must be exercised when working with short exact sequences in a gen-
eral preadditive category. The unexpected phenomena that can arise are
illustrated by the inclusion map +: Q@ — R.

As we noted in (2.2.6), ¢ is both an epimorphism and monomorphism in
the category HAs of Hausdorff abelian topological groups, but it is not an
isomorphism. Thus the sequence

L 0
0 Q R 0 0

is not short exact. In fact, Q cannot be the kernel of R — 0 because the
identity map on R cannot be factored through Q.

2.2.10 Projective and injective objects

There are three equivalent definitions for a projective object in an arbitrary
preadditive category C, which generalize well-known characterizations of pro-
jective modules.
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Let H.As be the category of Hausdorff topological abelian groups. Thus
an object A of H.As is a Hausdorff topological space which is also an abelian
group in such a way that the group operations are continuous maps, and a
morphism from A to B in H.Az is a continuous map which is also a group
homomorphism. We exploit the following result bid, (13.14): if f,g: X — Y
are continuous maps of topological spaces with Y Hausdorff, and f and ¢
agree on a dense subset of X, then f = g.

Now the rational numbers @ and the real numbers R are both objects of
H.As with their customary additions and topologies, and moreover Q is dense
in R. The result quoted above shows that the inclusion map ¢ : Q — R is
an epimorphism in H.As, although not a surjection. Note that . is also a
monomorphism and, of course, an injection.

In particular, we have an example of a morphism which is both a monomor-
phism and an epimorphism, but not an isomorphism.

The quotient group R/Q can be given a topology (indiscrete) so that it
becomes the cokernel of ¢ in the category 7orAs of all topological abelian
groups, but it is not Hausdorff (see [Higgins 1974] Chapter II, §3 and Propo-
sition 5). '

We also note that H.As is a preadditive subcategory of Tor.4s but that ¢
is no longer an epimorphism in 7 orAs.

2.2.7 Kernel and cokernel

Before we define short exact sequences in a preadditive category, we record
the next, easily verified lemma, which shows that the concepts of kernel and
cokernel in a preadditive category correspond to their counterparts in 4= via
the morphism functors.

2.2.8 Lemma

Let « : A — B be a morphism in a p%eaddz'tive category C. Then the
following assertions hold.

(i) &: K — A is a kernel for a if and only if, for any L in C,
0 —— Mor¢ (L, K) ——— More(L, A) ———s Morc(L, B)
is an ezact sequence of abelian groups. Thus, for any choice of Ker a,
Mor¢ (L, Ker @) = Ker Mor¢ (L, ).

(Note that o is an alternative notation for Morc(L, ct).)
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The most blatant examples in which a monomorphism cannot be an injec-
tion are provided by categories whose objects are not sets. More seriously,
it may happen that the objects of a preadditive category are sets, but that
a monomorphism need not be an injection or an epimorphism need not be a
surjection. Such pathologies are somewhat tricky to find.

We give examples of both phenomena.

2.2.5 Ezample: the opposite category

Recall from (1.1.6) that the opposite category C°P of a category C has objects
C°P in bijective correspondence with the objects C of C, and that for each
pair of objects C°P, D°P of C°P, there is a bijection between the morphisms o
in Mor¢(C, D) and the morphisms a°P in Morces (DP, C°P).

The composition in C°P is given by the rule

(aP)(B%P) = (Bar)°®.
If C is preadditive, then so also is C°P, under the natural definition
0% 4 % = (o + B)°.
A morphism ¢ : X — Y in C induces
&« : Morg (L, X) —— Mor¢(L,Y),
while its opposite counterpart £°P : Y°P — X°P gives
(€°P)* : Morger (X°P, L°P) —— Morcos (Y°F, L°P).

For any A : L — X, we have (£°P)*(\°P) = (£,()))°P, so that (£°P)* and &,
are either both injective or both not injective.

Thus £°P is an epimorphism exactly when £ is a monomorphism. Similarly,
£°P is a monomorphism precisely when £ is an epimorphism.

Thus, if C contains both monomorphisms and epimorphisms, so does C°P.
However, the objects of C°P are not sets, so its monomorphisms cannot be
injective mappings, nor can its epimorphisms be surjections.

2.2.6 Exzample: topological abelian groups

This example relies on some elementary topology which we do not develop
in this text. (The definitions of terms below can be found in [Willard 1970
§13.) As well as providing an epimorphism which is not a surjection, it shows
that an epimorphism in a subcategory may cease to be an epimorphism in a
larger category.
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functors on a preadditive category take values in Az (rather than Ser) is
crucial in what follows.

We start with monomorphisms and epimorphisms, which are the analogues
of injective and surjective homomorphisms — the reason for the change in
terminology will be explained shortly.

By analogy with (2.1.3), we make the following definitions in a preadditive
category C.

A morphism g : X — Y in C is said to be a monomorphism if, for any
object L of C,

0 —— Morg(L, X) — s Morc(L, Y)

is an exact sequence of abelian groups.
A morphism € : M — N in C is said to be an epimorphism if, for any object
X of C,

*

0 —— Mor¢ (N, X) £, Mor¢ (M, X)

is an exact sequence of abelian groups.
Important examples of monomorphisms and epimorphisms are provided by
the following result.

2.2.4 Lemma

Ifu: X =Y has a left inverse p: Y — X (that is, pp = idx), then p is a
monomorphism. ‘ .

Ife: M — N has a right inverse o : N — M (that is, eo = idy), then € is
an epimorphism.

Proof
By functoriality of Mor¢(L, —), p«fts is just the identity homomorphism on
the group Mor¢(L, X). So u. is injective. Similarly, €, is surjective. O

A morphism with a left inverse is often called a split monomorphism, while
a morphism with a right inverse is known as a split epimorphism.

Warning. These descriptions are valid only for right categories! The reader
may wish to formulate their left category counterparts. (The definitions of
epimorphism and monomorphism can be extended to arbitrary categories; see
Exercise 2.2.4.) .

In a module category Moopg, the basic result (2.1.3) shows that a monomor-
phism is the same thing as an injective morphism while an epimorphism is
just a surjective morphism. However, these coincidences need not happen in
an abstract category, which explains the need for new terminology.
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Thus More(—, X) and More(L,—) are functors on C, contravariant and
covariant respectively, with values in the category As of abelian groups. As
with the Hom functor, in a preadditive category we have equalities

A+XN)" =X+ )" and (§+&). =4 +LL
for pairs of morphisms \, X : L — M and £,¢ : X — Y. Each pair of
morphisms A: L — M and £ : X — Y gives a commutative diagram

Mor(M, X) ————é*———> Mor(M,Y)

J)\* »
[ é-*
Mor(L,X) -—————— Mor(L,Y)
showing that the homomorphisms A* define a natural transformation from the
functor Mor (M, ~) to the functor Mor (L, —) and that the homomorphisms
&, give a natural transformation from Mor (—, X) to Mor (—,Y).

2.2.2 Preadditive subcategories

Next we define a preadditive subcategory of a preadditive category. There is
no general agreement as to the proper definition, so we have chosen one suited
to our immediate purposes.

A subcategory D of a preadditive category C is said to be a preadditive
subcategory if

PAS 1. Morp(L, X) is a subgroup of Mor¢(L, X) for any pair of objects L
and X of D, and
PAS 2. D contains a zero object of C.

Evidently, such a subcategory D is itself a preadditive category.

The zero object of a preadditive category can be viewed as defining a pread-
ditive subcategory with one object. Less trivially, a nonzero object X of C
gives a minimal full preadditive subcategory Preann(X) of C; the set of ob-
jects of Preapp(X) is {0, X} and the set of morphisms is End¢(X) together
with the requisite zero morphisms.

2.2.3 Monomorphisms and epimorphisms

We now use the Mor functors to transcribe definitions and results from module
categories Mopp to arbitrary preadditive categories. The fact that the Mor
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there is a corresponding discussion for left categories. Modules are right mod-
ules over an arbitrary ring R, unless otherwise specified.

To make the comparison and transcription of results easier, we often use
the same symbols — L, M,..., X,Y,... — for objects of an abstract category C
as we used for modules in the preceding section.

2.2.1 Preadditive categories

A category C is called preadditive if the following conditions are satisfied.

Ad 1. For each pair of objects M and N of C, Morg(M, N) is an abelian
group.
Ad2. XN :L-— M and p, i : M — N are morphisms in C, then

pA+X)=pA+p) and (p+ p)A = pd+ '

Ad 3. C contains a zero object 0 such that Mor¢ (0, N) = 0 and Mor¢ (M, 0) =
0, the trivial group, for all objects M and N.

Here, a zero object is as defined in (1.4.14). There is (usually) more than one
zero object, but any two zero objects are isomorphic by a unique isomorphism,
so we often refer to ‘the’ zero object of C.

Note that the set End¢(M) of endomorphisms of any object M in C must
be a ring.

Of course, Az is a preadditive category, and so is the category Rwe of
nonunital rings. However, the category Rzne of rings is not preadditive be-
cause the zero mapping is not in general a ring homomorphism. It is clear that
Moopp is preadditive for any ring R, and it is easy to see that the basic func-
torial properties of Homg(—, —), given in (2.1.1), transcribe to Mor¢(—, —).
We list them for convenience.

A morphism A : L ~+ M in C defines a map

X* : More (M, X) —— Morc(L, X) by M (€) = €.

From Ad 2, X* is a homomorphism of abelian groups. For another morphism
p:M— N,

(,u)\)* = )\*,U,* : Morc(N,X) —t MOI‘c(L, X)

In the other variable, a morphism £ : X — Y gives a homomorphism of
abelian groups

& : More(L, X) —— More(L,Y) by éx(a) = &a,
and (n€)s = n.&, for a morphism n: Y — Z.
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It is also possible to make a definition in terms of the second
variable by taking a short exact sequence

0 X > J C 0

with J injective (see Exercise 2.1.5 above). Much hard work
reveals that the two definitions coincide, or, more properly, that
the functors obtained are naturally isomorphic. Full details are
given in [Mac Lane 1975] and [Rotman 1979).

2.2 ADDITIVE CATEGORIES

When [Eilenberg & Mac Lane 1945] had given the abstract definition of a
category, a natural next step was to seek the conditions on the morphism
sets of an abstract category which enable the definitions and constructions
of module theory to be developed in that category. The exploration led to
the definitions of additive, exact (in the non-K-theory sense) [Buchsbaum
1955] and abelian categories [Grothendieck 1957]. These abstractions were
motivated by the desire to apply homological methods in categories that arise
in algebraic geometry, such as categories of sheaves and of vector bundles
(which we do not encounter in this text), as well as intellectual curiosity. The
widest class of categories that share some properties of modules comprises the
preadditive categories. In such a category C, each morphism set Mor¢(L, X)
is an abelian group and the functors arising from morphisms must respect
addition. These requirements suffice to permit the recognition of direct sums,
exact sequences, kernels and cokernels, and projective and injective objects in
C. However, there need not be any nontrivial examples of such things within
the category.

The next step is the definition of an additive category, which is required
to contain a direct sum of any two of its objects. Many interesting module
categories are additive categories, for example, the categories Mg of finitely
generated modules and Pg of finitely generated projectives. Also, many of
the categories of interest in K-theory are additive categories.

There is some variation in the literature as to the precise definition of a
preadditive category, as there is with the definitions of (pre)additive subcat-
egories of (pre)additive categories. Indeed, some authorities do not make
formal definitions. Even where terms like additive and abelian categories
have standard meanings, there is a complex web of interacting axioms woven
through the literature. Our own choice of axioms has been guided by intuitive
appeal rather than minimality.

Throughout this section, we work with right categories, it being clear that
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(vi)
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(ix)

CATEGORIES AND EXACT SEQENCES
Let ¢,9 : L" — M". Verify the following chain of equivalences:
¢*E+¢E = (2).(A")"(¢"E @ ¢"E)
= (@A) (s 09) (EDE)
= ("¢ ¥)A")E
= (¢ +¢)E.
Deduce that Ext}h(—, M) is a contravariant functor. Show also

that Exth(M", ) is a covariant functor and that Extk(—,—)
is a bifunctor.

Show that Exth(P,X) = 0 for all R-modules X if and only if
P is a projective R-module.
Let

Y 0 » X ¢ Y 7 Z + 0

be an exact sequence of right R-modules. For A € Hom(L, Z),
define

8(A) = [\"Y] € Ext (Z, X),
and, anticipating the Snake Lemma (Exercise 2.3.13), verify
that '
0 — Hompg(L,X) —— Hompg(L,Y) —— Homg(L, Z)
9, Exty (L, X) —— Exth(L,Y) —— ExtL(L,2)

is an exact sequence of abelian groups.

Derive the corresponding exact sequence with fixed second vari-
able, and show that Ext:(L, J) = 0 for all R-modules L if and
only if J is an injective R-module.

Here is an inductive definition’ of Ext% (L, X) for n > 2. Choose
a short exact sequence '

0 > S P -+ L + 0

with P projective {such a sequence exists; we may take P to be
free by Lemma 2.5.7 of [BK: IRM]), and put

Ext%(L, X) = Ext% (S, L) for n> 2.

It can be shown that the right-hand side is independent of the
choice of the short exact sequence above.

OO UG U
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o
E, 0 M — M, b 0
and
.. (8
B, 0—— M — s M, P 0

are equivalent if there is an isomorphism y : My — My with ya; = as
and fox = B1. The notation is E; = Es.

For fixed M’ and M", equivalence of short exact sequences is an
egivalence relation on the set of all short exact sequences E, and it is
compatible with pull-backs and push-outs.

We write [E] for the class of E and we define Ext}h,(M”, M) to be
the set of all such equivalence classes.

The direct sum E; @ E; is defined to be the short exact sequence

2] BL&p:
00— M &M —22 My & My ————s M" @ M" —— 0.

Define an operation, the Baer sum, on Extk(M", M'), by
[E1] + [Eo] = [(X)(A")*(E1 @ En)],
where the diagonal homomorphism
A" M —— M"® M" has A"m" = (m",m")
and the codiagonal homomorphism
M eM —— M has T'(m/,n') =m/ +n.

(i) Verify that the Baer sum depends only on the equivalence
classes of E; and Ej, so that it is a well-defined law of compo-
sition on Exth(M", M).

(if) Confirm that the middle term of E; + Esg is

(M1 X prrt Mz)/{(alm', —azm’) ! m' € ]VII}

(iil) Verify that the composition is associative and commutative.
(iv) Deduce that ExthL(M”, M) is an abelian group, with zero ele-
ment corresponding to the standard split exact sequence, and

—[E] = [(~id).E]

where —id is the negative of the identity map on M.
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2.1.6

2.1.7

CATEGORIES AND EXACT SEQENCES

any other injective R-module homomorphism n.: M — I with I an
injective module, there is an injective homomorphism p : E(M) — I
with 7 = pe. As a universal object, the module E(M) is unique
up to isomorphism and is known as the injective hull of M. The
construction can be found in most texts on ring theory, for instance
[Rotman 1979], §3.

Let Q be a divisible abelian group. For a left R-module N, let A(N) =
Hom(Ngz, Qz). Verify that A(N) is a right R-module, with A(R) = R
as in the previous exercise.

Confirm that A is a contravariant functor from pMop to Mobpg
and that A restricts to a functor from gPros to Insg, the category
of injective right R-modules.

The group Extk

This substantial exercise gives one construction, using the Baer
sum, of the groups Exth(M", M’). Our treatment is based on Chap-
ter III, §2, of [Mac Lane 1975). Alternative definitions, and further
details, can be found in most texts on homological algebra (see, for
example, [Weibel 1995]). ‘

Our arguments depend on some basic methods of manipulating
short exact sequences that are described in more detail in section 2.4
of [BK: IRM]. Let

E 0 M —2 P 0

be a short exact sequence and let 6 : L — M" be a homomorphism.
Then the pull-back of M and L” over M" gives an exact sequence

E 0 M a » M X ppe r ﬂ » L" + 0,

the pull-back of E along 8. (An alternative expression is that 6*E is
obtained from E by base change.) '

Similarly, given a homomorphism ¢ : M’ — N’ the push-out of N’
and M over M’ gives a short exact sequence

. ATt @ / v 1" .
o.E 0 N » N' @y M M 0,

the push-out of F along ¢. (Alternatively, ¢.E is said to be obtained
from E by cobase change.) '
Two short exact sequences

———
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2.1.3

2.14

2.1.5

far from straightforward, since it requires some notion of convergence.
A related question is treated in Exercise 2.3.1 of [BK: IRM].
Regard the ring R as an R-R-bimodule, and let M be a right R-
module. Define a map e¢: Mg — Hom(Rpg, Mg) by e(m)(r) = mr.
Show that € is an isomorphism of right R-modules, and deduce that
the functor Hom(Rg,—) = HT(-) is naturally isomorphic to the
identity functor on Moopg.

Verify the left-handed version of this result.

(The map ¢ is sometimes called left multiplication by m; its inverse
is evaluation at 1.)
Show that an arbitrary direct product of injective R-modules is again
injective. , ‘
Injectives exist

This longish exercise outlines the proof that, for any ring R and
right R-module M, there is an injective right R-module N and an
injective K-module homomorphism from M to N.

(i) Let @ be any divisible Z-module. Then it is known that Q is an
injective Z-module (see Exercise 2.5.11 of [BK: IRM]). Put R =
Hom(Rz, Qz). Verify that R is a right R-module by (or)(z) =
p(rz), for p in R,r,zinR.

(i) Let a be a right ideal of R, let ¢ : a — R be the inclusion map,

and let ¢ : a — R be an R-module homomorphism. It is a fact
that R is injective if for any such ¢ there is a homomorphism
¥ : R — R with 9t = ¢ — see Exercise 2.5.8 in [BK: IRM].
Let a € a. Verify that v : a — @, v(a) = (va)(1g), is a homo-
morphism of Z-modules. Choose 6 : Ry — Qg such that §o = v
and put (r)(z) = 8(rz). Verify that ¥r € B and that 9 is as
required.

(iii) Let M be any right R-module. Using the fact that there is
an isomorphism of Z-modules M = Z*/A for some free abelian
group Z* and subgroup A of Z*, and the divisibility of the group
Q of additive rationals, show that M is a subgroup of a divisible
abelian group Q.

(iv) Confirm that there is a chain of injective R-module homomor-
phisms

M > Hom(R, M) — Hom(R, Q) = R.
Remark. It can be shown that an R-module M can be embedded

in a ‘minimal’ injective R-module E(M); this means that there is
an injective R-module homomorphism € : M — E(M) such that for
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"There are then long exact sequences of the form

0 —— Hom(L,X) —— Hom(L,Y) —— Hom(L,Z) —
— ExtY(L,X) —— Ext'(L,Y) —— Ext'(L,Z) —
— Ext}(L,X) — -

which may continue for ever to the right, depending on the nature of the
ring R and the particular modules involved. There are analogous long exact
sequences in which the roles of the variables are exchanged.

The term ‘extension functor’ is used since the elements of Exth(L, X) de-
scribe all the possible extensions of L by X, that is, all short exact sequences

0 + X M » L » 0

with M a right R-module, under a suitable equivalence relation. The higher
extension groups Ext (L, X) have a similar interpretation.
The construction of these functors is outlined in Exercise 2.1.7 below.

