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Question 1 [15 marks]

(a) Let S1 = {uuu,vvv,www} be a set of vectors in Rn, n > 3. If S2 = {uuu− 2vvv,vvv − 2www,www}, show

that

span(S1) = span(S2).

(b) Let T1 = {uuu,vvv,www} be a set of linearly independent vectors in R3 and T2 = {uuu+2vvv,vvv+

2www,uuu+www}.
(i) Determine whether T2 is also linearly independent. Justify your answer.

(ii) Is it true that span(T1) = span(T2)? Justify your answer.

(c) Let X = {uuu1,uuu2, . . . ,uuuk} be a set of linearly independent vectors in Rn, n > k .

Suppose vvv is a vector in Rn and vvv 6∈ span(X), show that the set X ∪ {vvv} is linearly

independent.
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Question 2 [15 marks]

For a general matrix AAA, define the left nullspace of AAA as the solution set of the linear

system xxxAAA = 000.

(a) Let BBB =

−3 1 3 4

1 2 −1 −2

−3 8 3 2

 .

(i) Find a basis for the row space of BBB.

(ii) Find a basis for the column space of BBB.

(iii) Find a basis for the nullspace of BBB.

(iv) Find a basis for the left nullspace of BBB.

(b) For a general matrix AAA, prove that if the left nullspace of AAA has only the trivial

solution, then the system Ax = bAx = bAx = b is consistent for every vector bbb.
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Question 3 [15 marks]

(a) Let n ≥ 2 be a positive integer and a be a constant. Define a square matrix FFF n =

(fij)n×n by

fij =

{
1 + a if i = j,

1 otherwise.

(i) Write down explicitly FFF 2 and FFF 3 and compute det(FFF 2) and det(FFF 3).

(ii) What is the value of det(FFF n) for general n ≥ 2? Justify your answer.

(b) Determine if the following statement is true. Justify your answer.

If AAA is an n× n matrix satisfying AAAT = −AAA, then AAA is not invertible.
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Question 4 [15 marks]

(a) Let T : R3 → R3 be the linear transformation given by

T


0

1

0


 =

1

1

1

 , T


0

0

1


 =

3

2

2

 , T


2

1

1


 =

0

0

0

 .

(i) Write down the standard matrix for T .

(ii) Find the kernel of T .

(iii) Find the kernel of T ◦ T .

(iv) Find a basis for the subspace V given by

V = R(T ) ∩Ker(T ).

(R(T ) denotes the range of T and Ker(T ) denotes the kernel of T .)

(b) Let uuu be any unit vector in R3 and S : R3 → R3 be the linear transformation given

by

S(xxx) = 2(uuu · xxx)uuu− xxx.
Prove that S ◦ S is the identity transformation.
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Question 5 [20 marks]

Let V be a vector space with basis S =




1

0

0

0

1

 ,


0

0

1

0

0

 ,


1

1

1

1

1




and www =


2

1

2

1

1

.

(i) Show that www 6∈ V .

(ii) Use the Gram-Schmidt process to find an orthogonal basis T for the V .

(iii) Find the transition matrix from the basis S to the basis T .

(iv) Find the transition matrix from the basis T to the basis S.

(v) Let ppp be the projection of www onto the space spanned by T . Find ppp and [ppp]T .

(vi) Hence or otherwise find [ppp]S.
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Question 6 [20 marks]

(a) Let CCC =

 1 0 0

−2 1 3

1 1 −1

 . Find an invertible matrix PPP and a diagonal matrix DDD such

that CCC = PDPPDPPDP−1. (You do not need to find PPP−1.)

(b) LetAAA be a 3×3 matrix with distinct eigenvalues λ1, λ2, λ3 and corresponding eigenspaces

Eλ1 , Eλ2 , Eλ3 .

(i) Prove that Eλ1 ∩ Eλ2 = {000}.
(ii) Is Eλ1 ∪ Eλ2 ∪ Eλ3 = R3? Justify your answer.

(c) An n×n symmetric matrix SSS is said to be positive definite if for every non-zero vector

xxx ∈ Rn, we have

xxxTSxSxSx > 0.

Prove that a symmetric matrixMMM is positive definite if and only if all the eigenvalues of

MMM are strictly positive. (You may assume that any symmetric matrix is orthogonally

diagonalizable.)

(d) Prove that any n× n matrix QQQ is invertible if and only if QQQTQQQ is positive definite.
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End of Paper


