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Question 1 [20 marks]

Let A =




1 1 0 0 0

0 1 1 0 0

0 0 0 0 1

0 0 0 0 1


.

(i) [3 marks] Write down a basis for the row space of A, and a basis for the column

space of A.

(ii) [4 marks] Find a basis for the nullspace of A. Show your working.

(iii) [3 marks] Find rank(A), nullity(A) and nullity(AT ).

(iv) [3 marks] Extend the basis for the nullspace of A found in (ii) to a basis for R5.

(v) [3 marks] Find a non-zero vector that is contained in both the row space and the

nullspace of A.

(vi) [4 marks] Is it possible to find a matrix B such that AB is an invertible matrix?

Justify your answers for parts (iv) to (vi).

Show your working below and on the next three pages.

· · · − 3−
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(Working spaces for Question 1 - Indicate your parts clearly)

· · · − 4−
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(More working spaces for Question 1)

· · · − 5−
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(More working spaces for Question 1)
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Question 2 [20 marks]

(a) Let A be the matrix




1 1 0 0

0 1 0 0

0 0 2 1

0 0 0 2


.

(i) [2 marks] Write down all the eigenvalues of A.

(ii) [6 marks] Find a basis for the eigenspace of A associated with each of the

eigenvalues. Show your working.

(iii) [2 marks] Is A a diagonalizable matrix? Why?

(b) Let B be a 2× 2 matrix such that B

(
1

1

)
=

(
2

2

)
and B

(
1

−1

)
=

(
−1

1

)
.

(i) [4 marks] Write down an invertible matrix P and a diagonal matrix D such

that B = PDP−1. Briefly explain how you obtain the answers.

(ii) [3 marks] Let n be a positive integer. Write Bn in the form

(
b11 b12

b21 b22

)
where

the entries bij are in terms of n.

(iii) [3 marks] Is it possible to find a non-zero column vector v such that Bv = v?

Justify your answer.

Show your working below and on the next three pages.

· · · − 7−
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(Working spaces for Question 2 - Indicate your parts clearly)
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(More working spaces for Question 2)

· · · − 9−



PAGE 9 MA1101R

(More working spaces for Question 2)

· · · − 10−
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Question 3 [20 marks]

(a) (i) [4 marks] Explain clearly why the following two sets are bases for R3.

• S = {(1, 1, 0), (0, 1, 1), (0, 0, 1)}
• T = {(1, 0, 1), (0, 1, 1), (0, 1, 0)}

(ii) [3 marks] Find the transition matrix from T to S. Show your working.

(iii) [4 marks] Suppose the coordinate vector of w with respect to the basis T is

given by (w)T = (1, 2,−1). Find w and (w)S. Show your working.

(iv) [3 marks] Is there any non-zero vector v ∈ R3 such that (v)T = (v)S? Justify

your answer.

(b) [6 marks] Let U and V be two subspaces of R4 such that dim U = 2 and dim V = 3.

Determine whether each of the following statements is true or false. Justify your

answers.

(i) dim(U ∩ V ) ≥ 1.

(ii) If U is not a subset of V , then dim(U ∩ V ) = 1.

Show your working below and on the next three pages.

· · · − 11−
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(Working spaces for Question 3 - Indicate your parts clearly)
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(More working spaces for Question 3)
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(More working spaces for Question 3)

· · · − 14−
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Question 4 [20 marks]

(a) Let A =




1 −1

1 1

0 1


 and b =




0

1

−1


.

(i) [2 marks] Show that Ax = b is an inconsistent system.

(ii) [5 marks] Find a least squares solution of Ax = b. Show your working.

(iii) [2 marks] Find the projection p of b onto the column space of A.

(iv) [5 marks] Extend the set








1

1

0


 ,



−1

1

1








to an orthogonal basis for R3 and

normalize the vectors to get an orthonormal basis S for R3. Show your working.

(v) [2 marks] Find the coordinate vector (b)S of the vector b with respect to the

orthonormal basis S in (iv).

(b) [4 marks] For an m× n matrix A and m× 1 matrix b, let p be the projection of b

onto the column space of A. Show that b − p is a solution of AT x = 0.

Show your working below and on the next three pages.

· · · − 15−
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(Working spaces for Question 4 - Indicate your parts clearly)

· · · − 16−
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(More working spaces for Question 4)

· · · − 17−
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(More working spaces for Question 4)
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Question 5 [20 marks]

Let T : R3 → R2 be the linear transformation given by

T




1

1

1


 =

(
1

0

)
, T




0

1

1


 =

(
0

1

)
, T




0

0

1


 =

(
1

1

)
.

(i) [2 marks] Find T




1

0

0


 and T




0

1

0


. Show your working.

(ii) [2 marks] Write down the standard matrix for T .

(iii) [4 marks] Write down the kernel of T as a linear span. Show your working.

(iv) [3 marks] Is it true that every vector in R2 is an image under T? Justify your answer.

(v) [2 marks] Suppose S : R2 → R3 is a linear transformation with standard matrix


1 1

1 1

1 1


. Write down the formula for the composition S ◦ T .

(vi) [3 marks] Find all the vectors v in R3 such that (S ◦ T )(v) = v, where S is the

linear transformation in (v). Show your working.

(vii) [4 marks] Find the equation of the plane in R3 that is transformed to the line

x− y = 0 in R2 under T . Show your working.

Show your working below and on the next three pages.

· · · − 19−
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(Working spaces for Question 5 - Indicate your parts clearly)
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(More working spaces for Question 5)

· · · − 21−
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(More working spaces for Question 5)
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(More working spaces. Please indicate the question numbers clearly.)

· · · − 23−
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(More working spaces. Please indicate the question numbers clearly.)

[END OF PAPER]


