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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains SIX (6) questions and comprises FOUR.(4)
printed pages.

2. Answer ALL questions. Marks for each question are indicated at the begin-
ning of the question.

3. Candidates may use calculators. However, they should lay out systematically
the various steps in the calculations.
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Answer ALL questions. Marks for each question are indicated at the beginning of the
question.

Question 1 [15 marks]

(a) Prove that (a® + b?)(c? + d?) > (ac + bd)? for all real numbers a, b, c, d.

(Hint: Let u = ai+ bj and v = ci + dj.)

(b) Let u be a unit vector. Prove that there exists a constant C' such that
uxux(uxv)]-w=Cu-vxw

for any vectors v and w. Find the value of C.

Question 2 [15 marks]

(a) The surfaces
f(fE,y,Z):J}Q—f-yQ—Q:O
and
g(x,y,z) =x+2—4=0

meet in an ellipse E. Find the parametric equation of the tangent line to E at the
point (1,1, 3).

(b) Find an equation of the plane containing the lines z = 2y = 2 — 2z and

rT=1y=2z—2.

Question 3 [15 marks]
(a) The temperature function T'(z,y) is defined on R? by
T(x,y) = xsin2y,

where T is measured in degrees Celsius and z,y are measured in centimetres. An
insect is moving clockwise around the circle of radius 1c¢m centred at the origin
at a speed of 2e¢m/sec. How fast is the temperature (experienced by the insect)
changing in degrees Celsius per second at the point (1/2,+/3/2)?

(b) Find the point on the graph of z = z? + y? + 10 that is nearest to the plane
x4+ 2y —2z=0.

. -3-
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Question 4 [15 marks|

3 1
(a) Evaluate the integral / / e’ dydz.
0 J4/x/3

b) Let f be the function defined on R? by
(

EUEE i (x,y) # (0,0)
flz,y) = .
0 if (z,y) = (0,0)

(i) Find f,(0,0) and f,(0,0).
(i) Given that

aty + dayd — o8
fx(x>y) = 2 2\2
(22 +y?)

and

x® — 4a3y? — 2yt
(22 + y?)?

fy<$’y) =

where (x,y) # (0,0). Find aa;gy (0,0) and 8‘2’,281;(0,0).
Is f differentiable at (0,0)7 Justify your answer.
Question 5 [20 marks]

r24yr ity

(a) Let F(z,y,z2) = 5d+ 2k

(i) Find curl F.

(ii) Evaluate the line integral % F - dr where C is the circle 22 + 4> = 1 in the
c
xy-plane.

(b) Suppose f(x,y) and its first and second partial derivatives are continuous through-
out a disc centred at (a,b). If (a,b) is a critical point of f and f,,(a,b) and f,,(a,b)

differ in sign, can you conclude anything about f(a,b)? Give reasons for your an-
swer.

(c) Find the region R in the zy-plane such that the value of

4/(4—x2 —2y?) dx dy

is a maximum. Give reasons for your answer.
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Question 6  [20 marks]

(a) A region D in space is enclosed by the oriented surface S with outward normal n.
Prove that the volume V of D is given by

V:é//rndS,
S

where r is the position vector of the point (x,y, 2z) in D.
(b) Give an example of a vector field F on R? such that F # 0, divF = 0 and curl F = 0.
(c) Evaluate the surface integral / / F - dS, where
S
F(x,y,2) = 2*i+ % + 2°k

and S is the oriented surface (with outward normal) of the solid bounded by the
cylinder 22 4+ y?2 = 1 and the planes z = 0 and z = 2.

END OF PAPER
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Formula List

i j k
ay az ag
b1 bg b3

. axb= =< agbs — agby, asb; — a1b3, a1bs — ash; >,

where a =< ay,a,a3 >, b = (b1, by, b3), ¢ = (1, 2, C3).
. ax(bxc)=(a-c)b—(a-b)c.
. The equation of the plane through Py = (z,, %o, 20) with normal < a,b,c > is

a(z — xo) + by — yo) + c(z — z) = 0.

. Let C be a curve given by r(t) = f(t)i+ g(¢)j + h(t)k. Then

o ot =y (e G

. Let f(z,y) be defined in a neighbourhood of (a,b). Then

lim z,y) =1L
(z,y)—(a,b) f(=9)

if and only if given € > 0, we can find a § > 0 such that

|f(:L‘,y)—L| <e€

whenever

0<V(z—a)2+(y—b2<3d.



All traces are ellipses
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Suiface Equation Suiface Equation
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Horizontal traces are ellipses

Vertical traces in the planes
x=kandy = k are
hyperbolas if k # 0 but are
pairs of linesif k = 0

Elliptic Paraboloid
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Horizontal traces are ellipses
Vertical traces arc parabolas

The variable raised to the
first power indicates the axis
of the paraboloid
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Horizontal traces are ellipses.
Vertical traces are hyperbolas.

The axis of symmetry
corresponds to the variable
whose coefficient 1s negative.

Hyperbolic Paraboloid

N 2
4 x
Lenon
c a b
Horzontal traces are
hyperbolas.
Vertical traces are parabolas.
The case where ¢ < 0 15
ilfustrated.
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Honzontal traces in z = k are
etlipses if k > cork < —c.

Vertical traces are hyperbolas.

The two minus signs indicate
two sheets.
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Fundamental Theorem of Calculus J‘b F'(x)dx = F(b) — Fl(a)
Fundamental Theorem for Line Integrals ’C Vf-dr = f(r(b)) — f(r(a))
o oP .
Green’s Theorem ’J (—Q - —) dA = ’ Pdx + Qdy
. ox dy Je
Stokes’ Theorem J] curl F - dS = .CF -dr
: .

L

Divergence Theorem ‘H divF dVv = H F-dS
. s
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