Sequences and Series
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1 Sequences and Series

1.1 Sequences

Proposition 1. 1. Forp >0, lim,_,~ ni =0.

P
2. Forp >0, lim, p% =1.

. 1
3. lim,, oo n» = 1.
o

4. Forp>0 and o € R, lim,,_, (1_7_7]))” =0.

5. For|z| < 1, lim,_ o 2™ = 0.

Proof. In all the following proofs, we assume that € > 0 is given. For (1), by the Archimedean property, we can
take n > e_% so that

1 1
S S ()=

For (2), fix p > 0. If p > 1, set x,, := p% — 1 and observe that z,, > 0. By the binomial theorem,

-1
1+nmn§(1+wn)":pﬁxn§pi
n

Hence, limsup,, ,. n < lim, o0 % = 0. If p =1, then the result is trivial. If 0 < p < 1, then we return to the
first case by considering p~!.

For (3), set x,, := n® — 1. Observe that z,, > 0 and by the binomial theorem,
n(n—1) 2

n
= (1 nn> 2—7 2 n<7



By (1), hmn*}m A/ ﬁ =0.
For (4), fix @ € R and p > 0, and choose a positive integer k > a. For n > 2k, we have by the binomial
theorem that

n n! nn—1)---(n—k+1) ny\k p* 1 2F k!
1 n k— ko k n\"®p*
epr> (k)p (n— k)K" Kl t>(3) T= A+p) = nkph

Hence,

n® 2k k|

0< <
(I+p)m — nkmaph

Since k — a > 0, n*=* — 0 by (1).
For (5), take @ = 0 and p = |z|~' —1 > 0 in (4). O

1.2 Series

The following proposition attributed to Cauchy shows that the convergence of a series with monotonically de-
creasing terms is determined by the growth of a ‘small’ subset of its terms.

Proposition 2. (Cauchy’s Convergence Test) Let (an)S>, be a decreasing sequence of real numbers bounded
from below by 0. Then the series > -, a, converges if and only if the series

o0
E 2ka2k
k=0

CONVETgES.

Proof. Suppose Y . a, converges, then

Zan>2a2+z — ok= 1 a2k=2a2+z 2k 1a2k

k=2

which implies the convergence of -, 28=14,. and therefore Z;OZO 2% a4 by the comparison test. If Zzozo 2k G
converges, then

2k+1

(oo} oo
22 apzatd, Y, e=) a
k=0 j=2F+1 j=1
which implies that Y ° | a,, converges by the comparison test. O

Cauchy’s convergence test allows us to give a short proof of the convergence (and divergence) conditions for

the harmonic p-series _>° | L.

1

Proposition 3. (Root Test) Let (an)2
Then

1. if a < 1, the series 2211 ap converges;
2. if a > 1, the series > oo | a, diverges;
3. if a =1, the root test is inconclusive.

Proof. Suppose o < 1. Since finitely many terms do not affect the convergence of 3 a,, we may assume that

1
sup,, lan|™ < 1. We see that Y 7 | a, is absolutely convergent by the comparison test, since

00 0o 00
D lanl = 3= (lan]*)" <2
n=1 n=1 n=1

1
Analogously, if & > 1, then there exists a subsequence of indices (ny)32; such that |a,,|™ > 1, so the necessary
condition lim,,_,,, a,, does not hold.



To see that the case a = 1 provides us insufficient information to determine convergence or divergence,
1
consider the following examples. If a,, = 1 for all n € Z="', then clearly >0 | an diverges to oo, but |a,|" =1
for all n. If a,, = #, then

1 1 -2
lim sup ’n72|” = ( lim rﬁ) =1,
n—00 n—0o0

where the penultimate inequality follows from continuity, and > -, n™2? = %2. O

Proposition 4. (Ratio Test) For a sequence (a,)52; of complex numbers, the series Y - | an

An41
An

1. converges, if limsup,,_,; <1y

2. diverges if > 1 for all but finitely many n.

