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Question 1 [10 marks]

Label the following statements as true or false. You do NOT need to justify your
answers.

(a) Every normal operator is self-adjoint.

(b) Any subset of a linearly independent set is linearly independent.

(c) Every linear operator has at least one eigenvalue.

(d) The sum of two diagonalizable n× n matrices is diagonalizable.

(e) Every linear operator T on an inner product space has an adjoint T∗.

Question 2 [30 marks]

(a) Show that a linear transformation T : V → W is one-to-one if and only if N(T) (the
null space of T) is {0}.

(b) Give an example of a linear operator T on R2 such that R2 6= R(T)⊕ N(T), where
R(T) denotes the range of T.

(c) Let A be a n×n matrix whose characteristic polynomial splits. Show that the sum
of all eigenvalues of A (possibly with multiplicities) is equal to tr(A).

(d) Consider C2 as a vector space over the field R. Let W = {(z, z) ∈ C2 : z ∈ C}.
Prove that W is a subspace of the real vector space C

2 and find (with explanation)
a basis for W.

(e) Let A ∈ Mn×n(C) whose only eigenvalues are 1, 2, 3, 4, 5 possibly with multiplicities.
Find the rank of A+ I.

Question 3 [15 marks]

Let T be the linear operator on P2(R), which consists of polynomials with real coef-
ficients having degree less than or equal to 2, defined by

T(f(x)) = f(1) + f ′(0)x+ (f ′(0) + f ′′(0))x2.

Show that T is diagonalizable. Moreover, find a diagonal matrix D and a basis β for V
such that [T]β is D.

Question 4 [10 marks]

Let W = span({(1,−1, i)}) ∈ C3. Find orthonormal bases for W and W
⊥ respectively.
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Question 5 [15 marks] Let V be a finite-dimensional inner product space over C.

(a) Let T be a self-adjoint operator on V. Prove that 〈T(v),v〉 is a real number for all
v ∈ V.

(b) Show that a linear operator T is self-adjoint and 〈T(v),v〉 ≥ 0 for all v ∈ V if and
only if T = U

∗
U for some linear operator U.

Question 6 [20 marks]

Let V be a finite-dimensional vector space over C and let T : V → V be a linear
operator. We say that T is nilpotent if Tp = T0 for some positive integer p, where T0 is
the zero operator.

(a) Show that T is nilpotent if and only if all eigenvalues of T are zero.

(b) The trace tr(T) of T is defined to be tr(A), where A is the matrix of T with respect
to some basis β. Show that this is well-defined, i.e., this does not depend on the
choice of basis β.

(c) Show that T is nilpotent if and only if all of tr(Tn), where n is a positive integer,
are zero.

(d) Is statement (a) true for finite-dimensional vector spaces over R? Justify your
answer.

(e) Is statement (a) true for infinite-dimensional vector spaces over C? Justify your
answer.
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