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Analysis

1. Let d be a metric on a nonempty set M . For each of the following, determine whether
in general ρ defines a metric on M . Justify your answers.

(i) ρ(x, y) = (d(x, y))2, x, y ∈ M .

(ii) ρ(x, y) = min{2, d(x, y)}, x, y ∈ M .

2. Prove or disprove the following statements.

(a) In a metric space, every closed subset of a compact set is compact.

(b) In a metric space, every closed and bounded set is compact.

3. Let `∞ be the space of all bounded sequences of complex numbers endowed with the
metric

d(ζ, η) = sup
j∈N

|ζj − ηj |, ζ = {ζj}j∈N, η = {ηj}j∈N ∈ `∞.

Suppose that K : N2 −→ C is a function for which there exists λ ∈ (0, 1) such that∑

l∈N
|K(j, l)| ≤ λ, j ∈ N.

Show that for every β = {βj}j∈N ∈ `∞, there exists a unique α = {αj}j∈N ∈ `∞ such
that

αj =
∑

l∈N
K(j, l)αl + βj , j ∈ N.

4. Determine whether the function g(x, y) =
∞∑

k=1

(x− 2y)k sin(kx + y)√
k! (1 + x2ky4k)

is continuous on

R2. Justify your answer.

5. Let fk : [0, 1] −→ R, k ≥ 1, be a sequence of continuous functions such that for every
k ≥ 1, ∫ 1

0

(fk(t))2 dt = 1.

Define a sequence of functions Fk : [0, 1] −→ R, k ≥ 1, by

Fk(x) =
∫ x

0

tfk(t) dt.

Prove that the sequence Fk, k ≥ 1, has a uniformly convergent subsequence.
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