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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FIVE (5) questions and comprises FOUR

(4) printed pages including this page.

2. Answer ALL questions. The marks for questions are not necessarily the same;
marks for each question are indicated at the beginning of the question.

3. Candidates may use calculators. However, they should lay out systematically

the various steps in the calculations.
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Question 1 [20 marks]
Let u € C} (R™) and assume it satisfies the following condition:

/ Y a’DjuD;j¢dr =0 forall ¢ € Hj(R™), (1)

1,j=1
where a” are constants, a” = a’? for all 1 < i,j < n, and there exist constants 0 < A\ < A

such that

n

AP <> a6¢ <A forallz € R™, €= (&,-+,&,) €R™

ij=1

(a) Prove that u is a C'™ function.

(b) Assume wu is also bounded in R™. Prove that u is constant on R".

(c) Assume now a* are continuous functions for all 1 <4, j < n. Is the conclusion (b)
still true? Prove your answer.

Question 2 [15 marks]

Let €2 be an open subset of R™ with boundary portion 7' C {z € R" : z,, = 0}, and let
(@) be an m x n constant matrix which is positive-definite, that is, there exist positive
constants A and A, 0 < A < A, such that

AP <> a6¢ < AP, £eR™
ij=1
Assume u € C?(Q) NC(QUT) and it solves the following problem
Z aDiyju=f inQ, u=0 onT, (2)
ij=1

where f € CY(QUT) and 0 < a < 1. Use the C?*** estimates of harmonic functions to
prove that there exists a constant C' = C(n, «a, A, A) such that

2
[ul} asaur < C(luloa + 1£1Ch qur)-
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Question 3 [20 marks]
Let Q be a bounded domain in R™ with smooth boundary. Consider the following
boundary value problem

Lu=f in Q, u=¢ on 0N, (3)

where the operator L is defined by

n

LUEZ Dwu+2bZ )Diu + c(x)u,

7,7=1

with a¥ = a’? for all 1 < i,j < n. Assume there exist constants 0 < A < A such that

A¢? < Z x)6&; < AJE]? forallz € Q, £ € R™

2,7=1

(i) State the Schauder estimate for the classical solution of the boundary value problem
(3). More precisely, state the conditions on the coefficients a* (x), b*(z) and c(z), on f
and ¢, and state the conclusion.

(ii) Give a short outline of the proof of the Schauder estimate.

Question 4 [20 marks]
Let Q be a bounded domain in R™ with smooth boundary. Consider the following
boundary value problem

Lu=f in Q, u=0 on 01, (4)

where the operator L is defined by

LuEiDJ( ) sz )Diu + c(x)u,

ij=1
with @ = a’? for all 1 < i,j < n. Assume there exist constants 0 < A < A such that

AP <> a ()68 < AEP forallz €, € € R™

7,7=1

(i) State the H? estimate for the weak solution of the boundary value problem (4).
More precisely, state the conditions on the coefficients a™ (x), b*(z) and ¢(z) and on f, and
state the conclusion.

(ii) Give a short outline of the proof of the H? estimate.
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Question 5 [25 marks]

Let 2 be a bounded domain in R™ with n > 3, and v € H 1((2) be a weak subsolution
of the equation

n

ZD( Du)—i—ZbZ YDiu + c(z)u = div g(x),

ij=1

where a¥(x), b'(z) and c(x) are measurable functions on Q, a¥(z) = a’*(z) for all 1 <
1,7 < n. Assume there exist positive constants A\, A and p such that, for all z € Q and

52(517"'7571) eRna

n N n b 9
NP < Y aweg < AP, 3 DD KOl

i,j=1 i=1

and
g€ LYQ,R"), |gllraw >0

for some g > n.
Assume also u is a bounded function in Q and v < 0 on 9. Use the DiGiorgi-Moser
iteration method to show that there exists a constant C = C(n, ¢, i, |2]) > 0 such that

sgpu < C(HU+HL2(§2) + )‘_1”gHLq(Q))‘

END OF PAPER