An41
Qn

1.3 Rudin Chapter 3 Exercises
1.3.1 Exercise 1
We first prove the useful reverse triangle inequality.
Lemma 5. Fora,be C, |la| — |b]| < |a+b|.
Proof. Observe that
la+b]> = (a+b)(@+b) = |a|* + (ab+ ba) + |b]* = |a|* + 2Re(ab) + |b|?
< la* —2/al [b] + o]’
= |la| - [I*
Taking the square root of both sides completes the proof. O

Let (5,)%; be a convergent sequence of complex numbers. For € > 0, there exists N € Z=! such that n > N
implies |s,, — s|. By the reverse triangle inequality,

n>N=||sy| — ||| <|sn—s| <e€

The converse is false. Define s, = 1 and s9,41 = —1. Then (s,,)32; oscillates between 1 and —1, but |s,| =1
for all n.

1.3.2 Exercise 2
lim, yoo VN2 4+n—n = %
Proof. We can write vn+ 1= +/n+ z, for x > 0, so that

1
n+1:(\/ﬁ+x)2:n+2\/ﬁx+x2:>1:2\/ﬁx+xz:>O§x§F
n

For any 0 < ¢ < 1, I claim that = > cﬁ for all but finitely many n. Indeed, otherwise there exists a subsequene

ng 1T oo such that

1 5 1 ?
— =c+-—<1
5 nk)—i—c c+

4nk 4nk
for all k sufficiently large, which is a contradiction. We see that

1=2ynpr + 2% < 2y/ng(c

1 1 1 1
5~ n(n+1)+n:57\/5(\/77+x)+n:§f\/ﬁx25(170)
Letting ¢ 1T 1 completes the proof. O



1.3.3 Exercise 3
Set s1 := /2, and for n € Z=', define

Snt1 :=1/2 4+ /Sn
Then the sequence (s,,)22; converges and moreover, s, < 2 for all n > 1.
Proof. By induction, we see that s,, > /2 > 1 for all n. Hence,
st_H =2+ 57L:>si+1 <2= 5,41 < V2

I claim that s,, < sp41. The base case n = 1 follows from the monotonicity of the square root function. Suppose
the assertion holds for all 1 < j < n. Then

Spt1 = \/2—5-\/8” > \/2+./sn,1 =Sy

O

1.3.4 Exercise 4
Define a real sequence (s,)5; by

0 n=1

Spi=q 22t n=2"me 2"

14 som n=2"+1mez"
Then liminf,,_,. s, = 0 and limsup,,_, ., s, = %
Proof. O

1.3.5 Exercise 6
If a, :== v/n + 1 — \/n, then for any N € Z=!,

N
Z =vVN+1-1,

o) .
S0 Y. _, Gy diverges to oo.

If a, = 7””:11_‘/5, then using our above estimate for v/n + 1 — /n, we see that

= vn
Zjlan_z - \F<22n%

n=1

Hence, > | a,, converges by the comparison test.

Suppose a,, = I claim that the series Y - | a, converges for |z| > 1 and diverges for |z| < 1. First,

rl
suppose |z| > 1. For any N € Z=1,

N

1

n=1

N

Z Pl Z(_an k
k=0

n=1

N . 1
<2l Z'Z' Zn A
1Z|Z|

which converges as N — oo by comparison with the geometric series.
Now suppose that |z| < 1.



1.3.6 Exercise 7

Suppose (a,)52; is a sequence of nonnegative real numbers such that > > | a, converges. Then the series

n
n=1

converges.

Proof. O

1.3.7 Exercise 8

If Y7 | an converges and (b,,)52; is a bounded, monotonically increasing sequence, then > | a,b, also con-
verges.

Proof. By considering real and imaginary parts separately, it suffices to consider the case where the a,, are real.
Without loss of generality, we may assume that b, > 0 for all n. Set b := sup,, |b,|. Let € > 0 be given, and

choose Ny € Z=" such that N, M > N, implies that ‘Ziv:M-‘,-l anl| < €.

N N N
Z sgn(an) |an| by = Z anby, < b ( Z an> < be

n=M+1 n=M+1 n=M+1

If a,, > 0 then —ba,, = —bsgn(ay,) |a,| < apbn, and if a,, < 0, then since —b < —b,, —ba,, = —bla,| < —by, |a,| =
anb,. Hence,

N N
—be<—b< Z an>§ Z anby,

n=M+1 n=M+1

We conclude that ZnN: M1 Anbn| < €, so the series >0 | anby, converges by the Cauchy criterion. O

1.3.8 Exercise 9

The radius of convergence of Y >~ n32" is 1.