Ezercises

2.1.1  Let pM and rX be left R-modules. Following (2.1.1), define functors
Hom(gM,~) : pMop — As and Hom(—, gX) : pMob — As, and
determine their chiralities.

Following (2.1.9), show that a bimodule pMg defines a functor
HM(-): pMob — sMop and that a bimodule z X7 defines a func-
tor Hx(~) : pMobp — Mopr. Give the chiralities of these functors.

Thus Hom(~, —) affords an example of a bifunctor of mixed vari-
ance and chirality. '

2.1.2 Let {My | A € A} be a set of right R-modules, where the index set A
may be infinite. Show that, for any right R-modules L and X, there
are isomorphisms of abelian groups

Hom(EP , M, X) =[], Hom(M;, X)
and
Hom(L, [ [, M») = [, Homi(Z, M»)

Show that the inverse of the second of the above isomorphisms
restricts to an injective homomorphism

@A Hom(L, My) —— Hom(L, @AMA),

which is in fact an isomorphism when L is finitely geﬁerated.
Warning. The description of the fourth term Hom(] A M, X) is

b
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If N is another right R-module and p: M — N is an R-module homomor-
phism, we define

Hx(p): Hx(N) —— Hx (M) by aHx(p) = ap.

In the language of (1.2.6), Hx is a contravariant and contrachiral functor
from Mobpg to sMonp, with Hx(uv) = Hx(u)Hx (v) for composable p and
v.

Now assume that M is a T-R-bimodule for some ring 7. Then Hom(Mg, Xg)
becomes a right T-module for any right R-module X, under the rule (at)m =
a(tm) for o € Hom(Mpg, Xg),t € T,m € M.

We write HM (~) = Hom(Mg, —). The action of this functor on morphisms
is given by HM(¢)a = £a, where o € Hom(Mpg, Xg) and ¢ € Hom(Xg, Yz),
and Y is a right R-module. We see that H™ (n)HM (¢) = HM (n¢) whenever
the composition is defined, and that H™ (-) is a covariant, cochiral functor
from Moppg to Mobor.

Note that these constructions include the case that X or M is simply an
R-module, since any right R-module can be viewed as a Z-R-bimodule. The
functor H™ is then the same as the functor Hom(Mg, —), both having values
in the right category A=, which is Mopgz under another name. However,
the functor Hy takes values in the mirror category zMobp of As, so that
Mor(—, Xg) = MiroHx (—): compare with (1.1.5) and (1.2.6).

We can also regard both M and X simultaneously as being variables for
Hom, which is then a bifunctor from Mobog x Mopg to As. More gener-
ally, Hom gives rise to bifunctors from Mopg X gMobop to sMoo and from
rMopp X Mopg to Mopr. These will have mixed variance and chirality.

2.1.10 The extension functors

As we saw in (2.1.4), an exact sequence

0 » X : Y i Z 0

of right R-modules gives rise to an exact sequence of abelian groups

0 —— Hom(L, X) —=— Hom(L,¥) —"— Hom(Z, )

for any R-module L. By the example in (2.1.5), the Hom sequence cannot
always be extended on the right to form a short exact sequence.

This fault can be repaired by introducing the eztension functors Extg(—, —),
n > 1, which, like Hompg(—, —), are bifunctors from Mobg X Mopg to As.
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(ii) The sequence of abelian groups
p* A*
0 — Hom(N, X) —— Hom(M,X) —— Hom(L,X) —— 0
is exact for every ezact sequence

A
0 + L » M s N » 0

of right R-modules.

Proof

For (a), we note that the surjectivity of 7, is the same as the assertion
that, for any homomorphism ~y : L — Z, there is a homomorphism §: L — Y
which makes the following diagram commute:

L

g l v
/
Y . Z 0
n

But this is a standard criterion for L to be projective (see [BK: IRM] Theorem
2.5.4).

For (a)°P, use the dual characterization of injective modules (Exercise 2.5.7
of [BK: IRM]). O

2.1.9 Homomorphism functors arising from bimodules

So far, we have regarded Hom(Mpg, Xg) simply as an abelian group, so that
both the functors Hom(—,Xg) and Hom(Mpg,—) take values in the right
category As. However, it sometimes happens that we wish to take account
-of a further module structure on Hom(Mpg, Xg) under which it may be most
naturally viewed as a left module, and then our functors will take values in a
left category. We therefore introduce a separate notation to alert the reader
to our changed point of view. .

Suppose that ¢Xg is an S-R-bimodule for some rings R and S. Then
Hom (Mg, Xg) has a natural left S-module structure given by

(sa)(m) = s(am), s€ S, meM, a: M — X.

Thus Hom(—, Xg) is a contravariant functor from Mobg to sMob, which
we write as Hy(—) to distinguish it from its more common manifestation as
a functor with values in As.

e
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Proof
We prove (a) only. Suppose that (i) holds, that is,

0 X g,Y ! Z 0

is split exact. Then there are R-module homomorphisms ¢4 : ¥ — X and
¢:Z — Y such that

9¢ = idx, n¢ = idz and €9+ (= idy.

Since the identity map id4 of a module induces the identity map (id4)« on a
homomorphism group Hom(L, A), we have ’

'19*6* = ?:d’ 77*4-* = id aIld 6*19* "*" C*n* = 'I:d,

with the identity maps appropriately interpreted. This shows that (ii) holds.
Trivially (ii) gives (iii). Assume that (iii) holds. Taking the special case
L = Z, we see that there is some homomorphism ¢ : Z — Y with £,(¢) = idy,
that is, £¢ = idy, which establishes that the module sequence is split exact.
]

2.1.7 Projective and injective modules

An alternative procedure for ensuring that the Hom sequences are short exact
is to impose conditions on the ‘fixed’ term rather than the exact sequence of
‘variables’. This leads to a characterization of projective modules and their
duals, the injective modules.

2.1.8 Proposition
(a) Let L be a right R-module. Then the following are equivalent.
(i) L is projective.
(if) The sequence of abelian groups
E* T
0 —— Hom(L, X) —— Hom(L,Y) —— Hom(L,Z) —— 0
1s eract for every exact sequence

0 X ¢ Y i Z 0

of right R-modules.
(a)°P Let X be a right R-module. Then the following are equivalent.

(i) X is injective.



74 CATEGORIES AND EXACT SEQENCES

existence of only one of the maps 7y or 6, the other then being constructible,
and that when the sequence is split, we have M = M’ @ M".

Conversely, if we are given a direct sum decomposition of M, then we can
reconstruct a split exact sequence as above.

2.1.6 Proposition

(a) The following statements are equivalent.

(i) The sequence

0 X : Y il Z + 0

of right R-modules s split ezact.
(if) The sequence of abelian groups

0 — Hom(L, X) —————g—i-—e Hom(L,Y) ™ Hom(L,Z) —— 0
is split exzact for any right R-module L.
(iii) The sequence of abelian groups
‘g* T
0 —— Hom(L, X) ——— Hom(L,Y) —— Hom(L, Z) — 0
is exact for any right R-module L.

(a)°P The following statements are equivalent.

(1) The sequence

A :
0 » L + M a » N + 0

of right R-modules is split ezact. ;
(i) The sequence of abelian groups

* A*
0 — Hom(N, X) LN Hom(M, X) ——— Hom(L, X) —— 0
is split ezact for any right R-module X .

(i) The sequence of abelian groups

A
0 — Hom(N, X) LN Hom(M, X) ——— Hom(L,X) —— 0

is exact for any right R-module X.
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2.1.5 Short exact sequences

A short ezact sequence is a sequence

0 M2 P 0

which is exact at each of the terms M’', M and M". There is an evident
extension of the statement of the preceding result in which all the sequences
are taken to be short exact sequences, but the result then fails, as can be seen
from the following example.

Consider the exact sequence

L ™
0— 7 N/ » 7./27 0

’

in which ¢ is left multiplication by 2: z + 2z, and 7 is the canonical surjection.
This induces a Hom sequence

* *

X! L
0 —— Hom(Z/2Z,Z) ——— Hom(Z, Z) —— Hom(Z, Z) — Q.

Now Hom(Z,Z) is isemorphic to Z itself under the map which assigns to an
endomorphism « of Z its value (1) -at 1, and it is not hard to see that the
endomorphism of Z induced by +* is ¢ again and hence non-surjective. Thus
the Hom sequence is not exact on the right.

For the dual example, we look at

by
0 —— Hom(Z/2Z, Z) —— Hom(Z,/2Z, Z) ——— Hom(Z/2Z, Z,/2Z) —— 0

The terms Hom(Z/2Z,Z) are evidently 0, while Hom(Z/2Z,Z/2Z) is isomor-
phic to Z/2Z. So again the sequence fails to be exact on the right.

There are several interesting circumstances in which the Hom sequences
are guaranteed to be short exact sequences. The first is the most immediate
extension of the last proposition. To state the result, we need the following
definition. A short exact sequence of R-modules (or of abelian groups)

o — 2 g

is said to be a split exact sequence if we can find homomorphisms
viM—— M'-and §: M" —— M
such that
B8 =idp, ya=1idpr and oy + 60 = idy.
It can be shown ([BK: IRM] Theorem 2.4.5) that it is enough to know the
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is an exact sequence of R-modules tells us that X is isomorphic via £ to the
kernel of 7, while the exactness of

A
L » M a N + 0

is equivalent to the fact that N is isomorphic via u to the cokernel of A.

2.1.4 Proposition

(i) A sequence

0 + X : + Y 7 Z

of right R-modules is exact if and only if the sequence of abelian groups

0 — Hom(L, X) LN Hom(L,Y) L Hom(L, Z)
18 ezact for any right R-module L.
()°P A sequence

A
L M a » N + 0

of right R-modules is exact if and only if the sequence of abelian groups

* *

A .
0 —— Hom(N, X) —— Hom(M, X) —— Hom(L, X)

is exact for any right R-module X .

Proof

We prove (i) only. Suppose that 0 — X £, Y s Z s exact. By the
previous result, &, is injective, so it is enough to check exactness at Hom(L,Y).
For any o € Hom(L, X), we have 1.£,a = nfa = 0 since n¢ = 0. Suppose that
B € Hom(L,Y) and 7. = 0. Then 5B = 0, and so there is a homomorphism
@' : L — Ker7 such that ko' = 8, where « is the canonical injection of Ker 7
into Y. But, as we noted above, Kern is isomorphic via ¢ to X, so we can
construct a homomorphism « : L — X with 8 = £a = &,a.

Conversely, suppose that the Hom sequence is exact. Again, the previous
result tells us that ¢ is injective. Substituting X for L, we see that 0 =
& (idx) = ng, that is, X C Kern. ‘

To obtain equality, take an element y € Kern and put I = yR. Let
B : L — Y be the inclusion map. Since 0.8 = 0, 8 = £.a0 = £a for some
o: L — X, which shows that y € £X. (W
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is called an exact sequence if it is exact at each of its fterms M;. Such a
sequence may have finite length, or it may be infinite. (A more detailed
treatment of exact sequences can be found in [BK: IRM], particularly section
2.4.) Thus the sequence

00— L——s M
is exact precisely when the homomorphism A is injective, while

M-t N—0

is exact precisely when p is.surjective.

’

2.1.3 Proposition

(1) The sequence

0 » X Y

is exact in Moog if and only-if

0 —— Hom(L, X) —E:———> Hom(L,Y)

is an ezact sequence of abelian groups for any right R-module L.
(i)°P The sequence

M s N 0

is exact in Mooppg if and only if

*

0 — Hom(N, X) -—-/i—-—-» Hom(M, X)

is an ezact sequence of abelian groups for any right R-module X.

Proof
‘We prove (i) only, (1)°P being similar.“Suppose that £ is injective and that
¢ =0,a: L — X. By definition, this means that {a = 0, and so & = 0.
Conversely, suppose that &.is injective. Choose any element z € Ker £, put
L =zR andlet a: L — X be the inclusion map. Then £.a = 0, hence ¢ =0,
and so 2R = 0, which means-that z = 0. O
Next we examine what happens when we extend the exact sequences by
one term. The assertion that

£
0 x— vy T .o




70 CATEGORIES AND EXACT SEQENCES
Each set Hom(Lg, Xg) is an abelian group, with addition given by the rule
(a+a'¥=al+dl for £ € L and a,o’ € Hom(Lg, Xr),

and it is easy to verify that the maps A\* and ¢, are homomorphisms of abelian
groups, that is,

Ma+a)=Nat+Ad and &(a+a)=bua+Era

for @,/ € Hom(Lg, XRg).

Thus Hom(—, X) and Hom(L, —) are functors with values in the category
As of abelian groups rather than the category Ser of sets. Furthermore, the
equalities

(A+X)"=2"+X" and (E+€). =& +6,

hold for pairs of homomorphisms A, : L — M and £,¢/ : X — Y and, as
in (1.3.2)(i), each pair of homomorphisms A : L — M and £ : X — Y gives a
commutative diagram

Hom(MR,XR) ‘-—-'-—EF-————> HOIn(]V[R,YR) )

£x
Hom(LR, XR) e} HOm(LR, YR) ’
which can be interpreted as showing that the homomorphisms A* define a nat-

ural transformation from the functor Hom (Mg, —) to the functor Hom(Lg, —),

or, equally, that the homomorphisms £, give a natural transformation from
Hom(—, Xg) to Hom(—, Yg).

2.1.2 Ezact sequences
We now interpret the exactness of sequences of modules in terms of the Hom
functors. By definition, a sequence

A
L » M i » N

of right R-modules and right R-module homomorphisms is ezact if
Ker(u) = Im()\).
More generally, a sequence of right R-modules

Qi3 a;
e ——— i1 \J\li ;Mi.l_l__.;...




2.1 THE HOMOMORPHISM FUNCTORS 69

an R-module homomorphism, or the injectivity or projectivity of a module,
can be reinterpreted in terms of the behaviour of the functors Hom(M, —)
and Hom(—, N). Such results are useful not only for their applications in
module theory, but also because they suggest a method whereby concepts
such as injectivity and projectivity can be extended to abstract categories,
provided the morphism sets in these categories share enough of the proper-
ties of Hom(—,~). This theme will be developed in the next section. The
Hom functors are basic to the study of homology, and their introduction in
[Eilenberg & Mac Lane 1942| predates category theory.

As usual, we work with categories-of right modules, except in a few places
where we are obliged to consider left modules. The transcription of the
main part of our discussion to left modules is not quite immediate, although
straightforward. The complication arises since we-usually view Hom(M, N) as
a member of the right category As, regardless of the chirality of the modules
M and N. There are also some awkward but essentially trivial variations in
notation which arise when we need to regard Hom(M, N) as a left module
over some ring. '

2.1.1 Basic properties

‘We start with a discussion of the functorial properties of the sets of homo-
morphisms between modules.

Let R be aring and let Ly and Xy be right R-modules. Since Hom(Lg, Xr)
is simply the set Morg(L, X where the category C is the category Mopg of
right R-modules, the discussion in (1.2.7) shows that Hom defines a pair of
functors Hom(—, X) and Hom(L, —), which are respectively contravariant and
covariant.

Explicitly, given a right R-module homomorphism A : L — M, the map

\* : Hom(Mg, Xg) —— Hom(Lr, Xr)

is given by A\*(£) = &\, If p: M — N is another right R-module homomor-
phism, then

(u\)* = (A)*(u)* : Hom(Ng, Xr) —— Hom(Lr, Xr).
On the other hand, for any R-module homomorphism £ : X — Y, the map
f* . Hom(LR,XR) ———»‘Hom(L.R, YR)

is given by £.(a) = £a, and (7€), = nué, for an R-module homomorphism
n:Y —Z.
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CATEGORIES AND EXACT SEQENCES

The definition of an abstract category imposes few conditions on the objects
and morphisms of a category, with the consequence that a great diversity of
mathematical entities can be regarded as categories. In contrast, a category
of modules has a richer structure than the minimum required for the defi-
nition of a category. The set of homomorphisms Hom(M, N) between two
modules is always an abelian group, and we can recognise whether or not a
homomorphism is an injection or surjection. Furthermore, the category may
or may not contain such things as direct sums, kernels, projective modules,
etc., depending on the nature of the modules that belong to it.

Our aim in this chapter is to analyse the extra structure that is available to
module categories, and thereby to formulate sets of conditions which ensure
that an abstract category behaves as a module category. We start by inves-
tigating the functorial properties of the abelian groups Hom(M, N) and we
see how to reformulate the basic properties of modules and homomorphisms
in terms of these functorial properties. We then use these interpretations to
define a series of types of abstract category — preadditive, additive, abelian —
which increasingly resemble module categories. Ultimately, we arrive at the
notion of an exact category, which is a category that has enough structure for
the purposes of algebraic K-theory.

2.1 THE HOMOMORPHISM FUNCTORS

In this section, we take a break from the theory of categories in general and
return o the consideration of module categories. Our aim is to investigate
the functorial properties of the group of homomorphisms Hom(Mg, Ng) as
M and N vary through the category Mopg of right R-modules, where R is
a ring.

We find that certain properties, such as the injectivity or surjectivity of

68




1.4 UNIVERSAL OBJECTS 67

1.4.11

1.4.12

1.4.13

1.4.14

1.4.15

Pull-backs
Suppose that, in a category C, we are given a diagram of the form
LII
K
M ___’6___) M//

where § and 6 are morphisms.

Arguing by duality, -define the pull-back M xp L" of M and L”
over M" in terms of a universal property.

Confirm that in the category -of right R-modules, the pull-back is
given explicitly (as in(2.4.8) of [BK: IRM]) by the formula

M Xy L' = {(m, &) e M® L" | fm = 6¢"}.

Show also that if C has a terminal object, then a product is a special
case of a pull-back.
Determine the push-outs-and- pull-backs in the category Ser (see Ex-
ercise 1.4.9 above).
Let B: M — M" and § - M"” — N" be morphisms in a category
with a zero object, and let o : N’ — M" be the kernel of §. By
comparing universal properties, show that, whenever the pull-back

‘exists, the canonical morphism @ : M X N’ — M is the kernel of

88 : M — N". (See Exercise 2.4.7 of [BK: IRM] for a discussion of
this situation in Moog.)
For this, one needs some routine facts about products of groups.
These can be found in [Scott 1964] Chapter 8, for example.

Show that the pull-back in G~ is the restricted direct product and
that the push-out is the amalgamated free product.

Remark. There are corresponding but more complicated results
for rings, where it is usually preferable to work in a category of A-
algebras: for an arbitrary-commutative ring A, an A-algebra is a ring

. R that has A contained in-its centre. Some details can be found in

[Rowen 1988], §§1.4, 1.9, and [Eisenbud 1995] A6.3.

Let Car be a category of small categories. Show that for categories C
and D in Car, their direct product €' x D is a product in Car in the
sense of (1.4.11).
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Furthermore, there are homomorphisms ji : M/ — M’ @y L and
¢: L — M’ @ L which give a commutative diagram

M ——— M' @ L
and if
I

L' s I

J ¢ l $1
221
M —— M;
is a commutative diagram, then there is a unique homomorphism

f:M'EBLIL———-)Ml

with €f = p1 and €¢ = ¢1.
Thus the universal property may be described by the diagram
7

Show that the push-out arises through an initial object in an appro-
priate category, and hence extend the definition of a push-out to an
arbitrary category C. ‘

Prove further that a push-out in C may be regarded as a coproduct
in a suitable right-fibre category, and conversely, that if ¢ has an
initial object, then a coproduct is a special case of a push-out.
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1.4.9

1.4.10

is the forgetful functor from Rznve to Rae which simply ignores the
multiplicative identity of a ring.

