P h.D. Qualifying Examination
A nalysis

1. Inthiz question, the metric 4 used iz the ususl metric d{z, %) = | —»|.
(i) Let D CRand f: D — R Prove that fis uniformly continucus on D if and
only if whenever (z,1%, and (g.)2% ) in D with d{m.,2.) = 0 a8 v — 00, we
have d{ flz.), flaw)) — 088 n — 00;
(i) Let f: [0,1}) — R be continuous, Iz f uniformly continuous on [0,1)7 Justify

YOUr answer; and

(iii) Let f: B — R be uniformly continuous. Is B closed and bounded? Justify your

A IRWEL,

2. {a) Give four different kinds of metric defined on RB”®. ({You do not hawe to justify

YOUr SNEWer, J;
(b) Give a metric 4 defined on B”® such that |ox| # |a| ||=z|, where ||v|| = 8(z,0);

a.nd

(¢} Let § C R Then S iz =aid to have the Bolzanc-Welerstrass property if every

gequence 1n S has o convergent subssquence with lmit in S

(i) Frowe that, under the usual metric d{z,%) = |z —#|, S has the Bolzano-
Weierstrass property if and only if 5 iz bounded and cloged,
(You may use the fact that every bounded sequence has a convergent subse-

quence. )

(if) Is (i) true for any metric defined on RY Justify your answer.

. g
3. (1) Leteo, §=0andp,q>1 with £-|-£=1. Frowve that Cx—p-l-—l_“f‘*cx,ﬁ.
.. B K4 A F

(ii) Use (1) to prove the following Holder inquality:

3 s < (Z " |p) % (Z w) °

=1 de=l

-



4,

Let B[0,1] be the space of all bounded functicns defined on [0,1] On B[D,1], define

a metric d,, as follows:

doo(f, g) = sup{|fiz) — g(=)|: = € [0, 1]}.

Let i € B[0,1], Mx e R, &k =1,2,...,and |flz)| =< My for all ® € [0,1] and 2l &

Bt

Supposs that ZM;; < 00, Prowe that
L=l

(i) (Zﬁ;{m}) converges in (B([0,1],d ).
el —

)
(i) if esch fn iz continuous on [0,1], then Zf,r;{m} iz continuous on [0,1]; and
Foml

o
(iii} if each f, iz Riemann integrable on [0,1], then ka{m} iz Riemann integrable on

fomil
[0,1] and Fulm)de = frlm)dm,
X = 3

END OF PAPER
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INSTRUCTIONS TO CANDIDATES

1. Answer ALL questions from BOTH sections.

2, Candidates may use caloulators, Howesrer, they should lay out syvetematically

the wrious stepe in the caloulations