Proof. Since the finite limit of products of sequences is the product of the limits, we have that

3
limsup(ns)% = limsup(n%)?’ = ( lim n%> =1
n— 00 n— o0 n—00

. n . . .
The radius of convergence of -7 ) 272" is infinite.

Proof. Applying the binomial formula to 2", for n large, we obtain the upper bound

m

2" li nl 3 LR i 1
n!  nl El(n— k) kl(n — k)! El(n — k)!
k=0 k=0 k=m+1

1 1 1
< il _
_n—mzlc!+ Z k!

k=0 k=m+1

e i 1
< —
7n_m+k:§m:+lk!

Since e = 37, 4, we can choose N € Z=' such that m,n > N implies that > ., & < 5. Choose N’ > N
such that n > N’ implies that —*% < §. Then

n—N
2" e L | € €
n>N = — — < -+ =-=c€
n'_an—i_Zk' 2+2
k=N+1
We conclude that lim sup,, . % = 0, and therefore the radius of convergence is infinite. O



n o 1
The radius of convergence of Y07 ;252" is 1.

Proof. Since lim,,_, an, = a # 0 implies that lim, . a,' = a™!, we have that

[\

2

n\
lim sup (2> = lim T = — — =2
n—co \M n=oo (pw)?2  (limy—yeo nn )2

O
The radius of convergence > sj 2™ is 3.
Proof. By the same arguments used above, we have that
1
e (Y 050 _ (st 1
limsup | — = lim = S
O

1.3.9 Exercise 10

Let (a,)22; be a sequence of integers, infinitely many of which are nonzero. Then the radius of convergence of
Yoo apz™ is at most 1.

Proof. Denote the radius of convergence of the series >~ | a,2™ by R € [0,00]. If > | a,,2" converges for some
z € C, then

lim |a,z"| =0
n— 00

If |z| > 1, then for all n sufficiently large, |a,| < 1. Since a,, € Z, a, = 0, for all but finitely many indices n,
which contradicts our hypothesis. O

1.3.10 Exercise 11

Let (an)52; be a sequence of positive real numbers. Suppose Y.~ a,, diverges. Then )~ - diverges.

n11+

Proof. It 5" | T4 converges, then {2

€

<e—ap <e€et+ea, — ap <
1+an " " [

If (an) is unbounded, then {{%— does not tend to 0 as n — oo, hence >

(ay) is bounded by some positive constant M > 1. Then

EN: an, >a1(1+a1)—|—---+aN(l+aN i\’:
= 1+ta, M1 M+1 2

diverges by the comparison test. O

el T +a does not converge. Suppose

Hence, > 7

n= 11+a

If s, :=ay+ -+ an, then

AN+1 ANtk SN
L L vk € 22!
SN+1 SN+k SN+k

and therefore >°°° diverges.

nle

Proof. For any k € Z=21, SN+1 < -+ < sy+k- Hence,

aN+1 AN+k  ON+1 7+ "+ ANtk SN+k — SN SN
ZN+1 4+ 4+ + > + TRk _ + =1
SN+1 SN+k SN+k SN+k SN+k
This lower bound shows that the series Y | %= diverges by the Cauchy criterion. O



oo

The sequence ()52, satisfies

]
3

—_

—_

and therefore the series >, ‘S‘Q' converges.

Proof. Since s,,_1 < s,, we have that

an, an Sp — Sp—1 1 1
— — I
Sh SpSn—1 SpSn—1 Sn—1 Sn

Since s, T oo and the RHS in the above inequality is telescoping, we see that

N N
[e7% ay 1 1 al 1 1 ay 1
< = g _ | = = - = - — —
s2 = s2 + L sn} 52 + (sl ) 2 + $1

n=1 1 n=2 n—1 SN
as N — oc. O
The series > o, Tr4a converges. The convergence or divergence of S 172~ depends on the sequence
(an)n 1
Proof. The second claim follows from noting that 5 +“’5an < n% and that Zzo < oo. Hence, Zn 17 -&jv”an

converges by the comparison test. For the first claim, first consider a,, := % Then
> an =1
ngl 1+ nay, - 7;1 on’

which diverges since the harmonic series diverges. Now define a,, by

n

. L n=m?meZ
127" otherwise

I claim that )7 | a, diverges. Let a > 0. Since )~
so that M > N implies that 3 | L'> a. Then

