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question.

Candidates may use calculators. However, they
should lay out systematically the various steps in

the calculations.
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Question 1 (a) [15 marks]

1 -1 1
Let Uy = 0 , Uy = 2 s Uz = 1 s Uy =
0 0 3

3 marks) Show that S = {uy,us,uz} is a basis for R3.

( )
(4 marks) Find the coordinate vector [u4]y with respect to S.
(3 marks) Prove that for all k € R, [kua]g = k [udlg.

( )

5 marks) Find a basis for span{us, us, u4} and determine its dimension.

Use the space below to write your answer and working
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(More working spaces for Question 1 (a))
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Question 1 (b) [5 marks]
The augmented matrix of a homogeneous linear system has the following reduced row

echelon form
1 0 k10

0 1 k|0
0 0 k3|0
If the solution space of this system is span{ugz} where w3 is as in part (a), find kq, ko, k3.

Explain clearly how your answer is obtained.

Use the space below to write your answer and working
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Question 1 (c) [5 marks]
Let S and u, be as in part (a). Suppose T' = {v;, v, v3} is another basis for R? such
that

Find vs.

Use the space below to write your answer and working
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Question 2 (a) [15 marks]
1 0

1

1

—2

Let A =

e

(i) (4 marks) Find a basis for the row space of A. What is the rank of A?

(i) (3 marks) If A is the standard matrix for a linear transformation 7} : R? — R*,

determine whether is in the range of T7. Justify your answer.

[ N Sy,

(iii) (5 marks) If A" is the standard matrix for a linear transformation 7, : R? — R3,

find a basis and determine the dimension of kernel of T5.

(iv) (3 marks) Find two distinct vectors vy, vo (that is, v1 # v2) in the column space of
A such that TQ(’Ul) = TQ('UQ).

Use the space below to write your answer and working
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(More working spaces for Question 2 (a))
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Question 2 (b) [5 marks]

10 1 0
Lot B = 8(1] (1) g and C be a 5 x 4 matrix of full rank.

10 z4+1 -1
Find all values of x such that B and C' have the same row space.

Justify your answer.

Use the space below to write your answer and working
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Question 2 (c) [5 marks]

Let A and B be the matrices in part (a) and (b) respectively.
Show that for all values of x, the column space of A is a subset of the row space of B.

Use the space below to write your answer and working

o — 10—
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Question 3 (a) [15 marks]

(i) (4 marks) Find the characteristic polynomial of the symmetric matrix

2 0 0
A=10 3 -1
0 -1 3

and show that the eigenvalues of A are 2 and 4.
(ii) (5 marks) Find a basis for each of the eigenspaces of A.
(iii) (3 marks) Find an orthogonal matrix P such that PT AP is a diagonal matrix.

(iv) (3 marks) Find a symmetric matrix C such that C* = A. (You may leave your

answer as a product of matrices.)

Use the space below to write your answer and working

11—
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(More working spaces for Question 3 (a))

12—
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Question 3 (b) [5 marks]

Let {w;,us, u3, us} be a basis for R* and B a 4 x 4 matrix such that:
Bu, =uy;, Bus;=wu;, Busz=1uy;, Buy=u;s.

Find all eigenvalues of B and determine whether B is diagonalizable.

Justify your answers.

Use the space below to write your answer and working

o — 13—
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Question 3 (c) [5 marks]

Let A and B be two diagonalizable 3 x 3 matrices, both having exactly two eigenvalues
1 and —1.
Suppose 2 and —2 are not eigenvalues of A + B. Show that A + B is singular.

Use the space below to write your answer and working

ce— 14—
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Question 4 (a) [15 marks]

2 1 2 0
Let u; = 0 |, us = 2 |, usz= -1 and w = 0
1 0 —4 2

(i) (3 marks) Show that the subspace V = span{u;, us} of R? is orthogonal to us.
(ii) (3 marks) Find an orthonormal basis {v,vs} for V such that v, is parallel to u;.
(iii) (3 marks) Find the projection of w onto V.

(iv) (3 marks) Find the equation of a plane that is perpendicular to V' and contains w.

(v) (3 marks) Write down two orthogonal matrices both having v, and v, as its first two

columns respectively.

Use the space below to write your answer and working

oo — 15—



PAGE 15 MA1101R

(More working spaces for Question 4 (a))

e — 16—
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Question 4 (b) [5 marks]

Find the least squares solutions of Ax = b where A = 1 1 2 Jandb=| 0

Use the space below to write your answer and working

e 17—
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Question 4 (c) [5 marks]

Show that every invertible matrix A can be written as A = BC where B is an orthogonal

matrix and C' is an upper triangular matrix.

Use the space below to write your answer and working

. — 18—
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(More working spaces. Please indicate the question numbers clearly.)

e — 19—
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(More working spaces. Please indicate the question numbers clearly.)

[END OF PAPER]