To describe the associated universal property, let f : R — § be
a nonunital ring homomorphism. Show that if S is a ring, then f
factors uniquely through the standard embedding of R in R. Dia-
-grammatically, we have:

Sets

Show that the empty set § is an initial object in Ser (note that
Map(0, X) contains |X|® members since 0 = |@]). Show also that Ser
has no terminal object.

Prove that the product (in Ser) of a set {X | A € A} of sets is the
cartesian product [, X.

Define the disjoint union | |, Xx to be the union [ J, (X, A), where
(X, A) is the set of pairs (z,A) with z) € X,. (The purpose of this
construction is to remove any ‘accidental’ overlap between the sets
X; note that (X, ) N (X, ) = 0 for A # p, even if X, and X,
have common members.)

Show that the coproduct of the set of sets {Xx} is | |, Xa.
Push-outs :

This and the following exercises indicate how the definitions of
push-outs and pull-backs can be generalized from modules to arbi-
trary categories. The eonstructions for modules are given in detail in
[BK: IRM] (2.4.8)fL.

Given a diagram-

U

I —— L
K
M/
of right R-modules, the push-out (of M’ and L over L') is
Mo L=(Ma&L)/{(¢f,-ml)|t eL}.
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1.4.5

1.4.6

1.4.7

1.4.8

CATEGORIES

Define a functor . : C/C — C/D by ~v.(B, 8) = (B,vf3) and, for any
morphism £ : (B',§') — (B, ) in C/C (that is, B¢ = '),

7*6 = g : (-Bla’}'ﬁ,) — (Ba7ﬂ)

Show that the left-fibre category «,/(0 — D), where (0 — D) is the
initial object of the category C/D, has as objects commuting squares
of the form

B — C

.

6 - D

Deduce that Ker 7y is isomorphic to 7. /(0 — D).
Provide the dual description of Cox .
What is the universal property enjoyed by the abelianization Gy of
a group G? 4
Let v : G — F be a homomorphism of groups. Show that the usual
definition of Ker+y does give a kernel in the category Ge.

Suppose that H is a normal subgroup of G, and let 7 be the inclu-
sion homomorphism. Show that Cokn = G/H.

Let H be an arbitrary subgroup of G. Then the normal closure HE
of H is the smallest normal subgroup of G which contains H. Verify
that the inclusion homomorphism 7 : H — G has Cokn = G/HE.

Deduce that for an arbitrary homomorphism 1 : H — G in G»,
Cokn = G/(Imn)C.

In the category Rwe of nonunital rings (that is, ‘rings’ which need
not have an identity element and homomorphisms which need not
preserve it), show that the zero ring 0 is a zero object.

Let 8 : R — 5 be a homomorphism «of nonunital rings. Show that
the usual kernel Ker 6§ is a kernel in Rwe, and that Ker is an ideal
of R (where we extend the definition of ideals to nonunital rings in
the obvious way). s

Show that if I is an ideal of S, then there is a residue nonunital
ring R/I which is a cokernel for the inclusion homomorphism of I in
R. .
Given a sub-nonunital ring S’ of S, let I(S’) be the smallest ideal
of § which contains §’. Show that Cok 8 = S/I(Im¥).

Consider the functor from Rwe t0 Rzve which takes a nonunital ring
R to its enveloping ring R (1.3.2)(iv). Show that its right adjoint
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aim by introducing the notion of a ‘functor’, as they called a function F that
not only operates on a set C' (with extra structure) to give a new set F(C),
but also on a (structure-preserving) function v : C — D to give a function
F(vy) : F(C) — F(D). Then the idea of a natural transformation can be made
precise, as in (1.3).

Subsequently, in [Eilenberg & Mac Lane 1945], the concept of a category
was introduced to formalize the viewpoint that objects that share a common
structure should not be considered in isolation, but together with the map-
pings that respect this structure. Once this level of abstraction had been at-
tained, it became possible to introduce categories, such as opposite categories,
morphism categories, etc., whose objects are no longer ‘sets-with-structure’.
In turn, the freedom to construct categoriesed to the characterization of uni-
versal constructions as initial or terminal objects in a suitably manufactured
category. The notion of ‘universality’ first appears in [Samuel 1948], while
the description of universal constructions in terms of adjoint functors (1.4.8)
is due to [Kan 1958].

Ezxercises

1.4.1  Let D be the category with one object X and one morphism f other
than the identity idx, subject to fo f = f, say. Let C be the subcat-
egory obtained by removing the morphism f, and let G : D — C be
the constant functor (in fact, the only possible functor). Show that
the right-fibre category X\G is isomoerphic to D. Evidently D lacks
an initial object, so the same is true of X\G.

The reader is invited to construct other right-fibre categories which
lack an initial object. However, initial objects are surprisingly com-
mon in any choices of right-fibre-category that one is likely to make.

1.4.2  Show that if (K, k) is the kernel ofa morphism v in a category C,
then (K°P, x°P) is the cokernel of y°P in C°P (and conversely).

Show also that if €, D- are objects.of C-with product C[[D in C,
then (C] D)°® = C°P [ D°P in C°P (and conversely).

1.4.3 Let R and S berings. Show that the-direct product R x S is a product
in Rzne but not a coproduct.

1.4.4  Sometimes one has to be-quite ingenious to present a universal con-
struction as an initial or terminal object in a right- or left-fibre cate-
gory. To discuss kernels and cokernels in this light, let v: C — D bea
morphism in a category C -which has zero object 0. As noted, the cat-
egory Ker-y is a subcategory of the left-fibre category Ide/C = C/C.
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(Here, Ker ¢ is any fixed choice from among the mutually isomorphic objects
in D which represent the kernel of 7¢.)

To define (Kern)(a) for a morphism a : C' — C, we first recall that the
diagram

e -, o

Fa l j Ga
Tl
FC e a— GC

is commutative. Thus the definition of a kernel as a terminal object (1.4.15)
shows that there is an induced morphism

(Kern)(a) : (Kern)(C") —— (Kern)(C)

which fits into the commutative diagram

(Kern)(C") —M FC’ -—-?ZSI—» GC’
(Kern)(a) Fa J l Ga
#(1c) Ne

(Kern)(C) —— FC —— GC

It is now easy to confirm that, with the above choice of (Kern)(a), Kern is
indeed a functor.
The natural transformation

k:Kerg—— F

is given by kg = k(ne) : (Kern)(C) — F(C). A routine verification shows
that we have a kernel for 7, as claimed.

1.4.19 Some history

A nice description of the origin of category theory.is given in Chapter 1,
§5E of [Dieudonné 1989], which we summarize. In the early 1940s, Eilenberg
and Mac Lane were seeking to make precise the idea of a ‘natural’ transfor-
mation between various constructions in algebraic topology. Typically, such
constructions start with a topological space and yield a group (fundamental
group, homology group, etc.). The authors sought a framework for saying
that a map of topological spaces gives rise to a homomorphism of groups in
a well-regulated manner. In [Eilenberg & Mac Lane 1942), they achieved this
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described by means of a diagram. Such a diagram typically highlights the
morphism whose existence and uniqueness determines the universal object.
For example, one may say that the kernel of a morphism v : C — D enjoys
the universal property

B

91! C s D

Ker«y
0

that makes the above diagram commutative. Here, the existence and unique-
ness of the vertical arrow from B to Ker~y which makes the above diagram
commutative expresses the fact that the pair (Ker, k) is terminal in the
category Kzr(7).

1.4.17 Pleasure versus guilt: the universal dilemma

Being natural, functors have their emotional side too. Typically, as we have
just seen, a universal property is pleasantly depicted by a commuting diagram
(leading to the existence of a unique morphism). It is said that the universal
object ‘enjoys’ the universal property. The existence of an adjoint functor, on
the other hand, often involves a tortuous check; a functor is said to ‘admit’
an adjoint. See Exercise 1.4.8 for an example of this phenomenon.

1.4.18 Kernels of natural transformations

We can also define kernels, cokernels, and so on, in the functor category [C, D]
provided they exist in D. Suppose, for example, that any morphism ¢ in
D has a kernel (Ker ¢, k(). We construct for each € Nat(F, G) a kernel
(Kern, ) as follows.

The object Kern in [C, D] is to be a functor from C to D. For each object
C of C we take the evident definition

(Kern)(C) = Kerne.
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Evidently, Ker(7) is a subcategory of the left-fibre category Idc/C (see
Exercise 1.4.4 below).

A kernel of « is a pair (Ker~,x) which is terminal in Ksr(7), if such an
object exists. There is some redundancy in this notation, since Kerv is the
domain of . Thus one may validly refer to the morphism & as the kernel of
7. Alternatively, given the object Ker, there is often a canonical choice of &
(most commonly, & is taken to be an inclusion map, which is usually possible
when C is a subcategory of Ser). In this case, it is the object Ker+ that is
called the kernel of .

To define the cokernel of v, we introduce a category Cox(y) with objects
(E, €) where ey = 0, and morphisms v : (E,¢€) — (E", ") given by morphisms
v:E — E" with ve = €”. A cokernel of y is then an initial object (Cok 7, x)
in this category, if there is one.

It is easy to check that in Mobg, the usual kernel and cokernel remain such
in this abstract sense. Because the maps x and x are then always taken to be
inclusion and the standard surjection respectively, it is usual to omit them.

Further discussion of the circumstances in which categories may fail to
contain kernels and cokernels is given in the next chapter. An immediate (but
contrived) example is provided by Znr.As, the full subcategory of As whose
objects are the infinite abelian groups. Sinct As is Mooy under another
name, it has kernels and cokernels as expected. Take A to be the multiplicative
group of nonzero real numbers, and let o be the endomorphism o(z) = z? of
A. Then o has neither kernel nor cokernel in Znxr.As. -

1.4.16 Universal properties

At this point we introduce a third term commonly found in the literature,
along with ‘universal object’ and ‘universal construction’. A universal prop-
erty is the property that characterizes a universal object; it is frequently
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and evident morphisms, and the coproduct [, C» to be the universal object
of C given by an initial object in Corro(C(A)).

When the index set A is infinite, the product and coproduct differ even in
the category Moog. Using the definitions ([BK: IRM] (2.1.11)), the reader
should have no difficulty verifying that the product of a set of modules {M)}
is the direct product [], My, while the coproduct is the direct sum D, M.
(However, the direct sum and product coincide for any finite index set.)

1.4.14 Zero objects

An object 0 of a category C which is both initial and terminal is said to be
a zero object of C. In this case, the unique morphisms 0 — C and C — 0
are both denoted 0, so that both Mor¢(0,C) = {0} and Morc(C,0) = {0}.
Clearly, a zero object is unique up to unique isomorphism if it exists.

The zero module is the zero object in the category Moog and the trivial
group is the zero object in G». On the other hand, Rz~c has no zero object,
since its initial and terminal objects Z and 0 are different.

When C has a zero object 0, we can define the zero morphism between any
two objects C' and D to be the composite

0:0——0——D.

This morphism is easily seen to be independent of the choice of zero object,
and has the property that

08=0:B——D and 80=0:C ——F

for any morphisms f: B—Cand §: D — E.

1.4.15 Kernels and cokernels

The definition of a kernel and cokernel of a morphism can be extended to
any category with a zero object, although at this level of abstraction, a given
morphism need have neither a kernel nor cokernel.

Let v : C — D be a morphism in such a category C, and define a new
category Ker(7) as follows. The objects of Ker(y) are all the pairs (B, )
where B is an object of C and 8 : B — C is a morphism with v8 = 0. A
morphism ¢ : (B/,') — (B,p) is a morphism £ : B’ — B in C such that
B¢ = B'. The morphisms can be described by commutative diagrams
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1.4.12 The coproduct

The analogous definition in terms of inclusions leads to the coproduct. Again,
let C" and C” be two fixed objects of a category C. The category Corrn(C’,C")
has as objects triples (4, o/, &) wherenow o/ : ¢’ — Aand o' : C" — A, and
a morphism & from (4, ¢/, &") to (B, §', 8") is given by a morphism ¢ : A — B
with £/ = ' and €& = B"”. A coproduct of C' and C” is an initial object
(C'11C",¢',0") in this category, or alternatively, the corresponding universal
object C'T]C" in C.

In Mobpg, the direct sum M’ & M" is the coproduct of the modules M’ and
M" as well as being their product. On the other hand, the coproduct in the
category of groups is the free product G' * G" of G' and G, which assertion
is easily seen from the explicit description of the free product. The elements
of G' * G" are formal products h; - - - by with each h; in either G’ or G”, of
arbitrary length k > 1; the product is given by

(hy - )Ry he) =hy- hphh - R
and the inverse by
(hy---hp) t = h;c'l...hi'l_

A detailed account of the construction of the free product can be found in,
for example, [Scott 1964], Chapter 8.

Underlying the coincidence of the product and coproduct in Mooy is the
fact that Hom(M, N) is an abelian group for any two modules M, N. We
look at this property in more detail in the next chapter.

1.4.18 Arbitrary products and coproducts

‘We next outline briefly the definition of products and coproducts for an arbi-
trary set of objects. ,

Let A be any ordered set and let C(A) = {C | A € A} be a set of objects of
some category C which are indexed by A. To define the product, we introduce
the category P=o(C(A)) whose objects are sets {a : A — C)} of morphisms
in C, a morphism '

E:{arn: A— Ch\} —— {Br: B — Cy}

being given by a morphism £ : A — B with a) = 8,¢ for all \.

Then the product ][], C» is the universal object in C corresponding to a
terminal object in Pro(C(A)).

Dually, we define the category Corrn(C(A)) to have objects {a) : Cy — A}
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Conversely, the existence of such a set of homomorphisms for a module M
shows that it is isomorphic to the direct sum of M’ and M" (Proposition 2.1.7
of [BK: IRM]).

A further characterization is in terms of the existence of split short exact
sequences [BK: IRM] (2.4.5).

In a category where we can speak about sums of maps or about exact
sequences, we can investigate whether there are pairs of morphisms analogous
to the projections 7/, 7" and the inclusions ¢/,0”. We pursue this line of
attack in the next chapter.

In the most general setting, however, sums of maps and exact sequences
are not available to us. It is then more productive to focus on the pair of
projections, or alternatively the pair of inclusion maps, from the standpoint
of universal objects. The former approach gives rise to the general definition
of the product of two objects, while the latter leads to the coproduct. These
two generalizations of ‘direct sum’ need not coincide.

1.4.11 The product

Let C be any category and let ¢/ and C” be any two objects of C. Define
a category Pro(C’,C") as follows. The objects of Pro(C’,C") are all the
triples (A,o/,a") where o/ : A — C' and o : A — C" are morphisms
in C, and a morphism ¢ : (4,¢/,¢") — (B,5,8") is given by a morphism
£:A— BinC sothat §/¢ = o and 8”¢ = o”’. Thus a morphism is given by
a commutative diagram

! 1
o 2 4 2
/ /!
ol ’6 B ﬁ ol
A product of C' and C" is a terminal object (C' [ C”, #’, ") in the category
Pro(C’,C"), if such exists. It is usual in everyday language to refer to the
corresponding universal object C’ [[ C" of C as the product, suppressing the
morphisms 7’ and 7",
In Moopg, the direct sum M’ & M” is the product in this sense, while in

the category Gr of groups, the product of G' and G is the usual cartesian
product G' x G” with componentwise multiplication.
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1.4.9 Terminal objects

Before we give more examples of universal objects, we mention another man-
ner in which they can arise.

A terminal object in a category C is an object T' such that Mor(C,T") con-
tains exactly one morphism 7¢ : C — T for each C in C. As with initial
objects, a terminal object is unique to within unique isomorphism, if one
exists at all.

It sometimes happens that the description of a universal object which satis-
fies some set of conditions is more naturally given in terms of a terminal object
of a convenient ancillary category, rather than an initial object as in (1.4.2)
above. We therefore extend the definition of a universal object to include
those arising in this way. (Some authors prefer to use the term couniversal
object for such objects.) Notice that the object T in C is terminal if and only
if the corresponding object T°P is initial in the opposite category C°P (1.1.6),
so it is possible to avoid the use of terminal objects by changing the ancillary
category. However, it would be rather artificial to do this.

1.4.10 The direct sum revisited

Our next examples of universal objects arise by generalizing the definitions
of direct sums and products of modules to arbitrary categories. We draw on
some well-known basic definitions and results that are discussed in detail in
section 2.1 of [BK: IRM].

The most elementary definition of the direct sum M = M' & M" of right
R-modules M’ and M" is in terms of ordered pairs:

M={m' m")|meM, m"eM"}

with the expected componentwise addition and scalar multiblication. How-
ever, this definition does not lend itself to generalization, so we must recast it
in terms of homomorphisms. When M = M"®M", there ar¢ homomorphisms

o M ——M and ¢":M' — M
given by inclusion on the first and second summands respectively, and homo-
morphisms
7 M——M and 7" :M-— M"
given by the corresponding projections.
These homomorphisms satisfy the relations

",

"o" =idpn and o'n’ + 07" = idy.

w'o’ =idpyp, T
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Appealing to uniqueness again, we see that F(idg) = idp(c) and that
F(v'y) = F(y")F(v) for a morphism « : C! — C". Thus F is a functor.

By the preceding lemma, the map (¢, p) is a bijection for each pair C, D,
and ¢ is natural in D. The remaining point to check is that it is also natural
in C.

By (1.3.2)(i), this amounts to checking that, for any morphism v : C — ¢’
in C, there is a commutative diagram

éc.p)
Morp(F(C),D) ————— More(C,G(D))

{ F(y)* { v*

$c',p)
Morp(F(C"),D) ——————— Morc(C',G(D))
(Note that the vertical arrows point upwards.)
Take any h € Morp (F(C"), D). Then

e(c,0)(F(7)"(h)) = ¢c,p)(ho F(7))
=G(ho F(v))ouc
= G(h) o GF(y) o ug,

while

Y (p(cr,py(R) = 7" (G(h) o ucr)
= G(h)oug: o1.

However, ugr oy = GF(v) o uc by construction; so the result follows. [

1.4.8 Universal constructions

In the light of this theorem we may now make the formal definition that a
universal construction is a functor which has a right adjoint.

We have already noted in (1.3.8) above that the forgetful functor Y :
Mopp — Ser has as its left adjoint the functor Frg : Ser — Moppg which
associates to each set X the free right R-module Frp(X) on X. Similarly, the
free group and free abelian group constructions defined on Ser are examples
of universal constructions whose right adjoints are the forgetful functors from
Gr and Az to Sex.

An extensive catalogue of examples may be found in [Mac Lane 1971] and
[Herrlich & Strecker 1979].
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as described by the diagram

c —L LGF©) F(C)
f\ ia(g) %azg
G(D) D

(Here the triangle commutes, and the exclamation mark expresses uniqueness
rather than astonishment.) 0

We now extend the preceding lemma by showing that the existence of an
initial object in C\G for every object C can be neatly reformulated in the
language of adjoint functors.

