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Question 1 [20 marks]

(a) Let V = {(w, x, y, z) | y = w − x, z = 2w + x} be a subset of R4.

(i) [2 marks] Write down an explicit form of a general vector in V .

(ii) [2 marks] Show that V is a subspace of R4 by expressing V as a linear span.

(iii) [2 marks] Write down a basis for V and dim V .

(iv) [2 marks] If {v1,v2, v3} is a subset of V , is it a linearly independent set? Justify

your answer.

(b) Let S = {u1,u2,u3} be a basis for R3.

(i) [5 marks] Show that T = {u1 + u2,u1 − u2, u3} is a basis for R3.

(ii) [3 marks] Find the transition matrix from S to T .

(c) [4 marks] Give an example of a family of subspaces V1, V2, · · · , Vn of Rn such that

dim Vi = i for i = 1, 2, · · · , n and V1 ⊆ V2 ⊆ · · · ⊆ Vn. Justify your answer.

Show your working below and on the next three pages.

· · · − 3−
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(Working spaces for Question 1 - Indicate your parts clearly)

· · · − 4−
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(More working spaces for Question 1)

· · · − 5−
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(More working spaces for Question 1)

· · · − 6−
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Question 2 [20 marks]

(a) Let A =




1 2 1 2 1

2 1 2 1 2

3 3 3 3 3

0 1 0 1 0


.

(i) [2 marks] Find a basis for the row space of A.

(ii) [2 marks] Find a basis for the column space of A.

(iii) [3 marks] Find a basis for the nullspace of A.

(iv) [3 marks] Extend the basis in (iii) to a basis for R5.

Show working for all the above parts.

(b) [6 marks] Let

C =




1 1 1 1

0 x− 2 0 0

0 0 x2 − x− 2 x + 1


 .

Find all the values of x such that:

(i) rank(C) = 1; (ii) rank(C) = 2; (iii) rank(C) = 3.

Justify your answers.

(c) [4 marks] Let (a b c) be a nonzero vector that belongs to the row space of a 3 × 3

matrix B. Show that the nullspace of B is a subset of the plane ax + by + cz = 0.

Show your working below and on the next three pages.

· · · − 7−
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(Working spaces for Question 2 - Indicate your parts clearly)

· · · − 8−
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(More working spaces for Question 2)

· · · − 9−
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(More working spaces for Question 2)

· · · − 10−
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Question 3 [20 marks]

(a) Let r1 = (2, 1, 3), r2 = (0, 2, 4), r3 = (−2, 1, 1) and V = span{r1, r2, r3}.

(i) [3 marks] Show that S = {r1, r3} forms an orthogonal basis for the vector

space V .

(ii) [3 marks] Let u = (2, 9, 19). Find the coordinate vector (u)S with respect to

the orthogonal basis S.

(iii) [3 marks] Compute the projection of v = (2, 4, 2) onto V .

Show working for parts (ii) and (iii) above.

(b) Let A =




2 0 −2

1 2 1

3 4 1


 and b =




1

1

1


.

(i) [2 marks] Show that Ax = b is inconsistent.

(ii) [4 marks] Find all the least squares solutions to Ax = b. (Show working.)

(c) [5 marks] Let B be a m× n matrix where m < n. Prove that for any b ∈ Rm, the

linear system Bx = b has infinitely many least squares solutions .

Show your working below and on the next three pages.

· · · − 11−
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(Working spaces for Question 3 - Indicate your parts clearly)

· · · − 12−



PAGE 12 MA1101R

(More working spaces for Question 3)

· · · − 13−
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(More working spaces for Question 3)

· · · − 14−
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Question 4 [20 marks]

(a) Let A =




4 0 0

1 4 0

0 0 5


.

(i) [2 marks] Find all the eigenvalues of A.

(ii) [4 marks] Find a basis for each eigenspace of A.

(iii) [2 marks] Is A a diagonalizable matrix?

(iv) [3 marks] Find a non-zero diagonal matrix B such that A+B is diagonalizable.

Justify your answers to all the parts above.

(b) [4 marks] Suppose C is a 2× 2 matrix such that

(
1 2

1 1

)−1

C

(
1 2

1 1

)
=

(
2 0

0 3

)
.

Find all eigenvalues of CT and an eigenvector that corresponds to each eigenvalue.

(Show working.)

(c) [5 marks] Prove that if X is a diagonalizable n×n matrix with only one eigenvalue

λ, then X = λIn.

Show your working below and on the next three pages.

· · · − 15−
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(Working spaces for Question 4 - Indicate your parts clearly)

· · · − 16−
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(More working spaces for Question 4)

· · · − 17−
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(More working spaces for Question 4)

· · · − 18−
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Question 5 [20 marks]

(a) Let T : R3 → R2 be a linear transformation given by the formula

T







x

y

z





 =

(
x + z

y − z

)

(i) [2 marks] Write down the standard matrix A of T .

(ii) [3 marks] Write down an explicit set notation for ker(T ).

(iii) [3 marks] Write down the rank and nullity of T .

(iv) [2 marks] Write down the rank and nullity of the linear transformation

T ′ : R2 → R3 given by T ′(v) = AT v.

Show working for all the parts above.

(v) [2 marks] Is the range R(T ) equal to R2?

(vi) [3 marks] Is it possible to find a linear transformation S : R2 → R3 such that

S ◦ T is the identity transformation?

Justify your answers for parts (v) and (vi).

(b) [5 marks] Let {u1,u2, . . . , un} be an orthonormal basis for Rn and F : Rn → Rn a

linear transformation such that {F (u1), F (u2), . . . , F (un)} is also an orthonormal

basis. Show that the standard matrix of F is an orthogonal matrix.

Show your working below and on the next three pages.

· · · − 19−
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(Working spaces for Question 5 - Indicate your parts clearly)

· · · − 20−
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(More working spaces for Question 5)
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(More working spaces for Question 5)

· · · − 22−
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(More working spaces. Please indicate the question numbers clearly.)

· · · − 23−
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(More working spaces. Please indicate the question numbers clearly.)

[END OF PAPER]


