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pages in the booklet.

2. This examination paper contains NINE (9) questions and comprises ELEVEN (11)
printed pages.

3. Answer ALL questions.

4. Calculators may be used. However, various steps in the calculations should be laid out

systematically.
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Answer all questions.

Question 1 [5 marks|

Suppose that there are m distinct circles T1,...,T,,. Let n =1+ 2+ ...+ m. Find the
number of ways to arrange n people such that there are exactly ¢ people around the circle
T, foreach 1 <i<m.
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Question 2 [15 marks]

(i) [9 marks] How many positive integers strictly less than 2010 are multiples of 3 or 4
but not 57

(ii) [6 marks| How many positive integers strictly less than 3001 are divisible by exactly
three of the prime numbers 2,3,7,117



Question 3 [10 marks]

Consider the following route system.
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Suppose that the loop ABDC has been deleted. Find the number of shortest routes from

O to P.
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Question 4 [15 marks]

Let ¢ be the Euler function. Find all positive integers n > 2 such that ¢(n) = 20.
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Question 5 [10 marks]

Let a,, be the number of non-negative integer solutions to the equation xy+2xs+1x3+2x4 = n
such that ;7 > 10 and 1 < x4 < 10. Show that the ordinary generating function for the

sequence a = (ag, a1, asg, . . .) is
20
19 1—z

(1—2)*(1+2)*
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Question 6 [10 marks]

Solve the recurrence relation a,, — 7a,,—1 + 12a,,_o = 5" — 3" for n > 2 and ag = a; = 1.
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Question 7 [10 marks]

A die consists of six faces with each face representing precisely one of the numbers 1, 2, 3,4, 5, 6.
Suppose that n such dice are rolled for some positive integer n. The number on the upper
face of each die is noted and the sum of these numbers are computed. Show that the number

of ways to get an even sum is
N
Z 3 173
H2mHn—2m
m=0

where H] = (T+z_l) and N is the largest integer such that 2N < n.
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Question 8 [10 marks]

(i) [6 marks] Show that the number of ways to choose two (unordered) subsets S, 7T of
{1,2,...,n} such that SNT = & is 3.

(ii) [5 marks] Show that the number of ways to choose two (unordered) subsets S,7T" of
{1,2,...,n} such that SNT # @ is 4™ — 3"

.- 10 -
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Question 9 [15 marks]

Consider a rectangular wall of dimension 2 x n where 2 is the height and n is the length.
Fix a non-negative integer m. Suppose that we have m distinct colours ¢, ..., ¢,,. We wish
to pave the wall using m types of tiles ty,...,t,, where each of them is of dimension 1 x 1
and with single colour ¢; for some 1 < i < m. Two tiles are adjacent if they share a common
edge. Let a(m), denote the number of ways to pave the 2 x n wall such that there is no two
adjacent tiles that are in the same colour. We assume that the wall is upright so that, for

instance, the following two tilings are different.

t2 tl t2 tl t2 tl
T = T =
tl t2 tl t2 tl t2

(i) Find a recurrence relation for a(m), for n > 2.

(ii) Find a formula for a(m), in terms of m and n assuming that

m(m — 1)

am = 533

.- 11 -
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