1.4.7 Theorem )
Let C and D be categories and let G : D — C be a functor. Then the
following assertions are equivalent.

(i) For any object C of C there exzists an object F(C) of D and a morphism
uc : C = G(F(C)) in C such that (F(C),uc) is an initial object in the
right-fibre category C\G.

(i) G has a left adjoint F : C — D.

Proof

(if) = (i) follows immediately from the above lemma.

(i) = (ii):  As the notation suggests, the effect of the functor F' on an
object C of C is to send it to F(C). We must specify the effect of F' on
morphisms and verify functoriality. ‘

Let v : C' — C’ be a morphism in C. The composite ucs 0y givés an object
(F(C'),ucr o) of the right-fibre category C\G, so we may define F(7) :
F(C) — F(C') as the unique morphism from (F(C),uc) to (F(C"),uc o)
in C\G} this definition can be encapsulated by the diagram

Uc

c . erFe) - FO)
l'r i FO@) ; )
o 2. GEe) F(C)

in which the square is commutative.
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1.4.6 Lemma

Let G : D — C be a functor, let C be an object of C and let F(C) be an
object of D, with u : C — G(F(C)) a morphism in C. Then the following
assertions are equivalent.

(i) (F(C),u) is an initial object in the right-fibre category C\G.

(ii) There is a natural isomorphism of functors
wc,~) : Morp(F(C), =) —— Mor¢(C, G(-))

such that uw = @, r(cy) (tdr(c))-

‘

Proof

We first use the preceding lemma to make explicit the effect of the natural
transformation ¢ occurring in (ii) on any g € Morp(F(C), D). On the one
hand, if (ii) holds, then by the lemma,

wc,0)(9) = G(g) 0 v(c,rcy (idr(cy) = G(g) o u.

On the other hand, if we start with u, then for each D in D we may define a
mapping

¢(c,p) : Morp(F(C), D) — Mor¢(C, G(D))
by the equation
¢c.p)(9) = G(g) o u.
Since then
p(e,ro)(idrc)) = Glidrc)) cu=u,

it follows from the lemma that this mapping is a natural transformation with
respect to D. So in either event, it suffices to consider the natural transfor-
mation ¢(c,—) defined by

wc,0)(9) = G(g) ou.

Then it is easy to see that this natural transformation is an isomorphism if
and only if (i) holds, since both properties correspond to the existence of a
unique morphism g from (F(C),u) to (D, f) for each object (D, f) of C\G,
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1.4.5 Lemma ,
Let G : D — C be a functor, let C be an object of C and let F(C) be an
object of D. Suppose that for each object D in D there is a mapping of sets

¢(c,p) : Morc(F(C), D) —— Morc(C, G(D)).
Then the followingl are equivalent:
(a) for all g € Morp(F(C), D),
pc.0)(9) = G(g) 0 v(c,r(cy) (idr(c));
(b)  is natural in D.
Proof

(a) = (b). To show that ¢p is natural in D, we have to verify the criterion
of (1.3.2)(i), that for any morphism 6 : D — D' in D, the diagram

®(c,D)
Morp(F(C),D) ———— Morc(C,G(D))
5., l G(5).
éc,p1

Morp(F(C),D") ————— Morc(C,G(D"))

is commutative. Take any g : F(C) — D. Then, combining (a) with the
definitions in (1.2.7), we have

G(8)+(v(c,p)(9)) = G(6) 0 G(g) 0 ¢(c,r(cy) (idr(c))
= G(69) ° p(c,rcy) (idrc))
= ©(c,07)(69)
= ¢(c,01)(6+(9))-
(b) = (a).  Intheabove diagram, weset D = F(C)and § = g: F(C) — D.
Then commutativity yields
vc,0)(9) = e 0y (g 0 idp(cy)
= ¢(c,0)(9x(idr(c)))
= G(9)«(p(c,F(c) (Hdr(c)))- ]
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instead we subsitute As, we obtain the free abelian group on X (see [Cohn
1982], §9). Indeed, for an arbitrary category C, one has a specification for the
‘free object in C on X’, whenever this exists.

To describe a universal object in a category C, how should we choose the
ancillary category C’ whose initial object defines the desired universal object
in C? The above example gives a clue. It suggests that ' is likely to be chosen
as a suitable right-fibre category.

Our first result shows this idea to be formally correct in that an initial
object must arise in a right-fibre category. Thus we define a universal object
to be.an initial object in a right-fibre category.

1.4.4 Lemima /
If a category D has an initial object, then it is (isomorphic to) a right-fibre
category.

Proof

Let I € D be initial. Then D is isomorphic to the right-fibre category
I\Idp, via the correspondence which associates an object D of D with the
object I — D of I\Idp, and a morphism D — D’ of D with the morphism

I —— D D
D' D'
of I\Idp. 0

The converse to this lemma is false, as may be seen from Exercise 1.4.1.

In general, the right-fibre categories that we seek will arise from adjoint
pairs of functors, as we now proceed to demonstrate.

We start by reminding ourselves of the definition of an adjoint pair (1.3.7).
Apair F:C—Dand G: D — C of (covariant) functors between the
categories Cand D is-an adjoint pair if there is a natural isomorphism ¢
between the bifunctors Morp(F(-), —) and More(—, G(-)).

To define such an isomorphism ¢, we must exhibit a family of bijections
we,p) : Merp(F(C), D) — Morc(C,G(D)) which are natural in C and D.
We argue I two stages. In the first, we fix C and allow D to vary. After
a preliminary lemma to deeide when (¢, p) is natural in D, we show that
(c,p) being a bijection for -all D corresponds to the existence of an initial
object in a suitable right-fibre category.
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Given any set {ny | = € X} of elements ny of any right R-module
N, there exists a unique R-module homomorphism o« : M — N with
amg =ng for alz in X.

We show that the free right R-module Frg(X) on X (1.2.3) is the universal
object in Mopg which satisfies this condition.

To construct the appropriate ancillary category, observe that specifying
a set {ny} in N amounts to the same thing as defining a mapping of sets
¢ : X — N. We therefore consider X as an object of the category Ser of
sets and their mappings, and use the forgetful functor T : Moo — Ser.
If M satisfies our condition, then there must be a map £ : X — M and a
homomorphism o : M — N with af = (.

We therefore arrive at the category X\7T of (right) R-modules under X
via T (1.2.9). The objects of this category are pairs (M, €) in which M is
an R-module and § : X — TM is a mapping (of sets), and a morphism
a: (M,€&) — (N,() is given by a commutative triangle

TM M
o/
X Ta o
c\‘
l
TN N

where o is an R-module homomorphism.

The free module Frr(X), together with the map & : X — Frr(X) that
simply identifies an element z of X as a free generator of Frp(X), as in
(1.2.3), gives an initial element of X\Y. Thus Frg(X), or more properly, the
pair (Frr(X), &), is universal among R-modules which are T-under X.

Moreover, any free module F' with a set of free generators {b,} labelled by
X also gives an initial object (F, &) of X\, with £ sending z to by. (See [BK:
IRM] (2.1.19) ff. for further details.) .

Although the map &g is an essential part of the information, it is often omit-
ted in practice, so that the free module Frr(X) is itself called the universal
object. The utility of the notion of a universal object should be apparent.
Replacing Mopg by G», we are led to recover the free group on X, and if
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To see this, we note that the morphism 7 must be the identity morphism
on I, and that if @ : C — C" is any morphism in C, then aig = tgr. Thus,
if I and I' are both initial objects of C, then there are unique morphisms

t:J——TI and ¢: I ——1,
which must satisfy the relations
div=14d;r and o' =idp,

that is, ¢ and /' are mutually inverse (and unique) isomorphisms.

This type of uniqueness is sometimes summarised in the phrase ‘an initial
object is unigue up to unique.isomorphism’. Because of it, one often speaks
of ‘the’ initial object rather than ‘an’ initial object.

In many explicit situations, an initial object will appear to be absolutely
unique since there is an obvious choice for one. An example is given by
the cokernel Coka of.a homomorphism « : M — N between R-modules.
This is almost. invariably defined to be the set of cosets of N modulo Im(a),
given the appropriate module structure. However, it can be thought of as the
initial object in the category of homomorphic images N” of N such that the
surjection 7 : N — N composes with « to yield the zero map 0 = 7a.

1.4.2 Universal -objects

The philosophy underlying the term ‘universal object’ is as follows.

We wish to specify a type of object in a category C by its relationships to
the totalility of objects of €. Such relationships manifest themselves as a set
of conditions which-may or_may not be satisfied by an object of C. In turn, it
is often possible to characterize those objects C of C which do satisfy the given
conditions in terms of associated objects C' of a related or ancillary category
C'. If it happens-that C” is an initial object in C’, then the corresponding
object C of C is ealled a universal object of C, for the given conditions.

Since an initial object is umique up to unique isomorphism, the same will
be true of a universal ebject:. Thus one often refers to ‘the’ universal object
with some specified properties. An example will illustrate these ideas better
than formalism alone. We consider a characterization of free modules.

1.4.8 Free modules revisited

Let X be a set and let ‘R be a ring, and consider the following condition
on a pair consisting of a Fight -R-module M together with a specified subset
{mw}zEX of M.
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a set X and the free R-module on X have different appearances, both share
the same universal property, but in the categories G» of groups and Moog
of R-modules respectively. We can therefore define a free object on X in any
suitable category C as an object, in C, with this property, and we can attempt
to determine its structure. In such generality, free objects may not exist.

The description of an object in terms of a universal property also provides a
means of transferring definitions from one category, in which it is easy to define
a particular type of object, to another, where the definition is not immediate.
For example, in the module category Mopp, the kernel of a homomorphism is
defined explicity in terms of the elements of a module. However, a kernel can
also be described axiomatically as a universal object in a category associated
with Moopg, which enables us to extend the definition of a kernel to more
general types of category, and to verify whether or not kernels exist in the
new setting. This analysis will be very useful in the next chapter.

In fact, many of the definitions in the remainder of this text, and also in
K-theory, are best treated as the specification for some universal object.

In this section, we explain the meanings of the terms ‘universal object’
(in (1.4.2) below), ‘universal construction’ (1.4.8) and ‘universal property’
(1.4.16), and present some important examples.

1.4.1 Initial objects

First, we present some basic definitions that underly the theory. An initial
object of an (abstract) category C is an object I in C with the property that
there is exactly one morphism

g [ — C
for each object C in C; thus
Mor(I,C) = {¢c} for each C.

In the category G» of groups, the trivial group is initial, in Mopg the zero
module is initial, and in the category Rzwe of rings (with identity), Z is initial.
On the other hand, the infinite cyclic group Z is not initial in G», since there
is always more than one homomorphism from Z to a nontrivial group.

An example of a category without an initial object is provided by Fzecrp,
the full subcategory of Rzve whose objects are the fields. This follows from
the observation that no field can be mapped homomorphically into both Z/2Z
and Z/3Z.

An initial object need not be absolutely unique. For example, there are
many manifestations of the zero module since the zero element of any module
serves. However, an initial object is essentially unique.
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Check that the dual basii is indeed a basis, and so there is an
isomorphism nv : (V, {f;}) — (V*,{f;}).

Show that this isomorphism cannot be natural as defined here,
because the assignment A : Buasssxg — Basssk, A((V,{f;})) =
(V*,{f}}), corresponds to a contravariant functor on Baszs; it is a
morphism functor Mor(—, K) as in (1.2.7).

‘One might try to rescue some naturality by hoping that squares of

the form
W) — s (D)
0 l [9»«
Wilos}) —r—s (W, {g})

commute.

Take (V,{f;}) to be (K!,1) and write (1) = t1f1 + - + tnfn-
Verify that 6* o gy 0 6(1) = (t2 + --- + t2)1*, and hence that such
squares are not commutative in general.

If we go one step further and define A%(V) = (V*)*, the dou-
ble dual, we obtain a covariant functor on the category of all finite-
dimensional vector spaces over K, (with morphisms the K-linear trans-
formations of such spaces).

Define ey : V — V** by

(ev (W) (@) =a(v) forveV, aeV*.

Show that each ey is an injective linear transformation, and hence
an isomorphism by dimension counting, and that the family {ey} is
a natural isomorphism between the identity functor and AZ.

1.4 UNIVERSAL OBJECTS

An underlying primciple-in-category theory is that an object should be consid-
ered in relation to the other objects in the category, rather than being viewed
in isolation. This perspective leads to the idea of a universal object, which,
informally, is an object that is defined by the requirement that it should have
a speeified relationship to the other objects in the category. When such a
requirement has been determined, it can often be seen that apparently dis-
tinct kinds of object are defined by the same requirement, but in different
categories.

An illustration will be provided by free objects. Although the free group on
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This apparatus is informally represented as .

PP I—

— i
Sy — 51 «—— Sp---

o —

D et

where the face operators map from right to left, and the degen-
eracy operators from left to right. When C = Ser, we obtain a
simplicial set, when C = G a simplicial group, etc.

The terminology comes from the following situation. Asin [Spanier
1966](3.1), a simplicial complez is a set V' (the set of vertices) to-
gether with a distinguished set S (the set of simplices) of finite
subsets of V, such that

(i) every singleton in V is in S, and

(i) every nonempty subset of a simplex is a simplex.

Show how an ordering of the vertices gives rise to a simplicial
set, and conversely, how a simplicial -set describes an ordered

simplicial complex, where the face and degeneracy operators are
given by

di(Vo, -+, Vn) = (Voy - -+, Vim1, Vig1, -+ -, Un),
8i(V0s« 3 Un) = (Vo + -+, Viy Viy Vit 1y« - « s Up )-
(See [May 1967] Ch. 1 for further discussion and topological ap- -
plications. See also [Hovey 1999] and [Jardine 1996] for highly

readable accounts of the relation to Quillen’s closed model cate-
gories and K-theory.)

1.3.18 A non-natural isomorphism: duality
After so many examples of natural behaviour, the reader may be-

gin to wonder if anything is unnatural. Here is an example which
anticipates our general discussion of duality in (4.1.1).

Given a finite-dimensional vector space V' over a field K, the dual

of V is V* = Homg:(V, K). Verify that this is also a X-space, with the
addition and scalar multiplication :

(@+B)(v) = a(v) + B(v), (k- a)(v) = k(a(v)),

where a, e V¥, veV, kek.

Let {fi,..., fn} be a basis of V. The dual basis {ff,...,f,’.:} of V*

is defined by

sw={4 i3
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1.3.16

1.3.17

Show that *Freer and Orp are equivalent categories, with SoFr =
Id but Fro$ £ Id.

Define a dense and faithful functor I : Orp — StanBasesg .
Prove the following generalization of (1.3.18).

For any ring R, there is a natural isomorphism between the cat-
egories-[[n — 1], Mopg] and Moor,, where T, is the ring of upper
triangular n X n matrices over R.

(More results in a similar vein are given by [Mitchell 1965], IX §71.)
Let A (denoted A* in [May 1967]) be the category whose objects
are the categories [n], n = 0,1,2,... and whose morphisms are the
functars among -these categories. For want of a name, we may think
of A as the proto-simplicial category (justification in (c) below).

(a) For 0 < i< n, define §; : [n~ 1] — [n] and 05 : [n + 1] — [n] by
ji<i J=i j>i Effect
§(): 4 j+1  §+1  omits
cij): i i j—1 repeat; 1
Show that any non-identity morphism 4 : [n] — [m] in A can be
factorized uniquely in the following way. Let the objects of [m)]
that are not in the image of p be 43 > 49 > -+ > 1,, and let
u(j) = p(j + 1) precisely when j is one of j; < jo < -+ < je.
(Thus n+ s =m+t.) Then

po=0i - 6i,05 05
(b) Algebraic topologists define a simplicial object in a category C to
be a.contravariant functor from A to C. Show that this amounts to
specifying objects Sy, S1, Se, . . . in C, and two kinds of morphisms,
face operators d; : Sp — Sp—1 and degeneracy operators s; : Sp, —
Snpt1 (0 £ 7 < n), and commuting diagrams corresponding to

relations
)
d,;dj = dj.__]_d,; fori < j
@)
885 = 854184 for 7 < j
(i)
Sj..ld,; fori<j
di8j= id fori=4j7+1
dei——l fori>j+1
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1.3.11

1.3.12

1.3.13

1.3.14

1.3.15

CATEGORIES

morphism « : e — e, so that Mor(e, ¢) = {id,,a?,...}. Show that
[, D] = Exn(D) for any category D.

Find a functor [1] — , where [1] is the category 0 — 1, that gives
rise to the inclusion of Exp(D) in Mor(D).

Devise categories C such that [C, D] is (i) Zso D, (ii) Auzr D.
Let [1]* = [1] x [1], where [1] is the category 0 — 1, and let D be
an arbitrary category. Show that [1]? is the ‘generic’ commutative
square

01 - (1,1
T/
(0,0) — (1,0)

and that [[1]%, D] is the category of all commutative squares in D.
Show also that [[1]%, D] = Mor?(D), that is, Mor(Mox(D)).
Interpret [1]™ and [[1]", D).

Is the category [2]? = [2] x [2] equivalent to [4]?

Show that SravBasesg (1.3.5) is isomorphic to the category whose

objects are the natural numbers and whose morphisms from n to m

are the m x n matrices over R.

Let StanBasesg and Basesg be as in (1.3.5) and (1.3.12). Show

that StanBasesg is a skeletal subcategory of Baszsg if and only if

the ring R has invariant basis number.

Given an arbitrary ordered set A, the standard free right R-module

R is the module of ‘column vectors’ (rx) indexed by the members )

of A. The standard basis of R* is {ey}, where the ‘unit vector’ey has

A-entry 1 and all other entries 0.

Let STANBASES%O and BASES?ZO be as S’I‘ANB.ASESR and B.ASESR, but
with infinite index sets also allowed. Extend the discussion which
we gave in (1.3.5) to StanBuasesy and Bases®. (The definition
and properties of matrices of homomorphisms with respect to infinite
bases are fairly straightforward — see (2.2.13) of [BK: IRM].)

Let *Frezg denote the category of based free (right) R-modules: an

object is a pair (F, B) where F is free and B is a basis, and a morphism

from (F', B') to (F,B) is an R-homomorphism from F' to F which

restricts to an order-preserving map from B’ to B. Thus *Fres R

is the category of functors from the category O=o of ordered sets to

Freegr. Let Fr: Orp — *Fresp associate with A the standard free

module R* with basis {ex} and let S : *Fresg — O send (F, B)

to the ordered set that indexes B.
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and let T : As — G be the inclusion functor. Show that Ab, T is an
adjoint pair.
1.3.6  (a) Show that if F', G and F’, G’ are both adjoint pairs, then F'F,

GG' is also an adjoint pair, whenever the composite functors are
defined.

“(b) Show that if F, G is an adjoint pair, then each of F and G
determines the other to within natural isomorphism.

1.3.7 Show that if F: C — D and G : D — C are mutually inverse equiva-

lences, then F', G is an adjoint pair.

138 Let A:C" — C and B : D — D" be (covariant) functors between

small categories. Define functors [A, —] : [C,D] — [C', D] and [—, B] :
[C,D] — [C,D"], and verify that [—, —] is a bifunctor from Car X Car
to Car.