N? N 1
Zan> Z—>a
n=1 m:lm

1 L diverges, we can choose an integer N sufficiently large
n= n

But > | 1 -2 — converges since
N 1 9-n x oo
Zz:l—i-nan_ 1<;N %+ 1;N 1+n2_”§;2m2+;27n<00
n=m2,mez n#m?2,mez
Many thanks to the math.stackexchange community for helping me out with this last part. O

1.3.11 Exercise 12

Suppose (a,)52; is a sequence of positive reals such that the series > | a,, converges. Define tails

= i Um, VneZz!

If m < n, then

and therefore Y~ ° | = converges.
- n



Proof. First, note that r, 11 <7, and since Z _, an converges, r, | 0. Hence,

m oo S Om O T T et g Tedl g T
T'm Tn T'm T'm T'm T'm T'm

where m < n. Let € > 0 and m € ZZ! be given. Since r, | 0, we can choose n > m sufficiently large so that

1 — = > ¢, which implies that the series S 22 does not satisfy the Cauchy criterion. O

For n € Z=1,

Qn
s (\/ Tn —+/ rn+1) )
so that the series Y 7 | \;% converges.

Proof. We can write a,, = r,, — 741, S0 that

0 tamran _ () (V) (VR
N ARV~ v = (1) v - v
2(\/ﬁ—w/rn+1)7

since “+- < 1. For any N € Z=!,

Z(\ﬁ Vng1) = 2(yr1 — /i) =

n=1 n=
as N — oo. Hence, Y 07, \%L converges. O
- n

1.3.12 Exercise 13
If Z;O:O ay, and Z;O:o by, converge absolutely, then the Cauchy product Z;O:O c, converges absolutely and

S () (5)

Proof. Let e € (0,1) be given. Set A =372 jarand B =) -, by. Choose M > 0such that Y ;- ak], Y pep |bk] <
M, choose m > 0 such that max {supy, |a|, supy, |bk|} < m, and choose Ny € N such that

(o) (o)
NZN0:>H1aX{ Z lak| , Z |bk|}<e

k=N+1 k=N+1
Then for N > Ny, we have

AB—]éck: (A—éak> (B—Iébk> (A kzoak>2bk+<3 kzobk>2ak+ > aib;

N<i4+j<2N

< Me+2Me+ (Z ai|> > Il
j=N

i=N
< 4Me
To see absolute convergence, observe that for N € N,
N 00 0o
Sl <33 e < (3o (S ) = (St} S
k=0 i=0 j=1 i=1 —

Since the partial sums Zg:o |ck| are monotonically nondecreasing, they converge by the monotone convergence
theorem. O

It follows by induction that the Cauchy product of a finitely many absolutely convergent series Y, ak j, 1 <
j <, is absolutely convergent with limit

o0
E E ak171ak272 e a/k‘r,T‘

n=0ky+--+k.=n



1.3.13 Exercise 14
Let (s5,)%%, be a sequence of complex numbers. For n € Z=°, we define the n'"* arithmetric mean o,, by

So+ 581+ -+ sy
n+1

op =

If im,, o S5, = 8, then lim,, oo 0, = s.

Proof. Choose € > 0, and let N € Z=! be sufficiently large such that n > N implies that |s, — s| < 5. Then

So+s1+ -+ sn So+s1+ -+ sn S
low, — s = —s| = —(n+1)
n+1 n+1 n+1
S\so—s|~t—--~—i—|$n—$\
n
Choose N’ > N such that ﬁzio‘sj_5|<§~ Then
|S N|s- sl e
/ 125 — 21 J
">N:>|U"_5|—Z = %:H jz::ON+1/+§<€

O

Note that a sequence (s, ) need not converge in order for its arithmetic means (o) to converge. Let s, :=
(=1)". Then

