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1. Let
V=Aaw+amzr+ --+a,2": n>0, ag,...,a, € R}

be the vector space of all real polynomials and let L(V') be the space of all linear

operators T : V' — V. For each m > 1, define T,,, : V — V by

Talf(@)] = L fa).

dz™
Prove that for any positive integer n, the set {1}, Ts, ..., T,,} is linearly independent
in L(V).

2. Let V be a vector space and T : V — V a linear operator. Suppose that
V=RT)eoW

where R(T') is the range of T, and W is a T-invariant subspace of V, that is,
T(w) € W for each w € W.

(a) Prove that W C Ker(T).
(b) Prove that if V' is finite dimensional, then W = Ker (7).

(c) Show by example that the conclusion of (b) is not necessarily true if V' is not

finite dimensional.

3. Let T be a self-adjoint linear operator on a finite dimensional complex inner product
space V', that is,
(T'(u),v) = (u,T(v)), Vu,v e V.
(a) Prove that all the eigenvalues of T are real.
(b) Prove that if U is a T-invariant subspace of V', then so is its orthogonal com-
plement Ut ={veV: (v,u) =0Vue U}.

(c) Prove that T is diagonalizable.



4. If A is a square complex matrix with characteristic polynomial
c(z) = (z — 1)*(x + 2)%z*
and minimal polynomial
m(w) = (v — 1)(z +2)%27,
what is the Jordan form for A?
5. Let V' = M, (R) be the space of all n x n real matrices and let A be a fixed n x n
matrix. Define T': V' — V by
T(X)=AX (X eV).

Is it true that the linear operator 7" and the matrix A have the same eigenvalues?

Justify your answer.

End of paper