1.3.9  (a) In the notation of the preceding exercise (1.3.8) show that if G :
D" — D is right adjoint to F': D — D", then [C, F], [C,G] is an
adjoint pair.

(b) Each object D in the category D defines a constant functor Cnstp :
C — D sending each object of C to D and each morphism of C to
idp. Show that this assignment defines another constant func-
tor Cnstp : D — [C,D] with the property that, for any functor
G : D" — D, the square

Custpr
D [C, D/I]

|
D

Cnstp
——  [C, D]

commutes. :

(c) Suppose that Lp : [C, D] — C is left adjoint to Cnstp with Lpw
similarly left adjoint to Cnstpr. By combining Exercise 1.3.6
with the above, show that if F : D — D" has a right adjoint, then
FoLp is naturally isomorphic to Lp~o[C, F|. In other words, the
square obtained from (b) above by replacing the constant functors
by their left adjoints also commutes, up to natural isomorphism.
Remark. When Lp : [C, D] — C is left adjoint to Cnstp, then, for
any functor G : C — D, the object Lp(G) is called the colimit of
G — see (5.1.16) and Exercise 5.1.7.

1.3.10 Let Q be the loop category: () has one object e, and one generating
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1.3.3

1.3.4

1.3.5

CATEGORIES
by
nx (£)(e) = F(a)(0).
Verify that
n(£) = {nx(£) | X an object of C}

defines a natural transformation from Morc(L, —) to F(-).

Show that the map £ — n({) defines a bijection from F(L) to
Nat(Mor(L, —), F'), with inverse given by the map which associates
to a natural transformation ¢ : Morc(L,~) — F(~) the element
Cr(idg) of F(L). .

By taking F(—) = Mor(M,~), show that every natural trans-
formation from Mor(L,—~) to Mor(M, —) has the form p* for some
M — L.

Repeat the exercise for contravariant functors from C to Sex.

Remark. A covariant functor F : C — Ser is said to be repre-
sentable if it is naturally isomorphic to Mor(L, —) for some object L
in C. The analogous definition is made for contravariant functors.
Isomorphisms of categories

Isomorphisms of categories come in four varieties, since the mutu-
ally inverse functors F' : C — D and G : D — C may be either both
covariant or contravariant and either both cochiral or contrachiral.

Show that the identity functor, the opposite functor Op, the mirror
functor Mir and the composite Mir o Op provide examples of all four
varieties.

Show also that an arbitrary isomorphism can be converted into
a covariant, cochiral isomorphism by composition with one of the
isomorphisms listed above. ' _

Now let G and H be groups viewed as one-element categories BG
and BH (Exercise 1.1.3), and let F : BG — BH be an isomorphism
of categories. Show that if F' is covariant then F' corresponds to an
isomorphism of groups in the usual sense, while if F' is contravariant,
F corresponds to an anti-isomorphism of groups.

We again regard a group G as a category, BG or EG, in two ways,
as in Exercise 1.1.3. Given groups G and H, describe any" natural
transformations and isomorphisms that there are between a pair of
functors between two of the categories BG, BH, £G and £H.

Let Ab : G» — As be the abelianization functor between the category
Gr of groups and the category s of abelian groups (Exercise 1.2.3),
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1.3.18 Theorem

Let T = ? Z ) be the ring of upper triangular 2 X 2 matrices over a

ring R. Then the categories Moot and Mor(Meobpg) are equivalent.

Proof

Let L be a (right) 7T-module. Since the direct product R x R is the subring
( ? 10% ) of T, we can write L = M & N, where both M and N are R-
modules, as in (1.3.16). Using the action of T on M @ N, define o : M — N
by

m0) (g 5 )=0am)

Then ¢ is easily seen to be a homomorphism of R-modules, and the action of
T is given by

(+) (m,n) ( 0 ) = (mr, amu +ns).

Let L' be another T-module, let L' = M’ & N’ be its decomposition and o’
the corresponding homomorphism. A T-module homomorphism A : I/ — L
induces R-module homomorphisms y: M’ — M and v: N' — N.

Calculating A(m/, 0) <8 é

which shows that we can define a functor F' : Moor — Mor(Moog) by
sending L to c.

Conversely, given an R-module homomorphism « from M to N, it is clear
how to use the formula (%) to turn M @ N into a T-module L, thus defining a
functor G in the reverse direction. Evidently, F' and G are mutually inverse
equivalences. 0

), m' € M’, in two ways, we find that vo/ = ap,

Exercises

1.3.1 Let X and Y be sets regarded as discrete categories, and maps be-
tween them regarded as functors, as in Exercise 1.2.1.
Show that there is a natural transformation between two maps
fg: X—>Y ifandonlyif f=g.
1.3.2 Yoneda’s Lemma
Let F : C — Ssr be a covariant functor, and let L be an object of
C and £ an element of F(L). For each object X of C, define

nx (£) : More(L, X) —— F(X)
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as saying that, for a ring R, the category Mg of finitely generated right
R-modules has a small skeleton.

Next we present some equivalences which sharpen the relationships between
product and morphism categories on the one hand, and module categories on
the other, which we first touched on in (1.1.12) and (1.1.14).

1.3.16 Theorem

Let R and S be rings. Then the direct product category Mopg X Mopg is
equivalent to Mobgrxs.

Proof

As we noted in (1.1.12), an object (M, N) in the product category can be
regarded as an R x S-module by the rule (m,n) - (r,s) = (mr,ns), and a
morphism in Mobpg X Mobg is an R X S-module homomorphism.

On the other hand, any R X S-module is isomorphic to one of the form
M @ N, where M is an R-module and N is an S-module, and the direct sum
is the direct sum of abelian groups; furthermore, this decomposition respects
homomorphisms (see [BK: IRM] (2.6.6), (2.6.7)).

It is now evident that the equivalence is given by

(M,N)~ M@®N and (o, 8) — a®p. 0

Recall that Mg and Pgr are respectively the categories of finitely gener-
ated right R-modules and finitely generated projective right R-modules. The
components of a finitely generated or projective module will again be finitely
generated or projective, as the case may be, since the equivalence given in
the previous theorem evidently preserves surjections and direct sums (see
Corollary 2.6.9 in [BK: IRM] for more detail). Thus the following result is
immediate.

‘

1.3.17 Corollary
There are equivalences of categories

Mp x Mg = Mgxs
and

Pr X Ps =~ Prxs- 4 O

Next we describe the morphisms of Mopg in terms of modules over a
triangular matrix ring.
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1.3.12 Example: standard bases

In (1.3.5), we introduced the category Basssp whose objects are free R-
modules R™ together with a chosen basis, and its full subcategory SranvBuasesp
of free modules with standard bases. These categories are equivalent since, in
our previous notation, we have shown that T' = IncoS is isomorphic to the
identity functor on Basesg, while F' o Inc is clearly the identity functor on
StanBasesg.

1.3.13 Faithful, full and dense

In general, a category C is equivalent to a full subcategory C’ precisely when
there is a natural way of associating to each object of C a representative in C’
of its C-isomorphism class. This idea may be developed as follows.

A functor F : C — D is faithful if the map

F : Mor¢(C', C) —— Morp(FC', FC)

is an injection for every pair of objects in C; F is full if the above map is a
surjection, and F' is dense or representative if for each object D in D, we have
D = FC for some C in C.

With these definitions, the following result is straightforward. (More details.
can be found in [Herrlich & Strecker 1979], (14.11), and [Mitchell 1965], II,
particularly Proposition 10.1.)

1.3.14 Propeosition

The categories C and D are equivalent if and only if there is a full, faithful
and dense functor from C to D. [

1.3.15 Skeletpns

A category S is called skeletal if no two of its objects are isomorphic. Trivial
examples are provided by the categories [n], n > 0.

Given any category C, we can form a full skeletal subcategory SK(C) -of
C by choosing one object from each isomorphism class of the objects of C;
naturally, Sk(C) is called the skeleton of C. The skeleton is not, in general,
unique. However, the inclusion functor from Sk(C) to C is evidently full,
faithful and dense, so Sk(C) is equivalent to C.

Notice that Sk(C) is small precisely when the class of isomorphism classes
of objects in C is in fact a set. (This condition suffices for applications in
K-theory.) Thus the outcome of the discussion in (1.1.10) can be rephrased
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such that the diagram

! ! /

oy o o,
F.Dy ——— D}y —— Dy .- DI, —— D}
‘{ To l m } 72 l Mn—1 l Tn
Qg Q2 Qn
F: Do —— D1 I—— .Dz Dn—l E— D,—,,

commutes, that is, each of its squares commutes.

Note that the category [[0],D] is just D, while [[1], D] is the morphism
category Mor D under another name. Notice also that an object in [[2], D]
can be interpreted as a commutative triangle.

1.3.11 Egquivalence of categories

‘We now consider the circumstances in which two categories can be regarded
as the same.

The most obvious of such circumstances is that the categories C and D are
isomorphic, that is, we have a pair of functors F : C = Dand G: D —= C
with GF = Ide and FG = Idp. This means that F' and G are mutually
inverse isomorphisms (1.2.8). If we have such a pair of functors, they induce
mutually inverse bijections between the classes Ob(C) and Ob(D). But this
is a relatively uncommon event, since the definition of the ‘value’ F(C) of a
functor F on an object C very often requires the choice of one object from
many isomorphic candidates.

More likely, and still acceptable as a means of comparing categories, is for
functors F and G to induce bijections of the collections of isomorphism classes
of objects of C and D.

For example, for a field K, each isomorphism class of objects of StanBasesk
is a singleton, comprising only the standard basis of K™, whereas Basssx has
many objects isomorphic to the standard basis of K™. Yet because every object
of Basesk is isomorphic to the standard basis, the subcategory StanBasssk
is a good working approximation to Basssk.

Therefore, the appropriate notion is eguivalence of categories: two cate-
gories C and D are (naturally) equivalent if there are (covariant) functors
F:C—Dand G:D — C so that GF is naturally isomorphic to Id¢ and
F@ is naturally isomorphic to Idp. The functors F':C —Dand G;D —C
are then said to be mutually inverse eguivalences (of C and D); the notation
isC~D.

If F and G are contravariant, they are called dualities, and the categories
are said to be dual
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is defined by

({m)e = Cone foreach C e C

when D is a right category.
The category [C°P, D] is the category of all contravariant functors from C
to D.

1.3.10 Diagrams

A useful application of the preceding discussion occurs when functors from £
to D are interpreted as defining diagrams in D.

A diagram in a category D is the same thing as the graph of a functor
from some category C to D. That is, it consists of a collection of objects
and morphisms of D which are the images of the objects and morphisms of
C and which satisfy the appropriate commutativity conditions. Although in
principle any category C defines diagrams, the notion is most often used when
C has few objects and morphisms.

For example, let [n] be the totally ordered set {0,...,n}, which we view as
a category with exactly one morphism from ¢ to j whenever ¢ < j. We can
display [n] as a diagram

0 1 2 P n—1 n,

in which the ‘generating’ morphisms are shown; the remaining morphisms in
[n] are identities or products of those indicated. (Note that this category is
labelled according to the number of generating morphisms, rather than the .
number of objects. This is due to its topological applications. For example,
see Exercise 1:3.17 below.)

A functor from [n] to D, that is, an object F' of [[n], D], is then a sequence
of morphisms in D :

[a 5] (a%5] (7%
F:Do-——-—-)Dl-————)Dg Dn_1-———->.Dn

and a morphism 7 from F' (with the obvious labelling) to F' is a set of mor-
phisms in D

77,;:D;;——-->Di, z':O,...,n,
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If this is the case, F is said to be left adjoint to G and G is said to be
right adjoint to F. (The terms ‘left’ and ‘right’ here are convincing only for
covariant functors.)

Thus, to show that F' and G are adjoint, it is necessary and sufficient to
give a family of bijections

'r}G’,D : MOI"D(F(C), D) — MorC(C, G(D))

which are natural in C and D.
The following example typifies the set-up.

1.3.8 Exzample: free modules

Let X be a set and let Frp(X) be the free right R-module on X. Then
Frg : Ser — Mobpg is a covariant functor (1.2.3). In the other direction, let
T : Mopgr — Ser be the forgetful functor, which assigns to a module M its
underlying set T(M) of elements, as in (1.2.2)(iv). It is easy to see that Frp
is left adjoint to T.

1.3.9 Functor categories

Given a small category C and an arbitrary category D, the covariant functors

from C to D can themselves be regarded as the objects of a category [C, D).

Such categories [C,D] and their subcategories are called functor categories.
The objects of [C, D] are the covariant functors

F:C——D,
and a morphism between functors F' and G is a natural transformation
n:F——G.

We write Nat(F, G) for the set of all such natural transformations. This is
indeed a set, since 7 = {n¢ | C € C} is specified by a collection of data which
is indexed by the set Ob(, and each n¢ must belong to the set Mor(F'C, GC).
(The target category D need not be small.) -

To see that we actually have a (right) category, we note that each functor
F has an identity natural transformation idp given by

(idp)c = idpe foreach C € C,
and that for n € Nat(F, @) and ¢ € Nat(G, H), their product
m:F—— H
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the first variable and covariant in the second. It is cochiral in both variables.
A version which exhibits mixed chiralities is given in Exercise 2.1.1.

Natural transformations between multifunctors, of the same variance and
chirality, are defined in the obvious way.

It is also possible to describe a multifunctor ‘term-by-term’. Let F be
a multifunctor, and choose any index h = 1,...,k and any set of objects
{C; € C; | i # h}. Then F restricts to a functor

F(Gly-:~)Ch-—11_10h+11~"70k):ch"_—)’D:

which is covariant or contravariant according as 6 is Id or Op, and cochiral
or contrachiral according as ¢ is Id or Mir.
Furthermore, any collection of morphisms

{Bi : 6i(By) — 6:(C;) € 6:(Ci) | i # h}
gives rise to a natural transformation
F(Bl, e ,Bh_]_, “7Bh+1; ey Bk) - F(Ol, ey Ch..]_, —,Gh+1, ey Ok)

Conversely, given a fixed index h, a multifunctor can be defined by a col-
lection of functors of the form F(C4,...,Ch—1,—, Ch+1,.-.,Ck), one for each
set of objects from the categories C;, i 5 h, provided that the appropriate
natural transformations exist.

1.3.7 Adjoint functors

We now introduce a concept which is very important in both the theory
and the applications of categories, particularly in connection with universal
counstructions, which we consider in detail in the next section.

Let C and D be categories and let F': C — D and G : D — C be (covariant)
functors. We can form two bifunctors

Morc(~—,G(-)) :CXD—s Ser
and
MOI"D(F(—), —) CXD—— SET‘,

both of which are contravariant in the first variable and covariant in the
second.

The functors F' and G are said to form an adjoint pair, or to be adjoint, if
there is a natural isomorphism

7' Morp(F(=), =) ——s More(—, G(=)).
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a formal symbol corresponding to a morphism f : B — D in C, and that
the composition of a pair of composable morphisms #© and 6® in C® is
BOs° = (58)°.

Thus, if we have a pair of composable morphisms (a, 8®), (v,6®) in C xC®,
their product is

(7,6%)(e, B°) = (ve, 8°6°) = (vex, (68)°).

Methods of handling mixed chiralities become important later (3.1.9), when
we consider tensor products. Thus we need a definition which accommodates
both mixed variances and mixed chiralities.

Our uniform treatment of the various possible mixtures of variances and
chiralities is based on two observations. Firstly, if F' is a contravariant functor
on C, then F o Op is a covariant functor on C°P; and secondly, if F: C — D
is a contrachiral functor, then F o Mir : C® — D is a cochiral functor. (Here
we rely on the obvious identifications (C°P)°P = C and (C®)® = C for any
category C.)

Let D,Cy,...,Ck be a finite set of (right) categories. Suppose that

F:Cix--xCp—D
is given by a function
F: Ob(Cy) X - -+ x Ob(Cy) —— Ob(D)
and, for each pair C}, C; of objects of each C;, a function
F : More, X -+ X Morg, — Morp(F(C4,...,Ct), F(Ci,...,Ck)).

Then we say that F is a multifunctor or a functor in k variebleson Cy,...,Cy
provided that for some (necessarily unique) choice of functors &;, €; on C;, with
each 6; as either Id or Op and each ¢; as either Id or Mir,

Fo ((5161 X X 5k€k) : 6151(61) X 4 x €k6k(ck) Y

is a covariant and cochiral functor.

If 6; is Id, then F' is said to be covariant in the ith variable, while if §; is
Op, F is said to be contravariant in the i th variable.

Likewise, if €; is Id, then F is said to be cochiral in the i th variable, while
if €; is Op, F' is contrachiral in the i th variable. .

The terms bifunctor, trifunctor,... are also used when k = 2,3,.... Note
that a multifunctor in one variable is simply a functor of the given variance
and chirality.

Thus Mor¢(—, —) is a bifunctor from C X C to Ser which is contravariant in
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and
S(a) = A, the matrix of a.

For each object (R™, F = {f;}) of Basssg, there is an R-module isomor-
phism 7z from R"™ to R™ which associates to each member z of R™ its coor-
dinate vector p(z): thus

nr(z) = r(z).

(Properly speaking, n should have as suffix the pair of objects between which
we map, but the notation is then unwieldy.)

To interpret these isomorphisms as defining a natural isomorphism of func-
tors, we let T' be the composite functor T' = IncoS, where Inc is the inclu-
sion of StanBasssg in Basesg. For any morphism « : (R*, F = {f;}) —
(R!,G = {g;}) in Basssg, there is a commutative diagram:

(B ) — s (R™ {e3})

« | ES

na .
(B {g}) ——— (B {es})
which shows 77 : Id — T to be a natural transformation, as desired. Note that
the homomorphism T'(«) is simply left multiplication by the matrix A of «.

1.3.6 Multifunctors

It is often necessary to consider functors of several variables. The guiding ex-
ample is Mor¢ (—, —) for a (right) category C, which attaches a set Morc(C, D)
to each pair of objects C, D of C. By the remarks in (1.2.7), Mor¢(—, D) is a
contravariant functor, while Mor¢(C, —) is covariant. So we wish to recognize
Mor¢(—, —) : € xC — Ser as simultaneously functorial in both variables, even
though it is not actually a functor on the product category C x C. The point
is that, because of its mixed variances, the would-be functor Mor(—, —) does
not obey either of the composition laws Fun 2 or Fun 2°. The same difficulty
arises when we consider Op xId : C x C — C°P x C.

A related problem arises when we wish to take the variables from categories
of differing chiralities, since the law of composition in the product of categories
of mixed chiralities can be rather convoluted. For instance, let C be a right
category, so that its mirror C® (1.1.5) is a left category. Our rule then is to
view the product category C x C® as a right category (1.1.11).

To see how this works, recall that a morphism 8° : B® — D® in C9 is
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If R’ is another standard free right R-module with basis {g;} = {g1,.-.,9x}
and o : R* — R’ is a homomorphism of right R-modules, we associate to o
a k x m matrix A = (a;;), which is determined by the formula

. k
a(fy) = Zgiaij, j=1...,m.
i=1

The coordinate vector ¢(cz) of ax with respect to G = {g;} is then given by
the relation

lg(a:v) = Ap(z).