0 n=1 (mod 2
|an|_{ ( )

%ﬂ n=0 (mod 2)

from which it is immediate that o,, — 0.
We can even construct a sequence (s,,) satisfying s, > 0 for all n, limsup,,_,., s, = oo, yet lim, o, 0y, = 0.
Define

{k n = 2F, for some k € Z=°
Sp =

2@ n e (2k72k+1)

For a given n € Z2%, let k = k(n) be the maximal integer such that 2* < n, so that

L A S i+ 227  k(k+1) +4(1 — 2~ K+D) kD4
" n+1 - n+1 B 2(n+1) - 2(2k+1)

as n — oo.
For n > 1, set a,, := s,, — S,_1. Then

k=1
Proof. Observe that
n 1 n n s 1 n k
0
sn—an:so—kZ[sk—sk,l]— Zsk:SO—FZak—i— Z so—i—Z[sj—sj,l]
P n+1e P n+l n+le~ =
n 1 n k
=D =g > D
= k=1j=1
Y a Y b
n+1
k=1 k=1
1 n
= k
n+1 ; @k



Now assume that lim,,_, . na,, = 0 and lim,, ., 0, = o exists. Then lim,,_,o, $,, = 0.

Proof. Let € > 0 be given. Choose N € Z=! sufficiently large so that n > N implies that |na,| < e and
|o, — o] < e. Choose N’ > N such that n > N’ implies that

;XN
k <
n+1kz_1 k| < e

Then
n>N':>|sn7cr|<\sn70n|+\an70|<e+72kak<2e+ Z k|ag|
b
1 n
< 2e+ Z €
ntl Sh
< 3e

O

It turns out that we can relax our hypothesis above that lim, . na, = 0 to just (na,)$; is a bounded
sequence.

Proof. Choose M > 0 such that |na,| < M for all n. Let n € ZZ! be large. For m < n, write

n

n—m 1 1
Sp — Op = Sn_an:_an"i'm Z Si + m Z [sn_si]

n—m

i=m-+1 i=m-+1

_—n=—m) Y gsi (D)3 s 1 -
= + “+ Y [sn—sil

(n+1)(n—m) (n—m)(n+1) n—m =

o (m+1)s n—m)y oS 1 -
- S (n—) )(n(+1) e i Tm 2 lon—si

1=m-+1

m+1 m+1 1 -

_nfmgn_n—mam—’—n—mz;l[sn_sz]

Fori>m+1,

n

>

k=i+1

M . M  M(m-—i) _ Mm-m-—1)
— S| = < < — < = <
[sn = sl Z lax Z ko Z i+1 i+l = m+2
k=i+1 k=i+1 =i+1

Choose € > 0 small. Then ’f;: lies in the interval [m, m + 1), for some nonnegative integer m, so that

m(l+e)<n—e<(m+1)(1+e)<= (m+1e<n—m<1+(m+ 1,

which implies that % < % and therefore |s,, — s;| < Me, for m+ 1 <1i < n. Since m — oo as n — oo and by
our hypothesis that o,, — o, we see that

1
limsup |s, — o] < limsup ||, — O'm|—|-7 Z Me
m

n—oo n—oo i=m-41
= Me + limsup|o,, — o]
n—oo
= Me
Since € > 0 was arbitrary, we conclude that s, — o. O

1.3.14 Exercise 15

For solutions to exercises 16, 17, and 18, see my note on square root algorithms.

10



1.3.15 Exercise 16
1.3.16 Exercise 17
1.3.17 Exercise 18
1.3.18 Exercise 19
1.3.19 Exercise 20

If (pn)52; is a Cauchy sequence in a metric space (X, d), and some subsequence (p,, )52, converges to a point
p € X. Then p, — p.

Proof. Choose N € Z=Z! such that n,m > N implies that d(p,,pm) < 5. Choose ko € 72! such that k > ko
implies that ny > N and d(p,,,p) < 5. By the triangle inequality,

€
d(p’mp) < d(p’mpnk) + d(pnkap) = 5

1.3.20 Exercise 21

For solutions to exercises 23, 24, and 25, see my blog post entitled ‘How to Complete Your Metric Space.’

11



