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Selected answers and solutions

1. Let fo(z), n = 1,2,---, be a sequence of functions analytic in the open
ball D : |z| < R with R > 0. Suppose the sequence of functions { f,(2)}
converges uniformly to an analytic function f(z) on D. Prove that if f(z) #
0 for all z on the circle |z| = §, where 0 < § < R, then there exists a positive
integer N such that for all n > N, f,(z) and f(z) have the same number
of zeroes (counting multiplicity) in the ball |z| < 4.

[Hint: Rouché’s Theorem]

Answer: We apply Rouché’s theorem to the function f(z) with perturbation
gn(2) = fu(z) — f(2) on the interior of the circle |z| = . Sine the circle
|z| = d is a closed and bounded set, by the Extreme Value Theorem, the
continuous function |f(z)| attains a minimum value on |z| = d, which is
necessarily positive, since f(z) # 0 everywhere on |z| = §. Let |mm f(2)| =

e > 0. Since f, converges uniformly to f on D, there exists /N such that
|fn(2) = f(2)] < § foralln > N and all z € D. So

92(2)] = 1fu(2) = f2) < 5 <e<|f()] Y]zl =36,

Then by Rouche’s theorem, f(z) and f(z) 4+ gn(2) = fn(2) have the same

number of zeros in |z| < § for all n > N.

2. Use the open mapping theorem to give a quick proof of the following familiar
facts: If f is analytic in a domain D, then f is identically constant in D if
any of the following conditions holds:

(a) Re f(z) is constant in D.
(b) Im f(z) is constant in D.
(c) |f(2)] is constant in D.

Answer: In (a), f(D) C {iy : y € R}, the imaginary axis. In (b), f(D) C R,
the real axis. In (c), f(D) C C for some circle C : |z| = r, where r > 0. In
all cases, the image f(D) cannot be open in C, Hence, by the open mapping

theorem, f must be constant.



3. Fix any complex constant « such that |a| < 1. Consider the function

(i) Show that ¢, maps the unit circle C: |z| =1 to itself.

(ii) Show also that ¢, is an analytic function from the open ball B(0,1)
into itself.

[Hint: Use (i).]

(iii) Show that ¢, is an analytic automorphism of B(0,1).

(iv) Show that the inverse of ¢, on B(0,1) is ¢_4, i.e., show that

G0 O_a(z) =2=0d_no0pa(z), forallze B(0,1).

(v) Show that ¢/,(0) =1 — |a|? and ¢/, (a) = (1 — |a|?)~L.

[Remark: The ¢/ s are very useful analytic automorphisms on B(0, 1), which
we will see in the next question and in a number of occasions later. An
important property of ¢, is that ¢, (a) = 0 (check it).]

Answer:

(i) If |z| = 1, then

11— az]? — |z —al?
=1l-az)(l—az)—(z—a)(z—a)
=(l-az)(l1—az)—(z—a)(z—a)

=1—az—az+zzZaa — (22 — azZ — az + aa)
=1+ [2]|o]* = |2|* — |af?

(1= )1~ [aP)

=0.

2o _

Thus, if |z| = 1, then |¢,(2)| = oz~
—az

Alternatively, note that if z lies on the unit circle |z| = 1, 2Z = 1 so that
|2 —al = [2|[1 —az[ =1 —az|,
so that |¢s(2)| = 1.

(ii) ¢ is not analytic only at z = 1/@, which is outside B(0, 1), since
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Thus ¢, is analytic and clearly non-constant on the closed unit ball |z| <1
(say, ¢(a) = 0, but ¢4 (z) # 0 if z # «). Since |¢4(2)| = 1 on the boundary
circle |z| = 1, so by the MMP, |¢,(z)| < 1 for |z| < 1.

(iii) By (ii), ¢ is analytic from B(0, 1) to itself. To show that ¢, is an
analytic automorphism on B(0, 1), it remains to show that ¢, is one-to-one
and onto.

One-to-one: Let 21,22 € B(0,1). Then

¢a(zl) - ¢a(22)
21 — 20 — X
— =
1-— azq 1-— azo

— (21 —a)(l —az) = (22 —a)(1 —az)

= 21 — Q029 = 29 — Q29
— (21— 22)(1—a?) =0

—— 21 = 29,

since |a| < 1. Hence ¢, is one-to-one on B(0,1).

Onto: For |w| < 1, we solve for the equation

fz)=we S
—az
w+ «
& 2= —.
1+ aw
: w+ C .
Note that if |w| < 1, then ’ ra ’ < 1 (by a calculation similar to (i), try
aw
it). Hence if w € B(0,1), then z = 1w+—|—@c; € B(0,1) and f(lw_:;;) = w.

Hence ¢, is onto.

Alternatively, (iii) can be deduced from (iv) since if the composition of two
functions f o g is one-to-one and onto, then f is one-to-one and g is onto,

we can use this to deduce that p,(z) is one-to-one and onto on B(0, 1).

(iv) Note that ¢_o = {525 Then check directly that

$a©h-a(z) =2=0¢_aoda(z), forallze B(0,1).
(v) By direct calculation,

1—|af?

Pal2) = (1—a:)?

and the result follows.



4. (Another generalization of Schwarz’s lemma).

Let f(z) be an analytic function on the open ball B(0,1) ={z € C: |z| < 1}
such that |f(2)] < 1 for all |z| < 1. Show that

1£/(0)] < 1—[£(0)%

[Hint: Let o = f(0). Consider the composite function g = ¢, o f, where ¢,
is as in Question 3. Then apply Schwarz’s lemma to the function. You may

also need to use the results in Question 3.]

Answer: Let a« = f(0), so that |a| < 1. Then consider the function g(z) =
o © f(2) = da(f(2)) for |z] < 1. By Question 3, we know that ¢, is
an analytic automorphism on B(0,1). Note that f is an analytic function
mapping B(0,1) to B(0,1). Thus, g(2) = ¢4 0 f(2) is a well-defined analytic
function mapping B(0,1) to B(0,1). In particular, |g(2)| < 1 for all |z| < 1.
Now

a— o —0

9(0) = ¢a(f(0)) = ¢ala) =

Thus by Schwarz’s lemma, we have |¢’(0)| < 1. By the Chain Rule, we have
g'(0) = ¢L,(f(0)) - f/(0). Therefore, we have

1 - oo

19'(0)] = |¢a(F(O))] - [ (0) < 1
= 9o (FO))] - [/ (0) <1
— o ()] |f'(0) <1

= (L= la)7]-[f(0)] <1
= 'Ol < = lof’|=1~]a]* =1-[f(0)]

which gives the result.