The association of a matrix t0 a homomorphism is easily seen to be multi-
plicative; that is, if # : RP\~+ R™ is an R-module homomorphism that is
composable with @, and if B is the matrix of § with respect to a basis {h;}
of RP and the given basis {f;} of R™, then the matrix of af with repect to
the pair {h;}, {g;} is AB.

The association is also additive, for if & and o' are homomorphisms from
R™ to R* with matrices A and A’ respectively (relative to the pair of bases
{7;}, {g;}), then the matrix of o + o will be A + A’ (relative to the same
pair of bases).

In particular, fix an n-element basis of R™ and use it at ‘both ends’. Then
the matrix A of an endomorphism « will be n x n, and the map a+— A is a
ring isomorphism from End(R™) to the matrix ring M, (R).

1.3.5 Ezample: matrices and bases of free modules

Now we interpret the above discussion in terms of categories and functors. We
define Basssp to be the category whose objects are free right R-modules of
the form R™ equipped with a preferred basis {f;}, that is, a pair (R™, {f;}).
The morphisms in Basesg are just the R-module homomorphisms from R™
to Rf (here the choice of basis is ignored). The'full subcategory StanBasesg
of Basssg has as objects the pairs (R", {e;}) where {e;} is the standard basis
of R*. (We use the notation {e;} ambiguously for a standard basis of any
size.) :

The fact that the operation of taking a matrix of a homomorphism is mul-
tiplicative now reveals that we obtain a functor

S : Basssgp —— StanBasesp
by setting
S(R™{f;}) = (R™,{e;}), m being the number of members of F = {f;},




1.3 NATURAL TRANSFORMATIONS 31

volume, we review these facts in greater generality than we need for our im-
mediate purposes. :

Let R be a ring and let M be a right R-module. A basis of M is an
ordered subset {fa}rea (where A is an ordered indexing set), which satisfies
the following property.

Bas. Given any element m of M, there are unique elements ry(m), A € A, of
R such that
m = Z Fara(m).
AeA
The set A may be infinite, but at most a finite number of coefficients r)(m)
can be nonzero for any particular m.

An arbitrary module M need not have a basis. If M does have a basis, then
M i3 a free right R-module.

Note that a basis must be ordered. An ‘unordered basis’ is called a free
generating set. Thus, the free module Frz(X) on an unordered set X (1.2.3)
-has X as a free generating set. If we impose an ordering on X, then we obtain
a basis of Frp(X).

When the index set A is finite, we usually take it to be {1,...,m} for some
integer m and write the basis as

{fi} ={f,---, fm}-

‘We then say that the free module has finite rank.

Now let R™ be the standard free right R-module of finite rank n, which
we view as the ‘space of column vectors’ of length n, with entries in R. The
evident choice of ‘unit’ vectors {ei,...,e,} gives the standard basis {e;} of
R™. Next, take any finite basis

{fit={fu-- - fm}

of R™. If it must be the case that m = n, the ring R is said to have invariant
_basis number. However, we wish to work with an arbitrary ring, so we must
allow-the possibility that m # n. Some examples and results on invariant
‘basis number and the lack of it are to be found in §2.3 of [BK: IRM].

An element x of R™ has a coordinate vector p(z) with respect to the basis
F = {f;}, which is given by the formula

21
F(a")= Wherem=f1y1+"'+fmym: Y1y, Ym € R.
Ym
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rise t0 a commuting square

—o1
GL.(R) — 21 GL.ui(R)

QL. (f) l l GLnta(f)

— @1
©GLS) — 21, GLua(S)

(viii) We continue with the above notation, but now restrict our attention
to the category of commutative rings. We can then define the deter-
minant map det : M,(R) — R by the usual formula involving sums
and differences of products of entries. (See [Cohn 1982], Chapter 7
for example.) Because the determinant preserves products, that is,
det(AB) = det(A) det(B) for nxn matrices A and B, it restricts to a ho-
momorphism of the groups of units det : GL,(R) — U(R). Again, this
homomorphism is natural, meaning that there is a commuting square

aL.(R) — ., u@)
GL,.(f) j J U(f)
det

GL.(S) —— & U(S)

whenever f is a ring homomorphism.

1.3.3 Natural isomorphisms

If for each object C' of C the morphism n¢ is an isomorphism in D, we say
that the functors F' and G are naturally isomorphic through the natural iso-
morphism n. The notation is F' ~ G. The terms naturally equivalent and
natural equivalence are also used, especially in older texts.

Among the above examples, that in (vi) is a natural isomorphism because
the matrix transpose operation is evidently invertible. In (ii) and (viii), we
clearly have natural isomorphisms when n = 1.

1.8.4 Matrices and bases of free modules: a summary

Our next example gives a categorical interpretation of some results on the ma-
trix representation of homomorphism between free modules. To get started,
we need some facts about free modules and their bases which are given in
detail in [BK: IRM], particularly §2.2. For future ease of reference in this
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(vi) For another example, where neither functor is the identity functor, we

(vi)

use the operation of transposition on matrices. Given a matrix 4 = (a;;)
over a ring R, the transpose of A is defined to be the matrix A* = (a%;)s
which has entries in the opposite ring R°. Applying this definition to
matrices over R° rather than R itself, we obtain a map

(=)% s Mp(R°) —— (Mn(R))°
-which is readily seen to be a ring isomorphism. (Further details can be
found in Exercises 1.2.13 and 1.2.14 of [BK: IRM).)
Given-a ring homomorphism f : R — S there is a commutative square

M, (R°) ﬁ—’ (Mn(R))°

o

Mp(5°) ——— (Ma(S))°

so that (—)* is a natural transformation between the functors M, ((~)°)
and (Mn(-))°.

For aring R, the general linear group GL,, (R) is the group of invertible
n X n matrices over R, that is, the group of units of the matrix ring
M, (R).

Evidently, GL,(R) can be embedded in GL,,+1(R) by the insertion of
an extra (last) row and column with diagonal entry 1 and other entries
0 to each matrix A in GL,(R):

We abbreviate the right-hand matrix to A @ 1. Since
ABol=(Ae1)(B®l),

we obtain a group homomorphism — @1 : GL,(R) — GL,+1(R). More-
over, ~ @1 is natural because any ring homomorphism f : R — S gives
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Let R be a ring and'let M, (R) be the ring of n x.n matrices over R.
The inclusion map

tgp: R —— M,(R)

sends an element r of R to the scalar matrix diag(r,...,r). (The struc-
ture of matrix rings is discussed at length in section 2.2 of [BK: IRM].)

If f : R — S is a ring homomorphism, there is an obvious commuting
diagram

R —% . M.(R)
! J J M (f)
ts

S s My (S)

of ring homomorphisms. Thus ¢ is a natural transformation from the
identity functor on the category Rzwne to the functor M, (~) on Rzve.
Typically, one says just that the embedding ¢ is natural. _

A ring R contains a smallest subring, namely its prime ring, which is the
subring (1) comprising the multiples n.1g, n € Z, of the multiplicative
identity 1g of R. The assignment P : R ~ (1g) is clearly a functor
from the category Rzwe of rings to itself. Then the embedding of (1g)
in R is a natural transformation from P to the identity functor because
a ring homomorphism f: R — § gives a commuting square

<1R> C—-—-—+ R

e | K
(ls) &—— &5
Given a nonunital ring R, the enveloping ring or unitalization of R is
R={(r,a)|r € R,a € Z},
which is a ring under the addition and multiplication given by
(r,a)+ (s,b) =(r+s,a+b) and (r,a)-(s,b) = (rs +br + as,ab).

The identity of R is (0,1). Then, in the category Rwe of nonunital
rings, the embedding of R in its enveloping ring is natural.

In the category of commutative domains, the embedding of a commu-
tative domain in its field of fractions is also natural — see [BK: IRM]
(1.1.12).
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gram to commute:

FC —F ., go

e | | @

FC' — GC

(There is little to be gained by attempting to compare functors of different
variances, as can be seen from the example of ‘unnatural’ behaviour that is
given in Exercise 1.3.18.)

1.3.2 Exzamples

(i) Basic and important examples of natural transformations arise from the
morphism functors (1.2.7) associated with a (right) category C.
Let A: L — M and £ : X — Y be morphisms in C and recall that

£, = ¢L : Mor(L, X) —— Mor(L,Y)
is given by

((e)=¢a:L——Y for a: L~ X in Mor(L, X),

A* = X% : Mor(M, X) —— Mor(L, X)
is given by
NB =B for B in Mor(M, X).

It is easy to verify that there is a commutative square

&-M
Mor(M,X) ——— Mor(M,Y)

L

“Mor(L, X) ——— .Mor(L,Y)

which can beinterpreted in two ways, one as showing that &, is a natural
transformation from-Mor(—, X) to Mor(—,Y") and the other, that \* is
a natural transformation from Mor(M, —) to Mor(L, —).
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Functors themselves can be related to one another by natural transforma-
tions. This ability to compare functors enables us to define the concepts
of multifunctors and of adjoint functors, vital for our discussion of universal
properties in the next section. It also leads to the notion of a functor category,
consisting of all the functors from one category to another. When the domain
category has an especially simple form, this gives the important special case
of a diagram in a category.

We also consider equivalences between categories; these are analogous to
isomorphisms between modules or groups in the sense that equivalent cat-
egories can be regarded as identical for most purposes. The definition of
isomorphism of categories, given in (1.2.8) above, is usually too restrictive for
applications.

1.3.1 Natural transformations

Natural transformations are the morphisms between functors themselves.
Let F,G : C — D be covariant functors. A natural transformation
n:F—G
consists of a family of morphisms
ng : FC —— GC,
one for each object C of C, such that for each morphism

a:C — C,

the diagram

Fo . go

ra | | oa

re . ac

commutes. Somewhat informally, a typical member of this family is sometimes
said to be a natural transformation.
If, instead, F' and G are both contravariant, we require the following dia-
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is also a group viewed as a category in this way, a functor F' from BH to
BG is the same as a group homomorphism v from H to G.

The right-fibre category G\7y consists of pairs (H,g) where H is the

single object of BH and g is an arbitrary element of G; we can therefore
identify G\« with the set {g} of elements of G. A morphism from g to ¢’
is an-element h of H with y(h)og =g’

Thus the set of morphisms in G\« from idg to itself is the kernel of ~,

while the set of morphisms from idg to g’ is {h | v(h) = ¢'}, the inverse
image of g'. )

In particular, G\ Idcag(e) is the category £G of Exercise 1.1.3.

’

Fzxercises

1.2.1

1.2.2

1.2.3

Let X and Y be sets regarded as discrete categories, as in Exercise
1.1.1.

Show that a functor from X to Y is simply amap f: X — Y.

Verify that for any-y € Y, the fibre y\ f is f~1(y), the inverse image
of y.

We may regard a group G as a category, BG or £G, in two ways as
in Exercise 1.1.3. In (1.2.10), we noted that a functor from Cat(H)
to Cat(G) is the-same thing as a group homomorphism from H to G.

Are there any functors from BG to EG or vice versa?

Describe the funetors from £H to £G. In particular, show that
each element of the group G acts, by multiplication, as a functor on
£@ that is transitive on the objects.

Remark. So, if we identify the objects of £EG with one another via

this multiplication, we obtain BG. Given a method of passing from
groups to- topological spaces, this procedure may be used to form the
classifying space BG of the group G [Segal 1968].
Recall (or look up in a-standard text on group theory) that the com-
mutator subgroup [G, G| of a group G is the normal subgroup of G
generated by all commutators ghg~'h~!, and that the commutator
quotient group Gqp = G/[G, G| is an abelian group. Sometimes the
group Ggp is-said to-be @ made abelian.

Define-Ab : G» — As by Ab(G) = Ggp, where G» is the category
of groups and 4= is the category of abelian groups. Verify that, with
the obvious action on homomorphisms, Ab is a functor, sometimes
called abelionization.
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the zero element of a module, we must define a right-fibre category C\F' (of
F at C) for each object C in C.

An object of the right-fibre category consists of a pair (D, a), where D is
an object of D and a : C — F(D) is a morphism of C; such a pair is said to
be under C with respect to F, or F-under C.

A morphism in C\F from (D, &) to (D', &) is given by a morphism 8 : D —
D’ in D such that &' = F(8) o . Diagrammatically, this may be visualized
as:

¢ — F(D) D
a'\ F(5) r

l i

F(D") D

The definition of the dual notion of the lefi-fibre category F/C of pairs (D, c)
F-over C, should be apparent.

The justification for the name right-fibre category (replacing comma cat-
egory, surely one of the least descriptive names ever in mathematics) comes
from Theorem B of [Quillen 1973] in the homotopy theory of categories, which,
however, lies beyond the scope of this book. We use right-fibre categories in
section 1.4, where we consider universal constructions.

Here are some simple examples which shed light on the definition, as does
Exercise 1.2.1.

1.2.10 Ezamples

1. Let C be the category having a unique object C and a unique morphism,
idc. Then, for the unique functor F' : D — C, the category C\F is
isomorphic to the category D through thé functors

(D,idc) < D, g+« g.

2. For the identity functor Id¢ of an arbitrary category C with C an object of
C, the right-fibre category C\ Idc is just the category of objects of C under
C, which is sometimes called the slice category C\C. Similarly, there is
the category C/C = Id¢ /C of objects over C. These categories are widely
used by topologists.

3. Given a group G, form the category BG with one object G, the morphisms
in BG being simply the elements of the group, as in Exercise 1.1.3. If H
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which shows that Mor(—, X) is a contravariant functor from C to Ser.
If 4 : M — N is another morphism, then, for any v: N — X,

Mor(p, X)(7) = ypA = Mor(}, X) Mor (s, X)1.

When the fixed object L or X need not be mentioned, it is usual to make
the abbreviations Mor(L,{) = £, and Mor(\, X) = A*. The formulas for
products then become

(€9 =& for £ : X ——Y and ¢:Y — Z

and

(uA)* = X*u* for AiL—— M and p: M —— N.

Note that these formulas do depend on the fact that both the categories C
and Ser are assumed to be right categories, that is, the functors Mor(L, —)
and Mor(—, X) are cochiral. If instead we take C to be a left category, then
the product formulas read

(9€)x = €9, for €: X ——Y and 9:Y —— Z

(Aw)*=A"p* for \:L—— M and p: M —— N,

despite the fact that the variances of the functors Mor(L, —) and Mor(—, X)
are unchanged. This is an instance of the variability of notation that we
discussed in the preceding section.

1.2.8 The category Car

Given a class of small categories which contains all the small categories that
we wish to discuss, we can form the category Car of all such categories. The
objects of this category are themselves categories C,D,..., and the set of
morphisms from C to D is the set [C, D] of all covariant functors from C to D.

Note that an isomorphism in the category Car is an invertible functor.
Accordingly, we call any invertible functor an isomorphism.

1.2.9 Fibre categories

For a functor F': D — C, there is a counterpart of the fundamental concept of
the kernel of a module homomorphism, namely, that of a right-fibre category.
However, as a general category has no distinguished object corresponding to
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Reinterpreting the definition of the product in C®, we find that
Mir(o,) = Mir(6) Mir(a).

As we noted above, the opposite functor can be used to convert a con-
travariant functor into a covariant functor. Similarly, Mir : D — D® converts
a contrachiral functor F': C — D to a cochiral functor MiroF : C — D®, and
likewise a cochiral functor can be changed into a contrachiral functor.

Thus, a judicious use of the functors Op and Mir allows one to work only
with covariant and cochiral functors.

1.2.7 The morphism functors

Let C be a (right) category. The morphism sets Mor(L, X) = Mor¢(L, X)

can be viewed as defining two functors, Mor(L, ) and Mor(—, X), from C

to the category Ser of sets, by holding one term of Mor(L, X)) constant, and

allowing the other to vary, as the notation is meant to suggest. The functors

arising from Mor in one way or another are called morphism functors.
Choose an object L of C. The functor

Mor(L,—) : C — Ser

sends an object X to the set Mor(L, X), and for a morphism ¢ : X — Y in
C, the map

Mor(L,§) : Mor(L, X) —— Mor(L,Y)
is given by
Mor(L,§)a=€a: L ——Y fora: L —— X in Mor(L, X),

so that Mor(L, —) is a covariant functor from C to Sex.

(We write Mor(L, X) and Mor(L,¢) in preference to Mor(L, —)(X) and
Mor(L,-)(£).)

If9:Y — Z is another morphism, then

Mor(L, ¥¢)a = 90 = Mor(L,¥) Mor(L, £)c.

On the other hand, suppose that we fix the object X. Then Mor(—, X)(L) =
Mor(L, X) for any object L of C, and for a morphism A : L — M, we define

Mor(A, X) : Mor(M, X) —— Mor(L, X)
by
Mor(A, X)B = BX for B € Mor(M, X),
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Chirality .

of C of D F covariant F contravariant
left left F(of) =F(a)F(B8) F(ap)=F(B)F(e)
left right F(af)=F(B)F(a) F(af)=F(a)F(p)
right left F(pa) = F(@)F(B) F(Ba) = F(B)F(a)
right right F(Ba)=F(B)F(a) F(fa)=F(c)F(B)

We have listed these variations in detail since they are ignored in all texts
on category theory that we have come across. Presumably, this is because it
is the usual practice in category theory to deal only with what we have called
here right categories. ,

When concentrating on right categories only, it is tempting to characterize
covariant and contravariant in terms of the appearance of axiom Fun 2: in this
case, covariant functors are those which ‘preserve’ products, while contravari-
ant functors ‘reverse’ products. However, as we have seen, this characteriza-
tion does not adequately describe the intrinsic distinction between covariant
and contravariant functors. It is an artefact of the notation and so needs to
be treated with caution. The essential difference is that the direction of a
morphism is preserved in one case but reversed in the other.

In an ideal world, there would be a systematic notation devised to handle
functors of differing variances between categories of differing chiralities. In
reality we are obliged to use well-established notations for functors that take
no account of chirality and variance.

The above table can be simplified by introducing the notion of the chirality
of a functor. We say that a functor F' : C — D is cochiral if the categories
C and D have the same chirality, and contrachiral otherwise. Then, for any
composable morphisms ¢, 8 in C, we have

F(af) = F(a)F(B)

whenever F' has the same variance as chirality, that is, both are co- or both
are contra-, and

F(af) = F(B)F(a)

whenever the variance of F' differs from its chirality.

One example of a product reversing functor is the opposite functor Op
(1.2.2)(iii) which is contravariant and cochiral.

Another such functor is the mirror functor. For any category C, we define
Mir : C — C® from C to its mirror category C® (1.1.5) by putting Mir(C) =
C® and Mir(a) = o®. This functor is evidently covariant and contrachiral.
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is given by

and
GF(a) = G(F(a)).

The product GF is sometimes written G o F if we wish to emphasise that we
are performing a composition of functors.

It is easy to verify that GF will be covariant if F and G are either both
covariant or both contravariant, and contravariant otherwise.

Notice that the opposite functor Op : C — C°P provides a method of inter-
changing contravariant and covariant functors, since a contravariant functor
G : D — C defines a covariant functor OpoG : D — C°P, and vice versa.

