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1. (a) Let E be a nonempty subset of R and suppose that fi, g : £ — R, k € N, if

> ful@)
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for n € Nand x € FE, and if g; | 0 uniformly on E as k — oo, prove that > frgx
k=1
converges uniformly on F.
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(Abel’s formula: > arby = Ay mbpn— > Akm(bk+1—bk), where A, ,, = > ag).
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(b) Prove that, for each z € (0,27),
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Z cos(kzx)
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<
B }sin
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(Formula: 2 sin « cos 3 = sin(a + ) + sin(a — 3)).
(c) Prove that if a; | 0 as k — oo, then ) ay cos (kx) converges uniformly on any

k=d
closed subinterval [a, b] of (0, 27).

2. A metric space is called separable if it contains a countable dense subset. A subset
K of a metric space is said to be compact if every open cover of K contains a finite

subcover.

Prove that every compact metric space is separable.

3. f:]a,b] — R be bounded.

(i) The oscillation of f on an interval J that intersects [a, b] is defined to be

Q(J):= sup (f(z) = fy))

z,yeJN[a,b]

(ii) The oscillation of f at a point t € [a, b] is defined to be

wit) == lim Qp((t — h,t+h)).

h—>0+



Prove that

(a) f is continuous at ¢ € [a, b] if and only if w(t) = 0.
(b) let E represent the set of points of discontinuity of f in [a,b]. Prove that

Jop G{te[a,b]:wf(t)zl}.

j=1 J

(c) For each e > 0, let
H = {t €a,b] : ws(t) > e}
Prove that H is compact.
(Hint: H is compact if and only if H is bounded and closed.)

et e a closed subinterval of |a,b] and € > 0. we(t) <etorallt el

d) Let I' b losed subi 1 of |a,b] and 0. If wy for all 1
prove that there exists 6 > 0 such that Q¢(J) < ¢ for all closed subintervals
J of I that satisfy |J| < 4.

Let {f,,} be a uniformly bounded sequence of functions which are Riemann-intergrable

on [a,b], and put
F,.(z) = / fa®)dt, (a <z <b).

Prove that there exists a subsequence {F,, } of {F,,} which converges uniformly on
[a, b].
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