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INSTRUCTIONS TO CANDIDATES

(1) This examination paper consists of FIVE questions.

(2) Candidates may use calculators. However, they should lay out systematically the
various steps in the calculations.

(3) All theorems and results used in your answers should be clearly stated.
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Answer all the questions.

Question 1 [12 marks]

Let K be a compact convex set in a real locally convex topological vector space and
xg ¢ K. Show that there exists a continuous linear functional [ and a real constant ¢
such that [(zg) > ¢ > I(z) for all x € K.

Question 2 [22 marks]

Let D be a bounded domain in R3. Let
Ju) = / |Vul?dz —I—/ |zu|*dx for any u € WH2(D).
D D

Show that there exists ug € W, ’2(1)) = 1 such that

? HUOHLAL(D)

Jluo] = inf{Ju] - w € Wy (D), |lull ,, ,, =1}

Let {aij}f”jzl be a collection of bounded functions on D such that
€] < Zaz‘j(ﬂv)&fg‘ for any z € D,§ = (&,&,&) € R®.
ihj

Does the above conclusion hold for

ou Ou
_ () LI e
J[u] /D%:aw (:B)a% o, dx

Justify your answer.

Question 3 [14 marks]
Let D be a bounded domain and 1 < ¢ < co. Suppose there exists C; > 0 such that

£ = Follaimy < CHIVS o, ()

for all f € C*(D) N W'*(D) where fp :/ f/|D|. Show that () holds for all f €
D
Wh2(D).
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Question 4 [40 marks]

Prove or disprove FIVE (5) of the following statements.

(a) If T: X — X is a compact linear map and X is an infinite dimensional Banach
space, then 0 is an eigenvalue.

(b) If T: X — X is a compact linear map and X is an infinite dimensional Banach
space, then for any y € X and A\ # 0 such that X is not an eigenvalue, there exists
a unique x € X such that Tr = y + Az.

(c) Let D be a bounded domain in R, 1 < p < 2 and let X be a Banach space. If
T : X — L*(D) is such that T : X — L'(D) is compact and T : X — L*(D) is
bounded linear, then 7' : X — LP(D) is also compact.

(d) The sequence {sin(kz)} has a subsequence that converges weakly in L°[0, 7].

(e) Let P3(R™) be the space of polynomials of degree less than 3 on R™. Then there
exists a constant C' > 0 such that

1Pl oo 3,09y = ClPI 15, 0
for all polynomial p € P3(R"™) where
B, (0) ={x € R" : |z| < r} for any r > 0.

(f) If Tg(x /Z —sin(kz)g(t)dt for any g € L?[0, ], then T : L?[0, 7] — L?[0, 7]

is a compact hnear operator.

Question 5 [12 marks]

Let 1 < p < oco. Let {T}} be a bounded sequence of linear operators from L?*(R™) to
LP(R™). Suppose for each continuous function f with compact support on R", there
exists fo € LP(R™) such that [Tx(f)g — [ fog for all Lipschitz continuous functions ¢
with compact support on R”. Show that there exists a bounded linear operator Ty from
L*(R™) to LP(R™) such that T} converges to Ty weakly.
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