1.2.5 Restriction

Given a subcategory C’ of a category C and a functor F : C — D, the restric-
tion of F to (' is the composite

Folnc:C ——— D.

If D' is a subcategory of D such that FC and Fa are in D’ for every object
and morphism of €/, we can also regard F' as a functor from C’ to D’, which
we again call the restriction of F.

In applications, D' will often be a full subcategory of D; in this case, F
restricts to a functor from C’ to D’ if and only if F(Ob(') is contained in
ObD'.

To save notation, a restriction of a functor is usually denoted by the same
symbol as the original functor.

’

1.2.6 Appearances and chirality

So far, we have discussed functors between right categories only. When we
have to consider left categories as well, we find that the appearance of axiom
Fun 2 depends on the chiralities of the categories involved, as well the variance
of the functor itself.

To help the reader through this tangle, we list the various possibilities;
here, F' is a functor from C to D, and, as hitherto, & € Mor¢(C’,C) and
B € Mor¢(C, C").
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1.2.3 Free modules
Another important functor is

FI‘R : Sep —r MODR,

which associates to a set X the free right R-module Frp(X) on X, where R
is a fixed ring. Since this functor will be encountered frequently in the sequel,
we give a sketch of its construction. A fuller account is given in [BK: IRM]
(2.1.16). ‘

An élement m of Frg(X) is a formal sum

m= Z zrg(m) with r4(m) € R,
zeX ,

in which only a finite set of coefficients r;(m) may be nonzero. (In other
words, m is a function from X to R whose value at z we prefer to write as
rz(m) rather than m(z), and which takes the value 0 except possibly at a
finite number of members of X.) Two such sums m, n are the same precisely
when r;(m) = r5(n) for all z in X, and addition and scalar multiplication are
defined by the rules

m+n= Z z(rz(m) + rz(n)) and mr= Z z(rz(m)r).
zeX z€X

It is easy to verify that Frp(X) is a right R-module. We view X as a subset
of Frp(X) by identifying an element z of X with the module element that
has r; = 1 and ry =0 for y # z.

Now, given a mapping « : X — Y of sets, there is one and only one way to
extend a-to a.homomorphism

Frr(a) : Frp(X) —— Frp(Y),
since we must have
Fra(a) <Z org (m)) =" a(z)re(m).
z€X reX

It is straightforward to check that Fry is a functor as claimed.

1.2.4 The product

Suppose that F': C — D and G : D — & are functors. Then the composite or
product functor

GF:C—— &
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A contravariant functor reverses the direction of morphisms. Thus for each
morphism

a:C'——C inC
there is a morphism
Foa:FC—— FC' inD.
The second axiom now reads
Fun 2° If C and D are both right categories and
a:C0'——C and B:C—— C"
are morphisms in C, then
F(Ba) = F(a)F(B) : FC" — FC'.

The unqualified term functor will mean a covariant functor, unless the con-
text demands otherwise.

1.2.2 Some examples

Here are some basic examples.

(i) The identity functor Id¢ from a category C to itself; this ‘does nothing’
to any object or morphism.
(ii) If C' is a subcategory of C, there is the inclusion functor

Inc:C' —— C;

again this leaves objects and morphisms unchanged.
(iii) On any category, there is a standard contravariant functor, the opposite
SJunctor ,
Op:C — C°P,

which has Op(C) = C° and Op(a) = a°® ~ see (1.1.6).
(iv) The forgetful or underlying functor

T:C— D

this arises when each object and morphism of the category C can be
regarded as belonging to another category D by forgetting some of its
structure. Thus there are forgetful functors from Mooy to As, from As
to G» and from G» to Ser.
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for right categories and dismiss the left-handed version as obvious. However,
the fact that categories may have different chiralities does now have an effect
on our notation. The reason is that we have to take into account the pos-
sibility that a functor may well relate categories of different chiralities. The
outcome is that some entrenched conventions must be treated with caution,
since a covariant functor may act in a way that is superficially similar to a
contravariant functor.

Nevertheless, we continue to work with right categories as far as possible,
leaving statements and proefs in the left-handed case to the reader, unless
there are particular points which we need to emphasise.

1.2.1 Functors

Let C and D be categories. A covariant functor F from C to D associates with
each object C of C an object F'C in D, and with each morphism

a:C'——C inC
it associates a morphism
Fa: FC' —— FC inD.

Thus F' is a collection of mappings of two types (all of which are, by custom,
denoted by the same letter F'): there is one map of the first type

F:0bC—— ObD,
and for each pair C’ and C of objects of C there is a map of the second type
F : Morg(C',C) —— Morp(FC', FC).
These mappings are subject to the axioms
Fun 1 Flide) =4dpe
and
Fun 2 if C and D are both right categories and
a¢:C'——C and B:C——C"
are-morphisms in C, then

F(Ba) = F(B)F(a) : FC' —— FC".
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1.1.6

1.1.7
1.1.8

1.1.9

CATEGORIES

Remark. The existence of an anti-isomorphism between a group
and its opposite is sometimes used implicitly to identify the two
groups. An example is given by the symmetric group S, the group
of all permutations of the set {1,...,n}. If we consider the permu-
tations to act as right operators, we obtain one version of the sym-
metric group, while if we view the permutations as left operators, we
obtain the opposite group. Usually, a group theorist will take the
right-handed version to be Sy, so that the left-handed version is then
properly S2P.

A practical situation which requires both the left and the right
handed versions of S, arises in Chapter 12 of [Loday 1992].
Morphisms on morphisms

Describe the category Mor’C = Mor (Mor C). Compare the
categories Aur (MorC) and Mor (AurC), etc.

Compare (C°P)® and (C®)°P.

Show that if each category Cy is a module category, then the product
14 Cx is also a module category.

Groupoids

A groupoid is a small category G in which every morphism is in-
vertible.

Let {ux | » € A} be the set of objects of G, where A is some set.
Show that G = End(vy,v,) is a group for each A; G, is called the
vertex group at A.

Show also that if Mor(va,v,) # @, then the groups G and G, are
isomorphic.

(Any set {Ga} of groups can be viewed as defining a groupoid in
which Mor(vy,v,) = 0 if A 5 p.)

1.2 FUNCTORS

A major impact of category theory on mathematics is its emphasis on describ-
ing the morphisms between mathematical objects, rather than considering the
objects in isolation. This philosophy can be applied to the study of categories
themselves, leading to the definition of a functor, that is, a morphism between
categories. .

The language of functors plays an indispensable role in the remainder of
this text, and in K-theory in general.

Up to this point, our distinction between right and left categories has not
had much influence on the text, since we have been able to develop the theory
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114

1.1.5

BG: this has one object, G itself, and Mor(G,G) = {g | g € G}.
Composition is multiplication.

EG: here, Ob&G = {g | g € G} is the set of elements of G, and
Mor(g, h). = {hg~'} has one element.

What are the subcategories of BG and of £G?

- Investigate the various morphism categories associated with BG
and £G.

For example, observe that the class MorC of all morphisms of a
category C forms a group precisely when C may be identified with the
category B(Mor C).

A monoid as a category

A monoid (or semigroup with identity) is a set M with an asso-
ciative multiplication for which there is an identity element 1 (see
[BK: IRM] (1.1.1)). Repeat, as far as possible, the previous exercise,
substituting a monoid M in place of a group. Since an element of M
need not be invertible, we must take the morphisms in £M to be

Mor(m,n) = {z € M | zm = n},

so that id;, = 1 always.

Show that m 2 1 in EM if and only if m has a (twosided) inverse
in M.
Opposites of groups

Groups (7 and H are said to be anti-isomorphic if there is a bijective
map ¢ : G — H with ¢(gh) = ¢(h)p(g) for all g,h in G.

Show that ¢ : ¢ — g~ ! is an anti-isomorphism of G, and that ¢ is
an isomorphism-of G if and only if G is abelian.

Define the opposite of a group to be a formal set

G® ={g* | g G}
in bijective correspondence with G, with multiplication given by
g°Ph%P = (hg)*.
Verify that G°F is-a -group .and that
7:G@—— GP, g g°P,

is an anti-isomorphism.

Show also that any anti-isomorphism ¢ : G — H factors as a
product ¢ = ¢7 where ¢ is a group isomorphism.

Deduce that Mor((BG)®) and Mor((BG)°P) are both isomorphic
to G°P.



14 CATEGORIES

commutes; that is, ¥y = éx. ‘

Clearly, Mo~ C is a right category, which can be regarded as a subcategory
of C x C by ignoring the morphism x. If C is a module category, say a subcat-
egory of Mopp, then MorC is also a module category, being a subcategory
of Moo RxR:

It is also clear that MorC is small if C. is small.

Further morphism categories arise as full subcategories of Mor C which are
_ defined by placing restrictions on the morphism appearing in (C, D, x). Here
are a few examples.

EnpC, the endomorphism category. .The objects are morphisms (C,C,x),
that is, x : C — C must be an: endomorphism of C.

IsoC, the isomorphism category, which has objects (C, D, x) where x is an
isomorphism — in an arbitrary category, this means that there is a
morphism x™! : D — C with x~'x-= idg and xx~! = idp, or, in
other words, x is invertible. We may then write C & D to indicate
that ¢ and D are isomorphic.

the automorphism category. Here, objects have the form (C,Cyx)
with x invertible.

Aur C

Fzercises
1.1.1  Discrete categories
A category C is discrete if
{ide} i C=D,

MOI(C’D):{ ®  #C#D.

Show that

(a) any set X can be regarded as a discrete category,
(b) if Y is any subclass of the objects of a given category D, then ¥
defines a discrete subcategory of D.

1.1.2 Let A and p be elements of a.partially -ordered set A. Show that the
following are equivalent.

(a) X = p when we regard A as a category.
(b) Both A < pand p < ).
1.1.3 A group as a category

Given a group G, we can define two categories, called BG and & G,
as follows.
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in [BK: IRM] (2.6.6)ff.) Thus the categories Mopgrxs and Moog X Mobs
are in effect the same, but we cannot substantiate this claim formally until we
have the language of equivalences at our disposal — see (1.3.16) and (1.3.17).

1.1.13 Infinite products

The generalization of the-definition of a direct product to an arbitrary set of
categories {C) | A € A}, where A is any ordered index set, is evident. An
object of the product category [], Cx is a sequence (Cy), where each C) is an
object of the corresponding category Cy, and a morphism (7)) : (C) — (C¥)
is given by a sequence of morphisms vy : Gy — C{, A € A.

If each C, is a right or left, category, then the product of morphisms in
14 C is defined so that [T, C» is also right or left accordingly; again, if the
chiralities are mixed,-we make the product a right category.

In the case that the index set is finite, we usually take it to be {1,...,n}
for some natural number n, and write the product as C; X - - - X C,,. When the
component categories C are-all the same category, C say, we use the natural
notations C”* and C*.

Products of ‘more than two categories arise naturally when we consider
direct products of rings. If R = R; X --- X R, is a finite direct product of
rings and C; is a category of R;-modules for each i, an obvious generalization
of (1.1.12) shows that C; x - -+ X Cy, is a category of right R-modules.

1.1.14 Morphism categories

We can form new categories by regarding some of the morphisms of a given
category as themselves-objects of .a category. Such categories are called mor-
phism categories. We give the constructions only for right categories, the
left-handed versions being obvious.

The first of this type is the category Mo=rC, the morphism category of the
category C.

The objects of Moa'C are triples (C, D, ) where x is a morphism from
C to D in C, and a morphism from (C, D, ) to (C”, D", x") is a morphism
(7,6) : (C,D) —(C”, D") in the product category C xC such that the diagram

v

C —_— CIII

FE

6

D s D"
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in C x D is a pair of morphisms
v:C——C" and 6§: D —— D",

belonging to C and D respectively.
Composition is given by the rule

(7v 5) (’Y’: 51) = (7’)/, 55’),

where (v,68') : (C',D") — (C, D).

It is easily verified that C x D is a right category, the identity map on a pair
(C, D) being the morphism (idg,idp). It is clear that the product category
is small if both C and D are small.

If instead C and D are both left categories, we make the obvious change in
the definition of composition so that C x D is also a left category. Should we
need to consider products of categories of mixed chiralities, we fix the notation
(by using mirrors) so that the product is always a right category. The reader
is invited to write out the various forms for composition. An illustration is
encountered in (1.3.6).

We next show that if C and D are both module categories, so is their
product. Given rings R and S, their direct product is

RxS={(rs)|reR,seS}
with addition and multiplication defined componentwise:
(ris)+ (', sy=(r+7r,s+5), (r,8)-(r,s) = (rr',ss).

We state the result only for right categories; the reader may supply the
variations needed for left categories and for mixed chiralities. (Hint: ‘it’s all
done by mirrors’.)

1.1.12 Lemma
Let C be a subcategory of Mopg and let D be a subcategory of Mobng. Then
C x D is a subcategory of Mopgxs-

Proof _

An object (C, D) in the product category can be made into an R x S-module
by the rule (¢, d) - (r,s) = (cr,ds), and a morphism in C x D will then be an
R x S-module homomorphism. . O
Remark. It is not difficult to show that an R x S-module M must be (isomor-
phic to) a direct sum L@ N, in which L is an B-module and N is an S-module.
Furthermore, a homomorphism of R X S-modules L& N — L' & N' must arise
from a pair of homomorphisms L — L’ and N — N’. (Details are spelt out
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In K-theory there are technical reasons for working with small categories,
or at least, categories which are equivalent to small categories in a sense to
be made precise in (1.3.15). The purpose of the following remarks is to show
that the categories of greatest concern to us can indeed be taken to be small.

To illustrate this point, consider Mg, the category of finitely generated R-
modules. From one point of view, the objects in M g must form a class, rather
than a set, for the trivial reason that any set can be regarded artificially as
the single element of a zero module. However, we can impose a very natural
restriction on the objects which are permitted in Mpg to ensure that it is
small, as follows.

An object M in Mg is-the homomorphic image of some free module R™ of
finite rank ([BK: IRM] Lemma 2.5.7), and so M = R"/Kera for a suitable
surjective homomorphism «, by the Induced Mapping Theorem ([BK: IRM]
(1.2.11)). But, by construction ([BK: IRM] (1.2.10)), the quotient module
R"/Kera is a set of subsets of R®. We can therefore regard each object
of Mg as being a set of-subsets of the countably infinite cartesian product
1, R. Since a fundamental axiom of set theory assures us that the class of
subsets of a set is again a set, we see that Mp is small.

An alternative way of interpreting this argument is that it shows that Mp
has a set of isomorphism classes of objects, and therefore that Mg is equiv-
alent to a small category. In applications, it makes no difference whether we
take Mp in the ‘large’, or replace it by some convenient, equivalent, small
category, which we give the same name.

The category Mg is typical of the type of category that we deal with.
The objects (and morphisms) of these categories are constructed from a given
set of objects by operations-which formally involve taking sets of subsets of
cartesian products of the form J, ., X, where each X, is a set and A is some
index set. Such a method of construction must generate a set of objects.

More detailed accounts of the bearing of set theory on category theory can
be found in [Cameron -1999], [Herrlich & Strecker 1979], [Mac Lane 1971],
§1.6, and [Schubert 1972], §3.

‘We now show how to construct:some new categories from given categories.

1.1.11 Product categories

Given a pair of (right) categories C and D, we form the product category C x D
as follows. The objects of C x D are pairs (C, D), where C' is an object of C
and D is an object of D, and a morphism

(7: 6) (Ca D) —— (C//’ D”)
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by computing Mor(0, S) in the two cases: if S is a ring other than the zero
ring, then Mor(0, S) = {0} in the first case but Mor(0,.9) = 0 in the second.

1.1.9 Full subcategories
A full subcategory D of C is one in which

Morp(C, D) = Mor¢(C, D)

for any two objects of D.

It is obvious that any subclass D of the class of objects of C gives rise to a
unique full subcategory of C. ‘

This method of constructing subcategories of Mobnpg, for various rings R,
will be very useful to us in the sequel. For this reason, we define a module
category to be any category which is a full subcategory of Moog (or gpMob)
for some ring R.

Here are some important examples.

Fresg, the category of all free right R-modules.
Prosg, the category of all projective right R-modules.
Mg, the category of finitely generated right R-modules.
Fr, the category of free right modules R* of finite rank.
Pr, the category of finitely generated projective right R-modules.

The corresponding subcategories of pMop are denoted rFres, gProy,
rM, rF and gP respectively.

1.1.10 Some remarks on set theory and small categories

In our definition of a category, we use the expression ‘class’, rather than the
word ‘set’ which the reader might have expected. The reason for this is that
we wish to make a naive distinction between sets, on which all mathematical
constructions are allowed, and ‘non-sets’, which are too large to permit some
operations. The aim is to avoid Russell’s Paradox and similar traps: if X
is a set of sets, it is sensible to ask whether or not the set X is itself in X.
The paradox arises by taking X to be the set of all sets that do not contain
themselves. Our avoiding action is to declare that this particular choice of X
is a class but not a set; essentially, X is too large to be considered to be a set.
The kind of set theory that we have in mind is expanded in detail in [Herrlich
& Strecker 1979], [van Dalen, Doets & de Swart 1979], and [Levy 1979].

If the class ObC of objects of the category C is in fact a set, then the
category is said to be small.
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On the other hand, a right R-module I is injective if instead we have the
following. '

Inj. Given any injective R-module homomorphism p : I — M, there is a
splitting homomorphism p : M — I, that is, pu = id;.

(More details are given in §2.5 of [BK: IRM].)

It is reasonable to assume that if we can generalize surjective and injective
homomorphisms of modules to abstract categories, then a surjective map in
C will correspond to an injective map in the opposite eategory C°, and so a
projective object in C will correspond to an injective object in the opposite
category. (This assumption is justified in the next chapter — see (2.2.2).) Thus,
provided that we confine ousselves to statements ‘that involve only objects
and morphisms, we need only prove results about projective objects, since
the corresponding results for injective objects-are then true by duality.

"This technique for pairing together definitions, arguments, etc. in a category
and its opposite is the principle of duality, and the phrase by duality is used
to indicate this method of argument.

1.1.8 Subcategories
A subcategory D of a (right) category C is defined by the following data.

Sub 1. A subclass ObD of ObC, which specifies the objects that belong to
D.

Sub 2. For each pair of objects C, D of D, a subset Morp (C, D) of Mor¢(C, D);
these are the morphisms from C to D in D.

Sub 3. If C is an object of D, then the identity morphism idg in Morc(C, C)
shall belong to Morp(C, C) (where it is again the identity morphism).

Sub 4. If a € Morp(C, D) and § € Morp (D, E), then

Ba € Morp(C, E),
(where the product is the product in-C).

It is clear that a subcategory of a right category is itself a right category with
identities and products inherited from C.

The corresponding definitions for a left category are obvious.

Examples of subcategories are As in G» and Rzne in-Rae. Note that any
group homomorphism from G to H is also-a merphism in.4s if the groups G
and H happen to be abelian. In contrast, a morphism in Rve from a ring R
to a ring S need not be allowable as a morphism in Rzxe. This can be seen
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‘We remind the reader that if a category has no obvious chirality, for exam-
ple, G» or Rz~ve, we always take it to be a right category. However, many
group theorists prefer to view G» and As as left categories.

