PhD Qualifying Examination
Algebra
Sem 1, 2007/2008

Answer all questions. Each question carries 25 marks.

(1) Let R be a Euclidean domain, and denote the n x n-matrix ring over R by M,,(R). Let M €
M, (R). Prove that there exist units P, Q € M, (R) such that PMQ = diag(dy,ds,...,d,)
with dy | ds | -+ | d.

(2) Prove that a simple group of order 60 is isomorphic to As.
(3) Let K C L C M be fields. Prove or disprove each of the following statements:

(a) If L is algebraic over K and M is algebraic over L, then M is algebraic over K.
(b) If L is separable over K and M is separable over L, then M is separable over K.
(c) If L is Galois over K and M is Galois over L, then M is Galois over K.
(d) If L is radical over K and M is radical over L, then M is radical over K.

(4) Let R be a ring with multiplicative identity, and let M be a left R-module. Let k € Z™.
Prove that the following statements are equivalent:

(a) M is isomorphic to R := {(r1,72,...,7) | 7 € R for all i} as left R-modules.

(b) there exist mi, mo,...,my € M such that for every m € M, there exist unique
r1,...,r € R such that m = rymq + roms + - - - + rpmy.
(c) there exist mqi,mo,...,mi € M such that every function f from {mq,ma,...,my}

to a left R-module N can be uniquely extended to a left module homomorphism
f:M — N.



