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(1) Let f1(x), f2(x), · · · , fn(x) be functions having derivatives of all orders
and let F (x) be the function obtained by taking the determinant of
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Calculate F ′(x) (please express your answer as an n×n matrix). Hence or
otherwise, prove that if f1(x), f2(x), · · · , fn(x) are polynomials of degrees
n − 1 or less. Then F ′(x) = 0.

(ii) Let A and B be two matrices with integral entries. Suppose that
A and B admit the same characteristic polynomial f(x). Suppose
further that f(x) is irreducible over Z. Determine whether A and B
are similar to each other over C. Justify your answer.

(iii) Let V be a vector space over R. A scalar product on V is a function
〈 | 〉 : V × V → R such that (i) 〈u|v〉 = 〈v|u〉 for all u, v ∈ V ,
(ii) 〈u|v + w〉 = 〈u|v〉 + 〈u|w〉 for all u, v, w ∈ V , (iii) 〈cu|v〉 =
c 〈u|v〉 for all c ∈ R, u, v ∈ V . Let V be a scalar product space
of finite dimensional over R. Prove that V has an orthogonal basis.
Determine whether V has an orthonormal basis. Justify your answer.

(iv) Let V be the vector space of n× n matrices over C and let A be an
element of V . Let f : V → V be the map defined by f(X) = AX.
Show that f is linear and that det f = (det A)n.

(v) Let τ ∈ C and let Vτ = {
∑n

i=0 aiτ
i : ai ∈ Q}. Prove or disprove the

following :

(a) Vτ is a finite dimensional vector space over Q if and only if
f(τ) = 0 for some f(x) ∈ Q[x]− {0}.

(b) Suppose that Vτ and Vν are finite dimensional. Then Vτ+ν and
Vτν are finite dimensional.

Justify your answer.
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