Remark. Some authorities in category theory do not regard a category
and its mirror as distinct categories, but simply as alternative notations for
composition of morphisms in the one category. From this point of view, a
left R-module and the corresponding right R°-module are the same object, in
differing notations. However, a ring and its opposite are definitely different
rings, as can be seen from the use of opposites in Brauer theory ([Cohn 1979),
§10.3). We therefore feel that the distinction between a ring and its opposite
should be extended to that between a category and its mirror.

1.1.6 The opposite category

‘We now give the definition of the opposite category C°P of a category C. This
is distinct from the notion of the mirror category that we introduced above.

Given a right category C, the objects C°P of the right category C°P are in
bijective correspondence with the objects C of C, and for each pair of objects
C°P, D°P of C°P, there is a bijection between the morphisms a in Mor¢(C, D)
and the morphisms a°? in Morges (D°P, C°P); thus a : C — D corresponds to
a®P . D°P — C°P, If §: D — E is a morphism in C, then composition in CP
is given by the rule

(@®)(B%) = (Ba)®®.

{The definition for left categories is left to the reader, who, we are confident,
will get it right ...)
Note that C°P has the same chirality as C.

1.1.7 The principle of duality

If we can make a definition or state a result‘ by using only the objects and
morphisms of a category C, then we obtain a dual definition or result in the
opposite category C°P in which objects C, D, ... of C are replaced by the cor-
responding objects C°P, D°P, ... of C°P and similarly morphisms «, 3,... are
replaced by a°P, 8°P,.... An example is provided by the relationship between
the definitions of projective and injective modules.

A projective module may be defined as a right R-module P for which the
following holds.

Pro. Given any surjective R-module homomorphism « : M — P, there is a
splitting homomorphism ¢ : P — M, that is, wo = idp.
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The product in C® is defined by putting

B2a° = (af)®,

where 3 : D — FE is a morphism in C that is composable with a.

Observe that C and C® are genuinely distinct categories, rather than the
same category with two notational conventions, since the order of a pair of
morphisms in their product is specified by the axioms.

It is clear that given a right category D, we can construct a left category
DO by a similar method, and that there is a formal identification of C®® with
C for any category C.

In [BK: IRM] (1.2.6), we introduced a methed of turning a left: R-module
M into a right R°-module M°, where R° is the opposite ring to R. A typical
element of R° has the form r° for r in R, and addition and multiplication in
the opposite ring are given by

r° 458" =(r+s)° and 7°s°=(s1)°.

The elements m° of M° are in bijective correspondence with those of M, and
the addition and scalar multiplication for M° are-defined by

m° +n° = (m+n)° and m°r° =(rm)°.

Ifa: M — N is a homomorphism of left R-modules, we define a homomor-
phism ¢° of right R°-modules by

a’m® = (ma)°.

Thus we have an identification
(RMOD)Q = MOD(Ro),

which shows that the use of the mirror category is a generalization of the use
of the opposite ring. This identity was used implicitly in Exercise 1.2.14 of
[BK: IRM], where we explored the consequences of this technique for switching
between left R-modules and right R°-modules. Some authors.use this method
to avoid- dealing both with left and with right modules.

Suppose now that the ring R is commutative.. Then R = R°, so that
(RMob)® = Mobg. Again, this identity is used implicitly te write scalars
and operators on the same side in many elementary textbooks that are con-
cerned only with commutative rings.

We can now elucidate the comment in (1.1.2) about -the category As of
abelian groups. For, we regard As as the right category Mooz, which is the
mirror of the category zMob of left Z-modules.
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right. Thus, given a homomorphism of left R-modules o : gM — rN and an
element m in M, « sends m to ma rather than am. If 3: gN — gP is also
a homomorphism, then the product af is given by the rule

m(af) = (ma)B.
With this convention, we obtain a modified list of axioms that defines a left
category, as follows.
Cat 4%. If o € Mor¢(C, D) and 8 € Morc(D, E), then there is a morphism
off € Mor¢(C, E).
Cat 5¢. For any morphism a € Mor¢(C, D),
(tde)a = o= a(idp).
Cat 6%. If o € Morc(C, D), B € More(D, E) and v € Morc(E, F), then

(aB)y = a(fy).

The prime example of a left category is gMob, the category of all left R-
modules. Also, most group theorists in effect treat G» as a left category.

As we noted in (1.1.2), a partially ordered set A can be viewed as a cate-
gory. It is convenient to regard A as a left category, since the left-category
composition reads

L)‘“ MY = l,)‘u,

where (* is the unique morphism from ) to u (when A < ).
We introduce the term chirality to distinguish the two kinds of category, a
left or right category having correspondingly left or right chirality.

1.1.5 The mirror

There is a purely formal method that allows us to switch between categories
of opposite chiralities. Given a left category C, we manufacture a right cat-
egory C®, the mirror of C, as follows. The objects of C® are symbols C®,
corresponding bijectively to the objects C of C, and the morphisms from C®
to D@ in C® are symbols a® in bijective correspondence with the morphisms
a from C to D in C. Thus for each morphism

a:C-——D in C,
there is exactly one morphism

a®:C® —— D® in (O.
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1.1.83 The axioms

Now that we have some examples in mind, we list the axioms that the mor-
phisms of an abstract category C are required to satisfy. These correspond to
the properties of the homomorphisms in the category Moopg, provided that
we write homomorphisms on the left and that we use the consequent natural
convention for composing homomorphisms. Thus, if ¢ is a right R-module
homomorphism from Mg to Ng and m is in M, then am denotes the image
of min N, and if 8 is a homomorphism from Ng to Pg, then

(Ba)m = B(am).
Cat 3. For each object C of C, there is a distinguished morphism
idc € Mor¢(C, C),

called the identity morphism of C.
Cat 4. If o € Mor¢(C, D) and 8 € Morc(D, E), then there is a morphism

Ba € More(C, E),

called the product or composite of o and §; o and [ are said to be
composable.
Cat 5. For any morphism a € Mor¢(C, D),

(idp)a = a = a(ide).
Cat 6. If a € Mor¢(C, D), B € More(D, E) and v € More(E, F), then

7(Ba) = (vB)ex.

With regard to Cat 4, note that the product of two morphisms «, § is defined
precisely when the codomain of o is the same as the domain of 4. Observe
also that the manner of writing the product (as Bo rather than of) forms a
part of this axiom.

Statements such as Cat 6 are sometimes formulated as ‘the product is as-
sociative when defined’.

1.1.4 Chirality

Tt seems to us that a category satisfying the axioms above should, strictly
speaking, be called a right category, since the form of the axioms mimics
the natural form of composition of homomorphisms of right R-modules when
these homomorphisms are written on the left, as is our convention.

‘When we consider left modules, we prefer to put homomorphisms on the



TOP

A

Orp

CATEGORIES

the fact that any right Z-module can be regarded equally as a left Z-
module, with am = ma for any integer a and element m of M, it
is not quite true that Az is the same as the category zMoo of left
Z-modules. The reason for the distinction will be discussed further in
(1.1.5).. .

This important non-algebraic example of a category has topological
spaces as objects and continuous maps as morphisms.

It is sometimes convenient to regard a partially ordered set as a cate-
gory. A partially ordered set is a set A together with an order relation
< on A which satisfies the following requirements.

PO 1. Reflexivity:
A< Afor each A € A.
PO 2. Transitivity:
ifA<pand p<vfor A pandwvin A, then A < v also.

A partially ordered set is said to be proper if the following axiom also
holds.

PO3. IAXx<pand p<Afor Aand g in A, then A= p.
Here are two examples that will be generalized in (5.1).
(a) Let A be the set of nonzero ideals of Z, ordered by reverse inclu-
sion:
I<J & JCIL

Then A is a proper partially ordered set.
(b) Take X to be the set of nonzero elements of Z, ordered by division:

a<b <> ar=0> forsomez € Z.

Then ¥ is partially ordered, but not proper.

Given a partially ordered set A, we can view A as a category whose
objects are the elements A, p,... of'A. If A < p, then Mor(A, p)
contains a single element (*, and Mor(, ) is empty otherwise.
The class of all ordered sets can be considered to be a category. We
say that a set A is totally ordered, or simply -ordered, if it is a proper
partially ordered set in which any two members are comparable, that
is, the following axiom holds.

TO. If A and y are in A, then either A< por p < A

Then the objects of Orp are the ordered sets A and a morphism
a: A — X of ordered sets is a mapping that preserves the order: if
A< pin A, then ad < au in 2.
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is often used to indicate that ¢ is a morphism from C to D.

These objects and morphisms obey some axioms, but before listing these
we note two deeply entrenched conventions and give some examples.

The first convention is to write C € C rather than C € Ob(C when C is an
object of C. This reflects the fact that a category is usually considered to be
defined in terms of the class ObC. For this reason, a category is often named
after its.objects.

Second, the term ‘morphism’ is used mostly when we are considering cat-
egories in the abstract; in concrete situations, the morphisms are often the
homomorphisms between some familiar objects, such as modules, groups or
rings. In such a case, one writes Hom(C, D) rather than Morc(C, D).

¢

1.1.2 Some examples

Ser The class ObSer of objects is the class of all sets and the set of
morphisms from X to Y is the set of all mappings from X to Y.
(Some authors denote this category Ens).

We write Map(X,Y) rather than Mor(X,Y).
G» The objects are the groups, with group homomorphisms as mor-
phisms.

Rznve The objects are the rings (which we require to have an identity ele-
ment), the morphisms from R to S being the ring homomorphisms,
which, we insist, send the identity of R to the identity of S.

Rae The objects are now the nonunital rings, which are rings except that
they need not possess an identity element. A morphism from R to S
is a homomorphism of nonunital rings, which is the same as a ring

* homomorphism except that there can be no requirement that the
identity of R is sent to the identity of S, even when R and § are
actually rings.

Mopg Given a ring R, we form the category of all right R-modules. Thus
Ob(Mobp) is the class of all right R-modules and the set of mor-
phisms from M to N is the set of all R-module homomorphisms from
M to N, which we write Hom(M, N), Homg (M, N) or Hom(Mg, Ng)
according to context.

rMoop Similarly, we form the category of left R-modules and homomorphisms
of left R-modules.

As The category of abelian groups — the objects are abelian groups, the
morphisms are group homomorphisms.

Since an abelian group has a uniquely defined structure as a right Z-
module ([BK: IRM] (1.2.2)), As is Mooz with another name. Despite
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natural way, by ‘associativity’ — more formal definitions are given below in
(1.1.3) and (1.1.4). The consequence is that we obtain two versions of the-
axiom for the composition of morphisms in an abstract category. Thus we
arrive at two kinds of abstract category, a ‘right’ category and a ‘left’ category,
which are modeled on the corresponding categories of modules. We call this
phenomenon chirality. It is worth remarking that the distinction between left
and right modules was made at a very early stage in the modern development
of module theory [Noether & Schmeidler 1920].

The distinction between right and. left categories does not seem to have
been made explicit before now, and it could be avoided by using a technique
given in (1.1.5). However, it seems to us to be more natural to allow both
notations for categories, rather than suppressing one notation artificially.

We also discuss some points from set theory which arise from future applica-
tions in K-theory, where one needs to be able to-work with ‘small’ categories,
that is, categories whose objects can all be taken to be members of some set,
which may itself be very big. In general, the objects of a category need not
be contained in a set. We are particularly indebted to Wilfrid Hodges for his
helpful comments on these questions.

1.1.1 The definition

Informally, a category consists of a collection of mathematical entities, such as
the right R-modules over a given ring R, which can be recognised as sharing
a common structure, together with a collection of mappings between these
entities that respect this structure; for R-modules, we would expect these to
be the R-module homomorphisms.

The entities which share the commeon structure are known as the ‘objects’
of the category, while the structure-preserving maps are the ‘morphisms’ of
the category. Thus, to define a category C in general, we must specify the
following data. ’

Cat 1. A class ObC. Members of Ob(are called the objects of C.

Cat 2. For each ordered pair C, D of objects of C, there is a set Mor¢(C, D);
the elements of Mor¢(C, D) are called the morphisms from C to D in
C.

It may happen that More(C, D) is the empty set.
Given « € More(C, D), the object C is called the domain of a and D the
codomain. An arrow

a:C——D
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Category theory provides the language for the discussions in this text and
it is also an inescapable foundation for any treatment of K-theory. In this
chapter, we set out the fundamental ideas of category theory, and we give a
first application of the power of categorical methods. These ideas are intro-
duced in three stages, each of which occupies one section. To start, we define
categories themselves. Next, we consider functors, which are the tools for
moving between different categories, and then natural transformatio\xis, which
allow us to compare different functors. In the final, fourth, section of the
chapter, we apply these basic notions to investigate universal constructions
and universal objects. The idea of ‘universality’ reveals the common proper-
ties of apparently diverse objects, such as free modules and free groups, and
it provides the framework for many of the definitions and constructions that
we make later in this text.

1.1 FUNDAMENTAL PROPERTIES OF CATEGORIES

We commence our discussion of the theory of categories with the axiomatic
definition of a category, together with a selection of techniques for the manu-
facture of new categories from old.

Because our main interest in this text is the application of category theory
to module theory, many of our illustrations are obtained by considering various
types of module. We shall also see some categories based on other algebraic
entities such as sets and groups.

The principal innovation in our discussion stems from our need to use both
right modules and left modules. Our view is that it is best to write operators
opposite scalars as far as is practicable, so that a homomorphism between
right modules is to be a left operator, while a homomorphism of left modules
is to be a right operator. We also wish to compose homomorphisms in the

1
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use the exercises to provide examples and counterexamples that indicate the
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some specified exact sequences, which is different to the usage of the term by
people who are primarily concerned with category theory. To complicate
the issue a bit more, there are two types of exact category in K-theory.
The first type has sufficient structure for the purposes of ‘lower’ K-theory,
while the second type has extra structure that is needed to support ‘higher’
K-theory. We therefore coin the terms ‘G-exact category’ and ‘QJ-exact
category’ for the two types of exact category used in K-theory.

e We give direct proofs of some results that are normally obtained by using the
methods of homological algebra, which appears in this text only incidentally.
These results mainly concern flat modules (particularly section 3.2), and the
local-global properties of modules over orders (section 7.3).

e Recently, Quillen has developed a module theory for nonunital rings. We
incorporate some of his results, mostly as exercises.

o The treatments of localization of categories (section 6.3), projective module
lifting (section 7.2) and local-global methods (section 7.3) use the minimum
of apparatus, so as to make them more accessible to a beginning graduate
student.

This text requires the reader to have prior knowledge of some basic results
in ring theory, module theory and number theory, since these provide the
examples that motivate and illustrate our discussions. These prerequisites
are generally met in the first year of graduate studies, although it is unlikely
that any one graduate course includes all of them. We have therefore collected
them together in a companion volume, [BK: IRM]. Much of the ring theory
and module theory can also be found in the expository works [Cohn 1979],
[Cohn 1982], [Jacobson 1985] and [Jacobson 1980], with some extra topics
that can be met in [Cohn 1985, [McConnell & Robson 1987] or [Rowen 1988].
Sources for the number theory are [Fréhlich & Taylor 1991) and [Marcus 1977].
However, for brevity, we usually give references only to [BK: IRM].

We try to keep to a fairly leisurely pace throughout this text, and, when in
doubt, we tend to include an explanation rather than exclude it. Some of the
more frequently used prerequisites are recapitulated for convenience.

The symbol [ indicates either the end of a proof, or that a proof is im-
mediate from the preceding discussion. The symbol () after a statement
indicates that the assertion is quoted from another source, rather than being
a consequence of arguments in this text.

There are about two hundred exercises for more ambitious or enthuswstlc
readers. Some of them (among the exercises!) are fairly routine, others are
rather deeper and explore further developments of our results or give brief
introductions to topics that are not covered in the body of the text. We also




Preface XV

The second chapter shows how this extra structure can be axiomatized and
thus imposed on abstract categories. We first analyse the properties of the
groups of homomorphisms in a module category to obtain a list of axioms
that define additive and abelian categories; these are abstract categories that
share most of the important properties of module categories. The final topic
in this chapter stems from the faet that modules can be arranged in short
exact sequences, which is basic to the definitions in algebraic K-theory. We
are thus led to the idea of an exact category, which is a category together
with a nicely behaved collection of short exact sequences. Such categories are
the domains on which K-theory operates.

The larger part of this text is more directly concerned with categories of
modules, rather than categorigs in the abstract. In the third chapter, we
introduce the tensor product and use it to change the ring of scalars of a
module. This leads-to the Morita theory (Chapter 4), which tells us when
two rings have, i some sense, the same module theory.

In Chapters 5 and 6, we look at several related methods for constructing
new rings and-categories from old, by taking direct and inverse limits and by
performing localizations and completions.

Finally, we -exploit these techniques to obtain some local-global results,
mainly in the theory of orders. These tackle the problem of gaining informa-
tion about the projective modules over a ring from knowledge of the modules
over its localizations and completions. Roughly speaking, the structure of a
projective module {s transparent locally, that is, over the completions of a
ring. The game is to assemble this information to give the structure over the
original ring. The full-story requires K-theory for its telling.

Although the novelty of a book such as this lies mainly in its selection and
presentation of material, we do make some innovations and give some new
arguments, including the following.

e In our treatment of modules, we deal both with categories of left modules
and with categories of right modules, and it seems expedient to have sep-
arate systems of notation. for their homomorphisms, according to the rule
that homomorphisms should act ‘opposite scalars’. This separation leads
us to two types of abstract category, namely a left category and a right
category, in whicl the rules for composition of morphisms follow those of
the corresponding module category. These two types do not seem to have
been distinguished explicitly before. We introduce the term chirality for the
‘handedness’ of a category, and with each category we associate a formal
mirror category of epposite-chirality.

e In K-theory, the term ‘exact category’ is used for a category together with
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This book is an introduction to the theory of categories, together with ap-
plications of this theory to some constructions with rings and modules.. We
start with a discussion of categories in general, and then concentrate on the
types of category — additive, abelian — which enjoy to an increasing extent the
properties of categories of modules. Our applications are the Morita theory,
the localization and completion of rings and modules, and finally some ‘local-
global’ methods, in which the properties of a module are compared to those
of its localizations and completions. We also develop the tools that we need
for these applications, namely, the tensor product and limits, both direct and
inverse.

The selection and presentation of our material is motivated by the needs
of algebraic K-theory. Indeed, this book started out as some preliminary
remarks within a text on that subject. Thus the categorical foundations are
those needed to set up algebraic K-theory, and our applications are chosen
since they underly some fundamental results in algebraic K-theory. However,
the content of this text will be, we hope, of interest to a wider readership than
potential K-theorists. ‘

Here is a more detailed survey of the material that we cover. Our first
chapter sets out the basics of category theory. There are three fundamental
definitions, those of a category, a functor, and a natural transformation, and
we show how to use these notions to define universal objects and universal
constructions. An understanding of these is important for two reasons. On
the one hand, many definitions in module theory (kernels, cokernels, ...) can
be reinterpreted in the language of universal objects and so extended to more
general situations; on the other, many of the objects in K-theory itself arise
as universal objects in one category or another.

A category of modules has a richer structure than an abstract category,
since the additive structure on modules extends to their homomorphisms.
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