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Analysis

. Let d be a metric on a nonempty set M. For each of the following, determine whether
in general p defines a metric on M. Justify your answers.

(i) p(z,y) = (d(z,y))* =,y € M.
(i1) p(z,y) = min{2,d(z,y)}, z,y € M.

. Prove or disprove the following statements.
(a) In a metric space, every closed subset of a compact set is compact.

(b) In a metric space, every closed and bounded set is compact.

. Let £*° be the space of all bounded sequences of complex numbers endowed with the
metric

d(C,m) = suwp |G =nil, (=G} eNy 1=} jeN € 7
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Suppose that K : N* — C is a function for which there exists A € (0,1) such that
SIK@G DI <A, jeN
1eN
Show that for every g = {ﬁj}jeN € £, there exists a unique o = {aj}jeN € (> such
that

oj =Y K(,Da+p;, jeN
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is continuous on

oo o 2 k .. k
. Determine whether the function g(z,y) = Z (z = 2y)" sin(kz + )
VR + a2kyik)

R?. Justify your answer.

. Let fr : [0,1] — R, k > 1, be a sequence of continuous functions such that for every
k>1,

/0 (fe®)?dt = 1.

Define a sequence of functions Fy : [0,1] — R, k > 1, by

Fiu(z) = /OI Lfe(t) dt.

Prove that the sequence Fj, k > 1, has a uniformly convergent subsequence.
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