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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains SIX (6) questions and comprises FOUR (4)
printed pages.

2. Answer ALL questions in this paper. Marks for each question are indicated
at the beginning of the question.
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Notation. Throughout this paper the symbols R, m* and m denote the real line, the

Lebesgue outer measure and the Lebesgue measure, respectively.

Answer all the questions. Marks for each question are indicated at the beginning of the
question.

Question 1 [15 marks]

(a) Let Q be the collection of all subsets A of R with
m*(A) =sup{m(F) : F C Aand F'isabounded and closed subset of R}.

Prove or disprove that every set in {2 is Lebesgue measurable.

(b) Let (f;) be a sequence of real-valued functions on R and let Ej, := {z € R: f;(x) >
1/k}. Prove that

{reR: liﬁsip fi(z) >0} = SR jiJN Ejg.

(c) Let f be a real-valued Lebesgue measurable function on R. If A is a G set in R, prove
or disprove that the set {z € R : f(z) € A} is Lebesgue measurable.

Question 2 [15 marks]

(a) Let E be a subset of R. Prove that E is Lebesgue measurable if and only if for every
e > 0, there exist open sets G; and Gy of R such that £ C Gy, R\F C G2 and
m(Gl N GQ) < €.

(b) Let f(z,y) be a real-valued function on R? such that for each fixed y in R, the function
f(z,y) is measurable (as a function of x) in R; and for each fixed = in R, the function

f(x,y) is continuous (as a function of y) in R. Define the function F' on R by

Fz) = max f(z,y).

Prove that F'is Lebesgue measurable on R.
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Question 3 [15 marks]

(a) Let f be a real-valued Lebesgue measurable function on R and let ¢ be an increasing
function on R. Prove or disprove that the composite function ¢ o f is Lebesgue

measurable on R.

(b) Let f be a real-valued Lebesgue measurable function on a Lebesgue measurable set E.
If m(F) < oo, prove that for any € > 0, there exists a bounded Lebesgue measurable

function g on E such that

m({z € E: |f(z) —g(z)] > 0}) <e

(¢c) Let f : R — [0,00] be a Lebesgue measurable function. Prove that there exists
an increasing sequence (s,) of simple (Lebesgue measurable) functions such that
lim s, = f and for each n, the set {x € R : s,(z) > 0} is of finite Lebesgue

n— o0
measure.

Question 4 [15 marks]

(a) Let f be a real-valued function on [a,b] and let E' = {x € [a,b] : f'(x) exists} where
f'(x) is the derivative of f at z. If |f'(x)| <1 for all x € E, prove that

m*(f(E)) < m"(E).

(b) Let f be a Lebesgue integrable function on R and let E, = {z € R: |f(x)| > n} for
n=1,2,3,---. Evaluate lim nm(E,).

n—oo

(c) Let f be a Lebesgue integrable function on R. If

/ f(x) $(x) dar = 0
R

for all bounded Lebesgue measurable functions ¢ on R, prove that f = 0 almost

everywhere on R.
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Question 5 [20 marks]

(a) Let f € Ly(R) and g € Ly(R) where 1 < p,q < oo and 1/p+1/q = 1. Let F be the
function defined on R by

F(t) = /R flz+t)g(x) du.

Prove that F' is continuous on R.

(b) Evaluate
2m

lim |sinz — cosz|*/™ d.
n—oo 0

(c) Let f € L,,(R) and g € L,,(R) where 1 < p1,ps < co. Prove that there exists a
positive real number p such that the pointwise product fg is in L,(R).

Question 6 [20 marks]

(a) Let ny,n9,ns, - be an increasing sequence of positive integers. Let F = {z € [0, 27] :

limy_, o sinngx exists}. Prove that E is Lebesgue measurable and evaluate m(FE).

(b) Prove that a real-valued function f is of bounded variation on [a, b] if and only if there

exists an increasing function ¢ on [a, b] such that

fly) — f(z) < d(y) — ()

foralla <x <y <hb.

(c) Let f be a function of bounded variation on [0, 1]. Define the function F' on [0, 1] by

L ft)ydt if 0
0 if =0.

Prove or disprove that F' is of bounded variation on [0, 1].

END OF PAPER



